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Abstract. In 1996, Licea, Newman, and Piza proved that for a rather convoluted definition of the transversal fluctuation exponent
in first passage percolation, that exponent is bounded below by 3/5. In this paper we introduce a new first passage percolation
model in a Poissonian environment on R?, and prove the same estimate for a natural clean notion of the exponent.

Résumé. En 1996, Licea, Newman et Piza ont démontré que, pour une définition plutot compliquée de I’exposant de la fluctuation
transversale en percolation de premier passage, cet exposant est borné inférieurement par 3/5. Dans cet article, nous introduisons
un nouveau modele de percolation de premier passage dans un environnement poissonien sur R? et démontrons la méme estimée
pour une notion naturelle de I’exposant.
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1. Introduction

In this paper, we introduce a new first passage percolation (FPP) model on R?. The path action functional that defines
the model depends not only on the geometry of the path as a planar set but also on the speed of travel or, equivalently,
the travel time.

Our model has several technical advantages over the standard FPP model on Z2. As a result, for point-to-line action
minimizers, we are able to obtain a lower bound for the transversal fluctuation exponent £ > 3/5, an estimate unknown
for the standard FPP.

The standard FPP was originally formulated by Hammersley and Welsh [9] as a model of the fluid flow in porus
medium. The model is defined on the square lattice Z¢, via a family (z,) of i.i.d. random variables with common
distribution F. For an edge e of the lattice Z¢, the random variable 7, represents the passage time through e. The
random passage time, or distance 7 (x, y) between two vertices x, y is the infimum of ), 7(e) over all paths r
connecting x to y. If F is continuous, then there is almost surely a unique path r* connecting x to y such that
T(x,y) =), T(e). Such optimal paths are called geodesics. The most interesting questions concerning models
of this kind can be formulated in terms of asymptotic properties of geodesics between points x and y in the limit
|x — y| = oo. We refer to a recent survey [2] for the history of the subject.

Many technical difficulties for the standard FPP on Z? arise due to lattice effects or the lack of isotropy. One of
them is the limited knowledge about the limiting shape B = lim,_, %, where B, = {x € Z4 - T(0,x) <r}. The
existence of this limit, appropriately understood, is implied by the shape theorem ([20], see also [13]). For a nice
distribution F, it is natural to conjecture that the boundary of B is smooth and uniformly curved (as defined in [17]),
but this has not been proved for any F. Moreover, many important results for FPP can only be proved based on such
uniform curvature assumption. This includes the bounds on the two exponents x = x(d) and & = £(d). Roughly
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speaking, x and £ are defined so that the standard deviation of T (x, y) is of order |[x — y|%, and the fluctuation of
the geodesic 7* about the straight line connecting x to y is of order |x — y|¢. The standard FPP is believed to belong
to the KPZ universality class [12], thus in d = 2 one believes that x = 1/3 and & = 2/3. Under certain (unverified)
assumptions of the exponents, it was proved by Chatterjee that x = 2& — 1 [5] (see also [1] for an alternative proof).
However, the known bounds for x and & are far from optimal. Indeed, the best bounds for /Var T (x, y) are that it
has a /log[x — y| lower bound (by Newman and Piza [18]), and sublinear upper bound (by Benjamini, Kalai and
Schramm [4], see also [8] for an extension). With curvature assumptions, it is known that x > 1/8 and & < 3/4 [18].
For the lower bound for &, the best known result is by Licea, Newman and Piza [16], who defined another exponent
&’ that should be closely related to & and proved that £’ > 3/5. Their definition of &’ is given by

£ = su y > 0:3sequence u, and #, — 00, such that there is no deterministic X,
= sup such that P(M(A,,,,) C Cx, (1)) — 1 ’

where Cyx, (#)) is the cylinder symmetric about the line {a X, : a € R} with width 1Y, and M(Ay,,) denotes the
geodesics from O to the line A,,,, that has distance 7, to the origin (more precise definition will be given in Section 2
below). Because this definition of &’ is rather complicated (involving subsequences), the result in [16] has limited
applications. For example &’ does not match the definition of & in the proof of & < 3/4, nor could it be used to prove
the nonexistence of doubly infinite geodesics (we give a brief discussion later in the Introduction). Also, due to lattice
effects, it is difficult to adapt the argument in [16] for & itself, and no such adaptation is known to us.

In this paper, we introduce and study a new FPP model on R? based on homogeneous Poisson point process.
For every two points in R?, we introduce an analogue of the passage time between them that, besides the endpoint
locations, depends also on one extra parameter, the travel time. It is the infimum of a certain action functional given by
the difference between a quadratic kinetic energy term and the number of Poisson points touched by the path (see (2)
and (3) below for precise definitions). Bakhtin, Cator and Khanin [3] studied a similar last passage percolation model
in 1 + 1 dimension, in the context of the the Burgers equation with Poissonian forcing. Different models of FPP on
R4 have been studied by Howard and Newman ([10], also the survey [11]) and by Vahidi-Asl and Wierman [21]. Our
model shares the rotational invariance property with them and in addition shares the deterministic stability property —
that does not hold for those models — with standard FPP, see Lemma 14.

Also we believe that our new model is of independent interest. It can be viewed as a natural generalization of
the Hammersley process with a time component. The cost functional of a path in our model can be interpreted
as Lagrangian action with kinetic and potential terms so it can be used to construct entropy solutions of a certain
Hamilton—Jacobi equation.

Our main result states that for point-to-line action minimizers, the transversal fluctuation exponent & satisfies & >
3/5. The exponent £ is defined by

& =sup{y :limsup sup P(M(Ay, cr) CCy(t")) < 1]. (D

t—00 sl

Comparing to &', the definition of & in (1) is much cleaner and stronger, and we believe our result can be applied to
different contexts. We also believe that all the existing results on the exponents xy and & can be adapted to our case
(such as the relation x =2& — 1, x > 1/8 and & < 3/4), but we will not study them in the present paper.

