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Abstract: Suppose that we observe y € R and X € R"*™ in the follow-
ing errors-in-variables model:

y = Xof*+e
X Xo+W

where X is an n X m design matrix with independent subgaussian row
vectors, € € R™ is a noise vector and W is a mean zero n X m random
noise matrix with independent subgaussian column vectors, independent
of Xo and e. This model is significantly different from those analyzed in
the literature in the sense that we allow the measurement error for each
covariate to be a dependent vector across its m observations. Such error
structures appear in the science literature when modeling the trial-to-trial
fluctuations in response strength shared across a set of neurons.

Under sparsity and restrictive eigenvalue type of conditions, we show
that one is able to recover a sparse vector * € R™ from the model given
a single observation matrix X and the response vector y. We establish
consistency in estimating /* and obtain the rates of convergence in the
£q norm, where ¢ = 1,2 for the Lasso-type estimator, and for ¢ € [1,2]
for a Dantzig-type Conic programming estimator. We show error bounds
which approach that of the regular Lasso and the Dantzig selector in case
the errors in W are tending to 0. We analyze the convergence rates of the
gradient descent methods for solving the nonconvex programs and show
that the composite gradient descent algorithm is guaranteed to converge
at a geometric rate to a neighborhood of the global minimizers: the size of
the neighborhood is bounded by the statistical error in the £2 norm. Our
analysis reveals interesting connections between computational and statis-
tical efficiency and the concentration of measure phenomenon in random
matrix theory. We provide simulation evidence illuminating the theoretical
predictions.
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1. Introduction

The matrix variate normal model has a long history in psychology and social
sciences. In recent years, it is becoming increasingly popular in biology and
genomics, neuroscience, econometric theory, image and signal processing, wire-
less communication, and machine learning; see for example [15, 22, 17, 52, 5,
54, 18, 2, 26] and references therein. We call the random matrix X, which
contains n rows and m columns a single data matrix, or one instance from
the matrix variate normal distribution. We say that an n x m random ma-
trix X follows a matrix normal distribution with a separable covariance matrix
Yx = A® B and mean M € R™*™ which we write Xy, xm ~ Ny (M, Amxm @
B xn). This is equivalent to say vec{X } follows a multivariate normal dis-
tribution with mean vec{M} and covariance ¥x = A ® B. Here, vec{X }
is formed by stacking the columns of X into a vector in R™". Intuitively,
A describes the covariance between columns of X, while B describes the co-
variance between rows of X. See [15, 22] for more characterization and exam-
ples.

In this paper, we introduce the related sum of Kronecker product models to
encode the covariance structure of a matrix variate distribution. The proposed
models and methods incorporate ideas from recent advances in graphical models,
high-dimensional regression model with observation errors, and matrix decom-
position. Let A, xm, Bnxn be symmetric positive definite covariance matrices.
Denote the Kronecker sum of A = (a;5) and B = (b;;) by
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Y = AeoB:=A®I,+1,®B
allfn + B 012In . almIn
. a21In a22.[n + B ... angn
am1 Iy amaly cor Qmml,+ B

(mn)x(mn)
where I,, is an n x n identity matrix. This covariance model arises naturally

from the context of errors-in-variables regression model defined as follows.
Suppose that we observe y € R™ and X € R™*™ in the following model:

y = XoB +e (1.1a)
X = Xo+W (].].b)

where X is an n X m design matrix with independent row vectors, ¢ € R" is a
noise vector and W is a mean zero n X m random noise matrix, independent of
Xp and ¢, with independent column vectors w',...,w™.

In particular, we are interested in the additive model of X = Xg + W such
that

vec{X} ~N(0,2X) where ¥=A®B:=A®,+[,®B (1.2)

where we use one covariance component A ® I, to describe the covariance of
matrix Xy € R™ ™, which is considered as the signal matrix, and the other
component I, ® B to describe that of the noise matriz W € R"™ ™, where
Ewl ®w’ = B for all j, where w’ denotes the j* column vector of W. Our focus
is on deriving the statistical properties of two estimators for estimating /* in
(1.1a) and (1.1b) despite the presence of the additive error W in the observation
matrix X. We will show that our theory and analysis works with a model much
more general than that in (1.2), which we will define in Section 1.1.

Before we go on to define our estimators, we now use an example to motivi-
ate (1.2) and its subgaussian generalization in (1.4). Suppose that there are n
patients in a particular study, for which we use Xy to model the “systolic blood
pressure” and W to model the seasonal effects. In this case, X models the fact
that among the n patients we measure, each patient has its own row vector of
observed set of blood pressures across time, and each column vector in W models
the seasonal variation on top of the true signal at a particular day/time. Thus
we consider X as measurement of Xy with W being the observation error. That
is, we model the seasonal effects on blood pressures across a set of patients in a
particular study with a vector of dependent entries. Thus W is a matrix which
consists of repeated independent sampling of spatially dependent vectors, if we
regard the individuals as having spatial coordinates, for example, through their
geographic locations. We will come back to discuss this example in Section 1.4.

1.1. The model and the method

We first need to define an independent isotropic vector with subgaussian margin-
als as in Definition 1.1. For a vector y = (y1,...,¥,) in R?, denote by ||y[|, =

\/2_; U3 the length of y.
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Definition 1.1. Let Y be a random vector in RP

1. 'Y is called isotropic if for every y € RP, E (\ (Y,y) |2) = ||y||§
2.'Y is g with a constant o if for every y € RP,

1{Y.y) |y, = mf{t : E(exp((Yiy)*/t*)) <2} < alyll,. (1.3)

The ¥y condition on a scalar random variable V is equivalent to the subgaussian
tail decay of V', which means P (|V| > t) < 2exp(—t2/c?), for all t > 0.

Throughout this paper, we use 1, vector, a vector with subgaussian marginals
and subgaussian vector interchangeably.
The model. Let Z be an n X m random matrix with independent entries Z;;
satisfying EZ;; = 0,1 = EZ};, < 1Zil,, < K. Let Z1, Z be independent copies
of Z. Let

X=Xo+W (14)

such that Xo = Z;A'Y? is the design matrix with independent subgaussian
row vectors, and W = B'Y2Z, is a random noise matrix with independent
subgaussian column vectors.

Assumption (A1) allows the covariance model in (1.2) and its subgaussian
variant in (1.4) to be identifiable.

(Al) We assume tr(A) = m is a known parameter, where tr(A) denotes the
trace of matrix A.

In the Kronecker sum model, we could assume we know tr(B), in order not to
assume knowing tr(A). Assuming one or the other is known is unavoidable as
the covariance model is not identifiable otherwise. Moreover, by knowing tr(A),
we can construct an estimator for tr(B):

tr(B) = L(|X|%—ntr(A), and define 7p:= Ltx(B)>0 (1.5)

1 1
m + n
where (a); = aV 0 and | X|5 =, >-; X7 We first introduce the corrected
Lasso estimator, adapted from those as considered in [30].
Suppose that tr(B) is an estimator for tr(B); for example, as constructed

in (1.5). Let

- 1 T 1~ P~ 1 yvT

' = - X"X-—tr(B)l;,, and ¥ = -X"y. (1.6)

n n

For a chosen penalization parameter A > 0, and parameters by and d, we consider
the following regularized estimation with the ¢;-norm penalty,

=~ . 1 7= ~
B = arg min 81T — (7,8) + MBI, (1.7)
B:1181l, <bovd

which is a variation of the Lasso [48] or the Basis Pursuit [12] estimator. Al-
though in our analysis, we set by > ||5*||, and d = |[supp (5*)| := |{j (B # O}|
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for simplicity, in practice, both by and d are understood to be parameters chosen
to provide an upper bound on the ¢5 norm and the sparsity of the true 5*.

For a vector § € R™, denote by ||8]|, := max; |5;]. Recently, [3] discussed the
following conic programming compensated matrix uncertainly (MU) selector,
which is a variant of the Dantzig selector [6, 35, 36]. Adapted to our setting, it
is defined as follows. Let A, u, 7 > 0,

B = argmin { |3, + At : (B,t) € T} where (1.8)
{66 : perm, |[57-T8|_ < ut+w, 8, <t}

where 5 and T are as defined in (1.6) with p ~ 4/ b%, w ~ /™ We refer

ol
to this estimator as the Conic programming estimator from now on.

1.2. Gradient descent algorithms

In order to obtain fast, approximate solutions to the optimization goal as
in (1.10), we adopt the computational framework of [1, 30], namely, the compos-
ite gradient descent method due to Nesterov [34] to analyze our computational
and statistical errors in an integrated manner. First we denote the population
and empirical loss functions by

L(5) = gB78uB~ BTS6 and Lu(B)= FTTA-FTH (19)

respectively. We consider regularizers that are separable across all coordinates
and write

pA(B) = pa(Bi)-
i=1
Throughout this paper, we denote by

8(8) = 257T ~ 375+ pr(B).

From the formulation (1.7), the corrected linear regression estimator is given
by minimizing the penalized loss function ¢(3) subject to the constraint that

9(B) < R:

Be argmin {1/3% —5T8+ m(ﬁ)} (1.10)

perm g(B)<R 2
where g(f) is a convex function, which is allowed to be identical to ||3]|, and
R is a second tuning parameter that is chosen to confine the solution B within
the ¢, ball of radius R, while at the same time ensuring that g* is a feasible
solution.
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The gradient descent method generates a sequence {3'}°, of iterates by first
initializing to some parameter 3° € R™ and then for ¢t = 0,1,2,..., applying
the recursive updates:

it = (1.11)

argmin. {£,(5)+ (V2,(30.6- 5) + 5 18- 3+ m(3)

BER™,g(B)<R

where ( is the step size parameter.
More generally, we consider loss function £, : R™ — R and py which are
possibly nonconvex and consider the regularized M-estimator of the form

fe argmin  {L£,(8:X)+pr(B)} (1.12)
BER™,g(B)<R

where py : R™ — R is a regularizer depending on a tuning parameter A > 0.
Because of this potential nonconvexity, we also include a side constraint in the
form of g(B8) < R, where

9(8) = 5 {or(8) + 2 112} (113

so that this choice of g is convex for properly chosen parameter p > 0 for
a class of weakly convex penalty functions p [51]; See Assumption 1 in [31]
where properties of g and py are stated in terms of the univariate function
px : R — R and the parameter p > 0. While our results hold for the general
nonconvex penalty py that is weakly convex in the sense that (1.13) holds for
some parameter p > 0, we focus our discussion to the choice of p»(8) = A ||5]|;
and g = 0 in the present paper.

1.3. Our contributions

We provide a unified analysis of the rates of convergence for both the corrected
Lasso estimator (1.7) and the Conic programming estimator (1.8), which is a
Dantzig selector-type, although under slightly different conditions. We will show
the rates of convergence in the £, norm for ¢ = 1, 2 for estimating a sparse vector
B* € R™ in the model (1.1a) and (1.1b) using the corrected Lasso estimator (1.7)
in Theorems 3 and 6, and the Conic programming estimator (1.8) in Theorems 4
and 7 for 1 < g < 2. We also show bounds on the predictive errors for the Conic
programming estimator. The bounds we derive in Theorems 3 and 4 focus on
cases where the errors in W are not too small in their magnitudes in the sense
that 75 := tr(B)/n is bounded from below. For the extreme case when 7p
approaches 0, one hopes to recover bounds close to those for the regular Lasso
or the Dantzig selector since the effect of the noise in matrix W on the procedure
becomes negligible. We show in Theorems 6 and 7 that this is indeed the case.
These results are new to the best of our knowledge.

Let Z1, Z5 be independent subgaussian random matrices with independent
entries (cf. (1.4)). In Theorems 3 to 7, we consider the regression model in
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(1.1a) and (1.1b) with subgaussian random design, where Xo = Z;AY? is a
subgaussian random matrix with independent row vectors, and W = BY/2Z, is
an n X m random noise matrix with independent column vectors, This model is
significantly different from those analyzed in the literature. For example, unlike
the present work, the authors in [30] apply Theorem 16 which states a general
result on statistical convergence properties of the estimator (1.7) to cases where
W is composed of independent subgaussian row vectors, when the row vectors of
X are either independent or follow a Gaussian vector auto-regressive model. See
also [35, 36, 3] for the corresponding results on the compensated MU selectors,
variations on the Conic programming estimator (1.8).

The second key difference between our framework and the existing work
is that we assume that only one observation matrix X with the single mea-
surement error matrix W is available. Assuming (A1) allows us to estimate
EWTW as required in the estimation procedure (1.6) directly, given the knowl-
edge that W is composed of independent column vectors. In contrast, existing
work needs to assume that the covariance matrix Xy := %IEWTW of the in-
dependent row vectors of W or its functionals are either known a priori, or
can be estimated from a dataset independent of X, or from replicated X mea-
suring the same Xj; see for example [35, 36, 3, 30, 10]. Although the model
we consider is different from those in the literature, the identifiability issue,
which arises from the fact that we observe the data under an additive er-
ror model, is common. Such repeated measurements are not always available
or costly to obtain in practice [10]. We will explore such tradeoffs in future
work.

A noticeable exception is the work of [11], which deals with the scenario
when the noise covariance is not assumed to be known. We now elaborate on
their result, which is a variant of the orthogonal matching pursuit (OMP) al-
gorithm [49, 50]. Their support recovery result, that is, recovering the sup-
port set of 5*, applies only to the case when both signal matrix and the mea-
surement error matrix have isotropic subgaussian row vectors. In other words,
they assume independence among both rows and columns in X (X, and W).
Moreover, their algorithm requires the knowledge of the sparsity parameter d,
which is the number of non-zero entries in 8%, as well as a Bnin condition:

/5]*| =0 <,/1"%(||ﬂ*||2 + 1)> Under these conditions, they re-

cover essentially the same fs-error bounds as in the current work, and [30],
where the covariance Xy is assumed to be known.

Finally, we present in Theorems 2 and 9 the optimization error for the gradi-
ent descent algorithms in solving (1.12) and more specifically (1.7). Let 8 be a
global optimizer of (1.12). Let Apax(A) and Apin(A) be the largest and smallest
eigenvalues, and x(A) be the condition number for matrix A. Let 0 < k < 1 be a
contraction factor to be defined in (2.6). Similar to the work of [1, 30], we show
that the geometric convergence is not guaranteed to an arbitrary precision, but
only to an accuracy related to statistical precision of the problem, measured by
the {9 error: ||ﬂ B*|3 =: €2, between the global optimizer B and the true
parameter S*.

miNjesupp B>
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More precisely, our analysis guarantees geometric convergence of the sequence
{B}2, to a parameter 3* up to a neighborhood of radius defined through the
statistical error bound €2,

52 = sgtat dlogm
11—k n

where & is a contraction coefficient to be defined (2.6), so that for all ¢ > T*(4)
as in (2.12), ap < Amin(A) and oy, < Apax(A),

462 e, 464 9
04_2 + 4 + b(z)aéAmax(A) - O(gstat)

o A1, <

) and n = Q (dlogm), where

n
logm

for A, > «, appropriately chosen, R = 5(

the 6() and ?2() symbols hide spectral parameters regarding A and B. To
quantify such results, we first need to introduce some conditions in Section 2.
See Theorem 2 and Corollary 10 for the precise conditions and statements.

1.4. Discussion

The theory on matrix variate normal data show that having replicates will allow
one to estimate more complicated graphical structures and achieve faster rates
of convergence under less restrictive assumptions [56]. Our consistency results
in the present work deal with only a single random matrix following the model
(1.4), assuming that tr(A) is known. With replicates, this assumption can be
lifted off immediately. Assume there exists a replicate

X=X+ W, (1.14)

then we can use X — X = W — W to estimate B using existing methods. The
rationale for considering such an option is one may have a repeated measurement
of Xq for which the errors W and W follow the same error distribution. Such
external data or knowledge of the noise distribution is needed in order to do
inference under such additive measurement error model [10].

The second key modeling question is: would each row vector in W for a
particular patient across all time points be a correlated normal or subgaussian
vector as well? It is our conjecture that combining the newly developed tech-
niques, namely, the concentration of measure inequalities we have derived in the
current framework with techniques from existing work [56], we can handle the
case when W follows a matrix normal distribution with a separable covariance
matrix Yy = C ® B, where C is an m X m positive semi-definite covariance
matrix. Moreover, for this type of “seasonal effects” as the measurement errors,
the time varying covariance model would make more sense to model W, which
we elaborate in the second example.

In neuroscience applications, population encoding refers to the information
contained in the combined activity of multiple neurons [27]. The relationship
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between population encoding and correlations is complicated and is an area of
active investigation, see for example [40, 13]. It becomes more often that re-
peated measurements (trials) simultaneously recorded across a set of neurons
and over an ensemble of stimuli are available. In this context, one can use a
random matrix Xo ~ N m(p, A ® B) which follows a matrix-variate normal
distribution, or its subgaussian correspondent, to model the ensemble of mean
response variables, e.g., the membrane potential, corresponding to the cross-trial
average over a set of experiments. Here we use A to model the task correlations
and B to model the baseline correlation structure among all pairs of neurons
at the signal level. It has been observed that the onset of stimulus and task
events not only change the cross-trial mean response in u, but also alter the
structure and correlation of the noise for a set of neurons, which correspond
to the trial-to-trial fluctuations of the neuron responses. We use W to model
such task-specific trial-to-trial fluctuations of a set of neurons recorded over
the time-course of a variety of tasks. Models as in (1.1a) and (1.1b) are use-
ful in predicting the response of set of neurons based on the current and past
mean responses of all neurons. Moreover, we could incorporate non-i.i.d. non-
Gaussian W = [wy,...,w,,] with w; = BY2(t)z(t), where 2(1),...,z(m) are
independent isotropic subgaussian random vectors and B(t) > 0 for all ¢, to
model the time-varying correlated noise as observed in the trial-to-trial fluctu-
ations. It is possible to combine the techniques developed in the present paper
with those in [57, 56] to develop estimators for A, B and the time varying B(t),
which is itself an interesting topic, however, beyond the scope of the current
work.

In summary, oblivion in Xy and a general dependency condition in the data
matrix X are not simultaneously allowed in existing work. In contrast, while
we assume that X, is composed of independent subgaussian row vectors, we
allow rows of W to be dependent, which brings dependency to the row vectors
of the observation matrix X. In the current paper, we focus on the proof-of-the-
concept on using the Kronecker sum covariance and additive model to model
two way dependency in data matrix X, and derive bounds in statistical and
computational convergence for (1.7) and (1.8). In some sense, we are considering
a parsimonious model for fitting observation data with two-way dependencies:
we use the signal matrix to encode column-wise dependency among covariates
in X, and error matrix W to explain its row-wise dependency. When replicates
of X or W are available, we are able to study more sophisticated models and
inference problems, some of which are described earlier in this section.

We leave the investigation of this more general modeling framework and rele-
vant statistical questions to future work. We refer to [10] for an excellent survey
of the classical as well as modern developments in measurement error models. In
future work, we will also extend the estimation methods to the settings where
the covariates are measured with multiplicative errors which are shown to be
reducible to the additive error problem as studied in the present work [36, 30].
Moreover, we are interested in applying the analysis and concentration of mea-
sure results developed in the current paper and in our ongoing work to the more
general contexts and settings where measurement error models are introduced
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and investigated; see for example [16, 8, 44, 24, 20, 45, 9, 7, 14, 46, 25, 28, 47,
53, 23, 29, 32, 2, 43, 41, 42] and references therein.

Notation. Let eq,. .., e, be the canonical basis of R?. For a set J C {1,...,p},
denote E; = span{e; : j € J}. For a matrix A, we use ||A4|, to denote its
operator norm. For a set V' C RP, we let conv V' denote the convex hull of V.
For a finite set Y, the cardinality is denoted by |Y|. Let BY, BY and SP~! be
the unit ¢ ball, the unit Euclidean ball and the unit sphere respectively. For a
matrix A = (aij)i<ij<m, let ||A]| . = Max; ;|a;;| denote the entry-wise max
norm. Let ||Al|; = max; Y./, |a;;| denote the matrix ¢; norm. The Frobenius
norm is given by ||A||§7 =3, Zj a?j. Let |A| denote the determinant and tr(A)

be the trace of A. The operator or ¢ norm ||AH§ is given by Apax(AAT). For a
matrix A, denote by r(A) the effective rank tr(A)/ || A]|,. Let ||A||;/||A||§ denote
the stable rank for matrix A. We write diag(A) for a diagonal matrix with the
same diagonal as A. For a symmetric matrix A, let T(A) = (v;;) where v;; =
I(a;; # 0), where I(-) is the indicator function. Let I be the identity matrix.
For two numbers a,b, a A b := min(a,b) and a V b := max(a, b). For a function
g: R™ — R, we write Vg to denote a gradient or subgradient, if it exists. We
write a < b if ca < b < Ca for some positive absolute constants ¢, C' which are
independent of n, m or sparsity parameters. Let (a)+ := aV0. We write a = O(b)
if a < Cb for some positive absolute constants C' which are independent of n, m
or sparsity parameters. The absolute constants C,C1, ¢, c1,. .. may change line
by line.

2. Assumptions and preliminary results

We will now define some parameters related to the restricted and sparse eigen-
value conditions that are needed to state our main results. We also state a
preliminary result in Lemma 1 regarding the relationships between the two con-
ditions in Definitions 2.1 and 2.2.

Definition 2.1. (Restricted eigenvalue condition RE(sg, ko, A)). Let 1 <
so < p, and let ko be a positive number. We say that a ¢ X p matriz A satisfies
RE(sq, ko, A) condition with parameter K (so, ko, A) if for any v # 0,

; = min min | Av]l, > 0.
K(s0, ko, A)  scrwb llvsely <kolvslly, vl
[J]<s0
where vy represents the subvector of v € RP confined to a subset J of {1,...,p}.

It is clear that when sg and kg become smaller, this condition is easier to
satisfy. We also consider the following variation of the baseline RE condition.

Definition 2.2. (Lower-RE condition) [30] The matriz T satisfies a Lower-RE
condition with curvature o > 0 and tolerance T > 0 if

0710 > o ||0]5 — 7 [16]7 V6 € R™.
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where 0[], := >, [6;]. As & becomes smaller, or as 7 becomes larger, the Lower-
RE condition is easier to be satisfied.

Lemma 1. Suppose that the Lower-RE condition holds for T' := AT A with
a,7 > 0 such that T(1 + ko)%so < «/2. Then the RE(sq, ko, A) condition holds

for A with
1 «
— > ./=>0.
K(So,ko,A) - 2 >0

Assume that RE((ko + 1)?, ko, A) holds. Then the Lower-RE condition holds for
I = AT A with
1

= ot DR (0 ko )

where so = (ko +1)2, and 7 > 0 which satisfies
Amin(T) > a — 780 /4.

The condition above holds for any T > (k0+1)3K42(50,k07A) _ 4(2;11,1()1;)

The first part of Lemma 1 means that, if kg is fixed, then smaller values of
7 guarantee RE(sg, ko, A) holds with larger sg, that is, a stronger RE condition.
The second part of the Lemma implies that a weak RE condition implies that
the Lower-RE (LRE) holds with a large 7. On the other hand, if one assumes
RE((ko + 1)2, ko, A) holds with a large value of kg (in other words, a strong RE
condition), this would imply LRE with a small 7. In short, the two conditions
are similar but require tweaking the parameters. Weaker RE condition implies
LRE condition holds with a larger 7, and Lower-RE condition with a smaller 7,
that is, stronger LRE implies stronger RE. We prove Lemma 1 in Section 9.

