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The problem of drift estimation for the solution X of a stochastic dif-
ferential equation with Lévy-type jumps is considered under discrete high-
frequency observations with a growing observation window. An efficient and
asymptotically normal estimator for the drift parameter is constructed un-
der minimal conditions on the jump behavior and the sampling scheme. In
the case of a bounded jump measure density, these conditions reduce to
nAfz_S — 0, where n is the number of observations and A, is the maximal
sampling step. This result relaxes the condition nA% — 0 usually required
for joint estimation of drift and diffusion coefficient for SDEs with jumps.
The main challenge in this estimation problem stems from the appearance
of the unobserved continuous part X¢ in the likelihood function. In order to
construct the drift estimator, we recover this continuous part from discrete
observations. More precisely, we estimate, in a nonparametric way, stochas-
tic integrals with respect to X¢. Convergence results of independent interest
are proved for these nonparametric estimators.

1. Introduction. The class of solutions of Lévy-driven stochastic differential
equations (SDEs) has recently attracted a lot of attention in the literature due to
its many applications in various areas such as finance, physics and neuroscience.
Indeed, it includes important examples taken from finance such as the well-known
Barndorff—Nielsen—Shephard model, the Kou model and the Merton model (cf.
[2], [14] and [23]) as well as the stochastic Morris—Lecar neuron model (cf., e.g.,
[5]) from neuroscience to name just a few. Consequently, statistical inference for
these models has recently become an active domain of research.

In this work, we aim at estimating the unknown drift parameter 6 € ® C RY
based on discrete observations X,GO, e an of the process X given by

t t
Xf=X8+f b(e,xf)ds+/ o (XY dw,
0 0
(1.1) [
+f y(X0)dL,,  teRy,
0

where W = (W;),>¢ is a one-dimensional Brownian motion and L a pure jump
Lévy process with Lévy measure v.
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We consider here the setting of high frequency observations with a growing
time window, that is, for the discrete sample X%, el Xfl with0<fp<.-.--<t,
we assume that the sampling step A, := max{t; —t;_1 : 1 <i <n} tends to 0 and
t, — 0o as n — oo. It is well known that due to the presence of the diffusion
part, one can only estimate the drift consistently if #, — oo. A crucial point for
applications in the high frequency setting is to impose minimal conditions on the
sampling step size A,. This will be one of our main objectives in this paper.

The topic of high frequency estimation for discretely observed diffusions with-
out jumps is well developed by now; see, for example, [32], [13] and references
therein for joint estimation of drift and diffusion coefficient. Less results are known
when a jump component is added to the process. In the case of high frequency
estimation for diffusion with an additional jump component, [22] investigates
Gaussian quasi-likelihood estimators of a joint drift-diffusion-jump part parame-
ter. A contrast-type estimation function, for joint estimation of drift, diffusion and
jump parts when the jumps are of compound Poisson type, is studied in [29]. These
results are generalized in [26] to include more general driving Lévy processes, and
[24] also provide a large generalization of this paper. The LAN property for drift
and diffusion parameters is studied in [30] via Malliavin calculus techniques. In
all these papers, joint estimation is considered under conditions on the sampling
scheme and the Lévy measure, which, in the case of a bounded jump measure
density, is at best A2 — 0.

It is important to note here that the principles of the estimation of the drift, dif-
fusion or jump law parameters are of completely different nature. The estimation
of the volatility is feasible on a compact interval, whereas the estimation of the
drift and the jump law requires a growing time window. Also, due to the Poisson
structure of the jump part, the estimation of the jump parameter can be well sepa-
rated from those of the drift and the diffusion part. In this work, we focus therefore
on the estimation of the drift parameter only and construct a consistent, asymptot-
ically normal and efficient estimator, under conditions on the jump behavior and
the sampling scheme, which in the case of bounded jump measure density reduce
tonA3=¢ — 0.

A natural approach to estimate the unknown drift parameter would be to use a
maximum likelihood estimation, but the likelihood function based on the discrete
sample is not tractable in this setting, since it depends on the transition densi-
ties of X, which are not explicitly known. On the contrary, the continuous-time
likelihood function is explicit. Our aim is to approximate this function from dis-
crete data, and hence define some contrast function. The main difficulty is that the
continuous-time likelihood involves the continuous part X¢ of X that is unobserv-
able under discrete sampling. Intuitively, this tells us that the continuous part X¢
has to be recovered, hence the jumps of X have to be removed in order to obtain
an approximation of the continuous likelihood function.

The question of estimation of the continuous part of an It6-semimartingale ap-
pears naturally in many statistical inference questions (cf., e.g., [3] and [18]) and
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constitutes in itself an interesting nonparametric problem. In this article, we study
the question of estimation of stochastic integrals with respect to the continuous part
of X from a discrete sample of X. Propositions 4.1 give explicit rates of conver-
gence for our estimators of these quantities. Besides being of independent interest,
these results constitute the main tool for the asymptotic analysis of our drift esti-
mators.

The technique we use in order to recover stochastic integrals with respect to the
continuous part of X consists in comparing the increments of X with a threshold,
suggested by the typical behavior of a continuous part of X. This approach will
be called jump filtering in the sequel. The thresholding technics are not new and
were also used in [29], [18], [17] and [3]. Note that we do not raise the question of
optimality of the threshold’s choice, aspect studied, for example, in [27], [28] and
[6]. In contrast, we have paid particular attention to the improvement of the existing
conditions on the sampling scheme, which in particular became possible thanks to
a careful study of the joint law of the biggest jump and of the total contribution of
the other jumps in each sampling interval (Lemma 6.3).

The drift estimator is then constructed by applying a jump filter to the dis-
cretized likelihood function and maximizing the resulting criterion function to
obtain what will be called the filtered MLE (FMLE). To study the properties of
the FMLE, we first focus on the MLE obtained from continuous observations and
show that this MLE is asymptotically normal (Theorem 5.2) with explicit asymp-
totic variance. We then prove the LAN property which gives by Hijek—Le Cam’s
convolution theorem that the continuous MLE is efficient (Theorem 5.3). We show
in the next step that the FMLE attains asymptotically the same distribution as the
MLE based on continuous observations, which proves the efficiency of the FMLE
(Theorem 3.2). The last step is mainly based on our results for the jump filter
(Proposition 4.1).

The consistency of the FMLE is obtained without further assumptions on the
sampling scheme. The asymptotic normality necessitates some additional condi-
tions on the rate at which A, goes to 0 that depend on the behavior of the Lévy
measure v near zero. In the case where v has a bounded Lebesgue density, these
conditions reduce to nA3~¢ — 0 for some & > 0. We believe that this condition
is unavoidable, because it is already necessary in the Euler discretization scheme
of the stochastic integral with respect to X¢ (Lemma 4.3). This condition appears
in [21] for a different parametric drift estimator of stable Lévy-driven Ornstein—
Uhlenbeck. It is in accordance with the condition nAfZ — 0 of [7] in the case of
drift estimation for continuous diffusions, hence our result can be seen as a gener-
alization of [7] to the presence of jumps.

In the literature on joint estimation of drift and diffusion parameters for models
with diffusion and jump part, the condition nA2 — 0 is usually required (cf. [22],
[29] and [26]). The same condition on the sampling scheme appears for joint esti-
mation in the case of continuous diffusions in [32]. Hence, our work shows that by
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focusing on drift estimation the condition nA,% — 0 can be relaxed in the presence
of jumps as well.

As will be seen in Section 7 (given in the Supplemental Material [9]), many
popular models lead to explicit estimators, which do not require the knowledge of
the diffusion coefficient and that perform well in numerical examples. In particular,
we discuss the practical choice of the threshold level and its link with the volatility
parameter of X¢.

The structure of the paper is as follows. In Section 2, the problem setting and the
main assumptions of this work are introduced. Section 3 contains the construction
of the drift estimator from discrete observations together with the main results.
In Section 4, we discuss the approximation of the continuous martingale part and
state results on the jump filtering error. In Sections 5 and 6, we prove the main
results and the convergence of the jump filter, respectively. The two Sections 7—8
are provided in Supplemental Material [9]. Section 7 is devoted to applications
to popular parametric jump diffusion models and some numerical examples. Sec-
tion 8 contains the proofs of some auxiliary or technical results used in the pa-
per.