Another motivation for us is the conjecture that for d = 2, there exist no doubly infinite geodesics in the standard
FPP on Z? (a doubly infinite geodesic is a doubly infinite path such that every finite segment of the path is a finite
geodesic between the end points). It is equivalent to the statement that the disordered ferromagnetic Ising model on
77 has only two ground states (namely, all + and all —, see [15]). This conjecture is partially confirmed in [15], where
it is shown (under a curvature assumption on the limit shape) that for Lebesgue almost every £, § € S!, there is a.s. no
doubly infinite geodesic that has asymptotic directions (X, y). This result is strengthened by the recent work [7] that
rules out the existence of the doubly infinite geodesic with any asymptotic directions (assuming that the limit shape
boundary is differentiable). The conjecture is still open, since there may exist doubly infinite geodesic with infinite
winding number. Nonrigourous arguments in [14] (see also Section 5.6 of [2]) suggest that no doubly infinite geodesic
can exist as long as & > 1/2, for £ defined in (1). Although our bound (£ > 3/5) for the FPP model that we study
seems to be sufficient, it is still an interesting open problem to make the heuristic arguments in [14] rigorous.
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We prove the lower bound for £ by adapting the martingale inequality argument in [18] and [16] to the continuous
setting. Similar ideas were also pursued in [22] to study the Brownian motion in a truncated Poissonian potential. One
crucial prerequisite to apply this argument is the stability property for standard FPP. That is, if one slightly perturbs
the label 7(e) on one edge (retaining the value of all the other labels), the expected change of the passage time equals
up to a multiplicative constant to the probability that the minimizer pass through e.

The stability property is straightforward for standard FPP, but not for our model. The role of small perturbations
of the environment in our model is played by insertions of additional Poisson points. To prove the stability property
under the random environment, we use crucially that for our model with probability 1, adding one Poisson point will
change the action at most by 1 (see Lemma 14). We still have to deal with the following technical issue — in the
situtation where the minimizer contains a long segment connecting distant Poisson points and another Poisson point
is inserted near that segment, modifying the path in order to include this extra point may lead to a significant change
of the path action (since it is quadratic in the total length of the path). However, we are able to show that a version of
the stability property still holds for our model and can be applied successfully to complete the argument.

We expect that further development of our argument can be applied to the transversal fluctuations for the FPP
models introduced by [10] and by [21] (see also [19] by Pimentel and Rossignol), where Lemma 14 does not hold
but some statements in the same direction do (see Section 3 of [10] and Section 4.2 of [19]). Since these statements
are weaker, we also expect the version of our argument to be more complicated for these situations. Meanwhile, our
new model provides the first setting with a complete proof of the lower bound on the natural transversal fluctuation
exponent defined in (1).

This paper is organized as follows. In Section 2, we define precisely the new FPP model and state our main result,
Theorem 3. Section 3 contains moment bounds for the action and auxiliary greedy lattice animals estimates. The lower
bound for & is obtained by studying the variance of the action difference of two minimizers, and we detail its proof in
Sections 4 and 5. Finally, Section 6 contains a proof of a useful alternative representation of the action.

2. The model and main results

We work on the plane R? which we often identify with C for convenience.

Let w be a locally finite point configuration sampled from a homogeneous Poisson point process of unit intensity
on RZ. This means that (i) given a Borel set B C R?, the number w(B) of configuration points in B is a Poisson
random variable with mean |B| (the Lebesgue measure of B); (ii) for disjoint bounded Borel sets Ay, ..., Ay, the
random variables w (A1), ..., w(Ay,) are independent. As usual, we identify locally finite point configurations @ with
integer-valued locally bounded Borel measures with a unit atom at each point of the configuration.

For any point configuration @ and any s > 0 we denote by C,,([0, s] : R?) the set of R>-valued piecewise linear
paths defined on [0, s] that visit any Poisson point in @ at most once. For any y € C, ([0, s] : R?), we define the
following action functional

1 N
A'(y) = 5/0 |y )| du — @, (1),

where wp),(y) is the number of Poisson points touched by y and | - | denotes the Euclidean norm. The first term (“ki-
netic energy”’) depends only on the geometry of the path, whereas the second term (“potential energy”) is responsible
for the interaction with the environment given by the Poisson process.

For any s > 0, we can define action between a point x € R?, and a set § C R? by

A’(x,8) = inf A (y).
y€Co([0,5]:R?)
v (0)=x,y(s)eS

We also denote A*(S) = A*(0, S). One can write the optimization problem in two steps: first minimize the velocity
conditioned on the point configurations, then minimize over all such points. This gives another equivalent definition
of the action (see Section 6 for a proof):
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Lemma 1. We have

o xigr — xi)? B N}, )

A’ (x,S) = inf
(x,5) in { o

N+1
N=>0, (xi)i:() S Xi #xj
XO=X,XN+1 es

where the infimum is taken over the number N € NU{0}, locations (x;) lN: | of distinct Poisson points, and the terminal
point xy41 in the set S.

This result shows that it is sufficient to work with paths understood as sequences of points (xg, X1, ..., XN, XN+1),
where x1, ..., xy are distinct Poisson points, assigning action

L2 (x0, X1 -+ XN, XN+1)
2s

N

A (X0, X1y vy XN XNEL) =

to such a path. Here L(xq, X1, ..., XN, XN+1) = Zf’io X1 — xil.

We will be mostly interested in the point-to-line action. Given a unit vector u € S', we define £, = {au : a € R}.
Also, for z = (x, y) € R? (or equivalently, x + iy € C), let A, denote the line passing through z that is perpendicular
to L£;/|7). The main object in this paper is the action from 0 to A; = A0 = A,0):

AY0,A)) = inf A’ (y). 3)
yeC,([0,5]:R2)
y(0)=x,y(s)€A;

By the nature of the Poisson point process and the continuity of the action with respect to individual particle locations,
it follows that the geodesic, i.e., the minimizer in (3), is a.s.-unique.

When studying A®(0, A;), we are interested in the space*-time scaling s = ct, for a constant ¢ > 0. The compe-
tition between the kinetic and potential energy terms depends on c¢. We expect that there exists c* € (0, co) with the
following properties: if ¢ < ¢*, then the kinetic energy dominates, and the minimizer has KPZ fluctuations; when
¢ > c*, the environment contribution dominates, and the minimizer keeps wandering in order to collect more Poisson
points, which may lead to a larger fluctuation exponent. In this article, we will focus on the former case and provide
a lower bound for the transversal fluctuation exponent of the point-to-line geodesics for the action defined by (3)
(or (2)).

