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Abstract. We study the optimal discretization error of stochastic integrals, driven by a multidimensional continuous Brownian
semimartingale. In this setting we establish a pathwise lower bound for the renormalized quadratic variation of the error and we
provide a sequence of discretization stopping times, which is asymptotically optimal. The latter is defined as hitting times of
random ellipsoids by the semimartingale at hand. In comparison with previous available results, we allow a quite large class of
semimartingales (relaxing in particular the non degeneracy conditions usually requested) and we prove that the asymptotic lower
bound is attainable.

Résumé. Nous étudions I’erreur de discrétisation optimale d’intégrale stochastique, dirigée par une semimartingale brownienne
continue multidimensionnelle. Dans ce cadre, nous déterminons une borne inférieure trajectorielle pour la variation quadratique
de I’erreur renormalisée et nous fournissons une suite de temps d’arrét de discrétisation, suite qui est asymptotiquement optimale.
Cette derniere est définie explicitement a partir des temps d’atteinte d’ellipsoides aléatoires par la semimartingale sous-jacente. En
comparaison avec les précédents résultats, nous considérons une treés grande classe de semimartingales (relachant en particulier les
conditions de non dégénérescence qui étaient habituellement requises) et nous prouvons que la borne inférieure asymptotique est
atteignable.
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1. Introduction
Statement of the problem

In this work we consider the problem of finding a finite sequence of optimal stopping times 7" = {0 =7 < 7] <
- < Tyn = T} which minimizes the renormalized quadratic variation of the discretization error of the stochastic
T

integral

S
Zf:=f0 vt 84S — Y (T Sy, ) (Sepas = S ), (1.1)

o

171<S

where § is a d-dimensional continuous Brownian semimartingale and v(¢, x) is a R4-valued continuous function.
Here T € (0, +00) is fixed. The number of stopping times N7. is allowed to be random.
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The almost sure minimization of Z7 is hopeless since after suitable renormalization and under some mild assump-
tions on the model, Z’T’ weakly converges to a mixture of Gaussian random variables (see [11,14,17]). Alternatively
we aim at minimizing a.s. the product

NHZ");. (12)

The choice of this minimization criterion is inspired by the fact that in many particular cases with deterministic
discretization times, we have E((Z")7) ~ Const/ N;ﬁ as N ; — —+o00. For example, in the one-dimensional Brownian
motion case with v(¢, x) = x the value of E((Z")7) for the regular mesh of size n may be calculated exactly and is
equal to ﬁ For more general S and v satisfying fractional regularity conditions [5], the error E((Z")7) is still of

magnitude Cst/n by appropriately choosing n deterministic times on [0, T'].
Background results

The problem of optimizing the discretization times was initially considered in a different framework: simulation of
diffusion processes. In [10] the authors study the optimal discretization times for the simulation of a one-dimensional
diffusion X via the Euler/Milshtein schemes, where the discretization times adapt to the local properties of every
single trajectory. They consider three different schemes and analyze their L, errors (in time and w):

(a) A simplified Adaptive scheme X i, for which the sequence of discretization times (7;)<;<, is such that each z; is
a measurable function of the previously simulated values of the Brownian motions W, ..., W;,_,, and Euler and
Milshtein schemes with two appropriate time scales are combined to approximate X. This method is of varying
cardinality since the number v of times is random. Observe that (7;); are stopping times but they belong to the
subclass of strongly predictable times (see [11, Chapter 14]), along which moments of martingale increments are
easier to compute.

(b) An Adaptive scheme )A(Z with discretization times of fixed cardinality. To control the number of times, a first
monitoring of an approximation of X is considered in order to decide where to refine the discretization whilst
maintaining a given number of time points. Therefore, the discretization times are somehow anticipative and they
are not stopping times.

(c) An Adaptive scheme X, with path-independent step-size Control, as a variant of X ;; Where the monitoring is made
in mean and not on the specific path X to simulate.

In [10, Theorem 1], the authors prove the asymptotic superiority of )A(Z* over the two other schemes and [10, The-
orem 2] states the asymptotic optimality of each scheme within its own class. For the latter optimality result, the
criterion used for the optimization is the renormalized L,-error. Despite the similarities between our current work
and theirs, there are significant differences that we shall stress. First, we consider discretization of stochastic inte-
grals and not of diffusion processes, therefore the objectives are quite different. Second, we study the case of general
multi-dimensional continuous Brownian semimartingale whereas [10] handles the case of diffusion in d = 1 and [16,
Chapter III] deals with d > 1 under commutative noise assumption. Third, we allow optimization over a quite large
class of stopping times, see examples of Remark 1 illustrating this fact.

Besides, the study of minimization problems for stochastic integral discretization has been initiated by [4] in di-
mension d = 1, but instead of (1.2) the author considers a criterion in expectation for both terms, i.e. E(N7)E((Z") 7).
However, if n — 400 denotes an asymptotic parameter (defined later), observe that

2
liminf E(N7})E((Z" > limi f[]E( NI (zn )] 13
nlg]ﬂ;o ( T) (( > )Cauchy—Schwarz ineq. ”121'11'1;0 T( >T (1.3)
2
> IE( liminf N2(Z" )] L4
Fatou lemma[ nlin-il-go T< ) T ( )

Since the solution to the problem of a.s. minimizing (1.2) exists (see Theorem 5.1) and is such that N7 and (Z")r
are asymptotically proportional (see the limits (5.14) and (5.15)), the above inequalities can be turned into equalities
(with a little of technical work) and therefore, we get for free a solution to minimizing asymptotically E(N7)E({(Z")r),
however with substantially more information.
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The pathwise minimization of (1.2) has been addressed in a multi-dimensional setting d > 1, in [6]: the authors
assume that S is a local martingale and the lower bound is achieved under stringent conditions of v (essentially its
Jacobian matrix D,v is invertible). These assumptions are restrictive and we aim at relaxing the hypotheses and
strengthening the optimality results. This requires to develop new arguments presented in this work.

As an extra motivation for this theoretical study, we refer to the recent work of Hairer et al. [9], which highlights
that discretization schemes for stochastic differential equations using deterministic grid may surprisingly converge
very slowly in Ly-norm. Actually any slow rate is possible [12]. These amazing results give a strong incentive for
studying discretization problems with stochastic grids and pathwise criterion. Applications of the current results to
pathwise-optimal discretization of SDEs are left to future research.

Our contributions

In the current work, we prove optimality results in a much larger setting than previously afforded in the literature.

o First, we allow S to be a general Brownian semimartingale S = A+ M, while in [6] S is essentially a local Brownian
martingale (A =0, M = fo o5 dBy). Actually, considering the existence of the finite variation term A modifies a
priori significantly the definition of admissible discretization strategies (see the definition (A$**) later) and restricts
the set of available tools to analyze them. Our first contribution is to establish that admissible strategies for the
semimartingale S and for its local martingale part M are the same: see Theorem 3.4. This is a non-trivial result.
This allows to transfer a priori estimates available in the martingale case (Lemmas 3.2 and 3.3) to our extended
setting, this is instrumental for the subsequent analysis.

e Second, the martingale part of S can be degenerate in our setting, whereas a stronger a.s. ellipticity (on o) is
considered in [6]. This allows to consider partially degenerate models like

t
S, = (St/ S‘Sds>
0

or other SDEs with vanishing diffusion coefficient (see Section 5.3 for examples). Also D,v(#, S;) may be not
invertible in our work. This second set of improvements requires a quite delicate analysis, which constitutes the
core of this work. Actually the possible degeneracy lets us lose some continuity property (in particular because we
need to consider the inverse o ~!') and some convergence properties. To overcome these issues, we assume that in
a sense, oy and D,v(¢, ;) are not zero simultaneously: for a precise statement, see Assumption (H¢) or a weaker
Assumption (Hy ). These are quite mild conditions.

The ability to treat the non-elliptic case is fundamental for applications as well:

(a) Regarding financial applications, see for example [3,6], minimizing (Z")7 is related to better hedge market
risks. In that context, the treatment of degenerate case appears to be important. Though the covariance matrix
of a group of asset returns is usually non-degenerate, it may have some very small eigenvalues [2]. The reason is
that typically a large portfolio of financial assets is driven by a smaller number of significant factors, while the
other degrees of freedom represent low-variance noise. Thus the inversion of the covariance matrix is often seen
as undesirable by practitioners, if no robustness analysis is provided. Our study of the degenerate case justifies
in a way the robustness of the optimal discretization algorithm when the diffusion coefficient is degenerate or
close to being degenerate.