2. Model, assumptions and ergodicity. Let ® be a compact subset of R? and
X? a solution to (1.1), which can be rewritten as

t t
X?:X8+/0 b(e,xf)ds+f0 o (XY dw;

t
+// y(X{_)zuu(ds,dz),  1€Rs,
0 Jr\(0)

where W = (W;);>0 is a one-dimensional Brownian motion and p is the
Poisson random measure on [0, 00) x R associated with the jumps of the
Lévy process L = (L;);>o with Lévy—Khintchine triplet (0,0, v) such that
Jo <jz|<1 121dv(z) < 00. The initial condition Xg, W and L are independent.

2.1. Assumptions. We suppose that the functions b : ® x R - R, 0 : R — R
and y : R — R satisfy the following assumptions.

ASSUMPTION 1. The functions o (x), y(x) and for all 8 € ®, b(0, x) are glob-
ally Lipschitz. Moreover, the Lipschitz constant of b is uniformly bounded on ®.

Under Assumption 1, equation (1.1) admits a unique nonexplosive cadlag
adapted solution possessing the strong Markov property; cf. [1] (Theorems 6.2.9.
and 6.4.6).

ASSUMPTION 2. For all 8 € O, there exists a constant ¢ > 0, such that X?
admits a density pf (x, y) with respect to the Lebesgue measure on R; bounded
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in y € R and in x € K for every compact K C R. Moreover, for every x € R,
and every open ball U € R there exists a point z = z(x, U) € supp(v) such that
y(x)zeU.

The last assumption was used in [19] to prove the irreducibility of the process
XY; see also [20] for other sets of conditions, sufficient for irreducibility.

ASSUMPTION 3 (Ergodicity).

(i) Forall ¢ >0, f|z‘>1 Iz|7v(dz) < o0.
(i1) For all 6 € ©, there exists a constant C > 0 such that xb(0, x) < —C|x|2,
if |x| — oo.
@iii) |y x)|/|x| — 0 as |x| = oo.
@iv) lo(x)|/|x| = 0 as |x| — oo.
(V) V8 € ©, ¥g > 0, we have E|X§]9 < cc.

Assumption 2 ensures together with Assumption 3 the existence of unique in-
variant distribution 7%, as well as the ergodicity of the process X?, as stated in
Lemma 2.1 below.

ASSUMPTION 4 (Jumps).

(i) The jump coefficient y is bounded from below, that is, infycr |y (x)] :=
Ymin > 0 (Wlog we suppose ymin > 1).

We assume that the set of conditions (ii)—(iv) below holds, or that condition (ii’)
below holds:

(ii) the Lévy measure v satisfies f0<|z|§1 |z|v(dz) < o0;

(iii) the Lévy measure v is absolutely continuous with respect to the Lebesgue
measure;

(iv) the jump coefficient y is upper bounded, that is, sup,.p |y (x)| :=

Ymax < OQO.
1) v(R) < oo.

Note that the integrability condition given by the Assumption 4(ii) is automat-
ically satisfied in the finite activity case (ii’). The condition (ii) of Assumption 4
insures that the trajectories of the driving Lévy process L are a.s. of finite variation,
and hence the integral with respect to L in (1.1) can be defined as a deterministic
Lebesgue—Stieltjes integral. The points (iii), (iv) of the Assumption 4 are technical
and needed in the infinite activity case. They can be removed in the simpler case
of finite jump activities, and this is why we introduce the two sets of assumptions
(ii)—(iv) and (ii).

The following assumption insures the existence of the likelihood function.
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ASSUMPTION 5 (Nondegeneracy). There exists some o > 0, such that
o2(x) >« for all x € R.

ASSUMPTION 6 (Identifiability). Forall & #6, (6,6") € ©2,
/ (b(8,x) = b(#',x))?
R

200 dn?(x) > 0.

We can see (cf. Proposition 8.1 in the Supplemental Material [9]) that this last
assumption is equivalent to

2.1) VO £6',(0.0)) €@, b, £b(0.").

For f:©® — R denote by Vs f : ® — R the gradient column vector and by
8gf = (8021-,9]- f)i<i,j<a the Hessian matrix of f. We define |0| as the Euclid-

ian norm of 6 € R, and |892f| = \/Z?’j:l
the Hessian matrix of f. We say that f : R — R is sub-polynomial, if there exists
some polynomial function P : R — R such that | f (x)| < |P(x)| for all x € R. The
following assumption is used to insure the uniform in 6 convergence needed in the
proofs of consistency and asymptotic normality.

|892i o, f |2 as the Euclidian norm of

ASSUMPTION 7 (Holder-continuity of drift).
(i) For all x e R, b(-, x) is Holder-continuous with respect to 6 € ©:

V6,6, |b@B.x) b0, x)| < K(x)|o -6

K
’

where 0 <k <1 and K : R — R} is sub-polynomial.
(i) For all x € R, b(-, x) is twice continuously differentiable with respect to 6
and Vb(-, x) and 92b(-, x) are Holder-continuous with respect to 6 € ©:

V0,0, |Vb(O,x)—Vb(O,x)| < Ki(x)|0 -0,
v0,60', |20, x) — 87b(0', x)| < K2 (x)|0 — 0],

where 0 < k1, k2 <1 and K1, K> : R — R, are is sub-polynomial.
We also need the following technical assumption.

ASSUMPTION 8. The functions b, o, Vb, 89217 are twice continuously differ-
entiable with respect to x. The functions ¢’, ¢” as well as the functions

3 tib(8, x)

e oixaie

0e®

are sub-polynomial forall 0 <i <2and 0 < j <2.
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Define the asymptotic Fisher information by

2.2) 1) = (/R agib(g’x)agfb(g’x)nQ(dx)>

o2(x)

lgi,jfd.
ASSUMPTION 9. For all 8 € ®, I(0) is nondegenerated.

2.2. Ergodic properties of solutions. In all our statistical analysis, an impor-
tant role is played by ergodic properties of solutions of equation (1.1). The fol-
lowing lemma is a generalization of a result of [19]. It states conditions for the
existence of an invariant measure 7% such that an ergodic theorem holds and mo-
ments of all order exist. A proof is given in Section 8 of the Supplemental Material

[9].

LEMMA 2.1. Under Assumptions 1 to 4, for all 6 € ©, X? admits a unique
invariant distribution 7w° and the ergodic theorem holds:

(1) for every measurable function g : R — R satisfying n%(g) < oo, we have
a.s.
lim ~ [ g(x?)ds = x°
Jim =) g(X{)ds =77 (g).
(2) Forall g >0, 7%(|x|7) < co.
(3) Forall g > 0, sup,.g E[|1X%]9] < 0o and sup, g E[1X? 1] < c0.
(4) Moreover,

1 t
Jim - | E[|XC]*]ds = (x[7).

3. Construction of the estimator and main results. We define a discrete
approximation of the continuous time likelihood function by employing a jump
filtering technique, and hence obtain an approximate maximum likelihood estima-
tor. We prove that this drift estimator attains asymptotically the same performance
as the maximum likelihood estimator based on continuous observations under suit-
able assumptions on the jump behavior of the driving Lévy process L.

3.1. Construction of the estimator. Let X% be given by (1.1). We denote by P?
the law of X? on the Skorokhod space DI0, 0co) of real-valued cadlag functions,
and Pte its restriction on D[0, t). From now on, we denote the true parameter
value by 6*, an interior point of the parameter space ® that we want to estimate.
We shorten X for X?" and P, E, n for respectively PY, EY" 7?". Suppose that
we observe a finite sample:

Xigs s Xty O=t0<t1 <+ <ty
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Every observation time point depends also on n, but to simplify our notation we
suppress this index. We will be working in a high-frequency setting, that is,

A, = ~sup (tis1 — 1) 7% 0.

We assume lim, o0 t; = 00 and nA, = O(t,;) as n — oo. Under Assumption 5,
Pf and P, are mutually locally absolutely continuous for any 6 € ® (cf., e.g.,
[12]). We define the likelihood function by

L:0,X)= exp(/t o (X)) 720, X5)dX¢
3.1) 0

1 g -2 2
— [ ox) 2, X,) ds),
2 Jo

and the log-likelihood function as
(3.2) £,(0):=InL;(0, X).

Note that our choice for the likelihood £; (6, X) differs from the Radon—Nicodym

6
density ‘21;5’ by the multiplicative factor not depending on 6. The crucial point

here is the appearance of X¢ in (3.1), since when X is observed discretely, its
continuous part remains unknown. To handle this problem, we use a jump filter as
described below.

