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In this paper, we propose the notion of dynamic deviation measure, as a
dynamic time-consistent extension of the (static) notion of deviation measure.
To achieve time-consistency, we require that a dynamic deviation measures
satisfies a generalised conditional variance formula. We show that, under a
domination condition, dynamic deviation measures are characterised as the
solutions to a certain class of stochastic differential equations. We establish
for any dynamic deviation measure an integral representation, and derive a
dual characterisation result in terms of additively m-stable dual sets. Using
this notion of dynamic deviation measure, we formulate a dynamic mean-
deviation portfolio optimization problem in a jump-diffusion setting and iden-
tify a subgame-perfect Nash equilibrium strategy that is linear as function of
wealth by deriving and solving an associated extended HJB equation.

1. Introduction. One traditional way of thinking about risk is in terms of
the extend that random realisations deviate from the mean. In portfolio theory as
initiated in Markowitz (1952), for instance, risk is quantified as the variance or
standard deviation of the return. In the setting of the Black and Scholes (1973)
model, it is the volatility parameter, which is equal to the standard deviation of the
log-stock price at unit time, that is often taken as description of the risk. Alterna-
tive approaches to quantification of risk that have emerged more recently also take
into account other aspects of the return distribution such as heavy tails and asym-
metry. In this context, an axiomatic framework for (general) deviation measures
was introduced and developed in Rockafellar, Uryasev and Zabarankin (2006a),
which form a certain class of nonnegative positively homogeneous (static) oper-
ators acting on square-integrable random variables. General deviation measures
allow to distinguish between upper and lower deviations from the mean, gener-
alising standard deviation. Various aspects of portfolio optimization and financial
decision making under general deviation measures have been explored in the liter-
ature, in particular regarding CAPM, asset betas, one- and two-fund theorems and
equilibrium theory; see also among many others Cheng, Liu and Wang (2004),
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Rockafellar, Uryasev and Zabarankin (2006b, 2006¢, 2007), Mérkert and Schultz
(2005), Stoyanov et al. (2008), Grechuk, Molyboha and Zabarankin (2009) or
Grechuk and Zabarankin (2013, 2014). In this paper we present an axiomatic ap-
proach to deviation measures in dynamic continuous-time settings. We show that
such dynamic deviation measures admit in general a dual robust representation
and are linked to a certain family of stochastic differential equations, if a certain
domination condition is satisfied. Subsequently, we use this notion of a dynamic
deviation measure to phrase a mean-deviation portfolio optimization problem in a
jump-diffusion setting and identify for this problem a subgame-perfect Nash equi-
librium portfolio allocation strategy by means of an associated novel type of ex-
tended Hamilton—Jacobi—-Bellman equation, which complements the ones studied
in Bjork and Murgoci (2010).

(Conditional) deviation measures. Dynamic deviation measures are given in
terms of conditional deviation measures, which are in turn a conditional ver-
sion of the notion of (static) deviation measure defined in Rockafellar, Uryasev
and Zabarankin (2006a) that we describe next. On a filtered probability space
(2, F, (Fi)iero,11, P), where T > 0 denotes the horizon, consider the (risky)
positions described by elements in L?(F;), t € [0,T], p > 0, the space of
Fi-measurable random variables X such that E[| X|”] < co. By Li(]—}), L°°(Fy)
and L (F;) are denoted the subsets of nonnegative, bounded and nonnegative
bounded elements in L”(F;). The definition is given as follows.

DEFINITION 1.1. For any given ¢ € [0, T1, D, : L*(Fr) — L2 (F;) is called
an F;-conditional deviation measure if it is normalised (D;(0) = 0) and the fol-
lowing properties are satisfied:

(D1) Translation Invariance: D;(X + m) = D;(X) for any m € L*°(F;).
(D2) Positive Homogeneity: D;(AX) = AD;(X) for any X € L?>(Fr) and A €
o0
LE(F).
(D3) Subadditivity: D;(X +Y) < D;(X) + D;(Y) for any X, Y € L*>(Fr).
(D4) Positivity: D;(X) > 0 for any X € L*(Fr), and D;(X) =0 if and only if
X is F;-measurable.

If Fo is trivial, Dy is a deviation measure in the sense of Definition 1 in
Rockafellar, Uryasev and Zabarankin (2006a). The value D;(X) = 0, we recall,
corresponds to the riskless state of no uncertainty, and axiom (D1) can be in-
terpreted as the requirement that adding to a position X a constant (interpreted
as cash) should not increase the risk. Furthermore, it follows similarly as in
Rockafellar, Uryasev and Zabarankin (2006a) that, if D satisfies (D2)-(D3), (D1)
holds if and only if D;(m) =0 for any m € L2(F;). In other words, constants do
not carry any risk. Moreover, it is well known that if (D2) holds, (D3) is equivalent
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to conditional convexity, that is, for any X, Y € L2*(Fr) and any A € L°°(F;) that
issuchthat 0 <A < 1:

Di(AX + (1 = W)Y) <AD;(X) + (1 — 1) Dy (Y).

The property of convexity is often given the interpretation that diversification of
a position should not increase its riskiness. We also note that (D2) implies that,
for any X1, X» € L2(Fr), D;(InX;) = I14D;(X;), i = 1,2, where I4 denotes the
indicator of the set A, so that?

(LD Di(IaX1+ 1acX2) = 14D (X1) + 1ac Dy (X2), AeF;.

In the analysis typically also a lower semicontinuity condition is imposed, the
conditional version of which is given as follows:

(D5) Lower Semicontinuity: If X" converges to X in L3(Fr), then Di(X) <
liminf, D;(X").

Dynamic deviation measures. We impose additional structure on a given fam-
ily of F;-conditional deviation measures in order to ensure it satisfies a form of
time-consistency. One recursive structure that has been successfully deployed in
among others the case of mean-variance portfolio optimization is the one em-
bedded in the conditional variance formula given by vars(X) = varg(E[ X |F;]) +
Elvar;(X)| Fs] for s <7 and X € L*(Fr) with vars(X) = E[(X —E[X|| F;])*| F];
see, for instance, Basak and Chabakauri (2010), Wang and Forsyth (2011), Li,
Zeng and Lai (2012) or Czichowsky (2013). Inspired by this recursive structure,
we require that a collection (D;)¢[0,7] of conditional deviation measures satisfy
the following generalisation of the conditional variance formula:

(D6) Time-Consistency: Forall s,t € [0, T]withs <t and X € L2(Fp),
(1.2) Dy(X) = Dy(E[X|F/]) + E[D;(X)| Fs].

REMARK 1.2. (1) As D(X) > 0, (D6) implies that (Ds(X))se[0,7] 1S a super-
martingale, which implies in particular that D has a cadlag modification.

(i1) It follows by standard arguments that (D6) for s = 0 already uniquely de-
termines a dynamic deviation measure D. Suppose that Dy and X € L3(Fr) are
given and besides (D;(X)):c[o0,7] there exists a collection of square-integrable
Fy-measurable random variables (D;(X)):e[o,7] satisfying (D6) for s = 0, then
Dy(X) = Dj(X) for all t € [0, T]. Indeed, if the F;-measurable set A" :=
{D;(X) > D;(X)} were to have nonzero measure, then by (1.1) and (D6) we find

E[I4D;(X)] =E[D;(InX)] = Do(Is'X) — Do(ElLa X|F:]) =E[D; (14 X)]
=E[14D;(X)],

3To see that (1.1) holds, note that by (D2) IoD; (14 X1 + 14cXp) = Di(Ia(Ua X1 + 14c Xp)) =
D;(IpX1) =14Ds(X1); similarly, we have Ig4c Dy(14 X1 4+ 14c X3) = Ipc Dt (X5).
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which is a contradiction to the definition of the set A’. Similarly, it may be seen
that the set {D;(X) < D,(X)} has measure zero.

(ii1) Since Dy is convex, lower semicontinuous and finite, Dy is continuous in
L*(Fr) [see Proposition 2 in Rockafellar, Uryasev and Zabarankin (2006a, 2006b,
2006¢)].

We arrive thus at the following definition of dynamic deviation measure.

DEFINITION 1.3. A family (D;);c[0,1] is called a dynamic deviation measure
if D¢, t €0, T], are F;-conditional deviation measures satisfying (D5) and (D6).

One way to construct examples of dynamic deviation measures is in terms of
the solutions of a certain type of SDEs. Such solutions, when seen as function of
the corresponding random variable, we will call g-deviation measures (where g is
the driver function of the SDE in question). We show in Theorem 3.2 that, under
a domination condition, any dynamic deviation measure is equal to a g-deviation
measure for some driver function g. This result may be considered to be an ana-
logue of the link between the dynamic coherent and convex risk measures and
g-expectations; see Coquet et al. (2002) and Royer (2006) [for contributions on
convex risk measures and g-expectations and their generalizations see, for in-
stance, Barrieu and El Karoui (2005, 2009), Rosazza Gianin (2006), Kloppel and
Schweizer (2007), Jiang (2008), El Karoui and Ravanelli (2009), Bion-Nadal and
Kervarec (2012) or Pelsser and Stadje (2014)]. By drawing on dual robust repre-
sentation results, we also establish characterisations of general dynamic deviation
measures that are valid without the domination condition (see Theorems 3.7, 3.11
and 3.12).

REMARK 1.4 (Relation to dynamic coherent risk-measures). By generalising
arguments given in Rockafellar, Uryasev and Zabarankin (2006a, 2006b, 2006c¢)
to the F;-conditional context, we note that any (static) JF;-conditional deviation
measure is equal to the sum of a conditional expectation and a risk-measure p; that
satisfies a (Fy-conditional) lower range dominance condition. As the notions of
time-consistency differ in cases of dynamic deviation and dynamic risk measures
this relation does not carry over to the dynamic case (see Proposition 3.14). A
collection (p¢)re0,7], Pr : L*(Fr) —> Lﬁ_(]-}), forms a family of dynamic coherent
risk measures, we recall, if, for every ¢ € [0, T'], p; is positively homogeneous and
subadditive [as in (D2) and (D3)], and is (dynamically) monotone and translation
invariant in the following sense:

Translation Invariance: Forall X € L2(F7) and m € L®(F;), we have p; (X +
m) = pi(X) —m.
Monotonicity: If X,Y € L?(Fr) and X <Y, then p;(X) > p;(Y).
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For a discussion of these axioms, see Artzner et al. (1999). Note that by (D1)—
(D2) D,(m) =0 for any m € L*(F;), so that dynamic deviation measures do
not satisfy the axiom of monotonicity. While for dynamic deviation measures
time-consistency is defined in terms of the generalised conditional variance for-
mula (1.2), in the theory of dynamic coherent and convex risk measures a recursive
tower-type property is the relation strongly time-consistent dynamic risk-measures
should satisfy. Specifically, a dynamic coherent or convex risk measures is called
strongly time-consistent, we recall, if

(1.3) ps(pi(X)) = ps(X)  fors <t;

see, for instance, among many others Chen and Epstein (2002), Riedel (2004),
Delbaen (2006), Artzner et al. (2007), Follmer and Schied (2011), Cheridito and
Kupper (2011). Note that a dynamic deviation measure D is not strongly time-
consistent [in view of the fact that D;(D7(X)) = D;(0) =0 for t < T]. Interest-
ingly, as shown in Proposition 4.4, a collection of conditional deviation measures
satisfies (D6) if and only if in their dual representations the dual sets are con-
vex, closed, and additively m-stable, which is a result naturally complementing
the well-known fact in the literature that the property of time-consistency for co-
herent risk measures [defined by (1.3)] may be characterised in terms of convex,
closed, multiplicatively m-stable sets [see Delbaen (2006)].

Contents. The remainder of the paper is organised as follows. We present in
Section 2 the definition of g-deviation measures, its properties and a number of
examples. With these results in hand, we turn in Section 3.1 to the characterisation
of dynamic deviation measures under a domination condition (Theorem 3.2) and
proceed to establish in Section 3.2 an integral representation for general dynamic
deviation measures, removing the aforementioned domination condition (Theo-
rem 3.7) and a dual robust representation result (Theorems 3.11 and 3.12). In
Section 5, we phrase a dynamic mean-deviation portfolio-optimization problem
and present an equilibrium solution. It is of interest to investigate other (financial)
optimization problems in terms of dynamic deviation measures, such as optimal
hedging problems, capital allocation problems and optimal stopping problems; in
the interest of brevity, we leave these as topics for future research.