(b) Some important examples of diffusion models with degenerate diffusion coefficient come as well from random
mechanics, see [13] for an overview. Typically, a body is modeled by its position X and its velocity V: it is
subjected to random forces, so that due to the second Newton law of motion, its dynamics writes

X, =Xo+ [y Vsds,

(1.5)
Vi =Vo+ [o ¢(Xs, Vo) ds + [5 (X, Vi) dW.

In [15], these equations describe the response of structural systems subjected to severe environmental loads (like
earthquakes, strong winds, recurrent waves...). The authors study examples like seismic-excited ten-storey
building (see [15, Section 5]) where they propose to optimally control the structure by activating tendons,
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in order to compensate external forces. They derive a continuous-time optimal control, but in practice, only
discrete-time controls can be applied. Our study gives a theoretical framework to determine when to apply the
controls in order to minimize the deviation from optimally-controlled building.

In [18], the author studies the approximation of stochastic Hamiltonian systems of the form (1.5). The author
emphasizes the technical difficulty of the analysis coming from the polynomial growth of the coefficients and
the degeneracy of the infinitesimal generators. In our context of optimal discretization problem, our a.s. analysis
allows for arbitrary growth conditions on the coefficients.

e Third, we provide a strategy 7" attaining the lower bound, while in [6], only a p-optimal strategy (with u small) is
designed. Informally, the natural candidate for optimality is a sequence of hitting times by S of random ellipsoids
which characteristics depend on Dy v and S. However, in general and in particular because of the degenerate setting
on o; and D,v(t, S;), this strategy is not admissible (ellipsoids may be flat or infinite). Alternatively, we prove that
a suitable perturbation makes the strategy admissible, without altering its asymptotic optimality.

Our main result (Theorem 5.1) states that an optimal strategy is of the form

t6’ =0,

o i=inflr > T (S = Sy )TAY (S = Sep ) 2T AT,
for a sequence &, — 0, where Aﬁ") is a suitable perturbation of A, := (O’;)TX ta: (where M is the pseudo-inverse
matrix of M), and X; is the symmetric non-negative definite matrix solution to the equation

2Tr(X,)X; +4X? =0, (Dyv(t, Sp)) 010 Dev(t, $)or.
Additionally the asymptotic lower bound to (1.2) is ( fOT Tr(X,) dr)2.
Organisation of the paper

In Section 2, we define the model and the admissible strategies under study. In Section 3, we state and establish
crucial properties of admissible strategies. The minimization of (1.2) is studied in Section 4, and designing an optimal
strategy is made in Section 5. We also present a few examples and a numerical experiment in Section 5.3. Technical
results are postponed to the Appendix.

Notation used throughout this work

e We denote by x - y the scalar product between two vectors x and y and by |x| = (x - x)% the Euclidean norm of x.
The induced norm of a m x d -matrix is denoted by |A] := Sup, cgd.|y=1 |Ax]|.

e The transposition of a matrix A is denoted by AT; we denote by Tr(A) the trace of a square matrix A; Id; stands
for the identity matrix of size d.

o S4B, Si(IR) and Si 4 (R) are respectively the sets of symmetric, symmetric non-negative definite and symmetric
positive-definite d x d matrices with real coefficients.

e For A € S4(R) we denote A(A) = (A1(A), ..., rq(A)) the eigenvalues of A placed in decreasing order, we set
Amin(A) :=A4(A) and Amax (A) := A1 (A).

e We denote by Diag(ay, ..., ag) the square matrix of size d with diagonal entries ay, ..., aq.

o For the partial derivatives of a function f (¢, x) we write

2 f
3)6,' a)Cj

0 0
sz(t,x)=a‘—);(t,x), Dx,-f(r,x>=3—£(r,x), D, f(t,x) = (1, %).

e For a R¢-valued semimartingale S we denote (S); its matrix of cross-variations ((S’, Sj),)lfi,jfd.
o We sometimes write f; for f (¢, S;) where S is a semimartingale and f is some function.
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e For a given sequence of stopping times 7", the last stopping time before ¢ < T is defined by ¢ (¢) = max{r}1 :

r]'.’ < t}. We omit to indicate the dependence on 7. Furthermore for a process (fi)o<:<7 we write Af; := fi — fo—)-

Besides we set A, :=t — ¢(t—) and At/ ;=71 — 7" ,.
e () stands for a a.s. finite non-negative random variable, which may change from line to line.

2. Model and strategies
2.1. Probabilistic model: Assumptions

Let T > 0 and let (2, F, (Fr)o<¢<7, PP) be a filtered probability space supporting a d-dimensional Brownian motion
B = (B")1<i<q defined on [0, T], where (F;)o<:<r is the P-augmented natural filtration of B and F = Fr. Let

(05790) € (%a 1:| X (0’ 1] (21)

be some regularity parameters and let (S;)o<;<7 be a d-dimensional continuous semimartingale of the form
Si=Ar+M;, 0=<t=<T, (2.2)
where the processes A and M satisfy the following hypotheses.
(Hy4) The process A is continuous, adapted and of finite variation, and satisfies
|A; — Ag| < Colt —s|%, Vs, t€[0,T]as. Hy)

(Hjps) The process M is a continuous local martingale of the form
t
M; =/ osdBy, 0=<r=<T, (Hpr)
0

where o is a continuous adapted d x d-matrix valued process, such that the value o; is a.s. non-zero for any
t €0, T], and

lo; — 0| < Colt —s|%/%,  Vs,t€[0,T]as.

Furthermore, we assume that the function v, involved in (1.1), is a C1-2([0, T) x R?) function with values in R9.
For applications like in [6], we shall allow its derivatives in uniform norm (in space) to explode as ¢t — T, whilst
remaining bounded a.s. in an infinitesimal tube centered at (¢, S;)o<;<7. This is stated precisely in what follows.

(H,) LetD € {D,;,D? . D;: 1< j k<d)}, then

XjXk?

P(lim sup  sup |Dv(t,x)| < +oo) =1. (Hy)
8=00</<T |x—S;|<8

2.2. Class T*™ of admissible sequences of strategies

Now we define the class of strategies under consideration. As the optimality in our problem is achieved asymptotically
as a parameter n — +00, a strategy is naturally indexed by n € N: a strategy is a finite sequence of increasing stopping
times

T"::{r61=0<~--<ri”<~~-<1:]’\1,;=T}, with Nj < +00 a.s.

We now define the appropriate asymptotic framework. Let (¢,),en be a sequence of positive deterministic real num-
bers such that

Zs,% < +00.

n>0
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In the following, all convergences are taken as n — +00. The above summability enables to derive a.s. convergence
results: alternatively, had we assumed only ¢, — 0, using a subsequence-based argument (see [7, Section 2.2]) we
would get convergences in probability.

On the one hand the parameter &, controls the oscillations of S between two successive stopping times in 7".

(AS) The following non-negative random variable is a.s. finite:

sup(sn_2 sup sup |S; — Sfin_u |2) < +o0.

n>0 lfifN;wte(ri”_l,ri"]
Here the lower argument in the assumption (A°¢) refers explicitly to the process at hand. On the other hand ¢, 26N
(for some py > 1) upper bounds up to a constant the number of stopping times in the strategy 7".

(An) The following non-negative random variable is a.s. finite:

sup(e2°N N) < +o0.
n>0

In the above, py is a given parameter satisfying

0, 4 1
ISpN<(l+70)/\§/\(§+a), 2.3)
where (o, 65, ) are given in (2.1).

Definition 1. A sequence of strategies 7 := {7" : n > 0} is admissible for the process S and the parameters (&,,),eN
and py if it fulfills the hypotheses (A$*) and (Ay). The set of admissible sequences is denoted by ’Tsadm'.

The larger py, the wider the class of strategies under consideration.

Remark 1. The notion of admissible sequence is quite general, in particular, it includes the following two wide
families of random grids.