For g : [0,1,] — R, set AYg =g, — g,_,,i =1,...,n. In particular, A7 X =
X — Xy, ATX = Xfi — X,CF1 and A'ld =t; —t;_y.Let (a;),i=1,...,n,bea
sequence of positives random variables, bounded from above and below by some
constants a, a: 0 < a < a!, <a < oo and such that a’, is measurable with respect
to the observations {X i3] < i}. Let e € (0, 1/2) and denote

(3.3) vil:ai,vn, vnzA,ll/z_S, n>1,i=1,...,n.

Define a discrete, jump-filtered approximation £{ of the log-likelihood function as
follows:

n
0= o(X;_) b, Xt VAT X1 arx <

=1

(3.4) l
1¢ -2 AN
-5 > o (X)) b0, X)) AL,
i=1

The cut-off sequence (vﬁl) is chosen in order to asymptotically filter the increments
of X containing jumps. The increments of the continuous martingale part are typ-
ically of the order A,l,/ 2 which leads to the definition (3.3). We _allow the threshold
level associated to A X to depend on a random coefficient g, based on the past
observations (X;) <. Although the asymptotic results we obtain do not depend
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on the choice of the aﬁl, numerical simulations show that choosing properly these
weights is crucial when dealing with finite sample. The challenge now is to find
suitable conditions on A, ¢ and v to make the likelihood (3.2) well approximated
by its discretized and jump filtered counterpart (3.4) even in the case of infinite
activity. Of course, we can choose ¢ arbitrarily small, which is a choice we have in
mind. Finally, we define an estimator 6, of 6* as

3.5) 0, € argmax E;; )
fe®

and in the sequel we call it the filtered MLE (FMLE).

3.2. Main results. The following theorem gives a general consistency result
for the FMLE 6, that holds for finite and infinite activity without further assump-
tions on n, A,, and v,,.

THEOREM 3.1 (Consistency). Suppose that Assumptions 1 to 8 hold, then the
FMLE 6, is consistent in probability:

AP
6, — 67, n— oo.

Recall that the Fisher information I is given by (2.2). The following theorem
gives the asymptotic normality of the FMLE.

THEOREM 3.2 (Asymptotic normality). Suppose that Assumptions 1 to 9
hold. Assume furthermore that nA>=¢ — 0,

JHAY22e (,/|

z|=3avy /Ymin

1—¢/2
v(dz)) — 0 and

s

z|<3av,

1—¢/2
IZlv(dz)) -0
as n — 0o. Then the FMLE 0, is asymptotically normal:

1 (0 —9*)£> N(0, 171 (6%), n — oo.

Furthermore, the FMLE 0, is asymptotically efficient in the sense of the Hdjek—
Le Cam convolution theorem.

REMARK 1. Inthe case of finite activity and if v has a bounded Lebesgue den-
sity, the conditions relating n, A, and v, in the Theorem 3.2 reduce to nAfl_S — 0,
where & > 0 is arbitrarily small.
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EXAMPLE 3.3 (Generalized tempered stable jumps). To illustrate the influ-
ence of the jump behavior of L on the conditions on n and A, given in The-
orem 3.2, let us consider the example of a generalized tempered «-stable driv-
ing Lévy process (cf. [4], p. 119). In this case, the Lévy density is given by
v(dz) = Clz|~UHDe 2zl gz, with A > 0, C > 0 and satisfies the conditions of
Theorem 3.2 if o < 1. This density is bounded for ¢ < —1, unbounded and inte-
grable for —1 < o < 0 and unbounded and nonintegrable for 0 <« < 1.

The conditions on n, A, and v in Theorem 3.2 can be summarized in
nAZ*=€ v nA34€ — 0 for some explicit € > 0. We observe that a higher
Blumenthal-Getoor index « requires a faster convergence of A, to zero. This
in line with the intuition that when the intensity of small jumps increases (i.e., «
increases) more and more frequent observations are needed to have a sufficient
performance of the jump filter.

4. Nonparametric estimation of X¢ via jump filtering. The estimation
problem considered in this work leads naturally to the more fundamental prob-
lem of approximation of the continuous martingale part X¢ from discrete obser-
vations of a jump diffusion X. In this section, we prove approximation results
of this sort for integral functionals with respect to X¢. Since we need both uni-
form and nonuniform versions for the drift estimation problem, both settings will
be discussed. Recall that the cut-off sequence v!, as well as v, were defined in

(3.3). We denote by P, the convergence in P-probability. If (Z,),eN is a se-
quence of random variables and (u,),cN iS a positive valued sequence, we say that
Z, = Op1(uy) [resp., Z, = o1 (up)]if E|Z,| = O (uy) [resp. E|Z,| = o(u,)]. We

say that Z, = 0p (un) if Zy /ity — 0.
PROPOSITION 4.1 (Jump filtering). Suppose that Assumptions 1 to 4 hold.
Suppose that f : ©® x R — R satisfies:
(a) forall x e R, 0 — f(0,x) is k-Hdlder continuous for some 0 <k < 1:

K
9

V.60, |f0.x)— f(0/.x)|<Cx)|6o—6

where C : R — R is sub-polynomial;
(b) fOl" all o € ©, f(@, ) € CZ(R) and SUPpeco |f(07 )|7 SUPyco |f)é(97 )| and
Supgee | f1 (0, -)| are sub-polynomial.

Then the following statements hold.
(i) without any assumption on the way that A, — 0 as n — 00,

(”An)_l sup
0e®

1 n
n N P
fo fO.X)dXS =" f(, Xt DA X Y pny <y | — 0;
i=1



i) ifn — 0,

Vs

z|=3avu /Ymin

1—¢/2
v(dz)) -0 and

1—¢/2
Izlv(dz)) -0

s

z|<3av,

as n — oo, then for any 6 € ©,

1 n
- " . P
(nAy) 1/2/0 FO,X)dXS =" fO, Xy, DAT X1 ary<yi | — O

i=1

The proof of Proposition 4.1 is based on the following two lemmas. Lemma 4.2
describes the approximation of the discretized stochastic integral with respect to
X¢ by the jump filter. Lemma 4.3 describes the convergence of the Euler scheme in
order to approximate the stochastic integral with respect to X¢ by the correspond-
ing discrete sum. All the results of this section are proved in Section 6.

LEMMA 4.2 (Jump filtering error). Assume that X satisfies Assumptions 1 to
4 and f: 0 xR — Ris such that supgcg | f (0, x)| is sub-polynomial. Then the
following hold:

(1) without any assumption on the way that A, — 0 as n — o0,

n
Zf(ev Xti—l)(Azr'lXc - A?XIIA?levil)
i=1

1—¢g/2
= 0L (n A2l ( / V(dz))
|z|=avn /Ymin

1—¢/2
+nA, (f Izlv(dz)) +nAﬁ);
|z|<3av,

(i) forall 6 € O, if nAY ([l 15340, /ym, V(@2)*F = 0, as n — oo, then

sup
6e®

n
D SO Xi )(ATXC — ATXY gy <o)
i=1

=o0p(V/nA,) + Op1 (nA2)

1—¢/2
+ o (nA%‘S (f V(dz)) )
|z|>3avn / Ymin
1—¢/2
vou(nan([ _n@a) ).
|z|<3av,

The approximation of the stochastic integral is treated in the following lemma.
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LEMMA 4.3 (Euler scheme). Suppose that f : ® x R — R satisfies the fol-
lowing assumptions:
(a) forall x e R, 0 — f(0,x) is k-Holder continuous for some 0 <k < 1:
V6,6, |fO,x)— f(O',x)]| <Kx)|6 — 06

where K : R — R is sub-polynomial;
(b) forall® € ®, x — f(6,x) € C2(R) and supycg | f (B, )|, supgee | f1(6, )]
and supycg | f1 (0, -)| are sub-polynomial.

K.
’

Under Assumptions 1 to 4, we obtain:

(i) without any assumption on the way that A, — 0, as n — oo,

sup(nAn)_1 i) 0;

0e®

th n
[7re.xpaxi =3 ro.x, parxe
i=1
(i) ifnA3~¢ — 0, then, as n — oo,

VOe®, (A2 Lo

Iy n
/O O, Xs)dXE — Zf(e, X, )AXC
i=1

When discretizing the likelihood function, we need the following lemma, whose
proof can be found in the Section 6.

