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Abstract

We consider the branching random walk {Ri\’ : z € Vn} with Gaussian increments
indexed over a two-dimensional box Vi of side length N, and we study the first
passage percolation where each vertex is assigned weight "R for v > 0. We show
that for v > 0 sufficiently small but fixed, the expected FPP distance between the left
and right boundaries is at most O(N1’72/10).
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1 Introduction

For n € N and N = 2", let Vy C Z2 be a box of side length N whose lower left
corner is located at the origin. Let BD; denote the collection of boxes of the form
([0,29 — 1) N Z)? + (i127,i227) where i1,i2 and j are nonnegative integers. For z € Z2, let
BD,(z) be the (unique) box in BD; that contains v. Let {aB}r>0,BeBD, be a collection of
i.i.d. standard Gaussian variables. We define a branching random walk {RY : z € V' }
with Gaussian increments by

n—1
RY = app, (). (1.1)
k=0

For any rectangle V C Z2, we denote by ITY , the collection of all paths 7 in V (considered
as a subgraph of Z?2) that connect the left and right boundaries of V. We refer to such a
path as a (left-right) crossing of V. For a fixed v > 0 we define

. N
Dy 1r(VN) = min Zesz’

N
mell R zen

to be the first passage percolation (FPP) distance between the two boundaries of Vi
N
where we assign each vertex z a weight of 7%= .

Theorem 1.1. For a fixed v that is small, and all v < ~y, we have that

ED, r(VN) = O(N'=7/10),
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FPP on the exponential of branching random walk

Remark 1.2. Our proof in fact gives an upper bound on the expected weight for the
geodesic crossing through a rectangle. As a result, one can show that the expected
weight for the geodesic connecting two fixed vertices has exponent strictly less than 1,
by constructing a sequence of (log NV many) rectangles with geometrically growing size
that connect these two vertices.

1.1 A brief discussion on motivation and background

In a broad context, our work is motivated by studying first passage percolation on ran-
dom media with heavy correlation. The main contribution of our work is to demonstrate
an instance that in a hierarchical random field the exponent of the FPP distance can be
strictly less than 1 (despite the fact that the a straight line has weight with exponent
strictly larger than 1, and that the majority of the vertices are of values O(y/log N)). This
is, of course, rather different from the classical FPP where the edge/vertex weights are
independent and identically distributed. We refer to [2, 12] and references therein for a
review of the classical first passage percolation.

In the specific instance of branching random walk, our work is closely related to the
first passage percolation problem when the vertex weight is given by exponentiating
a two-dimensional discrete Gaussian free field (GFF). Inspired by the current work, a
better upper bound on the FPP distance in this case has been recently obtained in [7]
(see also [6]). The FPP on two-dimensional discrete GFF, as we expect, is of fundamental
importance in understanding the random metric associated with the Liouville quantum
gravity (LQG) [17, 11, 18]. We remark that the random metric of LQG is a major open
problem, even “just” to make rigorous sense of it. In a recent series of works of Miller
and Sheffield, much understanding has been obtained (more on the continuum set
up) in the special case of v = \/8/73,- see [16, 15] and references therein. Another
recent work [13] has provided some bounds on the scaling exponent for a type of LQG
metric, though we emphasize that their definition is of very different flavor from the FPP
perspective considered in our paper (in particular, no mathematical connection can be
drawn between these works at the moment). We refrain ourselves from an extensive
discussion on background of LQG in this article. As a final remark to the connection of
LQG metric, we note that there are other candidate discrete metrics (associated with
LQG or GFF) that have been proposed, and it is possible that these metrics with suitable
normalization would give a more desirable scaling limit than that of FPP. However, we
feel that in the level of precision of the present article and that of [7], it is quite possible
that the fundamental mathematical structures (and thus obstacles) are common for these
related notions of metrics.

BRW is perhaps the simplest construction that approximates a log-correlated Gaus-
sian field, of which the two-dimensional GFF is a special instance. A number of other
properties, especially those related to the extreme values of the field, have been proved
to exhibit universal behavior among the log-correlated Gaussian fields (c.f., [14, 8]).
Indeed, it is typical that properties were first proved for BRW, and then later for GFF;
and it is also typical that the proof in the case of GFF were substantially enlightened
by the understanding on BRW. However, caution is required when drawing heuristic
conclusion on GFF based on BRW for FPP: as demonstrated in [9], there exists a family of
log-correlated Gaussian fields whose exponent for FPP can be made arbitrarily close to 1
(as K grows to oo) if one is allowed to perturb the covariance entry-wise by an additive
amount that is at most K (and thus the scaling exponent for FPP is non-universal among
log-correlated fields). That being said, we remark that while the mathematical details
in [7] and [6] are substantially more involved, the proofs in these two papers share the
same very basic framework of multi-scale analysis.

