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THE KLS ISOPERIMETRIC CONJECTURE FOR GENERALIZED
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BY ALEXANDER V. KOLESNIKOV! AND EMANUEL MILMAN?

National Research University Higher School of Economics, Moscow and
Technion—I.1.T.

What is the optimal way to cut a convex bounded domain K in Euclidean
space (R", | -]) into two halves of equal volume, so that the interface between
the two halves has least surface area? A conjecture of Kannan, Lovdsz and
Simonovits asserts that, if one does not mind gaining a universal numeri-
cal factor (independent of n) in the surface area, one might as well dissect
K using a hyperplane. This conjectured essential equivalence between the
former nonlinear isoperimetric inequality and its latter linear relaxation, has
been shown over the last two decades to be of fundamental importance to the
understanding of volume-concentration and spectral properties of convex do-
mains. In this work, we address the conjecture for the subclass of generalized
Orlicz balls

n
K={xeR"%: ) Vi) <E¢,
i=1
confirming its validity for certain levels E € R under a mild technical as-
sumption on the growth of the convex functions V; at infinity [without which
we confirm the conjecture up to a log(1 + n) factor]. In sharp contrast to
previous approaches for tackling the KLS conjecture, we emphasize that no
symmetry is required from K. This significantly enlarges the subclass of con-
vex bodies for which the conjecture is confirmed.

1. Introduction.

1.1. A conjecture of Kannan—Lovdsz—Simonovits. Given a separable metric
space (X, d) endowed with a Borel probability measure w, Minkowski’s (exte-
rior) boundary measure of a Borel set A C X, denoted u™(A), is defined as
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dy_
ut(A) == liminf,_ o L4222 A) "where A9 = (x € X;3y € Ad(x,y) < ¢} de-
notes the e-neighborhood of A in (X, d). The Cheeger constant is then defined
as

] Cheld, d, (L) = AcX min(u(A), 1 — w(A))’

measuring a certain isoperimetric property of the space (X, d, u). In this work,
we restrict our scope to the Euclidean setting (X, d) = (R", | - |), and simply write

Dche(it) = Dcne(R”, | - |, 1). In the latter linear setting, we can also introduce the
following linear relaxation of the Cheeger constant, defined as
. +(H
DIC‘LI;(M) = inf w(H)

H isggaﬂl%space mln(M(H)’ - M(H))
Note that when A has smooth boundary and u is supported on a set 2 hav-
ing Lipschitz boundary and has continuous density W in €, then ut(A) =
s Aning) Y &) dH"!(x), where ¥ denotes the k-dimensional Hausdorff mea-
sure.

Clearly, Déh‘é(,u) > Dcne(1), and in general it is not hard to see that this in-
equality cannot be reversed in any weak sense, as the right-hand side may be
zero. However, when u = Ak, where Ax denotes the uniform (Lebesgue) prob-
ability measure on K C R", a convex compact set with nonempty interior (“‘con-
vex body”), Kannan, Lovész and Simonovits (KLS) conjectured in [37] (using an
equivalent formulation) that

(1.2) Dche(Ax) = ¢DER (hg),

for some universal numeric constant ¢ > 0, independent of any other parameters
such as n or K. We reserve in this work the use of ¢, C, C1, C2,¢’, C’, C”, etc. to
denote such positive universal numeric constants.

Recall that a measure p on R” is called log-concave if u = exp(—V (x))dx
with V : R" — RU {400} convex; in particular, u = Ak is log-concave. The class
of log-concave probability measures on affine subspaces of RY for all N > 1 is the
smallest class containing Ax for all convex bodies K C RY (for all N > 1) which
is in addition closed under taking marginals and weak limits (see, e.g., [1]). It is
not hard to see that a positive answer to the KLS conjecture would also lead to a
positive answer to the analogous question for the entire class of log-concave prob-
ability measures, so it is also interesting to study the conjecture in this extended
generality.

REMARK. Itis known that for a log-concave measure u, the infimum in (1.1)
is attained for a Borel set A of measure 1/2 (see Sternberg—Zumbrun [68] for
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Ak, Bobkov [10] for the one-dimensional case and [56] in general), and the same
applies to its linear relaxation:

Dche(p) = 2Aiélﬂgn{u+(A); n(A) =1/2},

Den(wy =2  inf  {u" (H): u(H)=1/2}.
H is a halfspace

So the KLS conjecture ultimately pertains to the isoperimetric behaviour of sets
having measure 1/2.

The KLS conjectured essential equivalence between the former nonlinear
isoperimetric inequality and its latter linear relaxation, has been shown over the
last two decades to be of fundamental importance to the understanding of volu-
metric and spectral properties of convex domains, revealing numerous connections
to other central conjectures on the concentration of volume in convex bodies (see,
e.g., [4, 16, 23-25, 49, 51] or the monograph [1] for a nice overview). Let us only
mention here the following equivalent formulation of the KLS conjecture, which
has a clear analytic interpretation.

Denote by Dpoin(1t) the Poincaré constant of u, namely the best possible con-
stant in the following Poincaré inequality:

- [ raw
L2 ()
for all Lipschitz f : R" — R.

< Droin (W[ IV £1] 12,

(1.3)

When = Ak, Dpoin(Ag) = 1//A1(K) where A;(K) denotes the first nonzero
eigenvalue of the Neumann Laplacian on K (a similar interpretation holds for a
general p using an appropriate weighted Laplacian). We denote by D]I;(i)‘iln(u) the
linear relaxation obtained by only testing (1.3) on linear functionals f(x) = (x, 8);
clearly, Dlﬁgiln () < Dpoin(). It is known by results of Maz’ya [54], Cheeger [22],
Buser [20] and Ledoux [51], that for all log-concave probability measures @ on R”:

1 1

~Dche(1) < ——— < CDche(1),

2 ¢ Dpoin (10) ¢
for some universal constant C > 1/2; the same inequality also holds for the cor-
responding linear relaxations D%ﬁ‘e () and Dlgé?n (u). Consequently, the KLS con-
jecture may be equivalently reformulated as asserting that

(1.4) Dpoin() < CD5I (1),

for some universal constant C > 1 and all log-concave measures p. In other words,
the KLS conjecture asserts that for log-concave measures (and in particular, on
convex bodies), the Poincaré inequality (1.3) should be essentially saturated by
linear functionals.
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1.2. Previously known results. More than two decades after being put forth,
the KLS conjecture is still unresolved, and the presently best known (dimension-
dependent) estimate on C = C,, in (1.4) is C,, < Cn'/*, obtained very recently
(after this work was posted on the arXiv) by Y. T. Lee and S. Vempala [52] by
employing the remarkable stochastic localization method of R. Eldan [23]; previ-
ous contributions include those by KLS [37], S. Bobkov [11], B. Klartag [40, 41],
B. Fleury [26] and O. Guédon and Milman [34]. The conjecture has been con-
firmed (uniformly in n) for unit-balls of z;g (by S. Sodin [67] when p € [1, 2] and
R. Latata and J. Wojtaszczyk [49] when p € [2, 00]), the simplex by F. Barthe and
P. Wolff [7], convex bodies of revolution by N. Huet [36], convex sets of bounded
volume-ratio constructed in a certain manner from log-concave measures which
satisfy the conjecture [46], linear images and Cartesian products of these sub-
classes (see Bobkov—Houdré [15] for the latter) and various perturbations thereof
[56, 59]. For the interesting class of unconditional convex bodies (invariant under
reflections with respect to the coordinate hyperplanes), the best known estimate
C, = Clog(1 + n) was established by B. Klartag [43]. In addition, the conjecture
has been established in a certain weak sense for random Gaussian polytopes (with
high-probability) by B. Fleury [27].

Besides these subclasses of convex bodies and their natural extensions to the
log-concave setting, the extended KLS conjecture has also been confirmed for ro-
tation invariant log-concave measures by S. Bobkov [14] (see also [36] for gener-
alizations), for log-concave measures with strictly convex potentials V by Bakry—
Emery [3], for certain Gibbs measures corresponding to conservative spin systems
by Barthe—Wolff [7] and Barthe—-Milman [6], for certain log-concave measures
supported in a cube by Klartag [44], and for unconditional measures with strictly
positive derivatives in the principal directions by the authors in [47]. In addition,
Klartag’s C,, = Clog(1 + n) estimate for unconditional log-concave measures has
been generalized to log-concave measures enjoying more general symmetries by
Barthe and D. Cordero—Erausquin [5]. To the best of our knowledge, this is essen-
tially a complete list.

1.3. Generalized Orlicz balls. The above results typically make heavy use of
the symmetries possessed by K or . In this work, we address the KLS conjecture
for a certain family of convex bodies which may be called generalized Orlicz balls.
Contrary to the standard definition of these bodies in the literature (see, e.g., [1]),
we emphasize that our definition does not impose any symmetry conditions on
these bodies.

