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LOCAL ASYMPTOTIC NORMALITY PROPERTY
FOR FRACTIONAL GAUSSIAN NOISE UNDER
HIGH-FREQUENCY OBSERVATIONS

BY ALEXANDRE BROUSTE* AND MASAAKI FUKASAWAT’i
Le Mans Université*, Osaka University" and Tokyo Metropolitan University*

Local Asymptotic Normality (LAN) property for fractional Gaussian
noise under high-frequency observations is proved with nondiagonal rate ma-
trices depending on the parameter to be estimated. In contrast to the LAN
families in the literature, nondiagonal rate matrices are inevitable. As conse-
quences of the LAN property, a maximum likelihood sequence of estimators
is shown to be asymptotically efficient and the likelihood ratio test on the
Hurst parameter is shown to be an asymptotically uniformly most powerful
unbiased test for two-sided hypotheses.

1. Introduction. The theory of Local Asymptotic Normality (LAN) provides
a powerful framework under which we are able to discuss asymptotic optimal-
ity of estimators. When the LAN property holds true for a statistical experiment,
minimax theorems [13, 20] can be applied and a lower bound for the variance of
the estimators can be derived. Beyond the classical i.i.d. setting [14, 26], the LAN
property (or Local Asymptotic Mixed Normality property) has been proved for var-
ious statistical models including linear processes [25], ergodic Markov chains [24],
ergodic diffusions [11, 19], diffusions under high-frequency observations [12], dif-
fusions with observational noise [9, 10, 23] and several Lévy process models [4,
17, 18]. The LAN property for fractional Gaussian noise (fGn) was obtained in [6]
under the large sample observation scheme. In this setting, Maximum Likelihood
(ML) and Whittle sequences of estimators achieve optimality [7, 8, 21].

The statistical experiment of observing fGn under a high-frequency scheme has
not been well understood in the literature, despite that high-frequency data has
attracted much attention recently due to their increasing availability. At high fre-
quency, scaling effects from the variance and from the self-similarity of the fGn are
melting. The singularity of the joint estimation of diffusion coefficient and Hurst
parameter was already noticed in [2, 5, 15]. A weak LAN property with a singular
Fisher matrix was obtained in [16]. Due to this singularity, no minimax theorem
can be applied and in particular, it has been unclear whether the ML estimator
enjoys any kind of optimality property.
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In this paper, we prove that the statistical experiment in fact enjoys the LAN
property. To discuss the difference from [16], let us be more precise in the defini-
tion of the LAN property.

DEFINITION 1.1. Let ® C R?. A family of measures {P}, 0 € ®} is called
locally asymptotically normal (LAN) at 6y € © if there exist nondegenerate d x d
matrices ¢, (89) and I (6) such that for any u € R?, the likelihood ratio

dprP}
Zn (I/l) — 0o+¢n (B0)u

dPe’B
admits the representation
1
(1) Zn(u) = exp<<u, £ 60)) = 51 @), )+ 2 6. u)),
where
() £n(60) — N(0, 1 (60)), rn (6o, u) — 0

in law under Pg’g .

This definition of the LAN property is equivalent to the one given in [14]. The
matrix ¢,(6p) is often called the rate matrix. Remark that the nondegeneracy of
©n(6p) and 1 (6p) is essential in the following minimax theorem due to Hajek [13]
and Le Cam [20], which implies in particular the asymptotic efficiency of the ML
sequence of estimators in regular models; see, for example, Theorem I1.12.1 and
Remark I1.12.2 in [14].

THEOREM 1.1. Let the family of measures {P},0 € ®}, ©® C R?, be LAN at
6y € © for nondegenerate matrices ¢,(00) and 1(6y). Then, for any sequence of
estimators 0,,,

liminfliminf sup Ej[1(pn(60) 1@, — 0))]

b=00 100 g, 00) 1 (9—00)] <0
> fR (1600 P2)p () dz
for any symmetric, nonnegative quasi-convex function | with

lim e¢%1(z) =0
|z]—00

for all € > 0, where ¢ is the density of the d-dimensional standard normal distri-
bution.
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For the fGn under high-frequency observations, we consider the estimation of
the parameters (H, o) € ® = (0, 1) x (0, 0o0), where H is the Hurst parameter and
o is the diffusion coefficient. It was shown in [16] that the family of measures
{P(”H’U), (H, o) € ®} satisfies both conditions (1) and (2) at any (H, o) € ® for