Definition 2.3. (Upper-RE condition) [30] The matriz T' satisfies an upper-RE
condition with smoothness & > 0 and tolerance 7 > 0 if

0TT0 <& ||0|> +7[60]> VO e R™.
Definition 2.4. Define the largest and smallest d-sparse eigenvalue of a p X ¢
matriz A to be

Pmax(d, A) = max  ||At[|2/||t]2, where d < p,
t#0;d—sparse

ond pun(dA) = min|AtB/ 4.

Before stating some general result for the optimization program (1.12) and
its implications for the Lasso-type estimator (1.7) in terms of statistical and
optimization errors, we need to introduce some more notation and the following
assumptions. Let amax = max; a;; and byax = max; b; be the maximum diag-
onal entries of A and B respectively. In general, under (A1), one can think of
Amin(A4) <1 and for s > 1,

1 < Gmax < Pmax(87 A) < Amax(A)a (21)

where Apax(A) denotes the maximum eigenvalue of A.
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(A2) The minimal eigenvalue Apin(A) of the covariance matrix A is bounded:
1> Amin(A4) > 0.
(A3) Moreover, we assume that the condition number x(A) is upper bounded

by O ( n ) and 75 = O(Amax(A)).

logm

Throughout the rest of the paper, so > 32 is understood to be the largest integer
chosen such that the following inequality still holds:

)\min A n
Vsow(sg) < 32é )Mm where w(sg) := pmax (50, 4) + 7B (2.2)

where we denote by 7 = tr(B)/n and C is to be defined. Denote by

_ 64Cw(so)

=" > . .
My=S—000 > 64C (2.3)

Throughout this paper, we denote by Ao the event that the modified gram
matrix I' as defined in (1.6) satisfies the Lower as well as Upper RE conditions
with

11
curvature o= g)\mm(A)7 smoothness & = §Amax(A)
2 2 ) B
and tolerance 384C 7 (s0)” logm < 7= M
Amin(AA) n S0
39602w2(50 + 1) logm
N Amin(A> n

for o, and 7 as defined in Definitions 2.2 and 2.3, and C, s, w(sg) in (2.2).
To bound the optimization errors, we show that the corrected linear regression
loss function (1.9) satisfies the following Restricted Strong Convexity (RSC) and
Restricted Smoothness (RSM) conditions when the sample size and effective rank
of matrix B satisfy certain lower bounds (cf. Theorem 3); namely, for all vectors

Bo, f1 € R™ and
T(Br.B0) = La(Br) = La(Bo) = (VLa(B0), 51— fo)
we show that for some parameters (ag, 7¢(Ly)) and (cu, Tu(Ln)),
T(uBo) 2 G 18— folly —7e(La) 1B = Bollf  and (24)
T(BuBo) < 5181 = Boll3 +mulLa) 181 = Boll: - (2.5)

IA

Applied to (1.12), the composite gradient descent procedure of [34] produces a
sequence of iterates {8}, via the updates

B+ = argmin 1 Hﬁ B (ﬁt _ Vﬁn(ﬁt))
Berm g(B)<R | 2 ¢

N(C)
<
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where % is the step size. Let vy = 64d1e(L,,) and &y := ay —vp. We show that the
composite gradient updates exhibit a type of globally geometric convergence in
terms of the compound contraction coefficient
1-t+o 20(d 1287, (L
Kk = —2 ~  where p:= v(d,m, n) = iu( n)
1—o0 gy — Vg ay

(2.6)
where vy < ay/C for some C > 1 to be specified. Let 7(L,,) = 74(Ly) V 7 (Ly).
Define

(L, O
£ = 21(_ Q) (Z‘_é +2g+5> > 107(L.). (2.7)

For simplicity, we present in Theorem 2 the case for px(8) = A||3]|; only.

Theorem 2. Consider the optimization program (1.12) for a radius R such that
B* is feasible. Let g(8) = 5pa(B) where px(B) = X||Bl;. Suppose that the loss
function L,, satisfies the RSC/RSM conditions (2.4) and (2.5) with parameters
(g, Te(Ly)) and (o, Tu(Ly)) respectively. Let o, k and & be defined as in (2.6)
and (2.7) respectively. Suppose that the regularization parameter is chosen such
that for ¢ > au,

A2 (12 VL) e s (23)

Suppose that k < 1. Suppose that B is a global minimizer of (1.12). Then for
any step size parameter ( > oy, and tolerance parameter

ce2 . dlogm . ~ 12
52 > ﬁtiTg =: 6%, where &%, = Hﬁ - ) (2.9)
the following hold for all t > T*(0)
= 166%
G8) ~0(B) < & andfor &= g AR, (2.10)
12 9
‘ gt — 5H2 < (P w4 (L)E), (2.11)
where v = 64d7(L,,), 7(L,) < loim, and
210g(%§¢<3)) AR log 2
T =——9%> —~ t+logl — 14— . 2.12
0~y e () (V) 212

We prove Theorem 2 in Section B. Theorem 2 is similar in spirit to the main
result Theorem 2 in [1] that deals with a convex loss function, and Theorem 3
in [31] on a similar setting to the present work. Compared to [31], we simplified
the condition on A by not imposing an upper bound. Moreover, we present
refined analysis on the sample requirement and illuminate its dependence upon
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the condition number k(A) and the tolerance parameter 7 when applied to
the corrected linear regression problem (1.10). It is understood throughout the
paper that for the same C as in (2.3),

e logm where 7 = 400C%w(sg + 1)2
~ 10 ) 0~
n )\min(A)

~ M3iduin(A)/10  (2.13)

and it is helpful to consider M4 as being upper bounded by O(k(A)) in view of
(2.1) and (A3). Toward this end, we prove in Section 5 that under event AN By,
the RSC and RSM conditions as stated in Theorem 2 hold with a; < Apin(A)
and oy, < Apax(4) and 74(L,) = 7,(L,) < 7; then we have for all ¢ > T*(§) as

defined in (2.12) and for §% < 3““ e dlogm

~[12 4 @ 522
lor-3, < —o2+ Y0 (#) , (2.14)
where 0 < k < 1 50 long as ¢ X A\pax(A) and n = Q(k(A)MZdlogm).

We now check the conditions on A in Theorem 2. First, we note that both
types of conditions on \ are also required in the present paper for the statistical
error bounds shown in Theorems 3 and 6. We state in Theorem 16 a deterministic
result from [30] on the statistical error for the corrected linear model, which
requires that

logm

A>2||VL,(B" and X\ > 4bgVdr = 4R for 7 := 79

(2.15)

Mimax

as defined in (2.13) and dr < g% in order to obtain the statistical error bound
for the corrected linear model at the order of

_ 400

ae

- 2
5§tat = H5 - B N —A%d.

Under suitable conditions on the sample size n and the effective rank of matrix
B to be stated in Theorem 3, we show that for the loss function (1.9), the RSC
and RSM conditions hold under event A (cf. Lemma 15) following the Lower
and Upper-RE conditions as derived in Lemma 15,

and 7(L,) =<T.

Compared with the lower bound imposed on A as in (2.15) that we use to derive
statistical error bounds, the penalty now involves a term ﬁ that crucially
depends on the condition number x(A) in (2.8); Assuming that ¢ > a,,, then

the second condition in (2.8) on A implies that

>
I

Q(R7(L,)k(A)) given
407(L,, ) ¢ +27(£ ) < 7K(A), (2.16)

v
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which now depends explicitly on the condition number x(A) in addition to the
radius R = bov/d and the tolerance parameter 7. This is expected given that
both RSC and RSM conditions are needed in order to derive the computational
convergence bounds, while for the statistical error, we only require the RSC
(Lower RE) condition to hold.
Remarks. Consider the regression model in (1.1a) and (1.1b) with independent
random matrices Xo, W as in (1.4), and an error vector ¢ € R™ independent
of Xo, W, with independent entries €; satisfying Ee; = 0 and ||€j||w2 < M..
Theorem 12 and its corollaries provide an upper bound on the £, norm of the
gradient VL, (8*) = I'8* —# of the loss function in the corrected linear model,
where I and 7 are as defined in (1.6). Let

Dy =By +alff. and Do = 2|41 +1IBI%).  (217)

max?

Specializing to the case of corrected linear models, we have by Corollary 14, on
event By as defined therein,

Va8 = [F5* =5]| </
where ¢ := CoDyK (J\/[6 +T§/2KHB*||2) and 7';_/2 = Té/Z + % for Dy,
Doracle as defined in (2.17).

The bound (2.10) characterizes the excess loss ¢(8') — ¢(3) for solving (1.7)
using the composite gradient algorithm; moreover, for any iterate J\Bt such that
(2.10) holds, the following bound on the optimization error 3t — 3 follows im-
mediately:

where v = 64d7(L,) and 47(L,)€e> = 647'([3”);5\—2 by definition of € in view
of (2.11). Finally, we note that Theorem 2 holds for a class of weakly convex
penalties as considered in [31] with suitable adaptation of RSC and parameters
and conditions to involve u, following exactly the same sequence of arguments.
Notable examples of such weakly convex penalty functions are SCAD [19] and
MCP [55].

The rest of the paper is organized as follows. In Section 3, we present two
main results in Theorems 3 and 4. In Section 4, we state more precise results
which improve upon Theorems 3 and 4; these results are more precise in the
sense that our bounds and penalty parameters now take tr(B), the parameter
that measures the magnitudes of errors in W, into consideration. In Section 5,
we show that the RSC and RSM conditions hold for the corrected linear loss
function and present our computational convergence bounds with regard to (1.7)
in Theorem 9 and Corollary 10. In Section 6, we outline the proof of the main
theorems. In particular, we outline the proofs for Theorems 3, 4, 6 and 7 in
Section 6, 6.4 and 6.6 respectively. In Section 7, we show a deterministic result
as well as its application to the random matrix I' — A for I' as in (1.6) with

~J12 2 6471,(L,,) 0%
g -8, < w(62+4ue§m+“’&2) )
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regards to the upper and Lower RE conditions. In Section 8, we present results
from numerical simulations designed to validate the theoretical predictions in
previous sections. The technical details of proofs are collected at the end of the
paper. We prove Theorem 3 in Section 10. We prove Theorem 4 in Section 11.
We prove Theorems 6 and 7 in Section 12 and Section 13 respectively. We defer
the proof of Theorem 2 to Section B. The paper concludes with a discussion
of the results in Section 16. We list a set of symbols we use throughout the
paper in Table 1. Additional proofs and theoretical results are collected in the
Appendix.

TABLE 1
Symbols we used throughout the proof

Symbol Definition
a curvature: o 1= %)\min(A)
oy Lower RE/ RSC curvature parameter: ay = «
Q Upper RE/ RSM parameter o, < %/\max(A)
Estat €stat = 8\/&551;2% where egtat = HB - ﬁ* 9
20002 (s 2
70 o= 00?‘1)3)((92;_1)
T = )‘“““i% tolerance parameter 7 = Tolong in Lower/Upper RE conditions
B T8 =tr(B)/n
so>1 the largest integer chosen such that the following inequality still holds:
Amin (A
VE0w(so) < 32(8 >\/10gm
@(s0) pmax(s0, 4) + 7B
T¢(Ln) tolerance parameter in RSC condition: 74(Ly) X 70 logm/n
Tu(Ln) tolerance parameters in RSM condition: 7, (Lr) X 70 logm/n
vy vy = 64d7’e(£n) < %
v(d,m,n) v(d, m,n) = 64dry (L)
(o7, effective RSC coefficient ay = ap — vy
$(8) loss function: ¢(8) = 18718 — 37 + px(8)
VL (B) Gradient of the loss function I'8 — 5
Pn Pn = COK\/loim
. rmn = 200K,/ 1oEm
¢ step size parameter: ¢ > aqy = 11Amax/8
] contraction parameter o := 2"(‘2’7‘7” = 128‘1;"(5") < 8—2
contraction coefficient as k := (1 — ‘Z—é +o)(l—-0)t<1
2
52 tolerance parameter in computational errors §2 > % dh:lﬁ
64C
My My = ﬁéx) where w(sg) = pmax(s0, 4) + TB.
My My = % where w(so + 1) = pmax(so + 1, 4) + 5.
¢ € = 2(re(La) V Tu(Ln)) (§£ +20+5) 1 - o)t
1% V =3eM3 /2

3. Main results on the statistical error

In this section, we will state our main results in Theorems 3 and 4 where
we consider the regression model in (1.1a) and (1.1b) with random matrices
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Xo, W € R**™ ag defined in (1.4). For the corrected Lasso estimator, we are in-
terested in the case where the smallest eigenvalue of the column-wise covariance
matrix A does not approach 0 too quickly and the effective rank of the row-wise
covariance matrix B is bounded from below (cf. (3.2)). More precisely, (A2)
thus ensures that the Lower-RE condition as in Definition 2.2 is not vacuous.
(A3) ensures that (2.2) holds for some sy > 1. Throughout this paper, for the
corrected Lasso estimator, we will use the expression
Amin(4) — « 5 4n

T = T, where o = gAmin(A) and So X Mi logm

where M4 is as defined in (2.3). Let
Do = V75 + aglz and Dy =2(|A]l, + [|B|,). (3.1)

Theorem 3. (Estimation for the corrected Lasso estimator) Consider
the regression model in (1.1a) and (1.1b) with independent random matrices
Xo, W as in (1.4), and an error vector ¢ € R™ independent of Xo, W, with
independent entries €; satisfying Ee; = 0 and |[¢;]|,,, < M. Set n = Q(logm).
Suppose n < (V/e)mlogm, where V is a constant which depends on Amin(A),
Pmax(80, A) and tr(B)/n. Suppose m is sufficiently large.

Suppose (A1), (A2) and (A3) hold. Let Cy,c',ca,c5 > 0 be some absolute
constants. Suppose that ||B||?;/||BH§ > logm. Suppose that ¢/ K* <1 and

B 1
r(B) = M > 16¢K* i lo ym Ogm. (3.2)
I Bll logm n
Let by, ¢ be numbers which satisfy
M2
. <p<1. 3.3
K2bg <o< ( )
Assume that the sparsity of 8* satisfies for some 0 < ¢ <1
. dpK* n
d == [supp (8”)[ < n/2, (34)

40M?% logm <
32Cw(so+ 1)

where My = o (A)

for w(sAO +1) = pmax(s0+ 1, A) + 75.
Let 8 be an optimal solution to the corrected Lasso estimator as in (1.7) with

logm

A >4 where 1 := CoDy K (K ||| + M) . (3.5)

n

Then for any d-sparse vectors * € R™, such that

ob3 < [18*|I5 < B2, (3.6)
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H/\

with probability at least 1 —4 exp (— Mf‘C:lsongm log (Vm 10gm>) —2exp (— Jé?fl?‘*) —
22/m3.

we have

< @)\d

<—)\\/E and H

We give an outline of the proof of Theorem 3 in Section 6.3. We prove The-
orem 3 in Section 10. We defer discussions on conditions appearing Theorem 3
in Section 3.2.

For the Conic programming estimator, we impose a restricted eigenvalue
condition as formulated in [4, 38] on A and assume that the sparsity of 8* is
bounded by o(y/n/logm). These conditions will be relaxed in Section 4 where
we allow 75 to approach 0.

Theorem 4. Suppose (A1) holds. Set 0 < § < 1. Suppose that n < m < exp(n)
and 1 < dy < n. Let A\ > 0 be the same parameter as in (1.8). Suppose that
HB||% / ||B||g > logm. Suppose that the sparsity of 5* is bounded by

dp := |supp (8*)| < co/n/logm (3.7)

for some constant ¢y > 0. Suppose

2000dK* 60em
> 52 log( 55 ) where (3.8)
16K2(2 Al/? 2 1
d = 2d0 + 2d0amax 6 ( d07 3k07 )(3k0) (3k0 + ) ] (39)

52
Consider the regression model in (1.1a) and (1.1b) with Xo, W as in (1.4)
and an error vector € € R™, independent of Xo, W, with independent entries €;

satisfying Ee; = 0 and |[¢;|,, < Me. Let B be an optimal solution to the Conic

programming estimator as in (1.8) with input (7, f) as defined in (1.6). Recall
75 := tr(B)/n. Choose for Dy, Dy as in (3.1) and

I I
p= Dok 22 and w = DKM,y 22
n n

Then with probability at least 1 — 7% — 2exp(—6%n/2000K%),

|3 <ch%ﬂW%m@6u ) (3.10)
q

for 2 > q > 1. Under the same assumptions, the predictive risk admits the
following bounds with the same probability as above,

M\

K

We give an outline of the proof of Theorem 4 in Section 6 while leaving the
detailed proof in Section 11.

L |x@ -8

logm .
[ < oD3Ran B (), +

where ', Cy, C,C" > 0 are some absolute constants.
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3.1. Regarding the M s constant

Denote by

Ma— 640@(80) - pmax(SOaA) + 7B
A= )\min(A) - Amin(A)

e (A3) ensures that M4 and M, are upper bounded by the condition num-
ber of A: r(A) = Jmax() O( 1 ) given that 7p := tr(B)/n =

Amin (A) logm
O(Amax(4)).

e So the condition (3.4) in Theorem 3 allows d < n/logm in the optimal
setting when the condition number x(A) is understood to be a constant.
As k(A) increases, the conservative worst case upper bound on d needs to
be adjusted correspondingly. Moreover, this adjustment is also crucial in
order to ensure the composite gradient algorithm to converge in the sense
of Theorem 2. We will illustrate such dependencies on x(A) in numerical
examples in Section 8.

e The condition 75 = O(Amax(A)) puts an upper bound on how large the
measurement error in W can be. We do not allow the measurement error
to overwhelm the signal entirely. When 75 — 0, we recover the ordinary
Lasso bound in [4], which we elaborate in the next two sections.

Throughout this paper, we assume that M4 =< M., where recall M, =
32Cw(sp+1)
>\min(A) .

3.2. Discussions

Throughout our analysis, we set the parameter by > ||5*||, and d = |supp (5*)]:
‘{ JiB; # 0}’ for the corrected Lasso estimator. In practice, both by and d are
understood to be parameters chosen to provide an upper bound on the /5 norm
and the sparsity of the true 8*. The parameter 0 < ¢ < 1 is a parameter that
we use to describe the gap between ||8* Hg and its upper bound b3. Denote the
Signal-to-noise ratio by

S/N := K?||8*||3/M?2, where N:=M? and ¢K2b3 <S:= K2 |82 < K2b3.

The two conditions (3.3) and (3.6) on by and ¢ imply that N < K2¢b3 < S.
Notice that this could be restrictive if ¢ is small. We will show in Section 6.3
that condition (3.3) is not needed in order for the ¢,,p = 1,2 errors as stated
in the Theorem 3 to hold. It was indeed introduced so as to further simplify
the expression for the condition on d as shown in (3.4). Therefore we provide
slightly more general conditions on d in (6.6) in Lemma 17, where (3.3) is not
required. We introduce the parameter ¢ so that the conditions on d depend on
¢ and b} rather than the true signal ||3*||, (cf. Proof of Lemmas 17 and 18). It
will also become clear in the sequel from the proof of Lemma 17 (cf. (H.4)) that
we could use ||3*||, rather than its the lower bound b2¢ in the expression for d.
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However, we choose to state the condition on d as in Theorem 3 for clarity of
our exposition. See also Theorem 6 and Lemma 18.

In fact, we prove that Theorem 3 holds with N = M2 and S = ¢K?b? in
arbitrary orders, so long as conditions (3.2) and (3.4) or (6.6) hold. For both

cases, we require that A =< (|[A]l, + || B]l,) KvS + N4/ k”% as expressed in (3.5).
That is, when either the noise level M, or the signal strength K ||3*|| increases,

we need to increase A correspondingly; moreover, when N dominates the signal
K? Hﬁ*”g, we have for d < L = as in (3.4),

M,24 logm

o N 1
oot

which eventually becomes a vacuous bound when N > S. This bound appears
a bit crude as it does not entirely discriminate between the noise, measurement
error, and the signal strength. We further elaborate on the relationships among
these three elements in Section 4. We will then present an improved bound in
Theorem 6.

|3 - 5"

1. The choice of A for the Lasso estimator and parameters p,w for the DS-
type estimator satisfy

A= 1|87 + .

This relationship is made clear through Theorem 16 regarding the cor-
rected Lasso estimator, which follows from Theorem 1 by [30], and Lem-
mas 19 and 22 for the Conic programming estimator. The penalty pa-

rameter A is chosen to bound Hﬁ - fﬂ*H from above, which is in turn

bounded in Theorem 12. See Corollariesool?) and 14, which are the key
results in proving Theorems 3, 4, 6, and 7.

2. Throughout our analysis of Theorems 3 and 4, our error bounds are stated
in a way assuming the errors in W are sufficiently large in the sense that
these bounds are optimal only when 75 is bounded from below by some
absolute constant. For example, when ||B||, is bounded away from 0, the
lower bound on the effective rank r(B) = tr(B)/ || B||, implies that 75
must also be bounded away from 0. More precisely, by the condition on
the effective rank as in (3.2), we have

tr(B)

B
= —+ > 16/K* I ”2 log
n logm

1
Ymlogm where V = 3eM3 /2.

Later, we will state our results with 75 = tr(B)/n > 0 being explicitly
included in the error bounds as well as the penalization parameters and
sparsity constraints.

3. In view of the main Theorems 3 and 4, at this point, we do not really
think one estimator is preferable to the other. While the ¢, error bounds
we obtain for the two estimators are at the same order for ¢ = 1,2, the
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conditions under which these error bounds are obtained are somewhat
different. In Theorem 4, we only require that RE(2dy, 3k, A'/?) holds for
ko = 14X where A < 1, while in Theorem 3 we need the minimal eigenvalue
of A to be bounded from below, namely, we need to assume that (A2)
holds. As mentioned earlier, (A2) ensures that the Lower-RE condition as
in Definition 2.2 is not vacuous while (A3) ensures that (2.2) holds for
some sg > 1. Th condition (3.2) on the effective rank of the row-wise
covariance matrix B is also needed to establish the Lower and Upper RE
conditions in Lemma 15 for the corrected Lasso estimator. Moreover, for
the sparsity parameter dy in (3.7), we show in Lemma 34 that (A2) is a
sufficient condition for a type of RE(2dy,3ko) condition to hold on non
positive definite I’ as defined in (1.6). See also Theorem 26.

4. In some sense, the assumptions in Theorem 3 appear to be slightly stronger,
while at the same time yielding correspondingly stronger results in the fol-
lowing sense: The corrected Lasso procedure can recover a sparse model
using O(logm) number of measurements per nonzero component despite
the measurement error in X and the stochastic noise €, while the Conic
programming estimator allows only d =< +/n/logm to achieve the error
rate at the same order as the corrected Lasso estimator. Hence, while
Conic programming estimator is conceptually more adaptive by not fixing
an upper bound on ||5*||, a priori, the price we pay seems to be a more
stringent upper bound on the sparsity level.