LEMMA 4.4. Suppose that Assumptions 1-4 are satisfied. Suppose that f :
® x R — R is such that ¥ € ©, f(,-) € C'(R) and SUpgee | f'(0, )| is sub-
polynomial. Then we obtain:

(i) asn — oo,

sup = Opi(n A2/2)§

0e®

th n
| r0.x0ds =3 1@, x, a7
i=1
(i) ianfl_g — 0, then

Voe®, (a2 o

| " £ 0. X ds =3 £(0.X,_ AN
0 i=1

5. Proofs of main results.

5.1. MLE for continuous observations. Let 6; be the true MLE maximizing
the log-likelihood function given by (3.2) and based on continuous observations:

(5.1 6, € argmax £;(6).
fe®

Before moving to discrete observations, we prove here some asymptotic results
for 6;. This is a first step in order to prove the asymptotic results for the FMLE.
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THEOREM 5.1. Suppose that Assumptions 1-6 and 7(i) are satisfied. Then
lim 6, = 6* P-a.s.

t—00

PROOF. Denote
- 1 (b, X5) —b(O*, X,
L= [ Gl ;(X§ )
1 /r (b0, X;) —b(©*, X,))?
2 UZ(XS)

Using (1.1) and the fact that the observed trajectory corresponds to the true value
of parameter 6*, we can easily see that

L h(6*, X5) X) /r b*(6*, X)
Co(X,) 2 Co(Xy)

dW;

(5.2)

ds.

53) @) =06 + f

The difference between £(0) and E,(@) does not depend on 6, hence also 0, €
argmaxy g £, (6). For 0 € ©, define M, (0) := fj LEXILEXD g, The pro-
cess (M;(0),t > 0) is a continuous local martmgale w1th quadra‘uc variation given

by A/(0) == (M(0)), = f5 LEX) (1;9) XD g5 Note that 7,(0) = 14,0 +

M;(0). Recall that r, given by the Lemma 2.1 is an invariant distribution of X
and denote

- 1 /@, —b6*,))>
(5.4) Jz(e)z—in((( )02(; ) )

Using Assumptions 5, 7(i) and Lemma 2.1(2), we see that for all 6 € O, 0) eR.
Hence, using the Lemma 2.1(1) for all 6 € ©,

. 1 ~
tl_l)n(;lo _ZAZ(G) =4(9) P-a.s.
Moreover, using Assumptions 1, 5 and 7(i) we can see that the family
1
(5.5 {;A,(Q)} is equicontinuous P-a.s.

t>0

Indeed, 1]4,(0) — A,(0")| < C|0 —0'|L [§ 1K (X,)|ds, where K is some polyno-
mial function. Using the ergodic theorem, which holds thanks to the Lemma 2.1,
% fot |IZ (Xs)|ds converges almost surely to some finite limit. Hence (5.5) follows.
As a consequence,

(5.6) lim sup

[=0gcE

Denote A;(0,0") := (M;(0) — M;(0"));. Using Assumptions 5 and 7(i), for all
6,0") € ®?,

—%A,(e) 0©)|=0  P-as.

A6,6") <Clo—0'[*V,,
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where V, := é (1522((5((;)) Vv 1)ds — o0, if t — oco. Therefore, all assumptions of the
Theorem 2 in [16] are satisfied. As a conclusion, the family {M’ (9); 6e®,r>0}

. . A (0) T
satisfies the uniform law of large numbers on any compact K € ® not containing

6*, that is,

i M;(0)
im sup =0.
1—>00gek| Ar(0)
We deduce, using (5.6), that lim,_, o SUpyc g |M’T(9)| =0, and hence, P-a.s.
(5.7) sup|t~12,(0) — €(9)| — 0.
ek

We can now derive the a.s. consistency of 6; following the classical Wald’s method.
We refer for instance to Theorem 5.7 in [31] for a simple presentation of Wald’s
approach, and stress out the fact that all convergences, and hence consistency holds
P-a.s. in our setting. Indeed, observe that £(6) < 0, and £(0) = 0 < 6 = 0*,
which implies

(5.8) sup  £(0) < £(6%).
0:d(0,0*)>¢

We deduce from (5.7) and (5.8) that P-a.s. for all € > 0, lim;_, oo SUP;(9.0%)>e % X

2,(0) < £(6*), and hence for 1 > 1 (w) large enough sup;( g+)>¢ 2,(0) < £,(6™). 1t
yields, for ¢ > t (w), d (6;,0%) < &, which means the a.s. consistency. [l

Recall that 7 is the Fisher information given by (2.2).

The next result is a central limit theorem for the estimation error. It is important
for us in the sequel, since the asymptotic variance serves as a benchmark for the
case of discrete observations.

THEOREM 5.2. Suppose that Assumptions 1-9 hold. Then the MLE 0, is
asymptotically normal:

2@, -0 B N0, 1710")  ast— oo

PROOF. Due to Assumptions 5 and 7, Theorem 2.2 in [10] and Theorem 1 in
[16] for all # > O the criterion function ¢, (8, X) is twice continuously differentiable
in6.

From (5.2), the score function can be written as Vgl = Vgl = (89157,, e
aede,)T where

T(b(0, Xs) — b(0", X5))0,b(0, X) ds
UZ(XS)

0,0,0) =~

/" 09, 0(0, Xy)
0 o (Xs)

(5.9
dWS7
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fori =1,...,d. A Taylor expansion around 6, yields

| _ _
t_lf 030, (0% + 50, —0%)) ds x V/1(6; — 6%
(5.10) 0 |
=——Vul, (6%,
«/; 94 (07)
where 89217; is the Hessian matrix of £. Hence, to obtain a CLT for the estimation

error t'/2(6, — 0*) we will first show the convergence of the right-hand side in
(5.10). Equation (5.9) gives for 6 = 6*, Vyl,(0*) = J§ Ye2O-X) g, such that

o (Xy)
the central limit theorem for multidimensional local mamngales [15] implies
_ ~ _ "t Vob (0", X) c
5.11 1712V 0,(0%) =1 ‘/2/ ———2dW, 5 N(0, 1(6)).
( ) 6 t( ) 0 O’(Xs) s ( ( ))

In the next step, we prove the convergence of fo ; 8926,(9* + s5(6; — 6*))ds. From
(5.9), we see that for (i, j) € {1,...,d},

_ t (b(O, Xs) — b(6*, X))d5 o b(O, Xs)
8921'91‘&(9) = _/(-) GZ(XS) ks

/’ 99, 0(0, X)9,b(0, X5)
0 GZ(XS)

ds

N

(5.12)

N

2
/‘f 39191b(9, X.S) d
0 o (Xy)

=UN6) +U0) + U ©).
Using the ergodic theorem, P-a.s.

(b(8, x) = b(6*,x))3; 5. b(6, x)

/ o2(x)

_/ 39, b (6., x)06,b(0, x)
o?(x)

Moreover, using Assumptions 7 and 8 and the same argument, which were used
to prove the equicontinuity (5.5) we obtain that the families of functions (6 —

%U} ) — UL®):=— m(dx);

lU2(9) — U2 (9):= w(dx)=—1I; ()
t t o0 T - 2¥) .

1
li—’ (6))s>0 and (6 — li—’ (0))s>0 are almost surely equicontinuous. Finally, the uni-
form law of large numbers for local martingales [16] together with Assumptions 5,
7 and 8 gives that P-a.s.

2
_1‘/ 3. X,) |

supt “Nud©)| = supt o (X0

6e®

We| — 0.
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Using (5.12) and the three last displays, we obtain P-a.s.
Gsug|t_1892£7,(9) —(UL® —1)|—0.
€

Using this uniformity together with the a.s. convergence 6; — 6*, we get P-a.s.

sup [+71970,(0* + 56, — 0%)) — (—1(6)|—0
sel0,1]

and
[ _
(5.13) t_1/ 8926,(9* + 5(6; —9*))ds—> —1(6%).
0

Finally, from the nondegeneracy of the Fisher information matrix I (8*), (5.10),
(5.11), (5.13) and Slutsky’s theorem, we deduce the asymptotic normality of the
estimator. [

5.2. Local asymptotic normality and efficiency. To obtain an asymptotic effi-
ciency result in the sense of Hijek—Le Cam’s convolution theorem, we state now
the local asymptotic normality property for the statistical experiment induced by
the family (P?)yco. From this result, we can deduce the efficiency of the dis-
cretized estimator with jump filter (cf. Theorem 3.2).