Given w > 0 and u € S', we define the cylinder C, (w) symmetric about £, and of width w as
Cu(w) = {Z eR?: diSt({Z}, £u) < w}7

where for A, B c R?, dist(A, B) := infycpinfyep [x — y|. Given x € R2, S ¢ R?, and ¢ > 0, we denote by
M(x, S, 1) € C([0, 1] : R?) the path providing the minimal action in the definition of A (x, S). We denote M(S, 1) =
M0, S, t) and, for s € [0, ], use M(s) for M(S,)(s), when S and ¢ are clearly defined by the context. We also
denote M(x, y,t) = M(x, {y},1).

Let us now define the transversal fluctuation exponent & for M by

£= sup{y :limsup sup P(M (A, ct) CCu(t)) < 1}. 4)

t—>00 LSl

Equivalently, we can define & by
E= sup{y :limsupP(M(A,, ct) CCe, (ty)) < 1}, 5)
—00

where e; = (1, 0). This is an immediate consequence of the following result which in turn follows from rotational
invariance of the action functional and the distribution of Poisson point process.

Lemma 2. Let x € R?, S ¢ R?, 6 € [0,27), and let Ry be a rotation defined by Rg(S) = {¢/?y : y € S}. Then
A¥(x, Ay) = AS(Ro(x), Aio,) and M(x, S, 1) = M(Rg(x), Ro(S), t) in distribution.
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We are ready to state our main result giving a lower bound for &:
Theorem 3. There is ¢* € (0, 1] such that for all ¢ < c*, we have & > 3/5.

The proof of Theorem 3 will be given in Sections 4 and 5. A concrete value of ¢* can be obtained by tracking
through the proofs. Although we further conjecture ¢ < 1 suffices for Theorem 3 to hold, we do not try to optimize
the value of c¢*.

Throughout the paper, we write f(n) < g(n), or f(n) = O(g(n)) if there exists C < 0o, such that for all n,

f(n) = Cgn). We write f(n) < g(n) if f(n) < g(n) and g(n) < f(n).

3. Lattice animals and moment bounds for the action

We begin with some useful terminology and auxiliary results.

A lattice animal is a connected subset of Z? containing the origin. The set of lattice animals of size 7 is denoted by
A(n). Given a function X : Z?> — R, the weight of a lattice animal A € A(n), is defined by N4 = N 4(X) = > ke Xk
The weight of the greedy lattice animal of size n is defined as

N, = max N4(X). 6
nAeAz(n)A() (6)

The following tail bound for the weight of greedy lattice animals is a version of a general estimate established in [6]
(see the remark after (2.12) in [6]) specialized to the Poissonian case.

Lemma 4. Let (X ) jcz2 be a family of i.i.d. Poisson random variables with mean A > 0. There is p > 0 such that if
y > yo=(e31) V p, then

P(N, > yn) <e ", neN.

Proof. We recall that Ee’*0 = exp(i(e’ — 1)) for all # > 0. Since the number of lattice animals of size n is bounded
by e”" for some constant p > 0, we can use Markov’s inequality to write

P(N, > yn) < e”"P(X| + -+ + X, > yn) </ @1,

where X1, ..., X, are i.i.d. A-Poisson, and f (¢, y) = p + A(e’ — 1) — ty. The minimum of f (¢, y) over all 7 is attained
att =In(y/A) and equals g(y) = p — A1+ y —yIn(y/)). Clearly, g(y) < p+y — 3y < —y, and the lemma follows. [J

Corollary 5. Under the conditions of Lemma 4, IEN,’; < nk.
Proof. For large n,

ENf < (nyo)*P(N, <nyo)+ Y (r+ Dfe™,

r>nyo

and the desired estimate follows. O

To apply the greedy lattice animal estimates to the study of action minimizers, we partition R? into disjoint union
of unit squares B j) = [i — %,i + %) x[j— %,j + %), (i, j) € Z?, and fix an arbitrary total ordering of them. We
write X(; j) = w (B, j)) for the number of Poisson points in By; ;) and use N, for the greedy lattice animal weight
with respect to thus defined random field (X, j)) of Poisson random variables with mean A = 1.

We say that a path y passes through By; jy if y(s) € By, j) for some s. We say that y touches B j) if, moreover,
y (s) is a Poisson point in By; j) for some s. Let A = A(S, ct) denote the set of unit squares that M(S, ct) touches.
Then A forms a lattice animal of size |A|.

The following moment estimate is the main result of this section.
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Lemma 6. Let k € N. Then there is Cy < 0o such that for all ¢ € (0, 1] and sufficiently large t, the following holds: if
a set S C R? contains a point y satisfying |y| =t, then

E|A“($)[" < Cre ket
EN(‘AI < Cre¥2¢k,
EL%* < Copt?*,

]EAZk < Czkt2k,
where L denotes the total length of M(S, ct).

Corollary 7. Under the conditions of Lemma 6, let v; = L/(ct) be the speed of the minimizer. Then Evf is bounded
forall k e N.

Proof of Lemma 6. The number of Poisson points touched by M(S, ct) does not exceed N, 4;. On the other hand,
by a simple geometric consideration, there exists co > 0, such that if M(S, ct) touches points from n unit squares, the
kinetic energy is bounded below by

O Ixigr — xil)? n?
e
2ct

’

for all ¢ € (0,1] and for all large n. This implies A (S) > colA|?/t — N\ 4,|- Also, by taking a straight path
that connects 0 and y with constant speed 1/c and does not collect any Poisson points, we can bound A (S)
from above by t/(2¢). Let us use this to derive an exponential tail estimate for |.A|. Let us define R = R(c) =
(cco)™ V2 v (2¢y ! (v p)), where p has been introduced in Lemma 4.
Since t/(2c) > co|.A|2/t — Ny 4, we see that n > Rt implies
m? t m? 3
{|.A|2n}C U Nm>coT—Z C U Ny, >COE C U{Nm> (e \/,o)m}.

m>n m>n m>n

Estimating the probability of the right-hand side by Lemma 4, we see that there is a constant M such that for all
c € (0, 1], sufficiently large ¢, and n > R,

P(lA| > n) < Mexp(—con®/(21)).