ECP 22 (2017), paper 69. http://www.imstat.org/ecp/
Page 2/14


http://dx.doi.org/10.1214/17-ECP102
http://www.imstat.org/ecp/

FPP on the exponential of branching random walk

1.2 Main ideas of our approach

Our approach is inspired by the rescaling argument employed in the proof of connec-
tivity for the fractal percolation process [3, 5, 4], the idea of which went back to [1]. For
the purpose of induction, we will in fact work with crossings through a rectangle rather
than a square. In what follows, we should consider v as a small positive number (but
fixed as N — o0).

We wish to carry out an inductive construction for a light path crossing the rectangle:
we will take advantage of the hierarchical structure of BRW and will construct the BRW
along the way as we construct light paths in different scales. In order to properly describe
our procedure, we need a number of definitions. Let I' = I'(y) € [a/~%, a/9? + 2] be an
odd, positive integer for some a to be selected, and let Vi, = ([0,N —1] x [0, N —1]) N Z2.
The reason for choosing I' odd is mere technical convenience which will become apparent
later. We will also work under the assumption that v < 1/a < 1 (small or large enough
for our bounds or inequalities to hold although we keep this implicit in our discussions).
We define a Gaussian process {RY : 2z € V} on V}; as follows:

* {RY :zeVy,}isaBRWon Vi, = ([(j — 1)N,jN — 1] x [0, N — 1]) N Z* where
jer={L...T}
* {RY : 2 € Vi,;}'s are independent of each other for j € [I'.

So {RY : z € V{} is basically a concatenation of I' independent BRWs placed side by
side. We can view V as a 'V x N rectangle divided into I cells of dimension N x N.
Similarly, V,; can be viewed as a 2I'N x 2N rectangle divided into 4 sub-rectangles of
dimension 'V x N each of which is a copy of V) (see Figure 1 below for an illustration).

I T
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1
1
1
ABpi111 ABp11,2 B3 1| @Bz ABp;1,2,2 ABp;1,2,3
1
1
1
________________ e B S e ey
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ABp21,1 ABp2,1,2 OBni21,3 ||| @Bn2,2,1 ABp;2,2,2 ABp2,2,3
1
1
1
T T
Vi V2,2

Figure 1: (n+1)-th stage of the recursive construction of BRW on V. Here I = 3.

We wish to construct a light path in Vj, based on constructions in V},. As the path
crosses through the rectangle of V), we will make a choice of whether the path will
stay in the upper or lower sub-rectangles based on the Gaussian values associated with
the boxes of dimension N x N, and thus we will switch back and forth between top
and bottom layers. Our goal is to show that the expected weight of the crossing we
constructed expands by a factor less than 2 when the size of the rectangles doubles.
Apart from doubling of dimension at each level, there are a number of reasons that the
weight will expand: (1) The expected weight assigned to a vertex z i.e. EevRY grows by a
factor bigger than 1; (2) We will need to make a construction to connect the paths on the
left half and the right half of the rectangle; (3) Every time we switch between top and
bottom layer, we will have to add a top-down crossing in the switching location. What we
would possibly gain is from the “variation” of these Gaussian variables associated with
N x N boxes and thus choosing the favorable layer would reduce the weight of our path.
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The aforementioned scheme involves several subtleties. One has to be rather strategic
in switchings as there is a cost for that. Eventually, this is reduced to a question of
computing the following regularized total variation for the Brownian motion, defined by

k+1

E max max E |Bi, — By,_,| — Mk (1.2)
B 0=to <ty <ta<.. <ty <tk 1 =1 £
=

Here B[o,l] is a standard Brownian motion, and A > 0 is the term that measures the
switching cost. We will use a recent result of [10] on the asymptotic value of (1.2) as
A— 0.

Notation convention. In the rest of the paper we refer to the vertices of Z? as points.
For any point z € Z?, the horizontal and vertical coordinates of z are denoted by z, and
zy respectively. If z, = 0, we represent z simply as z,, which should be clear from the
context. A (finite) path = is a finite sequence (vg,v1,- -+ ,v,,) of points such that for each
i > 0, v; and v;,; are neighbors in Z2. In each of the pairs of non-negative integers
(n,N),(¢,L),(¢,L") and (¢, L"), the second element is always assumed to be 2 raised to
the power of the first element. For functions F'(.) and G(.), we write F' = O(G) if there
exists an absolute constant C' > 0 such that F' < C'G everywhere in the domain. We write
F=Q(G)if G=0O(F).

2 Preliminaries

2.1 Coarsening of paths and £-segments

The L-coarsening of a path 7 = (vg,v1, -+ ,vn) is defined as follows. Define a
sequence of integers mg, m1,--- recursively as my = 0 and,

my; = inf{m >i>m; 1 :v; ¢ BDg(vyn, ,)} forj >1.