DEFINITION. A convex body K C R" is called a generalized Orlicz ball if
there exist n one-dimensional convex functions V; : R — R and E € R so that

n
K={xeR%: ) Vi(x) <Ef{.
i=1
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The traditional definition also requires that V; be even functions which vanish
at the origin, so that the resulting class is always unconditional—we will call such
bodies unconditional generalized Orlicz balls. In that case, K is the unit-ball of
the generalized Orlicz norm

n
(1.5) Ixllg == inf{r > 05 Vi(xi/1) < E
i=1

indeed, the convexity of V; ensures the validity of the triangle inequality, and the
symmetry of V; ensures that ||—x| ¢ = ||x||k, so that this defines a norm (with an
unconditional basis). By abuse of notation, we will still refer to (1.5) as a norm as
soon as K contains the origin in its interior, even without any symmetry assump-
tions on V;. As shown by Wojtaszczyk [70], contrary to general unconditional
convex bodies, unconditional generalized Orlicz balls enjoy the following nega-
tive correlation property (first noted by Anttila—Ball-Perissinaki [2] for unit-balls
of Z’I;):

(1.6) EX7X; <EX;EX;  Vi#],

where X is a random-vector uniformly distributed in K. Naturally, this property
heavily relies on the underlying symmetry, and is very helpful in establishing vari-
ous concentration properties for this class; for instance, using an extension of (1.6)
due to Pilipczuk—Wojtaszczyk [64], Fleury [25] showed that for unconditional gen-
eralized Orlicz balls, | X| is optimally concentrated around its mean. However, to
the best of our knowledge, even for this subclass of unconditional bodies, the best
estimate on C = C, in the KLS conjecture (1.4) is the general one for uncondi-
tional bodies C,, = Clog(1 + n) due to Klartag [43].

1.4. Simplified main results. In this work, we do not impose any symmetry
assumptions on V;, and in particular do not (and cannot) employ (1.6) at all. We
formulate our main results in full generality in the next section, but for now we
only state the following simplified version.

THEOREM 1.1 (Simplified main theorem). Foreachi =1,...,n,letV; :R —
R,i=1,...,n,denote a convex function normalized so that min V; = 0 and so that
wi :=exp(—V;(y))dy is a probability measure on R with barycenter at the origin.
Given E > 0, set

n
(1.7) Kg:={xeR"% ) Vi(x) <Ef{.

i=1

Let X; denote random-variables distributed according to u;, and set

(1.8) Ey:=14) EV(X)).
i=1
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Then Ey <n+ 1, and for E = Ey we have

1
(1.9) o< Vol(Kg)# < C,

and

(1.10) Dpoin(Aky) < Clog(e + AP An)DER (k).

Here, C > 1 is a universal constant, and

(1.11) A? =

o =V DY L2 0)-

Tl

In particular, we confirm the KLS conjecture for the generalized Orlicz ball K g
as soon as A® is bounded above by a constant, reflecting a certain upper bound
on the rate of growth of {V;} at infinity. The volume estimate (1.9) is a natural
expected normalization which serves as a sanity check, preventing various trivial
statements (such as when E — 0). The precise result we formulate in Section 2
provides a more flexible explicit description of the levels E to which the above
result applies; see Remark 1.3 below. This provides an explicitly computable cri-
terion for the validity of the KLS conjecture, and significantly extends the class of
convex bodies for which the conjecture is confirmed.

Note that the dependence on A® in (1.10) is logarithmic, and that in the worst
case, regardless of the value of A@ (which may be infinite, see, e.g., [48], Ex-
ample 1), the estimate (1.10) confirms the KLS conjecture for Kg up to a factor
of log(1 + n), matching Klartag’s estimate for unconditional convex bodies, but
without assuming any symmetry. In fact, the above log(1 + n) factor is a conse-
quence of a more general result, stating that one may always find a level set of a
general log-concave measure 1 (no product structure assumed) having essentially
the same spectral-gap, up to this factor.

THEOREM 1.2 (From log-concave measure to good level-set). Let pu =
exp(—V (x)) dx denote a log-concave probability measure on R" with min V = 0.
Let X denote a random-vector distributed according to ., and set

Ey =1+EV(X).
Then Ey <n+1,and for E=Ey, Kgp ={x € R"; V(x) < E} satisfies (1.9) and
Dpoin(Ak ) < C Dpoin(1t) log(e + \/ﬁDPoin(M))-

REMARK 1.3. The results of Theorems 1.1 and 1.2 apply to all levels E in the
following explicit set:

1 n,—n
(112) Level(V) i= {2 06~ Vol(kp) = - .
e n:
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Proposition 2.3 ensures that this set is a nonempty interval [Epin, Emax] With
Enin <nand 1 < Epax — Emin < es/2nn(l 4+ 0(1)) as n — oo, and that Ey €
Level(V). The constant % in front of the term ”",f!_ ~ above may be replaced by elq
for any fixed ¢ > 1 (and for some statements in this work, g > 0), resulting only
in different numeric constants in our results; this variant of (1.12) is denoted by
Level @ (V). If one employs ¢ = n/(Ey — 1), it is not hard to show that the (per-
haps more natural) level Ey — 1 lies in Level'? (V), and thus our results apply to
it as well—but we do not pursue this nuance here.

More general versions of these results (dispensing with the restrictions that
min V; = 0, that u; are probability measures, and that their barycenter is at the
origin) will be presented in Section 2 and Section 6.4. In this introductory sec-
tion, we provide a couple of simple examples to illustrate how these (extended)
results may be applied; their analysis is deferred to Section 6.5. We denote by
ay = (lal| +a)/2 and a_ := (la| — a)/2 the positive and negative parts of a € R.

EXAMPLE 1.4. Let pijE ell,P]l,i=1,...,n,forsome P > 1, and set

+ -
Vi) = () + G
Let Ey be defined by (1.8), where X; are distributed according to w; having den-
sity proportional to exp(—V;). Then for E = Evy, the generalized Orlicz ball (1.7)
satisfies (1.9) and

(1.13) Dpoin(Ak,) < Clog(e + P)D52 (k).

for some universal C > 0. Moreover, if plTJE € [2, P], then

Droin(Ak,) < C'\/log(e + P) D% (Ak,).

In particular, for fixed P > 1, this confirms the KLS conjecture for the bodies K g
uniformly in n > 1. Of course, one may replace the function y” in this example
with other nonhomogeneous variations like y” log(1 + y), etc. More generally, as
suggested to us by the referee, it is worth pointing out that (1.13) remains valid
(with C depending solely on c1, ¢ below) when the convex functions V; satisfy
min V; = V;(0) =0,

o0
Vi=1,...,n O<01§/ exp(—Vi(£x;)) dx; < ¢z <00,
0

and the following “generalized doubling condition” holds:
Vi=1,...,n dg >0 Vx;eR Vl((l + si)xl-) <(1+¢&P)Vi(x;).

EXAMPLE 1.5. Let u =exp(—V(x))dx denote a log-concave probability
measure on R” with minV = 0 and Hess V > p?Id with p > 0. Then for E =
Ey<n+1,Kg={xeR"; V(x) < E} satisfies (1.9) and

C
DPoin()\KE) =< ; 10g(€ + \/ﬁ/p)
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1.5. Method of proof. Our approach is based on transferring concentration in-
formation from the log-concave measure u := exp(—V (x))dx onto the uniform
measure Ak, on its level set Kr. We achieve this in three separate steps. The
most important step is to transfer concentration from p to an auxiliary measure
WK, w, Which is a linearized version of w supported on an annulus around Kg
of relative width w = % We then pass from g, . to the cone measure oy,
supported on 9K g, from which we finally pass to Ak, and optimize on wgy > 0.
Finally, an isoperimetric (or Poincaré) inequality is deduced using the convexity
of K¢ and the known equivalence between concentration and isoperimetry under
convexity assumptions. Surprisingly, these three different steps require three dif-
ferent methods for transferring concentration: an L” (u) estimate on d ik, /d 1,
a Wasserstein-distance estimate on Wi (i, v, 0sk,) and a Hardy-type inequal-
ity with boundary for Ag,. The only place where we need to assume that p is a
product measure [i.e., that V(x) = >_" | V;(x;), and hence K is a generalized
Orlicz ball] is in the first step, resulting in an estimate depending only on A
and not the dimension; this allows for future possible generalizations. To get the
dimension-dependent log(1 + n) estimate, no assumption on u is needed beyond
log-concavity, and we can simply use an L°° estimate in the first step.

The rest of this work is organized as follows. In Section 2, we formulate our
various general main results in this work, of which Theorem 1.1 is a particular case.
In Section 3, we obtain the L” (1) estimate on d i g, v /d i, modulo an estimate on
Vol(K g) which is obtained in Section 4. In Section 5, we obtain the Wasserstein
distance estimate and the Hardy-type inequality. In Section 6, we put everything
together and prove our main results.

Further results pertaining to the distribution of Vol(Kg) where E =

", Vi(X;) and X; are independent random-variables distributed according to
wi =exp(—V;)dx, will be studied in a follow-up work by Barthe and Wolff [8].

2. Statement of results.

THEOREM 2.1 (Main technical theorem). Let V; :R—>R,i=1,...,n, de-
note a sequence of convex functions normalized so that p; = exp(—V;(y))dy is
a probability measure on R. Denote V (x) = Y_!'_, Vi(x;) and m; := minV;, and

assume that Y7, m; =0 so that min V = 0. Assume in addition that the following
scale-invariant quantities are finite:

Vi=1,...,n

o)

2.1
i (1+ ”(Vi/(y)y)—”LOO(M,-)) v Vi/(y)y”Lz(u,-) < 0.