(i) Let p € (0, 1) and let (g,),>0 be a deterministic sequence such that ano 8,21 < 4o00. Consider 7 = {T"},>0
where each 7" = (7/")o<i< NI is a sequence of stopping times (with N7 possibly random) and such that

2 2

1 T . =]
C'¢" < min At < max At <Ces!"™, n=>0, as.,
1<i<N7} 1<i<Nj

for an a.s. finite positive random variable C > 0. This example contains in particular the sequences of determin-
istic grids for which the time steps are controlled from below and from above (like those of [10] used for building
X}* mentioned in introduction), and for which the step size tends to zero fast enough.

Let us check (A$*)and (A y). First, note that § is a.s. Holder continuous on [0, T'] with exponent 1—sz this is a
consequence of (H, ) for the finite-variation component A and of [1, Theorem 5.1] for the martingale component
M under the assumption (Hy;). Therefore, a.s. for each n > 0

1—p
2 1=
sup sup |8y — S | < CS[ max Ari”] <CsC7Z ¢g,.
1<i<Nj telr]"|.7}'] ' 1<i<Nj

Furthermore,

__2
N T <TCsg, """

= ming<; <y ATl

A

so that (Ay) is verified with 2py = 2(1 — p) provided that we take p small enough to satisfy the upper bound
(2.3). Thus the sequence of strategies 7 is admissible for (e,),>0 and py given above.
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(i1) Consider a sequence of adapted random processes {Dj' : 0 <t < T'} where each D} is an open set such that
B(0, C1en) C D C B(0, Ca¢ep)

for some a.s. finite positive random variables C1, C», here B(0, r) denotes the ball centered at O with radius r.
Here again the deterministic sequence (&,),>0 is such that Zn>0 8,% < +o0. Define the sequence of strategies
T ={T"}ps0 with T" = (Tin)OsifN; as follows: 7y =0 and fori > 1

Tin — il’lf{l > 1:[."_1 (S — STirLl) ¢ D;li"_l} AT.

In other words, we consider exit times of random sets of size &,. The assumption (Agﬁc') follows from the
definition of 7":

sup sup IS, — S | < Cat.

: n n n
lfszT te[r,;l,ri ]

Further to check (A ), we write (using Proposition 3.8)

2.2 2.2 2
Cie Ny <Cjie, + ,,ZT |ASzn e Tr((S)T) <400 as.
<

This proves the admissibility of 7. A particular case is the ellipsoid exit times, see [6, Proposition 2.4].

3. General results for admissible strategies

This section gathers preliminary results, needed to establish the subsequent main results. In Section 3.1, we recall
without proof some estimates about the mesh size sup;; < NI At of the time grid 7" simultaneously for any n,
as well as bounds on (local) martingales depending on n. This is preparatory for Section 3.2 where we establish an
important result: in our setting, admissible sequences of strategies for S and M are the same. Last in Section 3.3, we
establish the a.s. convergence of weighted quadratic variations under some mild assumptions, which are crucial to
derive our new optimality results.

3.1. Control of At™ and martingale increments
We start from a simple and efficient criterion for a.s. convergence of continuous local martingales.

Lemma 3.1 ([6, Corollary 2.1]). Let p > 0, and let {(K')o<:<T : n = 0} be a sequence of continuous scalar local
martingales vanishing at zero. Then

Z(K”)’T)/2<+oo as. < Z sup |K!'|” <+oo aus.

n>0 n>0 O<r<T

The useful application is the sense =: by controlling the summability of quadratic variations, we obtain the non
trivial a.s. convergence of supy., .7 |K}'| to 0. This kind of reasoning is used in this work.

The next two lemmas yield controls of Az; and of martingales increments for an admissible sequence of strategies.
In view of the Brownian motion scaling property one might guess that an admissible sequence of strategies 7 = {77 :
n > 0} yields stopping times increments of magnitude roughly equal to 83. More generally, we can study in a similar
way the increments of martingales. Here we give a rigorous statement of these heuristics.

Lemma 3.2 ([6, Corollary 2.2]). Assume (Hyy) and let T = {T" : n > 0} be a sequence of strategies. Let p > 0, then
the following hold:
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(i) Assume T satisfies (AS), then

sup(s,’f‘l sup Ati")<+oo a.s.

n>0 1<i<Nj

(ii) Assume T satisfies (A$;)-(An), then

sup(e,’i’_2 sup Atl-")<+oo a.s.

n>0 1<i<Nj

Lemma 3.3 ([6, Corollary 2.3]). Assume (Hypr). Let (K[ )o<i<T)n>0 be a sequence of R4 -valued continuous local
martingales such that (K™); = fot k]! dr for a measurable adapted k" satisfying the following inequality: there exist a
non-negative a.s. finite random variable C, and a deterministic parameter 6 > 0 such that

0< k| <Cc(1AM* +1A,1"), YO<r <T,¥n>0, as.

Finally, let p > 0, then the following assertions hold.

(i) Assume T satisfies (AS;"), then

sup(s,ﬁ)_(1+0)/2 sup sup |AK,”|><+oo a.s.

n>0 I<i<Np 1 <t=<t!
i1) Assume T satisfies (ASS)—(Ap), then
M

sup(aﬁ_(He) sup  sup |AK;1|)<+OO a.s.

n>0 I<i<Nj ¢t <t<t!
3.2. The admissible sequences of strategies for S and M coincide
We now aim at proving the following Theorem.

Theorem 3.4. Let S be a semimartingale of the form (2.2) and satisfying (Hs)—(Hpy). Then a sequence of strategies
T ={T, : n >0} is admissible for S if and only it is admissible for M with the same parameter py: in other words, if
T satisfies (Ay),

Rephrased differently, defining admissible sequence of strategies based on the martingale M is robust to perturba-
tion by adding to M a finite variation process A, satisfying «-Holder regularity with « > 1/2.

Proof. For convenience in the proof, we adopt the short notation

‘Afn‘oo: sup At/ |AU|o := sup sup |AU;,

: n H n n n
1<i<N} I<i<N} ' <t<t]

for any process U.

Proof of =. Suppose first that 7 = {7, : n > 0} is admissible for S. Let us prove that it is admissible for M, i.e. the
assumption (A$;*) is satisfied. We proceed in several steps.

> Step 1. Preliminary bound. From |M; — M| <|S; — S| + |A; — As| and (Hy), we get

|AM|oo < |AS|oo + Co|AT"|S < Co(en +|AT"[2). 3.1)
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Using It6’s formula and (Hjs), we obtain that forany 0 <s <t <T

t d
o§z—s§cglf Tr(o,0])dr = Cj Z ((s7), = (s7), 3.2)
N —

=C; 12(5’ siy? /(Sf SJ)dSZ), (3.3)

where Cf := infi¢[0.7) Tr(otatT) > 0 a.s. Hence

AISCEI(

Using that A is of finite variation and (A$*), we get the crude estimate
d | pt o

Z / AS} dA!]
_1 o)

. 21 . .
Now consider the local martingale K;"/ =&, (f; AS{ dM}) for some p > 0. We have

t
AS!dA!
0]

t

AS] dM]

' ) (3.4)

< Coey. (3.5)

¢ (@)

4

P
St =T ([T a5 oo, ) <o Tt < s

n>0 n>0 n>0

which by Lemma 3.1 implies that >, supg<,<7 |K; /|7 < 400 a.s., and thus sup,~qsupy<,<7 |K; /| < +00 ass.

This reads
t ) .
/ AS] dM]
0

where § =2/ p is an arbitrary positive number. Plugging this and (3.5) into (3.4) yields

-2
sup <Coen " =Coel™?, (3.6)

0<t<T

|AT"| < Colef +en+e)°) < Coep . 3.7)
The above is analogous to Lemma 3.2(i) but under the assumption (Agsc'). Combined with (3.1), we then deduce
|AM | oo < Coe®179 (3.8)

for any given § € (0, 1).

> Step 2. We prove the following lemma, which gives the basis for a continuation argument (Step 3): once we have
estimated |AM | with some order w.r.t. &,, we obtain automatically a slightly better order, up to reaching the order
1, as required by (A;%).