1
— 0
| Zrroga, (2 e
(pn(H7G)— 0 1 and I(H90)_ 2/0, 2/0_2 )

Jn

where n is the sample size and A, is the length of sampling intervals. Note that
I (H, o) is singular. On the one hand, this result does not imply that the family is
LAN in the sense of Definition 1.1. On the second hand, Theorem 1.1 cannot be
applied with this result.

To the best of our knowledge, for any LAN family in the literature, it is always
possible to take a diagonal rate matrix up to a reparametrization. A typical example
is the LAN property for the i.i.d. setting where

@n (o) = %Id-
Here, 1; is the d x d identity matrix. However, both in Definition 1.1 and The-
orem 1.1, ¢,(8p) is required only to be nondegenerate. In this paper, we prove
the LAN property for the statistical experiment of observing fGn under a high-
frequency scheme for a certain class of nondiagonal matrices ¢, (6p) depending
on 6p. In particular, Theorem 1.1 can be applied. Nondiagonal rate matrices are
inevitable because the Fisher matrix is singular.

Basics for the fractional Brownian motion and the fGn are recalled in Section 2.
The statistical experiment under a high-frequency scheme is described and the
LAN property result is proved in Section 3. Efficient rates for the estimation of
H and o are given in Section 4 giving the optimality of the ML sequence of esti-
mators and the asymptotically uniformly most powerful unbiased property for the
likelihood ratio test on the Hurst parameter for two-sided hypotheses.

2. Fractional Brownian motion and fractional Gaussian noise. Here, we
briefly review the basics of the fractional Brownian motion, fractional Gaussian
noise and their large sample theory. A centered Gaussian process B is called a
fractional Brownian motion with Hurst parameter H if

1
E[BF B = §(|z|2” +1s2H — |t — s*H)
for all #, s € R. Such a process exists and is continuous for any H € (0, 1) by Kol-

mogorov’s extension and continuity theorems. The process enjoys a self-similarity
property: for any A > 0 and ¢ € R,

H H HpH
By — B ~A" B
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in law. The spectral density of regular increments, that is, the function fy charac-
terized by

E[BI(BE | — B\ = S (1k + 1127 — 20k 27 + |k — 1)2H)

1

2
L (™ /=i

:—/ e Fr(x)da, keZ
2.7'[ —7T

is given by

keZ 2
For a fixed interval A > 0, assume we observe the increments
_ H H H H H H H
Xy =(0Bx,0Byp —0Byx,0B3A —0Byp,...,0B A —0 By _1)a)

where (H, o) is unknown. The random vector X,, is called fractional Gaussian
noise (fGn). Denote by 7, (H) the covariance matrix of

Xn
oAH’
of which the distribution does not depend on ¢ and A by the self-similarity prop-
erty. The (i, j) element of 7,,(H) is given by

1 (= .
— / eV 1=D% g (1) da.
27 -7
Let us suppose A =1 for brevity. The log-likelihood of X, is then given by

0. (H, o) = —% log(27) — nloga

1 1
-5 log |T,, (H)| — P(X”’ T, (H) ' X,).

Let

A= */’7{,712“‘”’ 1) X,) -1,

1 (1 1
B, = _{531{ log |T,,(H)| + F(X"’ 8H{T”(H)_1}Xn>}.