,,,,,

V(0), define the following convex body on R" (containing the origin in its inte-
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rior):

n
Kg:={V<E}= lx eR"; > Vi(x) SE},
i=1
the unit-ball of the generalized Orlicz norm ||x ||k, :=inf{t > 0; >, Vi(x; /1) <
E}. Denote by bg := [ x drk,(x) the barycenter of K g. Consider the set

1 n_,—n
2.2) Level(V) := {E > 0: e EVol(Kp) = - }
e n!

Then for all E € Level(V) N(Ey, 00):
1
Dpoin(Akp) < C(Mlog(e + A2 M) 4 7/ x| drg, (x))
n

b .
< C(M log(e + A2 M) + '—jf + D;L)g‘;n(kKE)),
n

for an appropriate universal numeric constant C > 1.

Since Dpoin(Ak,) and Dlls(i)ri‘n(k k) remain invariant under translation of K,

by translating V +— V(- + b) [i.e., Vi = V;(- + b;) for b € R"], we immediately
obtain the following.

COROLLARY 2.2. With the same notation and assumptions as in Theorem 2.1,

given b € R" denote A2 (b) := ﬁ ||(ai(°°’2) 0)i_1ll2, where

2.3) P ®) = 1+ [ (VO =5)) _| oo guy) ¥ IV =) 12

Then for all E € Level(V) and b € int(Kg),

|bg — b
Jn

There is a particular value of b € R" which is the most natural to use above—the
barycenter of u :=exp(—V (x))dx, denoted

by ::/xd,u(x) = (/xi d,ui(xi)>:1:1.

With this choice, it is immediate to verify that {«; (b, )} are both scale and transla-
tion invariant in . Another advantage we will verify in Lemma 4.8 is that when
b =b,, the L* term in (2.3) is always majorized by the L? one; this is a gener-
alization of the simple fact that Vi’ (y)(y — b;) = 0 whenever the minimum of the
convex V; is attained at b;. We consequently denote

Dpoin(Agy) < C(M log(e + A2 (b)M) + + Dlﬁ(i)?n()»KE)).

1 n /
A(z)(b) = ﬁ” (ai(Z)(b))i:I 2> “i@)(b) = [V/( (- bi)||L2(p.,-)‘
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Let
Cov, :=E((X, —by) ® (X, — b)), Covg :=E((Xg —bg) ® (XE — bE)),

denote the corresponding covariance matrices, where X, and X g are distributed
according to u and Ak, respectively. To provide some more relevant information
regarding the subset Level(V) of good levels E and the associated level sets K¢,
to which the above results apply, we have the following.

PROPOSITION 2.3. Let u =exp(—V (x))dx denote a log-concave probabil-
ity measure on R" so that minV = 0. For E > 0, let Kg :={V < E}, and let
Level(V) be defined by (2.2). Let by, bg, Cov,, Covg be defined as above. There
exist numeric constants ¢, C, C' > 0 so that:

(1) Level(V) is a nonempty closed interval | Emin, Emax] With Epin < n.
2) 1< Emax — Emin < ¢2< = e+/27n(1 + 0(1)) as n — 00.

- n

B) 1+0(1) < Vol(KEmm)% < Vol(KEmaX)% <e(l+o0(1)) asn — oo.

4) Ey =1+ [V(x)e " dx satisfies Ey € Level(V) and Ey < Emax A
(n+1).

5 V(bu) <Ey—1<(Emax — .1) An, that is, bu € KEV—l C K(Emax_l)/\n‘

(6) |bg — byl < Clog(1 +n) Dy (1), for all E € [Emin, Emax].

(7) Covg < C'log?(1 + n) Cov,, as positive-definite matrices, for all E €
[Emins Emax]-

(8) DLin (Akz) =c>0forall E> Enpip.

Poin

We remark that assertion (5) above is a refinement of a result of M. Fradelizi
[28], who showed that under the above assumptions V (b,,) < n; see Remark 4.7 for
further discussion. Combining Corollary 2.2 with Proposition 2.3, we can easily
obtain the following.

THEOREM 2.4 (Main theorem). With the same notation and assumptions as
in Corollary 2.2 and Proposition 2.3, for all E € [ Ewin, Emax] such that b=>b,, €
int(Kg):

Dpoin(rky) < CoMlog(e + AP (b, ) M)DER (Ak ).

Poin

In particular, this applies to all E € [(Ey — 1) V Emin, Emax], and notably, to
E=FEy.

Theorem 2.4 confirms the KL.S conjecture for K g as above whenever AD @ >
M < C. By simultaneously rescaling all functions V;, we can also easily remove
the assumption that [ exp(—V;(y))dy = 1; see Corollary 6.3.

Finally, we state our log(1 + n) estimate on the relation between the Poincaré
constants of a general log-concave measure p and its level-sets.
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THEOREM 2.5 (From log-concave measure to good level-sets). Let u =
exp(—V (x)) dx denote a log-concave probability measure on R" with min V = 0.
Denote its level sets by Kg := {x € R"; V(x) < E}, and define as usual Level(V)
by (2.2). Then for all E € Level(V), and in particular, for E = Ey, we have

Dpoin(Ak ;) < C Dpoin(1) log(e + v/n Dpoin(10))-
REMARK 2.6. An inspection of the proof of Theorem 2.5 (and the relevant

parts of Proposition 2.3) reveals that we could actually omit the /n above, obtain-
ing a dimension-independent estimate, for any E > 0 so that

(2.4) e EVol(Kg) > ¢ >0,

for some universal constant ¢ > 0. Unfortunately, such exceptionally good levels
E do not necessarily exist, and the best one can ensure in general is

IE>0 e EVol(Kp) > Ll ! (1+0(1))
= E) = = )
n! 2mn
corresponding to the case V (x) = ||x — xo|| for some norm || - || (whose unit-ball

has appropriate volume) and xo € R”, which results in the above /n factor. As we
did not find a reasonable condition for ensuring (2.4), we only mention this variant
in passing.

3. Transferring concentration: From product measure to linearized one
on annulus. Given a metric space (X, d) and a Borel probability measure v, the
associated concentration profile I = K(X, d, v) : Ry — [0, 1/2] is defined by

K(r) := sup{v(X \ AY); w(A) > 1/2}, A= (xeX;d(x,A) <r).
Equivalently, it is well known and immediate to verify that
K(r) =sup{v{f >med, f +r}; f:(X,d) — Ris 1-Lipschitz};

here, med, f denotes any median of f with respect to v, that is, a median of the
push-forward of v by f.

Given two Borel probability measures vy, v, defined on (X, d), we will require
the following particular case of [6], Proposition 2.2, for transferring concentration
information from &y = K(X, d, vy) to K, = K(X, d, v2).

PROPOSITION 3.1 (Barthe-Milman). Assume that || cdi—:fllm(vl) < L for some
p € (1,00]. Then setting g = p* = %, we have

Ka(r) <2LK9(r/2)  Vr>0.
We will use Proposition 3.1 with both p < co and p = co. The latter simpler

case, on which the proof of Proposition 3.1 is in fact based, was originally proved
in [59], Lemma 3.1 (with more precise numerical constants).
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3.1. Linearized measure on annulus. Given a compact set 2 C R” contain-
ing the origin in its interior, let ||x||q := inf{A > 0; x € AQ} denote its associ-
ated gauge function on R". Let u = exp(—V (x)) dx denote a general log-concave
probability measure on R". Given E > Eg := V (0), denote by K :={V < E} the
convex level-set of V at level E, which necessarily contains the origin in its inte-
rior. Let g, denote the probability measure on R” having density proportional to
exp(—n||x||k); it will be more convenient to write it as

1
pky = e EFnUlk=1) g
ZE
where Zg > 0 is a normalization constant ensuring that g, is a probability mea-
sure. Integration in polar coordinates easily yields

nle" _p
ZE =—e VO](KE).
nl’l

Given an additional parameter w € (0, 1], we define the probability measure
WK z,w by conditioning ik, on the annulus 1 — w < ||x||g, <1, namely

| _
e (E+nlixlkg 1>)1HX||KE€

_ dx,
Zew [1-w,1]

HKgw =
where again Zg ,, > 0 is an appropriate normalization constant. Note that the den-
sity of ik, on the unit-sphere {||x || x, = 1} is constant, and thus proportional to
that of w. Furthermore, we will later see that our choice of the potential’s slope
(namely the coefficient n above) coincides on-average with that of w. Conse-
quently, the measure g, should be thought of as a version of © whose poten-
tial has been linearized about the unit-sphere {||x| g, = 1}, with g, , being in
addition restricted to the annulus || x| g, € [1 — w, 1].

REMARK 3.2. Our preference to work with the annulus ||x| g, € [1 — w, 1]
instead of with (the perhaps more natural) ||x||x, € [1 —w, 1 + w], is because this
permits us to employ a one-sided concentration estimate (Theorem 3.6 below) in-
stead of a two-sided one. Consequently, we only need to demand an L? integrabil-
ity assumption from our random-variables, instead of an exponential integrability
assumption which a standard two-sided estimate would require.