Lemma 3.5. Suppose that for some § > 0

sup(s;‘8 sup sup |AM,|2><+oo a.s. 3.9

n>0 I<i<Njte(t! ,7']

Then for any p > 0

d
sup( —(B=r) sup sup ZAM]) +o00 a.s.

n=0 I<isNpre(r 7] oy
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Proof. Let p > 0. Consider the following two sequences of processes:

)4
n 2—Bp+2pn
U ' =¢, E

n
T <t

9

d .
Z A<M] )‘L'l."/\t

j=1

2— 2,
Vi=gn PPEYNT O sup [ AMP.
ri"_|<tse(rin—1’tfn/\l]

We aim at proving that ) | ., U7z < +00 a.s. using Lemma A.1 in Appendix. First, } | .,V converges a.s.: indeed
using (Ay) and (3.9) we obtain

SNvpE<Cod e PTYNL sup  sup JAMPP <Co ) el < oo,

. n n n
n>0 n>0 l<i=Np se(f_ 7' n>0

Second observe that for any n, t — V/ is a.s. non-decreasing. Last it remains to verify the relation of domination of
Lemma A.1(ii). Let k € N, let 6 be defined as in the quoted lemma. On the set {z;' ; <t A 6} from a conditional
version of the multidimensional BDG inequality we have

d p
E( > AMI) 0 ‘f,in_l> <cB( s IAMP[F ).
j=1

T/l <s<TAtAGg

Then it follows that

+o0 P
_ 2=Bp+2pN j
E( tn/\f)k) =én ZE<IT,-"] <M9kE< A<MJ>r["/\tA6k ‘]:Ti",] ))
i=1 j=1
= CP]E(VIY;\(J/()'
Hence by Lemma A.1, we obtain that ano U7 converges a.s. and thus sup, .o Uy < 400 a.s.
Now write & 7P +2PN SUP| <;< N7 SUPre(zr | 7| 27:1 A(M)|P < UL, which implies
d
sup( elZT2V/P=F qup sup Z AM) | ] <+o0 as.
n>0 1<i<Njte(r 7] j=1
To conclude, choose p = @ to get the desired result. (]

> Step 3. Continuation scheme. Take § > 0, as in (3.8), set dy = «(1 — §) and pg = % > (. Consider the
sequence (dpm)m>0 given by dpy+1 = 20d,, — opg for m > 0. Assume for a while that

dm+1 — dm > apo, (3.10)
and let us show by induction that, for any m > 0,

|AM o < Coepin@m:D) (3.11)
The case m = 0 stems directly from (3.8). Now suppose that (3.11) holds for m. If d,, > 1, since d,,+1 > d,,, owing to

(3.10), (3.11) is valid for m + 1. If d,,, < 1, then we have |AM |5, < Cosff’" and using Lemma 3.5 we obtain

A(MY)

E Coggdm —P0 .

o0
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Consequently (3.2) gives [AT"|q0 < Coagd"ﬁp ® which, combined with (3.1), yields

|AM oo < Coe™n(hadn—po),
This finishes the proof of (3.11) for m + 1. It remains to show (3.10) by induction. For m = 0 we get d; = 2ady — apg
and thus

Qo —dy (e —Ddy _

di —dyo= Qo — dy —
1 —do = 2a — Ddo 5 7

a00.

Suppose that (3.10) is true for all m < k and let us extend to m = k. We write

2 —ld 2 —ld
dm+1—dm=(2a—1)dm_%z (2a — 1)dy

Qa — 1)dy — — 5 =

using that d,, > dy by the induction assumption. We are done.

> Step 4. Conclusion. In view of (3.10), (dy,)m>0 becomes larger than 1 for some m, for which (3.11) simply writes
|AM | < Cogp. (ASSS) is proved.

Proof of <. Now suppose that the sequence 7 is admissible for M. Let us prove the admissibility of 7 for the
process S. Again it is enough to verify the assumption (A$**). Similarly to the decomposition (3.1), we have

|AS|oo < 1AM|oo +AAlo < Co(en + |AT"[2).

From Lemma 3.2(ii), for any y > 0, we have |At"|y < C()EZ_V a.s. Since o > 1/2, we can choose y such that

Q=y)a

(2 — y)a > 1 and for such y we deduce |AS|co < Co(en + €1 ) < Coep. The proof is complete. U

Remark 2.

e Theorem 3.4 implies that if a sequence of strategies fulfills (Ay), we do not need to emphasize anymore the
dependence of the assumption (A®“) on a particular process M or S; in that case, we will write simply (A%¢) and
will refer to admissible sequence of strategies 724 := T;,‘Idm' = 7}"‘dm'.

e In addition, we can use all the results for admissible sequences of strategies based on the local martingale M
and (A?‘jc') (as those from [6]): in particular, for any admissible sequences of strategies (for M or §), we have

SUP| < <n2 |AT]'] < CQE%_V for any y > 0.
A direct consequence of Lemma 3.2(ii), (H4) and Theorem 3.4 is the following.

Corollary 3.6. Let S be a semimartingale of the form (2.2) and satisfying (Ha)—(Hyy). If T € T2™  then for any
p>0,

sup sup  |AA,| < Coe2* .

lfigN; T,.'Llftf'ri"
3.3. Convergence results for quadratic variation
We first recall a convergence result about weighted discrete quadratic M -variations corresponding to 7 = {7, n > 0}.

Proposition 3.7 ([6, Proposition 2.3]). Assume (Hyy) and let T be a sequence of strategies satisfying (A). Let
(H:)o<t<T be a continuous adapted d x d-matrix process such that SUpP;e[0.7) |H;| < 400 a.s., and let (K;)o<i<T be

a R -valued continuous local martingale such that (K ), = fé iy dr with sup, o 77 k| < +00 a.s. Then

T
> AK:;,,HT{LIAKT?“—‘S;/O Tr(H; d(K),).

n
T <T
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We now establish an extension to the semimartingale S.

Proposition 3.8. Let S be a semimartingale of the form (2.2) and satisfying (Ha)—-(Hyyr), and let T be a sequence of
strategies satisfying (AS). Let (Hy)o<;<1 be as in Proposition 3.7. Then

T
Y ASLHp ASpn ™ / Tr(H, d(M),).
Tt <T l 0

Proof. From Itd’s lemma, the difference between the above left hand side and the right one is equal to
T T
/O AS[(Hyy + Hy ;) S + /0 Tr([Hyp) — H1d(M),). (3.12)

Due to (Hjy), the second term is bounded by Cp fOT | Hy () — H;|d¢: it converges to 0 by an application of the dominated
convergence theorem. Indeed, H is continuous and bounded on [0, 7) and the mesh size goes to 0 under (AS*)
(see (3.7) which is established under (Ags"') and without using (Ay)). Next, decompose the first term of (3.12) into
stochastic integrals w.r.t. A and M. On the one hand, A is of finite variation, thus

T
‘/ AS] (Hoy + Hy))dA; | <Co sup  sup  |AS;| sup |H,| 50 (3.13)
0

1§i§N¥ ‘L'l."71 gzgrl." tel0,T)

in view of (A$**). On the other hand, fOT AST (Hyy + HJ(:)) dM; 25 0 by proceeding very similarly to the proof of
(3.6). 0

In the next theorems we identify an important admissible sequence of strategies, namely hitting times by S of ran-
dom ellipsoids parametrized by a matrix process (H;)o<;<7 (or a perturbation of it). This extends [6, Proposition 2.4]
to hitting times of S and to possibly degenerate H. This more general construction of ellipsoids is a significant im-
provement, and crucial for the subsequent optimality results.

Theorem 3.9. Let S be a semimartingale of the form (2.2) and satisfying (Ha)-(Hyr), and let (H;)o<i<1 be a con-
tinuous adapted symmetric non-negative definite d x d matrix process, such that a.s.

0< inf Amin(H;) < sup Amax(H;) < +o0.
0<t<T 0<t<T

The strategy T" given by

t6’ =0,
o i=inflt > 1) (S, = Sen VT Hen (S = Sen )= e} AT,
defines a admissible sequence of strategies.