Jn

The score function is then given by

Ve, — (31-15,1) _ —B,/n
" ao'en An\/ﬁo'_l ’

Let P(”H, ) be the measure on R” induced by X,,.
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THEOREM 2.1. The family of measures {P(”Hﬁ); (H,0) € (0,1) x (0,00)} is
LAN at any (H,o0) € (0, 1) x (0, 0o) with

— 0
(pn(H,O')z ﬁ 1
0 —
Jn
and
1 s 5 1 b1
—/ |01 Tog f17(V)[2 dx —/ 95 log fx () dA
4w J—x 2o Jox
I(H,o)= 1 x >
—f o log fg(A)da —
2o J_x o2

In particular, (A, B,) converges in law to a centered normal distribution with
covariance

2 —i/n 8[-110ng()»)(1)\.
3) JH)= T

1 | 5
——/ 81 log i (1) dA —/ |05 log fr ()| di
2 -7 47 -7

PROOF. See[6]. O

3. The LAN property in high-frequency observation. Let X, be again the
observed fractional Gaussian noise

Xpo=(oBY .oB)\ —oBR oBf\ —oBj\ .....0Bl\ —oBll_|\ ).
Here, we consider high-frequency asymptotics, which means A, — 0 as n — oo.
We suppose inf, nA, > 0. The parameters to be estimated are still H € (0, 1) and
o > 0. As before, the distribution of

1
ocAH™"

is stationary centered Gaussian and does not depend on ¢ and A, by the self-

similarity property. Its covariance matrix is 7, (H) defined in the previous section.
Denote by ¢, (H, o) the log-likelihood of X,

{,(H,0)= —glog(Zn) —nHlogA, —nlogo

1
- 510g|Tn(H)| - (X, To(H) "1 X,).

202 A2H
Let
_ -1
An—ﬁ{W(Xan(H) Xn>_1}7
(1 .
Bn=ﬁ{iamogm<m|+W<xn,aH{Tn<H> ).



2050 A. BROUSTE AND M. FUKASAWA

We use the same notation as in the previous section because their distributions are
the same. In particular, we have that (A,, B,) — (A, B) in law under P(”Hﬁ) for a
nondegenerate Gaussian random variable (A, B) whose covariance is given by (3).
In this setting, the score function is given by

_(Omty\ _ Ap/nlog A, — By/n
(4) ven— <ao‘£n) _< An\/ﬁa_l .

From this expression, we clearly see that the leading terms of dgy ¢, and d,¢, are
linearly dependent, which is exactly the reason why the Fisher matrix is singular
when considering diagonal rate matrices as in [16]. Now, we state the main result
of the paper.

THEOREM 3.1. Consider a sequence of matrices

l (o, ap
(pn_(pn(H’G)_ﬁ(Bn ,gn)

with the following properties:

L. n|ga| :anlgn —anPn #0.
o, — o for some a € R.
o, — o for some a € R.
Vo =y log Ay + @no_l — y for some y € R.
Vo i=anlog A, + Buo~! — 7 for some y € R.
ay —ay #0.
Then the family {P(”H’a); (H,o0) € (0,1) x (0,00)} is LAN at any (H, o) for
on(H, o) defined previously and

_(r —« vy v
5) o =(2 “2)aan (2, 7).

o

SAISANE e

where J(H) is defined by (3). The convergence of r, in (2) is uniform in u on
compact sets.

PROOF. Let 6y = (Hy, 00)*, u € R? and B(6y,r) = {6 € (0, 1) x (0, 00);
|6 — 60| <r} for r > 0. By Taylor’s formula,

1
t%@o+¢ﬂ0—EA%)ZWﬁV&A%Lu%%?uﬂﬁV%%@wme+rm

where

;0 € B(o, lpnul)}.

Step 1. Let us show that ¢V £, (6p) — N (0, I (6p)). Note that

* _ Anyn — Bray
© oivin= (%~ prar).

1
vusgmequHﬁv%amw
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Therefore, it converges in law to
Ay —Ba\ (v —a)\/[A
Ay —Ba)  \y —a)\B)’
which is Gaussian.

Step 2. Here, we compute

OxV > lnn.
Let
n = W(xm Tn(H)_an>y
1 -1
D, = W(xn» aH{Tn(H) }Xl’l)a
(1, 2 -1
E,= ;{EaHlog T, (H)| + W(Xn, I { T (H) }Xn>}-
Note that
dplog | T (H)| = —tr(0p {T, (H) "} T, (H))
and so,

3% log | T, (H)|
= —tr(d{ T (H) ™"} T, (H)) + (T, (H) "' 0 T, (H) T,y (H) ™' 05 T, (H)).