For any k € N, this estimate along with Corollary 5 implies

EN{y = D BN g=n+ Y ENY1ig1=n

n<Rt n>Rt
<ENfgy+ 3 JENZ\JB(AI=n)
n>Rt
< c’(ue;)k + > nt exp(—c0n2/(4t))>
n>Rt

< C//cfk/Ztk’

for some constants C’, C” < 0o. The lemma now follows from this estimate and the following inequalities: |A°" (§)| <
max{t/(2c), Nj4}, LZ/(th) < Njg +1/(Q2c),and |A| <4TL]. O



1048 Y. Bakhtin and W. Wu

64 C’

Fig. 1. Sets S(¢) and S'(¢) are represented by line segments AC and A’C’. Points B and B’ are exactly at distance ¢ from 0. We
have [AB| = |A’B'| = 117" and |BC| = |B'C’| = 31”". We also have asymptotic identities |BX| = |B'X| ~ 117" and |AX| = |A'X'| ~
ICX| = |C'X|~ 1" ast — .

4. Transversal fluctuation upper bound

Let us fix any y’ > & and denote y = E';y > £. By the definition (5) and rotational invariance, we can choose a

subsequence f, — oo such that for any 6 € [0, 27),

P(M(Aio,, . ctn) C Cpivg, (7)) = 1. (7

Now, let us define 6 =6, =1, (=" and introduce the following extensions of segments C,, @ n Ay, and

CeiGEI @Hn Aoy, , s€€ Figure 1:

i 3
S(t,)) ={ther +aer:ae|——,— | ¢,

27 2
) 3ty/ ty/
S (ty) = {(tnel +aeg)ele ‘ae |:— 2" , ”7i| }

The basic idea of our proof is to study the variance of the difference in action between the point-to-line minimizers
connecting the origin to the lines A;, and A,is, . However, we will study the difference A (S(1,)) — A (S' (1))
instead because it is easier to obtain variance bounds for this quantity.

Remark 8. For the rest of the article, we restrict ¢ to the sequence (#,) chosen to satisfy (7). For brevity, we write ¢
for t,.

In the remaining of this section we prove the following proposition.
Lemma9. Foranyc >0,
Var[AY (S(1)) — A (S (1)) ] < 12D,

Proof. The asymptotic identities in the caption of Figure 1 imply that for some constant ¢’ and all sufficiently large ¢,
SUP,es(r) infyes () lg — yl < 't 6 < 1?1 and SUp,cs/(r) infyes) lg — ¥l < 2=l
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ct
ct—c'r2v'=1 ,
bounded by 1) that connects M (ct) to S'(¢) in time bounded by ¢’ t27'=1 The path thus constructed is a suboptimal
path for A/ (8’(t)), with action at most

Given M(S(¢), ct), we first rescale it in time s — s, and then concatenate with a linear path (with speed

1 1\L? 2
AL (S(t N i
(S) + (ct —c't?v'-1 ct) 2 + 2
C/t2y’—l L2 C/t2y’—1
=AY (S®)) + ; —L
(@) (ct —c't2'=Dyet 2 2

This implies that with probability one, for all ¢ > 0,
2y/—1 2 2y'—1
'ty Ly 't

ct — AC(S PRI YV NP
AC(S()) — AT (S (1)) = (f — 2 Dot 2 2

Applying Lemma 6, we obtain ]EL,2 <12 IEL;1 < t*, and therefore,

E(A (S(1)) — A%(S'(1)))> < 12"~
where (-)_ denotes the negative part. Similarly, one can prove that
E(A%(S(1) — A% (S'(1)))%. < 227D,

where (-) 1 denotes the positive part, and the desired result follows from the fact that A’ (§(¢)) has the same distribu-
tion (in particular, the same mean) as A’ (S'(z)). U

Remark 10. The proof of Lemma 9 uses only rotational invariance of the action and the geometry of the objects that
we introduced. The definitions of &, y or y’ were not used.

5. Transversal fluctuation lower bound

Let us state the main result of this section.

Theorem 11. There is c* € (0, 1], such that for all ¢ < c*, and for sufficiently large t,
Var[ A (S(1)) — A (S ()] =17

Combining Lemma 9 and Theorem 11, we obtain 22y’ — 1) >1—y >1—-y/,ie. y' > % Since this inequality
holds for any ¥’ > &, we conclude that & > 3, which finishes the proof of Theorem 3.

5.1. Variance decomposition

The proof of Theorem 11 is based on a well-known inequality for functions of independent random variables (cf.
e.g. [18] Lemma 2) which follows from a martingale representation or mutual orthogonality of projections defined by
conditional expectations:

Lemma 12. Let (2, F,P) be some probability space, T € LQ(Q, F,P) and let G1,Ga, ... be sub-o-fields of F. If
(Gi) are mutually independent, then

Var(T) > ) " Var(E[T |Gy]).

k
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To apply this inequality, we take K < oo the value of which will be specified later (see Section 5.2), partition R?
into disjoint union of squares {B_ j)}(; jez2 With side length K, such that By j) is centered at (Ki, Kj), and fix a
total ordering of them. Let 2 = {w( ) : (i, j) € 72} be the space of indexed sequences of Poisson point processes of
intensity one, on the square of side length K (in particular, the number of Poisson points in one square has Poisson
distribution with mean A = K?2), let F be the o-field generated by cylindrical sets in §2, and let G ;) = o (@l j))-
Then Lemma 12 yields:

Var[ A (S(1)) — AY(S' ()] = D Var(E[A”(S(1) — A7 (S' )Gy ])-

(i,j)ez?

For brevity, we will denote T = A’ (S(¢)) and T’ = A (S'(¢)).