We will typically set w = % due to the following.
LEMMA 3.3. Forall wy € [0, 1], ifw = w—‘r)l then

ZEw>cwolEg,

for some universal numeric constant ¢ > 0.
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PROOF. Let X denote a random vector distributed according to g, . Recall-
ing that its density is proportional to exp(—n|x|/ k), observe that || X| g, is dis-
tributed according to the Gamma distribution M”Tnl)!e_”r r"~!dr, and that

— =P ell—w,1]))=— "t dr.
Z (Ixllkp € [1 —w, 17) Do,

The claim for wg of the order of 1 is already clear, since the latter Gamma dis-
tribution may be realized as the law of % > 1Y, where Y; is a sequence of i.i.d.
exponential random variables with parameter 1, so that E(Y;) = Var(Y;) =1, and
hence E(|| X||x,) =1 and Var(|| X ||x,) = %; similarly, it is possible to extend this

reasoning to all wg € [%, 1] using the Berry—Esseen theorem (e.g., [63]). To see
the claim for all wg € [0, 1], we use the fact that the density of the Gamma distri-
bution is unimodal, and so we may lower bound the above integral as follows:
n}’l
>
“(n—-1)!
Using Stirling’s formula, we see that w(n”Tnl)!e_” = w\/ﬁﬁ(l +o0(1)) asn —

wmin(e "W (1 —w)" 1 e™).

00, and in particular > ¢’wy for some constant ¢’ > 0 and all n > 1. It remains to
note that

2\ n—1
(1 —w)" > A +w) (1 —w) > (1 —w?) = (1 _ @> > >0,
n

for all wg € [0, 1] and n > 1 (with 0° interpreted as 1). This concludes the proof.
O

3.2. Dimension-dependent estimate. Our proof of Theorem 2.5 employs the
following simple dimension-dependent estimate.

LEMMA 3.4. For any log-concave probability measure u = exp(—V (x))dx,
E> V() and w= % with wg € (0, 1], we have

d/’LKE RV
du
where ¢ > 0 is the constant from Lemma 3.3.

exp(wo/n),

Lo® B C'LU()ZE

PROOF. Note that V < E for all || x| g, <1, and in particular on the annulus
lxllk; € [1 —w, 1]. It follows that on this annulus

Ak p,w 1
, — R A —1)) < nw
p (x) Zen exp(V—E —n(llxllg, — 1)) < ZE’we

and the assertion follows by Lemma 3.3. [

We will see in Section 6 that this is already enough to deduce the worst-case
log(1 + n) estimate of Theorem 1.1.
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3.3. Dimension-independent estimate. To obtain a dimension-independent es-
timate, we restrict ourselves in this subsection to product measures w. Let V; :
R —->R,i=1,...,n, denote a sequence of convex functions so that u; :=
exp(—Vi(y))dy is a probability measure on R. Denote V(x) := >7_, Vi(x;),
x € R", and let u denote the corresponding product measure on R":

pwi=p1 Q- @ py =exp(—V(x))dx.

Our proof of Theorem 2.1 relies on the following crucial estimate. The proof
strategy is in some sense similar to the one employed in [6], where a zeroth order
approximation was used about a hyperplane (instead of a first-order approximation
about a convex hypersurface as in the present case).

PROPOSITION 3.5. Let (afoo’z))?zl be defined as in (2.1), and recall that
AR2 = ﬁ||(a;°°’2))?:1 2. Let wo € (0,1/2], w = % and p > 1. Then for all
E > Ey:=V():

/(duKE,w)Pd _1V2m

du T ZE (cwo)P

2.2 p (00 2)\2
exp(Sp wO( (co, )) )v
where ¢ > 0 is the constantﬁom Lemma 3.3.

For the proof, we will require the following concentration-inequality for sums
of independent random-variables. When the random-variables are bounded, this
inequality is classical and due to Hoeffding [35]; we will need the following ver-
sion, when the random-variables are only assumed to be bounded from one side
(see Maurer [53], Theorem 2.1, Corollary 2.2, for a simple derivation, Bentkus
[9], Theorem 1.3, for improved optimal constants in the exponent; compare also
with an earlier result by McDiarmid [55], Theorem 2.7, in the spirit of Bernstein’s
inequality [18], Corollary 2.11).

THEOREM 3.6 (One-sided Hoeffding inequality). Let Yy, ..., Y, denote a se-
quence of independent random variables so that E(Y;) = 0 and

||(Y,-)_HLOOV||Y,~||L2<OO Vi=1,...,n.

Then

" 1 r2
P Yi < —r SeXp<—— ) Vr > 0.
(gl ’ ) 230 D) <Nl + 1Y 12,)

Here, || Z||;2 := (EZ%)'/? and || Z|| 1 :=esssup | Z|.

PROOF OF PROPOSITION 3.5. Recall that K was defined as the convex level
set {V < E}, and so for all x # 0, V(l%rt) = E witht := ||x| g, — 1. Consequently,
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for all r > 0,

gr):=pfllxllg, €1 —w, 11, V(x) — (E+n(lxllx, — 1)) =7}

< ;L{x eR"; 3t e[—w,0], V(x)— <V<1L+t> +nt> Zr}-

By convexity of V, we know that on the subset of full measure in R” where V is
differentiable we have

vi——\)=v L )sv L vy
<1+t)_ (x_1+tx)_ (x)_1—+t< (), %),

and so we may continue the chain of inequalities above as follows (as 1 + ¢ > 0):

t
<uix eR"; 3 €[—w,0], I—_H(VV(x),x) —nt > r}

(3.1) < plx eRY; 3t € [—w, 01, {(VV (x), x) — nt > r(1 4 1) + nt?}

1—
<plx eR"(VV(x),x)—n<—r w}‘
w

Note that if X is a random-vector distributed according to wu, then (VV(X),
X)—n=37,Y, where Y; := Vl/ (X;)X; — 1 are independent random-variables
with each X; distributed according to p;. Integrating by parts, we clearly have

EY; = [ 6 V/ () exp(—Vi(x) dxi — 1 =0,
and our assumption (2.1) translates into
2
[ D= e V¥l 2 = (1 [V I9) oo i)V IVE 0D3 2y = % < 0.
Applying Theorem 3.6, we deduce

1 52

1- 1
“5° = 5,» S0 we apply the above

inequality with s = 2’70 to estimate (3.1), and deduce that

Since we assume that w = % < %, we have

72

— T x Vr > 0.
16w(2)(A(°°~2))2)

g(r) < CXP<—

Integrating by parts and using the elementary inequality x < exp(x2/2), we can
now deduce

dMKE w)p
e d
f( du H

= ZT/@XP(P(V(X) —(E+n(lIxllkz — D)) Lixigpett—w,11dmn(x)
E,w
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1 o0
< (14 [ pexpprgar)
ZE,w 0
1

p
ZE

=

<1+ /_2n\/8p2w%(A(oo,2))2exp(4p2w3(A(oo,2))2)>

W

(14 v27 exp(8p*wd (A©>2)?))

<
— 7P
ZE,w

- 14+ 27
= 1Z

E,w

2
exp(8pwj(A?)7).
The asserted estimate then follows by recalling Lemma 3.3. [

REMARK 3.7. The proof presented above is essentially the only place in this
work where the product structure of u = exp(—V (x)) dx [or equivalently, the sep-
arable structure of V(x) = Y_7_, V;(x;)] is used. The sole purpose of this prod-
uct structure is to obtain (3.2), asserting a strong concentration of (VV (X), X)
around its mean n. Any other condition which ensures a similar strong concen-
tration would equally result in confirmation of the KL.S conjecture for additional
classes of convex bodies, simply by following the arguments in this work.

4. Properties of the level-set K.

4.1. Bounding Vol(Kg). To apply the bound of Proposition 3.5, we will need
to bound Zg from below, where recall

nle" _p
Zg = € Vol(KE), Kg={V <E}.
n

DEFINITION. Given g > 0, denote

n'te "
Level D (V) := {E >0; e EVol(Kg) > e }
4.1 n!

={E>0;Zg >},
the subset of good level-sets of V.

Consequently, our goal will be to study Level?(V); obviously, this family is
monotone increasing in g. Note that Level(V) defined in Section 2 is precisely
Level D (V). All of our results in this work remain valid with Level M (V) replaced
by Level @ (V) for any ¢ > 1, with an additional appropriate dependence on ¢, but
with the exception of this section, we refrain from this extraneous generality.

Now observe that the convexity of V ensures that the map

(42) R, 3 E > g(E) := Vol(Kg)7
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is a concave function on its support by the Brunn—Minkowski inequality (e.g., [31,
66]). By separability min V = "%, min V; = 0, and so g is supported on R .. Note
that we do not assume that g(0) = 0. Lastly, integration by parts yields

® E e [ -E
e "g(EY'dE = e " Vol{V < E}dE
(4.3) 0
= e VWgx= du=1.
R R
On the basis of these three properties, we will prove a slightly more detailed ver-
sion of assertions (1)—(3) of Proposition 2.3 from the Introduction:

PROPOSITION 4.1. Let u =exp(—V(x))dx denote a log-concave probabil-
ity measure on R" with minV = 0. For E > 0, let Kg :={V < E}, and let
Level @ (V) be defined by (4.1) for g > 0. Then:

(D) Level(q)(V) is a nonempty closed interval [E(Q) EI%QX] with E(q) <n.

min’
(2) g < Exi — EX) < et — o4 /2zn(1 4 0(1)) as n — oo.
(@) .