Here we adopt the standard convention that infimum of an empty set is co. Let py, . be the
last integer j such that m; is finite. The L-coarsening of 7, denoted as 7y, coqrse, Can NOW
be defined as the sequence of points (¢(BD¢(vym,)), c(BD¢(vm,)), - - ,c(]BIDg(vmpm)))
where ¢(B) is the center of the box B. We can also treat 7, coarse @s a path in R? that
connects successive points in this list by a line segment. Notice that the coarsening of a
simple (i.e. self-avoiding) path is not necessarily simple. However if the L-coarsening of
a (left-right) crossing 7* of V}; is simple, then the 2L-coarsening of 7* is also simple. We
will use this fact when we carry out the induction step. An £-segment at level ¢ is a path
7 whose 2¢-coarsening is one of two shapes shown in Figure 2.

----|H----

Figure 2: Two possible 2‘-coarsenings of an £-segment at level /.

2.2 Switched sign construction for branching random walk

We first introduce a few more notations. As described in the introduction, we view
Viy as a 2I'N x 2N rectangle divided into 4 sub-rectangles of dimension I'N x N each
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of which is a copy of V}; (see Figure 1 for an illustration). Denote these 4 subrectangles
(or the copies of VJE) as {V£;i7k}ie[g]’ke[g] in the usual order. We can also shift the origin
by u = (I'i2"*1, j2n*1) for 4,5 € INU {0} and denote the corresponding subrectangles
(respectively rectangles) by {V}\;:L i Jic[2),kef2) (Tespectively VQS\’,“). Similarly we can define
the fields {RY:" : 2 € Vﬁfk} or {RY* : 2 € Vy'*}. The j-th constituent cell in Vy*,
(which is box of side length N) will be denoted as B . \; where j € [I']. We observe
that the Gaussian field {R2M* : » € V, 3"} is obtained by adding apy, . to the field

{Ri\:fjﬂ iz € ngfk} in the box B}, , . fori € [2],k € [2] and j € [I'] (See Figure 1). We
will omit the additional superscript u in all these notations when u = 0.

We will represent BRW by a construction in the fashion of switching-signs, which
is tailored to our inductive construction for light crossings. To this end, we denote
the collection of all rectangles of the form ([0,2¢ — 1] x [0,2+1 — 1]) N Z2 + (i2¢, j2¢) by
BD, > where i, j,¢ are nonnegative integers. Like BID(z), we use BD; (%) to denote
the unique rectangle in BD,; containing z € 7?. let Ay r be the collection of all
points of the form (T'i2‘,52¢). Denote by Ry, . the rectangle formed by the boxes
Bi ; and Bi,,  when u € Ay (see Figure 3). Note that Ry ; € BDgo. Also
let {aB}BG]B]Dk,MZU be a collection of i.i.d. standard normal random variables, that
is independent of {ag}perD, k>0. We will now construct a family of Gaussian fields

{xkv:ze VLF’“} forue A;rand £ =0,1,2,...,n recursively as follows:

« Xl =0forall z € V"
e Letu € Asyqr and {XZL;}I,LIC
For z € BZi,k,j' define
3B =l () E D hapn, )+ (~1) capn, () (2.1)

where by = /(1 —47¢)/3 and ¢, = 1/2(1 — 4-¢)/3.

A few remarks about the above construction might be helpful. For z € By, , ., the box

1z € V;fk} be the field on VLF;;T‘k constructed in level /.

: . I'u . u
BDy41(2) is simply Vo, 1yrijyo) = 4+ Ver;(((kq)rJrj)/z] whereas BDy »(2) is Ry, ;.

Thus we add the same variable, namely

o= (=)= DT :
Zikg = (=1) beavy i

+(=1)'cary, (2.2)
to XZL;’;fk on B;Z,” Zp1,k,; and Zyo 1, ; differ only by the sign of CeaRy, - Also notice that
BDy;1(2) is same on the 2m + 1-th and 2m + 2-th rectangles (i.e. the Ry ’s)in VQFL’“.
However the sign of byapp,, , (-) changes inside Z;,; ;. ;. See Figure 3 for an illustration of
this construction at level £ + 1 (we drop the superscript « whenever u = 0).

Since ¢} = 2b7, the distribution of the field {x1’ : z € V;} is symmetric with respect
to symmetries of the box V}\;; ;- This fact will be used later when we construct crossings
through VJE; ;'s in the vertical direction. Finally, we define

~N,u
Xz

Lemma 2.1. The Gaussian fields {YY : z € V}} and {RY : 2 € V}} are identically
distributed.