Then the (1, 1) element of Vzﬁncpn is
ogAy,

an(log Aoy Ay —0p By) + B
=Ynog Ay — a0 B,

= Vn\/ﬁ(_zcn log Ay + Dy) — an\/ﬁ(En — Dy log Ap)
and the (1, 2) element is

oA A 0y A
aan+ﬂ”(__;+an)

o o o

n n A
= _Zicnyn + £DnOln - IBn_;
o o o
It follows then that the (1, 1) element of <p;‘;V2€n(p,, is

2 An

—2C,y? + 2D, ypety — @2 E, — Bl

n
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From this, it is clear that the (2, 2) element of gonV Loy is

A,
_2Cnyn +2Dpyno, — E 2[
Also it is already not difficult to see that the (1, 2) element of <p*V Loy is
—2Cn¥n¥Vn + Dn(Ynotn + yutty) — anay Ey ,Bn,Bn f

It is clear that nC, ~ x2(n) and so, C, — 1. We already know A, — A. By the
conditions of ¢,, B, = O(|log A,|) and B, = O(|log A,|). By the same argument
as the proof of Lemma 3.5 of [6], we have

1 T
D, — ——/ 3 log fu (M) dr = E[AB]
27 —7T

and
1 T 2 2
E, — —/ |0 log fu(A)|"dr = E[B7].
47 -7
Therefore,
_(/’:V2£n<ﬂn
) (2 -2aElAB1+o2E[BY]  2y7 - (va + 7o) E[AB] + oG E[B?]
2y7 — (y& + ya) E[AB] + a& E[ B?] 272 —2yaE[AB]+&’E[B?] '

This coincides with —I (H, o) because E[A%] =2
Step 3. It remains to show r,, — 0. From the computation in Step 2, we deduce
that the tensor —(p;‘l‘V3£n<pn consists of the vectors

2 » VA,
ZVCnyn 2Ynety VD, +a, VE, + B;
[
_ VA,
2VCh¥Yn¥n — (VnQn + Vnan)V Dy + ana, VE, + ,Bnﬂn \/—
2VCnyn 2Yn0y, VD, +a;, VE, +,B «/_

By the same argument as the proof of Lemma 3.7 of [6], we have that there exists
¢ > 0 such that VCy, VD, and VE, are of OP(nl/Zfellog Ay|) uniformly in 6 €
B (09, €). On the other hand,

a,zl-l—o_z,% —>a2+&2,

2 Q2
ﬂn +an N aZ +5[2’
1 +o02|log A, |2
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which implies that |p,u| = O({/|log|A,|/n). Since inf, nA, > 0 by the assump-
tion, we conclude that r;, — O uniformly in u on compact sets. [J

Several examples of rate matrices can be elicited:

1. A positive definite symmetric matrix for rate ¢;, is
2
$n = —#= 0g Ap
a log —c? log A,

L fcosy, siny\ (AF 0 [cosy, —sinyy,
_ﬁ(_SiHWn COSlﬂn> 0 2, (sinwn cosw,,)’

ki:—l< 2 +02logA, £ L—l—a‘*(logAn)z),
" 2\log A, (log A,)?

tan 1, 1(2 2log A 4 +4(1A)2)
any, = —— —o“lo — |——=+ao*(o ,
"= 5 Uog A, E2n 7 log A2 E Sn
for which « =0, « =0, y = —1 and y = 0. There seems no simpler positive
definite symmetric matrix satisfying the conditions of Theorem 3.1.

2. Let

where

ologA,
1
o = I | 1+02(ogA,)?
n— = = 1 9’
v olog A,
1+o02(ogAy)?
for which the conditions of Theorem 3.1 are satisfied witho =y =0, ¥ = —1 and

y = o ~!. Note that

-1 _ )»,f 0 cosy,  sinyy,
n _ﬁ(O A ) \—=siny, cosy, )’

n

where

1

M= J1+0200gAn?, Ay =
J1+02(og An)?

n

and
olog A, 1

, sinyr, = .
J1+02(log A,)? J1+02(log A,)?

