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Abstract: The primal problem of multinomial likelihood maximization
restricted to a convex closed subset of the probability simplex is studied.
A solution of this problem may assign a positive mass to an outcome with
zero count. Such a solution cannot be obtained by the widely used, simpli-
fied Lagrange and Fenchel duals. Related flaws in the simplified dual prob-
lems, which arise because the recession directions are ignored, are identified
and the correct Lagrange and Fenchel duals are developed.

The results permit us to specify linear sets and data such that the empir-
ical likelihood-maximizing distribution exists and is the same as the multi-
nomial likelihood-maximizing distribution. The multinomial likelihood ra-
tio reaches, in general, a different conclusion than the empirical likelihood
ratio.

Implications for minimum discrimination information, Lindsay geome-
try, compositional data analysis, bootstrap with auxiliary information, and
Lagrange multiplier test, which explicitly or implicitly ignore information
about the support, are discussed.

A solution of the primal problem can be obtained by the PP (perturbed
primal) algorithm, that is, as the limit of a sequence of solutions of per-
turbed primal problems. The PP algorithm may be implemented by the
simplified Lagrange or Fenchel dual.
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1. Introduction

Zero counts are a source of difficulties in the maximization of the multinomial
likelihood for log-linear models. A considerable literature has been devoted to
this issue, culminating in the recent papers by Fienberg and Rinaldo [14] and
Geyer [16]. In these studies, convex analysis considerations play a key role.

Less well recognized is that the zero counts also cause difficulties in the max-
imization of the multinomial likelihood under linear constraints, or, in general,
when the cell probabilities are restricted to a convex closed subset of the prob-
ability simplex; see Section 2 for a formal statement of the considered primal
optimization problem P. Though in this case the nature of the difficulties is
different than in the log-linear case, the convex analysis considerations are im-
portant here as well, because they permit developing a correct solution of P —
one of the main objectives of the present work.

The problem of finding the maximum multinomial likelihood under linear
constraints dates back to, at least, Smith [45], and continues through the work
of Aitchison and Silvey [4], Gokhale [18], Klotz [28], Haber [21], Stirling [46],
Pelz and Good [36], Little and Wu [32], El Barmi and Dykstra [12, 13], to the
recent studies by Agresti and Coull [2], Lang [29], and Bergsma et al. [9], among
others. Linear constraints on the cell probabilities appear naturally in marginal
homogeneity models, isotonic cone models, mean response models, multinomial-
Poisson homogeneous models, and many others; cf. Agresti [1], Bergsma et al. [9].
They also arise in the context of estimating equations.

A solution of P may assign a positive weight to an outcome with zero count;
cf. Theorem 2. This fact affects the Lagrange and Fenchel dual problems to P.

The restricted maximum of the multinomial likelihood defined through the
primal problem P is not amenable to asymptotic analysis, and the primal form
is not ideal for numerical optimization. Thus, it is common to consider the
Lagrange dual problem instead of the primal problem. This permits the asymp-
totic analysis (cf. Aitchison and Silvey [4]), and reduces the dimension of the
optimization problem, because the number of linear constraints is usually much
smaller than the cardinality of the sample space. Smith [45, Sects. 6, 7] has
developed a solution of the Lagrange dual problem, under the hidden assump-
tion that every outcome from the sample space appears in the sample at least
once; that is, ¥ > 0, where v is the vector of the observed relative frequency
of outcomes. The same solution was later considered by several authors; see,
in particular, Haber [21, p. 3], Little and Wu [32, p. 88], Lang [29, Sect. 7.1],
Bergsma et al. [9, p. 65]. It remained unnoticed that, if the assumption v > 0
is not satisfied, then the solution of Smith’s Lagrange dual problem does not
necessarily lead to a solution of the primal problem P.

El Barmi and Dykstra [12] studied the maximization of the multinomial like-
lihood under more general, convex set constraints, where it is natural to replace
the Lagrange duality with the Fenchel duality. When the feasible set is defined by
the linear constraints, El Barmi and Dykstra’s (BD) dual B reduces to Smith’s
Lagrange dual. The BD-dual B leads to a solution of the primal P if v > 0. The
authors overlooked that this is not necessarily the case if a zero count occurs.
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Taken together, the decisions obtained from El Barmi and Dykstra’s simpli-
fied Fenchel dual B can be severely compromised. It is thus important to know
the correct Fenchel dual F to P. This is provided by Theorem 6, which also char-
acterizes the solution set of F. It is equally important to know the conditions
under which the BD-dual B leads to a solution of P. The answer is provided by
Theorem 16. An analysis of directions of recession is crucial for establishing the
theorem.

The findings have implications for the empirical likelihood. Recall that ‘in
most settings, empirical likelihood is a multinomial likelihood on the sample’;
cf. Owen [35, p. 15]. As the empirical likelihood inner problem & (cf. Section 7) is
a convex optimization problem, it has its Fenchel dual formulation. If the feasible
set is given by linear equality constraints, then the Fenchel dual to £ is equivalent
to El Barmi and Dykstra’s dual B to £. Thanks to this connection, Theorem 16
provides conditions under which the solution set S, of the multinomial likelihood
primal problem P and the solution set S: of the empirical likelihood inner
problem & are the same, and the maximum L of the multinomial likelihood is
equal to the maximum L, of the empirical likelihood. Consequently:

e If C is an H-set or a Z-set with respect to the type v (for the definition, see
Section 4.3), the maximum empirical likelihood does not exist, though the
maximum multinomial likelihood exists. The notion of H-set corresponds
to the convex hull problem (cf. Owen [34, Sect. 10.4]) and the notion of
Z-set corresponds to the zero likelihood problem (cf. Bergsma et al. [8]).
By Theorem 16, these are the only ways the empirical likelihood inner
problem may fail to have a solution; cf. Section 7. Note, that also the
empirical likelihood outer problem may have no solution; cf. the empty
set problem, Grenddr and Judge [19].

e If any of conditions (i)—(iv) in Theorem 16(b) are not satisfied, then
L. < E, and the empirical likelihood may lead to different inferential and
evidential conclusions than those suggested by the multinomial likelihood.

Fisher’s [15] original concept of the likelihood carries the discordances be-
tween the multinomial and empirical likelihoods also into the continuous iid
setting; cf. Section 7.1.

The findings also affect other methods, such as the minimum discrimination
information, compositional data analysis, Lindsay geometry of multinomial mix-
tures, bootstrap with auxiliary information, and Lagrange multiplier test, which
explicitly or implicitly ignore information about the support and are restricted
to the observed outcomes.

Despite its flawed relation to the primal, the BD-dual may be utilized in an
algorithm for obtaining a solution of the primal P. The PP algorithm forms a
sequence of perturbed primal problems. Theorem 20 demonstrates that the PP
algorithm epi-converges to a solution of P. Even stronger, pointwise convergence
can be established for a linear constraint set; see Theorem 21. The convergence
theorems imply that the common practice of replacing the zero counts by a
small, arbitrary value can be supplanted by a sequence of perturbed primal
problems, where the d—perturbed relative frequency vectors v(§) > 0 are such
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that lims\ o v(d) = v. Because each v(J) is strictly positive, the PP algorithm
can be implemented through the BD-dual to the perturbed primal. The strict
positivity also allows using the Fisher scoring algorithm, Gokhale’s algorithm
[18], or similar methods, for implementing the PP algorithm.

1.1. Organization of the paper

The multinomial likelihood primal problem P and its characterization (cf. The-
orem 2) are presented in Section 2. The Fenchel dual problem F to P is in-
troduced in Section 3. A Lagrange dual formulation of the convex conjugate
(cf. Theorem 5) serves as a ground for Theorem 6, one of the main results,
which provides a relation between the solutions of P and F. If the feasible set
C is polyhedral, a solution of F can be obtained also from a different Lagrange
dual to P; cf. Section 3.1. A special case of the single inequality constraint is dis-
cussed in detail in Section 3.2, where a flaw in Klotz’s [28] Theorem 1 is noted.
In Section 4.1, El Barmi and Dykstra’s [12] dual B is recalled; Section 4.1.1
introduces its special case, the Smith dual problem. Theorem 2.1 of El Barmi
and Dykstra [12], and its flaws are presented in Section 4.2, where they are also
illustrated by simple examples. Section 4.3 studies the scope of validity of the
BD-dual B; cf. Theorem 16. Sequential, active-passive dualization is proposed
and analyzed in Section 5. Perturbed primal problem Ps is introduced in Sec-
tion 6, where the epi-convergence of a sequence of the perturbed primals for a
general, convex C, and the pointwise convergence for the linear C' are formu-
lated (cf. Theorems 20, 21) and illustrated. Implications of the results for the
empirical likelihood method are discussed in Section 7. A brief discussion of
implications of the findings for the minimum discrimination information, com-
positional data analysis, Lindsay geometry of multinomial mixtures, bootstrap
with auxiliary information and Lagrange multiplier test is contained in Sec-
tion 8. Some of the computational and applied aspects of the presented results
are summarized in Section 9. Finally, Section 10 comprises detailed proofs of
the results.

An R code and data to reproduce the numerical examples can be found in [20].

2. Multinomial likelihood primal problem P

Annotation. The primal problem P is formulated and a basic characterization
of its solution is given. The primal has always a solution. Its active coordinates
are unique. A solution of P may assign positive mass to passive letter(s).

Let X denote a finite alphabet (sample space) consisting of m letters (out-
comes) and Ay denote the probability simplex

Axé{qeRm: qZO,Zq=1};

identify R™ with R*. Suppose that (n;)icx is a realization of the closed multi-
nomial distribution Pr((n;)ica;n,q) = n![]q;" /n;! with parameters n € N and
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q = (gi)iex € Ax. Then the multinomial likelihood kernel L(q) = L,(q) =
e 49 where Kerridge’s inaccuracy [27) £ =0, : Ay — R, is
U(q) = — (v,logq), (2.1)

and v = (n;/n);cx is the type (the vector of the relative frequency of outcomes).
The conventions log0 = —oo, 0 - (—00) = 0 apply; R denotes the extended
real line [—o0,00] and (a,b) is the scalar product of a, b € R™. Functions and
relations on vectors are taken component-wise; for example, log ¢ = (log ¢;)icx-
For z € R™, 3z is a shorthand for ), , ;.

Consider the problem P of minimization of ¢, restricted to a convex closed
set C' C Ay:

0,2 qiggg(@, Sp2{GeC: UG) =lp}. (P)

The goal is to find the solution set S, as well as the infimum 05 of the objective
function £ over C'. The problem P will be called the multinomial likelihood primal
problem, or primal, for short.

Special attention is paid to the class of polyhedral feasible sets C'

C={geAx:{qup) <0for h=1,2,...,7}, (2.2)

or to its subclass of sets C' given by (a finite number of) linear equality con-
straints

C={qeAx:{quy) =0for h=1,2,...,7}, (2.3)

where uy, are vectors from R™. These feasible sets are particularly interesting
from the applied point of view and permit to establish stronger results.

Without loss of generality it is assumed that X" is the support supp(C) of C,
that is, for every i € X there is ¢ € C' with ¢; > 0; in other words, the structural
zeros (cf. Baker et al. [6, p. 34]) are excluded. Due to the convexity of C' this
is equivalent to the existence of ¢ € C' with ¢ > 0. Under this assumption,
Theorem 2 gives a basic characterization of the solution set of P. Before stating
it, some useful notions are introduced.

Definition 1. For a type v (or, more generally, for any v € Ay ), the active
and passive alphabets are

XO=X2{icX:vy; >0} and AXP=XP2{icX: vy =0}

The elements of X%, XP are called active, passive letters, respectively.

Put m, £ card ¥* > 0, mp £ card X > 0. Let 7% : R™ — R™a, 7P .
R™ — R™> be the natural projections; identify R™e with R¥" and R™» with
R*". Note that if X? = () then m, = 0 and R™» = {0}. For z € R™, 2 and
aP are the shorthands for 7%(x) and 7P (x), respectively. (If no ambiguity can
occur, the elements of R™e R™» will be denoted also by z%, zP.) Identify R™
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with R™e x R™»  so that it is possible to write x = (2%, 2P) for every x € R™.
Finally, for a subset M of R™ and = € M let

M* & 7*(M) and M(2P) & {z* € R™a : (2%,2P) € M}

be the active projection and the xP-slice of M; analogously define MP and
MP(z9).

Theorem 2 (Primal problem). Let v > 0 be from Ayx. Let C be a convex
closed subset of Ay with support X. Then { is finite, Sy is compact, and there
is g% € C%, % > 0, such that

Se ={z} x C*(43).
Moreover,

(a) If 3" 4% =1 then CP(§%) = {07} and Sp = {(¢%,0P)} is a singleton.
(b) If 3244 < 1 then OP & CP(G%), and Sp is a singleton if and only if the
G%-slice CP(@%) of C is a singleton.

Thus the primal has always a solution §¢,. Its active coordinates ¢% are unique
and the passive coordinates ¢5 are arbitrary such that ¢, € C. It is worth
stressing that CP(¢%) need not be equal to {0}, that is, a solution of P may
assign positive mass to passive letter(s). The following couple of simple examples
illustrates the points; see also the examples in Section 4.2. In the first example
Sp» is a segment, in the second one S, is a singleton. Hereafter X denotes a
random variable supported on X
Ezample 3. Take X = {—1,0,1} and C' = {q € Ax : Eo(X?) = >, °¢ =
1/2}. Let v = (0,1,0), so that X* = {0} and AP = {—1,1}. Then C = {q €
Ay : go = 1/2}, the minimum of ¢ over C is l» =log?2, and S, = C. Here,
G% = 1/2 is (trivially) unique and C?(¢%) = {(a,1/2 —a) : a € [0,1/2]}.
Ezample 4 (E4). Motivated by Wets [47, p. 88], let X = {1,2,3}, C = {q €
Ay : 1 < ¢ < g3} and v = (0,1,0). Then X* = {2}, X? = {1,3}. Since
S» ={(0,1,1)/2}, the positive weight 1/2 is assigned to the passive, unobserved
letter 3.

The Fisher scoring algorithm which is commonly used to solve P when C
is a linear set may fail to converge when the zero counts are present; cf. Stir-
ling [46]. Other numerical methods, such as the augmented Lagrange multiplier
methods, which are used to solve the convex optimization problem under poly-
hedral and/or linear C' may have difficulties to cope with large m. Moreover, the
primal is not amenable for asymptotic analysis. Thus, it is desirable to approach
P from the side of the convex duality.

3. Fenchel dual problem F to P

Annotation. The Fenchel dual problem F to P is introduced. A Lagrange dual
formulation of the convex conjugate (cf. Theorem 5) serves as a ground for
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Theorem 6 which provides a relation between the solutions of P and F. If the
feasible set C is polyhedral, a solution of F can be obtained also from a different
Lagrange dual to P; cf. Section 3.1. A special case of the single inequality
constraint is discussed in detail in Section 3.2 where also the concept of the
base solution is introduced. As a minor point, a flaw in Klotz’s [28] Theorem 1
is also noted there.

Consider the Fenchel dual problem F to the primal P:

s Jnf (=), S L2{geC: (=g =i}, (F)

where
C* 2 {yeR™: (y,q) <0 for every ¢ € C}

is the polar cone of C and

7 R™ 5 R, *(2) £ qseuAp ({g,2) — £(q))

is the convex conjugate of £ (in fact, the convex conjugate of {:R™ — R given
by {(x) = () for z € Ay and {(x) = oo otherwise).

The Fenchel dual F is often more tractable than the primal P, in particular
when C' is given by linear equality and/or inequality constraints. This is the
case of the models for contingency tables, mentioned in Introduction. Also an
estimating equations model Cg leads to a linear feasible set Cy, when 6 € O is
fixed. The model is Cg £ Ugco Co, where

Co= () {g € Ax : (g, un(9)) = 0}, (3.1)

h=1

and up : © = R™ h=1,2,...,r, are the estimating functions. There § € © C
R? and d need not be equal to r. Since r is usually much smaller than m, F
may be easier to solve numerically than P.

Observe that the convex conjugate itself is defined through an optimization
problem, the convex conjugate primal problem (cc-primal, for short), whose so-
lution set is

Sce(2) £ {q € Ax 1 (q,2) — U(q) = £*(2)}. (32)
The structure of S..(z) is described by Proposition 36. The conjugate £* can be
evaluated by means of the Lagrange duality, where the Lagrange function is

K. (x,u) = (x,z) — L(z (Zw—l)
It holds that (cf. Lemma 34)

0*(z) = inf k. (), where k. (u) = sup K, (x, u).
HER x>0

For every n € R and a,b € R™+, a > 0, b > —pu, define

alh) 2 (oo %),
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Theorem 5 (Convex conjugate by Lagrange duality). Let v € Ay and z € R™.
Then
C(2) = =14 (2) + L) (v || = 2%),
where
fi(z) £ max{fi(z"), max(z")}, (3.3)
and [i(z%) is the unique solution of

a

YNo—E =1 pe (max(e?), ). (3.4)

=2

The key point is that the f(z%), which solves (3.4), is not always the fi(z)
which minimizes k. (). They are the same if and only if i(z®) > max(zP). As
it will be seen in Theorem 6, if z € S» then this inequality decides whether the
solution of primal P is supported only on the active letters, or some probability
mass is placed also to the passive letter(s).

Theorem 5 serves as a foundation for Theorem 6, which states the relation
between the Fenchel dual and the primal.

Theorem 6 (Relation between F and P). Let v,C,4% be as in Theorem 2.
Then X .
E]—' = _£7>7

Sr is a nonempty convex compact set, S L Sp, and j(—jr) = 1 for every
U7 € Sr. Moreover, if we put

VG.
= -1 3.5
Yr i ( )
then (4%, —1P) € S and the following hold:
(a) Ifzqg =1 then ﬂ(—z};) =1 and
Sy ={93} x {y* € C"P(§3) : min(y?) > —1}.
(b) If >_ G2 <1 then i(—9%) <1 and
S, = {92} x {yP € C*P(§%) : min(y?) = —1}.

Thus, in the active coordinates, the solution of F is unique and is related
to ¢% by (3.5). Together with Theorem 2 this yields

v® v®
S, = CP .
g {1+17%}X <1+@;>

The structure of the solution set of F in the passive letters is determined by
the relation of i(—g%) to 1 = i(—gx).

In the case (a), p(—9%) = fi(—7-), and the passive projections ¢% of the
solutions satisfy % > —1. Then it suffices to solve the primal solely in the
active letters and Sy is a singleton. This happens for instance if v > 0.
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In the case (b), ji(—9%) < ji(—7x), and g% satisfy min(g%) = —1. Then every
solution of the primal assigns the positive probability to at least one passive
letter.

To sum up, the Fenchel dual problem, once solved, permits to find ¢ through
(3.5) and this way it incorporates C* into ¢%. In the case of linear or polyhe-
dral C' the dual may reduce dimensionality of the optimization problem, yet
the numerical solution of F is somewhat hampered by the need to obey (3.3).
Moreover, ¢5 remains to be found; in this respect see Proposition 47.

Example 4 is used to illustrate the results.

Ezample 4 (cont’d). Since the set C' is polyhedral, a solution of F has the form
Gr = >p @nup, h = 1,2, where uy = (1,-1,0), up = (0,1,-1), and & € R%
minimizes —1+7(— Y2, anun) +a— 5, apun) @11 22, anuf); of. Thm. 5. Recall
that fi(-) is defined by (3.3) and note that the equation (3.4) involves a one-
dimensional zero finding.