= bpaBp,,,.,(z) + Xiv’“ forue A,rand z € V]S; =u+ ng;j .

Proof. 1t is not difficult to check that the fields {x2 : z € Vi.;}'s are independent and
identically distributed for j € [I']. Hence it suffices to verify that we have the correct
covariances between field values at all pairs of vertices inside V. Toward this end take a
pair (u,v) of vertices in Viy which were separated until level ¢, i.e., Cov(RY , RY) =n —¢.
The covariance between ¥ and % is given by

Covixy,xe ) = —(1=47) /34 X i cmen (1 —47") =n— L= (1-47")/3.

Consequently Cov(xY,vY) = Cov(xY,xY) + (1 —47")/3 = n — £. Hence the lemma
follows. O
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Remark 2.2. It is clear that it suffices to work with {\% : z € V'} rather than the BRW
in what follows. Using this construction, in every scale of our optimization, we crucially
have effective variance c% ~ % that is larger than 1/2 (which would be the variance we
effectively used if we work with the more canonical construction of BRW).

VF
L;1,1
7bgav2r";‘ — CLaR,, 4 b/(I/VZI-L,I — CtARy; o 7bgav2r";2 — CLaR,, 5
7bgav2r";‘ + cear,, , b/(I/VZI-L,I + ceary, , 7bgav2l"";2 + CeaR,, 4
VF
L;2,1

Figure 3: Construction of the field x> on V[, ,. Here I' = 3. The red lines indicate
the boundary of Ry, 1.

2.3 Regularized total variation of Brownian motion

In this subsection we present a result from [10] that provides a lower bound on the
functional defined in (1.2). This is only one part of the main result in [10] which also
provides an upper bound.

Theorem 2.3. Let {W,}o<;<1 be a Standard Brownian Motion and 1 > X > 0. For any
partition P = [tg,t1, - ,tp+1] 0f [0,1] where 0 = tg < t; < --- < tg41 = 1, define the
quantity ®p » as

Op = Zogigk|Wti+1 — Wy, | — Ak

Then there exists a (random) partition P = [t;,t], -+ ,t;. ] of [0,1] such that the
following conditions hold:

(a) The random vector (t3,--- ,t;., k*) is measurable relative to o ({W;}o<t<1).
(b) E®py > 5.

(c) Wi =Weg , Wiy =Wz, -, Wy
th > 0) =0.5.

e T Wi, have alternating signs. Furthermore P (Wi —

d) W, — Wi

>Aforalll <j<k*-—1.

3 Inductive construction for light crossings

3.1 The induction hypotheses

We will construct a light (left-right) crossing through VLF (or equivalently VLF )
inductively for L = 2¢ and ¢ = 0,...,n. Throughout this section whenever we refer to
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a crossing of VLF ", it is implicitly assumed that the underlying field is {x%* : z € Vllj "}
unless stated otherwise. For technical convenience, let us assume that for each ¢ > 0
and v € A,y1,r we have an independent standard Brownian motion {W“’Z}0<t<2p that
is also independent of {5} perD, k>0. We sample agy 'sas increments of this process
at appropriate time points. We are now ready to state our induction hypotheses. For
{ = 0, we have only one option, i.e., to take the straight line as our crossing. This
crossing has weight exactly I". Suppose that foreach 1 < ¢ </ and u € Ay 1, we have a

crossing 7% 2 of VL 2/ , identically distributed for different u, that satisfies the following
properties:
1. wz% oarse 1S simple and measurable relative to o({W“’ }ogtggr).

2. The Law of 7rL, /2 coarse 1S Invariant with respect to reflection about the line y =

Uy + 2¢=1 _ 0.5, i.e. the horizontal line passing through the center of V;;“

3. For j € [I'], denote the line x = u, + jL' — 1 as L;z. Let 2}, be the point in the set
{u,u+ (0,L'/2), u+ (L' /2,0),u + (FL’/2 L'/2)} such that the point where 7***

hits I,/ for the last time lies within V, ,’/2 . Also for j € IN*, let U3 g L be the last
. s )( . ’ .
point along 77", ... that lies to the left of ;... Then VL Lo 2; [L’/2 Lo’ 1€

the crossings 7*** and a2 L hit IL;z- for the last time in the same L}y, % Ligg
box. Here L}y, = max(2710L’ 1).

4. E(Zzeﬂ*,u,z’ evxﬁ,) <202 — 0.2,},2)6’

One of the consequences of our induction hypotheses, which is crucial for our analysis,
is that vl sr IS uniformly distributed for all ' < /¢ as given by the following lemma.