The above expression suggests that after the rotation of angle ¥, depending on A,
in a local parameter space, we have a familiar diagonal norming with, however,
unfamiliar rates /nA:E. Note also that by setting formally A, = 1, we recover
Theorem 2.1.

cos Yy, =
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3. Another example is that

_ L( 1 1 )
= "Ja\o(y —logA,) o7 —logAy,)

for (y, y) with y # y, for whicha =a = 1.
4. Two other examples of rate matrices will be used in the following section,
namely

®) (0
(p"_ﬁ —ologA, 1)°

—1

which givesa =1,a =0,y =0and y =0~ " and
1

1 1
)] on=—=|logA ,
Vn 0 ! —olog A,

which givesa =0, a =1,y =1and y =0.

Remark that all the examples are nondiagonal rate matrix depending on the param-
eter o.

4. Efficient rates of estimation and optimality of ML estimators.

4.1. The efficient estimation rate for H. As the rate matrix, let us take (8),
which gives « =1, @ =0, y =0 and 7 = o~!. It is worth mentioning that the
rate matrix is nondiagonal and depends on the parameter o. By Theorem I1.11.2
of [14], the LAN property implies that for any regular estimator (Hy, 62),

S . (H,—H

E[B? E[AB)jo\
el (8] —ElABl/o) "
—E[AB]/o 2/c
for any loss function [/ satisfying the condition given in Theorem 1.1, where N ~
N (0, I). Note that the matrix in the right-hand side coincides with I (H, o) in

Theorem 2.1. Since
_ 1 0
1 _
n _\/ﬁ<ologAn 1)’

we obtain the asymptotic lower bound

2
= 2E[B?] — E[AB]?

liminfrnE g o) [(H, — H)?]
n—oo
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by taking /(x, y) = x2. This means that the efficient rate of estimation for H is /n
when both H and o are unknown. Note that when o is known, the efficient rate
for H is 4/nlog A,, which follows from, say, [16]. Although the singular LAN
property of [16] seems to admit of a v/n log A, -consistent estimator even when o
is unknown, the above lower bound implies that such an estimator, if any, cannot be
regular. A possible relation to super-efficiency phenomena is remained as a topic
for future research.

4.2. The efficient estimation rate for o. As the rate matrix, let us take (9),
which gives « =0, « =1, y =1 and y = 0. It is worth repeating that the rate
matrix is nondiagonal and depends on the parameter 0. Again by Theorem I1.11.2
of [14], the LAN property implies that for any regular estimator (Hy, 60),

N —1/2
T _1(H,— H 2 —E[AB]
it o (@—o)ﬂﬂ{l((—ﬂ/&m iy Nﬂ

for any loss function [/ satisfying the condition given in Theorem 1.1, where N ~

N(O0, I). Since
—olog A, —1
. \/ﬁ( o log 1 )
O 9

=

log A,
we obtain the asymptotic lower bound

2

. . n -~ 2
liminf ——————=E @y 5)[ (6, —0)7] > 2E[B?] — E[AB]?

n—00 o2|log A, |?

by taking /(x, y) = y2. This means that the efficient rate of estimation for o is
J/n/|log A,| when both H and o are unknown. Note that when H is known, the
efficient rate for o is /n, which follows from, say, [16]. Here applies a similar
remark to the end of the previous subsection.

4.3. ML estimators. We prove, in this section, that a ML sequence of estima-
tors (H,, 6,,) is asymptotically efficient in that the minimax bound in Theorem 1.1
is attained. By (4), it is given as a root of A, = B,, = 0 if any. Therefore,

. 1 A
O}% = Py (Xn, T,(Hy) an>,

nA; ™"
(X, O (T () ™"} X 1)

g log | T, (H,)| +n — =0.
(Xn, Tn(Hp)™" Xp)

The latter equation implies that, by the self-similarity property, the limit law of H,
is the same as in the large sample case treated in Section 2. In particular, H, — H =
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0, (n=1/2); see, for example, Dahlhaus [7]. On the other hand, the limit law of &,
is different because

0y — 0

~logd, —logo ~ —(H, — H)log A,

as is easily seen. In particular, 6, — o = O, (|log Apn|n~1?) and the joint law of
N n R
(Vi — 1. Y60 =)
log A,
is degenerate to a one-dimensional distribution.
THEOREM 4.1. Let 6 = (H,0)* € (0,1) x (0,00) and ¢, = ¢,(H,0) be a

sequence of matrices satisfying the conditions of Theorem 3.1. Let 6, = (I:In, on)*
be such a sequence that