Taken together, finding a solution of F for a polyhedral set is not numeri-
cally demanding. It is even simpler for a linear C, as it involves unconstrained
minimization over o € R".

Here, o = (0,1), and £, = —log(2). Thus, {, = —(,. Using (3.5), §* = 1/2.
Consequently, a positive weight must be assigned to at least one of the passive
letters. By Propositions 47 and 36, if §¥ # 1, then the passive letter is assigned
the zero weight. Here, g = (0,1), so ¢; = 0. Thus, 43 = 1/2.

3.1. Polyhedral and linear C

In the polyhedral case (2.2)
C={qeAx:{qun) <0for h=1,2,...,1},

a solution of the Fenchel dual F can also be obtained from the saddle points of
the following Lagrange function

L(q,a)é—Zah (q,un) — £(q) (g€ Ax,a € RY).
h

Indeed, it holds that

/= inf sup L(g,a) = sup inf L(q,«) = 0.
a>0qgeAx geEAx a>0
Hence (g, &) is a saddle point of L(q, «) if and only if § € S and ), dpupn € Sx;
cf. Bertsekas [10, Prop. 2.6.1].

The vectors from S5 of the form )", dpup will be called the base solutions
of F. From the Farkas lemma (cf. Bertsekas [10, Prop. 3.2.1]) and the mono-
tonicity of £* (Lemma 37) it follows that, for a polyhedral C, there always exists
a base solution, and every solution of F is a sum of a base solution and a vector
from R™ £ {z € R™ : 2 < 0}; that is,

Sy ={0r+ (0% 2P) : §» is a base solution, 2P <0, g% + 2P > —1}.
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There may exist many base solutions. However, if u{,...,u? are linearly inde-
pendent then the base solution is unique, since then the system of equations
> .n Gruf = g% has a unique solution é.

Analogous claim holds for a linear C' (cf. (2.3)), but in this case o € R", by
the Farkas lemma.

3.2. Single inequality constraint and Klotz’s Theorem 1

To illustrate the base solution in connection with Theorem 6, consider

given by a single inequality constraint. By the Farkas lemma, C* = {au : a >
0} + R™. If u? > 0 the case (a) of Theorem 6 applies (for if not, there is a
base solution &ru and, by Theorem 6(b), min(&-uP) should be —1; this is not
possible since min(&xu?) > 0).

Assume that min(uP) < 0 and the case (b) of Theorem 6 applies. Take any

base solution é&ru. Then, by Theorem 6(b), min(&d-uP) = —1; so
1 v
br = ———— d = ————. 3.6
ar min(up> an 1 - miff(up) ( )

Further, by Theorem 2, ¢% is arbitrary from C?(¢%). If u? attains the minimum
at a single letter, then the solution of the primal P is always unique.
To sum up, the case (b) of Theorem 6 happens if and only if
Va
min(u?) <0 and Z — <L (3.7)

a

min(uP) u

The primal problem P with this C' was considered by Klotz [28]. Theorem 1

of [28] asserts that the solution of P takes the form
AV
T T axu

if (v,u) > 0 and min(u®) < 0; see Klotz’s condition (3.1b). There, G is the
unique root of

Z 7 +yau =1 such that o« € (0,—1/min(u®)).
Thus, under Klotz’s condition (3.1b), the solution of P should assign zero weight
to any passive letter. This is not the case, as the following example demonstrates.

Ezample 7 (Base solution of F, one inequality constraint). Take X = {—2,—1,0,
1,2}, v = (-2,-1,0,1,2) and v = (0,3,0,0,7)/10. Here Klotz’s condition
(3.1b) is satisfied and an easy computation yields a4x = 11/20; thus jx =
(0,2,0,0,1)/3 and £(§x) = 0.890668. However, the primal is solved by §p =
(1,12,0,0,7)/20, so a positive mass is placed also to the passive letter —2;
0(Gr) = 0.888123. Since min(uP) = —2 and > §¢% < 1, the condition (3.7) is
satisfied and ¢2 is just that given by (3.6).
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In a similar way it is possible to analyze a single equality constraint. For
more than one equality /inequality constraint the condition guaranteeing that
> 4% < 1 cannot be given in such a simple form as (3.7).

4. El Barmi-Dykstra dual problem B to P

Annotation. The simplified Fenchel dual developed by El Barmi and Dykstra
is recalled in Section 4.1. Its shortcomings are illustrated by simple examples
in Section 4.2. Finally, the scope of validity of El Barmi and Dykstra’s dual is
studied in Section 4.3.

4.1. BD-dual B to P

El Barmi and Dykstra [12] consider a simplified Fenchel dual problem B (the
BD-dual, for short)

U5 2 inf 0%(y), Se 2 {jeC*:05() =y}, (B)

yeC*
where
ve .
a L | ye) = <1/a,]og W> if ¥ > —1,
00 otherwise,

0 R™ = R, O (y)

will be called the BD conjugate of ¢. Note that the BD-dual B is easier to solve
than F, as in the former [ is fixed to 1.

If C' is polyhedral then, in analogy with the concept of the base solution of F,
the vectors from Sy of the form ) Gy pup are called the base solutions of B.
As above, every solution of B can be written as a sum of a base solution and a
vector from R™.

4.1.1. Smith dual problem

By the Farkas lemma, for the feasible set C' = {q € Ax : {q,up) = 0,h =
1,2,...,r} given by r linear equality constraints, the polar cone is C* = {y
Yononup i a € R™} + R™. Then the BD-dual becomes

inf 1o v : 4.1
Jnf 1<u ;ahuh>7 (4.1)

which is equivalent to the simplified Lagrange dual problem (the Smith dual,
for short) considered by Smith [45, Sect. 6] and many other authors; see, in
particular, Haber [21, p. 3], Little and Wu [32, p. 88], Lang [29, Sect. 7.1],
and Bergsma et al. [9, p. 65]. It is worth noting that (4.1) is an unconstrained
optimization problem.
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4.2. Flaws of BD-dual B

In [12, Thm. 2.1] El Barmi and Dykstra state the following relationship be-
tween P and B.

Theorem 8 (Theorem 2.1 of [12]). Let C be a convex closed subset of Ax.

(B— P) If by is finite, then SB is nonempty and by = —,. Moreover, for
every s € Sy, 4s = Tis5 belongs to Sp.

(P — B) If iy is finite, then 53 = —£ Moreover, if » € Sp, then §s = 1
belongs to Sg. (There, 0/0 = 0 convention applies.)

Though 0y is always finite, Uy may be infinite, leaving the solution set Sp
inaccessible through (B — P) of [12, Thm. 2.1]. Moreover, the claims (B — P)
and (P — B) of the theorem are not always true. In fact, there are three
possibilities (cf. Theorem 16):

1 ly=
2. 0y is ﬁnlte but there is a BD-duality gap, that is, Uy < —Lp;

3. 0y =—1, (no BD-duality gap).

To illustrate them, we give below six simple examples: one where the BD-duality
works and the other five where it fails. In Examples 9, 10, 13, 14 the set C is
linear, whereas Example 11 presents a nonlinear C, and in Example 12 the set
C' is defined by linear inequalities.

Ezample 9 (No BD-duality gap). Let X = {—1,0,1} and C = {q € Ax :
E,X = 0}; that is, C is given by (2.3) with u = (—1,0,1). Let v = (1,0,1)/2.
Thus X* = {-1,1}, X? = {0}, and C*(0?) = {(1,1)/2}. By the Farkas lemma,
C* ={y = au: a € R} + R3. For the considered optimization problems, the
following hold:

e P: S, =1{(1,0,1)/2} and ¢, = log2.
e F: Since &r = 0, the base solution of F is (0,0,0) and ¢ = —log2.
Further, (3.5) implies that §% = v*/(1 + §%); thus, ¢% = v*.

In this setting, no BD-duality gap occurs:

o B—P: li(au) x —1/2[log(1—a)+log(1+a)]. Thus ds = 0, £ = —log2 =
—0. Since G = (1,0,1)/2, it indeed solves P.

o P EB = —ép by the previous case. Since the base solution of B is
(0,0,0) and g5 = (0,0,0), §s € Ss.

Ezample 10 (H-set). Let X, C be as in Example 9 and v = (1,0,0). Thus
X ={-1}, X? = {0,1}, and C*(0P) = (.

e P: S, ={(1,0,1)/2} and £, = log?2.
e F: Since &y = —1, the base solution of F is (1,0,—1) and ¢ = —log2.
Thus, from (3.5) it follows that ¢% = (1/2).
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o B—P: l5(au) x —log(l — a), which does not have finite infimum.
e P—B: £y is not finite and Sz = 0. Thus g = (1,—1,—1) € S;.

Ezample 11 (nonlinear C, H-set). Let X = {2,3,4},C={q€ Ax : > ;criq <
1}, and v = (1,0,0). Thus X% = {2}, X? = {3,4}, and C*(0?) = 0.

o P: Write C' = ;c[,1) Ck» where Cy £{g€Ax:>;criq? =k}. On Cy,

Tq3 = 4 — 4ga + \/—12 + 24gs — 26¢3 + Tk and the nonnegativity of the
term under the square-root implies that g should belong to the interval
[6/13 —1/26+/—168 + 182k, 6/13 +1/264/—168 + 182k)]. This in turn im-
plies that §»(k) = 6/13 + 1/26+/—168 + 182k. The function g2(k) attains
its maximum at k = 1, for which ¢, = 0.6054. The other two elements of
G are determined uniquely. Thus, §, = (0.6054, 0.2255,0.1691).

e B: As shown above, go < (12 4+ 1/24)/26 = ¢ < 1 for every ¢ € C. Put
d = ¢/(1 —c). Then, for every a > 0, y = a(1,—d, —d) € C* and £3(y) =
—log(1 + a). Hence the BD-dual problem has /,; = —oc.

Ezample 12 (monotonicity, H-set). Let X = {1,2,3}, C = {qg € Ax : ¢1 <
g2 < g3}, and v = (0,1,0), as in Example 4. Thus X* = {2}, AP = {1,3},
and C%(0P) = (). The polyhedral set C is given by (2.2) with u; = (1,—1,0),
U = (0,1,—1).

o P: S, =1{(0,1,1
e F: Since dr = (
by (3.5).
e B — P: For every a > 0, aug € C* and £;(aus) = —log(l + «). Thus
g = —00.
e P — B:Since Sp =0, 95 = (—1,1,-1) & Sp.
Ezample 13 (Z-set). Motivated by Example 4 of Bergsma et al. [8], let X, C
be as in Example 9 and let v = (1,1,0)/2. Thus X% = {-1,0}, X? = {1}, and
e (07) = {(0,1)}.
o P: S, ={(1,2,1)/4} and ¢, = (1/2)log8.
e F:Since &, = —1, the base solution of F is (1,0, —1) and £, =—(1/2) log 8.
Thus, by (3.5), §% = (1,2)/4.
o B—P: £5(au) x —(1/2)log(1 — ), hence £ = —oc.
e P—B: Since Sy =0, 95 = (1,0,—1) & S,.

)/2} and /,, = log 2.
0,1), the base solution is - = (0,1,—1). Thus ¢% = 1/2

Observe that Theorem 2.1 of [12] implies that g5 = 0P, provided that Uy is
finite. However, C?(¢*) may be different than {07}; in such a case ¢% has a
strictly positive coordinate and the BD-duality gap occurs.

Ezample 14 (BD-duality gap). Let X = {—1,1,10}, C = {q € Ax : E;X =0},
so that w = (—1,1,10), and v = (3,2,0)/5. Thus X* = {—1,1}, A? = {10}, and
ce(or) ={(1,1)/2}.

o P: S, ={(54,44,1)/99} and /,, = 0.6881.
e F: Since &y = —1/10, the base solution of F is (1, —1,—10)/10 and ¢ =
—0.6881. From (3.5), it follows that % = (54, 44)/99.
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o BoP: li(au) x —[v_1log(l — ) + v log(1 4+ )]. Since Gz = —1/5 and
s = @su, thus §s = v/(1+9s) = (1,1,0)/2, {5 = —0.6931, and ly < —0.

e P—JB: Since l@, is finite, it should hold that l@, = —gg, but it does not.
Moreover, g = (1,—-1,-10)/10 = —(1/10)u & Sp.

4.8. Scope of validity of BD-dual 1B

The correct relation of the BD-dual B to the primal P is stated in Theorem 16. In
order to formulate the conditions under which £, is infinite (cf. Theorem 16(a))
the notions of H-set and Z-set are introduced. They are implied by the recession
cone considerations of B.

Definition 15. If a nonempty convex closed set C C Ax and a type v are such
that C*(0P) = 0, then we say that C is an H-set with respect to v. The set C is
called a Z-set with respect to v if C*(0P) is nonempty but its support is strictly
smaller than X¢.

Note that C%(0?) comprises (active projections of) those ¢ € C' which are
supported on the active letters. Thus, C is neither an H-set nor a Z-set if and
only if there is ¢ € C with ¢* > 0, ¢? = 0.

Clearly, in Example 10, C' is an H-set with respect to the v. The same set C
becomes a Z-set with respect to the v considered in Example 13. And it is neither
an H-set nor a Z-set with respect to the v studied in Example 9. Further, the
feasible set C' considered in Example 14 is neither an H-set nor a Z-set with
respect to the particular v. In Examples 11 and 12, C' is an H-set with respect
to the v.

Theorem 16 (Relation between B and P). Let v, C, ¢%, 9% be as in Theorems 2
and 6.

(a) If C is either an H-set or a Z-set with respect to v then

ly = —00 and S = 0.

(b) If C is neither an H-set nor a Z-set then 0y is finite, 0y < 0, and there
is g% € C** such that p(—9%) =1 and
Ss = {Ja} x C™"(J)-

Moreover, there is no BD-duality gap, that is,

éﬁ = _€77a

if and only if any of the following (equivalent) conditions hold:
(1) >_4% =1 (that is, Sp = {(q5,07)});
(ii) 9% = 9% (that is, v*/(1 4+ §2) = ¢2);
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(iti) £(Gs) + €*(—9s) = 0 (extremality relation) for some §s € Sy, where
. v
= 50p 5
o (1 + i )
(iv) (95, —17) € C*.

Informally put, Theorem 16(a) demonstrates that the BD-dual breaks down
if C is either an H-set or a Z-set with respect to the observed type v. Then the
(B — P) part of Theorem 8 does not apply. At the same time the (P — B)
part of Theorem 8 does not hold, as S, # ), yet Sz = (). This is illustrated by
Examples 10-13.

Part (b) of Theorem 16 captures the other discomforting fact about the BD-
dual: if the solution of B exists, it may not solve the primal problem P. By (i)
this happens whenever the solution ¢, of P assigns a positive weight to at least
one of the passive letters (provided that Sy # ). See Example 14.

At least, for v > 0 the BD-dual works well.

Corollary 17. If v > 0 then Sp = {{4p}, Sz = {3}, Ss = {§s} are singletons,

~ ~ ~ N " vV R "
by =Lr = —Lp, Us =0r = — — 1, and Gr L gs.

The corollary justifies the use of the BD-dual for solving P when v > 0. Recall
that in the case of linear C' the BD-dual is just Smith’s simplified Lagrange dual
problem (4.1), which is an unconstrained optimization problem. It can be solved
numerically by standard methods for unconstrained optimization or by El Barmi
& Dykstra’s [12] cyclic ascent algorithm.

Finally, it is worth noting that the solution sets S» and S are always compact
but Sg, if nonempty, is compact if and only if v > 0, that is, there is no passive
letter. If v # 0 and Sy # @, then Sy is unbounded from below.

4.8.1. Base solution of B and no BD-duality gap

The case (iv) of Theorem 16(b) provides a way to find out whether a solution
of P assigns the zero weights to the passive letters or not. First, determine
whether C' is neither an H-set nor a Z-set with respect to v. Then, solve the
BD-dual B and find a solution ¢ of it. Finally, verify that (5%, —1?) belongs to
the polar cone C*. For example, if §5 > —1 then this is satisfied automatically.

On the other hand, in order to have ¢% = 0P (that is, to have no BD-duality
gap), 9% > —1 must be satisfied by some §5 € Sz. In the case when C is
polyhedral, there must exist a base solution g = >, djuy, of B with g5 > —1.
The next Example illustrates the point.

Ezample 18 (Base solution of B). Let X = {—1,1,a,b}, where b > a > 1. Let
C={qeAx :E;X =0}, so that w = (—=1,1,a,b). Let v = (v_1,14,0,0);
hence X% = {—1,1}, AP = {a, b}, and C*(0?) = {(1,1)/2}. For what values of
v1 the solution of P assigns zero weights to the passive letters? First, d, solves
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(G%,u*) = 0, where ¢2 = ﬁ This gives ¢ = 217 — 1. Thus, ax < 0 when
v1 < 1/2. Then, in order to have ¢% = 0P, the condition g4 > —1 gives that
vy > l’;—bl In the other case (& > 0) the condition is not binding, hence ¢ = 0P
for v1 > 1/2. Taken together, for 11 < b;—bl it holds that ¢y # ¢», since ¢ has a
positive coordinate and ¢5 = 0P. To give a numeric illustration, let a = 2, b = 5,
and v; = 3/10 < 4/10. Then ¢, = (14,9,0,1)/24, that is, a positive weight
is assigned to a passive letter. For v; = 9/20, which is above the threshold,
G» = (1,1,0,0)/2.

To sum up, El Barmi and Dykstra’s dual may fail to lead to the solution of
the multinomial likelihood primal P in different ways. For a particular type v
the feasible set C may be an H-set or a Z-set, and then the BD-dual fails to
attain finite infimum. Even if this is not the case B may fail to provide a solution
of P, due to the BD-duality gap. Theorem 16(b) states equivalent conditions
under which the BD-dual is in the extremality relation with P and leads to a
solution of P; see also Lemma 58.

In the next two sections other possibilities of solving P are explored. First, an
active-passive dualization is considered. Then, a perturbed primal problem and
the PP algorithm are studied. Interestingly, a solution of the perturbed primal
problem may be obtained from the BD-dual problem.

5. Active-passive dualization

Annotation. Sequential, active-passive dualization is proposed and analyzed. Its
working is illustrated by solving Example 13, where the BD-dual fails due to
the Z-set.

The active-passive dualization is based on a reformulation of the primal P as
a sequence of partial minimizations

lr, = inf inf  £(q¢%, ¢P).
7 qreC? gqoeC(gP) (@".q")

Assume that ¢P is such that the slice C%(¢P) has support X'® (this is not a
restriction, since otherwise the inner infimum is co). Since v* > 0, Corollary 17
gives that a solution of the inner (active) primal problem .4,

in(@) 2 inf (¢ qP),
(¢") = Juf  Ud" ") )
Sp(g”) £{q" € C(a") = £G", ") = Ir(a")},

can be obtained from its BD-dual problem B,

ls(g?) = sup  L(v"[y%),
yae(Ca(qr))* (Bx)

Ss(@”) £ {9 € (C*(¢")" : L(v"|9%) = Ls(a”)},

where k = r(q?) 2 1/(1 -3 ¢?).
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Theorem 19 (Relation between B, and A,). Let ¢° € CP be such that the
support of C*(gP) is X®. Then there is a unique solution §*(q*) of By, and

a

T @ )

(5.1)

is the unique member of Sp(qP). Moreover, ¢*(¢°) L §*(¢*) and l5(qP) = —Lp(¢P).