The proof is given later. The condition supy~, .7 Amax(H;) < 400 ensures that none of the corresponding ellipsoids
& := {x"H;x < ¢} with ¢ > 0 are flat in some directions, it allows to derive a bound on the number of hitting times
N. ? as in (A y). The non-degeneracy condition Anin (H;) > 0 (i.e. & is bounded) is important to control the increments
AS as in (A$). Without this latter condition, we need to perturb the above sequence of strategies. To this purpose,
let x (-) be a smooth function such that

100,121 = X () = 1—o0,11> 3.14)

and for p > 0 set x, (x) = x(x/w).
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Theorem 3.10. Let S be a semimartingale of the form (2.2) and satisfying (Ha)—-(Hyy). Assume that py defined in
(2.3) is such that py > 1, and let § € (0,2(py — 1)]. Let (H;)o<i<T be an adapted symmetric non-negative definite
d x d matrix process, such that

(i) there exists a random variable Cy, positive and finite a.s., such that
Amax(H;) <Cpg, Ytel0,T), as.
(notice that H is not necessarily continuous).
Define a sequence of processes H™ by
H" = H; + &) x5 (hmin (H,)) 1dg.
Then the strategy T" defined by

n.__
Ty = 0,

1
o =inflr > 7' 1 (S — Sor I)THflf:jl (Si—Sen )2 e AT, (3.15)

orms a sequence T = {T" : n > 0} satisfying the assumption (AY). If in addition the following convergence
S
holds

(ii)

T
> AsjinHrinﬂAs,f“—"‘;/o Tr(H, d(M),),

n
Tt <T

then the sequence T satisfies also the assumption (Ay), that is T € T2m-,

Proof of Theorem 3.10. First let us prove that 7, is a.s. of finite size for any n € N. The definition of H,(") implies
that

AmaX(H,(”))f Cy +suped < +oo, Vre[0,T)as.

n>0

Define the event N := {w : N}.(w) = +00}. For w € N the infinite sequence (z/(w)) is increasing and bounded,
thus converges. Hence on N N Eg, with

Es = {(S))ief0,7 is continuous and Cpy < 400},
we have

0<ey™ = (S — Sep )TH (Sep = Sp )
2 izt

< (CH + supeﬁ)lSr;l — S|

n>0

07

which is impossible. Hence P(N" N Eg) = 0, but P(Eg) = 1 thus P(N"") = 0.
Next we show that 7 satisfies (A$*"). From the definition of Ht(”) it is straightforward that

8
&
hin(H{") 2 2. Vi €[0.7).
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Thus

e 2 sup sup |AS,|?

n
: n n n
1<i<Np 7' <t<t

-1
< ( inf kmin(H,("))) g2 sup sup (AS;'-HT(;ZBIAS,) <2e% 26210 =2,

1€[0,T) I<i<NET!'  <t<tl

which validates the assumption (A$*").
Finally assume that in addition (ii) holds and let us show that the sequence of strategies T satisfies the assumption
(AN). Writing N =1+ leisN;—l 1 and using 2 + § < 2pp, we observe that (for n large enough so that ¢, < 1)

VNG < e ONp <™ 4 Y ASLHo ASg ) ASW(Hy — Her JAS. (3.16)

i—1
' <T ' <T

Now by (ii) we have

T
Z AS;n Hri"—lAST,-" a_s)j(; TI‘(Ht d<M>t) a.<s. 400

rl,” <T

(the contribution i = N7 does not change the convergence). Besides from the definition of H ™) we get

> s (Hr(l_ff_)1 — Hyr )AS

Ti” <T

<e > |AS,;,|2a—'S>'O, (3.17)

' <T

using § > 0 and Proposition 3.8 (valid since (A$**) is in force now). We have proved that the r.h.s. of (3.16) converges
a.s. to a finite random variable, which completes the verification of the assumption (Ay). (]

Proof of Theorem 3.9. This is an adaptation of the previous proof. First, with the same arguments we prove that 7,
is a.s. of finite size for any n € N. Second, the verification of (A$**") stems from

—1
8,1_2 sup sup |AS,|2§< inf Amin(H,)> .
+€[0,T)

H n n
lfszT T St<t

Third, for n large enough so that ¢, < 1, we write

20N AT 2 arn 2 T
ENNE <eaNp <en+ ) ASi Hp  AS

' <T

and we conclude to (A ) using Proposition 3.8 and the continuity and boundedness of H. (I

4. Asymptotic lower bound on the discretization error

Let S be a semimartingale of the form (2.2) and let v be the function appearing in the discretization error (1.1), and
satisfying (H,). The main result of the section is Theorem 4.2: this is an extension to the semimartingale case of the
asymptotic lower bound on the discretization error, proved in [6, Theorem 3.1] in the martingale case.

The discretization error Z" defined in (1.1) can be decomposed into a martingale part and a finite variation
part:

z" =/O‘ (vt S1) — v(9(1), Sp(r))) - AM, +/0‘ (0t S1) — v($(1). Sp(r))) - dAs.
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The analysis is partially derived from a smart representation of (Z")r as a sum of squared random variables and an
adequate application of Cauchy—Schwarz inequality. The derivation of such a representation is based on applying the
It6 formula to a suitable function and identifying the bounded variation term. While it is straightforward in dimension
one, a multidimensional version of this result requires to solve the following matrix equation.

Lemma 4.1. Let ¢ be a d x d-matrix with real-valued entries. Then the equation
2Tr(x)x +4x%> = cc" 4.1)
admits exactly one solution x(c) € Sﬁir (R). Moreover, the mapping c — x(c) is continuous.

The proof of the above lemma directly follows from [6, Lemma 3.1] applied for (ccT)!/?

negative definite square root of cc'). Now we state the main result.

(i.e. the symmetric non-

Theorem 4.2 (Lower bound). Assume (Hy), (Hys), (Hy) and let T be an admissible sequence of strategies (satisfying
(Ay) and (A%%)). Let X be the continuous adapted symmetric non-negative definite matrix process solution of (4.1)
with c =0 (Dyv) "o, ie.

X; = x(olT(vat)Tat), for0<t<T. 4.2)

Then we have

T 2
liminf N7(Z"), > ( / Tr(X,)dt) a.s.
0

n——+00

Proof. The martingale part of the discretization error can be written

N

N
/ (v, 8) —v(B ), Spn)) - dM; =: / (Dyvp()AS;)dM; + R 4.3)
0 0
Therefore the quadratic variation of Z”" is given by
T
<Zn>T = / AS;I—(DXU(M[))T d(M),vad;(;)ASt + ei”T
0
T
= / AM[ (Dyvy )" d(M); Dxvgy AM; + €} 1 +€f 7, (4.4)
0
where
T
et ;:/0 AA](Dyvg )T d(M); Dyvg (AS, + AM,),
el r:=(R"), +2</0 (DyvpyAM,) - dM;, R”> :

T

Now in the first contribution of (Z")r in (4.4), we seek an expression involving only the Brownian motion B and
not the local martingale M: hence we replace AM; by o4)AB; and d(M),; by U¢(z)0;(,) d¢, which leads to

T
T T T T
(z"); =/O AB/ (044 (Dxvp1) 0141y DxVg(1)0p1)) ABr dt + ¢ + €] 1 + €5 1,
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where

T
e :=/0 AM[ (Dyvg()T A(010, ) Dyvg ) AM; dt

T
+ / (AM; + O’¢(;)AB,)T(vaqg(t))To‘(;)(t)O’;([) Dyvgy(AM; — oy AB;) dt.
0

Denote C; = a,T (D,v;)"o;. We seek a smart representation of the main term of (Z")r in the form

> (ABL X ABy)”, (4.5)

n
1 <T

where X is a suitable measurable adapted symmetric d x d-matrix process. For such a process X, the Itd formula on
each interval [7 |, 7/'] yields

T
T 2 T 2
Y (ABLXy ABy) :/0 ABI(2Tr(Xg(1) Xp) +4X5 ;) AB; dt

n
1 <T

T
+ 4/ AB!Xp1yAB;AB X 4()dB;.
0

Now take X as stated in the theorem. Clearly X, € S_‘f_ (R) owing to Lemma 4.1. The continuity of the mapping
¢+ x(c) also ensures that X is continuous and adapted, as oT(Dyv)"o is. Then a simplified representation of (Z")r
readily follows:

(2= 3 (ABLXu ABx) +ehp+elp+eh+eir, (4.6)

n
T <T

where
T
ey = —4/0 AB! Xy ABAB[ X (1) dB;.