THEOREM 5.3. Suppose that Assumptions 1 to 9 are satisfied. Then the family
(P%gce is locally asymptotically normal, that is, for all h € R, we have the
convergence in distribution under P,

h
(5.14) z,(e* + 605 <120 1R+ N, ast— oo,

7)
where N ~ N(0,h " 1(0*)h). As a consequence, the drift estimator 0, is asymptot-

ically efficient in the sense of the Hdjek—Le Cam convolution theorem.

The proof of Theorem 5.3 is given in Section 8 (see the Supplemental Material

[9D).
5.3. Proofs of Theorems 3.1 and 3.2.

PROOF OF THEOREM 3.1. Let £:® — R be given by (5.4) and define
b*(6*, X)>
o(x) )’
Under Assumptions 1 and 5 and Lemma 2.1 the last term in the right-hand side of

(5.15) is finite. We will apply Wald’s method for proving consistency of M estima-
tors (see, e.g., Theorem 5.7 in [31]). It follows from (5.8) that SUPg. 4(9,6%)>¢ £0) <

8 1
(5.15) (o) =10) + §n<
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£(0*). Therefore, it remains to prove that lim,— o SUpy @ |£, 1 €" ' (0)—£(0)|=0in
probability. To obtain this last statement, we decompose this dlfference as follows:

sup|€(0) — 1,71 e2 (0)] < supyw) —1,7',,0)|
(5.16) oe0

+ sup|t, ! (€, (0) — €7.(6))].
0e®

Using respectively the ergodic theorem given by Lemma 2.1(1) and the law of
large numbers for continuous local martingales ([25] p. 178), we see that a.s.

1 [t b%(6*, Xy) b2(6*, x)
?/o o2(Xy) ds_’”( o2(x) > and

11 bO*, X,
_/ bO X9y 0.
tJo o(Xy)

Using these last display, (5.3), and (5.7), we see that the first term of the decom-
position (5.16) tends to zero P-almost surely. In order to show the convergence to
zero in probability of the second term, we decompose it as follows, using (3.4):

supt, ! (£,,(0) — €1.(©))| < supt, [ J1(0)] + supt,
He® He® 0ec®

where we have denoted
Iy
J16) ::/O o(Xs)72b(6, X)dX¢

n
=Y o (Xi ) 7PbO, Xy AT X arx) <y
i=1

and

1 [ 1
J2(0) := 5/0 o (Xs)72b(0, X)? ds — 5 > o (X, )2, X, ) A .
i=1

Hence, it remains to prove the convergence to zero of ¢, 1 |J”1 (@)l and t, ! |J,% 0)]
uniformly in 6. For ¢, ! |Jn1 ()], we apply Proposition 4.1, together with the fact
that nA, = O(t,). Indeed, using Assumptions 7 and 8 we see that the function
fO,x)= o (x)"2b(0, x)? satisfies all the assumptions of the Proposition 4.1. For
the second term ¢, '|J2(0)|, we use Lemma 4.4. [

PROOF OF THEOREM 3.2. A Taylor expansion around 6, yields

(5.17) / R (0% + 5By — 0") ds x 1,20, — 0%) = — 11/2%@" ©%).
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For the right-hand side, we write that

I Vel (0%) = Vel (0%)  Vl, (0%)
G180 = 7 e
By (5.11), we have that under P

Vol; (0*
(5.19) Voli, (07) ¢ N(0,1(8%), n— oo.

A7

The first term of the sum on the right-hand side of (5.18) has the form

Vgty (6%) — Vgt,, (6%)
172
In

173
=112 (/ o (Xy)2Vpb(0*, X;)dX¢
0

n
— ZJ(X,FI)72V9Z)(0*, Xtil)A?X1|A?X|§U,i1)

i=l

1{ [
+ t"_l/zi (fo o (Xy)2Vpb(0*, Xy)? ds

=Y o (Xy_ ) *Veb(6*, X,i_l)zA?ld).

i=l

By applying Proposition 4.1 for k =1, ..., d with f;(6*,x) = a(x)_zagkb(e*, X),
and using Assumptions 7—8, we obtain that

In
t”_l/2</ o (Xy) 209,b(0*, X5)dX¢
0

n
- * P
=Y o (Xy) 20, b0 ,Xzi_l)A?XIA?Xﬁv,’;) —0
i=1

as n — oo. Furthermore, Lemma 4.4(i1) leads to

In
(12 </O o (X,) 205, b(6*, X,)2 ds

n
Y o (X,, ) 20, b(6", X,,,I)ZA;?Id) "o,
i=1

.. . . Voll (6*)—Vpl,, (6*) P
as n — oo. Combining now the last three displays results in — i € )1 7 0w @) P,
tn

0 such that (5.18) and (5.19) give 1, >V t2 (6%) 5 N(0, 1(6%), n — oc.
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To complete the proof, it remains to show the convergence of the left-hand side
in (5.17). For (j, k) €{1,...,d}* and 6 € ©,

ty ' supl (95,6, £1, (0) — 85 4,1, 0))]
6c®

<t, ! sup
6O

17 )
/0 o (X5) 7?05 6,0(0, X;) dX

n
- ZU(XII'—J_Zag/Okb(Q’ Xli—l)Azr'lemf‘X\fv};
i=1

-1
+1, sup
0e®

In
|7 o (X0 200,b060. X,)00,b(6. X, ds

n
= 0 (Xy_) 20,50, X,) 9,60, Xs)ALId
i=1

+ t,fl sup
0e®

In
/ o (Xs) 7205460, X)b(0, X;) ds
0 J

n
— Y 0 (Xi ) "205,0,b(0, X)b(0, X)AJId

i=1

=U!+ U2+ U;.

Proposition 4.1 together with Assumptions 7-8 state that

(5.20) ulLo,  asn— oo

Lemma 4.4(i) gives for k =2, 3

(5.21) vkLo0,  asn— oo

Recall that, by (5.1), 0, is a maximizer of the log-likelihood (3.2) based on the
continuous observations. Combining (5.20) and (5.21) with consistency of 6 and

0, we get
I 290 (p* A * 2 * ) * P
/0 (030, (0" 50y — 07) = 930,,(0" + 5, —0")|ds >0,
n

and hence, using (5.13), we deduce - [ 9202 (6" + (8, — 6™)) ds £ 1), as
n — oo. The result follows. [

6. Proofs for jump filtering. In this section, we prove the results stated
in Section 4. We start by proving Lemma 4.2. We recall some notation: p de-
notes the Poisson random measure on [0, 00) x R associated with the jumps of
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the Lévy process L, the intensity of this jump measure is ds x v(dz). We de-
fine it = u — ds x v(dz) as the compensated Poisson measure, and we have

L, = [} Jg zn(ds, dz).
In the proof, we use some moment inequalities for jump diffusions and their
continuous parts, gathered in the following lemma.

LEMMA 6.1. Let X satisfy Assumptions 1-4. Let Fy; = o{(W,)o<u<s,
(Lu)o<u<s, Xo}. Then forall t > s:

(1) forall p>2, E[|1X, — Xs|P1V/P < Clt —s|"/P;
() forall p>2, peN, E[|X; — X;|P|Fs] < Clt —s|(1+ | X|P);
(3) forall p> 1, E[|X¢ — X¢|P1V/P < C|t — s|1/?

The proof of Lemma 6.1 is given in Section 8 (see the Supplemental Material

[9D.

REMARK 2. Using Lemma 6.1(3), the definition of vfl (3.3) and Markov’s
inequality we see that for all p > 1,

P(|ATX 2 v;) < P(IATXC| 2 ava) = O(A]20;7) = O(4]F).

In our proofs, we extensively use the Lemma 9 from Genon-Catalot and Jacod
[8] that we recall below.

LEMMA 6.2 ([8]). Let (F}"),i=1,...,n,be a filtration for eachn > 1, (¢}'),
i=1,...,n;n €N, U be random variables, with e; being F;' measurable. Sup-
pose that

ZEe| 15U and ZE i )
i=1

Then ) ;_, el — U in probability.