Lemma 3.1. Let Rg;j be the unique Lo x L rectangle that shares its right boundary with
Vi Also let { B}, . }1<m<L/L.y, D€ the collection of boxes in BDieg, ., that comprise
RZJ-. Now if the induction hypotheses 1, 2 and 3 hold for all ¢ < ¢, then v}{L}LmO is

distributed uniformly on the set {c}; ,,}1<m<L/L.,,- Where c; .. is the center of the box

u
4j,m*

Proof. Notice that v "L.L)2 is determined by whether 7 L/”f coarse €Xits the box V', through

the segment {u, + ]L — 1} % [uy, uy + L/2 — 1] or through the segment {u, + jL — 1} x
[uy + L/2,u, + L — 1]. Hypothesis 2 tells us that these choices have probability 1/2

each. Conditional on such a choice, we then look at v 4 (see hypothesis 3). By

2] L/2 L/
hypothesis 1, UQ;"L /2,14 is independent of v@ LL2 Consequently by hypothesis 2, the

two possible ch01ces for v2] L/2.L/4 have probability 1/2 each given the choice of UJ L.L)2"

Now noting that ’UQJ L/2 Lja = vj L.Lja by hypothesis 3, we get that v L) is uniformly
distributed over the set of all 4 possible choices. Iterating this argument logy L/ L1oo
times gives us the lemma. O

3.2 The induction step

Now we will carry out the induction step. It suffices to produce a crossing for u = 0.
As usual, we will drop u from all the superscripts when u is origin. In the following
paragraph we give a broad overview of our strategy. This will be explained in more detail
later, as we move to the different cases.

We will first decide the L-coarsening of « It would consist of a sequence
H,,Hs,--- ,Hr4; of horizontal segments (possibly of length 0) from left to right such
that every two successive segments are connected by a vertical segment. See Figure 4

* 0+1
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for an illustration. Notice that this is the only possible option for WZ’_ECETSQ, if it has
: *,0+1

to be simple as required by induction hypothesis 1. So we can “encode” T coarse
as a sequence of {1,2} valued random variables {i;};cr) rej2), Where iy ; = 1 or 2
* 0+1

L,coarse

We refer to this as a switching strategy. After defining 7

accordingly as 7 enters the rectangle Ry, ; through By, 1 ; or By 1 ; respectively.

*,0+1
L,coarse’

path 7*¢*1. From the previous level we have four crossings {wf }f}z‘e[z], ke[2) respectively

we will construct the

in {VL; ;. }ie2.ke2)- We will “join” the paths wjf and wf; into a crossing "' of V),
for i € [2]. Now let Hf = H; and for 2 < r < R+ 1, let H* be the subsegment of H,
consisting of all but the left endpoint of H,. Thus the points in U, ¢z 1) H, span the
entire horizontal range of points in U,¢[g1)H while no two points in the former share
the same horizontal coordinate. Since L-coarsenings of the crossings at level £ are also
simple, it follows that the vertices of Sk lying within the L x L boxes intersecting
H define a subpath of ﬂ:"”l, say, h**1. Here i is 1 or 2 accordingly as H, lies in
the top or bottom row of V; (See Figure 4 and the discussions preceding Figure 1).

Finally we will connect h***! and h:fffl by an appropriate £-segment v*‘T! at level /.
The paths AT o pp L ,v}:“l, h}}f;l define the crossing 7***!. Note that the
L-coarsening of 7**! is the very one that we started with.

. o----|---®---11---9 L4 i

®--- ---OI . PR N R | SRS

L

Figure 4: L-coarsening of 7*‘*!. Here I' = 3 and R = 2. The three red segments are

Ry iy and BT from left to right.

We also need some notations in order to track the change in expected weight of
crossings between two levels. To this end define,

L
Dye= Y e andd,, =ED,,,

vem*t

Dyej= Y. e and d. 4 ; = ED.,,, for j € [I].

ver= LNV

~ 2L
Dyew =) Yoo,

JE[Tr] v€7ri*jZ
gk

Also define for k € [2],

Jk

where {i;} e[ kez is the switching strategy that we use. Notice that if 7! is
constructed according to the general strategy described in the last paragraph, then
D, 4.1, gives an upper bound on the total weight of vertices in 7***! coming from ﬂf,}f’s.