(3) Denoting ¢’ :=e %(";W — 1 asn — o0, we have

@ < Vol(K g)n < 1vec®, @ <Vol(K g )7 < ec® (1 +o(1)).

mm

The proof is a based on the following.

LEMMA 4.2. Let g : Ry — R denote a (nondecreasing) nonnegative con-
cave function, so that

o0
f e lg(t)'dt=1.
0

Let Mg denote the maximum of e~'g(t)" on Ry, and let t, > 0 denote the (neces-
sarily unique) point on which it is attained. Then t; <n and My > e™" ’,’l—',l

REMARK 4.3. Observe that both asserted estimates are sharp for the model
function go(r) := (n')l/" , which indeed satisfies [;° e~ go(1)" dt = 1.

REMARK 4.4. There are numerous instances in the literature of similar look-
ing lemmas regarding measures on R, of the form e¢¢"~1 dr with g concave
(and typically decreasing), arising when integrating a log-concave measure in R"
in polar coordinates (see, e.g., [45], Lemmas 2.1 and 2.2). However, we emphasize
that it is not possible to obtain the delicate lower bound we need on e~ £ Vol(K )
by integrating u = exp(—V (x))dx in polar coordinates—it is not hard to check
that there is no fixed value of E (including the typical guess E = n) that will in
general work for every ray simultaneously.
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PROOF OF LEMMA 4.2. First, note that #, is indeed unique since e'/M is not
concave on any nonempty open interval. For simplicity, we may assume (by ap-
proximation) that g is differentiable. The maximum of ¢ — h(t) := —t +nlog g(t)

on R is attained at 7, and hence either t, =0 or g'(ty) = Z’(nﬁ) In the latter case,

concavity implies that g'(z,) < %;g(m < ng)

and, therefore, t;, < n. In the for-

mer case, necessarily 4’(0) < 0, that is, g’(0) < @. In either case, concavity
implies

glte +5) < g(tg) + £/ (tg)s < g(zg>(1 + %) Vs € [—tq, 00).

Consequently,

1=/ e_’g(t)"dthg/ e_s<1+—) ds <M, e_s(l—i-—) ds
0 —tg n

—-n n
o0 t\" n!
=Mge”/ e_’(—> dt = Mge" —,
0 n n"
concluding the proof. [J

In fact, although this will not be used anywhere else in this work, we can claim
the following.

PROPOSITION 4.5.  With the same assumptions and notation as in Lemma 4.2
and Remark 4.3, there exists an increasing and contracting map T : Ry — Ry so
that T pushes forward the probability measure e~ go(t)" dt onto e 'g(t)" dt on

—nn"

Ry. In particular, we have tg, :=T(n) <nand e_tég(tg,)” >e"go(n)" =e "

This should be compared with a well-known contraction result established by
L. Caffarelli in [21] (see also [38] for generalizations), asserting that the Brenier
optimal-transport map 7 pushing forward a Gaussian probability measure y;,, on
R" onto a probability measure u = exp(—V)y, with V : R” — R convex, is in
fact contracting Euclidean distance. While we do not know how to extend Propo-
sition 4.5 to higher dimension, we can obtain contraction results between mem-
bers of an entire family of one-dimensional model spaces and appropriate con-
cave perturbations thereof, including both the Gaussian measure and the measure
e 'go(t)"dr as particular cases. As this is too off-topic for this work, these con-
traction results, as well as the proof of Proposition 4.5, will appear elsewhere.

Let us now complete the proof of Proposition 4.1.

PROOF OF PROPOSITION 4.1. Recall the definition (4.2) of the function g.
Lemma 4.2 implies that 7, € Level(q)(V) for all ¢ > 0. As the function E +—
e Eg(E) is integrable, continuous and unimodal (as its logarithm is concave),
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Level )(V) must be a closed interval [Er(fiil, E,(ffa)x] C [0, c0). Lemma 4.2 implies

that Er(;’lzl <1, <n. We also have

@) —n

o0 Emax @) nne
1:/ e_Eg(E)”dEzf(q> e Eg(EY'dE > (EW — EX)Ye 41—
0 E

max min ’

n!

min

implying that Er(ga)x _EWD < o1 %ﬂ = e9+/2nn(140(1)) by Stirling’s formula. To

min —

see the reverse inequality, observe that W (r) :=t — nlog g(t) satisfies W'(r) < 1
and, therefore,

n,—n
e WeHa) 5 ,=a4,~ Wity 5 ,—a" €
- - n!
Consequently, 1, + g € Level @ (V), implying Er(fQX — Er(glzl > g. Clearly,
1 B g
Vol(KE(q))n >e n e ncy,
with ¢, = _nfe_ _, by Stirling’s formula, where the only possible strict inequal-

(n))1/n
ity above is when EI(;’J1

= 0, in which case Vol(Ko) <1 [as [exp(—V)dx = 1].

Since E9) ¢ [0, n], the upper and lower estimates on Vol(K )% follow. Finally,

2 (q)
min Emin
note that
(q) (q) (q)
1 El(ggx _q Emin _q Emax*Emin
Vol(KE(q))nze n e nc,=e n e ncye n ,
max

and so the upper estimate on Vol(K () )% follows since (Er(ﬁa)X — Er(r'fiil) /n <

e?/2m/n(1 4+ o(1)) =o0(1) as n — oco. This completes the proof. [J

4.2. Barycenter of . We now turn to prove assertions (4) and (5) of Proposi-
tion 2.3, which we equivalently reformulate as follows.

PROPOSITION 4.6 (Refinement of Fradelizi’s bound). Let u =exp(—V (x))dx
denote a log-concave probability measure on R" with minV = 0. Let b, :=
[ x du(x) denote the barycenter of |, and set

Ey: =1+ / V(x)e V9 dx.

Then:

(1) Ey eLevel (V) and Ey < ESX A (n +1).

1 .
(2) V(by) <Ey —1 < (E\ax — 1) An, that is, b, € K, C Kpm
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REMARK 4.7. In [28], M. Fradelizi showed that for any log-concave proba-
bility measure p = exp(—V(x))dx on R", V(b,) <minV + n; we will present
a simplified proof of this bound below. While this is sharp whenever u is log-
affine on an appropriate convex cone, it is easy to construct (nontrivial) examples
when this estimate can be significantly improved. For instance, let V (x) = ||x||11’}
for any convex body K having the origin in its interior and p > 1 (and K
is scaled so that p is a probability measure). In that case, it is immediate to
check that g(E) := Vol(Kg)'/" = ¢, ,E!/P [with ¢, , = ['(n/p + 1)~1/"], and
we have f, := argmaxg e £ Vol(Kg) = n/p with the notation of Lemma 4.2.
As 1y € [EL) | Efix] and Efgx — E\) < e/27n(1 4 o(1)), we conclude that

min’
V(by) < Efx — 1= %(1 4 o(1)) as n — 0o, yielding a strict improvement over
Fradelizi’s estimate for any fixed p > 1 and large enough n.

PROOF OF PROPOSITION 4.6. We may assume by translating u if necessary
that the minimum of V as attained at the origin. It follows by Jensen’s inequality,
convexity of V and integration by parts, that

Viby) = / Ve "Wdx =V (0) +/(V(x) —V(0))e™ V™ dx
<V + [(TV (), x)e ™" dx

=V()+ / div(x)e™ V™ dx = V(0) +n,

immediately recovering Fradelizi’s bound. Recalling our assumption that min V =
0, we have verified that

V(by) <Ey —1<n.

It remains to show that Ey € Level(l)(V). Recall our notation g(E) :=
Vol(K )/, and introduce the following measure on R :

vi=e VB GE = e Eg(E)' dE.

Also recall that by (4.3) v is a probability measure, and as g is concave W is in par-
ticular convex, and hence v is log-concave. Integrating by parts on the distribution
of Vol{V < E}, we obtain

% d
Ey—1= / Vx)e VO dx = —f E(Ee_E)Vol{V <E}dE
0

o0 o0
:/ e E(E—=1)Vol(Kg)dE =/ Ee Eg(EY'dE — 1,
0 0
thereby concluding that Ey coincides with the barycenter of v:

00
Ey =b, ZZ/ E dv(E).
0
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Applying Fradelizi’s bound in the one-dimensional case, we know that W (b,) <
W () + 1, where recalling the notation of Lemma 4.2, 7, is the maximum point of

e~". Invoking Lemma 4.2, we obtain
In"e™

1
e P Vol(Kp) = e W) > —o=Wite) > —
e e n!

It follows by definition that Ey = b, € Level(l)(V) (and in particular Ey < Er(nlgx s

thereby concluding the proof. [
In addition, we will require the following.

LEMMA 4.8. Let v =exp(—W(y))dy denote a log-concave probability mea-
sure on R. Then:

() W) = D)l 2 = V2, for all b € R,
2) W' ) (y —by))—llL=w) < 1, where by, denotes the barycenter of v.

PROOF. For the first assertion, we may assume by a standard approximation
argument that W is C? smooth. Using W” > 0 and integrating by parts, we verify
that

f (v — bW () exp(—W(»)) dy
> / (v — B (W (0?2 = W' () exp(—W (1)) dy

= [6=bPep(-W )" dy = [2exp(~W(y) dy =2
For the second assertion, note that by convexity, for any b € R,
W () (y —b) = W(y) — W(b) >min W — W(b).