Thanks to (5.1) and the extremality relation between A, and B,, the active-
passive (AP) dual form of the active-passive primal is

sup sup L. (v* || y*).
qPeC? y*e(C(qP))*

The active-passive dualization is illustrated by the following example.
Ezample 13 (cont’d). Here C? = [0,1/2] and the AP dual can be written in the
form
¢¥ = argmax sup I,{(qzln)(ua | cv®),
qecr aeR

where v* = u® + (k(q}) ¢fu})1. The inner optimization gives

1-3¢"
Al D 1
alq]) = =——=—5——.
(1) 247 (2¢7 — 1)

This &(qy), plugged into I,z (v* || av®), yields

(1/2)log [1 + é(q}) (247 —1)] + (1/2)log[1 + a(qf)gr] — log[l — gf],

which has to be maximized over ¢ € C? = [0,1/2]. The maximum is attained
at ¢ = 1/4. Thus &(¢)) = -1, s(¢) = 4/3, v*y = —2/3, and v§ = 1/3;
since ¢*(¢7) = v*/(k(§}) + &(¢))v®) by (5.1), ¢*; = 1/4 and ¢§ = 1/2. Hence,
d=1(1,2,1)/4.

In the outer, passive optimization, it is possible to exploit the structure of
Sp (cf. Theorem 2), and this way reduce the dimension of the problem. This is
the case, for instance, when C' is polyhedral.

6. Perturbed primal Ps and PP algorithm

Annotation. Perturbed primal problem Py and the PP algorithm are introduced.
The epi-convergence of a sequence of the perturbed primals for a general, con-
vex C, and the pointwise convergence for the linear C' are formulated (cf. The-
orems 20, 21) and illustrated.

For 6 > 0 let v(§) € Ax be a perturbation of the type v; we assume that

v(6) >0 and }I\I"% v(d) =v. (6.1)
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The perturbation activates passive, unobserved letters. For every ¢ > 0 consider
the perturbed primal problem Py

0(6) 2 inf t5(q) = qigg—fl/@),logq), -
Sp(8) £{q € C: £5(q) = 1»(5)},

where (5 £ IO

Since the activated type v(d) has no passive coordinate, the perturbed primal
problem Ps can be solved, for instance, via the BD-dualization; recall Corol-
lary 17. Thus, for every 6 > 0,

Sp(0) ={Gr(9)}, Sr(8) =5s(0) ={9s(0)}, §r(d) = #i)(é) )

(6.2)

How is §»(0) related to Sp, and gp(é) to £,»? Theorem 20 asserts that (5 epi-
converges to /S when 6 \, 0. (There, for amap f: D — R and aset C C D, the
map f¢ : R™ — Ris given by f€(2) = f(z)ifz € C,and f¢(2) = 0 ifz ¢ C.)
The epi-convergence (cf. Rockafellar and Wets [42, Chap. 7]) is used in convex
analysis to study a limiting behavior of perturbed optimization problems. It is
an important modification of the uniform convergence (cf. Kall [26], Wets [47]).

Theorem 20 (Epi-convergence of Ps to P). Assume that C is a convex closed
subset of Ax with support X, v € Ax, and (v(9))s>o s such that (6.1) is true.
Then

(5 epi-converges to (S for 6 \,0.

Consequently,
lim inf d(§r(9),4») =0
51\NO(§7)IESP (q‘P( )7q79)

and the active coordinates of solutions of Ps converge to the unique point G2
of S%:
lim 42(5) = 2 € 5%

Moreover, if Sp is a singleton (particularly, if v > 0) then also the passive
coordinates converge and

lim ¢»(6) € Sp.

limy 4»(0) € Sp

Thus, if 0 is small enough, the (unique) solution §»(d) of the perturbed pri-

mal Pjs is close to a solution of the primal problem P. Theorem 20 also states
that in the active coordinates the convergence is pointwise, to the unique ¢4
of S%. The next theorem demonstrates that if C' is given by linear constraints
and v(9) is defined in a ‘uniform’ way in §, also the passive coordinates of ¢ (9)
converge pointwise.

Theorem 21 (Convergence of Ps to P, linear C). Let C' be given by (2.3),
v € Ax, and (v(9))s>o0 be such that (6.1) is true. Further, assume that v(-)
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is continuously differentiable and that there is a constant ¢ > 0 such that, for
every i € XP,

vi(9)

105(8)] < e94(6), where  9;(8) = S0
jeXPr 7]

(6.3)

Then
}1\% Gr(0) exists and belongs to Sp.

Notice that the condition (6.3) is satisfied if v;(§) = v;(0) for every i,j € XP;
for example if

v(8) = m(u +5¢), (6.4)

where £ £ (0%, 1P) is the vector with & = 1 if i € X? and & = 0 if i € X®. This
corresponds to the case when every passive coordinate is ‘activated’ by equal
weight.

The following example demonstrates that without the assumption (6.3) the
convergence in passive letters need not occur.

Ezample 22 (Divergent §»(0)). Consider the setting of Example 3. That is,
X ={-1,0,1} and
C= {qe Ax: <q’u> :0} - {(a71/271/270‘) fa € [071/2]}7

where v = (1,—1,1). For v = (0, 1,0), Sp = C. Define the perturbed types v(0)
in such a way that

(6) = (6,1 —30,29) if 6 € {1/(2n):n € N},
DTN (20,1 -36,6) itoe{1/(2n+1):neN),

and v(-) is C*' on (0,1). Then, for every n € N,

gr(1/(2n)) = (1/6,1/2,1/3)  and  ¢»(1/(2n+1)) = (1/3,1/2,1/6);

so the limit lim ¢, () does not exist. Note that in this case the condition (6.3) is
violated. Indeed, ¥1(1/(2n)) = 2/3 and ¥1(1/(2n+1)) = 1/3 for every n; hence,
by the mean value theorem, for every n there is ¢, € (1/(2n 4+ 1),1/(2n)) such
that ¥} (¢,) = 2n(n + 1)/3. Since 0 < ¥1(¢,) < 1, lim, ¥ ((n)/91(¢n) = oo

In Examples 10, 13, 14, with v(§) given by (6.4), the pointwise convergence
can be demonstrated analytically.
Ezample 10 (cont’d). Here §5(d) = &s(d)u, where éax(0) = %. So, lim é(d) =
—1 and lim ¢, (d) = (1,0,1)/2 € S».
Ezample 13 (cont’d). First, §5(0) = ds(d)u and

as(6) = argrer%ax [v-1(6)log(1 — ) + vp(d) log 1 + v1(d) log(1 + a)] ;

this leads to d,z(d) = gg—;}. Thus, lim éx(6) = —1 and, since §»(9) = %,

lim Gy (6) = (1,2,1)/4 € Sp.
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Ezample 14 (cont’d). Here §5(6) = dis(6)u with dy(5) = —E 392004000
Thus, lim ¢(5) = —1/10, and lim §5(d) = (54,44,1)/99 € S5.

The next example provides a numeric illustration of the pointwise conver-
gence of a sequence of perturbed primals to P. The perturbed primal solutions
are obtained through their BD-duals. It is worth stressing that B to P;s is, for a
linear C', an unconstrained optimization problem; cf. Section 4.1.1.

Ezample 23 (Qin and Lawless [38], Ex. 1). Consider a discrete-case analogue of
Example 1 from Qin and Lawless [38]. Let X = {—2,—1,0, 1,2} and

Cop={qg€ Ay :E (X —0)=0,E,(X*—20%-1) =0},

where 0 € © = [-2,2]. Then Cg = (Jycg Cp is the estimating equations model;
cf. (3.1). Clearly, u1(8) = (-2 —-6,—-1—-0,—-0,1 — 6,2 — 6) and us(9) = (3 —
202, -20%, —1 — 202, —20% 3 — 20?). Let v = (0,0,7,3,0)/10.
For a fixed 6§ € © and a perturbed type v(§), the BD-dual to the perturbed
primal Pjs is (equivalent to)
G (6) = argmin I1 (v | (o, u(0)))
a€R?
and the corresponding Gs(d) = #?u(@)}' For # = 0 and v(0) given by (6.4)
with § = 1077 (j = 3,5,7,9), Table 1 illustrates the pointwise convergence of
G5(6) to gp, —l5(0) to L.

The optimal &,(0)’s were computed by optim of R [39]. The rightmost three
columns in Table 1 state orders of the precision 10~7 of satisfaction of the con-
straints Eg5) X = 0, Egq(5)(X? —1) =0, and ) §(6) — 1 = 0. The solution of P,
obtained by solnp from the R library Rsolnp (cf. Ghalanos and Theussl [17];
based on Ye [48]), is ¢» = (0.1625,0,0.525,0.3,0.0125) and ¢, = 0.812242.

TABLE 1
The pointwise convergence of Ps to P.

4s(0) —5(0) | m | 72| 3
0.161439 | 0.001013 | 0.528326 | 0.294553 | 0.014669 | 0.823788
0.162488 | 0.000010 | 0.525041 | 0.299936 | 0.012525 | 0.812404
0.162501 le-7 0.525000 0.299999 0.012500 0.812242
0.162501 le-8 0.525000 | 0.300000 | 0.012502 | 0.812242

© J Ut W |,

[SAEe RN BN |
(SN BN |
DO O

For 7 > 9 the numerical effects become noticeable. For instance, for j = 20,
the precision of the constraints satisfaction is of the order 1071.

As an aside, note that for this type v the BD-dual to the original, unperturbed
primal P breaks down, since Cy is an H-set. In fact, it is an H-set with respect
to this v for any 6 € ©; cf. the empty set problem in Grendar and Judge [19].

The convergence theorems suggest that the practice of replacing the zero
counts by an ‘ad hoc’ value can be superseded by the PP algorithm; i.e., by a
sequence of the perturbed primal problems, for v(§) > 0 such that lims\ o v() =
v. Since each v(§) > 0, the PP algorithm can be implemented through the BD-
dual to Py, by the Fisher scoring algorithm, or by the Gokhale algorithm [18],
among other methods.
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7. Implications for empirical likelihood

Annotation. Consequences of the presented results for the empirical likelihood
(EL) method (cf. Owen [34]) are pointed out. It is noted that the distribution
that maximizes empirical likelihood differs, in general, from the distribution that
maximizes multinomial likelihood. The multinomial likelihood ratio may lead
to different inferential and evidential conclusions than the empirical likelihood
ratio. The case of continuous data is discussed in Section 7.1, where Fisher’s
original notion of likelihood is recalled.

In most settings, including the discrete one, empirical likelihood is ‘a multi-
nomial likelihood on the sample’, Owen [35, p. 15]. It is usually applied to an
empirical estimating equations model, which is in the discrete setting defined as
Coe = Usco Co,va, where

Cope = {p € Axa: {p,uf(0))=0for h=1,2,...,r}

and uj : © = R™ are the empirical estimating functions. The empirical likeli-
hood estimator is defined through
inf inf —(v%1 . 1
inf Jnf (v, logp) (7.1)

For a fixed 6 € ©, the data-supported feasible set Cy ,« is a convex set and the
inner optimization in (7.1) is the empirical likelihood inner problem

(% inf ((p), Se £ {pe € Cope : L(pe) = Lc}. (€)
p€Cy, va
Since Cy,a is just the 0P-slice Cg(0P) of Cy (given by (3.1)), the EL inner
problem £ can equivalently be expressed as

e = inf  £(q%).
£ q@elCng(OP) (q )

Its dual is
alélﬂgr L <V H ;ahuh(9)> . (7.2)

Note that (7.2) is just Smith’s simplified Lagrangean (4.1), that is, the BD-
dual B to the multinomial likelihood primal problem P, for the linear set Cy.
This connection implies, through Theorem 16, that the maximum of empirical
likelihood does not exist if Cy is either an H-set or a Z-set with respect to v.
The two possibilities are recognized in the literature on EL, where an H-set is
referred to as the convex hull problem (cf. Owen [35, Sect. 10.4]), and a Z-set is
known as the zero likelihood problem (cf. Bergsma et al. [8]). Theorem 16 also
implies that these are the only ways the EL inner problem may fail to have a
solution. Note that £ may fail to have a solution for any 6 € O; cf. the empty
set problem, Grenddr and Judge [19].

In addition, Theorem 16 implies that, besides failing to exist, the EL inner
problem £ may have different solution than the multinomial likelihood primal
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problem P. If Cy is neither an H-set nor a Z-set then, by Theorem 16(b), it is
possible that

1. either ( = —0, (no BD-duality gap), or
2. Up < —{; (BD-duality gap).

Since fs = ftfg, in the latter case fp < ég and S, # Sc. This happens when
any of the conditions (i)—(iv) from Theorem 16(b) is not satisfied. Then the dis-
tribution that maximizes empirical likelihood differs from the distribution that
maximizes multinomial likelihood. Moreover, the multinomial likelihood ratio
may lead to different inferential and evidential conclusions than the empirical
likelihood ratio. The points are illustrated in the next example.

Ezample 24 (LR vs. ELR). Let X = {-2,—-1,0,1,2}, © = {01,602} with 6, =
1.01 and 6, = 1.05. Let Cy, = {q € Ax : Eo(X?) = 60;}. Clearly, u(¢;) =
(4-6;,1-0;,—-0;,1—-0;,4—46,) for j =1,2. Let v = (6,3,0,0,1)/10.

The solution of P is

e G»(61) = (0.1515,0.3030, 0.52025, 0,0.02525), for 6,
e G»(02) = (0.1575,0.3150,0.50125, 0,0.02625), for 6.

Note that each of the solutions assigns a positive weight to the unobserved out-
come 0. Such a solution cannot be obtained by the BD dual, due to the presence
of the BD-duality gap. Recall that there is no BD-gap if §5 > —1; cf. Theorem 16
and Sect. 4.3.1. For 61, &5(61) = 69.8997, hence 9%(61) = (—70.5987, —0.6990),
thus the BD-gap is present. Similarly for 65, where &;(62) = 13.8983, hence
95 (02) = (—14.5932, —0.6949).

As the two solutions are very close, the multinomial likelihood ratio is

o LRy1 = exp (n[l(dn(61)) — (G (62))]) = 1.4746,

which indicates inconclusive evidence.

However, the empirical likelihood ratio leads to a very different conclusion.
Note that the active letters are X* = {—2,—1,2}, and Cy is neither an H-set
nor a Z-set with respect to the observed type v, for the considered 0; (j = 1,2).
Hence for both #’s the solution of £ exists and it is

e G-(A1) = (0.00286,0.996,0.00048), for 6;,
e G:(62) = (0.01429,0.983,0.00238), for 6.

The weights given by EL to —2 are very different in the two models; the same
holds for 2. The empirical likelihood ratio is

[ ELR21 = exp (’I’L[f((jg (91)) - 6(45(6‘2))]) = 75031317

which indicates decisive support for a; cf. Zhang [50].

The BD-duality gap thus implies that in the discrete #id setting, when C
is given by linear equality constraints, EL-based inferences from finite samples
may be grossly misleading.
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7.1. Continuous case and Fisher likelihood

As far as the continuous random variables are concerned, due to the finite preci-
sion of any measurement ‘all actual sample spaces are discrete, and all observable
random variables have discrete distributions’, Pitman [37, p. 1]. Already Fisher’s
original notion of the likelihood [15] (see also Lindsey [31, p. 75]) reflects the
finiteness of the sample space. For an iid sample XJ' £ (X, X5,...,X,) and a
finite partition A = {A;}1* of a sample space X, the Fisher likelihood L 4(q; X7")
which the data X7* provide to a pmf g € Ay is

LA(q,X{‘) LS H en(Az)logq(Al),
AjeA

where n(4;) is the number of observations in X7 that belong to A;. Thus, this
view carries the discordances between the multinomial and empirical likelihoods
also to the continuous #id setting.

Ezample 25 (FL with estimating equations). To give an illustration of the
Fisher likelihood as well as yet another example that . may be different than
Gr, consider the setting of Example 23 with X = {—4,-3.9,...,3.9,4} and
0 € © = [—4,4]. The letters of the alphabet are taken to be the representa-
tive points of the partition A = {(—o0, —3.95), [-3.95, —3.85), ..., [3.85,3.95),
[3.95,00)} of R. This way the alphabet captures the finite precision of mea-
surements of a continuous random variable. The type v exhibited at the panel
c¢) of Figure 1 is induced by a random sample of size n = 100 from the .A4-
quantized standard normal distribution. The EL estimate of 8 is —0.052472 and
the associated EL-maximizing distribution ¢, is different than the multinomial
likelihood maximizing distribution ¢,, which is associated with the estimated
value 0.000015 and assigns a positive weight also to the passive letters —4 and 4.

a) b) c)
© © ©
o4 o4 o
o oS o
w ['o] w
S S =}
= = =
< < <
S S o
= =4 =
am e} s}
SO <59 g=3
o o o
N N N
S S S
o o o
S S S
o o o
o I | =3 8 ‘ | ‘
R LU L — S S
ol , , ol . | ol , ,
-4 2 0 2 -4 2 0 2 i -4 2 0 2 4
X X X

F1G 1. Panel a) the multinomial likelihood mazimizing distribution §p; panel b) the empirical
likelihood mazimizing distribution ge; and panel c) the observed type v.
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8. Implications for other methods

Annotation. Besides the empirical likelihood, the minimum discrimination infor-
mation, Lindsay geometry, compositional data analysis, bootstrap in the pres-
ence of auxiliary information, and Lagrange multiplier test ignore information
about the alphabet, and are restricted to the observed data. Thus, they are
affected by the above findings.

8.1. Contingency tables with given marginals and MDI

In the analysis of contingency tables with given marginals, the minimum dis-
crimination information (MDI) method by Ireland and Kullback [25] is more
popular than the maximum multinomial likelihood method. This is because the
former is more computationally tractable, thanks to the generalized iterative
scaling algorithm (cf. Ireland et al. [24]). MDI minimizes I(q || v) over ¢, so
that a solution of the MDI problem must assign a zero mass to a passive, unob-
served letter. Thus, MDI is effectively an empirical method. This implies that
the MDI-minimizing distribution restricted to a convex closed set C' may not
exist; however, the multinomial likelihood-maximizing distribution always exists
(cf. Theorem 2), and may assign a positive mass to an unobserved outcome(s).

Ezample 26 (Contingency table with given marginals). Consider a 3 x 3 con-
tingency table with given marginals. Let X = {1,2,3} x {1,2,3}, and let the
observed bi-variate type v have all the mass concentrated to (1, 1); the remain-
ing eight possibilities have got zero counts. Let the column and raw marginals
be f.=(1,2,7)/10, f. = (5,4,1)/10, respectively. One of the multinomial like-
lihood maximizing distributions ¢, is displayed in Table 2. In the active letter
¢% = 0.1 is unique, in the passive letters ¢h € CP(q%). The table exhibits the
G2 which can also be obtained by the PP algorithm with the uniform activa-
tion (6.4). Note that C*(07) = 0, so that the MDI-minimizing distribution does
not exist.