2. g-Deviation measures. In the sequel, we assume that the probability space
(2, F,P) is equipped with (i) a standard d-dimensional Brownian motion W =
(W1, ..., W9)T and (ii) a Poisson random measure N (d x dx) on [0, T'] x R¥\ {0},
independent of W, with intensity measure N (dt x dx) = v(dx) dt, where the Lévy
measure v(dx) satisfies the integrability condition

/Rk\{o}(m2 A 1)u(dx) < o0,
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and let N (dt x dx) := N(dt x dx) — N (dt x dx) denote the compensated Pois-
son random measure. Further, let ¢/ denote the Borel sigma-algebra induced by
the L%(v(dx))-norm, (Fi)tefo,1] the right-continuous completion of the filtration
generated by W and N, and P and O the predictable and optional sigma-algebras
on [0, T] x € with respect to (F;). We denote by LCZI (P, dP x dt) the space of
all predictable d-dimensional processes that are square-integrable with respect to
the measure dP x dr and we let S2={Y € O : E[supo<;<7 |Y;|2] < oo} denote the
collection of square-integrable cadlag optional processes. Further, let B(RF \ {0})
be the Borel sigma-algebra on R* \ {0}. For any X € L?(Fr) we denote by
(HX, HX) the unique pair of predictable processes with HX € L2 (P, dP x dr)
and HX € L2(P x B(R* \ {0}), dPP x dr x v(dx)), subsequently referred to as the
representing pair of X, satisfying*

T T - -
2.1 X =E[X] +f HX dw; +/ / HX (x)N(ds x dx),
0 0 JRE\(0)

where [] HX dW, :=Y% | [T HX dw!.

N
We consider the following class of driver functions.

DEFINITION 2.1. We call a P ® B(RY) ® U-measurable function

g:[0,T]x Q xR? x L2(v(dx)) - Ry,
(t, w, h, fz) —> g(t,w,h,fz)

a driver function if for dP x dr a.e. (w,t) € Q x [0, T]:

(i) (Positivity.) For any (h, h) € R? x L*(v(dx)) g(z, h, h) > 0 with equality if
and only if (h, h) = 0.

(1) (Lower semicontinuity.) If h" — h, " — h L?(v(dx))-a.e., then
g(t, h, h) <liminf, g(z, k", h").

DEFINITION 2.2. We call a driver function g convex if g(z, h, h) is convex in
(h, fl), dP x dr a.e.; positively homogeneous if g(t, h, fl) is positively homogeneous
in (h, h), that is, for A > 0, g(¢, Ak, Ah) = Ag(t, h, h), dP x dr a.e. and of linear
growth if for some K > 0 we have dPP x dr a.e.,

(22) ROV RIS SULEY S R 1O BT
Rk\{0}

To such a driver function g, one may associate a corresponding dynamic devia-
tion measure given in terms of the solution to a certain (backward) SDE.

4See, for example, Theorem I11.4.34 in Jacod and Shiryaev (2003).
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DEFINITION 2.3. Let g be a convex and positively homogeneous driver func-
tion of linear growth. The g-deviation measure D8 = (Df )ref0,7] 1s equal to the
collection Dy : LZ(]-'T) — Lﬁ_(]—'t), t €10, T], given by

D!¥(X)=Y:,  XeL*(Fp).

where (Y, Z, Z) € 82 x L%(P, dP x dt) x L>(P x B(R*\ {0}), dP x d x v(dx)) is
the unique solution of the SDE given in terms of the representing pair (HX, HY)
of X by

dy, = —g(t, HX, HX)dt + 7, dW,
(2.3)
+/ Z,(x)N(dt x dx), te[0,T),
Rk\{0}
(2.4) Yr =0,

Any g-deviation measure admits an integral representation in terms of g.

PROPOSITION 2.4. Let g be a convex and positively homogeneous driver
function of linear growth.
(i) For given X € L*(Fr), we have

T -
(2.5) Df(X):E[/ g(s,HSX,HsX)ds‘]:t], tel0,T].
t
(ii) DS is a dynamic deviation measure. In particular, D8 satisfies (D6).

PROOF. (i) Letting Y; be equal to the right-hand side of (2.5) we note that
Y7 =0, while we have

t - T -
Y,:Mt—/ g(s,HSX,HSX)ds, MtzE[/ g(s, HSX,HSX)ds‘]-}].
0 0

Letting (Z, Z) = (ZMr | ZMT) the representing pair of M7 we have that Y; satis-
fies (2.3).

(i1) To verify that (D6) holds, we note that the representation (2.5) implies that,
for any s,¢ € [0, T] with s <t¢,

DE(E[X|F,]) = E[/tg(u, HX, BY) du J—“s],

which yields that D§ (E[X|F;]) + E[Df (X)|F] is equal to

t - T ~
E[/ g(u,H;‘,Hf)du;fs]HE[E[/ g(u,Hf,H;‘)du‘f,]

s t

d

T -
=E|:/ g(u, HMX, Hux)du fs],
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which is equal to D$(X). We show next that the axioms (D1)—(D5) are satisfied.
We note from (2.5) that Df (X +m) = D{ (X) for any X € L>(Fr), m € LL(F,)
while D,g (m)=0as g(z,0,0) =0, so that (D1) holds. Using (2.5), we see that D8
inherits the properties of convexity and positive homogeneity from g, so that (D2)
and (D3) are satisfied. Positivity (D4) is straightforward to verify by using that g is
nonnegative and strictly positive for (4, h) #0. Finally, noting that (a) if X" — X
in L2(Fr), (HX", I:IXn) converges to (HX, ﬁx) in Lﬁ(d]P’ x df) x L2(dP x dt x
v(dx))-norm and that (b) g is nonnegative and lower semicontinuous, we have by
an application of Fatou’s lemma

T
.. (VN _ 1ion: X" S XN
lim inf D; (X)_hrr}llanE[/t g(s, H , H; )ds‘]-}]
T n ~ n
zE[/ liminf g(s, HX", AX )ds‘]—}]
t

T .

> E[/ g(s, HSX, HSX) ds‘}",}
t

= D¥(X),

which shows that also the lower semicontinuity condition in (D5) is satisfied. []

The linear growth condition and convexity guarantee that a g-deviation measure
is continuous in L2.

LEMMA 2.5. Let g be a convex driver function of linear growth. If X" con-
verge to X in L*(Fr), then lim, D§(X") = D§ (X).

PROOF. If X" converge to X in L?(Fr) then, as noted before, H X" and
X" converge to HX and HX in Lfi(d]P’ x dr) and L3(dP x dr x v(dx))
norms. Next, note that |g(s, HX", ﬁs)‘m)| is a uniformly integrable sequence by
the growth-condition (2.2) and the convergence of the processes |HX" |2 and
ka\{O} |I§X"|2(x)v(dx) in LY(dP x dr)-norm. As g 1s continuous [as it is con-
vex and locally bounded, c¢f. Theorem 2.2.9 in Zilinescu (2002)], it follows thus
that lim, D (X") = lim, E[f) g(s, HX", HX")ds] = E[J] g(s, HX, HX)ds] =
D§(X). O

We list a number of properties of a g-deviation measure that are characterised
in terms of those of the driver function g.
PROPOSITION 2.6. Let g and g be driver functions of linear growth:

(i) DS is conditionally convex if and only if g is convex.
(ii) DS satisfies (D2) if and only if g is positively homogeneous.
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(i) D¥ is symmetric, that is, D#(X) = D (—X) for all t, if and only if g is
symmetric in (h, h).
(iv) D8 > D8 ifand only if g > g dP x df a.e.

To simplify notation, we denote, for s,¢ € [0, T] with s <t and (H, H ) €
L2(P,dP x dt x L>(P x B(R \ {0), dP x dr x v(dx)), (H - W)y, 1= = [ H, dW,
and (H N)st = f(3 F]xRE\{ O}H (x)N(du x dx), and moreover, (H - W), :=
(H-W)o, and (H - N); := (H - N)o.

PROOF OF PROPOSITION 2.6.  First, we prove (i) “=" by contradiction. Sup-

pose that there exist predictable processes B’ and B! for i = 1,2, a nonzero pre-
dictable set C and a A € (0, 1) such that for (s, w) € C

g(s,A\B{ + (1= 1) B, AB} + (1 — 1) B})
> Ag(s, B}, B}) + (1 — M)g(s, B, B}).

Set H! (w) = Bi(w),i =1,2,if (s, w) € C and zero otherwise, define H',i = 1,2,
similarly and set X = (H! - W)z + (H' - N)r, Y = (H?>- W)7 + (H?- N)r and
Cs ={w e Q: (s,w) € C}. using that g(s, 0,0) = 0 it follows that D§ (A X + (1 —
A)Y) is equal to

T ~ ~
IE[/ g(s, M, HY + (1 =M Ic H? Mc,HY + (1 — 1) Ic, H?) ds:|
0
T ~ ~
:E[/ Ic,g(s, AH) + (1 = A)HZ, AH! + (1 — 1) H?) dS}
0
T - T ~
2.6) >ME[/ Icsg(s,Hsl,Hs])dS}+(1—?»)E[/ Icsg(s,Hf,Hf)dS}
0 0
T ~
— AE[/ g(s, Ic, Hsl, Ic, Hsl) ds}
0

T i
+ (1 - A)E[/ g(s, Ic, HSQ, ICXHSZ) ds].
0

The right-hand side of (2.6) is equal to AD§ (X)+ (1 —1) D§ (Y), in contradiction to
the convexity of Dg. The directions “=""in (ii), (iii) and (iv) follow by similar lines
of reasoning. The implications “<" in (i)—(iv) follow from (2.5) in Proposition 2.4.

O

Examples. We give next a number of examples of g-deviation measures.

EXAMPLE 2.7. The family of g-deviation measures with driver functions
given by

Q.7 gea(t,h,ht)=clh] + d\//Rk\{o}Vz(x)]zv(dx), ¢, d e Ry\{0},
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corresponds to a measurement of the risk of a random variable X € L2(F7) by the
integrated multiples of the local volatilities of the continuous and discontinuous
martingale parts in its martingale representation (2.1).

EXAMPLE 2.8. In the case of a g-deviation measure with driver function
given by

g(w,t,h, ) =CVaR} ,(h), a € (0, v(R\{0})),
the risk is measured in terms of the values of the (large) jump sizes under
CVaR; ,. Here CVaR} ,(h) = é IS VaR/ , (h)db is given in terms of the left-
quantiles VaR}{ a(ﬁ), a € (0, v(Rk\{O})) of A(J) under the measure v(dx), that
is,
VaR! ,(h) := VaR}(h(J)) := sup{y € R: v({x e R\\{0} : hi(x) < —y}) < a}.

In the next example, we deploy the following auxiliary result.

PROPOSITION 2.9.  Let I := {to9,t1,...,t,} C [0, T] be strictly ordered.
D = (Di)ter satisfies (D1)—~(D4) and (D6) if and only if for some collection
D = (Dy)eg of conditional deviation measures we have

D(X) =E[ S D, (EIXIF,,] —E[Xm,.])\ft],
tiel:ti>t
(2.8) 5
tel, X eL2(Fp).

In particular, a dynamic deviation measure D satisfies (2.8) with E,i =D, t;el.