Next, for each k = (i, j) € 72 we classify wy = w(;, j) according to whether wy “matters” for T and T’ or not. For
each k € 72, we denote oy = w|g2\ , - Given @y, the function that indicates whether the minimizing path M (S(t), ct)
touches some Poisson points in By is a function of wy. Therefore, we can define

D(ax) = {wx : for w = wg + &, M(S(1), ct) touches By},
D' (@) = {wr : for o = wy + o, M(S' (1), ct) touches By }.
By the definition of T, there is a nonnegative function g such that
T (wy, wx) =T (0) = T(D, &) — g(wx, &),
and if wy ¢ D(&y), then g(wy, @) = 0. Similarly,
T (wk, &) = T (w) = T'(D, &) — g'(wr, &),

for a nonnegative function g’ satisfying g’ (wy, @) = 0 for wy & D’ ().
We can therefore write E[T" — T'|Gx] as the following function of w; (we denote by E;, the expectation with
respect to the Poisson point process @ in R?\ By):

E[T'(@,d) — T (@, &Gk ] + Ea [—8 @k, &) Ly eDr (g + 8@k D)o eDing) |
=E[T'(@, &) — T(@, &) | + Eg, [—8 @k, &) 1 eDray) + 8(@ks D) LayeDian) |-
The first term above is a constant, and we will use the following Lemma 3 from [18] to remove it.

Lemma 13. Suppose U € L2(§2, F,P), Do and Dy are disjoint events in F, then

P(Do)P(D1) ’
Var(U) = ———————(x1 — x0)",
P(Dg) + P(D1)
where x; = E(U1p,)/P(D;) fori =0, 1.
To apply the lemma, we set

U=E[T"—TI|G], Do ={w: w(By) =0}, Dy ={w:2<w(By) <b},

where b < 00 is a constant to be chosen later. Noting that on Dy, we have U = E[T' (&, @) — T (&, @r)], we obtain

’ ~
X1 — X0 = o Eio [—8 @k, &) LD (60). 2<00 (B <b

1
—F
P(Dy)
+ g(awy, 6?)k)1wkeD(c?)k),ZSw(Bk)Sb]' ®

To estimate (x; — xo)? from below, we need the following two estimates on g and g’.
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Lemma 14. With probability 1, |g'(wi, ;)| < w(By). In particular, |g'(wi, ®r)| < b almost surely on {w; €
D'(@x),2 < w(By) < b}.

Proof. By definition, g’(&, @) = 0. Now consider adding one point to By. The form of the action (2) suggests, that if
the new minimizer collects the new point, the kinetic energy will increase due to the total length increase (by triangle
inequality). This implies the action T’ decreases at most by 1. The general case follows by induction. O

In the proof of the next lemma, we will switch between two probability measures. We denote by P the distribution
of Poisson point process in R2, and P, the distribution of Poisson point process in By (which is also the distribution
of a Poisson point process conditioned on the configuration on o (a)|R2\ Bk)).

Before we proceed, let us use Lemma 6 to fix C; such that for every c € (0, 1] and all sufficiently large ¢,

P(L < Cit) > 0.99. 9
Lemma 15. There exists c; = c1(c, K) > 0 such that
E[g(@k, @)1 wype Do), 2< (Br)<b )

> %IIP(L <Cit,ax € D(@y), 1 <w(By) <b—1).

Proof. We will show that one can choose ¢; > 0 such that g(wy, @) > 1/2 on an event that is contained in {wy €
D(@x),2 < w(By) < b} and has probability at least Z%IP’(L < C1t,w; € D(wy), 1 < w(Br) <b — 1). We denote by

m/ the Lebesgue measure on B} = By x --- x By. Conditioned on any fixed &, we can write

—K2j j
~ e i i ~
Pwk(wkeD(wk),wa(Bk)fb)z E I m’ ((xl,...,xj)eB,f: E Oy, eD(wk)>.
j=2 ' i=1

Given w € Q, we will use the superscript, as in M@ and L, to denote the dependence of M and L on w. Given
any r € (0, K), we define
N
Ef={@1,....x;,y)€B{" ) 8, €D@x).Fhell,....j)

i=1
J A J ~ i
s.t.xp € M(Zi=1 (Sxi+wk)’ |y —xpl <, L(Z,-zl Ox; +k) < Clt} C B]{-H.
j - j «
When we add another point y to By, either the new minimizer M iz 85 0y +00) \will coincide with M Zoi=1 % +w"),

or it will touch y (in which case it also touches By). Therefore, if (x,...,x;,y) € E;, then le:l Oy, +6y € D(awy).
Hence

j+1
j+1 ~
E C {(xl,...,xjﬂ) eB{":) s, eD(a)k)}.

i=1

Define

b—1 j+l1
E6£ U[w:a)k:zaxis(xlv""xj+l)GE;}'
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Since the number of Poisson points in By is a Poisson random variable with mean K 2

b é‘isz
% E() :Z ] 1)
j=2
b e_sz 2 i .
= —mJ (1o X)) 8y € D(an), L&D 80 < ¢y
j=2 i=1
I : (L, 8 +0)
. A i1 Ox: +,
> ) " 1o X)) Y 8y € D(@g), LE=12400 < ¢y
j=1 i=1
7‘2 ~
> ———P%(wp € D(@x), 1 < w(By) <b—1, LT < Cyp),
4¢K°p

where we used the definition of E ;_1 to obtain the first inequality. Since this inequality holds for all &, integrating
over @y leads to

2
> _P(wx eD@x). 1 <w(B) <b—1,L<Ct).
4eK°p
Now, we show that for 7 small enough, g(w, @) > 1/2 on E}. This will finish the proof, with ¢; =r2/(8¢X") :
If w € E, then there is j € {1, ..., b — 1} such that the associated Poisson points satisfy (xy,...,x;,y) € E’ We

claim that 1f r is small, then lettlng the path pick y (immediately after x; in the definition of E ; ) will decrease the
action at least by 1/2. To see this, we note that, by the triangle inequality, the kinetic energy will increase at most by

(L+2r)® L* 4L 4 4rCp 4% 1
ct ct ot c T ¢ ct — 2

if r is small enough. Since the number of Poisson points touched is increased by 1, we have g(wy, @) > 1/2, and the
proof is complete. (]

Using (8), combining Lemmas 14 and 15, denoting ¢; = P(D1) > 0, which depends on K (the size of the boxes),
we have

b
x| — x> ;—lp(wk eD(@), 1 <w(By) <b—1,L <Cit) — —P(wr € D'(ax).2 < w(By) <b),
2 2

or

1
|x1 — xol = —(%I]P’(a)k eD@x), 1 <w(By) <b—1,L <Cir)
e

— bP(w; € D'(@1),2 < w(By) < b))
+

We can now apply this estimate along with Lemma 13 and, denoting the area of C,, (1) by |C,, (t7)|, using the
monotonicity of (-)4+ and Cauchy—Schwarz inequality, obtain

> Var(E[T - T'1Gi])

keZ?