TABLE 2
A solution of P.

gr
0.1000  0.0000  0.0000

0.0945 0.0800 0.0255
0.3055 0.3200 0.0745

It is worth stressing that the PP algorithm makes the multinomial likelihood
primal problem P computationally feasible. In particular, the BD-dual imple-
mentation of the PP algorithm can be used to reduce dimensionality of the
optimization problem from card X to the number of the given marginals.

Ezample 26 (cont’d). A reviewer suggested to consider the above example with
a type having 1/3 assigned to vi1, v12, and vss. One of the solutions of P,
obtained by solnp from the R library Rsolnp with the uniform initialization, is
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presented in Table 3. The same solution can be obtained by the PP algorithm
with the uniform activation.

TABLE 3
A solution of P.

gr
0.0535 0.0465  0.0000

0.1710  0.0000  0.0290
0.2755 0.3535 0.0710

The same active components of the solution are obtained by the Fenchel
dual. As C' is linear, a solution of F takes the form ), &jnup, where & =
(6.2291,0.0001, —0.0004, 0.9417), and uy’s are stacked row-wise into

9 9 9 -1 -1 -1 -1 -1 -1
-2 -2 -2 8 8 8 -2 -2 2|1
5 -5 -5 5 -5 -5 5 -5 —5|10
4 6 -4 -4 6 -4 -4 6 -4

U =

By (3.5), the corresponding ¢%¢ = (0.0535,0.0465,0.3537). In the passive com-
ponents, a solution belongs to C?(¢%). Furthermore, since ¥ # 1 implies that
G; = 0, the letters (1,3) and (2,2) are assigned the zero weight.

8.2. Marginal homogeneity in contingency tables

As a real-life example, requested by a reviewer, consider the marginal homo-
geneity model for the data on patient histology for two imaging modalities,
studied by Sharma et al. [43]. The data form a two-way, 5 X 5 contingency table,
displayed in Table 4.

TABLE 4
Type, corresponding to the data from Table 1 in [43],
concerning an agreement of examinations of patients with
Barrett’s oesophagus by the High-definition White Light
Endoscopy and by the Narrow Band Imaging.

HD-WLE
NBI No IM M LGD HGD OAC
No IM 0.0813  0.0488 0.0244 0.0000  0.0000
M 0.0650  0.3577 0.0894 0.0081  0.0000

LGD 0.0000  0.1463 0.0732 0.0081  0.0000
HGD 0.0081 0.0081 0.0244 0.0325  0.0000
OAC 0.0000  0.0000 0.0000 0.0163  0.0081

The marginal homogeneity model (cf. Bishop, Fienberg and Holland [11])
assumes that the marginals of the bi-variate ¢ are equal. The model can be
represented as a system of linear constraints on the vectorized g. Thus, the
problem of finding the maximum multinomial likelihood estimate of ¢ under the
marginal homogeneity constraints is an instance of the P problem.
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There are nine cells with zero counts in Table 4. In the presence of zero-counts
Simth’s dual (cf. Sect. 4.1.1), considered in Madansky [33] or Bishop, Fienberg
and Holland [11, p. 294], may not lead to the solution of P. A solution of P
obtained by the PP algorithm is exhibited in Table 5. Note that a positive weight
is assigned to one of the nine passive letters. The solution cannot be obtained
by Smith’s simplified Lagrange dual. The marginal distribution, induced by the
solution, is (0.1547, 0.5451, 0.2176, 0.0648, 0.0178).

TABLE 5
The maximum multinomial likelihood estimate of the
sampling distribution under the marginal homogeneity
model, based on the data in Table 4.

HD-WLE
NBI No IM M LGD HGD OAC
No IM  0.0813 0.0473 0.0260 0.0000  0.0000
M 0.0671 0.3577 0.0986 0.0120  0.0097

LGD 0.0000  0.1339 0.0732 0.0106  0.0000
HGD 0.0063  0.0061 0.0198 0.0325  0.0000
OAC 0.0000  0.0000 0.0000 0.0097  0.0081

8.3. Lindsay geometry

Lindsay [30, Sect. 7.2] discusses multinomial mixtures under linear constraints
on the mixture components, and assumes that it is sufficient to consider the
distributions supported in the data (i.e., in the active alphabet). Though the
objective function £(-) in P is a ‘single-component’ multinomial likelihood, the
present results for the H-set, Z-set, and BD-gap suggest that it would be more
appropriate to work with the complete alphabet; see also Anaya-Izquierdo et
al. [5, Sect. 5.1].

8.4. Compositional data analysis

Multinomial likelihood maximization has the same solution regardless of wheth-
er the proportions v or the counts (n;);cx are used. Note that the vector v of
proportions is an instance of the compositional data. In the analysis of com-
positional data, it is assumed that the compositional data (z1,...,z,,) belong
to {(x1,...,&m) @1 > 0,...,2m > 0,> x; = 1}; cf. Aitchison [3, Sect. 2.2].
This assumption transforms v € Ay into v* € Ay.. Consequently, the multi-
nomial likelihood problem P is replaced by the empirical likelihood problem &.
However, this replacement is not without consequences, as the solution of the
empirical likelihood problem & (if it exists) may differ from the solution of P;
cf. Section 7.

8.5. Bootstrap with auxiliary information

Bootstrap in the presence of auxiliary information (cf. Zhang [49], Hall and Pres-
nell [22]) in the form of a convex closed set, resamples from the EL-maximizing
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distribution §.. Hence, this method intentionally discards information about the
alphabet. Resampling from ¢, seems to be a better option.

8.6.

Score test

The Lagrange multiplier (score) test (cf. Silvey [44]) of the linear restrictions
on q (cf. C given by (2.3)) fails if C' is an H-set or a Z-set with respect to v,
because the Lagrangean first-order conditions do not lead to a finite solution of
‘P. However, the multinomial likelihood ratio exists.

9. Concluding comments

Computational aspects. There are several methods for obtaining a solution of P,
numerically.

e The primal problem P can be solved by the augmented lagrangean meth-

ods for constrained optimization. This may become burdensome for a large
alphabet.

A solution of P can also be obtained from the Fenchel dual F. For a linear
set C' the optimization is unconstrained over R”, where r is the number of
linear constraints. This way the Fenchel dual may greatly decrease dimen-
sionality of the optimization problem. Evaluation of the convex conjugate
is not computationally demanding, as it involves nothing more complex
than a univariate root finding; cf. (3.4). Once a solution of F is found,
the corresponding active component of the solution of P can be obtained
by (3.5). Concerning the passive component, if g7 # 1, then the passive
letter is assigned the zero weight. Furthermore, the passive component

belongs to C? (ﬁ)

For a linear or polyhedral C' a solution of F may also be obtained by a
minimax (saddle point) convex optimization; cf. Sect. 3.1. For a polyhedral
C' it involves maximization over a positive half space and minimization
over a simplex.

A solution of P can also be obtained by the sequential active-passive
dualization; cf. Sect. 5.

Perhaps the most convenient way of obtaining a solution of P is by the PP
algorithm; cf. Sect. 6. The PP algorithm can be implemented in various
ways. For instance, by the Fisher scoring algorithm, or by the Gokhale
algorithm. It can as well be implemented by the BD dual. The BD dual
implementation of the PP algorithm is particularly convenient in the case
of a linear or polyhedral C, where it may reduce dimensionality of the
optimization. The dimensionality reduction is achieved also by the Fenchel
dual, but unlike the Fenchel dual, the PP algorithm seamlessly leads both
active and passive components of a solution. In the Fenchel dual approach,
the passive components of the solution have to be determined separately.
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Applications. The presented results can be used to obtain the correct Maxi-
mum multinomial Likelihood (MmL) estimates and inferences in the many mod-
els, where the feasible set C is convex. Marginal homogeneity models, isotonic
cone models, mean response models, multinomial-Poisson homogeneous models,
contingency tables with given marginals, constrained ‘density’ estimation, esti-
mating equations, and many others are among such a models. The correct MmL
cannot, in general, be obtained by the simplified Lagrange and Fenchel duals,
which are considered in the Statistics literature for decades. Besides the flawed
duality theory of MmL, the current practice of obtaining MmL estimates and
inferences is equally unsatisfactory. Indeed, the replacement of zero count by an
ad hoc, surrogate value leads a ‘solution’ of P that depends on the surrogate
value. The PP algorithm avoids this inconvenience, by letting the perturbations
to zero, in an appropriate way. Taken together, the presented results can be in-
strumental in reviving interest in the likelihood estimation and inferences in the
many convex-constrained models, where they are overshadowed by the methods
such as the MDI, minimum x?2, or the least squares.

MmL vs. EL. Empirical Likelihood is the multinomial likelihood which as-
sumes the support in a data. Owen [34, p. 238] motivates such an ‘empiricism’
by noting, that restricting to empirical measures is “...convenient because the
statistician might not be willing to specify a bound M ...” on the support
[-M, M]. Though EL was developed primarily with the continuous data in
mind, it should lead meaningful results also in the discrete case, where the sup-
port is usually known. Once it is recognized that the MmL may exploit also
the unobserved outcomes, a limitation of restricting to observed outcomes be-
comes visible. Namely, the EL-maximizing distribution (if it exists at all) may
be different than the MmL distribution (which always exists). Consequently,
the multinomial likelihood ratio may lead to different inferential and evidential
conclusions than the EL ratio.

As a yet another illustration of the extent of the difference between ignoring
support and taking it into account, consider the unimodal probability mass
function estimation (cf. Balabdaoui and Jankowski [7]), where a sample of size 50
is obtained from the negative binomial distribution with parameters (0.1,1).
Figure 2 exhibits the observed empirical probability mass function, a unimodal
EL estimate, and the MmL estimate under unimodality.

Also in the continuous case MmL could be preferred to EL, if a statistician
is willing to follow Fisher, and take the finite precision of a data into account.

10. Proofs
10.1. Notation and preliminaries

In this section we introduce notation and recall notions and results which will
be used later; it is based mainly on Bertsekas [10] and Rockafellar [41, 40]. We
will not repeat the definitions introduced in the previous part of the paper.
We assume that the extended real line R = [—o00, 00] is equipped with the
order topology; so it is a compact metrizable space homeomorphic to the unit
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F1G 2. Panel a) the type v and sampling distribution q; panel b) a unimodal EL distribution;
and panel c) the unimodal MmL.

interval. The arithmetic operations on R are defined in a usual way; further we
put 0 - (+o00) £ 0. For a < 0 we define log(a) £ —oo; then log : R — R is
continuous.

For m >0 put R? £ {z € R™ : 2 > 0} and R™ £ {z € R™ : z < 0} (recall
that, for m = 0, R™ = {0}). In the matrix operations, the members of R™
are considered to be column matrices. If no confusion can arise, a vector with
constant values is denoted by a scalar.

Let C be a nonempty subset of R"”. The conver hull of C' is denoted by
conv(C). The polar cone of C is the set C* = {y € R™ : (y,q) <0 for every q €
C'}. This is a nonempty closed convex cone [10, p. 166]. Assume that C is convex.
The relative interior ri(C) of C is the interior of C relative to the affine hull
aff(C) of C [10, p. 40]; it is nonempty and convex [10, Prop. 1.4.1].

The recession cone of a convex set C' is the convex cone

Rc2{z€R™: z+az e C for every z € C,a > 0} (10.1)

[10, p. 50]. Every z € R is called a direction of recession of C. Clearly, 0 € Rc;
if Rc = {0} it is said to be trivial. The lineality space Lo of C' is defined by
Lc 2 Ren(—Re) [10, p. 54]; it is a linear subspace of R™. Note that if C' is a
cone then Rc = C and Le = C N (=C).
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Let X be a subset of R™ and f : X — R be a function. By f’(z;y) we denote
the directional derivative of f at x in the direction y [10, p. 17]. By V f(z) and
V2f(x) we denote the gradient and the Hessian of f at x. For a nonempty
set C C X, argmin, f and argmax. f denote the sets of all minimizing and
maximizing points of f over C, respectively; that is,

zeC

arg(r)ninf = {x eC: f(z)= inf f(x)}7

argmax f = {zi eC: f(z)= supf(x)}.
c

zeC
The (effective) domain and the epigraph of f are the sets [10, p. 25]

dom(f) £ {r € X: f(z) <oc} and epi(f) = {(z,w) € X xR: f(z) <w}.
A function f: X — R is

e proper if f > —oo and there is € R™ with f(z) < oo [10, p. 25] (this
should not be confused with the properness associated with compactness
of point preimages);

e closed if epi(f) is closed in R™*! [10, p. 28];

e lower semicontinuous (Isc) if f(x) < liminfy f(xy) for every x € X and
every sequence (xy)r in X converging to = [10, p. 27]; analogously for the
upper semicontinuity (usc);

e conver if both X and epi(f) are convex [10, Def. 1.2.4];

e concave if (—f) is convex.

When dealing with closedness of f, we will often use the following simple lemma
[10, Prop. 1.2.2 and p. 28].

Lemma 27. Let f : X — R be a map defined on a set X C R™. Define

I C L At

Then the following are equivalent:

(a) f is closed;

(b) fis closed;

(¢) f is lower semicontinuous;

(d) the level sets V., & {x € R™ : f(x) <~} = {x € X : f(x) <~} are closed
for every v € R.

The recession cone Ry of a proper convex closed function f : R™ — R is
the recession cone of any of its nonempty level sets V, [10, p. 93]. The lineality
space Ly of Ry is, due to the convexity of f, the set of directions y in which f
is constant (that is, f(z + ay) = f(z) for every 2 € dom(f) and a € R); thus
Ly is also called the constancy space of f [10, p. 97]. If g : R™ — R is concave,
the corresponding notions for g are defined via the convex function (—g).

The fundamental results underlying the importance of recession cones, are
the following theorems ([10, Props. 2.3.2 and 2.3.4] or [41, Thm. 27.3]).
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Theorem 28. Let C be a nonempty convex closed subset of R™ and f : R™ — R
be a proper convez closed function such that CNdom(f) # 0. Then the following
are equivalent:

(a) the set argmine f of minimizing points of f over C is nonempty and com-
pact;
(b) C and f have no common nonzero direction of recession, that is,

RcNRy = {0}

Both conditions are satisfied, in particular, if C N dom(f) is bounded.
Theorem 29. Let C be a nonempty convex closed subset of R™ and f : R™ — R
be a convez closed function such that C Ndom(f) # 0. If
RcNRy=LcNLy, (10.2)
or if
C is polyhedral and RcN Ry C Ly,

then the set argming f of minimizing points of f over C is nonempty. Under
condition (10.2), argming f can be written as C+(LcNLy), where C is compact.

Standing Assumption. If not stated otherwise, in the sequel it is assumed that a
nonempty convex closed subset C' of Ay having support X', and a type v € Ay
are given.

Since no confusion can arise, by £ we denote also an extension of the original
function ¢ (defined in (2.1)) to R™:

C:R™ SR, L(z) & = (vlog(x)) = — > v log(xy); (10.3)

iexe

the conventions 0 - (—oo) = 0 and log § = —oo for every 8 < 0 apply.

10.2. Proof of Theorem 2 (Primal problem)

In the next lemma we prove that ¢ is a proper convex closed function. Since C'
is compact, C' has no nonzero direction of recession. From this and Theorem 28,
Theorem 2 will follow.

Lemma 30. Ifv € Ay and { is given by (10.3), then
(a) €(x) > —o0 for every x € R™, and ¢(x) < oo if and only if z* > 0; so

dom(¢) = {x e R™: z% > 0};

(b) ¢ is a proper continuous (hence closed) convexr function;
(c) the restriction of £ to its domain dom(¢) is strictly convex if and only if
v>0;
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(d) ¢ is differentiable on dom(¢) with the gradient given by
Vi(z) = ="/, 07);

the one-sided directional derivative of £ at x € dom(¢) in the direction y
18

Omsy) = (Vi) y) = — 3 LY

€T:
ieXﬂ. ?

(e) the recession cone Ry and the constancy space Ly of £ are
Ry={z€eR™: 22>0} and Ly={zeR™: z*=0}.

Proof. The properties (a) and (d) are trivial and the property (b) follows from
the continuity and concavity of the logarithm (extended to the whole real
line); closedness of ¢ follows from continuity by Lemma 27. For the property
(c), use that the Hessian V2/(z) = (9*((z)/0z;0x;);; is a diagonal matrix
diag(v®/(x%)%,0P). Hence it is positive definite and / is strictly convex if and
only if v > 0 [10, Prop. 1.2.6].

It remains to prove (e). Fix any v € R such that the level set V = {z : {(z) <
~} is nonempty. If z is such that z* Z 0 then there is an active letter ¢ with
z; < 0. In such a case, for any x € V there is @ > 0 with y; + az; < 0 and so
y+ az ¢ dom(¢) O V. Hence, by (10.1), z ¢ Ry = Ry.

Now take any z with 2% > 0. Then, for every x € V and a > 0, {(z +
az) < {(x) by the monotonicity of the logarithm. That is,  + @z € V and so
2z € Ry = Ry. The property (e) is proved. O

Proposition 31. If the support of C' is X, then the primal P is finite and
its solution set S, is nonempty and compact. Moreover, if v > 0 then Sy is a
singleton.

Proof. Since C' is compact, its recession cone is trivial. Thus the first assertion
follows from Theorem 28. The fact that S, is a singleton provided v > 0, follows
from the strict convexness of f. O

Proposition 32. Let v € Ay and C be a convex closed set having support X .
Then the m-projection of Sy onto active letters is always a singleton {¢%} and

Sp={q€C: ¢" =} ={dp} x C"(Gz).
Consequently, Sy is a singleton if and only if CP(¢%) is a singleton.

Proof. Note that C* = 7%(C') is a nonempty convex closed subset of R™=. Define
(% : R™a — R by ¢%(z%) & — (v%,log 2%) for % € C® and ¢%(z%) = oo otherwise.
Since

£(q) = £%(q") for every ¢ e C, (10.4)

it holds that
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The map ¢* is proper, convex and closed (use Lemma 27 and the fact that
the restriction of ¢* to the closed set C'* is continuous, hence closed). Since
dom(¢*) C C* is bounded, Theorem 28 gives that argmin¢® is a nonempty
compact set. This set is a subset of dom(¢*) and the restriction of £* to dom(¢%)
is strictly convex (Lemma 30(c)), so argmin ¢* is a singleton. Hence there is a
unique point ¢% € C* such that ¢%(¢%) = /5. Now, (10.4) gives that g € S, if
and only if ¢* = §%; so Sp = {¢%} x CP(¢2). ]

Theorem 2 immediately follows from Propositions 31 and 32.

10.3. Proof of Theorem 5 (Convexr conjugate by Lagrange duality)

In this section we prove Theorem 5 on the convex conjugate £*, defined by the
convex conjugate primal problem (cc-primal, for short)

*(2) = sup ({g,2) — £(q))-

qEA X

The proof is based on the following reformulation of the cc-primal

0*(z) =sup inf K,(z,u) = inf sup K, (z, p),
x>0 peR peER >0

where
K, (z,p) = (x,2) + (v,logx) — p (Zx - 1>

is the Lagrangian function; cf. Lemma 34. Then we will show that the map p —
sup,so K (z, 1) is minimized at fi(z) = max{f(z*), max(zP)}; cf. Section 10.3.2.
Structure of the solution set S..(z) of the cc-primal is described in Section 10.3.3.
Additional properties of the convex conjugate, which will be utilized in the proof
of Theorem 6, are stated in Section 10.3.4.