PROOF OF LEMMA 4.2.  We start by proving (i). For all n € N*,i € N* we
define the set where increments of X are small:
= {7 X] < v},
and the event on which all the jumps of L on the interval (#;_1, #;] are small:
(6.1) N ={|ALg| <30’ /Vmin; Vs € (ti—1, 11}, where ALy := Ly — Lg_.

Let us denote by X the jump part of X given by

t
= [ [ yXomws.do,  izo
0 JR\{0}
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Using these notation, we introduce the quantities

B,(0) =~ Z 1@, Xtifl)(A?XJ)lK,’;ﬁ(N,’;)C;

i=I

n
33(9) = Zf(e’ Xtifl)(A?Xj)le’;ﬁNf;;
i=1

n
B} (©):=)_ f. X1 D(ATX) (giyeroiyes
i=1

n
B, (6) = [ (6. X1 (AT X)L kpyen)-
i=1

We can decompose the difference as follows:

n
Zf(g’ Xli—1)(Azr'lXC - A?XIIA,'}X\SU,’;)
(6.2) =l

= B, (0) + B;(0) + B, (9) + B, (6).

We start by studying the convergence of B,% (6). The proof for the control of this
term is slightly different in the case where Assumption 4(i)—(iv) holds and in the
case where Assumption 4(i), (ii") holds. We focus first on the former case, as it
contains the situation v(IR) = oo which is more difficult to address, and hence we
assume now on that Assumption 4(i)—(iv) holds.

Let T;* € (t;—1; t;] such that |ALTi*| =max{|ALs|;s € (t;_1; t;]}. Remark that
T;* is well defined, as from Assumption 4(iii) there is, almost surely, a unique time
at which the Lévy process admits a jump with maximal size. We introduce the
event
(6.3) s= T isLdsm

ti_1<s<tj;s#£T* Ymax

where ymax is defined in Assumption 4(iv).
To estimate B,} (¢), we make the decomposition:

c

Ky O (N = Ki 0 (Ng)" N AL UKL N (NG) N (AL
Note that
K; 0 (N) N AL
C HA?XC + V(XTi*—)ALTi* + Z AXl < vil;

i <s<t
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ZAXg;,}

ly (X7 )AL7+| > 3vis

C {]A7X ] = v} € {[A7 X = ava).
Hence, using Remark 2 we get for all p > 1
(6.4) P(KiN(N)) NAL) < P(|ATXC| > av,) = O(A%P).

Then, using the L>-isometry for stochastic integral with respect to the compen-
sated Poisson measure and the Jensen’s inequality, we get

ti 2
JAVND Sl 2E'f f vy (Xs-)zi(ds, dz)
i1 JR\0)

ti 2
+2E[/t,— 1/ y(Xs)zdsv(dz)]

/ E[y*(X)]z* dsv(dz)
tio1 R\

[ / E[y2(X,)]izl dsv(dz)
i—1

x/l / 2| dsv(dz)
i1 JR\(0)

= 0(Ap),

where in the last line we have used Assumption 1, Assumption 3(i), Assump-
tion 4(ii) and Lemma 2.1 statement (3).

Together with this last bound, Hélder’s inequality, sub-polynomial growth of f
and (3) from Lemma 2.1 this gives for any p > 1 that

(6.5) E sup
0eB|;

O(nAP).

Zf(@ X D(AIXT) U ginwiyena)| =

i=1

To estimate the contribution of the event K ,’l N (N,’;)c N (Ai,)c, we need the follow-
ing lemma.

LEMMA 6.3. Under Assumptions 1-3 and 4(1)—(iv), we have for some C > 0,
AZ

PN A (AL Scin/ v(dz).
(( n) ( ")) avp/Ymin J1z1=3ava/Yin

The proof of Lemma 6.3 is given in Section 8 (see the Supplemental Material

[9D.
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Using the Holder inequality, sub-polynomial growth of f, Lemma 2.1(3), and
Lemma 6.3, Wegetfor 1/p+1/q =1 and some C > 0,

wa XD (A7 X — A?X1|A;’X|§u;)IK;;m(N;;)”n(A;)C
i=1

E sup
0e®|;

1/
<Z<E9sup|f(9 X, DA X +v))” ) ’
i=1

x (P((N;)" N (AL))
AZ 1/q
1/2 n
(66) = Cn( * av )<6_1Un KZ|>3avil/Vm1n V(dZ))

using Lemma 6.1(3)

1—¢/2
< Cnv/?A2¢ </ v(dz))
|zI>3avy / Ymin

choosing 1/g =1 —¢/2.
From (6.5) and (6.6), we get

1—¢/2
(6.7)  Esup|BL®)| =o<nA3/2—€/2</ v(dz)) )+ 0(nA2).
0e® |Z|>avn/me

This gives a control for B,% () in the situation where Assumption 4(i)—(iv) holds
true. Actually (6.7) is valid if we replace Assumption 4(i)—(iv) with Assump-
tion 4(i), (ii") using Lemma 6.4 below.

LEMMA 6.4. Assume Assumptions 1- 3, 4(i), (ii’). Then we have
P(KiN(N}))=0(A2) and E[sup|B)©)|] = 0(nAl).
0e®

n

The proof of Lemma 6.4 is given in Section 8 (see the Supplemental Material

[9D.
We now estimate B2(9). It is clear that E supy.g |B2(9)] is bounded by

t
ZEsup (G,XtH)/ / Yy (Xs—)zu(ds, dz) |1 ginyi
0e® i1 JR\{0} e
<ZE/ sup| £(6, X))y (Xs)2|uu(ds, dz)
fi—1 |Z|<3U /Vmin 0€®

I
f / E[sup| £0. X,_ )y (Xo)[] 2lv(d2) ds
ti—1 Y1z|<3avn /Ymin 96

_ O(nAn [ IZIV(dz)>-
|Z|§3L_¢Un/}/min



1468 A. GLOTER, D. LOUKIANOVA AND H. MAI

Since ymin > 1, we obtain

Esup|B2(6)| = O(nAn/
6O \

z|<3avy / Ymin

< 0<nAnf |z|v(dz)>.
|z|<3av,

To estimate B,f (), we first give a useful control on the probability of (N,"l)c:
. t
P((N)) =1~ P(/ [ ws.do= 0)
ti—1 Yz|>3v}; /Ymin

ti
51—P(f f p,(ds,dz)=0>
ti—1 Y1z|>3avn /¥Ymin

< 1-— eiA" flz|>3£”"/7/min v(dz)

- 0<An / v(dz)).
|z]>3avy /Ymin

Hence, using Hoélder’s inequality, the assumptions on f and (3) of Lemma 6.1 we
obtain for any g > 1 that

|z|v<dz>)
(6.8)

(6.9)

n
Esup|B(0)| < EY_ supl £ 0, Xo || A} X1y pnx120,.80)
e® i=1 e®

(6.10) < 0(al?) > P((ND)9)'
i=1

<0nA* Al (/
|

z|>3avy /Ymin

v(dz)) v

It remains to estimate the term Bfl (0) in the decomposition (6.2). Observe that for
all p’ > 1,

P((K,) N N;)
o

i
< P(|A?X”| > %”) +P(

ATX+ > AX

ti_1<s=<t;

i.oa7i
>vn,Nn>

> AX

L1 <S=<I;

i
> %;Nﬁ)

§CAZP/—|—P<

L
[ v [ s
ti— |21=<3v}, /Ymin

CA
" / 12l (dz),
avy |z|<3a Un/Vmin

avy )
>
2

<CAY +
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where C > 0. Using Holder’s inequality twice, this last bound, sub-polynomial
growth of f and Lemma 6.1(3) we can easily see that with 1/g =1 — ¢/2 we get

n
DO Xy D(ATX) kiveri

i=1

E sup|B2(0)| = E sup
0e®

€

n
1 , .
= Y (Esuplr0. 3, ) |arxep) T PYA((KL) O N)
i=1 ek

, A, 1—¢/2
(6.11) < CnA}/2<A,iP - —/ |z|v(dz)>
Un J|z|=<3avn/Vmin

< CnAl2 A2+ (=6/) (/
|

z|<3avy /Ymin

1—¢/2
|Z|V(dZ)) + CnAﬁ,

1—¢/2
SCnA:l+8/4(/ |Z|v(dz)) + CnA2,
|z|<3avy /Ymin

since p’ can be chosen arbitrarily large. Finally, collecting (6.7), (6.8), (6.10) with
1/g =1—¢/2 and (6.11), and using ymin < 1, we obtain the first part of the lemma.