OV O) =0p(1), 6 —0=0,(log Ay'n~"7?)
for some k € N. Then
O (0 —0) > N(0,1(H,0)7")

in law under P(”H’ o) and

lim lim sup  E"l(g, 6, — )] = '/Rzl(I(H, o) "22)p(2) dz

PN o (r—0)) <
for any bounded continuous function | on R2, where I (H, o) is defined by (5).
PROOF. By Taylor’s formula,

PV (0) = 0V L, (0) + @iV, (0) (0 — 0) + 1,

where

| BN A - A
I7nl = 5100 — 0llgy " (Bn — )| max{|} V£, (0)pal; 6 € B(60, 16, —61)}.

Since &, By — @nBy — o(ay — a@y), we have ||g; || = O(|log A,|n'/?). There-
fore, by the same argument as Step 3 in the proof of Theorem 3.1, we can show
that r, = 0, (1). Then, by (6) and (7), we have

1A _ _ —a\ (A
10 ¢, G -0~ {6V 0a) v~ 1o (5 T2 ().
14 o n
From this expression, the first assertion of the theorem follows. Further, since

dpy 1
— O gV ) = S, 1 (H, )

log dPQ”
% 1
= <(2Z) ’ (—ya —y&) u> - 5(”’ I(H,o)u)

(I
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uniformly in # on compact sets as we have seen in the proof of Theorem 3.1, the
joint law of

dpP}
-1/ 0+pnin
(gon 6, —0),log 7(“%” )

under P converges to a normal distribution with covariance

—1(y —a) (A Yy v _
oo () Eam(, %))
for any sequence u, with lim,,_, oo 4, = u. Then, by Le Cam’s third lemma,
0 'O —0) > N(u, I(H,0)™")
in law under Py S onitn? from which the second assertion follows. [
4.4. Hypothesis testing. By the standard argument, as a corollary of Theo-

rems 3.1 and 4.1, we have a limit theorem for the likelihood ratio test statistic A,
for the hypothesis testing 8 = 6 vs. 6 # o, that is,

—2log Ap & —(0, B0 — 60), 01 V2 lappy ' (6, — 00)) — x> (2)

under the null hypothesis, where 6, is the ML estimator. On the other hand, for
a composite null hypothesis, the usual argument fails due to the singularity of the
asymptotic Fisher matrix. Still, we have the following result.

THEOREM 4.2. Consider the hypothesis testing H = Hy vs. H % Hy with o
unknown. Let A\, be the likelihood ratio statistic, that is,

—log Ap = £, (0y) — £a((Ho, 54 (Ho))™).

where én is the ML estimator of 0 = (H, 0)* and 6,,(Hy) is the ML estimator of o
under the null hypothesis H = Hy. Then

—2log A, — x2(1)

in law under the null hypothesis.

PROOF. Let ¢, be a sequence of matrices satisfying the conditions of Theo-
rem 3.1. Then, by (10) and (V£€,,(8,), (6 — 0)) = (9} VL,(0n), ;71 (0, — 6)) ~ 0,

2(£n(Bn) — £4(6))
~ ((pn_l(én —0),1(H, U)(Pn_l(én - 9)>

(e Z) et () s (2, )

_ —1(A
— (A, B)J(H) (B)
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and (A, B)* ~ J(H)Y2N,, Ny ~ N(0, I). On the other hand,

1
;agen =

1 2 ~
o7 An H2VnC) = =, V(G (H)* —o0%) =0?A,

and so,
x 2 - 1
2en((H. 60 (H))") = a(®)) ~ —5 V(30 (H) — o) — S A%,
Therefore,

—2logA, = Z(E,Z(én) —£,(0)) — 2(¢,((H, 6,(H))") — £,(0))

(12) *(A’B){J(H)_l_%(l) 8>}(2)

= N;{Iz - %J(H)I/Z (é 8) J(H)I/Z}Nz ~ x2().