PROOF. “«”: We will only show that D; satisfies (D6), as it is clear
that (D1)~(D4) are satisfied. Let X € L%(Fr) and note that as D,, t €1, sat-
isfy (D1) and (D4) we have for any s,t € I with s > ¢ that D;(E[X|F;]) =
Y eri<i<s E[Dy, (B[X|F;,,, DIF;]. Thus, we have that D;(X) is equal to

Y. E[DEIXIF, DIF]+ D> E[D,(EIXI|F,,,1)F]
tiel:it<ti<s tiel:s<t;
= Dt(E[X|fs]) + E[DS(X”]:[]
“=" For X € L>(Fr)and t;_; € I,i > 1, we have by (D6) and (D1)

(2 9) Dli_l (X) = Dti_l (E[XLFI,]) + E[DZ‘,' (X)|~F.tl_1]
' = D,_,(E[X|F,] - EIX|F,_,]) + E[D, (X)|F_, ]

An induction argument based on (2.9) then yields that (2.8) holds with D; = Dy,
tel. U
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EXAMPLE 2.10. The formula (2.8) in Proposition 2.9 gives a way to define a
collection D = (D;);¢; satisfying axioms (D1)—(D6) for s, t € I, which we call a
dynamic deviation measure on the grid 1. Comparison of (2.8) and (2.5) suggests
that one may obtain the values of a dynamic deviation measure as limit of the
values of (suitably chosen) dynamic deviation measures on grids with vanishing
mesh sizes. We next illustrate this for the g-deviation measures D* .= D& 1 >0,
corresponding to the driver functions g, given by

(2.10) @(@,1,h ) = x\/|h|2 +/ h)Pvdo),  A>0,
RK\ {0}
and random variables X € L2(F7) of the form

T
(2.11) X=x +/ f @) dw, + g(t, y)N(dr x dy)
0 [0, T]1xR¥\ {0}
withx e R, f € C([0, T], Rd) and g € Co([0, T'] x R, R).S We construct approx-
imating sequences in terms of the conditional CVaR-deviation measures given by
DI(Y) :=CVaR; (Y —E[Y|F]) for Y € L*(Fr),t€[0,T], « € (0, 1), where for
A= Lz(]:T)

1 re
CVaR; 4(Z) = —f VaR; ,(Z) db,
« Jo

VaR; ,(Z) =sup{y e R: P(Z < —y|F;) < b};

see Rockafellar, Uryasev and Zabarankin (2006a).

Specifically, the expression in (2.8) suggests to scale the value of conditional
deviation measures corresponding to small time units in order to obtain in the limit
a dynamic deviation measure. Denoting for X of the form (2.11),

MIH»I = E[X|]:l‘i+|]7 AM,+1 = Ml‘,‘+] — Ml‘,

1

=Ti/2",i=0,...2"—1,

with r,» = T and following this suggestion we specify the contribution to the total
risk of

AMisi = / £(s)dW, + / g5, )N (ds x dy),
t (ti ,ti+11x (RF\{0})

i=0,...,2" -1,

5C([0, T], Rd) and Cy([0, T] x R¥, R) denote the sets of continuous functions f : [0, T'] — RY,
and of continuous functions g : [0, T'] x R¥ > R that are such that sup;efo,r1 18, x)| — O as x| —
00 and sup, g (o) SUPrefo, 71{1g (1, X1/ Ix[?} < 0.
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by D, (AM;41) := /A1 1CVaR,, o (AM; 1), Atir| =ti 1 — t;, which gives rise
to the dynamic deviation measure D = (D,(”)),eln onl,:={t,i=0,...,2"}
given by

D(X) = Y E[Dy (AM;4+1)|F]

>t

AM;
@.12) = 3 o2 At E| CVaRy o (e )| 7]

=1 Vo2 () Aty
with 02(¢) := |f(t)}2 —i—f \g(t,x)]zv(dx),t el,,
Rk\{0}

where we used that CVaR,,  is positively homogeneous. As AM;; is infinitely
divisible and f and g are bounded, we have by an application of the Lindeberg—
Feller central limit theorem [see, e.g., Durrett (2010), p. 129] that, when we let

n — oo while keeping #; fixed the ratio AM; 1 /\/o2(t;) At; 11 converges in distri-
bution to a standard normal random variable &£. By uniform integrability and the
independence of AM; from F;,, we have

AM; AM;
CVaRy, (—’“) — CVaR, (7’“) —» CVaR, (¢)

Vo2t Aty Vo2 () Atiq
1 e
=—/ O (u)du =: ¢q,
o JO
where CVaR, () = CVaRy o(-) and &~ ! denotes the inverse of the standard normal

distribution function ®. Hence, letting n — oo in (2.12) and deploying the uniform
continuity of f and g we have for any ¢ € [0, T'] of the form t = k/2™, k,m € N,

D" (X) — ca]E|:/tT \/|f(s)|2 + /];%k\{o}|g(t,x){zv(dx)ds‘]:,:|

(2.13) )
= D;*(X).

3. Representation results, m-stability and time-consistency.

3.1. Characterisation result. 'We show next that any dynamic deviation mea-
sure that satisfies a domination condition is a g-deviation measure for some driver
function g.

DEFINITION 3.1. A dynamic deviation measure D = (D;)¢[0,7] is called A-
dominated if forall t € [0, T] and X € L2(.7:T) and we have

D;(X) < D}(X).
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PROPOSITION 3.2. Let D = (D;)icjo,r] be a collection of maps
D, : Lz(]:T) — L%r(]-}), t € [0, T]. Then D is a dynamic deviation measure that
is A-dominated for some ) > 0 if and only if there exists a convex and positively
homogeneous driver function g of linear growth such that D = D$. Furthermore,
this driver function g is unique dP x dt a.e.

PROOF. We first verify uniqueness: If g is a driver function that satisfies D$ =
D&, it follows from Proposition 2.6(iv) that g = g dP x df a.e. We note next that
the implication “<” follows from Proposition 2.4. The remainder is devoted to
the proof of the implication “=>", which is established using a number of auxiliary
results (the proofs of which are deferred to the end of the section).

Thus, let D be a given dynamic deviation measure that is A-dominated, so that
in particular Dy is finite. We identify next a candidate driver function g. For the
remainder of the proof, we assume for the ease of presentation that d = 1. For fixed
h € R and h € L%(v(dx)), consider the mapping Wy i P x P — R given by

1y, i - C1 x Ca> Do((Ie,h- W)t + (Ieyh - N)r).

LEMMA 3.3. Let (h,h) € R x L2(v(dx)).

G Cr ,uh’ﬁ(C, ), C +— /thl(g, C)and C — th,(C, C) are o -finite mea-
sures on ([0, T] x 2, P).
(i1) For any C1, C> € P we have

My i (C1, C2) =y, 1 (C1\ C2, @)+, (D, C2\ C)
+ 1wy, ;(C1NC2, CL N C).

3.1

The proof of Lemma 3.3 is given in the Appendix. As Dg is A-dominated
C — u;, j(C,C) is absolutely continuous with respect to the measure dP’ x dr
and we conclude from the Radon—Nikodym theorem that there exists an integrable
nonnegative density, say R, (s, w), that is such that Ry o = 0 and for any set
CeP

T
(32) 1, 7(C.C) = E[/O Ic, Rhﬁ(s)ds],

where C; = {w € Q : (w,s) € C}. In particular, we note that u, ;(C,9) =
wuro(C,C)and u, 7(2,C) = ,uojl(C, C) satisty (3.2) with R, ; replaced by Ro,ﬁ
and Ry, o, respectively. We define the candidate driver function g in terms of R by

(3.3) g(t.w.hh) =R, ;(t.w),  (t,w)€[0,T]x Q.

The next result confirms that g is a driver function (the proof is given in the Ap-
pendix).
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LEMMA 3.4.  There exists a version of g such that, for dP x dr a.e. (t, w),
(h,h) — g(t,w, h, h) is continuous, convex, positively-homogeneous and domi-
nated by g,..

Note that (#, ) > g(f, , h, h) is predictable for every (h, h) e R x L?(v(dx))
and by Lemma 3.4 (A, h) — g(t,w, h, h) is continuous in (%, h) so that by stan-
dard arguments g can be approximated by P ® B(RY) ® U{-measurable step func-
tions and g itself may seen to be P ® BB (R?) ® U-measurable. Note further that
gt,w,h, fz) is nonnegative as thl(t, w) is so for each (A, fz), and g(s,,0,0) =0
since the density Rg o(s, w) of the measure 10,9 is zero. In the next result, we show
that Do may be identified with Dg .

LEMMA 3.5. Let g be as in Lemma 3.4. For X € L>(Fr), we have Do(X) =
D§(X).

Lemma 3.5 (which we prove in the Appendix) and Remark 1.2(ii) imply that
D, = D¢ not only for ¢ = 0 but also for all other ¢ € (0, T]. The proof is complete.
O

The proof of Lemma 3.3 is based on the following auxiliary result.

LEMMA 3.6. Let D be a dynamic deviation measure and t € [0,T]. If
Ay, ..., AneFrand AiNAj =D fori# jand X1,..., X, ELZ(]:T), then for
anyt€l0,T],

(3.4) D, (Z Iy, Xi> =Y Di(la, X).
i=1

i=1

PROOF. Set S; := Zle 14, X; and By = Ule Aj,k=1,...,n. Let us first
show by an induction argument that

(3.5) Di(Sp) =Y 14, Di(X)).
i=1

Equation (3.4) is a direct consequence of (3.5) and (1.1). Using (1.1) and the fact
B,_1 N A, =3, we have
Dt(Sn) = Dt(IB,,,l Sn—l + IB,‘l;l IAan) = IB,,,l Dt(Sn—l) + IB,‘I;I Dt(IAan)

n—1

=1Ip,_, > 1o, Di(Xi)+ Igc_ In,Di(X, >—ZIA D (X)),
i=1 i=1

where we used (1.1) and the induction assumption in the third equality. This com-
pletes the proof of (3.5) and hence of the lemma. [
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3.2. m-Stability and time-consistency. We next turn to a dual representation
result for general dynamic deviation measures which is, as we show in Theo-
rem 3.12, given in terms of additively m-stable representing sets (see Defini-
tion 3.10). Specifically, we show that additive m-stability is in some sense neces-
sary and sufficient to obtain the time-consistency axiom (D6); see Proposition 4.4.
The proof of these results rests on auxiliary dual representation results. Using these
results, we first establish in Theorem 3.7 that an integral representation of the form
(2.5) holds for any dynamic deviation measure even if the domination condition is
not satisfied.

In particular, we may strengthen the characterisation of dynamic deviation mea-
sures given in Proposition 3.2 as follows.

THEOREM 3.7. Let D = (D;)¢[0,1] be a collection of maps D; : L*(Fr) >
L%r (F), t €0, T). Then D is a dynamic deviation measure if and only if there

exists a convex positively homogeneous driver function g such that for any t €
[0, T]and X € L*(Fr)

T ~
(3.6) Dy(X) = E[/ g(s. HX, st)ds’]-",]
t

Theorem 3.7 completely characterises DDMs in a continuous-time setting. It
is remarkable that contrary to the characterization of nonlinear expectations of
g-expectations [see, for instance, Coquet et al. (2002) or Hu et al. (2008)] a domi-
nation criterion for DDMs is not needed. The reason is as follows: For a dynamic
deviation measure D, we can construct an increasing sequence of g”, each of linear
growth, with corresponding dynamic deviation measures D€ such that

T

D(X)= lim D¢ (X)= lim E| | g"(s, HX, HX)ds
n—o0 n— oo 0 $ $

T -
:EI:/O' g(sv HY’HY)dS:|a

where g :=lim g" and the last expectation is well defined by the monotone conver-
gence theorem as g” is an increasing sequence and D(X) is finite by assumption.
For the characterization of nonlinear expectations through g-expectations even in
a purely Brownian setting, however, we get

T
1 n 1 g 1 n n
3.7 o(X) _nll>rrolo,0 (X) _nll)ngog (—X) _nlgroloE[/(; g" (s, Zs)ds].
We would like to conclude that the last term is equal to

T
E[/O g(s, Zy) ds]

But although we know that g" increases to a function g, we can in general not
infer that Z" converges to a suitable process Z. If g” and g would be Lipschitz, or
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of uniform linear or quadratic growth (which would be guaranteed by domination
type criteria), there are results in the literature giving that the BSDE with driver g
has a solution (Y, Z) and

n—o0

Z, e (—x)" =y,

zn"=s
and, therefore, by (3.7) p(X) = Y. Hence, in this case the approach given above
works also for nonlinear expectations. However, without such additional growth
conditions on g the convergence of Z" cannot be guaranteed and, therefore, also
not the convergence of the last term in (3.7).

In the sequel, we give two examples where nonlinear expectations cannot be
characterised by a g-expectation which in particular implies that the Z" in (3.7)
will not converge to a well integrable limit (no matter actually how the approxima-
tion for the g” is chosen).

EXAMPLE 3.8 (No-arbitrage pricing). Suppose that we are in a classical in-
complete financial market with two one-dimensional Brownian motions Wl w2
and a stock price process given by

ds; = S, ((dW,! +dw?) + wdr).