> Y Var(E[T - T'1G])

keZ?:ByCCe, (17)
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>3 Y “P(wr € D@p). 1 <@ (B <b—1.L < Cir)
keZ2:BrCCe, (17)
2

— bP(wp € D'(@1),2 < w(By) < b)>
+

b2

> c3b%|C,, (tV)|‘1(C—l Z P(wx € D(@x), 1 <w(By) <b—1,L <Cyt)
keZ2:BrCC, (1Y)

2
- > P(wx € D'(@x),2 < w(By) < b)> , (10)

keZ2:ByCCe, (17) +

for some c3 > 0. Since |C,, (t7)] < 1147 if we can prove that for sufficiently small ¢ there are values of b and K
guaranteeing

1. . .
?lltrgggf Z P(wx € D(@x), 1 <o (Br) <b—1,L <Cyt) > 0, 11
keZ?:ByCC,\ (17)

1
— lim sup > Pl eD'(@0).2<w(By) <b) =0, (12)
7 kez2:BicC, (17)
then (10) implies
12 |
> Var(E[T - T'1Gi]) = Gy =
keZ?

for those ¢, which yields Theorem 11. We study (11) and (12) separately.
5.2. Analysis of (11)

Let us find sufficient conditions on ¢, K, and b guaranteeing (11) by comparing the sum on its left-hand side with the
weight of a lattice path in a Bernoulli site percolation model on Z2.
Let W; be the number of squares (By);72 touched by M(S(¢), ct), such that 1 < w(B) <b — 1. We have

Y Pk €D@), 1 0B <b—1,L<Cit) =EWil psq.ence,, i) I L<cur- (13)
keZ2:BiCCo, (17)

Now, consider the following Bernoulli site percolation model on Z2. Given w, for any x € Z2, set w, = 0 if the square
B, centered at Kx satisfies w(By) € [1, b], otherwise set wy = 1. Clearly, (wy),cz2 are i.i.d. random variables, and
by taking K and b large if necessary (to ensure that for a Poisson random variable N with mean K2, P(1 < N <b) is
close to 1), the connected subsets of 1s are typically very small.

When this happens, the following adaptation of a result in [6] states that, given any lattice path with length n, with
high probability it only contains a small fraction of 1s. Recall from (6) that N, is defined to be the weight of the
greedy lattice animal of size n that contains the origin.

Lemma 16. Ler wy, v € 72 be i.id. {0, 1}-valued random variables with P(w, = 1) = €. Then there is ¢ < 00 such
that for all n,

IE”(Nn > 5n81/3) < ¢~ (ogm?,
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Proof. Let w, =&~ /3w,. Since E|,|> < oo, the family (i, ) satisfies the main condition (2.4) in [6], and it follows
from Proposition 1 in [6] that

- - _ 2
IP’( max E Wy > cn) < ¢~ (logn)
AecAn)
ve A

for some ¢ < oo and all n. O
The following is an immediate corollary of Lemma 16.
Corollary 17. Let ¢ be given by Lemma 16. If § > 0 and K > 0 satisfy
5> e K3, (14)
then one can choose b so that for all n, P(N,, > dn) < e_(l‘)g")z.

Proof. This claim follows from Lemma 16 and

_K?2p2iN\1/3

K+

SZE(P(U)UZI))I/SZE(@_KZ+Ze . ) ’
j>b J:

which holds true for § > e~ K/ 3, and all b large enough. ]

To apply Corollary 17, we need a few more definitions. Given the minimizer M (S(¢), ct), the lattice animal as-
sociated with a path M is defined to consist of all (i, j) € Z? such that M fouches B j). An ordered sequence of
(not necessarily distinct) vertices (y1, ..., yy) C Z? is said to be the lattice path traced by M(S(t), ct), if M(S(1), ct)
sequentially (in time) passes through By, , ..., By,. The lattice path traced by the minimizer always forms a connected
subset of Z2, but it may have self-intersections.

Note that M (A, ct) C C,, (t7) implies M(S(¢), ct) = M(Aye,, ct), thus M(S(2), ct) C C,, (V). Therefore,
P(M(S(),ct) CCe, (t7)) > 1 ast — oo. (15)

Let us denote by J the size of the lattice path traced by M (S(¢), ct). We first notice that J > ¢/K. Forn >t/K,
consider the event H, = {J = n}.
Suppose that § > 0 and K > 0 satisfy (14), and b € N is chosen according to Corollary 17. Then on a good event

G, = H, N {N, < én} with P(H, \ G,) < e’(log”)z, M(S(2), ct) passes through at least (1 — §)n squares {By}, <72

such that w(By) € [1, b]. Therefore, if M(S(¢), ct) collects Poisson points from at least a positive fraction of these
squares, we will obtain a lower bound

EWil pmesay.ence., anli<ci

> Z EWi Ipmesayence. anli<ciile,
n>t/K

>co Y nP(Gy N {M(S(),ct) CCo (")} N{L < C11})
n>t/K

t

> CO?[P«HHK Hn) N{M(S(), ct) CCe (7))} NIL < cm) —IP’( U (H,,\G,,))}

n>t/K

= ;{—Otl:l — P(M(S(I),Ct) ¢C81([V)) —P(L>Cyt) — Z e—(logn)2:|

n>t/K

S G0, (16)
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for some cp > 0 and all large ¢, where we used ]P’(Unzz sk Hp) =1 to obtain the second last inequality, and apply
(9) and (15) to obtain the last inequality. This yields (11) due to (13). To prove that M collects Poisson points from
sufficiently many squares, we need a geometrical lemma stating that presence of a long segment in the minimizing
path implies that a certain region in R? is free of Poisson points. We recall that C is the constant from (9) and the
event G,, was introduced between (15) and (16).

Given x, y € Z?%, we denote |x — y|; = |x1 — y1| + |x2 — y2|.