On the other hand, Fradelizi’s estimate (Remark 4.7) in the one-dimensional case
asserts that W(b,) <min W + 1, thereby concluding the proof. [

4.3. Barycenter and covariance matrix of Kg. We conclude this section by
providing a proof of assertions (6) and (7) of Proposition 2.3; assertion (8) will be
proved in Section 6. Recall that X, and X g are assumed to be distributed accord-
ing to u and Ak, respectively, and that we denote the corresponding barycenters:

bli = E(XM), bE = E(XE),
and covariance matrices:

Cov, :=E((X, —by) ® (X, —by)), Covg :=E((Xg —br) ® (Xg — bE)).
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Note that by definition

D5 () = emax (Cov, 0,0),

Poin csn-1

where $"~! denotes the Euclidean unit-sphere in (R”, | - |).

PROPOSITION 4.9. Forallg >0and E € [El(gizl, E,({QX]:
(1) |bg —bu| < C(14q)log(1 +n) DR ().
(2) Covg < C'(1+¢)? 10g2(1 + n) Cov,, as positive-definite matrices.

Here, C, C' > 0 are two universal numeric constants.

PROOF. Assume by translating p if necessary that b, = 0. For any 6 € sl
a well-known consequence of Borell’s lemma [17] (cf. [1], Appendix A) is that

w({x,0) >1) < Cexp(—1/(CLyp)) Vt € R,
where Lg :=,/(Cov, 6,0) and C > 0 is a numeric constant. On the other hand,

1 n_,—n
it 0) > 1) = e"EVOl(K )k ((x,0) 2 1) > — "
e n.

)\'KE(<X’ 0) > t)7

forany E € [Efffﬂp Er(fgx]. Applying this to t =1ty := (bg, 6), note that

n 1
hp (06, 0) = 16) = by ((x — b, 6) = 0) = (nil) >

by Griinbaum’s theorem [33] (cf. [30]) on the volume of half-spaces passing
through the barycenter of a convex body. Combining everything, we obtain by
Stirling’s formula:

Cexp(—(bg.0)/(CLg)) = ju((x,0) > tg) (14 0(1)),

1
>_
T et 2an
as n — o0. In particular, it follows (as Lg = L_g) that
1 .
4.4) |(bE, 6)| <CLy <C1 +q+ Elogn) < Cr(14+¢g)log(1 —}—n)Dl%(‘)?n(M),

establishing (in fact, a strengthening of) the first assertion.
The second assertion is proved similarly. Indeed, for all 6 € S"~!, t € R and

E € [Eph, ES):

min’
1 n"e ™™
pri— kg ({(x —bEg,0) >1)

<e EVol(Kg)hk, ((x —bE,0) > 1)
< u((x,0) =t 4 (bg,0)) < Cexp(—(t + (be, 0))/(CLp)).
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Invoking (4.4) and applying Stirling’s formula again, we deduce that for all 6 €
S"landr > 0:

Ak ([(x —bE, 0)| > 1) <2(1 +n)21HD exp(—1/(CLy)).

Integrating by parts, it follows that
(Covi0,6) = [ x = b, 6) i, ()
o0
< / 2¢min(1, 2(1 4+ n)21+ D exp(—1/(CLy))) dt,
0

and the latter integral is easily seen to be bounded above by C3(1 + ¢)? 10g2(1 +
n)Lg, thereby concluding the proof. [

5. Transferring concentration: From annulus to cone and uniform mea-
sures. Given two Borel probability measures (41, (o 0n a common metric space
(X, d), recall that their 1-Wasserstein distance Wy 1(u1, i2) is defined as

Wai(ur, i) i=inf [ dr, y)de(x, ),

where the infimum is over all Borel probability measures 7 on X x X having
first and second marginals w1 and p», respectively. By the Monge—Kantorovich—
Rubinstein dual characterization of Wy 1 (e.g., [69], Case 5.16), we have

Wa1(ur, u2) = sup{/ fduy —dur); f:(X,d)— Ris 1—Lipschitz}.

The following immediate consequence of this dual characterization was first noted
in [59], Lemma 5.4, allowing transferring first-moment concentration of Lipschitz
functions between two measures which are close in Wy |-distance.

LEMMA 5.1 ([59]). For any 1-Lipschitz function f on (X, d), we have

/ |f — med,,, fldus < f |f — med,,, fld + Wiy, 2).

Here, med, f € R denotes a median of f under the law of (the probability
measure) v, that is, a median of the probability measure f,v on R.

5.1. From annulus to cone measure. Let Q C R" denote a compact set con-
taining the origin in its interior and having Lipschitz boundary. We will say that €2
is a star-shaped body if in addition it contains all intervals adjoining its elements
to the origin. Recall that || x || denotes the gauge function of 2. We denote by ojq
the induced cone probability measure on d€2, that is, the push-forward of Ag via



KLS CONJECTURE FOR GENERALIZED ORLICZ BALLS 3601

the map x — m It is well known and immediate to check that

1 (x,v)

— . an—l ’
Vol(Q)  n o2

03Q

where 7{"~! denotes the n — 1-dimensional Hausdorff measure in Euclidean space
(R", | -]), and v denotes the (H"~!-a.e. defined) outer unit-normal to 9.

LEMMA 5.2. Let Q C R" denote a star-shaped body, and let pq ., denote any
probability measure on R" of the form
na.w = Y(llxlle)jx)e—1<w dx,

for some Borel function V : R, — Ry and w > 0. Then for any norm || - ||o on R":
n+1
(5.1 Wil 1 (e, w, 09Q) < Tw/ lxllodrg(x).

PROOF. Let T :R"\ {0} — 9% be defined as T (x) := m Since the density

of 1q . depends only on ||x||q, it is clear that T pushes forward g, onto the
cone measure oyq. Now consider the probability measure 7 on R” x R” defined
by pushing forward g 4, via Id x T, having first and second marginals precisely
nq,w and oyq, respectively. It follows by definition that

W||.||0,1(M9,w,0352)§/||y—x||0d7T(X,Y)=/||T(X)—X”()dusz,w(X)
= [I1xle = 11T @l dug.n

< w/HT(X)HOd/m,w(X) =wf Iyllodosa(y)

1zllo ntl
1210 4ra2) =w—/ lzllo dha(2),
Izl n

where the last equality may be easily verified, for example, by integration in polar
coordinates. [

REMARK 5.3. Infact, when W : Ry — R, is a log-concave function so that

1+w 1+w
/ W dt = f W™ dr,
ov(1—w) ov(1—w)

[and in particular for the function W(¢) = %exp(—nt) when w = o0], one can do
better than just using the very crude estimate |||x||lq — 1| < w as we did above.
In that case, it is not very hard to show that one may replace w by min(w, %)

in (5.1), for an appropriate universal constant C > 0. Since in this work we will
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only be interested in the range w < \/Lz, we have chosen to only provide the most
elementary estimate (5.1).

5.2. From cone to uniform measure. The L? version of the following Hardy-
type inequality was proved by the authors in [46], Theorem 1, reducing various
spectral-gap questions from € to its boundary. We will require the following L'
version, which in fact is more elementary. For completeness, we formulate it with
respect to an arbitrary norm.

LEMMA 5.4. Let Q C R" denote a star-shaped body. Then for any Lipschitz
function f :Q — R and any norm || - ||o on R" we have

/|f—medmf|dkg
(5.2)

1
< ;/IIXIIOIIVflléd?»Q +faQ |f —meds,q fldoyq.

In particular, for any 1-Lipschitz function f: (R, | - |lo) = R:
1
53 [If —medis f1dia = [xlodia+ [ 1f —medag fldon.

PROOF. Integrating by parts (see, e.g., [62], 12.2), we have for any smooth
(and in fact, Lipschitz) vector field £ and function g on :

[av@rgax== [ . Vgrax+ [ (e.vgar.
Q Q 0Q
Applying this to £(x) = x, we obtain
n [ gdx < [ IxlolVelsdx+ [ tr.vigdn .
Q Q 0

Setting ¢ = | f — med,,,, f| and using that || Vgl < IV f1I§. it follows that

1
/|f—medmf|dms—/ ||x||o||Vf||3dm+/ |f — meday, f]doag.
Q nJQ 02

Finally, the left-hand side cannot increase if we replace med,,, f by med,, f
there, yielding the assertion. [

REMARK 5.5. It is also possible to obtain the particular case (5.3) by esti-
mating Wi (vyq, Aq) as in the previous subsection, but our proof above has the
advantage that it yields the more general (5.2).



KLS CONJECTURE FOR GENERALIZED ORLICZ BALLS 3603

6. Putting everything together.

6.1. Proof of main technical theorem. We are now ready to present the proof
of our main technical Theorem 2.1 by putting all of the ingredients from the pre-
vious sections together.

We first recall the following well-known facts about one-dimensional log-
concave measures. Note that for any probability measure v on (R", | - |):

(©6.1) Digin(v)? = [ Covy llop,

Poin

where || Cov,, ||op denotes the operator norm of Cov, regarded as a linear operator.
Consequently, in the one-dimensional case we have Dlgé?n(v)z = Var(X) where X
is distributed according to v.