We assume that the interest rate of the bond is zero. The set of equivalent martin-
gale measures is given by

M = {Q << ]P)|qs € C’S € [09 T]}’

where 92 = £((q - W)7), with £ denoting the stochastic exponential, and C =
lg=() € R?|1u 4+ q1 + g2 = 0. Let us define p; : L®(Fr) — L®(F;) by

pr(X) =esssupEqg[—X|F].
QeM
It is well known that p is a time-consistent coherent risk measure; see Remark 3.13
below or Proposition 9.1 in Delbaen (2006). Define

B":={Q<« Plig|? < nz} and p; (X):= esssup Eq[—X|F;].
QeMnBr

One may see that p;' satisfies a domination criterion as the set M N B" is weakly
compact. In fact, p” may be related to good-deal bound pricing and one can prove
[see Kritschmer et al. (2015)] that

PrH(X) =E8" (= X),

where £¢" is the g-expectation with driver function g" given by

£"(2) =/n? — | Pg(0)|*| Pemel(a)(2)| + 2P (0),



3358 M. PISTORIUS AND M. STADJE
where A=(1,1),B={x € R2|Ax = —u}, and Py (x) denotes the projection of x
onto the space V. Hence,
p(X) = lim €% (=X),
but on {7z € R2|PKemel(A) (z) # 0}, g(z) = limy_, 0 g"(z) = 00. In particular, al-

though p; is a time-consistent coherent risk measure, p; can not be characterised
by a g-expectation.

EXAMPLE 3.9. The following example is inspired by Delbaen, Hu and Bao
(2011). Let (g;") be a deterministic, positive process with

T—e¢ w12 T .12
/0 lgf|"dt <oo  forevery e >0, and /0|q,| dr = oo.

In particular, £((¢g* - W)7) = 0. Define further
o :=inf{r [0, T1IE((¢" - W),) = n},
where 7 is chosen large enough, so that P(c = T') > 0. Define Q* by
*
L —E(lg" Wiy ).
Note that Q* < PP, % is bounded, P[% =0]>0and Q* ~Pon F; fort < T.
Define p; : L*(Fr) — L*(F;) by pr(X) := —X and

pr(X) :=Eqe[-X|F]  forze[0,T).

Note that for t < T we have that o, (X) is well defined a.s. as Q* ~ P on F;.

Clearly, p; is a coherent risk measure for every 7. Furthermore, since we have
pr(—ps(X)) = p;(X) forevery 0 <t <s < T, py is also time-consistent. However,
if we choose n € LY (Fr) with P[n > 0] > 0 and Q*[n > 0] =0, p;(n) cannot be
the solution of a BSDE. This is seen as follows: As n =0 Q*-a.s., fort < T we
have

pi(n) = p:(0) = 0.

Now solutions of BSDEs are a.s. continuous in . So, if (p;(n))o</<7 Was the
solution of a BSDE, this would imply for t* 1 T

—n=pr(m) = lim pm(n) =0,

which is a contradiction.
Note that in this counter-example the potential limiting BSDE corresponds to

Yr=-n,
dY[ = _q[*Zt dr + Z[ th, 1 e [0, T)
This BSDE has a non-Lipschitz driver that explodes at t = T'.
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The mentioned notion of additive m-stability is the requirement of stability un-
der additive pasting of subsets of the collections of (conditionally) zero-mean ran-
dom variables given by

Qr, =& e LX(Fr)|E[§|F1=0},  Q:=Qr =|€ € L*(Fr)|E[£] =0).

DEFINITION 3.10. A set S C Q is called additively m-stable if for any
gl e2eSandt €0, T, £2 + E[¢! — £2|F;] defines an element of S.

Denoting for a given set S C Q
SS,I = {E[E|~B]_E[§|‘FS]|€€S}7 s9t€[07 T]7

we note that S = Sp r and that a necessary and sufficient condition for S to be
additively m-stable is

S§=80:+ ST for any ¢ € [0, T],

where A + B denotes the direct sum of the sets A and B.°

THEOREM 3.11. Let D = (D;):¢j0,1) be a collection of maps Dy : Lz(]:T) —
LO(]-}), t €0, T, satisfying (D4). Then D is a dynamic deviation measure if and
only if for some convex, bounded, closed subset SP of Q that contains zero and is
additively m-stable we have

(3.8) Di(X)= esssup E[£X|F:], tel0,T].
EESDHQ]:t

In the next result, we call a P ® B(R?) ® U{/-measurable subset C = (C;) 1€[0.T]
of [0,T] x © x RY x L?(v(dx)) closed, convex or nonempty if for dP x dr a.e.
(t,w) € [0, T] x €, the sets C;(w) are closed, convex or nonempty. We denote by
int(C) the collection of interiors of the sets C;(w), (f, w) € [0, T] x Q.

THEOREM 3.12. Let D = (D;):¢j0,1) be a collection of maps Dy : Lz(]-'T) —
LO(F;), t € [0, T). Then D is a dynamic deviation measure if and only if there
exists a P ® B(R?) ® U-measurable set CP = (C ,D )re[0,T] that is convex, closed
with 0 € int(CP), such that D satisfies the representation in (3.8) with a bounded
set SP given in terms of CP by

(3.9) SP =g e Q|(H}, H) e CP forallt €0, T]).

The proofs of Theorems 3.7, 3.11 and 3.12 are given below.

SThatis, A+ B:={a+b:acA,beB}.
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REMARK 3.13 (Relation to strong time-consistency of dynamic risk-measures).
The characterisation in Theorem 3.12 is reminiscent of analogous characteri-
sation results of (strong) time-consistency of dynamic risk measures available
in the literature. If we call a set S’ C M multiplicatively m-stable if for ev-
ery £,£2 € S and 1 € [0, T] the element L; := é,lé%/étz is contained in &',
we note that under multiplicative m-stability of S’ we have the decomposition
S'= 8y r =8),S ¢ with S, == {E[¢§|F]/E[§| Fs1|§ € S} (with 0/0 = 0), so
that the set S’ is stable under “multiplicative” pasting. It is well known that co-
herent risk measures are (strongly) time-consistent precisely if the representing
sets in the corresponding dual representations are multiplicatively m-stable; see
among many others Chen and Epstein (2002) (where multiplicative m-stablility
is called “rectangular property”), Riedel (2004), Delbaen (2006), Artzner et al.
(2007) or Follmer and Schied (2011). Specifically, in a Brownian setting it is
shown in Delbaen (2006) that multiplicative m-stability of a convex and closed
setS"CcM:={elL i(]-'T)|E[$] = 1} containing 1 corresponds to the existence
of a P ® B(R?) ® U{-measurable, closed and convex set C’ containing 0 such that
S'={t¢ Ml(qf, wss) € C} for all s € [0, T}, where (g%, ¥%) is related to the
stochastic logarithm of £ by & = £((¢% - W) + (& - N)7) with £(-) denoting the
Doléans—Dade exponential. This result implies that time-consistent coherent risk
measures on L satisfy the representation

pi(X) = esssup E[-§X[F],
EeS'NM g,

(3.10) with Mz, := {§ € LL (Fr)|E[€|F]=1} and
S' =18 eLL(Fr)l(g:, v) e C, forall s € [0, T1}.

This result is generalised in Delbaen et al. (2010) to convex risk measures. As a
counterpart of Theorem 3.1 in Delbaen (2006), which concerns multiplicatively
m-stable sets in a Brownian filtration, we have from Theorem 3.12 and Proposi-
tions 4.1-4.4 below that a closed and convex set S C Q containing 0 is additively
m-stable if and only if, for some P ® B(R?) @ U-measurable set C* = (CH)iero, 17
that is convex, closed and contains 0, we have S = {€ € Ql(Hf, Ijl,f) € C; for all
te[0, T]}.

While a static deviation measure can under additional assumptions be repre-
sented as a coherent risk measure plus an expectation, in a dynamic setting this
is typically not possible. So a DDM under our assumptions, is not a conditional
expectation plus a coherent risk measure, but a genuinely new stochastic process.
In particular, our SDEs do not correspond to classical BSDEs (plus a conditional
expectation) but constitute a different class of stochastic equations. In fact, the
following proposition holds.
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PROPOSITION 3.14. Let D = D8 be a DDM with corresponding set CP =
(C tD Jo<t<T. Suppose that the boundary aC ,D (w) of the set C tD (w) is deterministic
in the sense that it does not depend on w. Define p(X) :=E[—X]+ y D(X). Then
p satisfies translation invariance, positive homogeneity and subadditivity, but not
monotonicity.

4. Proofs.

Auxiliary representation results. Our starting point is the F;-conditional ver-
sion of the duality result given in Theorem 1 in Rockafellar, Uryasev and
Zabarankin (2006a).

PROPOSITION 4.1. Let t € [0, T] and let the map D, : L>(Fr) — L°(F,) be
given:

(1) Dy satisfies (D1)—(D3) and (D5) and maps L2(Fr) to L%r(}",) if and only
if there exists a bounded, closed and convex set Sp, C Q, containing zero such
that

4.1 D;(X) =esssupE[£ X |F], X e L*(Fy).
§eSp;

The set Sp, is uniquely determined by its (convex) indicator function Js, :
L%(Fr) — {0, oo} given by

4.2) Jsp, (§) := esssup {E[§ X|F:] — D;(X)}.
XeL2(Fr)
(ii) Assume the conditions in (i) are satisfied. Then D, satisfies (D4) if and
only if for every X € L*>(Fr) with X ¢ L*(F,) there exists & € Sp, such that
P[E[& X|F;] > 0] > O.

REMARK 4.2. Note that by (4.2) we have for any set A € F; and &', £% € Sp,
that 4! 4+ I4c£% € S D, . Sets having this property are directed.’

Hence, D;(X) admits a robust representation with representing set given by a
collection of signed measures. This proposition is stated in Rockafellar, Uryasev
and Zabarankin (2006a) in a static setting but it can be seen to also hold true
conditionally on F;; see, for instance, Riedel (2004), Ruszczynski and Shapiro
(20006), or Cheridito and Kupper (2011) for related arguments.

For dynamic deviation measures the property, (D6) induces a specific structure
of the sets Sp,, t € [0, T'], which we specify in the next results. A first observation
is as follows.

7A set S is called directed if for any 51, 52 € S there exists £ € S with £ > 51 \Y 52.
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PROPOSITION 4.3. Lett € [0, T] and let D be a dynamic deviation measure
and denote SP := S Dy - We have that the set Sp, in the representation (4.1) of D;
is such that Sp, = SP N QF, = St?T.

The following result shows that stability under “additive pasting” of the repre-
senting set in the form of additive m-stability is a necessary and sufficient condition
for (D6) to hold.

PROPOSITION 4.4, Let S C Q be a convex, closed set containing
zero. S is additively m-stable if and only if the collection D;(X) :=
€ss SUPesnoy, E[£X|F],t €[0,T1, X € L*(Fr), satisfies (D6).

The proofs of Propositions 4.3 and 4.4 are given in the Appendix.

PROOF OF THEOREM 3.11. The assertion follows by combining Propositions
41,43 and4.4. O

In the proofs of Theorems 3.7 and 3.12, we deploy, for a given dynamic
deviation measure D, the sequence (D™, ey of dynamic deviation measures

D™ = (D{")e0,r1, D : LA(Fr) — L*(F;) defined by

@43) D™ (X):= esssup E[EX|F]  with
£e(SPNQFHINA"

(4.4) A = {g e L*(Fr)

sup {|H§]2+/ }[:If(x)|2v(dx)}§n2}.
s€[0,T] RK\{0)

LEMMA 4.5. Lett €[0,T] and X € L*>(Fr) and, for a given dynamic devia-
tion measure D, let (DY), en and (A™),en be as in (4.3)—(4.4).

(1) Foranyn € N, we have Dt(")(X) < Dt("H)(X) and A" = ”nilA”. More-
over, Dt(")(X) 7 D;(X) in L>(F;) as n — oo.
(ii) Forany n e N, S N A" contains zero and is closed, bounded, convex and

additively m-stable.
(iii) For any n € N, D™ is a dynamic deviation measure that is n-dominated.

PROOE. (i) Itis easily verified that A"*! = L A" 50 that A" C A"+! forn €
N. Hence, by (4.3) we have D™ (X) < D"V (X) for t € [0, T] and X € L2(Fr).
Furthermore, as (A"),cnN is dense in L?(Fr) and the set SP in Theorem 3.11 is
bounded, we have that D" (X) 7 D,(X) as n — oo.