For every z% € R™= and p > max(2%) put

§(n) =&a(w) £

Va

p—z0

(10.5)

and recall that fi(z) £ max{fi(z%), max(z?)}, where fi(z?) > max(z%) solves
&(p) = 1. Since

£ is strictly decreasing, lim  &(p) =00 and lim &(u) =0, (10.6)

pmax(z®) p—ro0
f(z®) is well-defined. We start with a simple lemma.
Lemma 33. For every z € R™ and c € R,
azt+e)=p("+c¢, plz4+c)=a(z)+e, and (z+c)=0"(2)+c

Proof. The first two equalities follow from the facts that &aq.(- +¢) = Ea(+)
and that max(z? + ¢) = max(zP) + ¢. The final one is a trivial consequence
of the definition of ¢*; indeed, since {gq,c) = ¢ for every ¢ € Ay, £*(z +¢) =
sup,((¢, (2 + ¢)) — £(q)) = £(2) +c. O
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10.3.1. Lagrange duality for the convexr conjugate
Assume that v € Ay and z € R™ are given. For x € R’ put
ha(@) £ (2,2) — (@) = (@,2) + (1", log a*)
and define extended-real-valued functions

{hz(x)—u(z:x—l) if v € R, pu € R,

%) otherwise;

(1>

K,:R"xR—=R, K,(v,pu)

k., :R—R, k.(u) = sup K. (z,u).

z€RT

Lemma 34 (Lagrange duality for the convex conjugate). For every v € Ay
and z € R™,

0*(z) = inf k,(p) = inf sup K, (x, ).
HER wER >0

Proof. We follow [40, Sect. 4]. Denote by R the subset {z € R™ : 2% > 0,27 >
0} of R Define F. : R™ x R - R and f. : R™ — R by

Foleu) & {hz(z) o eRE 1 —up <Y a <1+ u;

0 otherwise;
f.(x) & F.(x,0).

Note that, in the definition of F,, x € Rf can be replaced by x € R'"; indeed,
if z € R\ RY then x{ = 0 for some i € X® and hence —h.(z) = oco. The
set D= {(z,u) €ER™" xR?: 2> 0,1 —uy <> o <1+4+u} is closed convex
(in fact, polyhedral) and the map F, : D — R, (x,u) — —h,(z) is convex and
continuous, hence closed. Since the epigraphs of F. and F. coincide,

F, is convex and closed jointly in x and u. (10.7)

The corresponding optimal value function ¢, : R?> — R is defined by (cf. [40,

4.7))

We are going to show that
©,(0) = liminf @, (u). (10.8)
u—0

To this end, take any € € (0,1) and u € R? with |u| < 1. Assume that uj+us > 0.
Then

p:(u) = inf (=hz(z)) = 96[1_1551%1] of (—he(0z)).
S z€[l—us,1+uq]
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For any 6 > 0,

sup |h.(02) = hu(x)| < sup (log8] +[1— 0] - |{z, 2)])

TEAx TEA X

= [log 0] + |1 — 0] - max|z| = 1, (6).

Since v, is continuous at § = 1 and v¥,(1) = 0, there is 6 > 0 such that
¥,(0) < ¢ for every 6 € [1 —§,146]. Thus |¢,(u) — ¢.(0)| < € whenever |u| < &
and uq + uz > 0. This gives
¢-(0) = ilg%) @2 (u).
w1 +uz2 >0

Since @, (u) = 0o if u; + ug < 0 (indeed, for such u, F,(x,u) = oo for every x),
(10.8) is proved. B

The Lagrangian function L, : R™ x R2 — R associated with F, is defined by
(cf. [40, (4.2)])

La(e,y) 2 inf (Fa(z,w) + (u,1)).
u€R?

A simple computation yields (cf. [40, (4.4)] with fo(x) = h,(x), fi(z) => z—1,
and fa(xz) =1 — ) x, all restricted to C' = R}})

—h () +(y1 —y2) Qo —1) ifxeRE,ye ]Rf_;

L.(z,y) = —o0 if e RY,y ¢ R%;
00 if v ¢ REg.

(Indeed, fix any 2 € R™ and y € R?. If z ¢ R then F,(z,u) = oo for every u,
hence L (x,y) = co. If x € RY and y 2 0, then F,(x,u) = —h.(z) whenever
both uy,us > 0 are sufficiently large; for such u, (u,y) is not bounded from
below (use that y; < 0 or yo < 0), hence L,(z,y) = —oco. Finally, assume that
r € RY and y > 0. If uy + up < 0 then F,(z,u) = oo by the definition of F,.
If up + ug > 0 then (u,y) > y1(O_x — 1) + y2(1 — > x), with the equality if
up =Y x—1,up=1-=> 2 Thus L,(z,y) = —h.(x) + (y1 —y2) O_x —1).)
If we define (cf. [40, (4.6)])

g : R2 — R, gz(y) = xlelllRf;n Lz('ra y)7

then [40, Thm. 7], (10.7), and (10.8) imply

inf f.(z) = ¢.(0) = liminf ¢.(u) = sup g.(y).
rER™ u—0 y€R2

By the definition of f,, inf, f.(z) = —£*(z); thus to finish the proof of the
lemma it suffices to show that

inf k,(u) = — sup g.(y). (10.9)
pER y€ER2
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Ify & Ri then g.(y) = —oo; to see this, take arbitrary 2 € RY} and realize
that ¢.(y) < L.(z,y) = —oc. Fix any y € R2. Then, for every x € RE,
l(z(xvyl__yQ):: _iLz(xvy);hence

ko(y1 —y2) = —9:(y)-

Since {y1 —y2 : y € R2} = R, we have

inf k. (u) = inf (— =— )
inf (1) Jnf : (—9:(v)) ;;lﬂg 9-(y)

Thus (10.9) is established and the proof of the lemma is finished. O

10.3.2. Proof of Theorem 5

With Lemma 34, Theorem 5 can be proved. Recall that the theorem states that,
for every z € R™,

C(2) = =14 ju(2) + L) (V" || —2%), where  ji(z) £ max{fi(z*), max(z")}.
Proof of Theorem 5. Keep the notation from Section 10.3.1. By Lemma 34,
0*(z) = inf,er k- (1), and, using partial maximization,

k.(u) = sup k.(z% u), where k,(x% u)= sup K,((z% ), p).
x>0 P >0

Note that K, (z,1) = ¢+ Y ;cx» 5 (2] — p), where ¢ does not depend on z?.
Thus

Foat, ) = § @2 08 logr®) —p (et = 1) ifp 2 max(F) - )
00 otherwise.
The second case immediately gives
k.(p) = o0 if  p < max(zP). (10.11)

If 4 > max(2P) and 2 — p > 0 for some i € X%, then k,(u) = oo (use (10.10)
and the fact that, for any @ > 0 and b > 0, the map f(x) £ ax+blogx is strictly
increasing and lim, o, f(z) = 00). That is

k.(p) = 00 if p < max(z?). (10.12)
Assume now that p > max(z?) and p > max(z%). Note that
— 7 a
ke (1) = max k. (2%, ).

(-, p) is differentiable and strictly concave on the open set {® €

z
} (use that the Hessian, which is equal to diag(—v@/(z¢)?), is

By (10.10), k
R™a : 2% > 0
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negative definite). Thus the basic necessary and sufficient condition for uncon-
strained optimization [10, p. 258] gives that

ko (p) = k2 (3%, p),
where 2% = & > 0 is the unique solution of V.« l%z(:i"a, 1) = 0; that is,

a
?

V¢
zi+ o —pu=0 for every i€ X°.
Ty

The above equation immediately yields

Va

=2

‘%a

and
ko(p)=—-14+p+ 1,0 -2 if p>max(zP), > max(z%). (10.13)

Put J £ {p € R: p > max(z®), n > max(zP)} and p = max(z); then either
J = (p,00) or J = [u,00). Equations (10.11), (10.12), and (10.13) yield

00 otherwise.

—14+pu+I,% —2% fued;
w)_{ po L] =2 ifp

For p > p we have

K(5) = 1 €().
Since ¢ is decreasing on J and {(fi(2%)) = 1, k.(u) is decreasing on [u, ji(2?)]
and increasing on [fi(2%), 00), provided p < fi(2?); otherwise k. (u) is increasing

on [, 00]. Thus,

0*(z) = inf k. (n) = {k (A(z%)) i A=) >

= (|
peR (1) otherwise.

ke (
So argmin k, = max{fi(z*), max(z”)} = fi(z) and Theorem 5 is proved. O

Corollary 35. If v > 0 then, for every z € R™,

(2) = —14 () + T (v ]| — 2)
— 1+ /i(2) + (1 log ) — (i, log(7i(2) — 2))

Corollary 35 was first proved by El Barmi and Dykstra [12, Lemma 2.1].
10.5.3. The structure of the solution set Sc.(z)

The structure of the cc-primal solution set Sc.(z), defined by (3.2), is described.
First, recall the definition (10.5) of &.
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Proposition 36. For every z € R™, S..(z) is a nonempty compact set and

See(2) = {@8(2)} x {a" 2 0: ) ¢ =1 —£(u(2)),
¢¥ = 0 whenever 2P # [i(2)},

where u
~a A v
qcc )= T~
=) fi(z) — =
In particular, if f(z*) > max(zP) then Sc.(z) = {(§%(2),0P)} is a singleton.

Proof. Fix z € R™ and put u £ i(2), §% £ §%(2); then, by Theorem 5, £*(z) =
—14+p+I,(v*|| —2%). The fact that S..(z) is nonempty and compact follows
from Theorem 28.

Take any q € S¢.(2). Then ¢* > 0 and, for every ¢ € Ay,

B ~ ~ Vaqa
0> fl(Ga—9) = (=) + ) oL
If also ¢ € S¢c(2) then, analogously,
B Vaq—a
OZ<Z,(Q*(])>+Z qa -1

Thus, by combining these two inequalities,

S (LD <
“  q°
For positive z and y, (z/y + y/z) > 2, with equality if and only if z = y. Thus,
q* = @ for every ¢, q € Sc.(2); hence,
m*(S%. (%)) is a singleton. (10.14)
Distinguish two cases. First assume that p = [i(z%) > max(zP) and put
g = (G%,0P). Then g € Ay (use that >.g=&(u) = 1) and
= ~a a a ~a (Za_y’—’_l"’)ya a a
f@) = (dce, 2%) + (v, log(dce)) :ZT + L[| —2%)
— Lt L] -2t = ().

Hence G € S..(z) and, since > q* =1, Sc.(2) = {g} by (10.14).

Assume now that p = max(z?) > fi(2%); then v 2 &(u) < £(fi(2?)) = 1. Take
any g € Ay with g* = ¢%. and note that > g% = 1 — . An argument analogous
to the first case gives

f(@) = (@",2") +(q", 2%) + (v*, log(dc.) = (@", 2") = L+ py + L™ || = 2%).

Hence § € S..(z) if and only if (g7, 2P) = u(1 —~). Since >_ g = 1 — ~, the last
condition is equivalent to the fact that ¢@ = 0 for every i € X? with 2/ < u. In
view of (10.14) this proves the proposition. O
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10.3.4. Additional properties of the convex conjugate

Some additional properties of the convex conjugate ¢*, concerning its mono-
tonicity and differentiability, are summarized in the next lemmas.

Lemma 37. The following is true for every z,zZ € R™:

(a) If 2% > 2% then a(z%) > a(2%), with the equality if and only if 2* = Z°.
(b) If z > Z then £*(z) > £*(Z2) (that is, £* is nondecreasing), with the equality
if and only if 2% = 2% and [i(z) = [(Z).

Proof. (a) If 2% > 2% then &,a(u) > €za(p) for every p > max(z*); moreover,
Era(p) = &€za(p) for some p > max(z®) if and only if 2* = 2%. Using (10.6), (a)
follows.

(b) Assume that z > Z. Then (z,q) > (%, q) for every g € Ay, hence ¢*(z) >
£*(2). If 2% = 2% and ,u( ) = fi(2) then £*(z) = ¢£*(Z) by Theorem 5. It suffices
to prove that if 2% #£ 2% or fi(z) # f1(2) then £*(z) > £*(2).

To this end, fix some § € Scc(2). If 2% # Z% then £*(z) > (¢,2) — 4(q) >
(@%, (2% — 2%)) + £*(2). Since ¢* > 0 and (2% — 2%) > 0 is not zero, we have
£*(z) > £*(%). Finally, assume that z* = 2% and fi(z) > [i(Z). The map

g:[a(z"),00) = R, g(p) £ p+ L || —27)

is strictly increasing (indeed, ¢'(u) = 1 — &(u) > 0 for p > f(z*) by (10.6)).
Thus, by Theorem 5 and the fact that ji(Z) > a(z2%) = u(z*), it follows that
t*(2) = €°(2) = g(i(2)) — g((2)) > 0. O

Since the convex conjugate £* is finite-valued and convex, by [41, Thm. 10.4] it
is locally Lipschitz. The following lemma claims that £* is even globally Lipschitz
with the Lipschitz constant equal to 1. (Here we assume that R™ is equipped
with the sup-norm ||z||cc = max|z;|.)

Lemma 38. The convex conjugate £* : R™ — R is a (finite-valued) convex
function which is Lipschitz with Lip(¢*) = 1.

Proof. The fact that £* is always finite is obvious. To prove that ¢* is Lipschitz-1,
fix any z, 2z’ € R™. Then, for any q € Sc.(z),

*(2) = £°(2") ((z.q) = £(a)) — (', @) — (@) = {(z = &), q)

<
< Iz = 2o

Analogously ¢*(z') — 0*(z) < ||z — 2’||co. Thus Lip(£*) < 1. Since Lip(¢*) > 1 by
Lemma 33 (use that ||(c,¢,...,¢)]le = || for ¢ € R), we have Lip(¢*) =1. O
Lemma 39. The map fi : R™* — R is differentiable (even C*°) and

—( L at
Qpy .oy Amy )y Ak = — < a3
2 (i(z) — z)?

The map i : R™ — R is continuous.

V(=) =

(1 <k<myg).
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Proof. Since [i(z) = max(f(2%), max(z?)), the continuity of ji follows from the
continuity of p; thus it suffices to prove the first part of the lemma.

To this end, we may assume that X? = (), that is, v > 0 and m, = m. Put
Q=2 {(z,p): 2z € R™, > max(z)} and define F : Q — (0,00) by

Flzp) 2y -

_Z4 :
= M i

Note that, for every z, fi(z) is the unique solution of F(z,u) = 1 such that
(2, 1) € Q. The set Q is open and connected and F is C* on ). Moreover,

v

V.F(z,pu) = and VuF(z,p1) = —Z (M_Vizz)Q # 0.

(=2 P

By the local implicit function theorem [10, Prop. 1.1.14], i is C*° on R™ and
Vii(z) is given by —V,F(z,i(2)) - [V, F(z,i(z))] 7. From this the lemma fol-
lows. O

Lemma 40. For every z,v € R™, the subgradient and the directional derivative
of £* are given by

O*(2) = See(2) and (") (z2;v) = max {(q,v).
q€Sce(z)

In particular, if p(z*) > max(zP) then €* is differentiable at z and
VI (2) = (Gee(2),07).

Proof. This is a consequence of Danskin’s theorem [10, Prop. 4.5.1]. To see this,
fix z € R™ and take € > 0 such that §%.(2) > e. Put A% = {¢ € Ax : ¢* > ¢}
and define

@ :R™ x A, — R, 0(z,q) = (z,9) — €(q),
f:R™ =R, f(z) 2 max ¢(z,9).
quX

The map ¢ is continuous and the partial functions ¢(+, q) are (trivially) convex
and differentiable for every ¢ € A5 with (continuous) V.¢(z,q) = ¢. Thus, by
Danskin’s theorem,

f'(Zw) = Jlmax (q,v) (v e R™)

and
Bf(é) = COHV{VZ@(E,Q) HIS Scc(z)} = Scc(z)'

Note that ji(-) is continuous by Lemma 39 and hence also §¢.(-) is continuous.
Thus ¢%.(2) > € on a neighborhood U of Z, and so £* = f on U. This proves the
first assertion.

If ji(2%) > max(2P) then S..(Z) is a singleton {7}, where ¢ £ (§%(2),07). In
such a case Danskin’s theorem gives that ¢* is differentiable at z with V£*(z) =
V.p(z,q) = 4. So also the second assertion of the lemma is proved. O
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The convex conjugate £* is not strictly convex, even if v > 0. This is so
because £*(z + ¢) = £*(z) + ¢ for every constant ¢, cf. Lemma 33. However, the
following holds.

Lemma 41. Let v > 0. Then £* is C* and, for every z € R™,

Vit (z) = ﬁ, V20*(z) = diag(a) — iaaﬂ

where a 2 (ay, ..., am), o 2 v;/(i(2) — 2;)%. Consequently, for every x € R™,
o' (V20 (2))z > 0 and

(V2 (2)r =0 if and only if  x=(c,...,c) for some c € R.

Proof. We use the notation from the proof of Lemma 39. By Corollary 35 and
Lemma 39,

or*(z)  op(z) 3 Vi Vk _ 7
Oz Oz <1 21: a(z) — Zl> + i(z) —z  n(z) — 2z

since Y, v;/((2) — z;) = F(2, i(z)) = 1. Further,

0% (z) 3 Vg op(z) _  ago
02,0z (A(z) —z)2 0z D«
for k # [, and
0% (z) B Vg Of(z) 1) o 047%
022 ((z) —zx)? \ Oz TS a

Thus the first assertion of the lemma is proved.
To prove the second part of the lemma, fix any 2,7 € R™ and put a = 5" o,
A £ aV?0*(z). Then

2 2
2 Ar=a E it — ( E aizi> =a? E wz? — < E wixi>

(w; £ a;/a). Since a # 0, Jensen’s inequality gives that 2’ Az > 0, and 2/ Az = 0
if and only if 1 = --- = x,;,. The lemma is proved. O

10.4. Proof of Theorem 6 (Relation between F and P)

The proof of Theorem 6 goes through several lemmas. First, in Lemma 43, the
extremality relation between P and F is established using the Primal Fenchel
duality theorem. Then the minimax equality for L (cf. (10.15)) is proved, see
Corollary 45. Proposition 47 gives a relation between the solution set S, of the
primal and the solution set S..(—¢) of the convex conjugate £* for § € Sx.
Lemma 48 provides a key for establishing the second part of Theorem 6. The
structure of the solution set S is described in Lemma 50.
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10.4.1. Eztremality relation

In the following denote by A the set {g € Ax : ¢ > 0}; note that neither the
primal nor the convex conjugate are affected by restricting to A;.

Lemma 42. Let C C Ay. Ify € C* then y + R™ C C*.

Proof. Take any y € C* and z < 0. Then, for every q € C,

(q,(y +2)) =(q,9) +(g,2) < (q,y) <0.
Thus y + z € C*. o

Lemma 43. For every convex closed set C C Ax having support X and for
every v € Ay it holds that

by =—L, and S # 0.