We continue with the proof of (ii). In (i), we obtain a bound which is used
in the proof of the consistency. This bound vanishes when divided by nA,,. The
bound of (ii) is used to prove the asymptotic normality of the estimator, with the
rate /nA,, and is sharper. Especially, the bound (6.10) that we have obtained for
the term supyq |B,f (0)] is insufficient. Below, we find an improved control on
|BS (6)], but without the uniformity with respect to 6.

To prove (ii), we consider again the decomposition (6.2). Using (6.5) and (6.6),
we can see that

1—&/2
E|B,§(9)|=o(nA,%—€</ v(dz)) )+0(nﬁﬁ)»
[z]>3avn / Ymin

while (6.8) gives the bound for E| B,% (0)|, and (6.11) gives the bound for E |Bf[ (0)].
Hence, proving the point (ii) of the lemma reduces to show that

B3(0) =op(vnA,) + oy (nA,%_s </|

z|>3avp /Ymin

1—¢/2
v(dz)) ) + Op1(nA2).

To estimate Bg’ (), we use a decomposition

BY(©) =) [ (6. X1 )(A] X)L (np)e
(6.12) =

n
=0 £ Xy AIX) g
i=1
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We will show that the first term of this decomposition goes to zero after
suitable normalization. Let ¢; := f (0, Xti_l)A?Xcl(N};)c. Denote F;' = F;, =
G{(Ws)Ofsfti s (Ls)Ofsfl,w Xo}, then
1
Eleil ] :f(@,X,i_l)E[f a(XS)dWsl(N’,;)J]-‘i”_l]
li—1
t

+f(9,Xti_1)E[ ' b(e*,xs)dsl(Npcw_l].
ti—1

Observe that (Wy)>0 remains a Brownian motion with respect to the filtration
enlarged by o ((Ls)s>0), since L and W are independent. Therefore,

t
E[/ G(XS)dWSI(N,i)Cl]:,”_l]
1

i—1
t
= E[ 1 B[ [ o @odWiFL v o (oo 17 ]

=0,

where we have used that N,i is 7' | Vo ((Ls)s>0) measurable, recalling (6.1) and
the fact that v/ is F'_; measurable. This yields to

li

|[Eeil Fi )l < 176, X)) t E[[b6", X) |1 (i)l Fi 1] ds.

i—1
With a proof similar to the proof of (6.9), we can show that
(6.13) P((N,’;)C | F' ) = O(An/ v(dz)).

|2I>3avn /Ymin

Then, using the Holder inequality, Lipshitz continuity of b(8*, -) we write for p, g
suchthat p~'+¢~'=1, p>2and C >0,

E[[b©6*, X1 (iye | FF1]
< (E[|6@*, X" 17 )P PN 1 Fy)
< C(E[|b®*, X5) — b(0*, Xi,_D|"1F,_,]
+1b@*, X ") PN TR )Y

< C((E[|Xs . € |p|]:ti71])1/p

+ |b<9*,X,,.1>|)<An /|

z|>3avy / Ymin

v(dz))l/q

1/q
=c(a b)) (AP X )7 e, X, ).
|Z|>3ﬂvn/ymin

where in the last line we have used Lemma 6.1(2).
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Using the fact that b(6*, -) and | f (@, -)| are sub-polynomial and choosing again
1/q =1 — ¢/2 (which also guarantees p > 2,), we obtain
1—¢g/2
vda)

Elel 7 ) <X o [
[z]>3avn /Ymin
where & is a polynomial. Hence, ian?l/z(le‘>3QUn/)/min v(dz))>~¢ — 0,
n
€
E E|:—
Slel |

1—¢/2
(6.14) - o(nl/ZA?/Z—S/Z(/ v(dz)) )
30

— 0.

7|

Next, we bound the second moment of e;. By Holder’s inequality with 1/g =
1—¢/2,1/p=1—1/q, the sublinear growth of f, together with Lemma 6.1(3),
we have

E[e}] < E[f (6, X,_)*P (A7 X)*P]/P P[(NE)]"/4
< CAP[(N})T]

- 0<Ag—e/z ( /|Z|>3£Un/ymm v(dz)>l_€/2) by (6.13).
v(dz) < C
{E(CREg]
(6.15) Z; [(M)z]

1—¢/2
- 0<A},8/2 (/ v(dz)) ) — 0.
[z]>3avn /Ymin

Under (6.14) and (6.15), we obtain from Lemma 9 in [8] (Lemma 6.2) that

Hence, using A, f\z|>3gvn/ymm |z|v(dz) — 0, since

Jiz1>0121v(d2) < 0o, we have
Fr

f|1|>3avn/)’mm

(=)

\/_Zf(e X, 1)A”X€1(N1)L_Z\/7

i 1 A5 lefo3aun i V(@25 = 0.
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Recall that the second term in the decomposition (6.12) of B,f (0) is given by
n
Z f(@, Xti—l)A:lXcle;m(N};)C‘
i=1

We will now bound this term in L'. We first assume that Assumption 4(1)—(iv)
holds. Using the set A;, defined by (6.3), we decompose

Lginwiye = 1xinwiyenai + 1xinwiyencaie-

Using (6.4), we deduce for all p > 1,

E

n
> FO.X, HAFX) M i i ynai)
i=1

= 0(nAlp).

Then, exactly as for the proof of (6.6), we get

n
Z fO, Xy, )(A?Xc)(lK,gm(N,g)cm(A;;)f)
i=1

1—¢/2
=o(nA,3—8</ v(dz)) )
|z1=3avn/Vmin
As a result,

1—¢/2
B3(0) =op(vnA,) +op (mﬁ—e(/ll ) v(dz)> )
2|Z3aVn/Ymin

+ Op1(nA2).

E

This proves the assertion (ii) of the lemma in the case where Assumption 4(i)—(iv)
holds.

If we replace Assumption 4(i)—(iv), with Assumption 4(i), (ii’), one can use
Lemma 6.4 to get that B2 (0) = op(v/nA,) + O (nAY>7%), and the results fol-

lows. O

PROOF OF LEMMA 4.3.  Using dX{ = b(0*, X;)ds + o (Xs) dW;, we decom-
pose the difference as

I n
/O fO.X)dXS =Y f(60,X;,_)ATXC
i=1

(6.16)
= An,l(e) + An,z(e) + An,3(0),
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where
n t[
A1 ®):=Y [ (£6.X) = F6.X,_))o(X)dW..
i=1v"-1
An2®) =3 [ (F0.X0) = 6. X, )(b®". X)
i= i—1
6.17) 1

- b(e*’ Xl‘i,1 )) ds?

@)=Y [ (F6.X) = FO.X, )b, X, ) ds.
i=17ti-1

Let us start by proving (ii). Recall that F; = o{Xo, Wy, L,; u <t},t > 0. Using
the martingale property and Itd’s isometry of the stochastic integral together with
the finite increments formula applied to f, we obtain

n

E[A;,(6)] = E[Z(

i=1

ti 2
/ (f(QsXs)_f(e,Xt,-1))U(Xs)dWs> }

i1

n t
=E2ft (f0, X5) — £0, Xy, )02 (X,) ds
i=1"71i-1

<> " E[X, - Xy 226, D03 (X)]ds,
i=1

ti—1

where X is a point between X and X, ,. Note that |x| < [X,| + |X;,_,|. Using
the sub-polynomial growth of o and supy | f'(6, -)|, Holder’s inequality, (3) of the
Lemma 2.1 and (1) of the Lemma 6.1 yields

6.18)  E[(Xs — X, )?f(0, )0 (X,)] < CE[|Xs — X,,_, ]9 <AL,
where ¢ > 1 and C is a positive constant. Hence, for all 8 € ®, E [A,%’l(é)] <
CnA,],+1/q, and consequently, if 1/g =1 —¢/2,

1 L2
(6.19) —A,1(0) — 0.
nA,

Using Lipshitz continuity of b, the assumptions on f and the same arguments
than for obtaining (6.18), we get that E[|(f(0, Xy) — f(0, X;,_)) (b, X;) —

bO*, X, NI < CA,],/q for s € (¢;_1, t;]. It follows immediately that

(6.20) E[sup|A, 20)|] < CnatY/a.