Using Cauchy—Schwarz inequality and X; € Si (R), we obtain

2
Ng Y (ABTTinXTf_IAB,;z)23< 3 ABTTian;«_]AB,;z) .
T, <T Tt <T

The process X; is a.s. continuous on [0, T), with sup,¢[o 7y |X:| < +00 a.s., and thus the assumptions of Proposi-
tion 3.7 are satisfied for (H, K) = (X, B). Therefore

T
Z ABl Xon AByn R f Tr(X,)dt.
! 0

rl." <T

To summarize we have obtained that

n——+00

T 2
liminf(N¥<Z")T — Nj (eg’T t+efr+es s+ egl’T)) > (f Tr(X,)dt) a.s.
0

To complete the proof, it is enough to show that N7.(ej  + e} 7 + €5 +e5 1) 23 0. In view of the assumption (Ay)
it is sufficient to prove that '

£y el 230 fori=0,1,2,3. (4.7)
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Contribution e;; ;. Owing to Corollary 3.6, we obtain immediately that

T
bl =Co [ IAAI(AS+1aM) i < Cosf e,

for any p > 0, which implies ¢, 2PN eg r — Osince py < 5 ~|— o.

Contribution el 7~ To handle it, we need the following lemma its proof follows that of [6, Lemma 3.2], with minor
adaptations (see Appendlx A.l).

Lemma 4.3. Under the assumptions (Ha), (Hyr), (Hy), (A°¢) and (Ay), we have 8,%74’)"’ (R™)7 230, where R" is
defined in (4.3).

Now to show that &,, 20N e’l‘ 7 — 0, use the above lemma and (A" to get

627 e o] = 6P (R)y) + 2608 (R)) 7 = ofed )+ 0(1) S0,

Contributions eg‘ r and eg’ r- The proof is similar to that of [6, Theorem 3.1], we skip the details. O

5. Optimal strategy
5.1. Preliminaries, pseudo-inverses

Now our main purpose is to provide, in notation of Theorem 4.2, an optimal discretization strategy, i.e. an admissible
strategy 7 for which

T 2
n —
) l”foo N{Z"), ( [0 Tr(Xt)dt) a.s.

Notice that an existence result is proved in [6, Theorem 3.3], only under the conditions that o is invertible, that
v(t,x) = Vyeu(t, x) with

inf kmln(D u(t,$)) >0 as.

0<t<
and that A = 0 (martingale case). Our aim here is to relax these three conditions, and to extend the ideas of this
aforementioned theorem to our general setting.

Actually, the main difficulty comes from the possible degeneracy of o . First recall the definition and some proper-
ties of pseudo-inverse matrix (a.k.a. Moore—Penrose generalized inverse).

Definition 2 (Pseudo-inverse of a matrix). Let M be a real-valued d x d-matrix. Consider the singular value de-
composition of M

_ (D 0\ 7
m=u( v

where U, V are both orthogonal matrices, and D is a diagonal matrix containing the (positive) singular values of M
on its diagonal. Then the pseudo-inverse of M is the d x d- matrix defined as

- Dl 0
T T
M_V<0 O)U.

We recall the following well-known properties, which can be easily checked from Definition 2:

5.1

MM M= M, MIMMT = M7,
the matrices MM and M M are symmetric.
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5.2. Main result

We wish to design optimal stopping times in terms of the process S to allow better tractability. Inspired by [6], a good
candidate is then the sequence {7 : n > 0} where 7" is defined as:

{t(;’ =0, 52)

t i=inf{r > 1] | (S — Srinil)TAf;Ql (S; =S )= E}NT,

where A; := (0,_1)-'-X,0,_l with X given by (4.2).
Such a sequence turns out to be optimal when § is a martingale and under some additional assumptions (see [6,

Theorem 3.3]). The problems with this definition can arise if o; is not invertible, or if A; is degenerate for some values

of ¢ (then we have difficulties to verify (A°¢)). To overcome these problems we use a: instead of (7,—1. Furthermore

we take At(") equal to a small perturbation of A, depending on ¢, such that A;") is always non-degenerate.

We need one additional assumption.
(Hp) Let (X;)o<t<r be defined in (4.2) and consider the Sji_ (R)-valued process defined by
T
A= (o)) X0, Vrel0,T). (Hp)
There exists a non-negative random variable c(s 3), finite a.s., such that
0<Tr(A;) <c53), VYtel0,T), as. 5.3)

Note that o™ may be discontinuous, so A may be too. Recall (see (3.14)) that x (-) stands for a continuous function
such that 1(_6,1/2) < X (-) < 1(—0,1], and for u > 0, we set x, (x) = x (x/u). Now we state the precise definition of
an optimal sequence of strategies.

Theorem 5.1 (Optimal strategy). Assume that (Ha), Hys), (Hy), (Hp) are in force. Let py satisfy (2.3) with py > 1,
and let § € (0,2(py — 1)]. For each n € N, define the process (Al(”) 1t <T) by

A;n) =A;+ Sﬁ ng ()\vmin(At))Iddv
where A is given in (Hy ), and define the strategy T; by
75 :=0, 5.4
o =il > T2 (S = S )TAL (S — S )z el AT. oy

Then the sequence of strategies T = {7;; :n > 0} is admissible for the parameter py (in the sense of Definition 1 and
Theorem 3.4) and is asymptotically optimal, i.e.

2

T
lim N;(Z”)T = </ Tr(Xt)dt> a.s.
0

n——+00

To conclude this subsection, we provide a condition simpler than (Hy ), the proof is postponed to the end of this
section.

Proposition 5.2. Assume that (Hy), (Hy), (Hy) are in force, and assume that v € CH2([0, T] x R?) so that Dyv;
and X; can be defined continuously up to t = T. If the matrix

Cr =0 (Dyv;) 0oy #0, (He)

forallt €0, T] a.s., then (Hy) holds.
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5.3. Examples

5.3.1. About the assumptions (Hp) and (H¢)
Recall that under our assumptions, X is a.s. uniformly bounded on [0, 7). Thus in order to satisfy (Hj,), it is enough
to have o' a.s. uniformly bounded on [0, T'). We provide a (non-exhaustive) list of such examples.

(a) oy is invertible for any 7 a.s.: then o;r = a,_l is clearly bounded on [0, T'].
(b) We can also afford degenerate cases: for instance if o; is constant in time (but possibly with rank(o;) < d), then
(7,T is also constant in time (and thus bounded).

(c) The previous principle can be generalized to the time-dependent case o; = (2’ 0

o 0) where X, is a square matrix,

a.s. invertible at any time: indeed a: = (Zél 8) is bounded on [0, T'].
Now, we argue that checking (H¢) may be sometimes much simpler than the verification of (Hp). Let us give a

non-trivial example where o is not continuous a.s. For the ith component of S, take a squared &;-dimensional radial
Ornstein-Uhlenbeck process with parameter —2;, which is the strong solution to

t t
S, =Sé+f (3i —)»iS"Y)ds+2/ SidB:,
0 0
where Sé >0, §; >0, A; € R (see [8]). The matrix o; is diagonal and its ith element is equal to 2 Sti. It is easy to
check that (H,4) and (Hj,) hold (in particular o; # 0 for all ¢ a.s.). The pseudo-inverse a; is diagonal with ith element

equal to [2,/ S{]_ll $i>0° Assume now that one of the §; is strictly smaller than 2: then the associated component St

has a positive probability to hit 0 before T'. As a consequence, with positive probability, ¥ is unbounded on [0, T']
and it is not clear anymore to check directly (Hp). Alternatively, assume (again to simplify) that D v, € Si +(R).
Then C; # 0: indeed, C; € Si (R) and Tr(C;) = Tr(Dy v,a,o,T) > 0 since O’tO’IT # 0 and D, v, is invertible.

5.3.2. A numerical example
We consider a two-dimensional example, defined by

¢ (B} +0.3B,2>
=(", ,
! Jo Bids

It corresponds to a constant (degenerate) matrix

(1 03
Oy = 0 0 .

For the function v we take

o(t.x) = (cos(3x1)) ’

cos(3x3)

and we set T = 1. According to the previous paragraph, (Hy) is satisfied and an optimal sequence of strategies is
given by Theorem 5.1. To assess the efficiency of an arbitrary admissible sequence of strategies we set

ay = —NWZ”)T and By 1= ——"— NrZ .
(f] Tr(xX,) dr)? S Tr(X,)dr

From Theorem 4.2 we must have liminf,_, { &, > 1 a.s., while for the optimal sequence the equality holds. The
normalized error B, is also important in practice, however we cannot in general asymptotically control a.s. this quan-
tity. But it is easy to believe that the values of 8, are smaller for strategies where the corresponding values of «;, are
smaller, at least in mean. We will illustrate this heuristics in the following.
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Fig. 1. The values oy opt and a, gy With respect to N?.