Proof. Write the primal problem P in the form

lr= inf  {(x), where K¢ £ {aq:q€ C,a >0}
z€ALNKC

is the convex cone generated by C'. Since C' is convex, there is ¢ € ri(C) [10,
Prop. 1.4.1(b)]. Further, X is the support of C, so there is ¢’ € C satisfying
¢’ > 0. By [10, Prop. 1.4.1(a)], ¢ £ £(q + ¢') > 0 belongs to ri(C). Further, by
[41, p. 50],

ri(K¢) = {ag : ¢ € ri(C),a > 0};

thus ¢ € 1i(K¢). Since trivially ri(A%) = {g € Ax : ¢ > 0}, it holds that
ri(A}) Nri(Ke) # 0.

Now the Primal Fenchel duality theorem [10, Prop. 7.2.1, pp. 439-440], applied
to the convex set Aj{, the convex cone K¢ and the real-valued convex function
€|A;, gives that

inf  {4(z) = sup (—¢"(—y)) =— inf £*(—y)
zeALNKC yeKE, yeC*

and that the supremum in the right-hand side is attained. That is, &, = —l,
and S # 0. O

10.4.2. Minimax equality for L
Let L: C* x AL — R be given by

L(y,q) & — (y,q) — (q) = — (y,q) + (v*,log ¢*) . (10.15)
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* +
Lemma 44. For everyy € C* and g € A%,

—l(q) ifqeC;

sup L(y,q) = £*(—y) and inf L(y,q) = {oo ifadC.

+ yeC*
qeEAT

Proof. The first equality is immediate since if ¢ € Ay \ A% then £(q) = oo.
To show the second one, realize that inf,cc+ L(y,q) = —€(q) — sup,cc- (¥, q)-
If ¢ € C then (y,q) <0 for every y € C*, and (y,q) = 0 for y = 0 € C*; hence
infyecs L(y,q) = —€(q). If ¢ € AL\ C, there is § € C* with (7, q) > 0 (use that
C is convex closed, thus C** = K" = K¢ [10, Prop. 3.1.1] and Kc NAx = C).
Since \y € C* for every A > 0,

sup (y,q) > sup A (¥, q) = oc.
yeC A>0

Thus inf,ec~ L(y, ¢) = —oc provided ¢ € AL\ C. O

Lemmas 43 and 44 immediately yield the minimax equality for L.

Corollary 45. We have

/> = inf sup L(y,q) = sup inf L(y,q) = 0.
yeC* qGA; qGA;@ yeC*

Lemma 46. For every y € R™ and q € A;,
(7,4q) is a saddle point of L <= §€ Sy and g€ Sp.

Recall that (7,q) is a saddle point of L [10, Def. 2.6.1] if, for every y € C*
and q € A},

L(y,9) < L(y,q) < L(y, ). (10.16)
Proof. This result is an immediate consequence of Corollary 45, Lemma 44, and
[10, Prop. 2.6.1]. O

10.4.3. Relation between Sp and Se.(—1)

Proposition 47. Let y € Sr. Then
SP g Scc(_?)

Proof. Take any § € S and any ¢ € Sp. By Lemma 46, (g, ) is a saddle point
of L. Hence, by (10.16),

for any ¢ € A%. Thus ¢*(—9) = L(§,§) and so § € Se.(—9). O
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10.4.4. From G» to yr

The proof of the following lemma is inspired by that of [12, Thm. 2.1].

Lemma 48. Let v € Ay and ¢% be as in Theorem 2. Then

a
Ur 2 (9%, —1P) € Sy, where 9% = V—a —1°.

P
Further, ji(—47) =1, §-LSp, and
(a) if > 4% =1 then p(—9%) = 1;
(b) if S8 <1 then i(~g%) < 1.

Proof. Take any ¢ € Sp. Then ¢ € dom(¢) and, by Lemma 30(d),

A% — g% aqa

OSE'(d,q—d)Z— Z le_ Z VlAgZ

Aa
iexe 4

= Zq?(l—lf—i>+ZQf=—<q,sz>

iexe 4 iexr

for every ¢ € C. Hence g, € C*. Further,

(4 95) = qu(ﬁ—l% D@ (=)= v"=>G=0

g iEXP

and so §-14.
We claim that
=1 if ¢ =1;
i(— %) { if >4 ; (10.17)

<1 if Y ¢* < 1.

Since 9% = (v*/¢%) — 1* > —1%, it holds that 1 > max(—9%). Moreover,

a

()= =2

Thus (10.17) follows from (10.6).
Assume that > ¢* = 1. Then ji(—g%) = 1. Since —g% = 17, a(—g-) = 1.
Theorem 5 and Lemma 43 yield

C(=9r) = L || %) = (v*,log §*) = —£(¢) = —lp = L.

Since g € C*, we have §» € S».

If > ¢ < 1 then p(—4%) < 1 by (10.17). Since —g% = 1P, again i(—7r) =
1. As before we obtain ¢*(—jj,) = —£(G) = {» and §» € S». The lemma is
proved. O
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10.4.5. Structure of S»

Lemma 49. Let ¢ be as in Theorem 2. Then
v

oD}

Proof. Take any § € S». By Propositions 47 and 36,

a

ng{gec*:ga:

p = Gec(=0) = e E
From this the result follows immediately. O
Lemma 50. Let §% be as in Lemma 48. Then
Sr={geC": §* =9z, p(-9) =1}

Proof. One inclusion follows from Lemmas 48 and 37(b). To prove the other
one, take any § € S and put u = fi(—7). Let §» be as in Lemma 48. Then
9% = g% — (u — 1) by Lemma 49. Theorem 5 yields

0="059) = (0) = (p+ L [[97) = A+ L |97)) = p— 1.
Thus =1 and §* = 9%. O

10.4.6. Proof of Theorem 6

Now we are ready to prove Theorem 6.

Proof of Theorem 6. The facts that l, = —0, and S # ) were proved in
Lemma 43. Further, the set S» is convex and closed due to the fact that the
conjugate £* is convex and closed (even continuous, see Lemma 38). To show
compactness of S it suffices to prove that it is bounded.

We already know from Lemmas 48 and 50 that §* > —1 and g > —f(—g) =
—1 for every § € Sz; thus S5 is bounded from below by —1.

Since supp C' = X, there is ¢ € C with ¢ > 0; put 8 £ ming; > 0. Take any
9 €S- and put I = {i € X : §; > 0}. Then, since § € C* and > —1,

0> () =B Gi— >, ¢ =B —1
iel JjEX\I

for every i € I. Thus § < (1/8) and so S5 is bounded, hence compact.
The rest of Theorem 6 follows from Lemmas 48 and 50. O

10.5. Proof of Theorem 16 (Relation between B and P)

First, basic properties of £} are proven. Then Lemma 52 provides a preparation
for the recession cone considerations of 5. This leads to Proposition 53 giving
the conditions of finiteness of £z. There B is seen as a primal problem and
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Theorem 29 is applied to it. The solution set Sy is described in Lemma 54.
Lemma 55 provides properties of §s € C defined via ¢z, noting that §s need
not belong to S,. Conditions equivalent to §s € S, are stated in Lemma 58. Tts
proof utilizes also Lemmas 56 and 57.

Let v € Ax be a type. Recall from Section 4.1 that the map £ : R™ — R is
for y* > —1 defined by

14 ye

Va
) =10 1) = (vlog 22 )
Since
Ca(y) = L1 +y) + (v, log v*)
for every y € R™ (where ¢ is defined on R™ by (10.3)), Lemma 30 yields the
following result.

Lemma 51. If v € Ay, then

(a) C5(y) > —o0 for every y € R™, and 5(y) < oo if and only if y* > —1; so
dom(¢y) ={y € R™: y* > —1};

(b) L5 is a proper continuous (hence closed) convex function;

(c) the restriction of €} to its domain dom(€}) is strictly convex if and only
ifv>0;

(d) €3 is differentiable on dom(£}) with the gradient given by

Ve (y) = ="/ (1 +4),07);
(e) the recession cone Ry and the constancy space Ly of € are

Rpyg ={z€R™: 2 >0},  Lg ={zeR™: 2" =0}

10.5.1. Finiteness of the BD-dual B

Lemma 52. Letv € Ay and C be a convex closed subset of Ax having support
X. Assume that C is either an H-set or a Z-set. Then there is an active letter
1 with the following property: For any v > 0 and v > 0

there is y € C*  such that y* > —v and vy =wv. (10.18)

Proof. Assume first that C' is a Z-set, that is, C*(0P) # () and there is an active
letter ¢ such that ¢ = 0 whenever g € C satisfies ¢ = 0. Fix any v > 0,v > 0,
and choose ¢ € (0,1) such that ¢ < v/(v + 2v). By compactness of C' we can
find 0 < § < € such that, for every ¢ € C, > ¢P < § implies ¢ < e. (For if not,
there is a sequence (¢(™),, in C with 3" (¢(™)P < 1/n and (¢(™)¢ > ¢ for every
n; by compactness, there is a limit point ¢ € C' of this sequence and any such ¢
satisfies " ¢? = 0 and ¢ > ¢, a contradiction.) Finally, take any w > v/¢.
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Define y € R™ by
yi =v, yj=-—yforjex*\{i}, and y}=-—wforjeca?  (10.19)

Take arbitrary ¢ € C; we are going to show that (y,q) < 0. If > ¢? < § then
¢ <eand Y ¢*>1-6>1—¢,s0

W q) =W+ =7 ¢"—wd " <(w+y)e—y(1—¢)<0

by the choice of . On the other hand, if > ¢ > § then, using ¢¢ < min{1,} ¢},

<y7Q>:Uqg*”Y(an*qf>waqp<v7w5§O

by the choice of w. Thus y € C*.

Now assume that C' is an H-set; that is, C*(0?) = (). By compactness, there
exists § > 0 such that ) ¢P > 6 for every ¢ € C. Continuing as above we obtain
that, for any v > 0,v > 0, and w > v/4, the vector y given by (10.19) belongs
to C*. |

Proposition 53. Let v € Ay and C be a convex closed subset of Ax having
support X. Then the following are equivalent:

(a) the dual B is finite;
(b) the set C is neither an H-set nor a Z-set (with respect to v).

Proof. Assume that C' is either an H-set or a Z-set. Fix any v € (0,1). Then,
by Lemma 52, for arbitrary v > 0 there is y € C* satisfying (10.18). For such y,

—li(y) + (V" logv®) > > vilog(1 — ) + v log(1 + v)
jexa\{i}
= (1 —v{)log(l —~)+ vilog(l +v).

Since 7 is fixed and v > 0 is arbitrary, £; = —oo. This proves that (a) implies
(b).
Now we show that (b) implies (a). Assume that C is neither an H-set nor
a Z-set; that is, there is ¢ € C with ¢* > 0, ¢ = 0. Put D = {¢}*. Since
Rp =D ={y:{y*q*) <0}, Lp = Dn(-D) ={y: (y* ¢ = 0} and, by
Lemma 51, Ry, = {y : y* > 0} and Lyy, = {y : y* = 0}, it follows that
Rgg NRp ZLg*BﬂLD ={y:y* =0}

Now Theorem 29 (applied to ¢} and D) implies that argminp, £} is nonempty,
hence £} is bounded from below on D. Since C* C D, (a) is established. O

10.5.2. The solution set Sy of the BD-dual

Lemma 54. Let v € Ay. Let C be a convex closed subset of Ay having sup-
port X, which is neither an H-set nor a Z-set (with respect to v). Then the
solution set Sg is nonempty, and there is g% € C** such that g > —1 and

Se ={0€C 9" = g} = {05} x C ().
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Moreover, Sg is a singleton if and only if v > 0.

Proof. The proof is analogous to that of Proposition 32. Define £:* : C** — R
by (5 (y*) £ (v, log(v®/(1 4 y*))) if y* > —1, £5*(y*) £ oo otherwise. Then
i (y) = 05%(y*) for any y € C*, hence

ls= inf £(y*) and Sy = {y eC":y*e argminéza} . (10.20)
yaec*a C*a
By Lemma 51, 3% is strictly convex, so argmin .. £3* contains at most one point.
The set C* is neither an H-set nor a Z-set, so thereis ¢ € C with ¢* > 0 and ¢? =
0. Thus, as in the proof of Proposition 53, Rz N Roe C Ryge N Rygay- = {0%}.
Since C** N dom(£%*) # (), Theorem 28 gives that argming .. £5* is nonempty,
hence a singleton; denote its unique point by ¢g. Since trivially ¢z > —1, the
first assertion of the lemma follows from (10.20). The second assertion follows
from the first one and Lemma 42. |

10.5.3. No BD-duality gap; proof of Theorem 16

The proof of the following lemma is inspired by that of [12, Thm. 2.1].

Lemma 55 (Relation between ¢ and §s). Let v € Ax. Let C be a convex
closed subset of Ay having support X, which is neither an H-set nor a Z-set
(with respect to v). Let §& be as in Lemma 54 and put

QBA< - 0”). (10.21)

1+ g2’

Then

ﬂ(—ﬂg) =1, ds € C, QBJ-SB; and E(Cjﬁ) = —lp.

Note that G need not belong to S5; for conditions equivalent to ¢z € Sy, see
Lemma 58.

Proof. Take any g = (92,4") € Ss. Then

*\/ (. AN Va(yailyg) *
0< () (g;9—79) =— Z BT for every y € C*. (10.22)
Applying (10.22) to y = 2¢ and then to y = (1/2)y (both belonging to C* since
C* is a cone) gives
oo V%5
,Y) = — = 0. 10.23
(Gs: ) = T+ 9 ( )
Now (10.22) and (10.23) yield (Gs,y) < 0 for every y € C*, that is, ¢z €
C** = K¢ (for the last equality use that C' is convex closed). Further (recall
the definition (10.5) of £),

1:ZM=Z V=)

1+9¢ 1492
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by (10.23) and (10.21). Since max(—g92) < 1, a(—g%) = 1. Moreover, §s € Ax
(use that §s > 0), and so s € (K¢ NAy) = C. Finally,

Ugs) = — (v, log 43) = —L(v" || §2) = —La(§) = —Ls.
The lemma is proved. (]

Lemma 56. Let v € Ay and C be a convex closed subset of Ay having sup-
port X. Then

Uy < 5.
Moreover, if v > 0 then by = gf,
Proof. 1t follows from Theorems 6 and 5 that
(= inf (—y)= inf L"|y*) > inf L] y?) =ls.
yeC” yeC*
a(—y)=1 a(—y)=1

Hence the inequality is proved. If v > 0 then fi(—y) = a(—y®) for every y; so,
by Lemma 55,

>
>

lg= inf L |y*) =15 O

Lemma 57. Let v € Ay, C be a convex closed subset of Ay having support X,
and ¢3 be as in Theorem 2. Assume that C is neither an H-set nor a Z-set
(with respect to v), and that 3% = 1. Then by = {5 and § 2 (1°/¢% —1, —1P)
belongs to Sz N Sx.

Proof. By Theorems 6(a) and 5, § € S, and {, = (*(—g) = L(v* || §) = £5(3).
Moreover, {_ga(1) =3 ¢% =1, so fi(—3*) = 1. Thus

) =0 and  A(-9) = p(—§*) = 1. (10.24)

Now we prove that é,g =7 ~. For v > 0 this follows from Lemma 56. In the
other case put C' £ C%(0P) = C% N Aya. This is a nonempty convex closed
set with supp(C’) = X® (use that C is neither an H-set nor a Z-set). Put
v 2% >0 and

oA /AT AN Ik AN i

= inf T = inf 07(- = inf

ls = jnf (), G S -v), ot (q),
where ¢/(¢') £ — (', logq’) is defined on Axya. Since §2 € C’ we trivially have
0, = lp. Further, C"™* D C*®. (To see this, take any y® € C*%; then there is
y? such that (y®, ¢%) + (y?,¢*) < 0 for every ¢ € C. Since (¢’,0?) € C for
any ¢’ € C', for every such ¢’ we have (y%, ¢') < 0; that is, y* € C’"*.) Hence
Uy < infyacowa I (v* || y*) = £s (for the equality see the definition (B) of £;).
By Lemma 56 and Theorem 6, ¢, = ¢/, = —¢/,, thus,

by 0= b — 0, — .

Now 5 =0 by the inequality from Lemma 56. To finish the proof it suffices to
realize that this fact and (10.24) yield ¢5(9) = {5, and so § € Se. O
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Lemma 58. Keep the assumptions and notation from Lemma 55. Then there
is no BD-duality gap, that is,

gzs = _éPa
if and only if any of the following (equivalent) conditions hold:
() 2 = i3
(b) qs € S’P;

(c) Sp ={ds}:

(d) > 4% =1;

(¢) U =3

(f) SN Ss #0;

(9) Sr=SsN{geC:p(-7) =1}

(h) (=gg) =1 for some §s € Sp;

(i) G5 > —1 for some G € Sy;

(G) £(4s) + £*(—gs) = 0 for some s € Sy (extremality relation);
() (52 —17) € C*.

Proof. We first prove that the conditions (a)-(k) are equivalent. First, Theo-
rem 2 and Lemma 55 yield that the conditions (a)—-(c) are equivalent and that
any of them implies (d). By the definitions of g% and ¢% from Theorem 6 and
Lemma 55, (a) is equivalent to (e). Theorem 6 and Lemma 54 yield that the
conditions (e)—(g) are equivalent. Since (d) implies (f) by Lemma 57, it follows
that (a)—(g) are equivalent.

Since fi(—y2) = 1 for any 95 € S by Lemmas 54 and 55, (h) is equivalent to
(i). Since S is nonempty, (g) implies (h). If (h) is true then, for some §* € Sy,

b = () = L (" | 98) = €7 (=3s) = 0>

by Theorem 5; now Lemma 56 gives that §,; € S». Hence (h) implies (f). Further,
(b), (e), and (h) imply (j) by Theorem 5 and Lemma 55. On the other hand,
the extremality relation (j) implies that s € S and that §s € Sx; that is, (j)
implies both (b) and (f). So (a)-(j) are equivalent

By Theorem 6, (e) implies (k). By Lemmas 55 and 54, (k) implies that ¢
(g%, —1P) belongs to Sy and that fi(—g) = 1; thus, (k) implies (h).

We have proved that the conditions (a)—(k) are equivalent. To finish we show
that no BD-duality gap is equivalent to the condition (b). If (b) is true (that is,
4s € Sp) then 0y = 0(Gs) = 0y by Lemma 55; hence (b) implies no BD-duality
gap. Assume now that {, = —(,. Then Lemma 55 yields (qs) = 0y =105. So
(b) is satisfied and the proof is finished. O

4L

Proof of Theorem 16. The theorem immediately follows from Proposition 53
and Lemmas 54, 55, 56 and 58. d

10.6. Proof of Theorem 19 (Active-passive dualization A, )

Proof of Theorem 19. Fix ¢P € CP with supp(C*(¢P)) = X*. Then > ¢? < 1.
Recall that k = k(¢?) = 1/(1 — >_ ¢”) and note that C*(g”) is a convex closed
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subset of {¢* € R : 3~ ¢* = 1/x}. Thus

C 2k -CP) = {Kq": ¢" € CYq")}

is a convex closed subset of Aya. with supp(C) = X?. Put # £ v%, and de-

note by P and S% the primal problem and its solution set for minimizing
0§) & —(p,logq) = £(G/k,q?) — logk over C. Then S is a singleton {Gz}
by Theorem 2, and Sz = kS5(¢P); hence

() = v 5. (10.25)

Consider now the BD-dual B to P. First, :(y) = L(7| §) and, by Corol-
lary 17,

. . 7
Sz ={Us} U= —— 1. (10.26)
ds
Further, C' = [C%(¢”)]* by the definition of the polar cone. The fact that
Lo(v*||y") = Li(v® | k™ 1y*) — (v, log k) = (% (k™'y") — log k now implies that
Ss(gP) = kSg. That is,

Ss(q”) ={9g},  where §i(¢") = Kz (10.27)
Finally, (10.25), (10.26), and (10.27) yield (5.1). The rest follows from (5.1) and
Corollary 17. O

10.7. Proof of Theorem 20 (Perturbed primal Ps — the general case,
epi-convergence)

We start with some notation, which will be used also in Section 10.8. Then we

embark on proving the epi-convergence of perturbed primal problems.