5. We note that following Theorem 2 as in [3], one can show that with-
out the relatively restrictive sparsity condition (3.7), a bound similar to
that in (3.10) holds, however, with ||5*||, being replaced by |5*];, so
long as the sample size satisfies the condition as in (3.8). However, we
show in Theorem 7 in Section 6.6 that this restriction on the sparsity
can be relaxed for the Conic programming estimator (1.8), when we make
a different choice for the parameter p based on a more refined analy-
sis.

Results similar to Theorems 3 and 4 have been derived in [30, 3], however,
under different assumptions on the distribution of the noise matrix W. When
W is a random matrix with i.i.d. subgaussian noise, our results in Theorems 3
and 4 will essentially recover the results in [30] and [3]. We compare with their
results in Section 4 in case B = 7l after we present our improved bounds in
Theorems 6 and 7. We refer to the paper of [3] for a concise summary of these
and some earlier results.

Finally, one reviewer asked about the dependence of the tuning parameter on

properties of A and B, namely parameters Dy = /75 + a,ln/aQX, D = HB||§/2 +

a2 and Dy = |Ally + || B]l,- We now state in Lemma 5 a sharp bound on
estimating 75 using 7p as in (1.5), which will provide a natural plug-in estimate
for parameters such as Dy that involve 73.

Lemma 5. Letm > 2. Let X be defined as in (1.4) and Tp be as defined in (1.5).
Denote by Tp = tr(B)/n and 74 = tr(A)/m. Suppose that n V (r(A)r(B)) >
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logm. Denote by Bg the event such that

~ logm [ [|A]l | B
- < 920,K? £ P = Dirrm
75 =78l = 2Co \/mn<m+\/ﬁ 1Tm,ms

where Dy = ”éh + H%F and Ty,m = 2Co K> logm Then P (Bg) > 1 — W
If we replace v/logm with logm in the deﬁmtwn of event Bg, then we can

drop the condition onn or r(A)r(B) = Tﬁg‘ﬂ‘) T‘rgﬁg) to achieve the same bound on
2

event Bg.

In an earlier version of the present work by the same authors [39], we pre-
sented the rate of convergence for using the corrected gram matrix B =
%X xXT — %Im to estimate B and proved isometry properties in the op-
erator norm once the effective rank of A is sufficiently large compared to n; one
can then use such estimated B and its operator norm in Dy and D{. See The-
orem 21 and Corollary 22 therein. As mentioned, we use the estimated Tg (cf.
Lemma 5) in Dy. The dependencies on A, ||3*||, and € are known problems in
the Lasso and corrected Lasso literature; see [4, 30]. For example, the RE con-
dition as stated in Definition 2.1 and its subgaussian concentration properties
as shown [38] clearly depend on unknown parameter am.y related to covariance
matrix A. See Theorem 27 in the present paper. We prove Lemma 5 in Sec-
tion C.1. Lemma 5 provides the powerful technical insight and one of the key
ingredients leading to the tight analysis in Theorems 6 and 7 for the corrected
Lasso estimator (1.7) as well as the Conic programming estimator (1.8) in Sec-
tion 4, where we also present theory for which the dependency on || A[|, becomes
extremely mild.

4. Improved bounds when the measurement errors are small

Although the conclusions of Theorems 3 and 4 apply to cases when ||B||, — 0,
the error bounds are not as tight as the bounds we are about to derive in this
section. So far, we have used more crude approximations on the error bounds in

for the sake of reducing the amount of unknown

terms of estimating Hﬁ — fﬁ*

parameters we need to consider. The bounds we derive in this section take the
magnitudes of the measurement errors in W into consideration. As such, we
allow the error bounds to depend on the parameter 75 explicitly, which become
much tighter as 75 becomes smaller. For the extreme case when 75 approaches
0, one hopes to recover a bound close to the regular Lasso or the Dantzig selector
as the effect of the noise on the procedure should become negligible. We show
in Theorems 6 and 7 that this is indeed the case. Denote by

= i e \/— where Doracte = 2([[ Al +[|B]l;/%). (4.1)
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We first state a more refined result for the Lasso-type estimator, for which we
now only require that

A= (a2 + | BIIY?) K /N + 755 log m

max

That is, we replace VN +S in A (3.5) now with /N + 73S, which leads to
significant improvement on the rates of convergence for estimating 5* when
™B — 0.

Theorem 6. Suppose all conditions in Theorem 3 hold, except that we drop
(3.3) and replace (3.5) with

N> dgpy [ 108™ 2T where 4 = CoDGK (M+ +/2K||5*||2) (4.2)

for Dy and 12 s defined in (2.17) and (4 1) respectively. Let ¢, ¢,by, M., K

and My be as defined in Theorem 3. Let TB = ( 2/2) .

Suppose that for 0 < ¢ <1 and C4 := 160M2 )

d := [supp(8")| < Ca logm {¢d"Dy A8} =1 dy, where (4.3)
17 ||B||2 + Qmax K2M€2 44

=Tz d Dy = K 4.4

¢ w(so+1)2 an ¢ b2 T K¢ (4.4)

Then for any d-sparse vectors 3* € R™, such that ¢b3 < ||,6*Hg < b, we have

with probability at least 1—4 exp (— M%C?:gm log (Vm logm)) —2exp (— Jé/ﬁfgzl) -
22/m?3.

20 - 80
< Zavd and ‘ gl < Za (4.5)
2 « 1 (0%

We give an outline for the proof of Theorem 6 in Section 6.4, and show the
actual proof in Section 12.

We next state in Theorem 7 an improved bounds for the Conic programming
estimator (1.8), which dramatically improve upon those in Theorem 4 when 75
is small, where an “oracle” rate for estimating $* with the Conic programming
estimator 3 (1.8) is defined and the predictive error ||Xfu||2 when 75 = o(1) is
derived.

Let Cy satisfy (H.6) for ¢ as defined in Theorem 31. Throughout the rest of
the paper, we denote by:

I 1
CoK [ 2™ and  rpm = 200K 2 —2 2, (4.6)
n mn

3
7';/2 = (7'%,/2 + 5067“71,{371) and 75 = 275 + 3C2 mm. (4.7)

Pn
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Theorem 7. Let Dy = \/T_B+a}1{§,(, and D{y, Doracle be as defined in (2.17). Let
Cs > Doracle- Let pp and vy, m be as defined in (4.6). Suppose all conditions in
Theorem 4 hold, except that we replace the condition on d as in (3.7) with the
following.

Suppose that the sample size n and the size of the support of B* satisfy the
following requirements:

n 1
dy = O (7’_1/—> , where 5 < ———— (4.8)
B\ logm b TE/Q + QCﬁrirl/,?rn

2000dK* 60
and n = 52 log< (;m), where (4.9)
2 1/2 2
d = 2d0+2d0amax16K (2dy, 3ko, A #)(3ko) (3]{0_,_1)'

52

Let 7 be as defined in defined in (1.5). Let B be an optimal solution to the

~

Conic programming estimator as in (1.8) with input (4,T) as defined in (1.6).
Suppose

w =< DoM.p, and p < Dé?;/ngn, (4.10)

~1/2  ~1/2 1/2
where 75" i:=Tg +C’6rm7m.

"

> — 2exp(—62n/2000K?), for 2> q > 1,

< _
m

1 M,
< oD B (P, B )
q n K

Under the same assumptions, the predictive risk admits the following bound

Then with probability at least 1 —

3-8

LIX(B—-p)

2
, < C(IBlly + ama) K20 57 (e K2 |75 + M2)

with the same probability as above, where ¢’,C’,C" > 0 are some absolute
constants.

We give an outline for the proof of Theorem 7 in Section 6.6, and show the
actual proof in Section 13.

4.1. Oracle results on the Lasso-type estimator

We now discuss the improvement being made in Theorem 6 and Theorem 7.
The Signal-to-noise ratio. Let us redefine the Signal-to-noise ratio by
)2
K283
* 2 ’
T K265 + M2
S = K|l and M= MZ+ 7K |75

S/M

ere
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When either the noise level M, or the measurement error strength in terms
of ’7'+/ K || B*||5 increases, we need to increase the penalty parameter A\ corre-

spondlngly7 moreover, when d =< we have

M2 logm’

Hﬁ 5,

2
N (DOK \/7WS0+1)

which eventually becomes a vacuous bound when M > S.

Finally, suppose B = o2, we have ||BH1/2 = 0, and 73 = o2. In this
setting, we recover essentlally the same £y error bound as that in Corollary 1
of [30] in case ||3*[|, < 1, as we have on event Ay N By,

- C(0w + arld) 5 [dlogm
_ g4l < 2 2 || g%
’ 5 = )\min(A) Ue + aw HB ||2 n

where 02 < M? and K? < 1. However, when [|8*]|, = Q(1), our statistical
precision appears to be sharper as we allow the term |5*||, to be removed
entirely from the RHS when o,, — 0 and hence recover the regular Lasso rate
of convergence.

The penalization parameter. We focus now on the penalization parameter
Ain (1.7). The effective rank condition in (3.2) implies that for n = O(mlogm)

1B, < 7o e
16¢' K* log(3eM3 /2) + log(mlogm) — logn

< Cprglogm

where Cpg = 73 given that log(mlogm) — logn > 0. This bound

1
16¢' K*log(3e M3
is very crude given that in practice, we focus on cases where n < mlogm. Note
that under (A1) (A2) and (A3), we have for n = O(mlogm),
All, +|B
iy M8l
m

1 )\min A
< T3+ E(K(A))\min(A) + Cprplogm) < 75+ O (%) )
Without knowing 7, we will use 7p as defined in (1. o). Notice that we know
neither D{j nor Dopacle in the definition of A, where D? = Dy; Indeed,

oracle

9Dy < D2 < 4Ds.

oracle

However, assuming that we normalize the column norms of the design matrix
X to be roughly at the same scale, we have for 75 = O(1) and m sufficiently
large,

Dy =<1 while Dgracle/vVm =o0(1) in case |All,,[Bl, <M

for some large enough constant M. In summary, compared to Theorem 3, in
¥, we replace Dy = 2(||Al|, + ||Bl|,) with Df := HB||21/2 + arl2 so that the
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dependency on ||A]|, becomes much weaker. As mentioned in Section 3.2, we
may use the plug-in estimate ||B||5 in Dj,, where B is the corrected gram matrix
%X XT— %Im. Finally, the concentration of measure bound for the estimator
Tp as in (1.5) is stated in Lemma 5, which ensures that 7p is indeed a good
proxy for 75 (cf. Lemma 23).

The sparsity parameter. The condition on d (and D) for the Lasso estimator
as defined in (4.3) suggests that as 75 — 0, and thus 777 — 0, the constraint on
the sparsity parameter d becomes slightly more stringent when K2M2 /b2 < 1
and much more restrictive when K2M?2 /b2 = o(1). Moreover, suppose we require

M? = Qg K2 187]3),

that is, the stochastic error € in the response variable y as in (1.1a) does not
converge to 0 as quickly as the measurement error W in (1.1b) does, then the
sparsity constraint becomes essentially unchanged as Tg — 0 as we show now.

Case 1. Suppose 75 — 0 and M, = Q(Tg/zK 15*|l5)- In this case, essentially,
we require that

2 A I/IK2M2
< Cuin(4) _n {Cc } (4.12)

min €Al
~ w2(so + 1) logm b2
2 2

€
2
bO

+ 14 %12 2172
Tt K KM
ThEK* < B bJB [P <= £

0 0

where Dy < given that

[ Bll5+amax

w?(s0+1)
w(s0 + 1) = pmax(So + 1, A) + 75. In this case, the sparsity constraint
becomes essentially unchanged as TI;F — 0.

Case 2. Analogous to (3.4), when M2 < 7/t ¢K?b3, we could represent the con-
dition on d as follows:

where cg,c’ are absolute constants and ¢’ = = 1 where

d < OAC/C//T§K4¢L < CAC/CHDqu
logm logm
which is sufficient for (4.3) to hold for 7 — 0; Indeed, by assumption
that ¢/ K* < 1 and M2 < 7/, ¢K?b2, we have
8> 2Ktk > Dy < 1 K*¢.

Hence, for /7 K* < 1, we have

4 noo_ 4
d < Ca(dd'ThK (b/\S)M = Cac'(dTHK (b/\S)IOgm
< Cad'dThKY r XCACNC/D¢—n
logm logm

This condition, however, seems to be unnecessarily strong, when 75 — 0
(and M. — 0 simultaneously). We focus on the following Case 2 in the
present work.
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For both cases, it is clear that sample size needs to satisfy

( max(SO + 1,A> + TB)4>
)‘min(A)z(||BH2+amax) '

n=2a <dlogm

where KNZ() notation hides parameters K, M., ¢ and by, which we treat as ab-
solute constants that do not change as 75 — 0. These tradeoffs are somehow
different from the behavior of the Conic programming estimator (cf (4.13)). We
will provide a more detailed analysis in Sections 6.1 and 6.4.

4.2. Oracle results on the Conic programming estimator

In order to exploit the oracle bound as stated in Theorem 12 regarding
Hﬁ - fﬁ*” , we need to know the noise level 75 := tr(B)/n in W and then we
o0

can set

Dorac e . P
D6(T]13/2 + —I)Kpn while retaining w =< DoM,pn,

Jm
logm

where recall p, = CoKy/—— and Dy = /T + v/@max-
n

[T

This will in turn lead to improved bounds in Theorems 6 and 7.
The penalization parameter. Without knowing the parameter 75, we rely on
the estimate from 75 as in (1.5), as discussed in Section 3. For a chosen param-

~1/2 1/2 2 1/2
eter Cg < Dgracle, We USE TB/ + C'Grm/,m to replace 7';/ = TB/ + Doracle//m

and set
~ 1
po=x CoDLK2(FY? + Doracter! %)F e
’ n

in view of Corollary 14, where an improved error bound over “y\ — fﬂ* is
OO

stated. Without knowing Dg;acle, We could replace it with an upper bound; for

example, assuming that D2 = ||A], + ||B|, = O ( 1ogm)7 we could set

1
1= CoDy K27/ + O(m=/4))/ —Oim.

The sparsity parameter. Roughly speaking, for the Conic programming es-
timator (1.8), one can think of dy as being bounded:

- n n - -1/2
dy = h = 4.1
0 O (731 / Togm /\ log(m/d0)> where 75 <715 (4.13)

That is, when 75 decreases, we allow larger values of dy; however, when 75 — 0,
the sparsity level of d = O (n/log(m/d)) starts to dominate, which enables the
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Conic programming estimator to achieve results similar to the Dantzig Selec-
tor when the design matrix X is a subgaussian random matrix satisfying the
Restricted Eigenvalue conditions; See for example [6, 4, 38].

In particular, when 75 — 0, Theorem 7 allows us to recover a rate close
to that of the Dantzig selector with an exact recovery if 75 = 0 is known a
priori; see Section 16. Moreover the constraint (3.7) on the sparsity parameter
dp appearing in Theorem 4 can now be relaxed as in (4.8). In summary, our
results in Theorem 7 are stronger than those in [3] (cf. Corollary 1) as their rates
as stated therein are at the same order as ours in Theorem 4. We illustrate this
dependency on 75 in Section 8 with numerical examples, where we clearly show
an advantage by taking the noise level into consideration when choosing the
penalty parameters for both the Lasso and the Conic programming estimators.

5. Optimization error on the gradient descent algorithm

We now present our computational convergence bounds. First we present Lem-
ma 8 regarding the RSC and RSM conditions on the loss function (1.7). Lemma 8
follows from Lemma 15 immediately.

Lemma 8. Suppose all conditions as stated in Theorem & hold. Suppose event
Ao holds. Then (2.4) and (2.5) hold with oy = %)\min(A), Oy = %)\max(A) and

logm 400C%w (50 + 1)2
Tg(ﬁn) = Tu<£n) =To i , where Ty X 3 ((Z) )

Theorem 9. Suppose all conditions in Theorem 6 hold and let i be defined
therein. Let g(B) = $px(B) where px(B) = X||B],. Consider the optimization
program (1.10) for a radius R such that 8* is feasible and a regularization pa-
rameter chosen such that

A > <%)\/<12¢ loim) (5.1)

Suppose that the step size parameter ( > «, = %)\max(A), Suppose that the
sparsity parameter and sample size further satisfy the following relationship:

n Amin (4)?2 /\ (ap)? o
51279logm \ 12Anax(A) 5¢ o
Then on event Ay N By, the conclusions in Theorem 2 hold, where

P(AyNBy) > 1—4exp< cant log (leogm))

- MZlogm n

dean 3
—2exp <_M%K4> —22/m>.

Y

(5.2)
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Corollary 10. Suppose all conditions as stated in Theorem 9 hold and event
Ao N By defined therein holds. Consider for some constant M < 4001y and 6>

as defined in Theorem 2,
2 . dl - - _
52 = igﬂﬂ =162 and 62 < M5? < 4007067,
—K n

Then for all t > T*(5) as in (2.12) and R = Q(by/d),
~I|12 a 522,
o8], < 2o+ a0 (T, (5.9
32Cw(sp+1)

4° b2
Finally, suppose we fix for M, = oA

= bo n
R = \/&b = ,
* 7 20M. \Jor(A) \ logm

in view of the upper bound d (5.2). Then for all t > T*(8) as in (2.12),

~I|2 3 Qy 2 54
¢ - < 87 R —_— 5.4
Hﬂ 5“2 T ay + 4 Cstat + ae b || Ally (54)

We prove Theorem 9 and Corollary 10 in Section 14.

5.1. Discussions

Throughout this section, we assume v (4.2) is as defined in Theorem 6. Assume
that ¢ > a, > @,. In addition, suppose that the radius R = boVd as we set
n (1.7). Let dy < m be as defined in (4.3), where recall that we require
the following condition on d:

1

d < L
= 160M2”

=:dy, where Cy =
[Blly + @max

W(So + 1)2
Then by the proof of Lemma 18,

= 5 1 1 3
bovdy < 2% ogmw = ¢ ogm, where T = . (5.5)
3o n BEN

Cy Dy and b3 > ||B*]3 > ob2.

In contrast, under (5.2), the following upper bound holds on d, which is slightly

more restrictive in the sense that the maximum level of sparsity allowed on §*

has decreased by a factor proportional to x(A) compared to the upper bound

do (4.3) in Theorem 6; Now we require that |supp(5*)| < d, where for C4 =
1

160M7
n)\min (A)2 1
1024C2%w(sg + 1)2 log m 2400k (A)

n Amin(A) - CZ 1
Aogm \ T5Amax(4) ) ~ " k(A)

Q)
(

(5.6)

Q
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To consider the general cases as stated in Theorem 6, we consider the ideal case
when we set

11
= iy = 7)\max A
¢ = o= Amas(4)
such that 5 .
5% ~ au/(@ag) = k(A), where oy = g)\min(A).
Following the derivation in Remark 14.1, we have
80
S 6 (Ln) + 2 (L) ~ 2005(A) (L), (5.7)
1—«x (67

Combining (5.5) and (5.7), it is clear that one can set

A = Q(@A)w 10gm> (5.8)

n

in order to satisfy the condition (5.1) on A in Theorem 2 when we set

R = bov/dy 0 (f logm> (5.9)

T n

0 </~;(A)¢ 10gm> .

n

and hence R7r(A)

This choice is potentially too conservative because we are setting R in (5.9) with
respect to the upper sparsity level dy chosen to guarantee statistical convergence,
leading to a larger than necessary penalty parameter as in (5.8). Similarly, when
we choose step size parameter  to be too large, we need to increase the penalty

parameter A correspondingly given the following lower bound: A = (%)

Re¢ &+ 20 5
— = R(QT(En) (ij Tt
K Y S v

> 4ORT(£n)_£ +2R7(L,) =< RT(L,)k(A).
a

where

Suppose we set ( = 2Apax(A) and d% ~ 3k(A) as in Theorem 9. It turns out
that the less conservative choice of A as in (5.10)

A= (bO\/H(A)w(so)\/(/)) logm (5.10)

n

is sufficient, for example when 75 = (1), for which we now set

bo 1 n
R = boVd = /
0 20M 4 /6r(A) logm

as in Corollary 10. We will discuss the two scenarios as considered in Section 4.
See the detailed discussions in Section 14.
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6. Proof of theorems

In Section 6.1, we develop in Theorem 12 the crucial large deviation bound on
Hﬁ — f,B* H This entity appears in the constraint set in the Conic programming
estimator (1.8), and is directly related to the choice of A for the corrected Lasso
estimator in view of Theorem 16. Its corollaries are stated in Corollary 13 and
Corollary 14. In section 6.3, we provide an outline and additional Lemmas 15
and 17 to prove Theorem 3. The full proof of Theorem 3 appears in Section 10. In
Section 6.4, we give an outline illustrating the improvement for the Lasso error
bounds as stated in Theorem 6. We emphasize the impact of this improvement
over sparsity parameter d, which we restate in Lemma 18. In Section 6.5, we
provide an outline as well as technical results for Theorem 4. In Section 6.6,
we give an outline illuminating the improvement in error bounds for the Conic
programming estimator as stated in Theorem 7.

6.1. Stochastic error terms

In this section, we first develop stochastic error bounds in Lemma 11, where
we also define some events By, Bs, B1g. Recall that Bg was defined in Lemma 5.
Putting the bounds in Lemma 11 together with that in Lemma 5 yields Theo-
rem 12.

Lemma 11. Assume that the stable rank of B, ||B||iﬂ / HB||§ > logm. Let Z, X,
and W as defined in Theorem 3. Let Zy,Z1 and Zs be independent copies of Z.
Let €' ~ YM./K where Y := el ZT. Denote by By the event such that for

pn = Co K/ 8m

n

% HA%ZlTe < pnMeaél/,fx
tr(B
and % HZ;B%E < pnMc./Tp where T = r( )

Then P (By) > 1 —4/m3. Moreover, denote by Bs the event such that

B
F(@TBZ — (B, < anw*nz%

and | XJWB|| . < puK I8y V7B

max"*

Then P (Bs) > 1 —4/m?>.
Finally, denote by By the event such that

B
L(Z B2~ a(B)) | < puK T
and %HXgWHmax < puK TBalln/fx.

Then P (Bio) > 1 —4/m?.



Errors-in-variables models with dependent measurements 1731

We prove Lemma 11 in Section C.2. Denote by By := B4 N Bs N Bg, which we
use throughout this paper.

Theorem 12. Suppose (A1) holds. Let p, = Co K logm . Suppose that

| B3/ ||B|3 > logm where m > 16.

Let T and 5 be as in (1.6). Let Do = \/TB + /aGmax and D{ be as defined in

(2.17). Let Dy = H?L“ + Hi[F On event By, for which P (By) > 1 — 16/m?,

|5 -6
o0

. 2DIK
< (DaKr}fﬁ lo+ 22 51, + Do )pn (6.1)

We next state the first Corollary 13 of Theorem 12, which we use in proving

Theorems 3 and 4. Here we state a somewhat simplified bound on H’y\ — fﬁ*

o0
for the sake of reducing the number of unknown parameters involved with a

slight worsening of the statistical error bounds when 75 =< 1. On the other hand,
the bound in (6.1) provides a significant improvement over the error bound in
Corollary 13 in case 75 = o(1).

Corollary 13. Suppose all conditions in Theorem 12 hold. Let L and 5 be as
n (1.6). On event By, we have for Dy = 2(||A|l, + || B|l,) and some absolute
constant Cy

g

1s as defined in Theorem 3.