(ii) Let n € N. It is straightforward to verify that A" contains zero and is closed,
bounded and convex. Let us show next that A" is additively m-stable. Let t € [0, T']
and &', £2 € A" and denote L = &2 + E[£! — £2|F;]. Then the representing pair
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(HL, HL) of L € L3(Fr) is expressed in terms of the representmg palrs (H', H ),
i=1,2,0f &', &2 by HL = H!Ij0,(s) + H? 1(, T](s) and HL = A Ijo 1 (s) +
HS I(;,71(s). In particular, we have supse[O’T]{le | + ka\ {0} |HSL(x)|2v(dx)} <
n? sothat L € A". Thus, A" is additively m-stable. Since the set S is also closed,
convex and additively m-stable, the same holds for A” N S.

(iii) Let n € N. From Proposition 4.1 and part (ii), we conclude that D™ gat-
isfies (D1)—(D3) and (D5). Furthermore, from Proposition 4.4 and part (i) we
have that D™ satisfies (D6). Let us show next that D satisfies positivity (D4).
Letre€[0,7T] and X € Lz(]:r)\Lz(}",). By Propositions 4.1 and 4.3, there ex-
ists a £ € SP N Qr, such that E[EX|F;] > 0 on a nonzero set. As (A"),cy is
increasing and dense in L?(Fr) [as noted in the proof of part (1)] we can find
a sequence (£§™),, such that £ e SP N Q 7 N A™ converges to € in L2(Fr) as
m — o0. Next, choose m’ sufficiently large such that on a nonzero set, say A,
we have E[Sm,XU-}] > (0 (which is possible since £ X converges to EX in L'
as m — 00). Define £* € SP N Qr, N A" by &* := %S’"/. Since on A we have
E[£*X|F] = LE[E™ X|F,] > 0 we conclude from (4.3) that D™ satisfies (D4).

Finally, by deploying the Cauchy-Schwarz inequality we note that Dt(n)(X )
may be bounded above by

T
sup E[£X|F]= sup IE[/ ((Hf)THf( +/ Hf(x)ﬁ(}(x)u(dx)) ds)f,]
gedr ger LJo RK\(0)

T -
4.5) gnE[/O \/|HSX|2+/I;{k\{o}|HSX(x)|2v(dx)ds’]-'t}

= D'(X),

where we denote by vT the transpose of the column vector v € RY. [J

4.1. Proof of Theorem 3.7. With the previously established results in hand,
we can now complete the proof of Theorem 3.7. As the arguments in the proof
of the implication “<” in Proposition 3.2 carry over for the proof of “<” in
Theorem 3.7, the remainder of the proof is concerned with the proof of “=".
Let D be a dynamic deviation measure, X € L?(Fr) and denote by (D™),cn
the approximating sequence of dynamic deviation measures from Lemma 4.5. By
Lemma 4.5(i), (iii) and Proposition 3.2 the sequence (D" (X)),en is monotone
increasing and there exists a sequence (g"),en of convex and positively homo-
geneous driver functions such that (3.6) holds (with D and g replaced by D™
and g"). Therefore, by Proposition 2.6(iv), g" < g"t! for n € N, so that we
can define g := lim,_, » g". Clearly, g is convex, positively homogeneous and
lower semcontinuous as the limit of functions having these properties. Further-
more, for (&, fl) # 0 we have g(w, t, h, ﬁ) > gl(a), t,h, ﬁ) >0 and g(w,?,0,0) =
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lim,,— » g"(w, t,0,0) =0 dP x dt a.e. Hence, g is a convex and positively homo-
geneous driver function. Finally, as (g"), is an increasing sequence of functions
an application of the monotone convergence theorem yields

T
Dt(X):limD,(”)(X)=limE[f ¢"(s, HX, HY ds‘]-"t]
n n t

T
:E[/ g(s, HX, HX) ds’]-',}
t
This completes the proof of Theorem 3.7.

4.2. Proof of Theorem 3.12. 1In the proof of Theorem 3.12, we deploy the fol-
lowing auxiliary result.

LEMMA 4.6. (i) Let g be a convex and positively homogeneous driver function
and let the P @ B(R?) ® U-measurable set C = (Ch)iero,1] be determined by

Jo,(u,u) = r(t,u,u)

= sup {uTh + /Rk\{o} i (x)h(x)v(dx) — g(t, u, ﬁ)}

uelR4 ieL?(v(dx))

foru e R and ii € L*(v(dx)). Then 0 € int(C;)(w) dP x df a.e.

(ii) Let CP = (C,D)te[o,T] be a P ® B(R?Y) @ U-measurable set and let SP
be given by the right-hand side of (3.9). If 0 € int(CtD)(a)) dP x dt a.e. then,
for any t € [0, T] and X € L>(Fr)\L*(F;), there exists a & € SP such that
PE[E'X|F;]>0) > 0.

PROOF. To simplify notation, we denote z := (k, h) and y = (q, ) for el-
ements (/, fz), (g, ¥) in the Hilbert space R x L%(v(dx)). Further, we denote
(y:2)s =qh+ ka\{o} Y (x)h(x)v(dx) and |z = \/|h|2 =+ ka\{o} |h(x)]?v(dx).

(1) Set Z:={z € RY x Lz(v(dx))||z|,k =1} and for z € Z and A € R we denote

* := Az. By the positive homogeneity of g and the symmetry of the set Z, we
have for fixed y € R? x L2(v(dx)) that r(¢, y) = sup,cz . er{(y, My —g(t, 2N}
is equal to

4.6) rt,y)= sup {{y,2"), —g(t.2")}= sup A{(y,2)— gt 2)}.
z€Z,1>0 z€Z,1>0

The supremum in (4.6) is finite (and in this case equal to zero) if and only if for all
7€ Z(y,2)« < g(t, z). Letting (y,), be a sequence such that |y,|, — 0 and using
the Cauchy—Schwarz inequality, we have that

Sup‘(}’n’ Z)*‘ < Iynlssup |z|x = |yulx — 0.
EZ ZEZ
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Since by assumption g(¢,z) > 0 for every z € Z it follows then from (4.6) that
from a certain n onwards r(t, y,) = 0. As r(t, ®, yp) = Jc,(w)(yn) this entails
that y, € C;(w) from a certain n onwards for every sequence y, that is such that
|vnl« — 0. Hence, 0 € int(C;(w)).

(i) Lett € [0,T] and X € Lz(]-'T)\LZ(]-}). For any s € [0, T'], we note that
if 0 € int(CP(w)) then there exists }(w) € (0, 1] such that |y|. < &/ (@) im-
plies y € CP(w). Define Ay(w) := [(HX(w), HX ()2, A = {(s,w) € [t, T] x
Q : Ay(w) > 0} and denote by & = (&;)s¢[0,7] the process given by &;(w) :=
14(s, w)el(w)/As(w). Then &' := (e HX - W), 7 + (cHX . N),,T is element of SP.
Since X € Lz(]:T)\Lz(}",), the set A has positive dP x df-measure so that

T T
E[E[X¢'|F]] = E[E[/ I4é) dS‘frH :E[/ L4¢, ds] >0,
t t
which implies, as E[X&’|F;] is nonnegative, that P(E[X&'|F;] > 0) > 0. O

PROOF OF THEOREM 3.12. Let us first show the implication “<": We note
first that, as is straightforward to verify, SP given in (3.9) is additively m-stable,
convex, bounded, closed and contains zero. Moreover, Lemma 4.6 and Proposi-
tion 4.1(ii) imply that, for any ¢ € [0, T'], Dy : L*(Fr) — L*(F;) defined by (3.8)
satisfies (D4). Hence, by Theorem 3.11 D = (D;);¢[0,1] 1s a dynamic deviation
measure.

We next turn to the proof of “=". In view of Theorem 3.11 it suffices to show
that SP is given by the expression in (3.9). For any n € N, let D™ be defined
as in (4.3). As noted before (D™),cy is a collection of dynamic deviation mea-
sures increasing to D (Lemma 4.5) and the corresponding sequence (g"),en of
driver functions is increasing and satisfies g"” < g [Proposition 2.6(iv)], where g
is the function in the representation (3.6) of D (in Theorem 3.7). For u € R,
i € L2(v(dx)) and n € N define

r'(s,u, i) = sup {uTh—i—/ ﬁ(x)fl(X)v(dx)—g”(s,h,ﬁ)},
heQ, helhy,hy,hs,...} R¥\{0}

where {h1, hy, h3, ...} denotes a countable basis of L2(v(dx)). Note that for any
n € N we have (i) r" lower semicontinuous and convex in (u, &) and (ii) r" is a
(convex) indicator function of some convex and closed set, say C" = (C¥)s¢[0,7]-
Furthermore, we note the following observations: (a) since " is the supremum
of a P ® B(RY) ® U measurable process and C” is the set where r" is equal to
zero, we have that C” is also P ® B(R9) ® U{-measurable and (b) as the functions
g" (s, h, ﬁ) is continuous in (4, ﬁ), r"* coincides with the dual conjugate of g", so
that we have dPP x dr a.e.

4.7 g"(s,w,h,h) = sup {uTh+/ a(x)ﬁ(x)v(dx)}.
(u,i)€C () R¥\ {0}
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Moreover, we have that (c) as the sequence (g"), is increasing, (r"), is a decreas-
ing sequence so that C" C C"*! for any n € N. Denote C = | J°2; C" and note
that C is convex and measurable as the increasing union of convex and measurable
sets.

Let us next establish the representation (3.8) for D™ (X) for given n € N and
X € LA (Fr). As D™W(X) = D8"(X), we have

D{Y (X) :EUOT sup (mHSX +/Rk\{0}ﬁ(x)f23‘(x)v(dx)> ds]

(u,@)eC?

T
- w [ (mew
{(H,H)|(Hy,Hy)eCr,sef0,T]) =70

(4.8)
- / Hy(x)HY (x)v(dx)) ds]
RK\{0}
r E\T X 283 7 X
4. = E H>)" H: H: H: d ds |,
(4.9) o UO (s [ LA 0) s}

with M" :={£ € Ql(Hf, ﬁ?) € Cf, s € [0, T']}, where the supremum in (4.8) is
taken over pairs (H, H) € L2(P, dP x df) x L>(P x B(R¥\ {0}), dP x d x v(dx)).

Let us show next that the inequality in (4.8) is in fact an equality. It is well
known [see, for instance, Theorem 2.4.9 in Zalinescu (2002)] that the subgradients
of continuous and convex functions are nonempty so that the suprema in the dual
representations of the functions g”, n € N, are attained. Hence, we can apply a
measurable selection theorem to the set

G = {<s,w,u,a>|g"<s,w,asﬁfz3f>—uTHf

- / () HX (x)v(dx) + Jen(w) (u, it) = 0},
Rk\ {0} '

obtaining P x P ® U-measurable processes (U", 0”) such that, for every s,
U, UM e CF and g"(s, HX, HY) = (UNTHY + [gi o) Ur () HX (x)v(dx).
This implies (4.8) holds with equality, and yields the desired representation
for D™,

To see that we also get a representation for D, let us first prove that the set
C defined above [our natural candidate to satisfy (3.8)—(3.9)] is closed. Note that
from (4.9) it follows that for any X € L*(Fr)

sup E[£X]=Dg" (X)
geSNA"

(4.10) T L
= sup EUO <(HE)THSX—|—/Rk\{O} Hf(x)Hf(x)v(dx)) ds].

geMn
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As SN A" and M" are both convex and closed sets, we conclude from (4.10) SN
A" = M". In particular, for m > n we have M" = M™ N A". As there is a one-
to-one correspondence between & € Q and square-integrable predictable processes
(H, H) this entails that

C"=C"n {(H, H) e L*(dP x dr)
x L*(dP x dt x v(dx))] sup {|H,|2 +/ |F1,(x)|2u(dx)} < nz}.
€0, T] RK\{0}

Hence, dPP x dr a.e.

CHMw) =C"(w) N {(h,ﬁ) eRY x Lz(v(dx))‘|h|2 +/k 7 (x)[*v(dx) < nz}.
RA\{0}

Taking the union over all m € N on the right-hand side of previous display yields

CHw) = Ci(w) N {(h, h) e R? x Lz(v(dx))‘lhlz + /Rk\{o}|fz(x)|2v(dx) < nz}.

Since the sets C/'(w), n € N, are closed in R? x L%(v(dx)), we have that also
C;(w) is closed.

As g", n € N, are convex positively homogeneous driver functions it follows by
Lemma 4.6 that 0 € int(C"). As C" C C, we have thus that 0 € int(C).