Lemma 18. Suppose that M(S(t), ct) sequentially touches Poisson points (x;). Let (y;)[", C 72 be the lattice path
traced by M, such that x; € By, for some non-decreasing sequence (n;). Then for all large t, on the event G, N{L <

Cit}, relations nj < j <njq1and |yj — yn; [t A1yj — Yn; i 11 = C imply @(By;) =0, where C =2([4Cic 'K+ 1).

Proof. Suppose that for some j satisfying the conditions of the lemma, there is a Poisson point in By, . Let us prove
that one can decrease the action by collecting this point. This will contradict the optimality of M (S(¢), ct) and finish
the proof.

Since M(S(t), ct) passes through Byj , the distance between any Poisson point z € Byj and the line connecting
x; and x;41 is at most V2K . Let z* be the projection of z on this line. Denote s; = |x; — z*|, 52 = |xj4+1 — 2¥|,
Li=L—|xit1—xi|=L—s51—s2.1f 51,50 > 4C ¢~ K2, where C; is the constant from (9), by collecting z between
the visits at x; and x; 41, the kinetic energy is increased at most by

(Li + \/slz +2K?2 +\/s§ +2K2)2 2

ct ct
2Li 2,42 2.2
= =t (1 1+ 2K2/s7 452/ 1 4 2K2/5 =51 = 52)
C

25152(,/1+2K2/s7\ 14 2K2/53 — 1) + 4K
+

ct

2L;K? 2(s1 + s2) K2 2K*4 1
< (I/sy+1/sp) + —————A/s1 + 1/s2) + + 0| -
ct ct s182ct t

2LK? 1
< = (A/s1+1/s2)+ O 7

where we use 4/1 4+ x — 1 < x/2 to obtain the second last inequality, and L = L; + 51 + s to obtain the last inequality.
Thus, on the event {L < C|t}, inequality s1, 52 > 4C| clK? implies that the increment of kinetic energy is less than 1,
so collecting z decreases the action. Finally, since the number of squares in Z? that a line with length / can intersect is
at most 2([/] + 1) (both its projections on the x and y axis are covered by at most [/] + 1 unit segments with integer
endpoints), and each box has size K, the lemma follows. O

Now, consider the lattice path (yy, ..., yy) traced by M(S(¢), ct), where J >t /K. Note that this lattice path may
have self-intersections. Lemma 18 implies for any subpath (y;, ..., y;j+2c) of (y1,...,ys), such that Wy, ==

Wy, 1oe =0, M(S(2), ct) will collect points from at least one of {Byk}/+2c To see this, if M (S(¢), ct) doesn’t collect

}/+2C’1

any points from {B,, et

a;y =max{a:a < j,and M(S(t), ct) touches By, },
ap =min{a :a > j +2C, and M(S(1), ct) touches By, }.

Then M is a straight line between some point in By, and some point in By,, - Thus, it passes through some By,, with
lel{j,...,j+2C}, suchthat |y; — yg |1 A 1yi — Ya, 11 = C, and w(By,) > 0. This contradicts Lemma 18. Therefore,

M(S(1). ct) touches at least one of { By, }{ 5.
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We now partition the lattice path into disjoint unions of subpaths with length 2C + 1. There are at least 52— of

2C+1
them. On G, the cardinality of {j € {1, ..., n}: wy; # 0} is at most dn. Therefore, at least
1
— =4 |n
2C+1
of these subpaths satisfy wy;, =--- =wy,,,. = 0. The lattice path may visit the same square multiple times. How-

ever, when w, = 0, the minimizer visits By to pick up points from it at most b times. Thus on G,, we have
W, > b_l(ﬁ — 8)n, which leads to (16) with constant ¢y = b~! (Tlﬂ — §). For this constant to be positive, we

need to require so that § < (2C + 1)_1, ie.,
5 < (4[4Cic K] +5) 7"

This condition is implied by

1

§ < (16C1c™ 'K +9). (17)
Combining conditions (14) and (17), we arrive to the main conclusion of this section: (11) is implied by
G K < (16C1c7 K +9) 7,
or, equivalently, by
16C K
c> ! (18)

c—1ek?3 _ 9’

because if this condition holds true, then we can find § satisfying (14) and (17), and b according to Corollary 17.
5.3. Analysis of (12)

In this section, we find a condition guaranteeing (12) and finish the proof of Theorem 11.
We split the sum in (12) in two:

Y PloeD@).2<w(Br) <b)=1+Dh,
keZ?:ByCCo  (17)

where I} is the sum over k satisfying By C C¢, (17) N C,io,, (1¥) and I is the sum over k satisfying By C
Ce, (ty)\cei"el 7).

We first bound . Note that M(Ais,, ct) C Cie,, (t") implies M(S'(¢), ct) C C,is,, (t"). Let | Aj| denote the
number of squares touched by M (8’(¢), ct). Then, by the Cauchy—Schwarz inequality,

I <

~ | —

Z IEl./\/l(S/(t),ct) touches By
KEZ2:BLCCoy (V)\Cyit,, (1)

1
;EI:( Z 1/\/((S/(t),ct) touches Bk> 1{M(Ae,-gt,ct)cce,-9€] (;V)}c]
keZ?

<|E |A;| 21 P ; ; Y
= P ( - (M(Ae’et’Ct)Cce’eel(t )))

Note that |.A}| is different from the |.4| defined in the proof of Lemma 6, because it counts the number of K x K
squares. However, if we let K to be an odd integer, then every unit square we considered is a subset of one of the
K x K squares, so we can claim that | A}| < |A| a.s., so Lemma 6 implies IE|A;|2 < t? for any ¢, b and an odd K.

1/2
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Since we are restricted to the subsequence {#,} that satisfies (7), the definiton (5) implies that the last display above
goes to zero as t, — 0o. Therefore,

L/t—0 ast=t,—> 0.

Now, to estimate /1, we use the geometric fact that Ce, (t7) N C,i0,, (t7) is a parallelogram centered at 0, with diameter
O(tl’(y,’y)). Given g € (0, 1), let D,s be the ball of radius tP centered at 0, and U; be the number of squares
contained in D,s that are touched by M (S’(¢), ct). Clearly, for 8 > 1 — (y’ — y) and large ¢, C., (t¥) N Ceive, (1) C
D,s, and we have

3> P(wx € D'(Gx), 2 < w(By) <b)
keZ?:BycC,, "NC,io,, 17)

= Z El./\/l(S’(t),ct) touches By
keZ?:ByCC,, (rr)mce,-@e1 @)

<EU,.