I
<Y %m,ummw:qwmuwwm+M)

In particular, Corollary 13 ensures that for the corrected Lasso estimator,
(6.5) holds with high probability for A chosen as in (3.5). We prove Corollary 13
in Section D.

6.2. What happens when g — 07

Recall Dy = /75 + a},{fx and Dj := /|| Bl|, + a}{fx. When 75 — 0, we have by
Theorem 12

~ Do logm
[i-te)., e

1
= 0 <D1Kﬁ 18* 1o + DOKME) K

n

“j@ + ”B}F — HAHl/2 under (Al), given that

|Bll g /v/n < 7']13/2 ||B||§/2 — 0. In this case, the error term involving |5*||,
in (4.2) vanishes, and we only need to set (cf. Theorem 16)

where Dy — am/ax and Dy

logm

A2 for ¥ < a2 KM, + || Ally? K25 /m'/?

max
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where the second term in ¢ defined immediately above comes from the esti-
mation error in Lemma 5; this term vanishes if we were to assume that (1)
tr(B) is also known or (2) ||8*||,, = o(Mm'/2/K). For both cases, by setting

1/2 /
A= 4am/axK M\/18™ we can recover the regular Lasso rate of

n )

=0,(A\dY?), for ¢q=1,2,

q

|3 -5

when the design matrix X is almost free of measurement errors.
Finally, we state a second Corollary 14 of Theorem 12. Corollary 14 is essen-
tially a restatement of the bound in (6.1).

Corollary 14. Suppose all conditions in Theorem 12 hold. Let Dy, D{j, Doracles
and 7—;‘/2 = 7—;/2 + % be as defined in (2.17) and (4.1). On event By,

1
< Y %8 m’ where
o] n

¥ = Col (DK 16, + DoM, )

Then P (By) > 1 — 16/m3.

We mention in passing that Corollaries 13 and 14 are crucial in proving
Theorems 3, 4, 6 and 7.

6.3. Outline for proof of Theorem 3

In this section, we state Theorem 16, and two Lemmas 15 and 17. Theorem 3
follows from Theorem 16 in view of Corollary 13, Lemmas 15 and 17. In more de-
tails, Lemma 15 checks the Lower and the Upper RE conditions on the modified
gram matrix,

Ta:=L(XTX - @(B)I,), (6.2)

while Lemma 17 checks condition (6.4) as stated in Theorem 16 for curvature
« and tolerance 7 regarding the lower RE condition as derived in Lemma 15.

First, we replace (A3) with (A3’) which reveals some additional information
regarding the constant hidden inside the O(-) notation.

(A3’) Suppose (A3) holds; moreover, mn > 4096C2D2K*logm/)\2, (A) for
Dy =2(||All, + || Bll,), or equivalently,

Amin (4) S O logm

m e for some large enough contant C'k.
2 2

Lemma 15. (Lower and Upper-RE conditions) Suppose (A1), (A2) and
(A3’) hold. Denote by V := 3eM3 /2, where Ma is as defined in (2.3). Let
So > 32 be as defined in (2.2). Recall that we denote by Aq the event that the
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modified gram matriz T as defined in (1.6) satisfies the Lower as well as Upper
RE conditions with

11
curvature a= g/\min(A); smoothness o = §)\max(A)
2 2 . -~
and tolerance 384C7@(s0)” logm < 7= M
)‘min (A) n S0
< 39602w2(80 + 1) logm
- )\min(A) n

for a,& and T as defined in Definitions 2.2 and 2.3, and C, sg,w(sg) in (2.2).
Suppose that for some ¢’ >0 and ¢/ K* < 1,

()
1Bl

3em

1
> C’K4s—g log <—) where € =
€

2My”

- (6.3)

Then P (Ag) > 1—4exp (— Mﬁ:gm log (Vmifgm)) — 2exp <_%> —6/m?.
The main focus of the current section is then to apply Theorem 16 to show
Theorem 3. Theorem 16 follows from Theorem 1 by [30].

Theorem 16. Consider the regression model in (1.1a) and (1.1b). Let d < n/2.
Let7,T be as constructed in (1.6). Suppose that the matriz T’ satisfies the Lower-
RE condition with curvature o > 0 and tolerance T > 0,

Vdr < min { (6.4)

L L}
32vd 4bo |’

where d, by and A are as defined in (1.7). Then for any d-sparse vectors 5* € R™,
such that ||B*]], < by and

<

~ 1
|7-e|_ = 35n (6.5)

the following bounds hold:

. 20 . 80
Hﬁ —p*| <Zavad and Hﬁ — gl <Zag,
2 [0 1 o

where B is an optimal solution to the corrected Lasso estimator as in (1.7).

We include the proof of Theorem 16 for the sake of self-containment and defer
it to Section G for clarity of presentation.

Lemma 17. Let ¢/, ¢,bg, M., M, and K be as defined in Theorem 3, where we
assume that b3 > ||B*||§ > @b for some 0 < ¢ < 1. Suppose all conditions in
Lemma 15 hold. Suppose that sqg > 32 and
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n

d = |supp(8*)| < Ca {/Dy N2}, where (6.6)

logm
g M2 4

and Dy = K b2+¢ > K¢ > ¢.
0

Ca:

T a0Mz K?

Then the following condition holds
« 1 logm [ 2
d< — N\ = s 6.7
_327'/\7'2 n (b()) ’ (6.7)

where 1) = CoDo K (K ||B* ||y + M) is as defined in (3.5), o = 5Amin(A4)/8, and

T 15 as defined in Lemma 15.

We prove Lemmas 15 and 17 in Sections F and H.1 respectively. Lemma 15
follows immediately from Corollary 25. We prove Lemmas 15 and Corollary 25
in Sections F' and L respectively.

Remark 6.1. Clearly for d, by, ¢ as bounded in Theorem 3, we have by assump-
tion (3.3) the following upper and lower bound on Dy :

27172

M2K
2K*¢p > Dy = ( Zz + K4¢) > K.
0

In this regime, the conditions on d as in (6.6) can be conveniently expressed as
that in (3.4) instead.

6.4. Improved bounds for the corrected Lasso estimator

The proof of Theorem 6 follows exactly the same line of arguments as in
Theorem 3, except that we now use the improved bound on the error term
|5 - 16

we replace Temma 17 with Lemma 18, the proof of which follows from Lemma 17
with d now being bounded as in (4.3) and v being redefined as in (6.2). The
proof of Lemma 18 appears in Section H.2. See Section 12 for the proof of
Theorem 6.

given in Corollary 14, instead of that in Corollary 13. Moreover,

Lemma 18. Let ¢/, ¢,bg, M., My and K be as defined in Theorem 3. Suppose
all conditions in Lemma 15 hold. Suppose that (4.3) holds:

* n 1
d = [supp (57)| < Cago o A" Dy A8}, where O := T60M2” (6.8)
2 2772
" ||B||2 + Gmax D6 K Me 14
= < d D - ——5 K .
¢ @(so + 1)? w(so+1) and e b? +7p K0

Then (6.7) holds with v as defined in Theorem 6 and o = %)\min(A).
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6.5. Outline for proof of Theorem 4

We provide an outline and state the technical lemmas needed for proving The-
orem 4. Our first goal is to show that the following holds with high probability,

|5 - Ts

o= RX - x4 su®B)l, <l e,

where i, w are chosen as in (6.9). This forms the basis for proving the ¢, conver-
gence, where ¢ € [1, 2], for the Conic programming estimator (1.8). This follows
immediately from Theorem 12 and Corollary 13. More explicitly, we will state
it in Lemma 19.

Lemma 19. Let Dy = /T + \/Gmax and Do = 2(||All, + ||B||,) be as in
Theorem 4. Suppose all conditions in Theorem 12 hold. Then on event By as
defined therein, the pair (8,t) = (B*,[|8*||,) belongs to the feasible set of the
minimization problem (1.8) with

1
uwx=2DsKp, and w =< DyM.py, where  pp = CoK o8 (6.9)
n

Before we proceed, we first need to introduce some notation and definitions.
Let Xo = Z1AY? be defined as in (1.4). Let kg = 1+ . First we need to define
the (4-sensitivity parameter for ¥ := 1 XT X, following [3]:

RN

mi ———= where 6.10
J:|J|<do AeCone, (ko) ||A\|q ( )

Conej(ko) = {xeR™| st. |lzsell; < kollzslly}-

tq(do, ko)

See also [21]. Let (8, ) be the optimal solution to (1.8) and denote by v = B— 3*.
We will state the following auxiliary lemmas, the first of which is deterministic in
nature. The two lemmas reflect the two geometrical constraints on the optimal
solution to (1.8). The optimal solution § satisfies:

1. The vector v obeys the following cone constraint: ||vge|; < ko |lvs]|;, and
t< Sl + 18-

2. ||¥v]|,, is upper bounded by a quantity at the order of O(u(||8*|y +
[olly) +w).

Lemma 20. Let p,w > 0 be set. Suppose that the pair (B,t) = (5%, [8*|,)
belongs to the feasible set of the minimization problem (1.8), for which (ﬁ,tA) is
an optimal solution. Denote by v =3 — B*. Then

1 .
losell; < (14X sl and £ < 5 Joll, + 118
Lemma 21. On event By N Bio,

190]l o < pa 187l + p2 0l + o',

where p11 =24, po = p(+ +1) and W’ = 2w for p,w as defined in (6.9).
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Now combining Lemma 6 of [3] and an earlier result of the two authors (cf.
Theorem 27 [38]), we can show that the RE(2dp, 3(1 4+ \), A'/?) condition and
the sample requirement as in (3.8) are enough to ensure that the ¢,-sensitivity
parameter satisfies the following lower bound for all 1 < ¢ < 2: for some con-
tant c,

Kql(do, ko) > cdg /9,

which ensures that for v = B— B* and ¥ = %XgXo,

—1
1ol > gldo, ko)llvll, > edy ™ |lu]l, (6.11)

Combining (6.11) with Lemmas 19, 20 and 21 gives us both the lower and upper
bounds on [|¥v|,, with the lower bound being r4(do, ko) [|v]|, and the upper
bound as specified in Lemma 21. Following some algebraic manipulation, this
yields the bound on the [[v[|, for all 1 < ¢ < 2. We prove Theorem 4 in Section 11
and Lemmas 19, 20 and 21 in Section I. The proof of Lemma 20 follows the same
line of arguments in [3] in view of Lemma 19.

6.6. Improved bounds for the DS-type estimator

Lemma 22 follows directly from Corollary 14.

Lemma 22. Suppose all conditions in Corollary 14 hold. Let Dy = /T +
Vamax < 1 under (A1). Then on event By, the pair (8,t) = (5%,]/8*||,) belongs
to the feasible set T of the minimization problem (1.8) with

w> D67§/2Kpn and w > DoM,p,, (6.12)
where T§/2 = 7113/2 + % is as defined in (4.1).

Lemma 23. On event Bg and (A1), the choice of ?}9/2 = ?E/Q + 067’7171/7%1 as in

(4.10), where recall vy, = 2CoK?4/ logm satisfies for m > 16 and Cy > 1,

/2 < FL/2 < /2 + §C’6r1/2 = r1/2 6.13
B B B 2 m,m B

T8 < 21+ 3062rm7m = 7'27 and moreover ?]13/27']; <1. (6.14)

We next state an updated result in Lemma 24.

Lemma 24. On event By N Byo, the solution j to (1.8) with p,w as in (4.10)
satisfies for v := g — B*

15X Xovll o < w1 1875 + ez ol +,

where p11 = 24, po = 2u(1 + 55) and W' = 2w.
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7. Lower and Upper RE conditions

The goal of this section is to show that for A defined in (7.2), the presumption
in Lemmas 37 and 39 as restated in (7.1) holds with high probability (cf Theo-
rem 26). We first state a deterministic result showing that the Lower and Upper
RE conditions hold for T' 4 under condition (7.1) in Corollary 25. This allows us
to prove Lemma 15 in Section F. See Sections K and L, where we show that
Corollary 25 follows immediately from the geometric analysis result as stated in
Lemma 39.

Corollary 25. Let 1/8 > > 0. Let 1 < k < m/2. Let Apxm be a symmetric
positive semidefinite covariance matrice. Let I'a be an m x m symmetric matriz
and A =Ty — A. Let E = U< E;, where E; = span{e; : j € J}. Suppose
that Vu,v € ENS™~1

3

|uTAv| <6< 3—2)\min(A). (7.1)

Then the Lower and Upper RE conditions hold: for all v € R™,

5

= 2 3)\min(A) 2
v'Tav > gAmin(A) vl = T’k [vlly
~ 11 3)\min A
mnd o Tav € S h(4) ol + 2 2.

Theorem 26. Let Ay, xm, Bnxn be symmetric positive definite covariance ma-
trices. Let B = U|j<p By for 1 <k <m/2. Let Z, X be n x m random matrices
defined as in Theorem 3. Let Tg be defined as in (1.5). Let

A=Ty—A:=1XTX -7, — A

Suppose that for some absolute constant ¢ >0 and 0 < ¢ < %,

tr(B) sk 3em
— > K*=1 —_— 1 2
o, > (e () ) Vi 2

where C = Cy/\/¢ for Cy as chosen to satisfy (H.6).

Then with probability at least 1 — 4 exp (—0252%) —2exp (—0252%) —

6/m> for ca > 2, we have for all u,v € ENS™™ 1

1
|uTA'U| < 8Cw(k)e + 4Co D, K* ogm7
mn
— lAlg , 1Bl
where w(k) =TB + pmax(kaA)7 and Dl S vm + Jn

We prove Theorem 26 in Section M.
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8. Numerical results

In this section, we present results from numerical simulations designed to val-
idate the theoretical predictions as presented in previous sections. We imple-
mented the composite gradient descent algorithm as described in [1, 30, 31]
for solving the corrected Lasso objective function (1.7) with (I',7) as defined
in (1.6). For the Conic programming estimator, we use the implementation pro-
vided by the authors [3] with the same input (I',7) (1.6). Throughout our ex-
periments, A is a correlation matrix with am.x = 1. We set the following as our
default parameters: D, = ||B||;/2 +1, Dy = /75 + 1 and R = ||3*||, V/d, where
d is the sparsity parameter, the number of non-zero entries in 5*. In one set of
simulations, we also vary R.

In our simulations, we look at three different models from which A and B
will be chosen. Let Q = A~ = (w;;) and Il = B~! = (m;;). Let E denote edges
in ©, and F' denote edges in II. We choose A from one of these two models:

e AR(1) model. In this model, the covariance matrix is of the form A =
{p‘i_ﬂ }i ;- The graph corresponding to the precision matrix A~ is a chain.

e Star-Block model. In this model the covariance matrix is block-diagonal
with equal-sized blocks whose inverses correspond to star structured
graphs, where A;; = 1, for all i. We have 32 subgraphs, where in each
subgraph, 16 nodes are connected to a central hub node with no other
connections. The rest of the nodes in the graph are singletons. The co-
variance matrix for each block S in A is generated by setting S;; = pa if
(i,7) € E, and S;; = p% otherwise, where p4 € {0.3,0.5,0.7,0.9}.

We choose B from one of the following models. Recall that 75 = tr(B)/n.

e For B and B* = B/t = p(B), we consider the AR(1) model with two
parameters. First we choose the AR(1) parameter pp« € {0.3,0.7} for the
correlation matrix B*. We then set B = 7 B*, where 75 € {0.3,0.7,0.9},
depending on the experimental setup.

e We also consider a second model based on II = B~!, where we use the
random concentration matrix model in [57]. The graph is generated ac-
cording to a type of Erdés—Rényi random graph model. Initially, we set
II = cl,,xn, and cis a constant. Then we randomly select nlogn edges and
update II as follows: for each new edge (3, j), a weight w > 0 is chosen uni-
formly at random from [Wmin, Wmax] Where Wmax > Wmin > 0; we subtract
w from m;; and m;;, and increase 7;; and m;; by w. This keeps II positive
definite. We then rescale B to have a certain desired trace parameter 75.

For a given *, we first generate matrices A and B, where A is m x m and B is
n X n. For the given covariance matrices A and B, we repeat the following steps
to estimate 8* in the errors-in-variables model as in (1.1a) and (1.1b),

1. We first generate random matrices Xo ~ N, (0,4 ® I) and W ~
Np.m (0, I ® B) independently from the matrix variate normal distribution
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as follows. Let Z € R™*™ be a Gaussian random ensemble with indepen-
dent entries Z;; satisfying EZ;; = 0, IEZin = 1. Let Z1, Z5 be independent
copies of Z. Let Xog = Z1 A2 and W = BY/2Z,, where A2 and B'/? are
the unique square root of the positive definite matrix A and B = 75 B*
respectively.

2. We then generate X = Xo + W and y = Xo8" + ¢, where ¢; i.id. ~
N(0,1). We compute 7g, 7 and I' according to (1.5) and (1.6) using X, y,
where by (1.5), 75 := 2tr(B) = (| XI5 — ntr(4)) ,

3. Finally, we feed X and y to the Composite Gradient Descent algorithm
as described in [1, 30] to solve the Lasso program (1.7) to recover SB*,
where we set the step size parameter to be (. The output of this step is
denoted by 3, the estimated 3*. We then compute the relative error of 3:
18 = B*II/II8*|l, where ||-]| denotes either the ¢; or the ¢5 norm.

The final relative error is the average of 100 runs for each set of tuning and step-
size parameters; for the Conic programming estimator, we solve (1.8) instead
of (1.7) to recover B*.

8.1. Relative error

In the first experiment, A and B are generated using the AR(1) model with
parameters pa, pp- € {0.3,0.7} and trace parameter 75 € {0.3,0.7,0.9}. We
see in Figures 1 and 2 that a larger sample size is required when p4, pp~ or 75
increases. To explain these results, we first recall the following definition of the
Signal-to-noise ratio, where we take K = M, <1

2
* 1
S/M =< 15 H22 = 5-, Wwhere
|85l +1 T+ (1/)8*]3)
S = |g*]; and M:=1+75]8"3,

which clearly increases as || B*HS increases or as the measurement error metric
Tp decreases. We keep ||8*]|, = 5 throughout our simulations. The corrected
Lasso recovery problem thus becomes more difficult as 75 increases. Indeed, we
observe that a larger sample size n is needed when 75 increases from 0.3 to 0.9
in order to control the relative {5 error to stay at the same level. Moreover, in
view of Theorem 6, we can express the relative error as follows: for a =< Apin(A)
and K <1,

|5~

W=y (UBIY*+1) /M [dlogm
181, _0P< Amin (A) \/Z\/T) (8.1)

Note that when |5*||, is large enough and 78 = Q(1), the factor preceding
dlogm . : UIBlly*+1)v7E
22T on the RHS of (8.1) is proportional to ~“—@Z&——x—=> A When we plot

the relative ¢y error ||B = B*[|2/[[8" |2 versus the rescaled sample size g
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(c) (d)

Fic 1. Plots of the relative €2 error after running composite gradient descent algorithm on
recovering B* using the corrected Lasso objective function with sparsity parameter d = |/m],
where we vary m € {256,512,1024}. We generate A and B using the AR(1) model with
pa,pB* € {0.3,0.7} and T = {0.3,0.7,0.9}. In the left and right column, we plot the relative
Ly error with respect to sample size n as well as the rescaled sample size n/(dlogm). As
n increases, we see that the statistical error decreases. In the top row, we vary the AR(1)
parameter ps € {0.3,0.7}, while holding (7B, py) and ||8*|y invariant. Plot (a) shows the
relative £o error versus n for m = 256,512,1024. In Plots (c) and (d), we vary the trace
parameter g € {0.3,0.7,0.9}, while fizing the AR(1) parameters pa, ply = 0.3. Plot (b) and
(d) show the relative €2 error versus the rescaled sample size n/(dlogm). The curves now
align for different values of m in the rescaled plots, consistent with the theoretical prediction
in Theorem 6.

under the same S/M ratio, the two sets of curves corresponding to p4 = 0.3
and pg = 0.7 indeed line up in Figure 1(b), as predicted by (8.1). We observe
in Figure 1(b), the rescaled curves overlap well for different values of (m,d) for
each ps when we keep (pp+,7g) and the length ||3*||, = 5 invariant. Moreover,
the upper bound on the relative ¢ error (8.1) characterizes the relative positions
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F1G 2. Plots of the relative £2 error after running composite gradient descent algorithm on
recovering B* using the corrected Lasso objective function with sparsity parameter d = |/m],
where we vary m € {256,512,1024}. We generate A and B using the AR(1) model with
pa = 0.3 and p}; € {0.3,0.7}. We set B = g B* and vary the trace parameter g € {0.3,0.7}
for each wvalue of pg+. The parameters T and pp affect the rate of convergence through

D = ||B||é/2 +a,1n/3x and T}13/2. Plot (b) shows the relative Lo error versus the rescaled sample

size n/(dlogm). We observe that as Tp increases from 0.3 to 0.7, the two sets of curves
corresponding to pgx = 0.3,0.7 become visibly more separated. As n increases, all curves
converge to 0.

of these two sets of curves in that the ratio between the ¢4 error corresponding
to pa = 0.7 and that for p4 = 0.3 along the y-axis roughly falls within the
interval (2,3) for each n, while Apin(AR(1),0.3)/Amin(AR(1),0.7) = 3. These
results are consistent with the theoretical predictions in Theorems 3 and 6.

In Figure 1(c) and (d), we also show the effect of 75 when 75 is chosen from
{0.3,0.7,0.9}, while fixing the AR(1) parameters p4 = 0.3 and pg- = 0.3. As
predicted by our theory, as the measurement error magnitude 75 increases, M
increases, resulting in a larger relative ¢ error for a fixed sample size n.

While the effect of p4 as shown in (8.1) through the minimal eigenvalue of
A is directly visible in Figure 1(b), the effect of pg* is more subtle, as it is
modulated by 75 as shown in Figure 2(a) and (b). When 75 is fixed, our theory
predicts that ||B||, plays a role in determining the ¢, error, p = 1,2, through
the penalty parameter A in view of (8.1). The effect of pp«, which goes into the
parameter D = ||BH§/ 21 el = , is not changing the sample requirement
or the rate of convergence as significantly as that of p4 when 75 = 0.3. This is
shown in the bottom set of curves in Figure 2(a) and (b). On the other hand,
the trace parameter 75 plays a dominating role in determining the sample size
as well as the £, error for p = 1, 2, especially when the length of the signal 8* is
large: ||3*[|, = ©(1). In particular, the separation between the two sets of curves
in Figure 2(b), which correspond to the two choices of pg*, is clearly modulated
by 7 and becomes more visible when 75 = 0.7.
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These findings are also consistent with our theoretical prediction that in order
to guarantee statistical and computational convergence, the sample size needs
to grow according to the following relationship to be specified in (8.2). We will
show in the proof of Theorem 9 that the condition on sparsity d as stated in
(5.2) implies that as pa, or 75, or the step size parameter ( increases, we need
to increase the sample size in order to guarantee computational convergence for
the composite gradient descent algorithm given the following lower bound:

v (i GG Vi) e 0
(Pmax ()i: z I:‘<11)4;L B)

70

We illustrate the effect of the penalty and step size parameters in Section 8.2.