Finally, to show that C satisfies the desired representation (3.8)—(3.9) we note
that Do(X) is equal to

T
sup D(()") (X) =sup sup E|: / (HSTHSX
neN neN ((H,H)|(Hy, Hy)eCh,s€[0,T1} 0

+ f Hy(x)AX (x))v(dx) ds}
R\{0}

T
= sup E[/ (HSTHSX
{(H,H)|(Hy, Hy)eCy,se0,7]) L0

+ / H, (x)FISX (x)v(dx)) ds}
Rk\ {0}

= sup E[£X],
{E€QI(HS ,HS )eCy,5€[0,T1)

where in the first and second line the suprema are taken over pairs (H, H) e
L3(P,dP x dr) x L2(P x B(RF\ {0}), dP x dr x v(dx)). This yields (3.8)~(3.9)
for s =0, and hence for all s € [0, T] by Remark 1.2(ii). Thus, the implication
“=""is shown, and the proof is complete. [
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4.3. Proof of Proposition 3.14. Itis clear that p satisfies translation invariance,
positive homogeneity and subadditivity.

Let us show that p is not monotone by finding a Radon—Nikodym derivative in
the dual representative set S” which takes values smaller than —1 on a nonzero
set.

By Theorem 3.12, the set C D — (C,D )ie[0,7] 1s convex, closed, contains zero
and has nonempty interior [for fixed (¢, w)]. Furthermore, C? satisfies the dual
representation in (3.8) with a bounded set S” given in terms of C? by

(4.11) SP =& e Q|(Hf, HY) e CP forall 1 € [0, T]}.

As CP has nonempty interior, contains zero and BC,D is deterministic, there
exists a, say 1-dimensional, positive deterministic process (us,0) € 8CtD with
0=(0,...,0) e R%. As CtD is closed clearly (u;,0) € CtD. We set for fixed

M>0: A = % € (0,1] and 2 := Aspr + (1 — A)0. Note that & is

bounded and positive by the definition of A,. Furthermore, (fi,, 0) € CP for every
t by the convexity of C lD . Define the Radon—Nikodym derivative & := (1 - W)7.

By definition £ has a normal distribution with nonzero variance fOT ,&% ds and by
(4.11) £ € SP. In particular, £ takes values smaller than minus one with positive
probability. As & € SP it follows that p defined above is not monotone.

5. Dynamic mean-deviation portfolio optimization. We turn next to the
stochastic optimization problem of identifying a dynamic portfolio allocation strat-
egy that maximises the sum of the expected return and a penalty for its riskiness
given in terms of a dynamic deviation measure of the final wealth achieved under
this allocation strategy. Throughout this section, we impose the following condi-
tions.

ASSUMPTION 5.1. (i) The Lévy measure v is such that v({x € R"\{O} :
min;— g XxXi < —1}) =0, and

(5.1) v ::/ Ix|?v(dx) < oco.
R\ {0}

(ii) D is a g-deviation measure with nonrandom, time-independent driver g :
R? x L%(v(dx)) — R4

Under (5.1), L = (L{, ..., L)) [0 71 With L] = [ig 11.miyj0) % NV (ds x dx), j =
L, ..., k, where x; is the jth coordinate of x € RX, is a vector of pure-jump (F;)-
martingales.

The financial market that we consider consists of a bank-account that pays in-
terest at a fixed rate » > 0 and n risky stocks (with 1 <n < min{d, k}) with price
processes St = (S;)te[O,T]a i=1,...,n,satisfying the SDEs given by

dSi d i k )
(5.2) ST.tz,uidt—l—Za,-detj+Zpijstj, te(0,T],
r— j=I1 j=l1
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where Sé =s5; €e Ry \{0}, u; € R, 0;; € Ry and p;; € Ry such that 21;21 pij <
1 denote the rates of appreciation, the volatilities and the jump-sensitivities. By
T = (711, ...,t™MT, we denote the dynamic allocation process that indicates the
fraction of the total wealth that is invested in the stocks 1, ..., n [i.e., if X7 (—)
denotes the wealth just before time z, 7; (1) X (t—) is the cash amount invested in
stock i at time ¢ under allocation strategy m]. We adopt the standard frictionless
setting (no transaction costs, infinitely divisible stocks, continuous trading, etc.)
and restrict to the case that short-sales and borrowing are not permitted, by only
considering allocation processes = = (7;);¢[0,7] that take values in the set

n
B= xeRlX":.min X; zO,Zx,- <1;i.
1=l1,..., n .
i=1
Such an allocation process 7 is said to be admissible if (i) 7 is predictable, (ii) the
associated wealth process X” is nonnegative (i.e., X™ satisfies the insolvency con-
straint inf;¢o, 71 X7 > 0) and (iii) 7 is a self-financing portfolio such that X” sat-

isfies the SDE [with u = (w1, ..., ux)T7, ¥ = (03j) € R"*d and R = (pij) € R7>ky
given by

53 X7 _ 1)Tr]d 'S dW; + 7 RdL 0,T

(') X;T _[r+(/"L_r)7Tt] t+nl f+7rl IX) te(’ ]’

with initial wealth X7 = x € R \{0}, where 1 € R™*! denotes the column vector
of ones. We denote by IT the collection of admissible allocation strategies and let
y > 0 denote a risk-aversion parameter. To a given allocation strategy 7 € I1, we
associate the following dynamic performance criterion:

(5.4) JT = E[XE|F]—yDi/(XF), tel0,T]

Due to the fact that, unlike the conditional expectation, D;(X) is a nonlinear func-
tion of X, the dynamic programming principle is not satisfied for this objective.
There is a growing literature exploring alternative solution approaches to dynamic
optimization problems for which the dynamic programming principle is not appli-
cable. One alternative dynamic solution concept is that of subgame-perfect Nash
equilibrium—in such a game-theoretic approach the problem (5.4) may informally
be seen as a (noncooperative) game with infinitely many players, one for each
time ¢, which may be interpreted in terms of the changing preferences of one per-
son over time; see Ekeland and Pirvu (2008) and Bjork and Murgoci (2010) for
background, and see Basak and Chabakauri (2010), Bjork and Murgoci (2010),
Wang and Forsyth (2011), Czichowsky (2013), Bjork, Murgoci and Zhou (2014),
Bensoussan et al. (2014) and references therein, for studies of dynamic mean-
variance portfolio optimization problems. Following Ekeland and Pirvu (2008) and
Bjork and Murgoci (2010), we have the following formalisation of this equilibrium
solution concept in our setting.
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DEFINITION 5.2. (i) An allocation strategy 7* € I1 is an equilibrium policy
for the dynamic mean-deviation problem with objective (5.4) if

gt _ g
5.5 liminf -——— >0
(5.5) imin ; >
for any ¢ € [0, T') and any policy 7 (h) € I satisfying, for some 7w € I1,
w(h)g = 7wy 14y (8) + 70 Tjpn, 71(5), set, Tl

(i1) An equilibrium policy 7 * is of feedback type if, for some feedback function
s 1 [0, T] x Ry — B such that (5.3) with 7, replaced by 7, (¢, X;—) has a unique
solution X* = (X});¢[0,77, we have

)t = (t, X)), tel0,T],

with X5_ = X§.

For a given equilibrium policy m* = (7);¢[0,1] of feedback-type, we have by
the Markov property that J* = V (¢, X*) and IE[X’}*I]‘_;] =h(t, X)), t€[0,T],
for some functions V : [0, T] x Ry — R4 and & : [0, T] x Ry — R,. Further-
more, if h is sufficiently regular (e.g., h € C'2([0, T] x R4, Ry) and b’ = 3 s
bounded) we find by an application of It6’s lemma that the representing pair of X7
is given by

HYT = a5, X2),  HYT () =b""(s, X2, y),
s €[0,T1,y e RA\{0),
with
a* " (s, x) =N (s, x)xm(s, X)TZ,
b (s, x,y) = h(s,x +xm(s, x)TRy) — h(s, x),

so that D;(X7), t € [0, T], takes the form D;(X}) = DLX[* (X7), where

_ T
Dy o(X3) =E, [ / B(a™ (s, X ), b (s, X2, ) ds}

t

(5.6)
(t,x) €[0, T] x Ry,

with E; ,[-] = E[-| X} = x]. To any vector = € B, we associate the operators L” :
f> L7 fand G" : f — GT f that map C%2([0, T] x Ry, R) to CO%°(R,, R) and
are given by

2
L7 (,5) = e, 6) + 222 £, %) + f [f(t.x +x7TRY)
(5.7) 2 REVO)
— f(t,x) —xnTRyf'(t, x)]v(dy),

(5.8) G" f(t,x) =g(xf'(t, X)n TS, Sxxrrr f(2, X)),
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for (r,x) € [0, T] x Ry, where é, f : Ry — R and / (R 5 REXT gre given by
Sf)=f,y+x)—ft,x), 1@=z  zeR™ xeRy yeR,
and where
Ur=r+u—rhTx, aﬁ:nTEETrr, mebB.

Given the form of the objective and Definition 5.2, we are led to consider the
extended Hamilton—Jacobi—Bellman equation for a triplet (7., V, h) of a feedback
function 7, the corresponding value function V and auxiliary function £ given by
(denoting V = %—‘t/)

V(t,x)+ sup{ L7V (t,x) — yGh(t,x)} =

(5.9) weB
(t,x) €[0,T) x Ry\{0},
h(t,x) + L7 p, x) =0,
(5.10)
(t,x) €[0,T) x Ry \{0},
(5.11) V(T,x)=h(T,x) =x, xeR,,
(5.12) V(t,0) = h(t,0) =0, telo,T],

where, for any ¢ € [0, T] and x € Ry, 7, (¢, x) is a maximiser of the supermum
in (5.9) (note that the continuity of L7V (¢, x) and G" h(¢, x) in 7 for each fixed
t €[0,T] and x € R;\{0} in conjunction with the compactness of I3 guarantees
that the maximum in (5.9) is attained).

We have the following verification result.

THEOREM 5.3. Let (7, h, V) be a triplet satisfying the extended HJB equa-
tion (5.9)—(5.12), let X* be the unique solution of (5.3) with 7, replaced by
mi(t, X;—) and define ) = m,(t, X}_), t € [0, T]. Assume h,V € C12([0, T] x
R4, R) with h', V' bounded and that w* = (])se0,1] € 1. Then 7* is an equi-
librium policy of feedback-type and h and V are given by V(t, x) = E;,X[XjT’*] —
y Dy (XE) and h(t, x) = B, ([XF ] for (t,x) € [0, T] x Ry.

PROOF. We first verify the stochastic representations. Let 7 = (75)se[0,7] €
[T, € [0,T) and 7 € (0,7 — t) be given and denote E”Vh(s x) = (V +
E”SV yG&h) (s, x), a™V (s, x) ==V’ (s x)xmd ¥ and 6™V (s, x,y) = V (s, x +
xmg Ry) — V (s, x). An application of Itd’s lemma to V (t + T, X7, ;) shows that

V(e XE) =V XT) —y [ R X s
t+t t+t
(5.13) :/t g™ Vh(s, XT) ds—i—/ Vs, XT_) dW;

+/ bV (s, XT_, y)N(ds x dy).
(t,1+T] xR\ {0}
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Similarly, it follows (¢ + 7, X[, ) satisfies (5.13) with V, G"™h and g7Vl re
placed by A, 0 and E™"0, respectively. In particular, choosing 7 equal to 7*,
and taking expectations, the three terms on the right-hand side of (5.13) vanish in
view of (5.9), the fact that 7, (¢, x) is a maximiser in (5.9) and as the stochastic
integrals are martingales (in view of the boundedness of V', i’ and B). Then, let-
ting T /' T — ¢t and using the boundary conditions (5.11), we obtain the asserted
stochastic representations of 4 and V.

Next, we turn to the proof that 7* is an equilibrium solution. By an application
of the tower-property of conditional expectation and (D6), we have for any 7 € I1,
tel0,T)and T € (0, T —1):

(5 14)Jtn = E[E[X7|Fi1<[IF:] = VE[Di1o (XT) |1 7] — v Dy (B[XT | Fi4])
 =EUL IRy DiEXFIF]).