10.7.1. Perturbed primal Ps — notation

Fix any v € Ax. Recall that m,, m, denote the cardinalities of X%, XP. For
every ¢ > 0 take v(J) € Ay such that (6.1) is true; that is,

v(6) >0 and gl\l"% v(d) = .
Recall also the definitions of £5, /(8), S (8) from (Ps) and the fact that (cf. (6.2))
Sp(6) = {4 ()} for 6 > 0.

The maps ¢¢,£§ : R™ — R are defined by (see Section 6)

) 2 0(x) Tf:cea and © ) 2 l5(x) }fCUEC,
oo ifxgC, 00 ifegC.
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10.7.2. Epi—convergence

For the definition of epi-convergence, see [42, Chap. 7]. We will use [42, Ex. 7.3,
p. 242] stating that, for every sequence (g,)n, of maps g, : R™ — R and for
every x € R™,
-liminf = lim liminf inf !
(e-liminf g, )(z) = lim limin vont gn(2"), 028,
(e-limsup g,)(x) = lim limsup inf g, (2), '
n e=>0+ nooco 2’'€B(we)
where B(z,¢) is the closed ball with the center x and radius e. If e-liminf,, g, =
e-limsup,, g, = g, we say that the sequence (g,), epi-converges to g and we
write e-lim, g, = g. For a system (gs)s>o of maps indexed by real numbers
0 > 0, we say that (gs)s epi-converges to g for § \, 0 and we write e-lims g5 = g,
provided e-lim,, g5, = g for every sequence (d,,), decreasing to zero.
Before proving the epi-convergence of E(SC to €€, two simple lemmas are pre-
sented.

Lemma 59. Let C be a convezx closed subset of Ax with supp(C) = X. Then
there exists a positive real B such that

Gr(v) > v for every ve Ay,v >0,

where, for v >0, §»(v) denotes the unique point of Sp(v).

Proof. Fix some g > 0 from C and put § = min; ¢;. For any v > 0 and § = ¢, (v)
we have ¢ > 0; so, by Lemma 30(d), ¢, is differentiable at ¢ and the directional
derivative ¢,,(G;q — ¢) = — > ,cx[vi(¢i — Gi)/ds] is nonnegative. Thus, by the
choice of S,
0> 1l g5l
iex i 4
for every j. From this the lemma follows. O
Lemma 60. Fix 8 > 0 and take the map
F:D =R, F(v,q) 2 0,(q) = — (v,log q)
defined on
D2{(rq) €Ay x C1q> pr}.
Then F is continuous on D.

Proof. Take any sequence (", q"),, from D such that v — v, ¢" — ¢. Then
q > Pv. The sum ZWQO v log ¢l converges to > v; log q;. Further, for
every i such that v; =0,

:v; >0

0> vl log gl > v log(Bv})

(which is true also in the case when v]* = 0) and the right-hand side converges
to zero. Hence lim,, F(v™,¢") = F (v, ¢) and the lemma is proved. O
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Note that F' need not be continuous on A y x C. For example, take X = {0, 1},
C={(0,1)},v"=(1/n,1—(1/n)) converging to v = (0,1), and ¢" = ¢ = (0,1).
Then (v™,¢") — (v,q), but F(v™,¢") = co does not converge to F(v,q) = 0.

Lemma 61. Let C be a convex closed subset of Ax with supp(C) = X. Then
the maps ﬁéc epi-converge to (€, that is,

e-lim Zgj = ¢°.
50

Proof. Take any sequence (d,), decreasing to 0. To prove that e-lim,, Eg’l =/
we use (10.28). Take z € R™, € > 0, and put

\ 2 inf (§(y)= inf ¢ .
Un(z,€) jomf 5. (Y) L 5. (Y)

If & C then, since C'is closed, ¢, (z, &) = oo provided ¢ is small enough; hence
lim, lim,, ¥, (7, ) = o0 = £%(z).
Assume now that € C. Then, by the monotonicity of the logarithm,

Un(x,€) € [Us, (x + ), L5, (x)].

If z >0 and 0 < & < min; 2, then lim, £s, (z) = £°(x) and lim,, {5, (z +¢) =
(% (z + ¢), so continuity of £ at z easily gives that lim, lim,, ¥, (z,&) = ¢“(z). If
there is i € X% with ¢ = 0, then ¢“(z) = oo and lim, lim,,(—v(5, )¢ log(x¢ +
g)) = —v@ lim. loge = oo, so again lim, lim,, ¥, (z,¢) = £ ().

Finally, assume that © € C is such that z* > 0 and there is i € AP with
z¥ = 0. By Theorem 2 (applied to v(d,,) > 0 and to the nonempty convex closed
subset C N B(z,¢) of Ay), for every n there is unique &, . > 0 from CN B(x,¢)
such that

1/)n(177 5) = gén (in,e)~
Moreover, by Lemma 59 there is 8 > 0 such that

Fne > Pr(0p) for every n. (10.29)

Take any convergent subsequence of (2, ¢)n, denoted again by (2, )n, and let
Ze € C'N B(x,e) denote its limit. Then, by (10.29) and Lemma 60, £5, (Zy,.c)
converges to £(Z.). Hence all cluster points of (¢, (z,€)), belong to £(C N
B(z,¢)). Since £ is continuous, lim. ¢(C' N B(x,¢)) = {¢(x)}. This implies that
e-lim,, Zéc; (z) = ¢¢(x) and the lemma is proved. O

Lemma 62. Let supp(C) = X. Then

lim £ (8) = ¢ d  lim inf d(Gs(9),d») = 0.

lim »(0)=1Llp  an lim inf (4»(6),4»)

Proof. Take any (6,), decreasing to 0. Since (fgcn)n epi-converges to £€ and /,,
is finite, the result follows from [42, Thm. 7.1, p. 264] (in part (a) take B £ C;
use that 5 (d,) = minﬁécn and that £, = min ¢¢). O
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The lemma states that every cluster point of a sequence (G, (dy,,)), of solutions
of the perturbed primal problems Ps_ (4, N\ 0) is a solution of the (unperturbed)
primal P. Of course, not every solution of P can be obtained as a cluster point
of a sequence of perturbed solutions. For example, it is shown in the following
section that if (v(§))s satisfies the regularity condition (6.3), then the perturbed
solutions converge to a unique solution of P, regardless of whether S, is a
singleton.

Proof of Theorem 20. The first part of Theorem 20 was shown in Lemmas 61
and 62. The second part on the convergence of active coordinates then follows
from Theorem 2. O

10.8. Proof of Theorem 21 (Perturbed primal Ps — the linear case,
pointwise convergence)

Let a model C be given by finitely many linear constraints (2.3), that is,
C={geAx: (qupy=0for h=1,... 1},

where up, (h=1,...,7) are fixed vectors from R™. Let a type v € Ay be given
and let X* and X? be the sets of active and passive coordinates with respect to
v.

Assume that perturbed types v(d) (6 € (0,1)) are such that the conditions
(6.1) and (6.3) are true (with v replaced by »); that is, v : (0,1) — Ay is
continuously differentiable,

v(d) >0, %1{12) v(0) =7,

and there is a constant ¢ > 0 such that, for every i € XP,

vi(6)
> jexr Vj ()
The aim of this section is to prove that, under these conditions, solutions ¢ (d)

of the perturbed primal problems Ps converge to a solution of the unperturbed
primal P; that is,

19,(6)] < ¢9:(5),  where ¥;(6) 2

lim ¢ ists longs .
lim G (&) exists and belongs to S,

10.8.1. Outline of the proof

The proof is based on the following ‘passive-active’ reformulation of the per-
turbed primal problem

min ¢ = min  min £5(q¢%, ¢");
qeC s(4) q*€C* qveCP(q%) o(a",4")
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hence, the passive projection @5 () of the optimal solution ¢, () is
@p(0) = argmin (5(¢z(0),q")
qreCP (3% (9))
(recall that C* = 7%(C') is the projection of C' onto the active coordinates and,
for ¢* € C? that C?P(¢*) = {¢¥ > 0 : (¢°,¢?) € C} is the ¢%slice of C).
Employing the implicit function theorem, it is then shown that the passive
projections ¢&(d) can be obtained from the active ones ¢%(8) via a uniformly
continuous map ¢. Since ¢%(9) converges by Theorem 20, the uniform continuity
of o ensures that also ¢5(d) converges.
The above argument is implemented in the following steps:

1. Assume that S, is not a singleton, the other case being trivial. Then the
linear constraints (2.3) defining C' can be rewritten into a parametric form

¢ = AN+ Bq¢* +¢ (¢ € C* X e A(¢Y))

(see Lemma 63). There, A is an m, x s matrix of rank s, B is an m, x mq
matrix, ¢ € R™»  none of A, B,c depends on ¢%, and the (polyhedral)
closed subset A(g®) of R?® is defined by

Alg) 2 {NeR*: AN+ Bg*+c >0}
2. Define an open bounded polyhedral set G C R1T™a*ts by
G = {(,7,y) € (0,1) x R™ xR* : 2 > 0, Ay + Bx +¢ > 0}; (10.30)

there x stands for ¢ and y stands for A, for brevity. Let Z denote the
projection of G onto the first (1+m,) coordinates. For z = (4, z) € Z put
G(z) 2 {yeR®: Ay + Bz +c¢ >0},
_( ) N {y Y ) (10.31)
G(z) £{y € R°: Ay + Bz + ¢ > 0}.

In Lemma 65, it is proven that, for every z = (6, x) € Z, the map
GG R ) 2= 3 00 log({aiy) + (Bin) + i)
icXxp

(where a; and f8; denote the i-th rows of A and B, respectively) has a
unique minimizer ¢(z) € G(z).

3. Since p(z) is also a local minimum of 1), it satisfies F'(z, p(z)) = 0, where
F: G — R® is given by

F(z,y) £ =Vi.(y). (10.32)

Using the implicit function theorem and an algebraic result (Proposi-
tion 68), it is shown that ¢ : Z — R® is uniformly continuous (see

Lemma 70).
4. Finally, in Lemma 71, it is demonstrated that, for every § > 0,

(0,42(0) € 2 and  G5(0) = Ap(4,4z(5)) + B (9) +c.

This fact, together with the convergence of ¢%(0) and the uniform conti-
nuity of ¢, implies the convergence of ¢5 (), and thus proves Theorem 21.
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10.8.2. Parametric expression for q* € CP(q%)

Let C be given by (2.3). Denote by U? the (r + 1) x m,, matrix whose first r
rows are equal to u}, (the passive projections of up, h = 1,...,7), and the last
row is a vector of 1’s; analogously define U® using the active projections uf of
up,. Let b € R™! be such that b; = 0 for i < r and b,; = 1. Then

C={(¢",¢")>0: UPg? = -U"q" +b}. (10.33)

Let VP (of dimension m, x (r + 1)) be the Moore-Penrose inverse of U?. By [23,
p. 5-12], (10.33) can be written in the following form

C={(¢%q¢*)>0: ¢* =1 —-VPUP)y+ Bq® + ¢ for some v € R™},
where I denotes the m, x m, identity matrix,
B £ _yrye and c 2 VPh.
Put s £ rank(I — VPUP).

If s =0 then (I — VPUP) = 0 and ¢P uniquely depends on ¢%. That is, for
every ¢* € C?, the set CP(q%) is a singleton. By Theorems 2 and 20, also S,
is a singleton and ¢ (J) converges to the unique member of Sz; so in this case
Theorem 21 is proved.

Hereafter, we assume that s > 1 and, without loss of generality, that the first
s columns of (I — VPUP) are linearly independent. Put

AE(I-VPUP){L,...,m,},{1,...,s}]
(the submatrix of entries that lie in the first m,, rows and the first s columns).
Since {(I — VPUP)y : v € R™»} equals {AX : A € R®}, the next lemma follows.

Lemma 63. Let C be given by (2.3) and UP, VP be as above. Assume that
VPUP # I. Then there are s > 1, an my, X s matriz A of rank s, an mp X mg
matriz B, and a vector ¢ € R™ such that

C={(¢" L(g",N): ¢" € C*, A e A(¢")}.
There,
L(g",\) = AN+ Bq" + ¢
and
A(g*) 2 A eR*: L(¢", \) > 0}

s a monempty closed polyhedral subset of R®.

Note that, for A # X, L(q*, \) # L(q%, \’) since A has full column rank.

Keep the notation from Lemma 63. Write = for ¢%, y for A\, and define G C

RIFmats by (10.30). Let m : G — (0,1) x R™= be the natural projection
mapping (4, z,y) onto (§,x). Put

Z é 7T1(G)
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and, for z = (6,7) € Z, define G(z), G(z) by (10.31). Since G(z) is the z-slice of
G,
G={(zy):z€Z,yeCG(2)}

Note also that, by Lemma 63,

A(g") = G(,9"),
CP(¢") = AG(8,9%) + Bq" +¢, (10.34)
{¢" € CP(¢%) : ¢" > 0} = AG(0,¢") + Bq* + <,

for every ¢ € C*, ¢* > 0, and every 6 € (0,1). Moreover,
{¢geC:q>0}={(z,Ay+ Bz +c¢): (0,z,y) € Gfor § € (0,1)}. (10.35)

Lemma 64. The following are true:

(a) G is a nonempty open bounded polyhedral set;

(b) Z is a nonempty open bounded set;

(c) G(z) (G(z)) is a nonempty open (closed) bounded polyhedral set for every
z€Z.

Proof. (a) The fact that G is open and polyhedral is immediate from (10.30). It
is nonempty since (4, q) € G for every § € (0,1) and every g € C such that ¢ > 0
(such ¢ exists since C' has support X'). To finish the proof of (a) it remains to
show that G is bounded. Since A has full column rank, (10.34) and [23, p. 5-12]
yield

G(6,q*) = {AT(¢" — Bq" —¢) : ¢" € C?(¢*),q" > 0}
C AT[0,1]™ — AT (Bg" + ¢),

where A* is the Moore-Penrose inverse of A. Thus G is bounded.
(b) Since Z is the natural projection of G, it is open, bounded and nonempty.
(c) Boundedness follows from (a); the rest is trivial. O

10.8.3. Global minima of the maps 1, (z € Z)
Fix z = (§,x) € Z and define a map ¥, : G(z) — R by

Vay) £ = Y Oid)logdi(z,y),  di(z,y) £ (ai,y) + (Bi,@) + ¢ (10.36)

1EXP

(the convention log0 = —oo applies), where «; and ; denote the i-th rows of
A and B, respectively. Since 1), is differentiable on G(z), we can define a map
F : G — R® by (10.32); that is,

a; ﬁl 1)

for h=1,...,s and (4,2,y) € G.
i€XP
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Easy computation gives (recall that v(-), hence also 9(-), is differentiable)

aF_ ’ 13 8_F__ / a_F__ /
o5 = 4B, 5 = ~A'DB, = A'DA, (10.37)

where A’ is the transpose of A, and D = D(4,z,y), E = E(4,z,y) are given by

. 9:(9) )mp A L ( 95(8) )m"
D £ dia < and F = dia ! . 10.38
8 d?(%y) i=1 & di(x,y) i=1 ( )

Lemma 65. For every z € Z there is a unique minimizer p(z) € G(z) of ¥,

argmin ), = {¢(2)}.
G(2)

Proof. Let z = (6,z) € Z. Since G(z) is compact (Lemma 64) and ¢, : G(z) —
R is continuous, argmin ), is nonempty. If y € G(z) \ G(z) then there is 1 <
i < m,, such that d;(z,y) = 0 and so ¥, (y) = co. Hence argmin, C G(z). The

map v, is strictly convex on G(z) (use [10, Prop. 1.2.6(b)] and the fact that, by
(10.37), V%, = A’DA is positive definite). Hence the minimum is unique. [J

Since G(z) is open for every z, the necessary condition for optimality gives
the following result.

Lemma 66. Let ¢ : Z — R® be as in Lemma 65. Then, for every (z,y) € G,

F(z,y)=0 if and only if y = p(2).

Since F' is continuously differentiable and 0F /0y = —A’ DA is always regular,
the local implicit function theorem [10, Prop. 1.1.14] and (10.37) immediately
imply the next lemma.

Lemma 67. The map ¢ : Z — R?® is continuously differentiable and, for every
z=(0,x) € Z,

92 _ (DA 'AEY  and 22— _(WDA)'ADB

o) ox ’
where D = D(z,¢(2)), E = E(z,¢(2)) are given by (10.38).

In the next section an algebraic result (Proposition 68) implying that ¢ is
Lipschitz on Z (Lemma 70) is proven.

10.8.4. Boundedness of (A’DA)~*A'D

Let || - || denote the spectral matrix norm [23, p. 37-4], that is, the matrix norm
induced by the Euclidean vector norm, which is also denoted by || - ||. If A is a
matrix, A’ denotes its transpose. The following result must be known, but the
authors are not able to give a reference for it.
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Proposition 68. Let 1 < s < m and A be an m x s matriz with full column
rank rank(A) = s. Then there is o > 0 such that

[(A’DA)Y*A'D| <o

for every m x m-diagonal matrix D with positive entries on the diagonal.

Before proving this proposition we give a formula for the inverse of A’DA,
which is a simple consequence of the Cauchy-Binet formula; cf. [23, p. 4-4]. To
this end some notation is needed. If C' is an m x k matrix and H C {1,...,m},
K C{1,...,k} are nonempty, by C[H, K] we denote the submatrix of C of en-
tries that lie in the rows of C indexed by H and the columns indexed by K. Cg,
W, 0l and Cg) are shorthands for C[H,{1,...,k}], C[{1,....,m}, {5},
C{i}e, {j}°], and C[H,{j}], respectively (there, K¢ means the complement of
K). For | < m, Hy,, denotes the system of all subsets of {1,...,m} of cardi-
nality [. Finally, if (x;);ez is an indexed system of numbers and I C 7 is finite,

put
Xy £ le

€T
Lemma 69. Let 1 < s <m, A be an m x s matriz with full rank rank(A) = s,
and D = diag(ds,...,dn,) be a diagonal matriz with every d; > 0. Put

M 2 A'DA.

Then M is regular and the following are true:

(a) det(M) =3 peqy A3 >0,
(b) det(M*"F)) = Zleﬂm.kl diR; p R for every 1 < h,k <s,

(¢) M~ = (chi)fper

where Ry £ det(Ap), Ny = det (Agh)), and cp, 2 (=1)M* det(MPF)) )/
det(M) for every H € Hiy s, I € Hups—1, and hyk € {1,...,s}.