8.2. Corrected Lasso via GD versus Conic programming estimator

In the second experiment, both A and B are generated using the AR(1) model
with parameters p4 = 0.3, pp~ = 0.3, and 75 € {0.3,0.7}. We set m = 1024,
d =10 and ||5*||, = 5. We then compare the performance of the corrected Lasso
estimator (1.7) using the composite gradient descent algorithm with the Conic
programming estimator, which is a convex program designed and implemented
by authors of [3].

We consider three choices for the step size parameter for the composite
gradient descent algorithm: {1 = Apax(4) + %)\min(A), (o = %)\max(A) and
(3 = 2 \max(A). We observe that the gradient descent algorithm consistently
produces an output such that its statistical error in £5 norm is lower than the
best solution produced by the Conic programming estimator, when both meth-
ods are subject to optimal tuning after we fix upon the radius R = v/d 15* Il
for (1.10) and (w,A) in (1.8) as follows. As illustrated in our theory, one can
think of the parameter A in (1.7) and parameters u,w in (1.8) satisfying

A= p |87l 4w,

logm

where we set w = 0.1D , where the factor 0.1 is chosen without loss of
generality, as we will sweep over f € (0,0.8] to run through a sufficiently large

range of values of the tuning parameters:

e For the corrected Lasso estimator, we set A = fDy7r > [|5* |, logm 4

e For the Conic programming estimator, we use y = fDEﬁé/ 2\/1(”%. We
set A =1 in (1.8), which is independent of the Lasso penalty.

The factor f is chosen to reflect the fact that in practice, we do not know the
exact value of ||3*[, or ||8*||;, Do or Dy, or other parameters related to the
spectrum properties of A, B; moreover, in practice, we wish to understand the
whole-path behavior for both estimators.
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Fic 3. Plots of the relative £1 and {2 error HBfB* /18*|| for the Conic programming

estimator and the corrected Lasso estimator obtained via running the composite gradient
descent algorithm on (approximately) recovering B*. Set parameters d = 10 and m = 1024
while varying n. Generate A and B using the AR(1) model with parameters pa = 0.3, pp* =
0.3 and 75 = 0.3. Set ¢ € {(1,(2,(3}. We compare the performance of the corrected Lasso and
the Conic programming estimators over choices of A and p while sweeping through f € (0,0.8].
In the top row, we plot the relative £o error for the Conic programming estimator (blue
dotted lines) and the corrected Lasso (green dashed lines) via the composite gradient descent
algorithm with step size parameter set to be (2 = %)\max(A) and €3 = 2Amax(A); in the
bottom row, we plot the relative £1 error under the same settings. We note that the composite
gradient descent algorithm starts to converge even when we set the step size parameter to be

Cl = Amax(A) + %Amin (A)

In Figures 3 and 4, we plot the relative error in ¢; and {5 norm as n increases
from 100 to 2500, while sweeping over penalty factor f € [0.05,0.8] for 75 = 0.3
and 75 = 0.7 respectively. For both estimators, the relative ¢ and ¢; error
versus the scaled sample size n/(dlogm) are also plotted. In these figures, green
dashed lines are for the corrected Lasso estimator via gradient descent algorithm,
and blue dotted lines are for the Conic programming estimator. These plots
allow us to observe the behaviors of the two estimators across a set of tuning
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F1G 4. Plots of the relative £1 and {2 error HB —B*|| /18*| after running the Conic program-

ming estimator and composite gradient descent algorithm on recovering B* using the corrected
Lasso objective function with sparsity parameter d = 10 and m = 1024 while varying n. Both
A and B are generated using the AR(1) model with parameters pa = 0.3, ppx = 0.3 and
78 = 0.7. We compare the performance of the corrected Lasso (green dashed lines) and
the Conic programming estimators (blue dotted lines) over choices of A and p while sweep-
ing through f € (0,0.8]. For the composite gradient descent algorithm, we choose ¢ from
{¢1,¢2,¢3}. In the top row, we plot the L2 error for the Conic and the corrected Lasso with
(o = %)\max (A) and (3 = 2Amax(A), while in the bottom row, we plot the £1 error correspond-
ing to the two step size parameters.

parameters. Overall, we see that both methods are able to achieve low relative
error in £,,p = 1,2 norm when A and p are chosen from a suitable range.

For the corrected Lasso estimator, we display results where the step size
parameter ¢ is set to (o = %)\maX(A) and (3 = 2 \pax(A) in the left and right
column respectively. We mention in passing that the algorithm starts to converge
even when we set ¢ = (1 = Amax(A) + 3Amin(A) as we observe quantitively
similar behavior as the displayed cases. For both estimators, we observe that
we need a larger sample size n in case 7 = 0.7 in order to control the error
at the same level as in case 7 = 0.3. In Figure 5, we plot the ¢5 and {; error
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F1G 5. Plot of the relative error in €2 and €1 norm versus the penalty factor f € (0,0.8] as
we change the sample size n. Set m = 1024 and d = 10. Both A and B are generated using
the AR(1) model with parameters pa = 0.3 and pp= = 0.3. We plot the relative error in
L1 and €2 morm versus the penalty parameter factor f € (0,0.8] for n = 300,600, 1200 when
(= %)\nlax(A)- In the left column, Tg = 0.3. In the right column, we set Tg = 0.7.
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versus the penalty factor f € [0.05,0.8] for sample size n € {300,600, 1200}. We
plot results for 75 = 0.3 and 75 = 0.7 in the left and right column respectively.
For these plots, we focus on cases when n > dk(A)logm, by choosing n €
{300,600, 1200}; Otherwise, the gradient descent algorithm does not yet reach
the sample requirement (8.2) that guarantees computational convergence. In
Figure 5, we observe that the Conic programming estimator is relatively stable
over the choices of pu once f > 0.2. The composite gradient algorithm favors
smaller penalties such as f € [0.05,0.2], leading to smaller relative error in
the ¢, and £ norm, consistent with our theoretical predictions. These results
also confirm our theoretical prediction that the Lasso and Conic programming
penalty parameters A and p need to be adaptively chosen based on the noise
level 75, because a larger than necessary amount of penalty will cause larger
relative error in both ¢; and ¢5 norm.

8.3. Sensitivity to tuning parameters

In the third experiment, we change the ¢;-ball radius R € {R*,5R* 9R*}
in (1.10), where R* = ||3*||2v/d, while running through different penalties for
the composite gradient descent algorithm. In the left column in Figure 6, A and
B are generated using the AR(1) model with p4 = 0.3, pg+ = 0.3 and 75 = 0.7.
In the right column, we set 75 = 0.3, while keeping other parameters invariant.

As predicted by our theory, a larger radius demands correspondingly larger
penalty to ensure consistent estimation using the composite gradient descent

algorithm; this in turn will increase the relative error when R is too large,

n
logm

involving 75 and x(A). This is observed in Figure 6. When n is sufficiently
large relative to 75 and k(A), the optimal ¢; and ¢5 error become less sensitive

with regard to the choice of R, so long as R = O, / g )» Where O(-) hides

parameters involving 75 and k(A), as shown in Figure 6.

for example, when R = ), where the €(-) notation hides parameters

8.4. Statistical and optimization error in gradient descent

In the last set of experiments, we study the statistical error and optimization
error for each iteration within the composite gradient descent algorithm. We
observe a geometric convergence of the optimization error ||3* — f||2.

For each experiment, we repeat the following procedure 10 times: we start
with a random initialization point 3° and apply the composite gradient de-
scent algorithm to compute an estimate 3; we compute the optimization error
log(||3* — B||2), which records the difference between ' and 3, where 3 is the
final solution. In all simulations, we plot the log error log(||3* — B|2) between
the iterate 5! at time ¢ versus the final solution B\, as well as the statistical error
log(||8t — 8*|2), which is the difference between 8¢ and 8* at time ¢. Each curve
plots the results averaged over ten random instances.



Errors-in-variables models with dependent measurements 1747

A=03 g*=0.3 g=0.7n=600 pa=0.3pg*=0.313=0.3n=600

Q] [ \ o
- : - = RL2
—e— 5R*L2
—— 9R*L2
@ | @ | -G- R*L1
° © ~o- BR*LI
-4- 9R* L4
S«o S«o
537 537
2 2
s s
L L
< <
S S
-4- 9R*LA
o o
S S
02 04 06 0’8 072 0.4 0’6 0’8
f f
pa=0.3pg*=0.315=0.7 n = 1200 pa=0.3pg*=0.315=0.3n = 1200
2 ] | : 2] :
T i = R*L2 T - R*L2
| —o— BR*L2 : —o— BR*L2
L A= 9R*L2 : —4— 9R*L2
© L -e- RTL o | -~ R*L1
L -o- BR*LY ! ~o- BR*L1
LA 9R* LA - : ~4- 9R* LA
o 5o
537 537
2 2
] 8
[ [
< <
S S
o o
S S
072 04 0’6 0’8 072 04 0’6 0’8
f f
pa=0.3 pg* =0.315 =0.7 n = 2500 pa=0.3 pg* =0.315 = 0.3 n = 2500
o | T o
T : = R'L2 T = R'L2
: —o— BR*L2 ! —o— BR*L2
' —— 9R*L2 ' —4— 9R*L2
@ ' -8~ R*L1 @) -8~ R*L1
: -0~ BR*L1 : ~o- BR*L1
: -4~ 9R* L1 \ -4~ 9R* L1
o ) ;
5o 5o :
2 2 !
s = |
° ° :
< < &
o o
3] o
S S
02 04 06 08

F1G 6. Plot of the relative error in £2 and £1 norm versus the penalty factor f € (0,0.8] as we
change the radius R. Set m = 1024, d = 10 and n € {600, 1200,2500}. We change the £1-ball
radius R € {R*,5R*,9R*}, where R* = 18*|l2v/d, while running through different penalties
for the composite gradient descent algorithm. In the left column, A and B are generated

using the AR(1) model with pa = 0.3, pg+ = 0.3 and 75 = 0.7. In the right column, we set
75 = 0.3, while keeping other parameters invariant.
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F1G 7. Plots of the statistical error log(||8t — 8*||2), and the optimization error log(||3 — EHQ)
versus tteration number t, generated by running the composite gradient descent algorithm
on the corrected Lasso objective function. Fach curve represents an average over 10 random
trials, each with a different initialization point of B°. In Plots (a) and (b), B is generated
using the AR(1) model with ppx = 0.3 and A is generated using the AR(1) model with
pa = 0.3. We set g = 0.3,0.7 in Plot (a) and (b) respectively. We set n = [pdlogm], where
we vary p € {1,2,3,6,12,25}.

In the first experiment, both A and B are generated using the AR(1) model
with parameters ps = 0.3 and pp- = 0.3. We set m = 1024, d = 10 and
75 € {0.3,0.7}. These results are shown in Figure 7. Within each plot, the red
curves show the statistical error and the blue curves show the optimization er-
ror. We can see the optimization error ||3" — 3|2 decreases exponentially for each
iteration, obeying a geometric convergence. To illuminate the dependence of con-
vergence rate on the sample size n, we study the optimization error log(||5¢—/||2)
when n = [pdlogm], where we vary p € {1,2,3,6,12,25}. When n = dlogm,
the composite gradient algorithm fails to converge since the sample size is too
small for the RSC/RSM conditions to hold, resulting in the oscillatory behavior
of the algorithm for a constant step size. As the factor p increases, the lower
and upper RE curvature o and smoothness parameter a become more concen-
trated around Apmin(A) and Apax(A) respectively, and the tolerance parameter
T decreases at the rate of l“%. Hence we observe faster rates of convergence
for p = 25,12,6 compared to p = 2,3. This is well aligned with our theoretical

T0

prediction that once n = Q(/{(A)mdlog m) (cf. (8.2)), we expect to observe
a geometric convergence of the computational error ||3" — B I|2-

For the statistical error, we first observe the geometric contraction, and then
the curves flatten out after a certain number of iterations, confirming the claim
that B¢ converges to 8* only up to a neighborhood of radius defined through the
statistical error bound €2,; that is, the geometric convergence is not guaranteed
to an arbitrary precision, but only to an accuracy related to statistical precision
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Fic 8. Plots of the statistical error log(||8* — B*|l2), and the optimization error when we
change the topology. In the last experiment, we have m = 1024, d = 10 and n = 2500. In (a),
A is generated using the AR(1) model with four choices of pa € {0.3,0.5,0.7,0.9} and B is
generated using AR(1) model with pg+ = 0.7 and 7 = 0.3. In (b), A follows the Star-Block
model and B follows the random graph model. We show four choices of pa € {0.3,0.5,0.7,0.9}

of the problem measured by fy error: |3 — 8*||2 =: €2, between the global
optimizer B and the true parameter §*.

In the second experiment, A is generated from the Star-Block model, where
we have 32 subgraphs and each subgraph has 16 edges; B is generated using the
random graph model with nlogn edges and adjusted to have 75 = 0.3. We set
m = 1024, n = 2500 and d = 10. We then choose ps € {0.3,0.5,0.7,0.9}. The
results are shown in Figure 8(b). As we increase p4, we need larger sample size
to control the statistical error. Hence for a fixed n, the statistical error is bigger
for pa = 0.7, compared to cases where py = 0.5 or py = 0.3, for which we
have k(A) = 42.06 and x(A) = 10.2 (for ps = 0.3) respectively; Moreover, the
rates of convergence are faster for the latter two compared to p4 = 0.7, where
k(A) = 169.4. When p4 = 0.9, the composite gradient descent algorithm fails
to converge as p(A) is too large (hence not plotted here) with respect to the
sample size we fix upon. In Figure 8(a), we show results of A being generated
using the AR(1) model with four choices of p4 € {0.3,0.5,0.7,0.9} and B being
generated using the AR(1) model with pg- = 0.7 and 75 = 0.3. We observe
quantitively similar behavior as in Figure 8(b).

9. Proof of Lemma 1

Proof of Lemma 1. Part I: Suppose that the Lower-RE condition holds for I" :=
AT A. Let = € Cone(sg, ko). Then

lzlly < (L4 ko) llzmylly < (14 ko)v/so |27l -
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Thus for & € Cone(sg, ko) N SP~1 and 7(1 + ko)%sp < /2, we have

9 9 1/2
Aol = @ ATADY 2 (allel} -7 el
1/2
> (allel3 =71+ ko)2so0 o 13)
> (a—7(1+ k0)250)1/2 > \/g.

Thus the RE(sp, ko, A) condition holds with
1 : | Az, s ¢

————— = min
K(So, ko, A) x€Cone(sp,ko) H:L’TO ||2 - 2

where we use the fact that for any J € {1,...,p} such that |J| < sq, |z, <
llzz, ||, We now show the other direction.

Part I1. Assume that RE(4R?,2R—1, A) holds for some integer R > 1. Assume
that for some R > 1

]y < Rzl -

Let (z})Y_; be non-increasing arrangement of (|x;|)%_;. Then

1/2
oy & (el
lell, < R{S@2+ Y (
j=1 jmst1 N
.12 91 12 X 1
< R(W3lheliy) <R (sl o+ el

where J := {1,...,s}. Choose s = 4R?. Then
N 1
lzll, < Rlla3lly + 5 llzl; -

Thus we have

e, < 2R[a5l, < 2R|a5],  and hence (9.1)

250, < QR—=1)[lz7l;- (9-2)
Then = € Cone(4R? 2R — 1). Then for all z € SP~! such that ||z||, < R|z|,,
we have for kg = 2R — 1 and s := 4R?,

2 2
T 7ol [l
I'e >
. r= Kz(SO,kQ,A) - ./S()KQ(S(),]{?(),A)

2
= allz(l;

where we use the fact that (1 + ko) ||xT0||§ > ||x||§ by Lemma 33 with zp, as
defined therein. Otherwise, suppose that ||z||; > R||z||,. Then for a given 7 > 0,
1

— 2 2
\/%KQ(SO,]CO7A) TR ) Hx”Q . (93)

2 2
allzlly =7 lzlly < (
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Thus we have by the choice of 7 as in (2.1) and (9.3)

1
>
o (\/%KQ(*SOakO,A)

2 2
allzlly = 7=l

The Lemma thus holds. O

2 2
2TT2 > Anin (D) ||]|2 —7R?) ||z[l;

v

10. Proof of Theorem 3

Throughout this proof, we assume that Ay N By holds. First we note that it
is sufficient to have (3.2) in order for (6.3) to hold. Condition (3.2) guarantees
that for V = 3eM3 /2,

tr(B) y o4 M Vmlogm
B) := 16¢'K 1
e T TR
3
> 160K n log (SemMA logm>
logm 2n
1 4 n 6emM 4
= JK*- _—__ " ] A
“t = M? logm Og<Mii(n/logm)>
1 M
> c'K4—250 log <66m A)
3 S0
— K*%log <36m) (10.1)
€ So€
where € = ﬁ < %7 and the last inequality holds given that klog(cm/k) on
the RHS of (10.1) is a monotonically increasing function of k,
4n 64C(pmax(507 A) + TB)
- d My = > 64C.
o= M? logm an A Amin(4) =

Next we check that the choice of d as in (3.4) ensures that (6.6) holds for D,
defined there. Indeed, for ¢/ K4 < 1, we have

d < CaldK A1) <Cu(@Dyn1) .
- ale )logm < Ca(@Dy A1) logm
By Lemma 15, we have on event Ay, the modified gram matrix [y = %(XTX -

tr(B)1,,) satisfies the Lower RE conditions with  and 7 as in (10.2). Theorem 3
follows from Theorem 16, so long as we can show that condition (6.4) holds for

A > 49y /8™ where the parameter 1 is as defined (3.5),

n )

>\min A) —

curvature a = §)\min(A) and tolerance 7T = Amin(4) = o = 37a' (10.2)
8 So 580

Combining (10.2) and (6.4), we need to show (6.7) holds. This is precisely the

content of Lemma 17. This is the end of the proof for Theorem 3 O
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11. Proof of Theorem 4

For the set Cone (ko) as in (F.3),
, _|AaTea| ( 1 )2
min min = .
J:|J|<dop A€Cone (ko) HAJ”§ K(do,ko,(l/\/ﬁ)zlAl/z)
Recall the following Theorem 27 from [38].

Theorem 27. ([38]) Set 0 < 6 < 1, kg >0, and 0 < dy < p. Let A2 be an
m x m matriz satisfying RE(do, 3ko, A'/?) condition as in Definition 2.1. Set

kRe(do, ko) =

2 16 K2(dy, 3ko, A'/?)(3ko)?(3ko + 1)
2 52

d = do+dom]axHA1/2ej

Let ¥ be an n x m matrix whose rows are independent isotropic o random
vectors in R™ with constant o. Suppose the sample size satisfies

2000da* 60em
n > log

52 s (11.1)

Then with probability at least 1—2 exp(—62n/2000a*), RE(dy, ko, (1/y/n) T A/?)
condition holds for matriz (1/4/n)¥A with

K(d07 ko; A1/2)

— (11.2)

0 < K(do, ko, (1/v/n)WAY?) <

Proof of Theorem 4. Suppose RE(2dg,3ko, A*/?) holds. Then for d as defined
in (3.9) and n = Q(dK*log(m/d)), we have with probability at least 1 —
2 exp(62n/2000K4), RE(2dy, ko, ﬁZlAl/z) condition holds with

(K(Zdo,ko, (11/\/5)21/11/2))2 = (2K(2d0,lko,A1/2)>2

kRre(2do, ko)

by Theorem 27.
The rest of the proof follows from [3] Theorem 1 and thus we only provide a
sketch. In more details, in view of the lemmas shown in Section 6, we need

Kq(do, ko) > cdy ™

to hold for some constant ¢ for ¥ := %Xg Xo. It is shown in Appendix C
in [3] that under the RE(2dy, ko, ﬁZlAlm) condition, for any dy < m/2 and
I1<q¢g=<2,

k1(do ko) > cdy'rre(do, ko) and
kq(do, ko) > c(q)dy " “rre(2do, ko), (11.3)

where ¢(q) > 0 depends on ky and ¢g. The theorem is thus proved following
exactly the same line of arguments as in the proof of Theorem 1 in [3] in view of
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the ¢, sensitivity condition derived immediately above, in view of Lemmas 19, 20
and 21. Indeed, for v := S—f*, we have by definition of ¢, sensitivity as in (6.10),

c(q)dy " "rre(2do, ko) |[vll, < #q(do, ko) [lvll,

< 13T Xovl|

< BNy + pa ol +w

< m Hﬁ*”Q + p2(2+A) ||USH1 +w

< 18Ny + pa(2 + Ny osl, +w

< 18y + pa(2+ NV o], + w (11.4)

Thus we have for dy = ¢oy/n/logm, where ¢y is sufficiently small,

dy " (c(q)rre(2do, ko) — p2(2 + N)do) lolly < pa 18701 +
and hence ||UHq < C(4D2pn K 87|l + QDOMEP”)dé/q
< ACDapn (K |57 + Mo)dy?

for some constant

C =1/ (c(q)rre(2do, ko) — p2(2 4+ N)do) = 1/ (2¢(q)kre(2do, ko)) ,

where

1
(24 XNdy = 2D2Kpn(x+1)(2+)\)cm/n/logm

1
= 20000D2K2(2 + )\)(X + 1)

is sufficiently small and thus (3.10) holds. The prediction error bound follows
exactly the same line of arguments as in [3] which we omit here. See proof of
Theorem 7 in Section 6.6 for details. O

12. Proof of Theorem 6

Throughout this proof, we assume that 4gN By holds. The proof is also identical
to the proof of Theorem 3 up till (10.2), except that we replace the condition

on d as in the theorem statement by (4.3). Theorem 6 follows from Theorem 16,
so long as we can show that condition (6.4) holds for a and 7 = %
as defined in (10.2), and A > qu/lm%, where the parameter v is as de-

fined (6.2). Combining (10.2) and (6.4), we need to show (6.7) holds. This
is precisely the content of Lemma 18. This is the end of the proof for Theo-
rem 6.
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13. Proof of Theorem 7

Throughout this proof, we assume that By N Byg holds. The rest of the proof
follows that of Theorem 4, except for the last part. Let ui, ps,w be as defined

in Lemma 21. We have for p» = 2u(1 + 5), where p = D(’)K'pnﬂl;/2 and

do = coTg / 1/ logm,

1y 1 _
a2+ Ndy = 2001)()1(27,;/2(ﬁ +1)(24 Neorg (13.1)

IN

1
2c0Co DY K?(2 + A)(ﬁ +1) < 3¢ c(q)kre(2do, ko),

which holds when c¢q is sufficiently small, where 7574 /<1 by (6.14). Hence

c(q)kre(2do, ko) .

<
Hado < 507

Thus for ¢ sufficiently small, 4y = 2u, we have by (11.3), (13.1), (11.4)
and (6.13),
dy "3 (cla) e (2do, o)) o],
dy ' (c(q)rre(2do, ko) — pa2(2 + N)do) o]l
(r5q(do, ko) — (2 + Ny~ Jvll, < g1 18]l +w
< 2Dhp 3% + (3/2)Cork2) 187 ]l + M./ K) (13.2)

IN

and thus (4.11) holds, following the proof in Theorem 4. The prediction error
bound follows exactly the same line of arguments as in [3], which we now include
for the sake completeness. Following (4.11), we have by (13.2),

v, < Cudo(pa |87y +w)
where

Cn
p2 [[olly

2/ (c(q)kre(2do, ko)) and hence
Cripado(pa 18% ||y +w)

Cui (c(@)rre(2do, ko)) (pa [|67[|5 +w)

IN

IN

1
2024 \)

1
6%l + ).