To simulate the process S on [0, 1] we use a thin uniform time mesh with 7 = 10,000 points. The same mesh is
later used to calculate the true value of the stochastic integral and the optimal lower bound equal to ( fOT Tr(X,)dr)2.
The hitting times are calculated as well on this mesh. Using this thin grid induces a discrete-time sampling error but
by taking 7 quite large as we do, we guess that this error can be neglected in our subsequent results.

We simulate 25 trajectories of the process S on [0, 1]. Further we test the optimal discretization strategy and the
regular deterministic discretization on these trajectories, for different discretization parameters &,,.

(a) To test the performance of the optimal discretization we take 5 different values of ¢,, namely 0.2, 0.14, 0.1, 0.07,
0.05, and apply the strategy given in Theorem 5.1.

(b) Further we test the performance of the deterministic discretization strategy with N7 equidistant times, for Nj. =
20, 40, 80, 160, 320 (the values of N7 are empirically chosen as approximately equal to the average number of
discretization times in the optimal algorithm for the values of ¢, given above).

We denote (¢t opt, Bn,opt) and (@, det, Bn,det) the pairs (e, By) respectively for the optimal and the regular determin-
istic strategy.

Regarding further details of implementation, we refer to [6, Proof of Lemma 3.1] for the detailed construction of the
solution to the matrix equation (4.1). For the computation of the pseudo-inverse matrix in (H ), this is straightforward
since o; is constant. For the perturbation procedure appearing in (5.4), we take 6 = 0.6 <2(py — 1) < % and the
function x (x) =sin(mw(x VvV 1/2) A 1).

Figure 1 shows the values of o, opc and a;, ger With respect to the number of the discretization times N7 for the
optimal and the regular discretization in all the tests belonging to 5 different groups. We observe that the values
ay,opt become less and less dispersed and converges to 1 as N;? increases (&, — 0), which confirms the theoretical
results. In particular, from N7 = 80 the quality of the algorithm is already good and it largely outperforms the regular
discretization.

Figure 2 illustrates the pairs (o, 8,) for the same 25 simulations, where &, = 0.05 was used for the optimal
discretization and Ny = 320 was used for the regular deterministic strategy (i.e. the last group of the tests). As
expected from Theorems 4.2 and 5.1, we observe the inequality &y opt < @ det and the limit a, ope &~ 1. More-
over, the inequality |By,optl < |Bn,det| holds as well for 21 of the 25 simulations. The empirical variances of the
values of B, opt and B, det are equal to 1.07 and 3.52 respectively, which is nearly the same ratio as for the cor-
responding values of «,,: this observation is coherent with the possible property of Central Limit Theorem for j,,,
where the limiting distribution would be a mixture of Gaussian distributions with variance roughly equal to «;.
This latter property is just a conjecture which is delicate to prove and left for further research. Anyway, this ob-
servation confirms that the almost sure minimization of the limit of «, helps to reduce the variance of B, as ex-
pected.
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Fig. 2. The pairs (et det> Bn,det) and (e, opt. Bn,opt) are represented by crosses and points respectively.

5.4. Proof of Theorem 5.1
The proof is divided into several steps. Assumptions of Theorem 5.1 are in force in all this subsection.

5.4.1. Step 1: A reverse relation between X and A
Proposition 5.3. The following equality holds

X; = (07) Aoy, Vi el0,T)as. (5.5)

Proof. We are going to establish the above relation for any given ¢, with probability 1: however, the reader can check
that the negligible set can be the same for all 7 (as for the definitions of o, X, A) because the arguments used are of
deterministic nature.

If o; is invertible, o;r = ofl and obviously X; = (0;)" A;0; in view of the definition (H ).

Now assume that rank(o;) < d. By (5.1) we have

0',0:01 =0 5.6)

and the matrix U:o, is symmetric. We choose an orthonormal basis (e;)1<; <4 under which the matrix cr,Tcr, is diagonal,

ie.

¢ O ... O
+ 0 oy ... 0
0, 0 =
0O 0 ... o4
for some «y, ..., aq. If cr,], e cr,d are the column vectors of o; (in the basis (¢;)1<;<4), then from (5.6) we get
(ozlotl,...,otdatd):(0,1,...,0,‘1). 6.7

Forany 1 <i <d if a,i # 0 then we must have «; = 1. On the other hand k := rank(a:a,) <rank(oy) < d. Hence by

permuting the basis elements and using (5.6) we can write o;ra, and oy in the form:

1 k
o . o) 0O ... 0

1 k
Id, 0 o .. O 0o ... 0
O',TO’; = ( Ok O) , o= %’t 2t ) - (5.8)
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We want to show that X, = (6;)T A,0; which by the definition of A; is equivalent to
T -
X, = (a:o,) X; (a,' O}) = (O’:O})X[ (o:a,). (5.9)

In view of (5.8) and since X is symmetric non-negative definite, the equality (5.9) is equivalent to the following system
of equations:

e] Xe;=0 fori=k+1,...,d, (5.10)
where (e;) are the vectors of the basis. We now prove (5.10). Leti € {k + 1, ..., d}. From the definition of X; we get
2Te(X)X, +4X? =0 Cr0, (5.11)

where C; = (Dyv;)"0,0, Dyv,. From (5.8) it is clear that o,e; = 0, thus Equation (5.11) yields
2Tr(X)e! Xre; + 4e] X7e; =0.

Both X; and X tz are in Si (R), thus both above terms are non-negative, therefore they are equal to 0. Either Tr(X;) =0
(implying X; = 0 and (5.10)), or Tr(X;) > 0 and el.TX,e,- =0. In any case, (5.10) holds and we are done. O

5.4.2. Step 2: Verification of (A$®)
The stopping times (5.4) define a sequence of strategies satisfying (A$**): this is a consequence of Theorem 3.10(i)
with H = A. Indeed the existence of the finite random variable Cg stems from (5.3).

5.4.3. Step 3: Verification of (Ay)
We aim at showing

Proposition 5.4. We have the following convergence

T T
> ASII_,,A,;n_IASt;”—?/O Tr(Ard(M)l)Z/O Te(X,) dt.

n
1 <T

Then, in view of Theorem 3.10(ii), we conclude that the sequence of strategies T = {’7;'; :n > 0} satisfies (Ay).

Combined with Step 2, we have proved that this is an admissible sequence.

Observe that the above result is not a particular case of Proposition (3.8) since we do not know if A is continuous in
time (it is likely not for degenerate o). To handle this difficulty, we are going to leverage the reverse relation between
X and A (Step 1), and the continuity of X.

Proof of Proposition 5.4. By It6’s lemma like for (3.12) and using that A is symmetric, we obtain
T T
> ASII_nA,[n_l ASpn = 2/0 AST Ay dS, + /0 Tr(Ag) d(M),). (5.12)
Tt <T

Then

T T
/0 Tr(Apny d(M);) = /0 Tr(o, Ag(yor) dt

T T
= / TI‘(U;—([)A¢(,)G¢(;)) dr + / TI"((U; - O’¢(,))TA¢(1)(U,‘ + U¢,(t))) dr.
0 0

Observe that the first term on the r.h.s. above is equal to fOT Tr(X¢()) dt owing to Proposition 5.3: since X is a.s.
bounded continuous and the time step goes to 0 (see (3.7) valid under (Agsc')), we easily obtain fOT Tr(Xp ) dt g
T
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The second term tends to 0 a.s. thanks to the continuity of o and the uniform bound (5.3) on A. We have proved

T T
/0 Tr(Ag d(M),) 23 / Tr(X,) dr.