0ec®
Hence, by choosing 1/g =1 — ¢/2 such that nA,l,+2/q = nAz_S — 0 it follows
that

1
(6.21) sup|An.2(0)] = 0.
®

1
VA, ge
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Observe that by 1t6’s formula A, 3(6) can be written as
Ap30) =ay(0) + bp(0) + cn(9),

where

n t; s
@) =Y bE" . X, ) [ ds [ f0.X)a (X)W,
i=1 i1

L

bn(0) =) _b(6*, X;,_,) ' dS/s [f’(Q,Xu)b(Q*, Xu)
i=1 fi-1

ti—1

+ £, Xu)%o%xu)] du,

n tl
en0) = 3 bO", Xy, ) /, ds Y (f0.Xe)— (0. X:),
i=1 i-1

Telti—1,5]

where nonzero terms in the last sum corresponds to the jumps of X. Denote

b(e*’ Xti_])f/(e’ XM)G(Xu)qu

ti N
e [
I’lA ti— i
Using the martingale property of the stochastic integral with respect to W, we
obtain

where F}' | = F,_,. Using Holder’s inequality and isometry property of the
stochastic integral, we get

E(E[(&)’ 1)) = E[@&)°]

1 rt s 2
< —/ dsE( b(6* X )0, X))o (X )qu>
nJi_y i1
K y 2% 2
=—/ ds/ E[b(@ Xy )f70, Xu)o (X)]
nJty ti—1
2
Scﬁa
n

where in the last inequality we have used the uniform in 8 sub-polynomial growth
of f” and b, sub-linear growth of o and Lemma 2.1(3). Therefore,

EZE VIFL]<CAZ—0  whenn— oc.
We conclude, using Lemma 9 in [8] (Lemma 6.2), that V6 € ©,

(6.22) ———a,(0) = Ze 0.

\/—
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Using again uniform in 6 sub-polynomial growth of b, f’, f”, sub-linearity of o
and (3) of Lemma 2.1, we easily see that

(6.23) E sup|b,(9)| < CnA2.
0e®

Let us now derive a bound for the jump term c;,:

E sup|c, (0)|
fe®

n t;

= ; i1 dSE[/ri_l fR\{o}|b(9 XD Xty (Xu)2)
(6.24)

10, Xuo)|udu, dz)]

ti
/ ds/ du/ E|b(0* X, l)f @, x)y (X, )||z|v(dz)
ti—1 ti—

where in the second inequality we used again the finite increments formula and
denoted X the corresponding point between X, and X, = X,,— + y(X,,—)z. Note
that again |X| < |X,_| 4+ |Xy|. According to the Assumptions 3(i), (iii) and the
assumption (b) of the lemma, the functions y, b(6*, -) and sup, | ' (0, -)| are sub-
polynomial, and v(|z]) < co. Therefore, using (3) from Lemma 2.1 we have

sup [ E[b©*, X,_) f'0. )y (Xuo)||zv(d2) < 0.
0e® JR\{0}

This last inequality together with (6.24) gives

(6.25) Esup|c,(9)| = O(nA2).
0e®

From (6.22), (6.23) and (6.25), we conclude that under condition nA,%*g — 0,

(6.26) Ans (@) 25 0.

1
A,
Finally, the previous display together with (6.19) and (6.21) proves (ii) of the
lemma.

To prove claim (i), we will again use the decomposition of the difference given
by (6.16). Using the same arguments as in (6.18) and Lemma 6.1(1), we get for
some p > 1, C > 0 and X between X and X, ,:

Egsup|An,3(9)|

<CZ[ E[11/0. 51+ X, 1P)|IXs — X, _,[]ds
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<3 [ B =X PP 0D 1 ) s

<CZ ! A1/2 s<CnA3/2

—1 71—

Hence
Ll
n,3(9)| — 0.
The bound (6.20) gives
LI
sup|A, 2(0)| — 0.
nAp geco
From (6.19), we know that
Vo €@, An1(0) 25 0.

n

Let us prove that this convergence holds uniformly with respect to 6. Denote ¢ :
[0,t,] = [0, t,], p(s) =ti—1ifti_1 <s <t,i=0,...,n—1, and define

1 1 i
Ma0)i= 401 (0) = - fo (£ (6. X) — £, Xps))0 (X) dW,.

n n

Using the Burkholder-Davis—Gundy inequality, Holder continuity of f, sub-
polynomial growth of its Holder constant K, sub-linear growth of o and the bound-
edness of moments of X given by (3) of Lemma 2.1, we find that for any p > 2
and some C > 0,

E|M,(0) — M, (6")|"

o) 1
<o -7 p/zE(

tn ) ) ) p/2
/O (K2(Xy) + K*(Xp0))0 (Xy) ds)

c [
<lo—o'|" P/2+1/o E(KX(X) + KX(X ()"0 (X,)P ds

<Clo—o'|".
Choosing p > % and using the Theorem 20 in the Appendix of [11], we obtain the

P .
convergence ﬁ SUPgce |An,1(0)| — 0, and statement (i) follows. [

We have now collected all the tools to prove the convergence of the jump fil-
ter approximation toward integral functionals with respect to the X¢ as stated in
Proposition 4.1.
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PROOF OF PROPOSITION 4.1. We decompose the difference as follows:

til n
/0 [0, X)dXS =D [0, Xy DA XL pnx <y
i=1

(6.27) <

I n
/0 FO,X)dXE =3 f(0, X, DAIX
i=1

+

n n
D FO, Xy DAIXC =D O, Xy DA XN pnx <y
i=1 i=1
and prove first statement (i). Using Lemma 4.3, the first term of (6.27) divided by
nA, goes to zero uniformly without any condition on A,,.

Lemma 4.2(i) and the fact that v, = A,]/ 2-e gives

n
DO, Xy )(ATXC = ATX1 5 x1<0i)

i=1

1—¢/2
— 0y (A}/H/Z ( f v(dz)>
|z|>avy / Ymin

1—¢/2
+ </ |z|v(dz)> + An)
|z|<3av,

o (A,l/z—s/z (/ 2o ))1—3/2
=V T2 zjplaz
v,i e/2 1212avn /Ymin

1—¢/2 »
+ (/ |z|v(dz)> + An) — 0,
|z|<3avy,

where we have used that | 20 |z|v(dz) < oo by Assumptions 3—4. Hence statement
(1) is proved.

Now we prove statement (ii). For any 6 € ®, under the condition nAg_g — 0,
the second statement of Lemma 4.3 gives the convergence to O of the first term in
the decomposition (6.27), divided by +/nA,. The convergence to 0 of the second
term of (6.27), divided by +/nA,, immediately follows from Lemma 4.2 and the
conditions of (ii). [

(nAy) ' sup
0

PROOF OF LEMMA 4.4. Letus first prove (i). Using Lemma 6.1(1), with some
X between X;, , and X in the third line below, we obtain

E sup
0e®

/Ot" F0,X)ds =3 f(6, X, AT
i=1

n i
Yo fO.X0) - f(6.X,_,)ds

i=1"0i-1

= E sup
0ec®
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<Z/ sup{f(G,Xs)—f(Q,Xti_l)”ds

ti—1 0e®

<Z/

ti—1

Sup|f(9 B[1X; = Xy, 1] ds

< E sup| f'(6, %) E|X,— X, |1)"*d
Z:l:l< 9€g|f |> ( tl)

< Cnad2.
We now prove (ii). We find that

t}‘l

| f6.x )ds—Zf(e X, )AMNd = Zf (f(0,X5)— fO,Xy,,_)))ds

and it is then apparent that this term can be treated exactly as the term A, 3(9)
given by equation (6.17). Hence, from (6.26) (which requires the condition
nAfl_s — 0) we have the result. [
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SUPPLEMENTARY MATERIAL

Jump filtering and efficient drift estimation for Lévy-driven SDEs (DOI:
10.1214/17-AOS1591SUPP; .pdf). The supplement contains the two additional
Sections 7-8. In Section 7, we investigate the numerical performance of the es-
timator for the finite sample. We consider the case of Ornstein—Uhlbenbeck and
“Hyperbolic” diffusion models, with finite or infinite activity jump measure. We
compare the results for different choices of the threshold constants a;' [recall (3.3)].
In Section 8, we give a proof the Lemma 2.1 about the ergodicity of the process,
and of the LAN property (Theorem 5.3). Next, we gather the proofs of the tech-
nical Lemmas 6.1, 6.3 and 6.4, and show that the identifiability Assumption 6 is
equivalent to (2.1).
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