2+/\ml

Thus we have by (13.2), (6.14) and the bounds immediately above,

=R 2
L|x@ -]
< Cuado(pua 18711y + ) (1871l + a2 ol + 20)

< loll; || % X3 Xov||
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< Cudo(pa 1Bl + w) (1 + ) (187l + 2w)
logm (172 os M\
C’(D6)2K4dOT (TB 15712 + 4=
(@7 + 3G m) K 1815 + M2)

1
A

2+

logm

< C(1Bl; + amu) K2do =

where (D)% < 2||B||, 4+ 2amax. The theorem is thus proved.

14. Proof of Theorem 9
Suppose that event Ay N By holds. The condition on d in (5.2) implies that
4
CQ } , where (14.1)

1)%22?)2;;) } \/ { (%)

n > 512d7010gm{
(14.2)

400C%w (5o + 1)
)\min (A) '

To
To see this, note that the following holds by the first bound in (5.2):
64dTy logm Amin (4)
=—— < 64dryl 14.3
Ve n - 7008 m256d7'0 logm * 24k (A) (14.3)
)\min (A) < %

= 96k(4) ~ 60
528“*. Thus we have

where oy = %)\min(A) by Lemma 8, and hence a, >

2 =2
(;—é < ﬁ, where (> ay > Anax(A4) > k(A)ay
Now, by definition of v(d, m,n) and the second bound on n in (14.1),
128drlogm_ (ag)?
= "16¢

' n

2v(d,m,n) = 128dr,(L,)

Then

dv(d,m,n)  256d1,(L,) _ ap
29 = — = — < =

Qy Qy 8<

That is, we actually need to have for 20 < g¢
£ 1 Qg 1-0
= 2 —_— 2 =
T 1_QT(£n) 4C+ 0+5 -
Qy
— +20+ 5) 5
e

= 27(L,) (4C
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— 2r(L) <4_é;2@ + gg) < 27(L,) (3 + ﬂ)

Z—é — 20 Qyp Qyp
< 67(Ly) + —7(Ly),

where we use the second bound in (14.1), and hence

Qy 3 ay
oy <« 2%
4<+Q S 91 and
[e7) 1ay
1-— l—p)=—-2 > ——.
(1-r)(1-0) 2 2 5y

Finally, putting all bounds in (2.6), we have 0 < k < 1. Thus the conclusion of
Theorem 2 hold. O

14.1. Proof of Corollary 10

Suppose that event Ay N By holds. We first show that

4

1) -
Avel o +47(L,)e? < 647(L,) <4de€§tat + )\2) in case 0% < M4

Recall that & > 107,(L,,) by definition of £ in (2.7). The condition (5.1) on A as
stated in Theorem 2 indicates that

- 160bov/d7(L,,)

1 where R = boVd. (14.4)
— K

We first show that for the choice of A and R as in (14.4),

AP < 2 (52 4eur (a2, + O
|2, = 7 (8 +oar (4t r 55
3 e’ 2 52 Me2
< _62 stat 2o = stat
T ooy + 4 + (67, T0 4001)3

Then (5.3) holds.
For the second term on the RHS of (2.11), we have by (14.1),

256dm L 4 2 1)2
> M%—C, where 75 < 00C (50 + 1) (14.5)
Qe Y4 Arnin(14)
Thus
4y, = 256dT log m <a o and 141/52 < @52 < —azegtat
L = 0 n >~ ZSC &Z stat — 44— stat — 4( .

Consider the choice of 77 = 62, where M > N = 82 > fsﬁdloﬂ = 52,

—K n
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Thus we have for (14.4),

2% < Mece?,, dlogm 11—k :Mceftatﬁ<R
AT 1—k n 160bgVdr (L) 160by 79

2
and hence € = %.

Then for the last term on the RHS of (2.11), we have for 7¢(L,) < 7,

A
_ 64T§§§4(1—1~@)2 n
A2 400b2m9 dlogm
seMedy (1 - K)?
1—r 400b27o
cd® Med (1 — k) cd® Med
o 4008 (T_o 40003 )

2 2
dro(Ln)€2 = 1675(£n)min<£,R>

IN

2
2 o Meega, dlogm
where % < ——t .

Finally, suppose we fix

R = bo n
" 20M, \/6r(A) | logm

in view of the upper bound d (5.6). Then in order for

)\2161’%L
1—=x

to hold, we need to set
A > 640R7(L,)k(A),

because of the following lower bound ﬁ > 407(Ly)k(A) as shown in (2.16).
Then (5.4) holds given that the last term on the RHS of (2.11) is now bounded
by

2 . 2 (262
d—/ln(ﬁn)e = a—ZlGTg(ﬁn)m1n<T,R)

? _602 645*
= 59 ap 6402 R2k(A)%1e(Ly)
2
60 2. 5 20M /6
59 ay 6400k (A) T bo

6012 0*M? 60 36 1024 < 26*
59 ap 1663k (A)T9 — 59 4ay 40002 ||All, — b3ay ||A]l,°

IN

Remark 14.1. First we obtain an upper bound on £ for( =a, =<

1—k
and %%)\min(/l) < ay

3Amax(A)
2



1758 M. Rudelson and S. Zhou

£ 80¢
80¢
< 67(Ly) + 7 (Ln)
" B0 Nin(A)

Q

2007 (L, )i (A).

Now we obtain an upper bound using R < boV/d for d < d as in (5.6),

& logm bo
R QOOHATIJ\/E<200I€ATH
-k (Ayrbovd < (Ao n 20M4+/6k(A)

/\min(A) logm bo
200K (A) T
Ao+ DV "0 6100 /on(a)
To logm
10bg———=+/K(A
0M+\/6 K;( ) n
12 1
= 5b00w(50+1)\//@(14) M,

V6 n

where we use (5.2) and the fact that = 12.5Cw(sp +1). We now discuss the
implications of this bound on the choice of A\ in Section 5.1. We consider two
cases.

A

IN

e When 75 = Q(1). It is sufficient to have for ||3*||, < by and 75 < 1,

A > 16Ch <50\/@w(50 +1)\/ <D6K(KT;/2+ J;)f_o)>) log m

n

following the discussions in Section 4, where the first and the second term
on the RHS are at the same order except that the new lower bound involves
the condition number x(A), while the original bound in Theorem 6 involves

only D} = | B|IY/? + a{2..
e When 75 = o(1) and M, = Q(T§/2K 15*Il5). Now d satisfies (4.12) and

hence
' DI K M,
boVd < ] — Ve < Abo b
4\/_M+ logm | w@(so+1)

Now combining this with the condition on d as in (5.2) implies that it is
sufficient to set R such that

3 n(A) DKM, ) m

1—k <\/7/\ w(sp + 1 logm
D{K M, logm
= k(A)w(so+1) (ﬁ/\ 20+1>‘/ >

~ (bow(so + 1)@ A ﬁ(A)DéKM€> \/ lm% =:U.
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Hence it is sufficient to have for ¢ < D{K (M6 +KT§/2 ||B*H2) as in
(1.2),
_ logm

A > (Uvy) —.

15. Proof of Theorem 12

Clearly the condition on the stable rank of B guarantees that
_ (B) _ u(B)|Bl,
11, IBI;

Thus the conditions in Lemmas 11 and 5 hold. First notice that

2 2
n > r(B) > ||Bl[g / I1Blly = logm.

7 = L(XTXB+WTXoB* + X e+ WTe)
(lXTX _ G(B)Im)ﬁ* _
L(XT Xo+ WTXo+ XTW + WTW — GB _yge

n

Thus
|p-t5|_ < |-t @x"x-8mm) &,
= LxTe+WTe— (WIW + XIW — &2(B)1,) 8| .
< S lIXTer Whe|| L+ L I[WIW — te(B) )57
+ 5 Xews|,
< G lxTe+WTel| + L([(Z"BZ - t2(B) L) 5 |)

+E|XTWB|| L+ £ [6(B) — (B 187
= Uy +Us+Us+ U,

By Lemma 11 we have on By for Dy := /75 + a%n/a2x’

Ur=L||XFe+ WTe|, =1 |abzTet ZfBre| < purtDs,
(o)
and on event By for Dj := +/||B||, + arla,
s+ Uy = £ (2782 — (B, + + |XTWee|

* ||B|| * 1/2
< i8], (YO0 + VAl ) < Ko 1, 7 D%,

where recall || Bl < +/tr(B) \|B||é/2. Denote by By := B4 N Bs N Bs. We have
on By and under (A1), by Lemmas 11 and 5 and D; defined therein,

H%—fﬁ* < Uy +Uy+Us + Uy

oo

IA

puMcDo + Dyt *Kp, |18, + L |6(B) — tx(B)| 1187 ..
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1/2|

< DOMePnJFD(I)KTB |5*”2 pn + D1 ||5*||Oo7'm,m

< DoM.py + DyE7Y? 8%l pn + 2D1 K

1
Finally, we have by the union bound, P (By) > 1—16/m3. This is the end of the
proof of Theorem 12. O

16. Conclusion

In this paper, we provide a unified analysis on the rates of convergence for both
the corrected Lasso estimator (1.7) and the Conic programming estimator (1.8).
As n increases or as the measurement error metric 75 decreases, we see perfor-
mance gains over the entire paths for both ¢; and /5 error for both estimators
as expected. When we focus on the lowest ¢ error along the paths as we vary
the penalty factor f € [0.05,0.8], the corrected Lasso via the composite gra-
dient descent algorithm performs slightly better than the Conic programming
estimator as shown in Figure 5.

For the Lasso estimator, when we require that the stochastic error € in the
response variable y as in (1.1a) does not approach 0 as quickly as the measure-
ment error W in (1.1b) does, then the sparsity constraint becomes essentially
unchanged as 7 — 0. These tradeoffs are somehow different from the behavior
of the Conic programming estimator versus the Lasso estimator; however, we
believe the differences are minor. Eventually, as 75 — 0, the relaxation on d
as in (4.13) enables the Conic programming estimator to achieve bounds which
are essentially identical to the Dantzig Selector when the design matrix Xy is
a subgaussian random matrix satisfying the Restricted Eigenvalue conditions;
See for example [6, 4, 38].

When 75 — 0 and M, = Q(7 K ||3*||,), we set

1
x> 20y 2™ where o = 4C, DK M., (16.1)
n

so as to recover the regular lasso bounds in ¢, loss for ¢ = 1,2 in (4.5) in
Theorem 6. Moreover, suppose that tr(B) is given, then one can drop the second
term in ¢ as in (4.2) involving ||5*||, entirely and hence recover the lasso bound
as well.

Finally, we note that the bounds corresponding to the Upper RE condition
as stated in Corollary 25, Theorem 26 and Lemma 15 are not needed for Theo-
rems 3 and 6. They are useful to ensure algorithmic convergence and to bound
the optimization error for the gradient descent-type of algorithms as considered
in [1, 30], when one is interested in approximately solving the nonconvex op-
timization function (1.7). Our Theorem 9 illustrates this result. Our theory in
Theorem 9 predicts the dependencies of the computational and statistical rates
of convergence for the corrected Lasso via gradient descent algorithm on the
condition number k(A), the trace parameter 75 and the radius R as

2
A=< e = TOH(A)—R ligm, where 79 =< (pmaxgii;i)zj B)

T1-k
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depends on 7g, sparse and minimal eigenvalues of A. Therefore, we need to
increase the penalty when we increase the ¢1-ball radius R in (1.10) in order to
ensure algorithmic and statistical convergence as predicted in Theorem 9. This
is well-aligned with the observation in Figure 6. Our numerical results validate
such algorithmic and statistical convergence properties.

Appendix A: QOutline

We prove Theorem 2 in Section B. In Sections C, we present variations of the
Hanson-Wright inequality as recently derived in [37] (cf. Lemma 32). We prove
Lemma 11 in Section C.2. In Sections H and I, we prove the technical lemmas
for Theorems 3 and 4 respectively. In Section J, we prove the Lemmas needed
for Proof of Theorem 7. In order to prove Corollary 25, we need to first state
some geometric analysis results Section K. We prove Corollary 25 in Section L
and Theorem 26 in Section M.

Appendix B: Proof of Theorem 2

Let us first define the following shorthand notation
At = B~ 5 and & = ¢(8') - ¢(B).
The proof of the theorem requires two technical Lemmas 28 and 30. Both are

stated under assumption (B.1), which is stated in terms of a given tolerance
7 > 0 and integer T" > 0 such that

#(8Y) — d(B) <7, Vt>T, (B.1)

where the distance between 8¢ and the global optimizer (3 is measured in terms
of the objective function ¢, namely, 6¢ = ¢(8") — ¢(B).

We first show Lemma, 28, which ensures that the vector At = Bt — B satisfies
a certain cone-type condition. The proof is omitted, as it is a shortened proof
of Lemma 1 of [31].

Lemma 28. (Iterated Cone Bound) Under the conditions of Theorem 2,
suppose there exists a pair (7, T) such that (B.1) holds. Then for any iteration
t > T, we have

97
‘ +2~min<—n,R>.
2 A

We next state the following auxiliary result on the loss function. We use
Lemma 29 in the proof of Lemma 28 and Corollary 10.
Lemma 29. Denote by 14(L,) := 79 loim and vy = 64d1e(Ly,). Let Espay =
8V destar, Where egany = HE— ,B*H and € = 2 - min (2—;’,R). Under the assump-

2

tions of Lemma 28, we have for A := 3t — 3 and t > T,

-, 20

3], ol

~ — —~, |12
TA.A) = S |A -l @+ and  (B2)
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600~ 6(B) > TE.B) = 2T A - 2n(n) e + % (B)

Lemma 30. (Lemma 3 of Loh-Wainwright (2015)) Suppose the RSC and
RSM conditions as stated in (2.4) and (2.5) hold with parameters (ag, 7¢(Ly))
and (ay, 7, (L)) respectively. Under the conditions of Theorem 2, suppose there
exists a pair (77, T) such that (B.1) holds. Then for any iteration t > T, we have
for0 <k <1,

#(8") — ¢(B) KT (o(BT) — ¢(B)) +

IA

m(ggtat +é)  for

o
Estat = Sﬂsstat and €=2-min (%,R) ,

where the quantities k and ¢ are as defined in Theorem 2 (cf. (2.6) and (2.7)).

Proof of Theorem 2. We are now ready to put together the final argument for
the theorem. First notice that (2.11) follows from (2.10) directly in view of (B.3)

and Lemma 28, where we set 7§ = 62, &a; = 8v/destar and € = 2min (ﬁ, R).

)
Following (B.3), we have for vy = 64d7,(L,,),

2

SR = 68 = 6(B) + 27l L) Estar + O,
and thus
|87 < 2008 ~ 6B) + i) Guar + )
2y Qy

< 071 (6% +270(Ly) (28254 + 2€°))
4

< O% (6% + 270(L,)(128de2,,, + 2€%))
4

< 073 (6% + dvpediy + A7e(Ly)€7) . (B.4)
l

The remainder of the proof follows an argument in [1]. We first prove the fol-
lowing inequality:

$(BY) — ¢(B) < 8%, Wt > T*(3).

We divide the iterations ¢ > 0 into a series of epochs [Ty, Ty+1] and defend the
tolerances 7y > 73 > ... such that

6(8) — ¢(B) <7ie, V=T
In the first iteration, we apply Lemma 30 with 7y := ¢(3°) — (b(ﬁ) to obtain

6(B") — ¢(B) < K ((8°) — 6(B)) +

%(Eﬁtat +4R?*)  for any iteration t > 0.
— K
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Set

2
77]1 = %(ggtat +4R2) and T1 = ’V

log (2o /11) -‘
: LSl LV E VY

log(1/k)

Then we have for any iteration ¢t > T}

3(B") — (B) < 7 := % max {€2,,,4R} .

The same argument can be now be applied in a recursive manner. Suppose that
for some ¢ > 1, we are given a pair (7¢,Ty) such that

#(BY) — $(B) < Tie, Vt > Ty (B.5)
We now define

2€

5 z log(27¢ /1
Net1 = m(eg‘cat + 6?) and Toy1:= ’7(77/77""1) + 1.

log(1/k)
We can apply Lemma 30 to obtain for any iteration ¢t > Ty and €,:=2 min{%, R},

£ o 2
—— (1 +€7);
P (GStat 8)

6(8') = (B) < w1 (9(8T) — $(B)) + 1

which implies that for all t > Ty, 1,

~ 4
B8~ 6(B) < s < o max{ S, 2}

by our choice of {n¢, Ty }¢>1. Finally, we use the recursion

_ 4¢ g log(2“70 /)
MNe4+1 S m max(estat7 E?) and Tg S Y4 + W (B6)
to establish the recursion that
_ ur M1 R
MNe+1 < 421T1 and Ep+1 = T+ < 47 VYl = 1,2, e (B?)

Taking these statements as given, we need to have
e < 6%

It is sufficient to establish that
AR
ZLQlTl S 52.

Thus we find that the error drops below 62 after at most

l5 > log (log(RA/6%)/log(4)) /log 2 + 1 = log log(RA/6%)
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epochs. Combining the above bound on ¢s with the recursion (B.6)
Z — —
T, < 04 1082 0/M)
log(1/k)
we conclude that
6(8") — 9(B) < &
is guaranteed to hold for all iterations
log 2 log(0/6?%)
log(1/%) ) * Tog(1/k)

To establish (B.7), we start with £ = 0 and establish that for €sat = 8V destar =
o(Vd) = o(R)

t>f5<1+

i 4¢ . .. 16R¢ R

o 5 =" R<= (B

)\ (1 _ K))\ max(estatﬂ 4R ) (1 _ K))\R =4 (B 8)
and thus & = 2min{n—)\1,R} = R/2<¢ =R (B.9)

Assume that €. < €1 (otherwise, we are done at the first iteration). First, we
obtain for ¢/ =1,

_ 4¢ B} 4¢ € (2m)°
URJRS mmax(egtat,af) =1_ HE? =1_x <T
< 1_6577_%<16§Rﬁ_1<@7
— 1—kXN T 1—k4)\N 4
72 m R
d 2 < =
MmN = S 16

where in the last three steps, we use the fact that A > % and (B.8).
Thus (B.6) holds for £ = 1.

Now assume that (B.7) holds for d < ¢. In the induction step, we again use
the assumption that &, := 277—/\4 > &tat and (B.6) to obtain

_ 48 _ 16¢ 77
Mer1 < 1-x maX(EStamE?) T 1= /1)\_62
< 16§ R e 16RE1 7
T 1—Rr42D N 1 -k A4207D
e
S peo
Finally, by the induction assumption
e R
NS
we use the bound immediately above to obtain
Ne+1 e 1 R 1 R
N S pEvy SpEpe S
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The rest of the proof follows from that of Corollary 10. This is the end of the

proof for Theorem 2. O
It remains to prove Lemma 29.

Proof of Lemma 29. Using the RSC condition, we have for 74(L,) = 7o2&™

and vy = 64dry(L,) < 3%,

T(B.6) > %Hﬁtuz—n(ﬁ ) ‘&Hf (B.10)

> %‘Et
- 2

2 —~
L= 7e(Ln) (2 +16d HN

2

5 +2(€stat +€)2>
1_ ell? _ 2

> el HA H2 —27(L) (Estat + €)

and by Lemma 28, for any iteration t > T,

IN

|3 -4, -4,

(25

IN

4\/8H3t

9 + (Estat + 6)'
By convexity of function g, we have

9(B") —g(B) — (Vg(B), ' —B) >0. (B.11)
Thus

o8~ oB) = (Vo8 ~B) !
= £alB) = £a() = (TLu(F 5 - B)
NG - o)~ (VD) 1)

Moreover, by the first order optimality condition for B\ , we have for all feasible
Bt e

(Vo(B).B" = B) >0,
and thus
$(8") = ¢(B) = Ln(B") = Ln(B)— (VLw(B),B' —B) =T(B".B),
where similar to (B.10), we have

—~ ~., |12 —~ 12
S T 7

> (g — 32d7e(L HAtH —279(Ly) (Estat + 6)2

1 ~
5@5 HAtH2 - 27—Z<£n)(€stat + 6) )



1766 M. Rudelson and S. Zhou

and by Lemma 28,

&,

IA

2 27 ?
32d HAtH2 + 2 (8\/Egstat + 2 - min (%aR>>

IN

112
32dHAtH2+2(€Smt+e)2. 0

Appendix C: Some auxiliary results

We first need to state the following form of the Hanson-Wright inequality as
recently derived in Rudelson and Vershynin [37], and an auxiliary result in
Lemma 32 which may be of independent interests.

Theorem 31. Let X = (X1,...,X,,) € R™ be a random vector with indepen-
dent components X; which satisfy E(X;) = 0 and || X[, < K. Let A be an
m X m matriz. Then, for everyt > 0,

t2 t
P(|XTAX —E (XTAX)| >t) <2 —cmi ,
(] ( )| >1t) < 2exp [ cmin <K4 1A% K2 |A||2>

We note that following the proof of Theorem 31, it is clear that the following
holds: Let X = (Xi,...,X;n) € R™ be a random vector as defined in The-
orem 31. Let Y,Y’ be independent copies of X. Let A be an m X m matrix.
Then, for every t > 0,

2
P(|[YTAY'| > t) < 2exp l—cmin < t d ) . (C.1)

K4 A% K2 [ Ally

We next need to state Lemma 32, which we prove in Section N.

Lemma 32. Let u,w € S" 1. Let A = 0 be an m x m symmetric positive

definite matriz. Let Z be an n X m random matriz with independent entries Z;;

satisfying EZ;; = 0 and ||Zij‘|w2 < K. Let Zy,Z5 be independent copies of Z.
Then for every t > 0,

i (‘uTZlAl/zZQTw’ > t)

2 t
< 2exp | —cmin ,
( <K4tf<A> K? ||A||§/2>>

P(|u"ZAZ"w —Bu" ZAZ"w| > t)

t2 t
< 2exp | —cmin , ,
( <K4 |Al7 K2 ||A||2>>

where ¢ is the same constant as defined in Theorem 31.
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C.1. Proof of Lemma 5

First we write

XXT —tr(A)L, = (ZAY? 4+ BY22,)(2,AY? + BV 2,)" — (A1,

(2, AYV? + BY22,) (2 BV? + AV22T) — tx(A)1,

= Z,AY?ZIBY? L BY?7,7TB'/?
+BY2 72, A2 7T + 2, AZT — tr(A)I,.

Thus we have for tr(B) := = (|| X||3 — ntr(A)),

L(te(B) — tr(B)) := 1 (| X% — ntr(A) — mtr(B))

_ %(tr(XXT) — ntr(A) — mtx(B))

— —tr(Z1A1/2ZTB1/2) " tr(Bl/2Z2Z2TBl/2) - tr(B)
mn 2 n "
LW(ZAZ])  tr(4)

mn m

By constructing a new matrix A4, = I, ® A, which is block diagonal with n
identical submatrices A along its diagonal, we prove the following large deviation

bound: for t; = CoK? || Al v/nlogm and n > logm,

P (|tr(Z1AZ]) — ntr(A)| > t1)
= P (’VGC{Z1 T a®A)yvec{Z,} — ntr(A)‘ > t1>

exp [ —cmin t% by
K[| An|l7 " K2 4l

9exp [ —emin (Cok2y/nlogm||Al|)? CoK?vnlogm || Al
k|| Al ’ K2 All,

IN

IN

< 2exp(—4logm),

where the first igequality 11201ds by Theorem 31 and the second inequality holds
given that A, |2 = n [[A]% and A, ], = |All,.