LEMMA 6.1. Let v = f(x)dx denote a log-concave probability measure
on R. Then:

(1) The KLS conjecture is valid: 1 < Dpoin(1))2/D]P7(ifi‘n(v)2 <12.
(2) We have C; < IIJCII%OQDLin (V)2 < C for two universal constants Cy,

Poin
Cy > 0.

PROOF. The first assertion is due to Bobkov [13], Corollary 4.3. The second
one may be found in [61] when f is even and in [29], Theorem 4, or [39], Lem-
mas 2.5 and 2.6, in the general case. [

Recalling the assumptions of Theorem 2.1, we are given that for each i =
1,...,n, ui :=exp(—V;(y))dy is a log-concave probability measure on R with
min V; = m;. It follows by Lemma 6.1 that Dpyin(1t;) < +/12C2e™i for every i.
Since p =1 ® --- ® U, is a product measure, by the well-known tensoriza-
tion property of the Poincaré inequality (e.g., [50]), we conclude that Dpyjn (1) <
+/12CoM, where recall M = max;—1,.._, €™ > 1.

Next, given a probability measure v on (say) R", denote I, = IC(R", | - |, v).
By a well-known result of M. Gromov and V. Milman [32] (see also [56], Corol-
lary 2.7), a Poincaré inequality always implies the following exponential concen-
tration:

(6.2) Ky (r) < exp(—cor/Dpoin(v))  Vr>0,

for some universal numeric constant cp > 0. In fact, it is possible to use any cp €
(0, 2) at the expense of using an additional multiplicative constant in front of the
right-hand side above (see [12, 65]), but we will not require this here. It follows
that for our measure p, we have for some numeric constant ¢ > 0:

(6.3) K. (r) <exp(—cr/M) Vr > 0.
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Applying Proposition 3.5 with, say p = 2, we obtain the following estimate,
valid for all wg € (0, 1/2]:

d:u’KE,m /

o c' 1
(6.4) Tf =< Z_Ew_() eXp(16w3(A(°°’2))2) VE > Ey.
L2(p)

By Proposition 4.1, we know that Zg > % on the entire nonempty closed inter-

val E € [Emin, Emax]- Invoking Proposition 3.1, the resulting estimate (6.4) al-
lows us to transfer the concentration estimate (6.3) from w onto its linearized ver-
sion Kp w_} on the corresponding annulus, yielding for all E € [Emnin, Emax] N

(Eg, 00):

! cr

o exp(16wy(A )7) exp M Vr > 0.

Ku Kp. i?z (r) <
In particular, for any 1-Lipschitz function f on (R",|-|) and any ro > 0, we have

o0
— med " d wyg < 2/ K w d
/'f Frp. 28 7! Hee =roT o MKE'T%(F) '

16eC'M cro
<ro+ —— T exp(16w3(A2)? — —)
<rp+ p exp( wi( ) Y,

Optimizing on ro (after recalling that M > 1 and wo < 1/2), we deduce for an
appropriate numeric constant C” > 0:

M
. y 1 2 4(00,2))2
(6.5) /lf medMKE.lj}% f|dMKE,ﬁ <C M(wO(A )"+ log wo).

Next, by Lemma 5.2 applied to K¢ and pg,, » [With W(t) = lief1—w, 1], we
know that for all w > 0:

n—+1
Wik g,ws 0akg) < Tw/ x| dAkp-

Invoking Lemma 5.1, the latter estimate allows us to transfer the first-moment
concentration (6.5) from iy - % onto the cone measure oy, yielding for any

1-Lipschitz function f on (R", |- |):

[ 1f —medany, f1douk,

M 1
< C”M(w(z)(A(Oo’z))2 + log ) iy

@/mdx,@.
n Jn

wo
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Finally, we invoke Lemma 5.4 to transfer the latter first-moment concentration
from ok, t0 Ak, yielding for all wo € (0, 1/2]:

f |f —meds, fldhg,

M 1
< C”M(w%(A(OO’Z))2 + log w_o) + (n i 204 > / |x|drkp.

Optimizing on wp, we set wg :=
A2 > 1), obtaining

3 A(oo 57y € (0, 1/2] (recall that by definition

2
2
/ |f —med; . fldrx, <C"Mlog(e+ A2 ) 4 ﬁ/ x| dAk,.
It remains to invoke the following result, established in [56] in a more gen-
eral weighted Riemannian setting (see also [57, 58, 60] for refinements), asserting

the equivalence between concentration, spectral-gap and linear-isoperimetry under
appropriate convexity assumptions.

THEOREM 6.2 ([56]). For any log-concave probability measure v on R",
Dpoin(v) < Csup{/ | f —med, f|dv; f:(R",|-|) = Ris 1-Lipschitz },
with some universal numeric constant C > 1.

As K is convex, and hence Ak is a log-concave measure, this verifies the first
assertion of Theorem 2.1:

1
Dpoin(hk ) < C(M log(e + A2 M) + —/ x| d,\KE).
N
The second assertion follows since by the triangle and Jensen inequalities
|bE|
|x|dik, < —= + — | |x —bg|drk,
4 ( / i)
<— — —bg|“dxr ,
= /n + . lx —be|“dik,
and

Poin

1 2 1 Lin 2
66) [ lx—brPdig, =~ uwCoviy, <[Covi, lop = Dhin(hx,)*
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6.2. Proof of Theorem 2.5. The proof of Theorem 2.5 is identical to the one of
Theorem 2.1 described in the previous subsection, with the only difference being
in the first step—instead of invoking the L7 estimate given by Proposition 3.5
for transferring concentration from @ to wg, w, we invoke the L™ estimate of
Lemma 3.4. Let us sketch the argument.

By translating ©, we may assume that V(0) = min V, where recall the latter
value is assumed to be 0. By Lemma 3.4, we have for all wg € (0, 1]:

dMKE’m
n

(6.7) — <
du cwoZE

Lo°(u)
By Proposition 4.1, we know that Zg > % on the interval E € [Enin, Emax]. Invok-
ing Proposition 3.1 with p = oo, we transfer the Gromov—Milman concentration
(6.2) from u onto Kk, :U_/Q, yielding for all E € [Enin, Emax]:

exp(woﬁ) VE > 0.

2e cor
’C“K wy () < cwo exp(wo/n) exp(— ) Vr > 0.

E 2 Dpoin(1t)
The rest of the proof is identical to the one in the previous subsection, with M
replaced by Dpgin(1t) and w(z)(A(oo*z))2 replaced by wo+/n. Note that just as with
lower bound M > 1 in the previous subsection, our normalization ensures that
Dpoin(it) > ¢ > 0. Indeed

Dpoin(i) = Dpaf (1) = [ Cov,, [lg5> = (detCov,)'/*" =L, = ¢ > 0,

where L, denotes the isotropic constant of w, the last equality holds since we
assume that y = exp(—V)dx with min V = 0, and the inequality L, > ¢ > 0 for
all log-concave measures p is well known (see [19, 42, 61] for more background
on the isotropic constant).

Repeating the argument in the previous subsection, we obtain for any 1-
Lipschitz function f on (R, |- ]):

Dpoin (1)
/|f —medMKE wy fld,uKE,% < C”Dpoin(u)<w0«/ﬁ+log<e+ —(;r; >)
’\/Z n

Transferring concentration to o3k, and then to Ak, as before, we obtain for all
wo € (0, 1]:

Dpoin
/ |f —med;., fldik, < C"Dpoin(it) (woﬁ + 1og(e + P—(’“‘)))

wo
n+1 wo 1>/
—_— 4 - dlg ..
+( n i Tn) ) ke

Setting wg = ﬁ, we deduce

3
[ 1 = medi, f1diiy < € Drain(log(e + vt Dron(u0) +~ [ Il i
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Invoking Theorem 6.2, the assertion of Theorem 2.5 will follow as soon as we
show that

1
6.8) ; / x| dig, < Clog(1 + 1) Dpoin(1)

[since Dpoin(t) > ¢ > 0]. Note that the barycenter of A g, may not be at the origin.
To establish (6.8), note that by [37], Theorem 4.1, any convex body K in
(R”™, | - |) satisfies

K- /xdkK C (n+1)Cov,”(BY),

where Cov%{ ? is considered as a linear map acting on the Euclidean unit-ball B .
Since 0 € K, it follows by (6.1) that

|
/|x|dAKE < Zdiam(Kg) < incm,{ 1% diam(B5)
n n

+
27” Covig, llap’-

But by Proposition 2.3(7)
1Cova, llah’ < Clog(l +n)| Covy (|55 = Clog(1 + n) Dy, (1)

Poin

< Clog(1 + n) Dpoin (1),
thereby confirming (6.8), and hence concluding the proof of Theorem 2.5.

6.3. Proofs of remaining statements. Let us now conclude the proofs of asser-
tion (8) of Proposition 2.3, Theorem 2.4 and Theorems 1.1 and 1.2.