Recalling from (2.1) and (2.2) that x2* = x%, , + Zp x,; for all z € By, 1 ;, we can then

write
ED, 4 = Z E(e"/ze;i,k,j Z evxf;i,k) - Z ]Ee'YZZ;i,k,j]E( Z ewxf;l,k)
J€e(r] vewfj’fk,k JE[T] vefri’f;
Zoi ki
= 3 g,
Jer]
ECP 22 (2017), paper 69. http://www.imstat.org/ecp/
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where for the second step we assumed that the switching strategy is independent of
{x~"} for L < L (induction hypothesis 1). Writing

aZ, 2 2 2 72
% = (L2 + ) 4 D2~ ad) + (07 = (1924 T0)
fora , = b2, +c, =1—4"D we get
T
ED, 1 =ES d 7z @17
vk =B dy o (V420,05 + ) + EErr, g1 + EErr, g2, (3.1)

i=1
2
— 2 5L (72 _ 2
where, Erry gr,1 = 5 Zj:l dv,&J(ZE;ij,k,k,j ag, ) and

r ’}/2Z€2 P ki
Erry eno = O dypy (€755059 — (14 v 205,k j + 72“’ ) -
j=1
It is easy to see that E|Err, ¢ 2| = d,,(O(7?). On the other hand, we get the following
from expanding the terms in Err, 4. 1 (see (2.2)):

T T
62,72 02"}/2
_ ¢ (A2 o 14 E (A2 o
Err'%&kvl - 92 d'Y»ZJ (a’VQL;[((k,l)F+j)/2" 1) + 2 d'}’jv] (aRl;k,j 1)
Jj=1 Jj=1
T
2 (k—l)F . J+i K
+7 becy(—1) }:d%“avu;r<<k71>r+j>/21(_1) TRy ; -
Jj=1

The expectations of the first two terms in the expansion above are obviously 0. As to the
third term, recall that our switching mechanism is independent of the random variables
AVyr . ((e—1yripy 21 S DY induction hypothesis 1. Consequently EErr, ¢x1 = 0. Thus we
only need to reckon with the first term in the right hand side of (3.1) so far as the
contributions from w;‘,fs are concerned. This will, of course, depend on the particular
switching strategy we adopt. Finally we need to add the contributions from v***!’s and
the extra crossings that we make in order to link Tl';kf and 7rl*2é fori e [2].

Now we carry out the detailed computations. It is expected that d ; ; is approximately
uniform over j € [I']. However, proving this requires some effort. It turns out easier to
treat the “hypothetical” case that d., ¢ is dominated by a small number of d ¢ ;’s. We also
include a case to deal with small values of / when c% is not big enough for our “main”
strategy to work.

Case 1: Z;zl d'y,l,jl{d%e,j2F*2/3d7,g} > d%grfl/lo.

It is easy to see that
r
Y 2 dy T (3.2)
j=1

In this case our switching strategy is simple. For each k = 1,2, we choose the rectangle
that minimizes Z;Zl dvy 020 k,;- Recall from (2.2) that

. L (_ k—1D)T'+j 1)\t
ZZ;ZJCJ = ( 1)( ) bfaVzL;[((k—mrﬂ'/zﬂ +( 1) CeQRyy ; -

Since av,,,;(x_1yry;/2) S are centered, we have

r r
E( min :dw,e,jZe;i,m) = —cBl ) dyejar |-
1= k) .
Jj=1

j=1
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But er:l dy.jaR,,, ; is a centered Gaussian variable with variance 25:1 di,é,j' Thus
from (3.2) we get that for k € [2],

r
EDy ek < dye(14+77/2+ 0(7%)) + E min > dyeVZein g
2

< dye(1+0(7%) = QNI < doy o (1= Q1))

where the last inequality follows from our assumption that I" > «/ ~2. Letuy € Ay be
such that VLF’“k is the minimizer. In order to connect 7*“1:* and 7*“2* into a crossing of
Va;., we need some additional paths. To this end we add two vertical crossings through
the rectangles Viegy = ([(I' = 1)L, 'L — 1] x [0,2L — 1]) N Z? and V;igne = ([TL, (I + 1)L —
1] x [0,2L — 1]) N Z?. We also add two horizontal crossings through the rectangles V,,, =
([(F—I)L, (T+1)L—1]x[L, 2L—1]) NZ? and Viown = ([(F—I)L, (T'+1)L—1]x]0, L—l})ﬂZQ.
All these crossings have minimum weights. We can now form 7*‘*! by concatenating
et ruat and these four crossings. See Figure 5 for an illustration. It is obvious
from the construction that ﬂzﬁim(, is simple, symmetric in law with respect to the line
y = L — 0.5 and entirely determined by the random variables {ag,, ; }xe[],jer)- Thus
the hypotheses 1 and 2 hold. The only possible case where the hypothesis 3 could fail
would be the line LLr;. But we do not need to consider this line as I' is odd. Finally
notice that, since I' > 1 and minimum crossing weights through adjacent rectangles are
super-additive, each of the four additional crossings will have expected weight bounded
by, say, %d%g. Using the fact that a > 1, we then deduce that in this case

dyot1 < (2—7%/2)d, 0 <20(2—0.2)F.

Figure 5: The construction of 7*‘*! for Case 1. Here I' = 3. The segments of 7*‘*!
have been colored in red.