Similarly, by constructing a new matrix B, = I,,, ® B, which is block diagonal
with m identical submatrices B along its diagonal, we prove the following large
deviation bound: for to = CoK? || B|| . vVmlogm and m > 2,



1768 M. Rudelson and S. Zhou

P (|tr(Z3 BZs) — mtr(B)| > to) =
P (‘vec (Zo}" (L ® B)vec { Zy } — mtr(B)’ > tg)

. t3 lo
< exp | —cmin ’
( <K4m||B||2 K2||B||2>>
< 9 - (CoK?mlogm||B|p)? CoK?ymlogm | Bl|p
< 2exp | —cmin 5 , 3
K*m | B|% K2 |[Bl|,
< 2exp(—4logm).

Finally, we have by (C.1) for tg = CoK?\/tr(A)tr(B) logm,

P (’VGC{Zl 1T BY2 @ AY?vec { Z, }‘ > to)

< 2e cmin & fo
X - )
= TP K*||BY2 @ AV2|% K2 ||[BY2 @ A2,
tr(B)1 2 tr(A)tr(B)1
= 2exp | —cmin (Coy/tr(A)ix(B) logm) 700 r(l/)Q 1l )l/zgm
tr(A)tr(B) 1Bl 1Al
< 2exp(—4logm),

where we use the fact that r(A)r(B) > logm, || B2 @ AY2||, = ||B[y/* | Al
and
|82 A1/2H2 = (B2 oA (B2 @A)
F
= tr(B® A) = tr(A)tr(B).
Thus we have with probability 1 — 6/m*,

Lltr(B) — tr(B |tr(XXT) — ftr(A) — mtr(B)|

|_mn
2

< = 7,V (B2 @ AV/2 7 ‘

< mn’vec{ AT (BY2 @ AY2)vec { 7y )

N tr(Z3 BZ,) 3 tr(B)‘+

tr(Z,AZT)  tr(4) ‘

mn n mn m
1 Viegm o (| Allg | Bl
< —(2t t ty) = CoK 2
_mn(0+1+2) Jmn <\/—+\/ +\/—
< 20C K2D1 : D17 mms
\/m
where recall 7, ,,, = 2Co K> V\I/(i D, = H% + ”%F, and
||A||F 1Bl ¢

2yTaTg < Ta+ 7B <
\/— vn o
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To see this, recall

mTaA

SoM(A) < V(Y A2 = Vi [Al and ()

nrtp

ZMB) < x/ﬁ(z N (B)Y? = Va| Bl

where A\;(A),i = 1,...,m and \;(B),i = 1,...,n denote the eigenvalues of
positive semidefinite covariance matrices A and B respectively.
Denote by Bg the following event

{3 [tx(B) = tx(B)| < Dirynm} -

Clearly tr(B) := (tr(B))4 by definition (1.5). As a consequence, on Bg, tr(B) =
tr(B) > 0 when 75 > D17y, m; hence

L1tv(B) — tr(B)| = L |tx(B) — tr(B)| < Dirymm.

Otherwise, it is possible that tr(B) < 0. However, suppose we set

~

tr(B) := 1(tr(B) v 0),

B :—

3=

then we can also guarantee that
|7 — 8| = |TB| < D17m,m ncase T < Dirpy .

The lemma is thus proved. O

C.2. Proof of Lemma 11

Following Lemma 32, we have for all ¢ > 0, B > 0 being an n X n symmetric
positive definite matrix, and v,w € R™

P (’vTZfBl/QZQw} > t) < 2exp

, t2 t
o <K4tf<B>’ K ||B||§/2>] Y

and

P(|v"Z"BZw —Ev" Z"BZw| > t) <

2exp | —cmin r t
K*|B|% K*[Bly) )

Proof of Lemma 11. Let ey, ..., e, € R™ be the canonical basis spanning R™.
Let x1,...,Zm,x),...,2,, € R™ be the column vectors Z, Zs respectively. Let
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Y ~ el ZT. Let w; = ”1:‘11//722; for all ¢. Clearly the condition on the stable rank
“ll2

of B guarantees that

e t(B)_ w(B)|Bl,
=B =B, = B e

2 2
> [|Bl[p / I1Blly = logm.

By (C.1), we obtain for ¢’ = CoM K+/tr(B)logm

P (Elj,

eTBl/zZer‘ > t/> =
M

P (3, =
(5

< exp(logm)P (‘YTBl/Qx;-

N

elTZOTBl/2Zer‘ > CoM.K /log mtr(B)

)

> CoK?/log mtr(B)%) < 2/m3

where the last inequality holds by the union bound, given that Tlrléﬁ) > logm;
2

Similarly, for all j and t = CyK?y/log mtr(B)'/?,

t2 t
P ‘YTB”2 >t) < 2 —cmi
( i = ) = Sexp | memm K4%r(B)’ g2 ||BH;/2 ’
Colog'/? my/tr(B
< 2exp (—cmin (C’glogm, 0708 7?/2 r(B)
1Bll;
< 2exp (—emin(CF, Co)logm) < 2exp (—4logm).

Let v,w € S™ . Thus we have by Lemma 32, for ty = CoM.K+/nlogm,

1/2
T = CoK2y/nlogm, wj = HAAI/f:j]” and n > logm,
2

P (3j, [€" Ziw;| > to) <P (Elj, % YT Ziw;| > CoM.K+/n logm>
mlP <|YTZ1wj| > COKQ\/nlogm)

2
= exp(logm)P (|efZngwj| >7) < 2exp <—cmin <#, %)) =V

IN

where

<
N

nK* K2
. 2 1/2
2m exp (—c min (C’O log m, Cy log mﬁ))
< 2mexp (fc min(CZ, Cp) log m) < 2exp(—3logm).

. ((CoK?\/nlogm)? CoK?y/nlogm
2exp [ —cmin + logm

IN

N

Therefore we have with probability at least 1 — 4/m?,
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HZzTB%e ’ = max (eF'BY?Zy,e;) <t' = CoM.K+/tr(B)logm
oo j=1l,..om
[atzte], = max (4200
o0 j=1,..;m
< max HAI/er max (wj, Zi €)
j=1,..;m 2 j=1,...;m
< alfZto = all2CoM.K/nlogm.

The “moreover” part follows exactly the same arguments as above. Denote by
B* = p*/11*]l, € ENS™ ! and w; := A'/2¢;/ || A1 2¢;||,. By (C.3)

P (Hi, (wi, ZTBY2Z,5*) > CoK?+/log mtr(B)1/2)
< Zm:IP( (wi, ZTBY2Z,3*) > Cok2y/log mtr(B))
=1
< 2exp (—cmin (CFlogm, Cologm) + logm) < 2/m?.
Now for t = CokVlogm | Bl and Bl / ||Bll, > vIogm,

]P’(Elei: (ei,(ZTBZ — tx(B)In)3*) ZCOKZ\/logmHBHF)

< 2/m3.

< 2mexp

) 2 t
—cmin R
K4|B|%" K28,

By the two inequalities immediately above, we have with probability at least
1—4/m3,

|xFwee||, = | av2zT B2 2.
oo
< 18"l max |42 (sup (w2 B2 225 )
< GO ], Vlogmal{Z /()

and

(2" BZ — tx(B)1,,,)B*
= 1571, (sup (e (2782~ (B ) )
|5 vlogm || Bl| -

The last two bounds follow exactly the same arguments as above, except that
we replace 8* with ej,j = 1,...,m and apply the union bounds to m? instead
of m events, and thus P (Byg) > 1 —4/m?. O

= 1Z"BZ — tx(B)L,)B*|| 18",

< CoK?|B*
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Appendix D: Proof of Corollary 13

Now following (6.1), we have on event By,

3
< Pn << Dy + Dy—
NG
where 2Dy < 2|4, + 2||B||, = D2, and for (D})? < 2||B||y + 2amax,

|5 - s =) K150+ Do, )

Do<Dy < 4/2(IIBlly + tmax) < 2(amax + || Blly) = Da,

and D{)T}B/ 2

IN

max

3
(B3 + @207 < 75 + (1Bl + ama) < 5D

given that under (Al) : 74 = 1, [|[All; > Gmax > a2 > 1. Hence the lemma

holds for m > 16 and ¢ = Co Do K (K ||5* ||, + Me). O

Appendix E: Proof of Corollary 14

Suppose that event By holds. Recall D = ||B Hl/ 2 4+ al/2.. Denote by pn =
CoK (/5™ By (6.1) and the fact that 2Dy := 2(15Le 4 1Zle)y < 9(|| 4|32 +
||B||1/2)(\/ TA ++/ TB) < DoracleDéa

5 _Tp* < DyKr)? 2D .+ Do M.p,,
H S DU 1Bl 2D |8+ DolMop
1/2 Doracle
< DOKHﬁ |2[)n< /+W>+D0M5Pn
The corollary is thus proved. O

Appendix F: Proof of Lemma 15

In view of Remark F.1, Condition (6.3) implies that (7.2) in Theorem 26 holds
for k = sg and ¢ = " Theorem 26, we have Yu,v € EN S™1,
under (Al) and (A3), condition (7.1) holds under event Ay, and so long as
mn > 409603 D3 K*1og m /Amin(4)?,

I
‘uTAv| < 8Cw(sg)e +2Co Dy K24/ % =: § with

) )\min(A) )\min(A) == i)\mln("él) § la
16 32 32 8

IN

which holds for all

A

mn(4) 1 _ 1
64Cw(sg) ~ 2Ma — 128C

1
2
with P (A4g) > 1 —4exp ( coc? Kt“rl\g\l ) — 2exp (—0252%) —6/m?>.
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Hence, by Corollary 25, V8 € R™,

07T 40 > o |0]3 — 71107 and 67TT.0 <& 0|5+ 7 [0]I5 .

where a = %)\min(A) and a = %)\max(A) and 7 = %A‘“%U(A)
Now for sg > 32 as defined in (2.2), we have
n )‘1211in (A)
0= logm 1024C?w(sq)?
A2 (A
and 80 + 1 n IIllIl( )

>
~  logm 1024C?w?(sp + 1)

1773

(F.1)

(F.2)

given that 75 + pmax(so + 1, A) = O(Amax(A)) in view of (2.1) and (A3). Thus

384C?w(s0)? logm < 3 Amin(A)
Amin(A) noo T8 s
33 3 Amin(14)
S —

32(s0+1)8 5o
< 396C2%w?(sg + 1) logm
- Amin(A) n ’

The lemma is thus proved in view of Remark F.1.

O

Remark F.1. Clearly the condition on tr(B)/|B|y as stated in Lemma 15
4n

ensures that we have for € = and sg =<

2M A M? logm’
tr(B) g2 S0 3em
2_ U\ > 2 IK4_1
SEYB[, = KT 2% se
6emM
> c’solog< em A),
50

and hence

5 tr(B) , 6emM 4
— R < — 1
exp ( C2€” 755 181, < exp | —Cc'casplog o

_CSMi log m © 2n

( 4n ( 3eM3mlogm
= exp

))

F.1. Comparing the two type of RE conditions in Theorems 3 and 4

We define Cone(dp, ko), where 0 < dy < m and ko is a positive number, as the

set of vectors in R™ which satisfy the following cone constraint:

Cone(dy, ko) ={x e R™ | Al € {1,...,m},|I| =do s.t. |xre|l; < kollzr],}-

For each vector x € R™, let T;y denote the locations of the dy largest coefficients
of z in absolute values. The following elementary estimate [38] will be used in

conjunction with the RE condition.
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Lemma 33. For each vector x € Cone(dy, ko), let Ty denotes the locations of
the dg largest coefficients of x in absolute values. Then

||$||2
x > . F.3
[ To||2 = Vi+ko (F.3)

Lemma 34. Suppose all conditions in Lemma 15 hold. Let kg := 14+ X. Suppose
that dy = o (s0/64(1 + 3\/4)?). Now suppose that
7(1 4 3ko)?2dg = 27(4 + 3)\)?dp < /2.

Then on event Ag, we have RE? (2dy, 3ko, fA) condition holds on fA in the sense
that
foAx

min —_— > g (F.4)
z€Cone(2dg,3ko) ||‘TT0||2 2

Under (A2) and (A3), we could set dy such that for some large enough constant

Ca,
:O( Aain(4) ) (F.5)

do <
0 w?(sp + 1) logm

n
~ Car(A)?logm

where k(A) := %’:((ﬁ)), so that dg = O(sp) and (F.4) holds.

Proof. Now following the proof Lemma 1, Part I. We have on Ay, the Lower-RE
condition holds for I" 4. Thus for € Cone(2dy, 3ko)NS™ "t and 7(1+3ko)?2dy <
/2,

17 < (14 3ko)” oz, | < (1 + 3ko)*2do ||z, I3 -

Thus

xTFAx

v

2 2
(llall3 = 712
(allely = ~(1 + 3ko)?2do ||, |13

Y

(0%
> (a—7(1+ 3ko)*2do) ||z, H§ 2 3 ||1'To||§ .

Thus (F.4) holds. Now (F.5) follows from (F.1), which holds by definition of sg
as in (2.2), where s¢ is tightly bounded in the sense that both (F.1) and (F.2)
need to hold. O

Remark F.2. We note that (F.4) can be understood to be the RE(2dy,3ko)
condition on T 4. In view of Lemma 15, it is clear that for dy < \/n/logm, it
holds that

4do(4 4+ 30)* = o(s0)
given that sy = O(«a) on event Ay; indeed, we have by Lemma 15 the Lower-RE
condition holds for fA = ATA— tAr(B)Im, with a, 7 > 0 such that

§ )\min(A)

5
curvature « = <=Apin(A) and tolerance 7 := ,
8 8 5o
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where recall s9 > 32 is as defined in (2.2); moreover, we replaced the parameter
My = % with k(A) in view of (2.1) and (AS).

Appendix G: Proof of Theorem 16

Denote by 8 = *. Let S :=supp , d = |S| and

v = B - 67
where 3 is as defined in (L.7).
We first show Lemma 35, followed by the proof of Theorem 16.

Lemma 35. [/, 30] Suppose that (6.5) holds. Suppose that there exists a pa-
rameter 1 such that

1 1
Var < L 18 g A 4y /18T
0 n n
where b, A are as defined in (1.7). Then
[oselly < 3lvsll; -

Proof. By the optimality of 3, we have

Mgl - A3 = 5ATB- 268 (3,0)
= %vaJr (v,TB) — (v,7)
= %vaf (v,7—TB) .
Hence, we have for A > 44 k”%,
sofo < (.3-18) +2(1sl - 3] ) (G.1)
< (8l - |8,) + |7 - 8| _ 1wl
Hence
oo < A (208l —2||B]],) + 2/ 2% o, (G2)
< (281, - 23], + 3101, )
< g (8losl, - 3lvsel) (G3)

where by the triangle inequality, and Sg. = 0, we have
~ 1
2180 =2, + 3
1814 p L + B [vlly

~ 1 1
= 208sll, —2Bs|, — 2llvsell, + 5 sl + 5 lvsell,
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IA

1 1
2[lvslly = 2llvselly + 5 llvslly + 5 losell;

IN

5 Blluslly = 3llvsell,).

(G.4)

We now give a lower bound on the LHS of (G.1), applying the lower-RE condition

as in Definition 2.2,

= 2 2 2
viTo > afoll; = 7ol = =7 [lvlly
and hence — v Tv < ||v||f7' < ||v|l, 2b0Vdr
P logm logm
< vl 2bog - = [lvlly 2¢
1
< GAlslly +flvselly),

where we use the assumption that

Vir < 2\ 2R and ol < B, + 181, < 200V,

which holds by the triangle inequality and the fact that both B and [ have ¢

norm being bounded by byv/d. Hence by (G.3) and (G.5)

~ 5 3
0 < —vlvtgAfuslly = SAllvusely
1 1 5 3
< SAlluslly + A lluselly + A llusll = 52 usell,
< 3 ||slly = Ajusell; -

Thus we have
[vselly, <3 llvslly
and the lemma holds.
Proof of Theorem 16. Following the conclusion of Lemma 35, we have
lolly < 4llusll, < 4vVa|loll,.

Moreover, we have by the lower-RE condition as in Definition 2.2

~ 1
2 2 2 2
viTo > alull; = 7vlly = (e = 16d7) ||vll; > sallvllz,

where the last inequality follows from the assumption that 16dr < a/2.

Combining the bounds in (G.9), (G.8) and (G.2), we have

logm

IN

T <A (2181, - 2[|B] ) +2v

1 2
Sllvllz

: Il

A

5
SAllusll, < 10AVa o],

And thus we have |[v, < 20A\V/d. The theorem is thus proved.

(G.6)

(@.7)
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Appendix H: Proofs for the Lasso-type estimator

Let
32C 1
M, = 32Cw (s +1) and w(sg+ 1) = pmax(so + 1, A) + 75 =: D.
)\min(A)
By definition of sq, we have soM3 < 104g"m and
1) > ————
(s0+1) = M2 logm

) )\min(A) n
L 1 1N > . 1
given that so+1lw(so+1) > 32C \/@ (Y

To prove the first inequality in (6.4) and (6.7), we need to show that

g 0o s Bs

=321 32Amm(A) —a 96

The first inequality in (6.4) holds so long as
< 11 n < so+1 < 5(sp + 1) <5ﬂ’
= 0MZlogm ~ 20 — 100 — 96
where the last inequality holds so long as sg > 24. To prove the second inequality
in (6.7), we need to show that

d (H.2)

1logm [\ 3a 5
d S ﬁ n <b0> y where 7 = g% for o = é)\min(A)7

which in turn ensures that the second inequality in (6.4) holds for A > 44, for ¢
appropriately chosen. We use the following inequality in the proof of Lemma 17
and Lemma 18:

sotl 64 1 n 8 1 >
o? T 25Amin(A4)? M—f_logm - (5 32Cw(so + 1)) logm
1 > n 1 > n
) e () e 0
20CD ) logm 10CDy ) logm

where we use the fact that D = w(sg + 1) = pmax(s0 + 1, 4) + 78 < [|A]], +
1Bl == D2/2.

H.1. Proof of Lemma 17

Let Cy = m. The first inequality in (6.7) holds in view of (H.2). Recall that

b2 > ||B*|l3 > ¢b by definition of 0 < ¢ < 1. Let C = Cy/v/¢. By (6.6) and

(HL.3),
n 1 C()DQ 2 n
Cac'D < D
A€ logm = 1002 (002) *logm

253232 n 1
= 93333 M2logm \10CD,

au
IN

2
) 202D,
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_ 253232(s0+1) (so+ 1 logm (4 2

= 933 33 2  n \b

o 25(s0)logm (¥’

- 9 a2 n bo)

where
2 M2 212 KQME 4
C3DiDy = CiD3 (=5 =+ K'o
0
K? A
< @ty RIELP = (1) . ma
0

for ¢ = CoD K (K ||8*||5 + M) as defined in (3.5). We have shown that (6.7)
indeed holds, and the lemma is thus proved. O

H.2. Proof of Lemma 18

Let Cy = m. The proof for d < 3% = 3% follows from (H.2). In order to

show the second inequality, we follow the same line of arguments except that we
need to replace one inequality (H.4) with (H.5). By definition of D{, we have
IBlly + amax < (Dg)? < 2(|| Bll; + amax)- Let D = w(so + 1).

N\ 2
By (6.8), (H.1) and (H.3), we have for ¢’ < (%) ,

1 CoDL\ 2
d < CAc’c”D¢1 "< " ( 0 0) Dy
ogm

~ 160M2 logm \ CD
25322 /1 \? n
< =7 - 02 D/ 2D o
= 9 332 (20017) (Co(D5)"Dy) MZ2logm
< 25322 (so + 1)* logm (¢ 2<2_5(so)2logm P 2
- 933 a2 n bp) =9 a2 n by ) ’

where assuming that sy > 32, we have the following inequality by definition of
sp and o = %)\min(A),

so + 1logm S 8 1 2 S 1 2
a2 n — \532Cw(sp+1)) ~—\20€0D) °

We now replace (H.4) with

K* [ M?
CHDbDs = Db (s + 7o)

IN

e K a )< (2Y
caoi gy (et K1) < (1) @)
0 0

K2M2 K4 2

M
L € + -4 € + ®112
where D, := 2 +71p K ¢ < 2 <K2 +75 118 ||2>
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and ¢ = CoD{K (Krg/z 16%Il5 + MGK) is now as defined in (4.2). The lemma
is thus proved. O

Remark H.1. Throughout this paper, we assume that Cy is a large enough
constant such that for c as defined in Theorem 31,

cmin{C?,Cy} > 4. (H.6)

By definition of sy, we have for w?(sg) > 1,

/\2
2 c )\min(A) n
sow(sp) < T024CZ Togm’ and hence
22 (A A2 (A

1024C2 logm — 1024C3 logm B
Remark H.2. The proof shows that one can take C' = CO/\/?, and take
3e643C3 w3 (s0) < 3e643C3w3(50)

2)\§nin(A) N 2(6/)3/2)\3 i (A) .

min

V =3eM3/2 =

Hence a sufficient condition on r(B) is:

64Cow(30) 3emlogm
B) > 16¢K*—"— (31 0 log 2081 ) H.
r(B) > 16¢ logm <3 og oo (A) + log o™ (H.7)

Appendix I: Proofs for the Conic programming estimator

We next provide proof for Lemmas 19 to 21 in this section.

I1.1. Proof of Lemma 19
Suppose event By holds. Then by the proof of Corollary 13,

IAX7(y - X5 + Lix(B)s*|, = |7 - T8

o

logm logm

IN

2Co Do K2 || 5|, + CoDoK M.

n n
= )+ w.