Fixing (€,)n, €n \( 0, and strategies 1, := 7 (¢€,) € I1 as in Definition 5.2 (with
7* as asserted in the theorem) and noting that the Markov property (which is in
force as 7* is a feedback strategy) implies

(515 I, =V(+en X)), E[ X7 | Fite,] = h(t + €n, X[e,)
and that (5.15) remains valid with 7, replaced by 7* we have from (5.13) and
(5.14) and the fact D, (h(t + €,, X7 )) = L[ g(a7", b7"") ds| ;] that
* t+en * *
516y JF —Jm =EU [E7"Vh(s, XT°) — E””’V’h(s,Xfi)]ds‘}}].
t

Since ™ (6)-V:h (5 x) =0and ™ V" (s, x) <0fors € [0, T], x € Ry, [by (5.9)
and the fact that (¢, x) is the maximiser in (5.9)] we have liminf,,_, oo (J[* o
Jt”") /€n > 0, and the proof is complete. [

We next identify an explicit equilibrium policy for the mean-deviation portfolio
optimization problem, under the following regularity assumption on ¥, R and g,
assumed to be in force in the sequel.

ASSUMPTION 5.4. For some countable set A and any a € [0, y ']\ A, the
function 7, : B — R given by

(5.17) Tu(c):=a(p—r1)Tc — g(cT=, cTRI), ceB,

achieves its maximum over B at a unique c* € 3.3

To define the optimal policy, we deploy the following auxiliary result.

898 denotes the boundary of B, that is, d B = cl(B)\ int(13) where cl(B) and int(83) denote the
closure and interior of 5.
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LEMMA 5.5. Forany f :[0,T] — B denote by Ag,ds, by, Fr:[0,T] - R
the functions given by

T
(5.18) be(t) = exp(/t {r+(u—r1)Tf(s)}ds),

T
(5.19) d(t) == bf(z)/l 3(F()TS, f(s)TRI)ds,

(520)  Af(@0):=y ' = (b)) ds @),
(521)  Fp(t):=Ac,()  with

e Sua%{Tfa)(C)} fro¢a,
22 =1,
(5.22) Cr@) Centroid(arg sup {Tr()(c)} ) if f(t) €A,
cedB

where for any Borel set A’ C R?, Centroid(A’) is equal to the mean of U ~
Unif(A"). Then there exists a continuous nondecreasing function a* : [0, T] — R
such that a* = F».

The proof of Lemma 5.5 is provided below. With this result in hand, we identify
an equilibrium policy as follows.

THEOREM 5.6. With T,(c) and a* given in (5.17) and in Lemma 5.5, we
let s(a) := sup.cy5 Ta(c), a— := supfa € [0, y‘l] :5(a) <0}, and t* .= sup{r €
[0, T]:a*(t) <a_} (Where sup @ := —00).

1) If s(1/y) <0, then w* = 0 with value-function given by V(t,x) =
xexp(r(T —1t)) for (t,x) €0, T] x Ry.

(i) If s(1/y) > 0, define the function C* : [0, T] — B by

Car(r) iftelr*vo,1],
0 otherwise,

C*(t)=:

where Cyx(py is given in (5.22) with f = a™. Then w* = C* is an equilibrium policy
with value function given by V (t,x) = x(bc+(t) — ydc=(t)) for (t,x) € [0, T] x
R, where be+ and dc+ are given in (5.18) and (5.19) with f = C*.

REMARK 5.7. Under the equilibrium policy 7* given in Theorem 5.6, it is

optimal to invest in the n stocks according to the proportions C* = (C7, ..., C))
of the current wealth, which are nonrandom functions of ¢ only. Hence, it is optimal
to invest at time 7 an amount X” (t—)C}(¢) instock i, i =1,...,n.

PROOF OF THEOREM 5.6. The proof consists in verifying that the triplet
(., V, h), with m, and V as stated and with 4 : [0,T] x Ry — R given by
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h(t,x) = xbc+(t), satisfies the extended HJB equation (5.9)—(5.12); the assertions
then follow by an application of Theorem 5.3.

(i) Once we verify that the supremum in (5.9) is attained at m, = 0, it is easily
checked that V and 4 are equal and satisfy (5.9)—(5.12), using that g is positively
homogeneous. To see that the former is the case, note that the left-hand side of
(5.9) is equal to x exp(r(T — 1))[—r + y sup.cp T1/y(c)]; since s(1/y) <0, the
latter supremum is zero and it is attained at ¢ = 0 [as T7,,,(0) =0].

(ii) Assume for the moment that the supremum in (5.9) is attained at 7 *. Then
the positive homogeneity of g and the fact (which is straightforward to verify) that
functions bc+ and dc+ satisfy the system of equations

b+ (r+pc)b=0, tel0,T), bT)=1,
d+ (r + pen)d +bg((C*H)TE, (C*)TRI) =0, tel0,7T), d(T) =0,

where as before I : RK*! — RF*1 is given by 1 (y) = y, imply that /2 and V satisfy
(5.9)-(5.12).
Next, we verify that the supremum in (5.9) is attained at 7. Inserting the forms
of & and V and using that y inf;c(o, 71 bc+ () > O we have for any ¢ € [0, T'] that
argsup{L™V (t,x) — yG"h(t,x)}

weB

(5.23) = arg sug{uﬂ (bex(t) — ydce=(1)) — ybe+(1)g(n T, nTRI)}
4SS

=argsup{urAc+(t) — §(xTE, 7 TRI)}.
reB
If + <t*, then Ac+(t) = a_ so that s(Ac+(¢)) < 0 and O is included in the
argsup in (5.23), while if # > t*, then Ac+(f) > a— and we have that s(Ac« (1)) =
sup,epi(n — r)Ac(t) — g(@TE, nTRI)} > 0 is attained at m = Cy .. (t) =
Ca*(t) =C*(t). O

PROOF OF LEMMA 5.5. The proof relies on an application of Schauder’s
fixed-point theorem® to the map F : A — C([0, T], R) given by f > F ', Where
A denotes the set of continuous functions f € C([0, T], R) that are such that
(a) f(T) = y‘l and (b) for all 5,7 € [0, T] with s <t we have f(t) — f(s) €
[x—(t —s), x+(t —s)] where

X+ :=sup{g(cTE,cTRI): c€dB}, x— :=inf{g(cTX,cTRI): c € dB}.
We note that both x4 and y_ are strictly positive, by positivity of the driver func-
tion g. It is straightforward to verify that F maps A to A and that the set A is a
nonempty, closed, bounded and convex subset of C([0, T'], R). Since F is com-

pact (as we prove below), Schauder’s fixed-point theorem yields that there exists
an element a™ € A such that a* = F«.

9See, for example, Theorem 1.C in Zeidler (1995).
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We next prove that F is compact by showing that (i) F is continuous (with
respect to the supremum norm on [0, T']) and (ii) the set F(A) ={Fy: f € A} is
relatively compact in C ([0, T'], R).

(1) Let (fu)n C A converge to f € A in the supremum-norm. Then we have
that T'¢,+)(c) = Tr()(c) as n — oo uniformly in ¢ € [0, T'] for any ¢ € 3B, and
SUP.cyB Tfn t)(€) = sup.cap Tr)(c) forany t € [0, T']. As (f,)n and f are strictly
monotone increasing and Assumption 5.4 is in force, we have for all but countably
many ¢ that Ty, ;)(c) and T (c) attain their maxima over d B at unique c. Thus,
it follows that argsup.cy5 T, r)(c) — argsup.cy5 Tr)(c), for ae. t € [0, T].
Hence, by the dominated convergence theorem Fy, (1) = Ac i (t) > Ac ; (t) =
Fy(t) for any t € [0, T']. Since the functions Acy, and Ac, are nondecreasing,
the convergence Fy, — F holds in the supremum norm.

(ii) Using the boundedness of B and the continuity of g, it is straightforward
to verify that the collection of functions F(A) is equi-continuous. Hence, we
have by an application of the Arzela—Ascoli theorem!'? that for any sequence
(AM), c F(A) there exists a continuous function A* : [0, T] — R such that,
along a subsequence (ny), (AR, converges uniformly to A*, hence establish-
ing that F(A) is relatively compact. [

EXAMPLE 5.8. (i) For driver function ¢ = g; (given in Example 2.10 with
A =1)and for a € R, we have that T,(c) in (5.17) is given by

T.(c)=a(u—r1)Tc —/cTZZTc + cTRRTcv,.

If ¥¥T 4+ RRTyv, is invertible, then it is straightforward to verify that Assump-
tion 5.4 is satisfied.

(ii) Let us identify explicitly the equilibrium portfolio allocation strategy given
in Theorem 5.6 in the case the driver function g is as in part (i) and we have 2
risky assets (n = 2), whose dynamics we suppose are given by (5.2) withd =k =
2, 1 > o >r,r>0and sp ;= (22 + R2v2)12 < 0. In terms of si2 = (2% 4+
RZVQ)[l‘, i =1, 2, let us denote

dy = s12—|—s§—2s12, ey = slz—sg,
2 a2 2.2 2
eq ey (H1 — p2)7sy — e
cra) = = 4 (—) —n@. @)=
dy dy dy(@®(uy — p2)? —dy)’

for a € [0, \/d+ /(11 — u2)). By convexity of g, it follows that the supremum of
T(c) = Ta((c, 1 — ¢)) = a(pa — r) + a(p) — pa)c — \/d+62 +2e,c+s3 over
¢ € R is attained at the ¢ satisfying T’(C) =0< c=c4(a) and we have

. 1 2 _
T'")>0 & a>ay:= <S1 S12).

w1 — 2 \/g

10gee, for example, page 35 in Zeidler (1995).
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As a consequence, the equilibrium allocation strategy m* = (71,");¢[0,7] in Theo-
rem 5.6 is given as follows:

(1,0) ifa,(t) >a- Vay,
7 =C*(1t) = { (cy(ax(®), 1 —ci(ax(r)))  ifa_ <a.(t) <a_Vay,
(©0,0) if a,(t) <a_,

where a_ and a,(¢) are as in Theorem 5.6. Hence, if the risk-aversion parameter
y is sufficiently small and/or ¢ is sufficiently close to the horizon T, the equilib-
rium strategy is to be fully invested in risky asset 1, which has the highest expected
return; at times ¢ further away from the horizon or for higher risk-aversion param-
eter, the dynamic deviation penalty term starts to play a more important role and
the policy is to invest part of the wealth into asset 2, while if y is sufficiently large
or ¢t is sufficiently small, the equilibrium strategy is to invest all the wealth in the
bank account.

(iii) Restricting next to the case of a single risky asset (n = 1) withd =k =1,
u =1 > r, we find by a direct calculation that the value function V in Theo-
rem 5.6 and he auxiliary function & are explicitly given in terms of

1
_ )/\T
n—=r y 22+R2U2

t*:(T+

by V(t,x) =V(E* AT, xexplr(* AT —1t)}) and h(t,x) = h(t* AT, x exp{r(t* A
T —1t)}) fort €[0,t* AT) and

V(t,x)=h(t,x)[1 = (T —t)yy/ 22 + R%1,],

h(t, x) = xexp{u(T — 1)}, te[t* AT, T,
where the equilibrium policy 7 * is given by

7 =C*(t)

. 1 1 V22 + R2,
1 ifa()=— =a

>
y 1+ w—r)(T—1) m—r
& te(t*AT,T],

0 ifa(t) <a_&te[0,t*AT].