Let us find a condition on ¢ and K guaranteeing EU; = o(t) (which, roughly speaking, would mean that the number
of squares visited on any microscopic level is macroscopically negligible) and hence (12).

Given w, let T = t(w) and x = x (w) be the last exit time (and the last exit location, respectively) for M (S’(z), ct)
to exit D,s. Namely, T = sup{s > 0: M(s) € D,s}, and x = M(7). Let us fix n € (§, 1) and use an argument similar
to the proof of Lemma 6 to prove that EU; 1<) < 7.

Indeed, on {r < "}, by taking a straight path connecting 0 and dD,s with constant speed #/7, we see that
AT(0,x) < t*#/(21). Arguing as in the proof of Lemma 6, we see that for all ¢ € (0, 1] and all sufficiently large 7,

28

2 28
{U; > n} C U{Nm>com7—t2—r}=U{Nm>m(co?—g)}, (19)

m=>n m=>n

where N, is the weight for the greedy lattice animal of size m associated with a family of i.i.d. Poisson random
variables with mean A = K2 indexed by Z>.

Let us recall the definition yg = yo(K) = ¢>K? Vv p from Lemma 4. If t <17, m > n > 2y0(K)calt”, and 7 is
sufficiently large, then

and the factor on the right-hand side of (19) can be estimated via

m tzﬁ

co— — 7— > yo(K).
T 2tm

Along with these estimates, Lemma 4 gives for all large ¢ and n > 2yo(K)c, g,

2 2
P(U; = n, 1 <1") < ZP<Nm > ) < Zexp(—cg’:f]
m>n

m>n

) < C_‘exp(—conz/t"),

for some C < 0o. So, for all ¢ and K, we obtain EUilz<imy 7.

It remains to find a condition that would guarantee that EU;1{;m, = o(t). We will show that under a certain re-
quirement on smallness of ¢, the event {t > 1"} is very unlikely, by arguing that typically inequality T > ¢" contradicts
the optimality of the path.
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Suppose 7 > 1. Given M = M(S'(t), ct), we construct a new path M as follows. We replace the initial segment
of M by a straight path connecting 0 and x with speed 1, then follow the rest of the path M with time rescaled

by s > ‘c’t tf s. We denote by L; and n; the total length of M and the number of Poisson points it touches on time

interval [z, ct]. By (2), the action of M and M can be decomposed as

2
ACI‘(M) AT(M)+ (L )T n;,
coip & >2 o
A (M)_ T

Thus, replacing M with M, the action decreases at least by

(L )2 b (L)?

A(M)+ T 2 ct—tP
(12 t—1F T _f
= (L) (ct — 1) (ct — 1B) +ATM) 2
" il 20
_ﬁ+A(M)—?, (20)

for all large ¢, where we use L}, > 1 — t# and t > 1" to obtain the last inequality.

We now claim that if ¢ is small, then, unless the number of Poisson points in D,s is extremely large, the right-
hand side of (20) is positive. This will contradict the fact that M is the minimizer. For y > 0, let G,,., = {N,, < ny}.
Lemma 4 implies that

IE”(G; }O) e ™0, 21
where yo = K2V p.

Let us denote E, = {U; = n}. By the same geometric consideration we used in proving Lemma 6, there exists
c1 > 0, such that if the restriction of M onto [0, 7] touches points from at least n squares with size K, its kinetic
energy is bounded below by c1n?K? /. So, on E, N Gy, we have

2 g2 2 g2
K K
Ay = 2 N
T T
252 2
CfcanK Yo T
min - >
- neN{ T Y0 } T 4K2¢
Thus, if we require
1 i 1
— — ——>0, 22
22 4KZc @2)

then, due to (20), for ¢ sufficiently large, on E,, N G, y,, the action of M is less than the action of M. We conclude
that (22) implies £, N G, y, N{t > t"} = &, for ¢ sufficiently large. Therefore, assuming that (22) holds, we use (21)
to obtain

EUilgsm < Y nP(E,n{r>1"})+ > n

n>logt n<logt
< Y nP((Gayy)) + (ogt)®
n>logt

Z ne "0 4 (logt)2 < (logt)z.

n>logt
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Rewriting (22) as
K+/2cy

c< FKIv o o’ (23)

we obtain that (23) implies (12).
We are now ready to finish the proof of Theorem 11.

Proof of Theorem 11. It remains to check that for every sufficiently small ¢ there is K such that (18) and (23) both
hold. This is true since the right-hand side of (18) decays to zero as a function of K faster than that of (23). This
finishes the proof of Theorem 11 (and Theorem 3). U

6. Proof of Lemma 1

Elementary variational calculus implies that the path minimizing the kinetic action between points x and y over time
y—x|?
2t

t is given by the motion with constant velocity (y — x)/t, and the resulting optimal action is
the definition of the action (3), we see that

. Applying this to

1 N
AS(x,S)= inf {5/0|)}(u)|2du—w,,p(y)}

y€Cy([0,5]:R?)
y(0)=x,y(s)eS

. : . 1o Jxist — i)
= inf inf inf - —— — Ny, 24)
N>0 (xi),{v:T)l-,xi#Xj O=ty<t] <---<tN41=S$ 2 2o tiv1— 1t

x0=x,xN+1ES

where x1, ..., xy are distinct Poissonian points. Fixing N and those points, we first minimize over (#;) by studying
the Lagrangian

1 lxip1 — xi|? N
EZH%—NH(Z(nH—m—s),
i=0

tiy1— 1 i

the stationary point of which satisfies

A .
\/;(fi+l —t)=|xiy1—xi|, i=0,...,N.

Therefore, the speed v = \/z = |xi+1 — xil/(ti+1 — t;) of the optimal path does not depend on i. Since
> (ti+1 —t;) =s, we have v = |x;4+1 — x;|/s. Using this in (24), we finish the proof of the Lemma.
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