Electron. Commun. Probab. 21 (2016), no. 84, 1-12. ELECTRONIC

DOI: 10.1214/16-ECP28 COMMUNICATIONS
ISSN: 1083-589X in PROBABILITY

Boundary Harnack principle for the absolute value of a
one-dimensional subordinate Brownian motion killed at 0*

Vanja Wagner'

Abstract

We prove the Harnack inequality and boundary Harnack principle for the absolute
value of a one-dimensional recurrent subordinate Brownian motion killed upon hitting
0, when 0 is regular for itself and the Laplace exponent of the subordinator satisfies
certain global scaling conditions. Using the conditional gauge theorem for symmetric
Hunt processes we prove that the Green function of this process killed outside of
some interval (a, b) is comparable to the Green function of the corresponding killed
subordinate Brownian motion. We also consider several properties of the compensated
resolvent kernel h, which is harmonic for our process on (0, o).
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1 Introduction

Let X = (X;):>0 be a recurrent subordinate Brownian motion on R such that 0 is
regular for itself with ¢ : (0,00) — (0,00) the Laplace exponent of the corresponding
subordinator. We assume that ¢ is a complete Bernstein function satisfying a certain
global scaling condition (H).

The goal of this paper is to establish the Harnack inequality and boundary Harnack
principle for nonnegative harmonic functions of the absolute value of process X killed
upon hitting {0}, denoted by Z = (Z;);>0. In order to do so, we show that the Green
function for the killed process Z(**) on a finite interval (a, b), a > 0, is comparable to the
Green function of X (*?). We introduce a third process Y = (Y2)i>0 on (0, 00), obtained
from X (©:>°) by creation through the Feynman-Kac transform with rate equal to the killing
density K(0,00), S€€ (4.1). The process Y is called the resurrected (censored) process on
(0, 00) corresponding to X. Using the conditional gauge theorems from [4] and the sharp
two-sided Green function estimates (4.3) for X (®?) obtained in [5] we first show that the
Green functions of processes X (*?) and Y (®?) are comparable. In the second step we
relate Y (*?) and Z(*?) through a Feynman-Kac transform by a discontinuous additive
functional and apply the corresponding conditional gauge theorem.
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Boundary Harnack principle for the absolute value process

We examine a function & : R — (0, 00) defined by

h(z) = lim(u?(0) — u?(x)),
q40

which is harmonic for Z on (0, c0). Here u? is the g-potential density of process X, so h
is sometimes called the compensated resolvent kernel. This function is often considered
in relation to the local time of Lévy processes and its properties were extensively studied
in [11], [13] and [6]. By expressing the Green function of Z through the function h we
obtain estimates of the probability that Z does not die upon exiting the interval (0, R),
as well as estimates of the expected exit time of Z from the same interval in terms of h.
These results can be also found in a recent paper [6], where they have been considered
in a similar setting.

Using these results, as well as sharp two-sided Green function estimates for Z
obtained through the conditional gauge theorem, we arrive to the main results of this
paper by applying standard methods from [8] and [9].

The paper is composed as follows. In Section 2 we recall some basic results for a
one-dimensional subordinate Brownian motion and consider several properties of the
function h. Applying these results, in Section 3 we prove several properties of the
first exit time of Z from a finite interval (0, R). In Section 4 we prove that the process
7 killed outside of a finite interval (a,b), 0 < a < b, can be obtained from the killed
censored process Y (%% by a combination of a discontinuous and continuous Feynman-
Kac transform and show that the Green functions for X () and Z(? are comparable.
Finally, in Section 5 we give the proof of the Harnack inequality and boundary Harnack
principle for Z(@b).

(a,b)

2 Preliminaries

Let ¢ : (0,00) — (0,00) be a complete Bernstein function, ¢ € CBF, with killing term
and drift zero, i.e.

o) = [Nt

where the Lévy measure satisfies the condition [~ (1 A t)v(t)dt < co. Note that every
Bernstein function ¢ satisfies the condition

lA)\SMSl\/)\, A7 > 0. (2.1)

¢(r)

Let W = (W})>0 be a 1-dimensional Brownian motion and S = (S;);>¢ a subordinator
independent of W with the Laplace exponent ¢, that is

Ele™%] = e WM >0, A > 0.

Define a one-dimensional subordinate Brownian motion X = (X;);>o by X, = Wg,. Then
X is a Lévy process with the characteristic exponent

and a decreasing Lévy density

jlz) = / (4ws)*1/2e%fy(s)ds, r€R.
0

Furthermore, we will only consider the case when 0 is regular for itself, i.e. when

Po(ogoy =0) =1,
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where op = inf{t > 0 : X; € B} is the first hitting time of B € B(R) for X. By [13,
Lemma 3.1] this holds if and only if the Kesten-Bretagnolle condition is satisfied, that is

if -

By [1, Theorem II.16] there exists a bounded and continuous density u? of the ¢-resolvent

U f(x) = / B, (X, dt = /R f (@)t (z)dz

of the form

< < a1 g —th(A2 1 cos(Ax)
uwl(x) = e 4t xdt:/ e qt—/e Are=tdM)gn dt = — | —222 g
() /0 Pi(e) 0 2r Jr 27 Jr ¢+ ¢(\?)
Since the transition density p;(x) is decreasing in « it follows that u? is decreasing as
well.
Definition 2.1. A Borel measurable function f on R is harmonic on a Borel set D with
respect to a Markov process X if for every bounded open set BC B C D

flx) =E.[f(X7)], z€B (2.3)

where 75 = inf{t > 0: X; ¢ B} is the first exit time of X from B. If (2.3) holds also for
D in place of B, we say that f is regular harmonic on D.