To see that 7* takes this form, we observe that ¢+ < ¢* holds precisely if
(W —r — yJE2+R2») — (n — NPT — HVE2+R1» <0 & 0 €
argsup, 0. 11{(L7V)(#, x) — y(GTh)(¢, x)}, where L™ and G are given in (5.7)
and (5.8).
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APPENDIX A: PROOFS OF LEMMAS 3.3, 3.4 AND 3.5

PROOF OF LEMMA 3.3. (i) Let us first show that C — My, ;(C, @) constitutes
a o -finite measure. Clearly, u, h( &) is nonnegative and My, h(@ @) = 0. Next,
we verify that C — u, ;(C, @) is additive for disjoint sets of the form Cj :=
(t1,12] X A and Cy := (13, 14] x B with A € Fi, and B € F;,. We consider first the
case t] <13 <t) <ty and AN B = & (note that in this case C1 N C» = &). By
deploying Propositions 2.9 and 3.6 we note that thl(((fl, n] x A) U ((13, 14] %
B), @) is equal to

Do((Iah - Wiy 13 + (Taugh - W)y i, + Igh - Wiy 1)
=E[D, ((Iah - W)i,.13)] + E[Des ((Taugh - W)y 1,)]
+E[Dy, ((Ish - W)iyt,)]
=E[Dy, ((Iah - W), 13)] + E[Diy ((Iah - W)y 1,)]
+E[Dy((Uph - W)iy,1,) ] + E[Dsy ((Ih - W)ty 1) ]
= Do((Iah - W)i,.1,) + Do((Ugh - W)ss 1,),

which is equal to w, 7 ((t1,12] X A, @) + p, j;((t3,14] x B, @). The cases 1| <
th <tz <tgand t; <13 <t4 <ty may be verified in a similar manner. Thus, we
may conclude that u, ; is additive on disjoint sets of the form (71,72] x A and

(13, t4] x B. As Dy is continuous in L2(Fr) [see Remark 1.2(iii)] and the collection
of sets considered above is a semi-algebra generating the predictable o -algebra it
follows that M, i (D) is o-finite. The proofs that C +— M, 7(@,C) and C
wy, i (C, €) are o-finite measures are analogous, replacing in the equations above

theterm - W by i - N and (h - W 4 i - N), respectively.

(i1) Define Cy, C> as in (i) and consider the case #| < 13 < to < 14 with general
(not necessarily disjoint) A € F;, and B € F,. Expressing X = Ia(h - W)y 1, +
Ip (fz "N )13,1, as the sum of martingale increments

X = IA(h . W)l‘],t3 + IA\B(h . W)l‘3,l‘2 + IAﬁB[(h : W)t3,tz + (ﬁ : N)l‘g,,l‘z]

+Ig\a(h- Ny + 1 - Ny 1y
and using Propositions 2.9 and 3.6 we have that u; 7(Cy, C2) = Do(X) is equal to

E[D;,(Iath - Wi, .15)] + E[Diy (1a\g(h - W) 1,
+ 1ans[(h- W)y + (- Ny ]+ Ipva(h - N)iy 1y)]
+E[Dy,(Ig(h - N)pys,)]
=E[Dy,(Ia(h - W)i.15)] + E[Dis (Iars (h - Wiy )]
+E[Dyy(Tans[(h- Wiy, + (2 - Ny 1,])]
+E[Dy(Ipxa(h - N)iy.,)] + E[Dyy (Ip(h - N)1y.1y)]-
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Thus, using Proposition 2.9 again we have
1y, 5(C1,C2) = Do(Tath - W)ty 13 + Tavg(h - W) 1)
+ Do(Ipnal(h - Wi, + (- Ny 1))
+ Do(Ipa(h - Ny, + Ip(h - N)iy 1)
=y j(C1\ C2, D)+, 5(C1 N C2, CL N Co) + py, (D, C2\ C).

The cases t] <t <t3 <tsand t] <t3 <t4 <t may be verified in a similar man-
ner. By the continuity of Do [Remark 1.2(iii)] and monotone class arguments (by
keeping first C; and then C; fixed), it follows that (3.1) holds for all predictable
sets, as asserted. [

PROOF OF LEMMA 3.4. First of all, note that the predictable o-algebra is
generated by countable many sets, say A1, Ag,.... Fix n € N and denote P" :=
o(Ay,...,A,). By considering finer partitions, we may after relabeling assume
without loss of generality that the A; are disjoint. Denote by 1 the measure 1 :=
dP x df on (22 x [0, T],P) and let RZﬁ = E,][thlIP”].11 Since the filtration is

generated by the disjoint sets A1, Aj, ..., Ay, it is standard to note that

Iy, (s, )
(A.1) RZ’ﬁ(s, w) = Z Wuhﬁ(m, Aj) for dP x ds a.e. (s, w).
i:v(A;)#0 !
By possibly modifying R” - on a zero-set, we may assume that (A.1) holds for all
(s,w) €[0,T] x Q. It follows from (A.1) and the convexity and positive homo-
geneity of (4, h) — w,, 7 (Ai, A;) that, for all fixed (s, ®), R” (s w) 1s convex and
positively homogeneous in (%, E). Furthermore, we claim that |RZ E' < gi(h, ﬁ).
Suppose this were not the case, that is, for some (#, h) and A;, |RZ f,| > g, (h, h)

for all (s,w) € A;. Then we would have for X = (H - W)T + (I:I ]\7)7 with
= hl,,; and H, = hIA that Dy(X) = . (A Ay) = E[fo Iy, (s)Rh i (s)ds]
satlsﬁes

T ~ T - _
Do(X) > E[ /0 11,()g (h, h)ds} =E[ /O o (H, Hs)ds} _ DX,

which is in contradiction with the fact that D is A-dominated.
Since P”" is an increasing sequence of o -algebras with (J52 ; P" = P it follows
from the martingale convergence theorem that R” (t w) = Ey[R, hlP"](r )

converges to E [Rh’hlp](t w) = h i (t, ) for dIP x dr a.e. (¢, w). This conver-
gence only holds up to a zero set. On this zero set, we may set R, (1, w) equal

“Speciﬁcally, RZ i is the P"-measurable random variable satisfying En[Rh IEU 1= E,,[RZ EU 1
for all bounded P"* random variables U, with Ey[Z] = fOT E[Z(s)]ds for Z € L ).
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to limsup,, RZ’ ﬁ(t, ). Hence, this version of Rh’ j 18 dominated by g; and is con-

vex and positively homogeneous in (4, fz) for every (¢t,w) € [0, T] x Q as the
limit of convex and positively homogeneous functions. The asserted continuity
follows since every convex function that is locally bounded is continuous [see
Theorem 2.2.9 in Zalinescu (2002)]. [

PROOF OF LEMMA 3.5. We split the proof in four steps.

Step 1: For X = ((hlc,) - W)t + ((hlc,) - Nt) for (h, h) € R x L*(v(dx))
and C;,Cr, € P, we find by using g(t,w,0,0) = 0 that Dg(X) =
ElJ{ g(s, hic,(s), hic,(s))ds] is equal to

T T -
E[/O Ic\c,(s)g(s, h,0) ds] —HE[/O Ic\c,(5)g(s, 0, h) ds}

T -
(A2) +E[/O Icm(s)g(s,h,h)ds}
= Mh,ﬁ(cl \ C2, D) + //thl(@» C \ Cp)+ thl(C1 NCy, Ci1NCy),

which is by (3.1) equal to ,uhﬁ(Cl, C») = Do(X) [note that we only have to inte-
grate over C1 U Cy as g(f, w,0,0) =0].

Step 2: Fix t;, ti+1 € [0, T] with t; < ;41 and let X = ((hil(fisfi+1]) . W)fiati+1 +
((h,'](ti’;H_l]) . N)tiafi+1 with h; := 27;1 CjIAj, hi = Z;”:l 5jIAj, and cj € R, Ej €
L%(v(dx)), and disjoint sets AjeFy, j=1,...,m, satisfying |J; A; = Q (we
may assume w.l.o.g. that the A; are the same for & and h by setting some ¢ j and
¢;j equal to zero). By step 1, denoting AW; 1 =Wy, — Wy,

Lit1 B
E[/ g(s, 1a;cj, IAjcj)ds}
t; X
= DO(IAjCjAWl‘+1 + /Rk\{O} IAjCj (X)N((ti, tiy1] X dx))

= E|:Dt,- (IAjCjAWi+1 + /Rk\{O} IAjEj(x)N((l‘i, tiy1] x dx))i|.

Hence, by Proposition 2.9 Dy(X) is equal to

;E[Dti (IAjCjAWIi+| +/R’<\{O} IAJEJ'(x)N((ti,tiJrl] ¢ dx))]

M et N
=K Z/ g(s,IAjCj,IAjCj)dS ,
j=17"

which is equal to E[fOT g(s, hy, hg)ds|F] = Dg(X).
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Step 3: Let 0 <) <--- <1, =T be given. For simple functions X =
((Zf‘:l hilg i.01) - WT + ((Zﬁzl hilg 1.1) - N)r for I € N, with h; and h; as
in step 2 we have by Proposition 2.9, step 2 and Proposition 2.4

l
Do(X) = ZE[DU (((hil(li,li+1]) ) W)ti,z,-H + ((hil(li,ti+1]) ) N)t,-,z,-H)]

i=1
l ~ ~
= ZE[DE (((hil(fia’i+l]) ) W)ti,tl-+1 + ((hil(ti,ti+1]) ) N)f,-,z,-+1)] = Dg(X)'
i=1

Hence, we have Dy(X) = DS’ (X) for all simple functions X.
Step 4: That Dy(X) = Dg (X) not only for simple functions but also for general

X € L?(Fr) follows by the continuity of Dg and Dg in Lemma 2.5 (note that g is
of linear growth) and Remark 1.2(iii). U

APPENDIX B: PROOFS OF PROPOSITIONS 4.3,4.4 AND 3.14

PROOF OF PROPOSITION 4.3. Leté& € L*(Fr)and € [0, T]. For brevity, we
denote throughout the proof S =S DS =8 p, and &; 1 = SET. As it is clear that
SN Qr =&, 1 (noting that S; 7 C 9, ), the remainder of the proof is concerned
with showing that the sets SN Qf, and S; are equal.

Noting that E[D;(X)] < Do(X) [by (D6)], recalling (4.2) and deploying (D6),
(D1) and the fact that L2(Fr) is directed, we have for EeS COr

Js& = sup {E[EX]—Do(X)}< sup ({E[£X]—E[D,(X)]}

XeL2(Fr) XeL?(Fr)
= sup E[E[EX|F]— Di/(X)]
XeL2(Fr)

= [ esssup {E[£X|F]— D,(X)}] =0,
XeL2(Fr)
where in the last equality we used (4.2). As Js(&) is either zero or infinity it follows
from the previous display that Js(§) = 0 implying that § € S and thus § e SN Q.
This shows S; C SN Q.

On the other hand, if & € §f := L%(Fr)\S; then we have either (a) £ €
(LQ(FT)\QE) NSy or(b) & € Qr, NSy In case (a), we have £ ¢ SN Qr,, while
in case (b) (4.2) in Proposition 4.1 yields that there exists X’ € L?(Fr) such that
E[EX'|F;] — D;(X’) > 0 on a nonzero set, say A. Hence by using (D6) and that
& € QF,, we have [from (4.2) with r = 0]

Js(&) = E[14X"] — E[D;(X'14)]
— B[14(EX'— Dy (X)] = B[y (B[ X'1F] - D(X)] = 0.
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Thus, Js(§) = oo and we have that £ ¢ SN QF,, also in case (b). Hence, S C
L>(Fr)\(SNQ 7,). Combined with the inclusion derived in previous paragraph,
this yields that §; =S N QF,. O

PROOF OF PROPOSITION 4.4. We first show “=". We only give the proof
that (D6) holds for s = 0 as the proof for s € (0, T] is analogous. Let X € L*(Fr)
and r € [0, T']. Denoting & = E[§|F;]and & 7 =& — § for& € LZ(FT) we have

Do(X) =supE[§ X]
teS

= ;ugE[E[&X + (& — St)Xu:t]]

= sup {El& X1+ E[E[&, 7 X|F 1]}
§=&+&.1€50+S1.1

= sup {E[& X] +E[E[&, 7 X| F1]}-
§€80,1,.8,1€S5T

Hence, by the directedness of S; 7 (Remark 4.2) and Proposition 4.3, we obtain

Do(X) = sup E[&E[X|F 1]+ sup E[E[& 7 X|F]]

&€80, & TEST

= sup E[EE[X|F]] + E[ess sup E[g,jxm]]
§eS & T€EST

= Do(E[X|F]) + E[gesss sup E[& X | 71]
esSN 7

= Do(E[X|F:]) + E[D/(X)].
To see that we have “<” suppose that £!,£% € S such that &' + (2 —£?) ¢ S

for some ¢ € [0, T]. Then by the Hahn—Banach theorem, there exists a random
variable X € L2(Fr) such that we have

(B.1) E:=E[& +(E* - £))X]> ;ugE[éX] = Dy(X).

Using Proposition 4.3, we note £ = IE[E}IE[XU—",]] + IE[IE[(";‘2 — 53)X|]—}]] may
be bounded above by

Do(E[X|F:]) + E[esssssupE[sxm]] = Do(E[X| F1]) + E[ D) (X)]

= Dy(X).

This bound is a contradiction to (B.1), which proves the implication “<”. [
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