Case 2: / < 60.

Here we use the strategy described in Case 1. It then follows from the previous
discussions that

dyor1 < (2427%)dy 0.
Since d, o =I', we get by repeated application of the previous inequality

dyesr ST@ 4277 < 20(2 - 027241,

Case 3. 2;21 dy e jla, , ,>r-2/2a, 3 < dyD7/10 and £ > 60.
This is the main and real case. We will also assume that

dye > 2T(2 = 0.29%)(1 = 47),

for otherwise we can simply follow the strategy in Case 1. In this case our switching
strategy will in fact be informed by the way we plan to contruct the £-segments v**’s.
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So we first give a detailed description of the latter. We refer the reader to Fig 6 for an
illustration of the construction.

For each r < R, let Vi) and Vi, p() respectively denote the L x L boxes in
the top and bottom row of VQFL containing the endpoints of H, and H,;;. Call the
L x 2L rectangle formed by Vi) and V. p() as V... Suppose the right boundary
of Vi, lies along the line L, ; where j, € [2I' — 1]. It suffices to consider the case
when j, < I'. Let v} ,, =~ and vfﬁL,Lmo respectively denote the last points along

z’l([?[;il’fme and wZ’fOO’COW% that lie to the left of L, ;, where Lipy = max(27'°°L, 1). Now
if L1go = 1, we simply set v¥**! to be the (discrete) straight line joining U L L. and
v 1 1. Otherwise v ; ;  “and U?T1L7LL10[J are the centers of two Lygo x Lioo boxes,
say, A}‘m 1, and Aj 1 respectively. Let AY , (respectively A;i 1) be the box around
A}‘T’ 1, (respectively fl;iﬁ ;) of side length 2L;99. Then we construct light contours in
each of the annuli AY ; \ A% ; and A¢ ;|\ A? ;= These can easily be achieved by
concatenating four minimum weight crossings in four rectangles. In addition, we let
A, be a rectangle whose left top corner is A (=0.5, L1ipo — 0.5) and right bottom
corner is U;IT,L7L100 + (L100/2 — 0.5, —L100 + 0.5). We construct a minimum weight vertical
crossing through A,. Finally we concatenate these light crossings into v***!. The total
expected weight of these crossings can be bounded by our induction hypotheses. Notice
that we can always concatenate these paths in a way so that our construction of v}*+!
obeys induction hypothesis 3.

I S ) e R T
N~~~

Figure 6: The construction of v/***!. The two big boxes on the left define the rectangle
VL., the top and bottom one being Vi,.;7(,) and Vi.p(,) respectively. The two boxes filled
with light blue are A? , (top) and A? ; (bottom). The annuli AY |\ A? ; and A? ;\A¢ |
(or portions thereof) are indicated by light brown. The path colored in red is v}***!. The

green paths represent h***! and h:ﬁrl.

Let us now try to bound the expected weight of v***! where we assign vertex weight
based on the variables associated with boxes of side length < L. Notice that this does not
require the knowledge of the particular switching strategy we employ. Denote by D,. the
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total weight of the light crossings in the two annuli where we assign vertex weight based

on variables associated with the boxes of side length < % V1. By iterating the induction

hypotheses 3 and 1 (see also the argument presented in the proof of Lemma 3.1) we get

that the Loy coarsenings of 7%%*’s are independent of all the Gaussians at level lower

than L9, which implies

33d.y (6108, (2L /L100))+
r

where z7 = max(z,0). Let D, denote the weight of the vertical crossing through A, or
the weight of v***! when Loy = 1 (where again, we assign the vertex weight based on

T

Gaussian variables associated with boxes of side length < % V 1). Clearly we have

ED, < ) (3.3)

. (3L100 + BV} 1 1100 = V5rLiLioo))
ED, < (L100/20;1" = dry,(¢-10g,(2L/ Lroo))* -

(3.4)

In both (3.3) and (3.4), we have silently used the fact that expected minimum weights of
crossings through V;7’s form a superadditive sequence in m. The following lemma says
that we do not lose much in terms of the expected costs of these crossings after we take
into account the contributions from Gaussians appearing in higher levels.