Proof. Put A £ DA = (d;a;j)j. By the Cauchy-Binet formula,

det(A’A) = Y det(Ap)det(Ap) = Y  duRNy

HeHm,s HeHm,s

thus (a) and the regularity of M are proved. Also the property (b) immediately
follows from the Cauchy-Binet formula, since M%) = (AM) A% Finally, (c)
follows from the formula M~ = (1/det(M)) adj M, where adj M is the adjugate
of M, and the fact that M is symmetric. O

Proof of Proposition 68. The proof is by induction on m. If m = s then A is a
regular square matrix and (A’DA)~1A’D = A~1, so it suffices toput ¢ = || A71|.
Assume that m > s and that the assertion is true for every matrix A of type
m x s. Take any (m + 1) x s matrix A of rank s and any diagonal matrix
D = diag(dy,...,dm,8) with d; > 0,6 > 0. Since ||(A"(§D)A)~1A"(6D)| =



Multinomial and empirical likelihood 2607

[(A’DA)~'A'D|| for any 6 > 0, we may assume that § > 1 and d; > 1 for every
i. Put D £ diag(dy,...,d,,) and write A in the form

()

with A being an m X s matrix and a € R*. Without loss of generality assume
that rank(A) = s. By the induction hypothesis, there is a constant ¢ > 0 not
depending on D such that |[(A’'DA)~'A'D| < 0.

An easy computation gives

A'DA = M + dac, where M £ A'DA.
By the Sherman-Morrison formula [23, p. 14-15], for any u,v € R?, it holds that

(M + U/U/)_l = M_l — ﬁM_lule_l.
v u

Hence

S 5
/ -1 _ -1 _ 1 rag—1 A
(ADA) ' =M — M 'ad/M (g Ty _1a>

and
(ADA)YA'D = (M*A'D — <M 'ad’ M~ A'D, <M~ 'a).

To finish the proof it suffices to show that ||M ~1a|| is bounded by a constant o’
not depending on D, . (Indeed, if this is true then the norm of (fl’f);l)_lfl’[)
is bounded from above by (o + o’||a||o) + ¢'; it follows from the matrix norm
triangle inequality applied to (E,F) = (F,0sx1) + (Osxm, F'), and from the
matrix norm consistency property; cf. [23, p. 37-4].)

If « = 0, then ¢M~'a = 0, so one can take ¢/ = 0. Assume now that
a = (ap)p # 0. Using the notation from Lemma 69,

M ta = E ChikOh Ok
k=1
Yt
= E E tranardNy p N g
det

hk 1I€EHm,s—1

S

1
= T d]€2, where €1 & (—1)kakN17k.
o, g " >
On the other hand,
(M_la)h = Zchkak

- Z Z — D)Mo d Ry Ry g

k 1I1eHm, s—1

= (_1)h Z drerR
det(M) I=IR LR
IeHm,s—1
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Thus, the h-th coordinate of v £ ¢M '« satisfies

drer®y

lun| = -
IG%sl 5 dEt(M) + ZJEHm,,s—l dJE?/
< Z drlerNyp,
= i
IcHm,s—1 5 det(M) + ZJEHm,s—1 dJ{-j%
drlerRypl
S Y TaphiaZ
[€Hm o 0 €7

< 3 [Renl

IeHm,s—1,e17#0 ‘EI|

This proves that the absolute value of every coordinate of v = ¢M !« is bounded
from above by a constant not depending on D, §. It finishes the proof of Propo-
sition 68. O

10.8.5. Lipschitz property of ¢

The result of the previous section and Lemma 67 yield that ¢ is Lipschitz, hence
uniformly continuous on Z.

Lemma 70. The map ¢ : Z — R® is Lipschitz on Z. Consequently, there exists
a continuous extension @ : Z — R® of ¢ to the closure Z of Z.

Proof. By (6.3), the norm of D™'E = diag(d;(z, y)9,(5)/9:(5));%, is bounded
from above by a constant not depending on z = (§,x) and y (use that 0 < d; <1
by (10.35)). Thus, by Proposition 68 and Lemma 67, ¢ has bounded derivative
on Z. Now the Lipschitz property of ¢ follows from the mean value theorem. [

10.8.6. Proof of Theorem 21

The following lemma demonstrates that, for § > 0, the passive projection ¢5(9)
of the solution of P can be expressed via ¢ and the active projection ¢%(d).

Lemma 71. Let C be given by (2.3) and A, B,c be given by Lemma 63. Let
(v(6))se(o0,1) satisfy (6.1) and (6.3). Then, for every é > 0,

0,4z(0)) € 2 and  §3(0) = Ap(4,4(9)) + B (0) + c.

Proof. Fix any 6 > 0 and put # = ¢%(8), 2 £ (6,x). Let § € A(z) be such
that ¢5(8) = Aj + Bz + ¢ (note that § is unique since A has full column rank;
see Lemma 63). Then z € Z since (6, ,9) belongs to G (use that ¢h(5) > 0).
Further, G(z) is a subset of A(z) by (10.34), and ¢s(x, Ay + Bz + ¢) = oo for
every y € A(z) \ G(z) (indeed, for such y some coordinate of Ay + Bx + c¢ is
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zero). Thus § € G(z) and, by (10.36) and (6.3),

9 = argmin {s(z, Ay + Bx + ¢)

y€G(z)
= argmin | — Z v;(6)logd;(z,y)
yeG(z) icxP
— argmin . (y).
yeG(z)
Hence, by Lemma 65, § = ¢(z) and so ¢ (8) = Ap(z) + Bz + c. O

Proof of Theorem 21. Let @ : Z — R* denote the continuous extension of ¢ to
the closure Z of Z (see Lemma 70). By Theorem 20, lims o §%(8) exists and
equals the unique member ¢% of Sp. Since (4,G%(0)) € Z for every § > 0 (see
Lemma 71), (0,4%) belongs to Z. Thus, by Lemma 71,

= lim (Ap(9,45(9)) + BGp(9) + ¢)

= Ap(0,43) + By +c.

1 AP
lim gz, (9)

This proves convergence of ¢4 (8). Now, by Theorem 20, Theorem 21 follows. [

Acknowledgements

Substantive feedback from Sanjay Chaudhuri, Bing-yi Jing, Jana Majerova,
Long Nguyen, and Danny Pfeffermann is gratefully acknowledged. The thanks
extend to a two anonymous reviewers and an Associate Editor. This research
is an outgrowth of the project “SPAMIA”, MS SR-3709/2010-11, supported by
the Ministry of Education, Science, Research and Sport of the Slovak Republic,
under the heading of the state budget support for research and development.
The first author acknowledges support from VEGA 2/0038/12, APVV-0096-
10, VEGA 2/0047/15, CZ.1.07/2.3.00/20.0170 grants and by “Biomedical Cen-
ter Martin”, ITMS code 262202220187, co-financed from EU sources. The sec-
ond author acknowledges support from VEGA 1/0786/15 and APVV-15-0439
grants. Research was partially completed while Marian Grendéar was visiting the
Institute for Mathematical Sciences, National University of Singapore in 2016.

Supplementary Material

R code and data to reproduce the numerical examples
(doi: 10.1214/17-EJS1294SUPP; .zip).

References

[1] AGrESTI, A. (2002). Categorical data analysis, Second ed. Wiley-
Interscience [John Wiley & Sons], New York. MR1914507


http://dx.doi.org/10.1214/17-EJS1294SUPP
http://www.ams.org/mathscinet-getitem?mr=1914507

2610

2]

M. Grenddr and V. Spitalsky

AGrESTI, A. and CouLL, B. A. (2002). The analysis of contingency ta-
bles under inequality constraints. J. Statist. Plann. Inference 107 45-73.
MR1927754

AITCHISON, J. (1986). The statistical analysis of compositional data. Chap-
man & Hall, London. MR865647

ArrcHISON, J. and SILVEY, S. D. (1958). Maximum-likelihood estima-
tion of parameters subject to restraints. Ann. Math. Statist. 29 813-828.
MR0094873

ANAYA-IzQUIERDO, K., CRITCHLEY, F., MARrrioTT, P. and
Vos, P. W. Computational information geometry: theory and prac-
tice. arxiv:1209.1988.

BAKER, R., CLARKE, M. and LANE, P. (1985). Zero entries in contingency
tables. Comput. Statist. Data Anal. 3 33-45.

BavLaBpaoul, F. and JANKowskI, H. (2016). Maximum likelihood esti-
mation of a unimodal probability mass function. Stat. Sin. 26 1061-1086.
MR3559943

BERGsMA, W., CROON, M. and VAN DER ARK, L. A. (2012). The empty
set and zero likelihood problems in maximum empirical likelihood estima-
tion. Electron. J. Stat. 6 2356-2361. MR3020267

BerasMA, W., CROON, M. A. and HAGENAARS, J. A. (2009). Marginal
models. Springer.

BERTSEKAS, D. P. (2003). Convex analysis and optimization. Athena
Scientific, Belmont, MA With Angelia Nedi¢ and Asuman E. Ozdaglar.
MR2184037

Bisuop, Y. M. M., FIENBERG, S. E. and HoLLAND, P. W. (1975).
Discrete multivariate analysis: theory and practice. The MIT Press, Cam-
bridge, Mass.-London With the collaboration of Richard J. Light and Fred-
erick Mosteller. MR0381130

EL BarMI, H. and DYKSTRA, R. L. (1994). Restricted multinomial max-
imum likelihood estimation based upon Fenchel duality. Statist. Probab.
Lett. 21 121-130. MR1309885

EL BAarMI, H. and DYKSTRA, R. L. (1998). Maximum likelihood estimates
via duality for log-convex models when cell probabilities are subject to
convex constraints. Ann. Statist. 26 1878-1893. MR1673282

FIENBERG, S. E. and RINALDO, A. (2012). Maximum likelihood estimation
in log-linear models. Ann. Statist. 40 996-1023. MR2985941

F1sHER, R. A. (1925). Theory of statistical estimation. Math. Proc. Cam-
bridge Philos. Soc. 22 700-725.

GEYER, C. J. (2009). Likelihood inference in exponential families and di-
rections of recession. Electron. J. Stat. 3 259-289. MR2495839
GHALANOS, A. and THEUSSL, S. (2012). Rsolnp: general non-linear opti-
mization using augmented Lagrange multiplier method. R package version
1.14.

GOKHALE, D. V. (1973). Iterative maximum likelihood estimation for dis-
crete distributions. Sankhya Ser. B 35 293-298. MR0415851


http://www.ams.org/mathscinet-getitem?mr=1927754
http://www.ams.org/mathscinet-getitem?mr=865647
http://www.ams.org/mathscinet-getitem?mr=0094873
http://arxiv.org/abs/1209.1988
http://www.ams.org/mathscinet-getitem?mr=3559943
http://www.ams.org/mathscinet-getitem?mr=3020267
http://www.ams.org/mathscinet-getitem?mr=2184037
http://www.ams.org/mathscinet-getitem?mr=0381130
http://www.ams.org/mathscinet-getitem?mr=1309885
http://www.ams.org/mathscinet-getitem?mr=1673282
http://www.ams.org/mathscinet-getitem?mr=2985941
http://www.ams.org/mathscinet-getitem?mr=2495839
http://www.ams.org/mathscinet-getitem?mr=0415851

[19]

[20]

[38]

Multinomial and empirical likelihood 2611

GRENDAR, M. and JUDGE, G. (2009). Empty set problem of maximum
empirical likelihood methods. Electron. J. Stat. 3 1542-1555. MR2578837
GRENDAR, M. and SPITALSKY, V. (2014). Supplement to “Multinomial
and empirical likelihood under convex constraints: directions of recession,
Fenchel duality, the PP algorithm”. DOI: 10.1214/17-EJS1294SUPP
HABER, M. (1985). Maximum likelihood methods for linear and log-linear
models in categorical data. Comput. Statist. Data Anal. 3 1-10. MR812132
HaLL, P. and PRESNELL, B. (1999). Intentionally biased bootstrap meth-
ods. J. R. Stat. Soc. Ser. B Stat. Methodol. 61 143-158. MR1664116
HOGBEN, L., ed. (2007). Handbook of linear algebra. Discrete Mathematics
and Its Applications (Boca Raton). Chapman & Hall/CRC, Boca Raton,
FL. MR2279160

IrRELAND, C. T., Ku, H. H. and KULLBACK, S. (1969). Symmetry and
marginal homogeneity of an r xr contingency table. J. Amer. Statist. Assoc.
64 1323-1341. MR0251877

IRELAND, C. T. and KULLBACK, S. (1968). Contingency tables with given
marginals. Biometrika 55 179-188. MR0229329

KALL, P. (1986). Approximation to optimization problems: an elementary
review. Math. Oper. Res. 11 9-18. MR830103

KERRIDGE, D. F. (1961). Inaccuracy and inference. J. Roy. Statist. Soc.
Ser. B 23 184-194. MR0123375

Krotz, J. H. (1978). Testing a linear constraint for multinomial cell fre-
quencies and disease screening. Ann. Statist. 6 904-909. MR0494636
LANG, J. B. (2004). Multinomial-Poisson homogeneous models for contin-
gency tables. Ann. Statist. 32 340-383. MR2051011

LinDsAy, B. G. (1995). Mixture models: theory, geometry and applica-
tions. In NSF-CBMS regional conference series in probability and statistics
i-163.

LiNDSEY, J. K. (1996). Parametric statistical inference. The Clarendon
Press, Oxford University Press, New York. MR1420412

LirTLe, R. J. and Wu, M.-M. (1991). Models for contingency tables
with known margins when target and sampled populations differ. J. Amer.
Statist. Assoc. 86 87-95.

MADANSKY, A. (1963). Tests of homogeneity for correlated samples. J.
Amer. Statist. Assoc. 58 97-119. MR0149613

OWEN, A. B. (1988). Empirical likelihood ratio confidence intervals for a
single functional. Biometrika 75 237-249. MR946049

OWEN, A. B. (2001). Empirical likelihood. Chapman & Hall/CRC.

PeELz, W. and Goob, 1. J. (1986). Estimating probabilities from contin-
gency tables when the marginal probabilities are known, by using additive
objective functions. Statistician 35 45-50.

PrrMmaN, E. J. G. (1979). Some basic theory for statistical inference. Chap-
man and Hall, London; A Halsted Press Book, John Wiley & Sons, New
York. MR549771

QIN, J. and LAWLESS, J. (1994). Empirical likelihood and general estimat-
ing equations. Ann. Statist. 22 300-325. MR1272085


http://www.ams.org/mathscinet-getitem?mr=2578837
http://dx.doi.org/10.1214/17-EJS1294SUPP
http://www.ams.org/mathscinet-getitem?mr=812132
http://www.ams.org/mathscinet-getitem?mr=1664116
http://www.ams.org/mathscinet-getitem?mr=2279160
http://www.ams.org/mathscinet-getitem?mr=0251877
http://www.ams.org/mathscinet-getitem?mr=0229329
http://www.ams.org/mathscinet-getitem?mr=830103
http://www.ams.org/mathscinet-getitem?mr=0123375
http://www.ams.org/mathscinet-getitem?mr=0494636
http://www.ams.org/mathscinet-getitem?mr=2051011
http://www.ams.org/mathscinet-getitem?mr=1420412
http://www.ams.org/mathscinet-getitem?mr=0149613
http://www.ams.org/mathscinet-getitem?mr=946049
http://www.ams.org/mathscinet-getitem?mr=549771
http://www.ams.org/mathscinet-getitem?mr=1272085

2612
[39]
[40]
[41]
[42]

[43]

M. Grenddr and V. Spitalsky

R-CoRE-TEAM (2012). R: a language and environment for statistical com-
puting R Foundation for Statistical Computing, Vienna, Austria.
ROCKAFELLAR, R. T. (1974). Conjugate duality and optimization. Society
for Industrial and Applied Mathematics, Philadelphia, Pa. MR0373611
ROCKAFELLAR, R. T. (1997). Convex analysis. Princeton University Press,
Princeton, NJ. MR 1451876

ROCKAFELLAR, R. T. and WETs, R. J. B. (1998). Variational analysis
317. Springer-Verlag, Berlin. MR1491362

SHARMA, P., Hawes, R. H., BansaL, A., GuptA, N., CURVERS, W.,
RastoGi, A., SINGH, M., HALL, M., MATHUR, S. C., WANI, S. B.
et al. (2013). Standard endoscopy with random biopsies versus narrow band
imaging targeted biopsies in Barrett’s oesophagus: a prospective, interna-
tional, randomised controlled trial. Gut 62 15-21.

SILVEY, S. D. (1959). The Lagrangian multiplier test. Ann. Math. Statist.
30 389-407. MR0104307

SMITH, J. H. (1947). Estimation of linear functions of cell proportions.
Ann. Math. Statist. 18 231-254. MR0020760

STIRLING, W. D. (1986). Testing linear hypotheses in contingency tables
with zero cell counts. Comput. Statist. Data Anal. 4 1-13. MR2240855
WETs, R. J. B. (1999). Statistical estimation from an optimization view-
point. Ann. Oper. Res. 85 79-101. MR 1685588

YE, Y. (1987). Interior algorithms for linear, quadratic, and linearly con-
strained non-linear programming PhD thesis, Department of ESS, Stanford
University.

ZHANG, B. (1999). Bootstrapping with auxiliary information. Canad. J.
Statist. 27 237-249. MR1704411

ZHANG, Z. (2009). Interpreting statistical evidence with empirical likeli-
hood functions. Biom. J. 51 710-720. MR2744088


http://www.ams.org/mathscinet-getitem?mr=0373611
http://www.ams.org/mathscinet-getitem?mr=1451876
http://www.ams.org/mathscinet-getitem?mr=1491362
http://www.ams.org/mathscinet-getitem?mr=0104307
http://www.ams.org/mathscinet-getitem?mr=0020760
http://www.ams.org/mathscinet-getitem?mr=2240855
http://www.ams.org/mathscinet-getitem?mr=1685588
http://www.ams.org/mathscinet-getitem?mr=1704411
http://www.ams.org/mathscinet-getitem?mr=2744088

	Introduction
	Organization of the paper

	Multinomial likelihood primal problem P
	Fenchel dual problem F to P
	Polyhedral and linear C
	Single inequality constraint and Klotz's Theorem 1

	El Barmi-Dykstra dual problem B to P
	BD-dual B to P
	Flaws of BD-dual B
	Scope of validity of BD-dual B

	Active-passive dualization
	Perturbed primal P and PP algorithm
	Implications for empirical likelihood
	Continuous case and Fisher likelihood

	Implications for other methods
	Contingency tables with given marginals and MDI
	Marginal homogeneity in contingency tables
	Lindsay geometry
	Compositional data analysis
	Bootstrap with auxiliary information
	Score test

	Concluding comments
	Proofs
	Notation and preliminaries
	Proof of Theorem 2 (Primal problem)
	Proof of Theorem 5 (Convex conjugate by Lagrange duality)
	Proof of Theorem 6 (Relation between F and P)
	Proof of Theorem 16 (Relation between B and P)
	Proof of Theorem 19 (Active-passive dualization A)
	Proof of Theorem 20 (Perturbed primal P – the general case, epi-convergence)
	Proof of Theorem 21 (Perturbed primal P – the linear case, pointwise convergence)

	Acknowledgements
	Supplementary Material
	References