The lemma follows immediately for the chosen p,w as in (6.9) given that

B 1871l,) € 1. U

1.2. Proof of Lemma 20
By optimality of (3 ,tA), we have

18], + (3], < |3]], +2% < 18, + A8,
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Thus we have for S := supp (8*),

31, = [}

H[Bs], < e+ A, - 8-

1

Now by the triangle inequality,

Bsc||, = trosell <083l = |8, + A018°1. = [3])
< sl + 23081, - 3]
< sl + 201870, — |Bs|))

[oslly + Alvslly < (14 A) [lusl]; -

The lemma thus holds given

Fo< U8~ B+ 187l < 5 el + 18
1.3. Proof of Lemma 21
Recall the following shorthand notation:

Do = (V7B + Vamax) and Dy = 2([|A[|, + || Bl|,)-

First we rewrite an upper bound for v = B — fB*, D = tr(B) and D= tr(B),

X Xoul|, = || (X = W) Xo(B - 5)

oo

< x|+ WKl
< [xxB-) - DB+ X7l + et w - pyB]
+ | @-DF||_+ W Xov]...

where
| X" X0(B- 6%

= - wip- |+ xdl

< HXT(Xoﬁ— Y+ 6)H

IN

| X7 (xB-y) - DB|_+ x|,
+|xw - D3| _+|D- D) .
On event By, we have by Lemma 20 and the fact that E e,

-, -

IXT(y— XB)+ LDB|| <ul+w
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1 *
< a5 Il +18712) +w

1 .
2D2Kpn(x [vlly +118%[ly) + DopnMe;

and on event By,
I = o[ XTe]| < 2([XTell o +[[WTel] )
< Pn M( 1%n/a2x+\/5) :DopnMe~

Thus on event By, we have
1 *
I+ 11 < 2D2Kpn(5 [Iolly +1157[l5) + 2Dopn Me
1 *
= ul5 ol +1187M2) + 2w
Now on event Bg, we have for 2Dy < Dy

v =|d-p3|_ < [p-p||F]_

1
< 2D1K\/—%pn(llﬁ*\|oo+llv\|oo)
1 *
< DzKﬁPn(Hﬁ o+ llvlly)-
On event B5 N Big, we have
r = 1+ (XTW—D)A
< LETW-D)p||  + 3 |(XTW = D)ol
< alxews + 3 lwTw —D)se
+ 5 (Il ZTBZ—tf(B)Im)HmaxJF X W | pae) 10112

B| *
K (”\/{ . ¢—Bm/> (ol + 18°11,)

and
= 5 [IW"Xou]
< L IWTXo| o 0l < K yTBa 0l -
Thus we have on By 1 Bio,

IIT+1V 4V <

1781

(IIBI2 + 7B + Gmax + \/—(||A||z +1Bl; )) (lolly + 1571l)

< P (4]Blly +31Ally) (vl + 157(l,)
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2D Kpu([lvlly +115712)
plllolly +18%12),

where Dy < D5 and 74 = 1, and

VANVAN

| £ X3 Xov|| < T+IT+IIT+1V 4V
< u(% [olly +18%112) +2Do Mepn + p([vlly + [167l2)
< 2ullBly + uls + 1) ol + 2
The lemma thus holds. U

Appendix J: Proof for Theorem 7

We prove Lemmas 22 to 24 in this section.

J.1. Proof of Lemma 22

Suppose event By holds. Then by the proof of Corollary 14, we have for D} =

1/2 1/2
B3> + andax,

~  Npox 2 *
F-T87| < Dird*Kpall8"l, + DoMepn,

oo

m
follows immediately for u,w as chosen in (6.12). O

where T§/2 = /T8 + % and Dopacle = 2(||B||;/2 + HAHé/Q) The lemma

J.2. Proof of Lemma 23

Suppose event Bg holds. We first show (6.13) and (6.14).

Recall 7, 1 1= 2C’0K2\/IOW;L;” > QC’OKQ%. By Lemma 5, we have on

event Bg,

Moreover, we have under (Al),

_ 1Allg

, 1Bl
1:TA§D1 = m1/2

nl/2

Doracle
FLTIE <Al + 1Bl < (o),

in view of (C.2). Hence

Doracle 1/2 1/2
VD1 < = = B + Al
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By definition and construction, we have 75,75 > 0,

b

’?éﬂ —T;/Q‘ < Al/z—i—rl/

IN

2
~1/2 —7113/2‘

and ‘TB ‘(?2'3/2 + 7';/2)(?;/2 - 7'}),/2

)| = s — 71
Thus,
72 - < Vs el < VDinif2 < —°;"‘Cle ol

and for Cs > Doracie > 2v/D1 and Diracie = 2(|| A||1S/% + || BJIY/),

?1/2 o Doracle 7“1/2 < 7_11.3’/2 < 7/:;/2 + Doracler1/2 (J.l)

B 2 m,m — 2 m,m*

Thus we have for 7’;/2 as defined in (4.1), (J.1) and the fact that

1
/2 > 0ok 22 Ogm >2/\/_ for m > 16 and Cp > 1,

the following inequalities hold: for K > 1,

2 1/2 _
Tg/ = 7—B/ + Doractem 1/2 (J2)
S 7/:;/2 + Do;acle 71,1/27n + Dor2acle 71n/2m
Al 2 ~1/2
< / + Doraclern{?n < TB/ s

where the last inequality holds by the choice of ?é/ 2 > ?;/ 2 + Domcler,ln/?m as in
(4.10). Moreover, by (J.1),

~ N D
T;;/Q — 1/2 +C 7’1/2 < T 1/2 + or2ac1e 1/2 JrO T}y{Zm
< T SCerlf2,
and T = (?}9/2 + C’6T,1n/)2m) <27 + 20627“m,m
< 278+ 2D17mm + 2CE T mm
D2
< 21+ Tlrmm +2C57m.m < 278 + 3C57m m-

Thus (6.13) and (6.14) hold given that 2Dy < D2 | /2 < CZ/2.
Finally, we have for 7 as defined in (4.8),

7_1/2 SC6T1/2

m,m
1/2 <1 O

~1/2 — 1/2 1/2
( T3 Cﬁ 1/2 —+ 2C6T

B = mm) B =

Remark J.1. The set Y in our setting is equivalent to the following: for p,w
as defined in (4.10) and B € R™,

Y={(B,t) : |2XT(y—XB)+ Ltx(B)B|| , < pt +w, B, <t}. (J.3)
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J.3. Proof of Lemma 24

For the rest of the proof, we will follow the notation in the proof for Lemma 21.
Notice that the bounds as stated in Lemma 20 remain true with w, u chosen as
n (6.12), so long as (5*, ||*||5) € Y. This indeed holds by Lemma 22: for w and
i (4.10) as chosen in Theorem 7, we have by (J.2),

uxD()TllnganDOKpn 2 where ' = (V7B + \O/rfle)

which ensures that (5%, ||*||,) € T by Lemma 22.
On event By, we have by Lemma 20 and the fact that § € T as in (J.3)

|7 =73+ xlixTel

< H%XT(y—XB\)-F%ﬁBH +w < pt+ 2w

I+11

1 *
< (5 ol + 18°g) + 2,

for w, i as chosen in (4.10). Now on event Bg, we have under (Al),

- ~ ~ _ 1
IV::HDfD H < ‘DfD’H H < 9D K——p, (||3*
(b-D)j|_ < B < 2Dl + loll)
Doracle
< Dy—— Jm Kpn (1875 + llvll;),

where 2Dl < DoracleD6 for 1 < D(/) = HBHé/2 + (11111/&2X7 for Amax = TA = 1 and
Doracle =2 (||BH1/2 + ||A||1/2) Hence

I+ 1V +V < pu K75 (IBI3 + atf) (ol +18°11,)

1 .
+2D1K —=pa (18"l + lvll,) + pu K TEa(% 0]l

N

* oracle
< DoKpn(llvlh + 18°12)(v7m + =75) + pu a2 ||vll,
2 *
< DyEpuri*(lolly + 18*(ly) + DyK pur/75 0]l
logm Doracc *
< GDGE == + =ZE) @ ol + 1871)

< p(2lolly +1187]2),

for y1 as defined in (4.10) in view of (J.2).
Thus we have

1 * *
TH I+ HI+IV+V < p(s ol +1187M2) + 20 + p2 ol + 1187],)

1 *
2u((X+ 53) ol +115715) + 2w,

and the improved bound as stated in the Lemma thus holds. O
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Appendix K: Some geometric analysis results

Let us define the following set of vectors in R™:
Cone(s) := {v : [Jv]l; < Vs |vll,}

For each vector x € R™, let Tjy denote the locations of the s largest coeflicients
of z in absolute values. Any vector € S™~! satisfies:

@z, |
oo < H-TT0||1 /3 < \/Og Z (Kl)

ez

We need to state the following result from [33]. Let S™~! be the unit sphere in
R™, for 1 <s<m,

Us := {x € R™ : |supp(x)| < s}. (K.2)

The sets Us is an union of the s-sparse vectors. The following three lemmas are
well-known and mostly standard; See [33] and [30].

Lemma 36. For every 1 < s <m and every I C {1,...,m} with |I| < s,

VBN S™ ™ € 2conv (U, N S™ 1) =: 2conv U E;nsmt
[J]<s

and moreover, for p € (0,1],

VBT NpBy C (14 p)conv(Us N BY)

=: (14 p)conv U E;nsmt
[J]<s

Proof. Fix x € R"™. Let x7, denote the subvector of x confined to the locations
of its s largest coefficients in absolute values; moreover, we use it to represent
its 0-extended version ' € R™ such that z7.. = 0 and 2%, = x,. Throughout
this proof, Tj is understood to be the locations of the s largest coefficients in
absolute values in z.

Moreover, let (z})™; be non-increasing rearrangement of (|x;|)™ ;. Denote
by

L = +/sB"NpBj" and
R = 2conv U E;N By | =2conv (ENBY).
[J]<s

Any vector z € R™ satisfies:

|z, |
e, <ozl /s < —=2. (K.3)

NZ
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It follows that for any p > 0, s > 1 and for all z € L, we have the i*" largest
coordinate in absolute value in z is at most 1/s/i, and

IN

sup (zx, z max (xr,,2) + max (Zpe,z
z6L< %) |\zn2§p< v ?) HzHlS\/E< 5:2)

< pllenlly + [Jezg || Vs
< znlly (0 + 1),
where clearly max . <, (21,,2) = p>;_;(2;*)"/2 And denote by 57 :=
sm—1 NEy,
S , = (1+ a a ,
Zggw z) ( p);gésgé;gw z)
= (14 llznlsy,

given that for a convex function (x,z) , the maximum happens at an extreme
point; and in this case, it happens for z such that z is supported on Tj, such

that zp, = —2— and z7e = 0. |
© 7 e l, 0

Lemma 37. Let 1/5> 0 > 0. Let E = U)jj<,E; for 0 <s <m/2 and ko > 0.
Let A be a m X m matriz such that

|uTAv| <6, Yu,v€ ENS™H (K.4)

Then for all v € (\/sB]™ N By"),

‘UTA’U| < 46. (K.5)
Proof. First notice that
max lvTAv| < max lw” Aul. (K.6)
ve(vsBrnBy) w,ue(v3BrnBy)

Now that we have decoupled u and w on the RHS of (K.6), we first fix u.
Then for any fixed u € S™! and matrix A € R™™, f(w) = |wTAul
is a convex function of w, and hence for w € (\/EB{” N Bg”) -

2 conv <U|J|§s E;n Sm’l),

IN

max |wTAu‘ 2 max ‘wTAu’
—1
we(\/EB{"mBg”) wéeconv (ENS™—1)

2  max |wTAu| ,
weENS™—1

where the maximum occurs at an extreme point of the set conv(E N S™~1)
because of the convexity of the function f(w).



Errors-in-variables models with dependent measurements 1787

Clearly the RHS of (K.6) is bounded by
max |wTAu| = max max |wTAu|
wwe (V3B NBY') ue(vsBpnBy) we(vsBrnBy)

< 2 max max ’wTAu’
ue(vaBynBy) we(Bnsm-1)

= 2 max g(u),
ue (\/EBI"OBQT”)

where the function g of u € (y/sBJ" N BY?) is defined as

g(u) = max ’wTAu| ;
we (Brsm-1)

g(u) is convex since it is the maximum of a function f,(u) := |w” Au| which is
convex in u for each w € (E N S™~1).
Thus we have for

u € (v/sB" N BY") C 2conv U E;nS™ | =2conv (ENS™),

71<s
max glu) < 2 max g(u)
ue(\/EB{"ﬁB;”) u€Econv (ENS™—1)
= 2 K.7
elnax  g(u) (K.7)
= 2 max max |wTAu| <45, (K.8)

ueENS™—1 we ENS™m—1

where (K.7) holds given that the maximum occurs at an extreme point of the
set conv(E N BY), because of the convexity of the function g(u). O

Corollary 38. Suppose all conditions in Lemma 37 hold. Then Yv € Cone(s),

[T Av| < 48]jv];. (K.9)
Proof. Tt is sufficient to show that Vv € Cone(s) N S™~1,

}UTAU’ < 46.
Denote by Cone := Cone(s). Clearly this set of vectors satisfy:
Cone N S™ ! C (\/sB" N BY").
Thus (K.9) follows from (K.5). O
Remark K.1. Suppose we relax the definition of Cone(s) to be:
Cone(s) i= {v: [[vll, < 2V5 ]}

Clearly, Cone(s,1) C Cone(s). given that Yu € Cone(s, 1), we have

lully < 2lull; < 2vs llum [l < 2v/s Jull, -
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Lemma 39. Suppose all conditions in Lemma 37 hold. Then for all v € R™,
1
[0 Aw| < 48(lvll; + o). (K.10)

Proof. The lemma follows given that Yu € R™, one of the following must hold:

if v € Cone(s) [vTAv| < 4§ ||v||§7 (K.11)
46

otherwise ”UTA”U| < — ||v||?, (K.12)
s

leading to the same conclusion in (K.10).
We have shown (K.11) in Lemma 37. Let Cone(s)¢ be the complement set of
Cone(s) in R™. That is, we focus now on the set of vectors such that

Cone(s)® = {v : ||v]l; > Vs |[v|y}

and show that for u = v/s75—

floll,

|vTAv’

2
||UH1

1 1
= = |uTAu| < —4.

s s
Now, the last inequality holds by Lemma 37 given that

u € (VsB*NBy") C 2conv | | J E;NBY
JI<s

and thus
|UTA’U’ 1
<

1
5 < - sup |uTAu| < —44. O
vlly 8 ue\/sBy'NBy" s

Appendix L: Proof of Corollary 25

First we show that for all v € R™, (L.1) holds. It is sufficient to check that the
condition (K.4) in Lemma 37 holds. Then, (L.1) follows from Lemma 39: for
v € R™,

1 1
o7 Av| < 45(|[v]l3 + 1 [017) < ZAmin(A) (0]l + 4 10117)- (L.1)

ol w

The Lower and Upper RE conditions thus immediately follow. The Corollary is
thus proved. O
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Appendix M: Proof of Theorem 26

We first state the following preliminary results in Lemmas 40 and 41; their proofs
appear in Section O. Throughout this section, the choice of C' = Cyy/+/¢’ satisfies
the conditions on C' in Lemmas 40 and 41, where recall min{Cy, C3} > 4/c for
¢ as defined in Theorem 31. For a set J C {1,...,m}, denote F; = AY2E},
where recall E; = span{e; : j € J}. Let Z be an n x m random matrix with

independent entries Z;; satisfying EZ;; = 0, 1 = EZ}; < 1Zijlly, < K. Let
Z1, Z5 be independent copies of Z.
Lemma 40. Suppose all conditions in Theorem 26 hold. Let

E= U E;nsm 1

| 7=k

Suppose that for some ¢ >0 and e < %, where C' = Co/VC,

tr(B 1 k

r(B) = B c’kK‘*M. (M.1)
I1Bll €

Then for all vectors u,v € ENS™™L, on event By,

|u"Z"BZv — Eu" Z"BZv| < ACetr(B),
where P(B1) > 1 — 2exp (702{—:2%?“2) for co > 2.

Lemma 41. Suppose thate < 1/C, where C is as defined in Lemma 40. Suppose
that (M.1) holds. Let

E= U E; and F = U Fy. (M.2)
|J|=k |J|=k

Then on event By, where P (Bg) > 1—2exp <fc252%> for co > 2, we have
2
for all vectors w € ENS™ ! and w € FNS™1,

Cer(B) _ _yce(B)/|BIY2.

T 7T nl/2
w 4y B Zyu < ——m————— <
' (1—¢)?|B]L>

In fact, the same conclusion holds for all y,w € FNS™~!; and in particular,
for B = I, we have the following.

Corollary 42. Suppose all conditions in Lemma 40 hold. Suppose that F =
AY2E for E as defined in Lemma 40. Let
log(3em/ke)

n > JkK* 5
€

. (M.3)

Then on event Bs, where P (B3) > 1—2exp (7025271%), we have for all vectors
w,y€ FNS™ Y and e <1/C for C is as defined in Lemma 40,

" (1277 - Iw| < ACe. (M.4)
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We prove Lemmas 40 and 41 and Corollary 42 in Section O. We are now
ready to prove Theorem 26.

Proof of Theorem 26. Let

A=T4—A:=1X"X - 1(B)I,, — A

T on

= (AXTXo— A) + L (WTXo+ XIW) + L(WTW — tx(B)I,,),
where recall X, = Z; AY/2. Notice that

‘uT(fA - A)U) = [0 (XTX = (B)Iy — A

< U EXT X — Aol + [u" EWT Xy + XTW)o| +
T (AW — S
< ‘uTAl/Q%ZszlAl/% - ’U,TA’U‘ + [T LW Xy + XTW )l

+[uT (228 BZy = mpln)v| + £ [f:(B) — tx(B)| [uT |

For u € ENS™~1, define h(u) : —AZu_ The conditions in (M.1) and (M.3)

a7,
hold for k.
We first bound the middle term as follows. Fix u,v € E N S™~ 1. Then on
event B, for YT = ZT' BY?7,,

T (W X+ XEW)o| = ‘uTZQTBl/QzlAl/%+uTA1/QZ;fBl/222u’
< |u"YTh(v)] HA1/211H2 + | h(u) " Yo HA1/2UH2
< 2 o pl/2 (k, A
SR . i S L A VSR
(B, 4) )2
< 8Cetr(B) <m) .
Bl

We now use Lemma 40 to bound both I and I1I. We have for C as defined in
Lemma 40, on event By N Bs,

|u"(Z] BZy — tr(B)L,)v| < 4Cetr(B).
Moreover, by Corollary 42, we have on event Bs, for all u,v € EN S™™1,

|uT(%XgX0—A)U| = ‘uTAl/QZTZAl/QU—uTAU‘

b (2272 — h(w)] 4272 42

% maXqy,ye FNS™—1 ’wT(ZTZ - I)y’ pmax(k7 A)
AC pma(k, A).

IAIA
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Thus we have on event B; N By N B3 and for 75 := tr(B)/n,

max (K, 4)\ /2
IT+IT+I1IT < 405<pmax(k,A)—|—27'B (%) + 1B
2

IN

8Ce (TB + pPmax(k, A)) .

On event Bg, we have for D; as defined in Lemma 5,

1
IV < [7p — 75| < 2CoD K2 22
mn

The theorem thus holds by the union bound. O

Appendix N: Proof of Lemma 32

Lemma 43 is a well-known fact.

Lemma 43. Let Ay = (u®@ w) ® A, where u,w € S™ 1 for m > 2. Then
[Auwlly < [JAlly  and [[Awwllp < [|Allf -

Proof of Lemma 32. Let z1,...,2n,21,...,2, € R™ be the row vectors Z, Z
respectively. Notice that we can write the quadratic form as follows:

w2, AV Z e = Z uiwjziAl/Qz}

i,7=1,m
= vec{Z }T (v w)® Al/Q)Vec {73}
= vec{Z{ }T Al/2vec {73},
u'ZAZTw = vec{Z" }T (new)®A)vec { Z" }
=: vec { A }T A wvec { A }
where clearly by independence of Z;, Z5,
Evec { Z1 }T (v w)® A1/2>V€C {z3} = 0, and
Evec{Z1}" (u@u)@A)vec{Z} = tr((u®u)®A)=rtr(A).
Thus we invoke (C.1) and Lemma 43 to show the concentration bounds on event
{|u? 2, A2 2T w| > t}:
2 t
Ll

' 12 t
2exp (— min <K4tr(A)’ K? HA1/2H2>> '

IN

P (‘uTZlAlmZQTw‘ > t) 2exp | —min

IN
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Similarly, we have by Theorem 31 and Lemma 43,

P(|u"ZAZ"w —Bu" ZAZTw| > t)

12 t
< 2exp | —cmin ,
( <K4 ||Auw||§‘ K2 ||Auw2>>
< 2 i t t
< exp [ —cmin , .
K4|A|% K2 Ally
The Lemma thus holds. O

Appendix O: Proof of Lemmas 40 and 41 and Corollary 42

Throughout the following proof, we denote by r(B) = t‘lréﬁs. Let e < & where C

is large enough so that c¢/C? > 4, and hence the choice of C' = Cy/V/¢’ satisfies
our need.

Proof of Lemma /0. First we prove concentration bounds for all pairs of u,v €
I, where I’ C S™7! is an enet of E. Let t = CKZ2ctr(B). We have by
Lemma 32, and the union bound,

P (Ju,v €I, [u" Z"BZv — Bu" Z" BZv| > t)

) 2 t
—cmin R
K4||B|%" K?|Blly

Cf?) 527“(3)}

IN

2|H’|2exp

IN

2|11 exp {—c min <CQ, 7

< 2exp (—ce’r(B)/KY),

where we use the fact that ||B||§7 < ||B||5tr(B) and

| < (’Z) (3/¢)* < exp(k log(3em/ke)),

while
CK? r(B) tr(B)
. 2 2 _ 2 2
cmin <C S )5 - = C% 7”3”2 7
3em 3em
>

cC3klog (K) > 4k log (?)

Denote by Bs the event such that for A := tr(lB) (ZT'BZ - 1),

sup
u,vell’

v'Au| < Ce=:r,
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holds. A standard approximation argument shows that under By and fore < 1/2,

/

T rk,n
sup y Ax| < < 4Ce. (0.1)
z,yeSm—1NE | | (1—¢)?
The lemma is thus proved. OJ

Proof of Lemma 41. By Lemma 32, we have for ¢ = Cetr(B)/ ||BH;/2 for C =
Co/V¢,

tr(B)?
C* e’ Cetr(B)

K*tr(B) " K2 || Bl|,
. [ C?%%rg Cerp
2exp —cmin 77?

K2
2exp (—cmin (Cz, Cg > EQTB/K4) .

Choose an e-net II’ ¢ S™~1 such that

P(‘wTZfBl/ngu‘>t> < exp | —cmin

IN

IN

I'= | J I, where I, C E;nS™" (0.2)
|J|=k

is an e-net for E; N S™ ! and
)< (7)) /20 < exp(ktog(sem k).

Similarly, choose e-net IT of F' N S™~! of size at most exp(klog(3em/ke)). By
the union bound and Lemma 32, and for K2 > 1,

P (Elw eLuell st. ‘wTZlTBl/QZgu’ > cstr(B)/HBH;/Q)

< |IT'| 1] 2 exp (—cmin (CKQ/E,CZ) Eer/K‘l)
< exp (2klog(3em/ke)) 2 exp (—cC?e*rp/K*)
< 2exp (—02€2TB/K4) ,
where C is large enough such that c¢¢/C? := C’ > 4 and for € < %,
: 2 2y 2 x(B) '
cmin (CK?/e,C?) e B, K0 > C'klog(3em/ke) > 4klog(3em/ke).
2

Denote by Y := ZT BY/2Z,. A standard approximation argument shows that if

T
sup w” Tu| < Ce—F5 =1y,
well uelr | | |B||&/ "
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an event which we denote by Bs, then for all w € E and w € F,

Tk,r
’U)TZ,erl/QZZU < (1_—;)2 (03)

The lemma thus holds for ¢y > C'/2 > 2. O

Proof of Corollary 42. Clearly (M.4) implies that (M.1) holds for B =
Clearly (M.3) holds following the analysis of Lemma 40 by setting B =
while replacing event B; with B3, which denotes an event such that

sup %|’UT(ZTZ—I)’U,| < Ce.
u,vell

The rest of the proof follows by replacing E with F' everywhere. The corollary
thus holds. O
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