Lemma 3.2. Let X1, ..., X,, i.i.d. standard Gaussian variables, where m < (1/v)'°° and
U be a nonnegative random variable bounded by C. Then
E(U maxe?™) < EU (1 + O(ylog(1/7))) + Ce™?Uost/7)
3

Proof. Let M = max; X;. It is clear that EM < /200log(1/7), and also that P(M >
EM + u) < e~*. The conclusion follows by a straightforward computation. O

Combining (3.3), (3.4), Lemmas 3.1 and 3.2, we get that the expected weight for each
“switching gadget” is bounded by (1 + 10 x 27190)(2 — 0.2v%)* < de, where we
use the fact that v < 1. Recall the expression for ED%[;]C as given in (3.1) and the fact
that

Zf;i’k’j = (_1)(k:_1)r+jb‘€a/v2L;[(k—l)l"+1/2'\ + (_1)iCZaRz;k,j :

It is then natural to consider switching strategies {i; } je[r],xe[2] that give a small value
of the following quantity:

r
i 1420 x 27100
Cg’yZd%gvj(—l) T Rfd%g. (3.5)
j=1

To this end we consider a similar optimization problem for a process that is related to
this quantity. Denote by J = {j € [['] : d,¢; < T~2/3d, ,}. By Cauchy-Schwartz inequality,
we see that sy 2
(=T,
2 7,
Zd%&j > —T (3.6)
JjeJ
Write J = {j1,...,j;} with 1 < j; < jo <--- <jj; <T, and define the sequence
Gyii = cﬁyQZkSidil,jk for 1 <i<2|J]|,

where j; ="+ j;_|; and dy ¢ j, = dy ¢ j,_,, fori > |J|. Consider the process

_ ‘ ¢
St = CWZogkgid%&jwl(thjkﬂ - Wti/\(jkﬂq)) for gy, <t < gyi41,

. t—gn i .
where t; = jio1 — 1+ W and g,0 = 0. Thus {St;g}ogtggwul is a standard
Volidig1

Brownian motion whose increment between the time points g, ;_; and g, ; is given by
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oYl 0,5, Ry,, ;, for 1 <i < 2|J|. Now suppose that 7o, 71, - -+, Tr41] is the partition of

—100
[0, g+,27/] given by Theorem 2.3 when applied to {Si.}o<i<g, ,, for A = w

(with appropriate change of scales). Using this we will define L-coarsening of the path
that we will construct. Since this has to be simple by our induction hypothesis, it suffices
to assign an element in {—1, 1}/l to jy, jo, - -- , J2).7- For this purpose define the random
variables sgny.,, - - -, sgny 5., as follows:

-1 if T, < gy, <T,41 such that STT;g < ST7~+1;£
S n,. =
Blise 1 ifT. <gy; <Tr41 suchthat St 0 > S, .0

It is clear that (sgny, - ,sgny.¢) is identically distributed as (—sgny., + , —sghy|s),¢)-
* 0+1

L coarse 1S invariant relative to reflection about the

As a consequence the distribution of 7
liney =L —0.5.
Now we collect the contributions to the weight of 7***! from all the sources. We use

. . . . ¢
crossings through Vip, Vaown, Viett and Viignt, as in Case 1, to link the crossings w;‘ 1 and

wff for i € [2]. As discussed in Case 1, this will not tamper with induction hypothesis 3.
We also need a bound on the error we made by interpolating (S;,,) as a Brownian motion.
Notice that for each (7}, T,41) that is contained in some interval (g, ;_1, g-,;), we lose at
most Mgy;s due to “discretization” of the optimal partition obtained from Theorem 2.3,
where

Mais = max max |St.e — Ssiel -
1<i<2|J| gvy,i—1<5,t<Gg~ i

Thus the total loss we incur due to discretization is at most Mg R’. We use a simple
estimate for My;s as follows:

EMi, < O(yI'~2/310g(T))d., 4, and P(|Mais — EMass| > urT =3 log(T)dy ) < e~ |
(3.7)
where we use the fact that d, ,; < T'~%/3d, , on J. Finally we need to make amends for
the fact that what we pass as “penalty” term to (3.5) is actually based on the Gaussians
up to level /. But the multiplier at level ¢ + 1 can be at most e¢+1, where M, is the
maximum of all Gaussians added at level ¢ 4 1. Altogether, we deduce that

. 10
Qe £ 20,01 +77/24+0(%) + ) — T + VERZ\[EM,

142 2-100)q /
+ ( + 0 XF ) VL /ER/Q E(ev]\/fg+1 _ 1)27 (38)

where
R'+1 ~100
(1+20x2 )d~ .
IZ:E< z_; |ST1:;5_ST1'—1;@|_RI T ! )
It follows from condition (d) in Theorem 2.3 and a straightforward computation that
F2 2 ) d2 2
ER? < O((7 nge" ”*“) ) . (3.9)
vl

In addition, by Theorem 2.3, we deduce that for all o« > 0
Zj eJ d?y,m
dy e

Here we used the fact that ¢ > 60. Plugging the bounds from (3.7), (3.9) and Lemma 3.2
into (3.8) we obtain

dyor1 < (2—0.69%)20(2 — 0.29%)% < 2(2 — 0.292)4FL .

I, > (% . 2—100)7211

This completes the proof of Theorem 1.1.
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