Here, we have used that the (1, 1) element of J(H) is 2, and so

1 12(1 0O 12| _
. b= 5J(H) <0 O>J(H) =0,
tr( 7 —11(111)1/2 ! O)J(H)l/2 =1

275 0 0 - O

In order to argue asymptotic optimality of tests, it is conventional to compare
their asymptotic powers under local alternatives. For the LAN family with nondi-
agonal rate matrices, it is not trivial at a glance which rate matrix we should take
to define local alternatives. For our hypotheses H = Hy vs. H # Hp, it would be
natural to take (8) with unknown true value o = o under which

(2)= () ron(ia) = (2= - gontoe 0 —ao)

so that the local null space is N := {(u1, u2)*|u; = 0}. For other ¢, than (8), the
corresponding local null space depends on n and so, seems difficult to treat. For
¢ €(0,1), we say a test i, is an asymptotically unbiased level ¢ test at oy if

lim SUp Egy g, ¥n] < min e, liminf Eg, g, 1]

for every u € N and iz € N, where 6y = (Hy, 09)*. We say a test ¥, is an asymp-
totically uniformly most powerful unbiased level ¢ test at oy if it is an asymptoti-
cally unbiased level ¢ test at og and

liminf Eg 4y, al¥n] = limsup Egy+,a[¥)]
n—oo n—oQ

for any i € N and any other asymptotically unbiased level ¢ test v, at oy.
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THEOREM 4.3. Let A, be the likelihood ratio statistic of Theorem 4.2. The
test

Un=1l21gn,z2, 1= Pkep)=¢/2
is an asymptotically uniformly most powerful unbiased level ¢ test at oqy for any

oo > 0.

PROOF. By Theorem 2 of Choi et al. [3],
(14) limsup Egy+g,a[¥,] < P(IN1 + Vkit1] > z¢2)
n— oo

for any u = (i1, 2)* € N and any asymptotically unbiased level ¢ test ¥, at oy,
where N1 ~ N (0, 1) and « is the effective information

| (Hy,00)| o? ( E[B?] —E[AB]/a)

2 \\=E[AB]/o 2/c?

1
K = = = E[B*] - E[AB]*.
I(Hp,00)22 2 2

Here, we have used thata =1, =0,y =0 and y = o~ ! for (8). Actually, Choi
et al. [3] assumed the LAN property with a diagonal rate matrix; however, their
proof remains valid for nondiagonal cases as long as the local null space is of
the form N = {(u1, uz)*|u; = 0}. On the other hand, by Theorem 4.2, the test
Y, is of asymptotic level ¢. Further by (11), Le Cam’s third lemma implies that
(An, By)* — N (u(), J(Ho)) under Pg,4,i, Where

. S
piy = e (7, 7 Yi= e (”2_‘;1 )

for any i = (i11, iip)* € N¢. Therefore, by the same computation as in (12), the
limit law of —21log A, under Py, is

1
(@) + J(Ho)l/zNz)*{J(Ho)_l -5 ((1) 8)}(u(ﬁ> + J(Ho)'* Ny)

=Kﬁ%+2\/;ﬁ1N+N2=|N+\/Eﬁ1|2,

where Ny ~ N (0, I5), N is the first element of Q N, and Q is an orthogonal matrix
with

«(1 0\, 1 12(1 0 1/2
0*(y o) @=r=5 " (o o) s

Here, we have used (13), that

J(H) - %J(H) (é 8) J(H) = <8 2)

cen (s D))

and that
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for any (x, y)* € R%. This means that the upper bound of (14) is attained by ¥,
and also that v, is asymptotically unbiased. [

5. Concluding remarks. We have shown that the statistical experiment of the
fGn under high-frequency observations enjoys the LAN property. The idea is the
use of nondiagonal rate matrices. The self-similarity property is the key for this
analysis. Therefore, an extension to the case where o is time-dependent is nontriv-
ial. On the other hand, extensions to more general self-similar stationary Gaussian
noises or stable Lévy noises under high-frequency observations are straightfor-
ward. For the latter, the singularity of the Fisher matrix was discussed in [1] and a
weak LAN property was shown in [22], which exactly corresponds to the result of
[16] for the fGn.
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