PROOF OF ASSERTION (8) OF PROPOSITION 2.3. Recalling (6.6) and invok-
ing the well-known bath-tub principle (see, e.g., [61]):

1 1
DR Gk = f x = be P e, ()= f X dhg,,

where Bpg is a Euclidean ball centered at the origin and having the same volume
as K. Since Vol(Bg)!/" = Vol(Kg)'/" > ¢ > 0 for all E > Epjin by Proposi-
tion 2.3(3), an elementary and well-known computation (see again [61]) ensures
that DIE(‘)‘I“H (Akg) = ¢ > 0 for all E in that range, establishing assertion (8) of that
proposition. []

PROOF OF THEOREM 2.4. By Corollary 2.2, we know that for any E €
Level(V) = [Emin, Emax] and b € int(Kg):

|b — bE|

Jn

Dpoin(Ak,) < Ci (M log(e + A2 (b)M) + + me(xKE))
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The additive dependence in D%(‘fl‘n()» k) above turns into a multiplicative one by

changing the numerical constant C; and using that Dll;é?n(k kg) = ¢ > 0 for all
E > Enin and that M > 1. Whenever b = b, lies inint(Kg) for E € Level(V), we
have by Proposition 2.3(6) that by \;_bE | o(1) as n — 00, and so this term may

be discarded at the expense of changing again numerical constants. This is indeed
the case whenever (Ey — 1) V Enpin < E < Emax by Proposition 2.3(5), and we
may also take £ = (Ey — 1) V Epin by a limiting argument. Note that necessarily
Ey €[(Ey — 1) V Enin, Emax] by Proposition 2.3(4). Finally, Lemma 4.8 implies
that A(°®-2) (by) < V24@ (b;,), and so the assertion follows by a final adjustment
of constants. [

PROOF OF THEOREMS 1.1 AND 1.2. The dimension-independent part of
the estimate of Theorem 1.1 immediately follows from an application of Theo-
rem 2.4 for any E € [Enin, Emax] [since by assumption b, =0 € int(Kg)]. The
dimension-dependent part follows by Theorem 2.5 appliedto u =1 ® --- ® up
since Dpoin(pt) < C as explained in Section 6.1 and since D]l;(i)‘iln(k k) = c for all
E > Enin by Proposition 2.3(8). The volume estimate (1.9) follows by Proposi-
tion 2.3(3). Similarly, Theorem 1.2 holds for all E € [ Epjin, Emax] by Theorem 2.5.

O
6.4. General formulation after rescaling.

COROLLARY 6.3 (Main theorem—generalized version). Let W;:R > R,
i =1,...,n,denote a sequence of convex functions normalized so that min W; =0.
Assume that zi ‘= [exp(— W (y)) dy < oo and set V; W + logzi, i =
exp(—V;(M) dy, V(x) = X_, Vi(x;) and fi = exp(—V (x)) dx.

Given b € R", let al.(z) = ozl-(z)(\}, b) and ozl-(oo’z) = ai(oo’z)(\?, b) be given by

ocl~(2> = V/((y — [;i)”Lz(ﬂ')’
Oli(oo,Z) — ( + ”(V (y)(y b ))_”LOO(IL, ) \% a(Z)a

and set

. S R TPy Ay
400 = LT BN AV :=ﬁ”(°‘i( RS

Denote z := (IT}_ lzl)]/”, M = max;— . Set W(x) := o’ W;(x;) and

Vix)= W(zx). Given E > 0, consider the convex sets:

,,,,,

n

Kp:={W<E)=\xeR% ) Wi)<E[, Kp={V<E}=-
: <
i=1
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Denote as usual

lnl’l —n
Level(V) := {E >0; e FVol(Kg) > — ' }
n.

Then all of the assertions of Proposition 2.3 apply to Level(V) and we have for
all E € Level(V) and be int(Kg):

s b—b |
Droin(hg,) < C(zM log(e + A2 (b)M) + E 4 DEn (a KE))

Jn

where b := fxd)»lgE. In addition, setting b=b; = [ xdf, we have
Dpoin(hg,) < C'Mlog(e + AP (b)M) D™ (A )

Poin

VE € [(Ev — 1) V Emin, Emax]-

PROOF. Denote V;(y) := ﬁ(zy) — log z, and note that both exp(—f/j) dy and
exp(—V;) dy are probability measures on R. Also note that

n n
V) =Wex) =) Wizx) =) Vi(x),
i=1 i=1
and since V(x) = Y Vi(xi), we see that the probability measure i =
exp(—V)dx on R” is obtained by scaling u := exp(—V)dx by a factor of z.
Lastly, note that

Zi
M= max L= max e™nVi
i=1,...n 2 i=1,...n

and that

n n
minV = Zmin Vi = Z(logzi —logz) =
i=1 i=1
Consequently, we may apply Corollary 2.2 and Theorem 2.4 to the measure u,

the functions {V;} and the associated levels sets K r. By scale invariance, we have
that o; (V, b) = «; (V b) forall b € R" and b = zb. Clearly, bﬂ = zb, where bu =

[xdp and b, = [xdp. The assertions for K now immediately follow after
taking into account that K e = zK g, implying that Dpoin (2 ¢ E) = zDpoin(Ak ) and
Dpin (g,) = 2D k). O

Poin Poin

6.5. Conﬁrmation of Examples 1.4 and 1.5. The assertion of Example 1.4 for

W (xj) = (x,)p + (x;)” Pi with pjE € [1, P] follows from Corollary 6.3. Let us
prove this in the generahty suggested to us by the referee: we assume that the
convex functions W satisfy min W )= W (0) =0, that

w ~
Vi=1,...,n 0<c1§/ exp(—Wi(£x;)) dx; < cp < 00,
0
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and that the following “generalized doubling condition” holds:
Vi=1,...,n 3&>0 VYxeR  Wi((1+e)x)<+e&P)W;(x;).
The latter condition’s sole purpose is to ensure (by convexity) that
Wi (1 + &i)xi) — Wi(xi)

69 VyeR  0=<Wx)x < ~ < PWi(x),
1

from whence the extremality of the function W; (x;) = |x;|” is clearly apparent.

Denote z; := [exp(— W, (y))dy so that 2c; < z; <2¢ forall i =1,.
Consequently, 2c; < z := ([T~ z)"/" < 2¢2, M = max;—,_, nzz’ < g and
Lemma 6.1 ensures that the probability measures [i; := Zliexp( W (y))dy sat-
isfy Dpoin(fti) <C (mdependently of P )

Note that y — W (£y) and y — |W/ (£y)| are nondecreasing functions on
[0, co0) by unimodality and convexity, respectively. Denoting the barycenter b, =
[ ydpi(y), recall that by Fradelizi’s estimate (Remark 4.7) W (b ) < min W +
1 =1, and so by unimodality 1bi| < cze. In addition, convexity implies that
|W/ (£ P < %, since otherwise we would have [ exp(—W; (£x;))dx; < cj.

We now arrive to the main calculation. Invoking (6.9),
| Wi )i = B 2y < 1Bl 12 + PAWill2as)-

Now

- 4 -
/|W;(x,~>|2dﬁ,-(xi> < / S0+ W) Px?) i ),

1

and so by (6.9) again, we conclude

| W/ (i) xi = b0) | 12z, < / L+ P2IWill3s ) + PIUWill 2
Finally, using the mequahty <e! fort >0, and W (xi)/2> W (x;/2), we obtain

~ 1 ~ ~ 8 ~
Wil = — [ Weexp(—Wdxi <~ [exp(- Wi/ dx
l l

8 ¥ 16 ~ 16¢
= Z/eXp(_W" (xi/2))dx; = ;/GXP(—W,- () dy < TZ
! 1

It follows that A (1;[0 < CP, where 1;,1 = (51, ceey l;n) is the barycenter of i =
A1 ®---® iy, and C depends solely on c1, c2. Invoking Corollary 6.3, we deduce
that for all E € [(Ey — 1) V Emin, Emax] we have

Poin

Droin(h ) < C"log(e + P) Dty (A ),
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for

n
I%E = {x € R”; ZW,’()C,') < E}.
i=1
Here, Ev, Emin, Emax refer to V(x) = W(Zx) where W(x) =37 W,- (x;). Note
that

1 - -
Ev—1=[ vwe War=— [ Wwe Wi
Rn Zn R”

. ~
:/ Z Wi(x)e_z?:l Vi) gy
R i=1

_ Z/ Wi(ye 0 dy = 3 EWi (X)),
. R .
i=1 i=1

where X; are distributed according to (1; = exp(—Vi (y)dy = % exp(—Wi (y)) dy.

Finally, since K e = zKpg and 2¢; < z < 2c¢j, the volume estimate (1.9) for K E
follows from the one ensured for Kz by Proposition 2.3(3).

When pl-i € [2, P], the above estimates may in fact be improved—we briefly
sketch the argument. In this range, the measures [i; in fact satisfy a log-Sobolev
inequality independently of P (for instance, since they are Lipschitz images of the
Gaussian measure, see, e.g., [49]). By the tensorization property of the log-Sobolev
inequality, it follows that the measures fi and p also satisfy the log-Sobolev in-
equality with a universal constant independent of P or n, and so by the Herbst
argument satisfy a Gaussian-type concentration, instead of just an exponential one,

K, (r) < exp(—cr?) Vr > 0;

we refer to [50] for more on the log-Sobolev inequality and the Herbst argument.
Repeating the analysis in Sections 6.1 and 6.2, one may check that results in a
square-root improvement of the previous logarithmic estimates.

Lastly, Example 1.5 is an immediate consequence of Theorem 1.2, since when
Hess V > p?Id for p > 0, the Bakry—Emery criterion [3] ensures in particular that

DPoin (:u) =< % .
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