0

To complete the proof, in view of (5.12) it remains to show that
r a.s
/ AS;FA(p(t) ds, = 0.
0

The a.s.-convergence to 0 of the contribution fOT AS;r Ay (r)dA; is proved as for (3.13), using (AS) and (Hy). The

second contribution K7 := fOT AST Ay dM; is a local martingale, which bracket is bounded by &2 up to a random
finite constant (use again (A$*") and (H,)). Consequently, an application of Lemma 3.1 with p = 2, ensures that

K7 2%0. We are done. O

5.4.4. Final step: Completion of proof of Theorem 5.1
So far, we have showed that the strategy 7 = {7;(5") :n >0} is admissible. We now prove that

T 2
lim N7(Z"), = </ Tr(X;)dt) a.s.
0

n——+00

First, proceeding as (3.16), we write that e,%*‘s N7 equals

2+4 T T (n)
en't+ D ASLA ASp+ Y ASL(AL —Ag JASq. (5.13)

' <T ' <T
The first term converges to 0, as well as the last term (proceeding as for (3.17)), while the second one converges a.s.

to fOT Tr(A; d{M),) (Proposition 5.4). To summarize, we have justified

T T
lim sﬁ“N;:/ Tr(A,d(M)t)zf Tr(X,)dt as. (5.14)
0

n—-+00 0

Thus it remains to show that

T
lim e, ¢t9(z") = / Tr(X,)dr as. (5.15)
0

n—-+00

Starting from (4.6), write (Z" ) in the form

2
(z"), = Z (AS:,."AZ'?] AST,-") tegrtelrtesrtesrtelrtesy,

n
1 <T

where e;j 1, €] 1, €} 1, €5 , are defined as in the proof of Theorem 4.2 and the other terms are defined as follows:

dri= Y (ABLXy ABuw) = 3 (ASLAp ASm),

n n
i <T T <T

hrm g X (a5

n n
T <T T <T
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First notice that for each i < N; — 1 we have ASTT,,AS?,) ASn = 83*5, thus
il i

£, O Y (ASL AL ASy)?

n
o <T

= > ASLALR ASp 4+, O (ASTAY  ASy)’

rl.”<T Ny~
as T T
= / Tr(Ard(M),) =/ Tr(X,) dr,
0 0

where the last convergence is derived similarly to that of (5.13).
Moreover, from (4.7) in the proof of Theorem 4.2, we already have (for ¢, small enough so that ¢, <1 and since
2468 <2pn)
8;(2+‘S)e;ﬁT < 8;2'0N€;1’T 20 as.fori=0,1,2,3.
To complete the proof of Theorem 5.1, it remains only to prove that

— a.s. .
&, (2+‘S)e?T =0 as.fori=4,5.

We start with 5 ,.:
—(2+8 T LAY
8’1 ( )egl’T| E Z (AS'L”n ATin—l AST;L + AS.E[”AT,'",] ASTl’l)
Ty <T

X [AST Ay | ASy — ASI[_,.AE?{] ASq ey @+

< Y enxey (min(Agr ))|AS |26, 20 AST Ag”jl AS.s

n
T <T

<2 Y |ASHPE0

n
T <T

thanks to Proposition 3.8.
Finally, we analyse e ;.. From its definition, Proposition 5.3 and (Hp ), we get

—(2+8) n
&n 64, T |

< 8;(2+5) Z ’ A BI" Xfi"_l A Bf,-” — ASI,,A,in_1 AS,;,

n
T <T

(ABJ Xop AByr + ASTAgy ASq)

< e;(2+5)c(5.3) sup sup  |AS; +0¢r)AB;|

H n n n
lngNTte(ti_l,ri 1

t
/ Aoy dBs + AA,
(1)

X (AB,Tinx,ﬂlABtf + Asjl_,,A,ﬂlAsrin). (5.16)

Now we apply twice Lemma 3.3(ii), first taking & = 0 and second taking 6 = 6, : it readily follows that for any given
p >0, we have a.s. forany n e N

sup  sup  (JAM;|+lopuyAB:]) < Coel ", (5.17)

: n n n
ISISNT te(r[_l \T; 1
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t

sup sup Aoy dBg| < Coarllw“ P, (5.18)

I<i<Ngte(t ,7}']

¢ @)

Moreover by Corollary 3.6 we have

sup sup  |AA| < Coe2* P,

. n n n
ISISNT te(r[._l,rl. 1

The last factor in the r.h.s. of (5.16) converges a.s. to a finite random variable (Propositions 3.7 and 5.4). Combining
this with the above estimates, the inequality (5.16) becomes

—(2+9) ,n —2— 8 1 —p (1+0:—p 2a—p
€n 64, <C08 (n 7 +‘9n )

It is now easy to see that, since we have chosen 6 < 6, and § < 2o — 1, we can take p small enough so that

&n QH)eZ 7 — 0. The proof is finished.

5.5. Proof of Proposition 5.2

Consider the equation solved by X; (see (4.1) and (4.2)), and multiply it by at from the right and by (o, )T from the
left: it gives

T ~
2Tr(X,)( ) X,U, + 4(al ) T (ato;) C; (0’;0’:)
where C; = (D, v,)Tatat D, v;. Take the trace, use that (o, )TX2 € Sd (R), in order to obtain

2Tr(X;) Tr(A,) < Tr((010,) i (010))).

Recall the inequality Tr(SS’) < Tr(S) Tr(S’) for any non-negative definite symmetric matrices S and S’. Thus,
Tr((o,a,T)TC} (o,af)) < d?Tr(C,) where we have used the easy inequality Tr(o*,o*f) < d. Note that the above inequal-
ities are of deterministic nature and therefore they hold for any ¢ with probability 1 (the full set is the one allowing to
define X, A, o, C ). Invoking (Hj,) and (H,) to control C we deduce that there exists a non-negative random variable
¢, finite a.s., such that

Tr(X;) Tr(A;) <¢, Vtel0,T]a.s. (5.19)
Owing to the condition (Hc¢), X; # 0 for any ¢ € [0, T'] a.s., and by continuity of X;, we get that inf;¢[o,71 Tr(X;) > 0

a.s. and we conclude to (Hy ) thanks to (5.19).

Appendix
A.1. Proof of the Lemma 4.3

In view of (Hv) there exists Qp with P(2p) = 1 such that for every w € Qp there is §(w) > 0 such that, for any
Ae({Dy;, D D;:1<j,k<d},

xxk’

sup sup | Aw(r, x)| < +oo.
0=<1<T |x=S;()|<é(w)

Since sup; ;< NI At 230 and S is continuous on [0, T, there exists a set Q¢ of full measure such that, for every
w € Q¢, for n large enough we have

sup |51 (@) — Ss(w)] <8(w).

n
OS‘Y’tST"t_SlisuplfifN’;- Ar,.
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Hence for w € Q¢ N Qp, for n large enough, by a Taylor formula we obtain (the dependence on w is further omitted,
we assume w € Q¢ N Q2p)

sup [ut, 5 = vty Ser ) = Dav(ely S )| < Co(AT + sup AS ).

te(t) |,7'] il te(r] |,7']
Plugging this estimate into (R")7 we obtain that a.s., for n large enough,

55_4"N<R">T§C083_4PN Z ((Atin)g_'_ATin sup |AS,|4>.

n n
n.o_r Tl-_lftfri

Tic1

We deduce that &2~ *"¥ (R") 7 3 0 since

e for any p > 0, g2 den ZT,-",I<T (Atl.”)3 < 8,%_4PNN;E SUP| < <Ny (Arl.”)3 < Coedbon=r by using Lemma 3.2(ii),
thus it converges to 0 since py < 4/3,
2-4 6—4
e, VY \<T At/"sup,» | <t<ch |AS;|* < Coen °NT — O as.
11— I—1— —"

We are done.
A.2. Almost sure convergence using domination in expectation

The next result allows to prove the a.s. convergence of a dominated process U using that of a dominating process V,
the domination relation being in expectation. Its use is crucial in our analysis.

Lemma A.1 ([6, Lemma 2.2]). Let CJ be the set of non-negative continuous adapted processes, vanishing at t = 0.
Let (U")y>0 and (V™")>0 be two sequences of processes in CSL . Assume that

(i) t— V' is a non-decreasing function on [0, T], a.s.;
(ii) the series )~ Vy converges a.s.;
(iii) there is a constant ¢ > 0 such that, for everyn e N, k e Nand t € [0, T], we have

E[Uf}6,] < cE[V/ag,]
with the stopping time 6 := inf{s € [0, T] : V, > k}2 setting V, = ano V.

Then for any t € [0, T1, the series 3", .o Ul converges a.s. As a consequence, U!" %3 0.
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