Here we assume that the expectation in (2.3) is finite, X,, = 0, where 9 is the
so-called cemetery point and that f(9) = 0.

Define h: R — [0,00) as

. 1 (%1 —cos(Ax)
h(z) = lim(u?(0) — u?(x :7/ ————2d\. 2.4
() = lim(ut(0) ~ (@) = |~ @.4)
The function h is symmetric and since «? is decreasing, h is increasing on [0, c0).

Let X be the process X killed at 0 and Z = (Z;):>o the absolute value of that

process,
o |‘Xt‘7 t < 0'{0}
Zt—{ ) tza{o}’ t>0.

Since 0 is not polar, that is P, (cy < c0) > 0 forall z € R, X is a proper subprocess of X.
Also, if X is recurrent then, by [13, Theorem 3.1], P,(0p < c0) =1 for all z € R. By [13,
Theorem 1.1], h is harmonic for the process X° on R\ {0}, and since it is symmetric, it
is also harmonic for Z on (0, c0). Let Gx’ (r,dy) and G?(x,dy) be the Green measures
for X° and Z respectively. Note that for every z > 0 and A € B(0, ),

G, A) = [ (Pa(X0 € )+ Po(-XP € At = [ (6¥(09) + G (o) dy
0 A
and thus the Green function of 7 is equal to

G?(x,y) = e (x,y) + GXO(:B, —y). (2.5)

Furthermore, the Green function GX ’ of X° can be represented in terms of the function

h. By [1, Corrolary I1.18] it follows that [, [e™97t0}] = ZZES; and therefore

G () = limug(,y) = lim (u? (2, y) = By [~ T u?(0,))
(2.4)

= —h(y — x) + h(z) + h(y) — kh(z)h(y),

ECP 21 (2016), paper 84. http://www.imstat.org/ecp/
Page 3/12


http://dx.doi.org/10.1214/16-ECP28
http://www.imstat.org/ecp/

Boundary Harnack principle for the absolute value process

-1
where k = (% I ﬁd)\) € [0,00). Note that by the Chung-Fuchs type criteria for
recurrence and (2.2), k = 0 if and only if X is recurrent. It follows from (2.5) that

GZ(x,y) = 2h(x) + 2h(y) — h(y — ) — h(y + =) — 2kh(z)h(y), =,y > 0. (2.6)

The following lemma is implied by [6, Proposition 2.2, Proposition 2.4], which estab-
lish similar bounds for GX" in terms of h.

Lemma 2.2. For every z,y > 0, GZ(z,y) < 4h(z A y). If X is recurrent then G%(z,y) >
h(x Ay), for every x,y > 0.

Proof. First we show that & is a subadditive function on R. Since h is symmetric it
follows that

h(@) + h(y) = h(z +y) = h(=2) + h(y) = h(z +y) = GX (~z,y) 2 0.
By (2.6) and subadditivity of 4 for 0 < z < y we get
G?(z,y) < 2h(x) + 2h(y) — h(y — x) — h(y + z) — 2xh(z)h(y)
< 2h(z) + h(z) + h(y —z) + h(—x) + h(y + ) — h(y — ) — h(y + x) = 4h(z).
Since h is increasing on (0, 00), when x = 0 it follows that
GZ(x,y) > h(z) + h(y) — h(y — ) = h(z).
O

Throughout this paper we will assume that the complete Bernstein function ¢ satisfies
the following global scaling condition
(H): There exist constants a1, as; > 0 and % < d1 < 69 < 1 such that

a A < ¢(Ar) <a\2, A>1,r>0.
o(r)
Note that, since §; > % the regularity condition (2.2) is satisfied and x =0, i.e. X is
recurrent and O is regular for itself.
We will use the following estimate of h in terms of the characteristic function
several times in the following chapter, see also [6, Lemma 2.14].

Lemma 2.3. There exists a constant ¢; > 1 such that for all x > 0,
1 1
-l — < h(z) < c¢p—~.
by (1) o (1)

Proof. For every x € R it follows that

1T (ea? )1 N RSO Y i
CE ( 2 w@)dgzw/ (e d“w/g sen™

W) 22 ay 2-263 z 261 !
= 2ol ) () / ¢ “alms dz-2 / SR sa Sy

On the other hand, denoting the Fourier transform operator by F we have
v rlorio)> & [ ()%
1 [ d
*/ o 52 “rs ) gzb(fi)
e o) ( ) / e + ¢4/ g 2 by O
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From the previous lemma and (H), it follows that h also satisfies a global scaling
condition, i.e. there exist constants d;,d> > 0 such that

1 h(M
AL < h((t)) <A VA1 > 0. (2.7)

This condition implies the following lower bound for the Green function G(ZO R) of the
(0,R

killed process Z ), R > 0, which is obtained similarly as in [6, Lemma 4.2]. We omit

the proof.
Lemma 2.4. There exist A; € (0,1) and \> > 0 such that for every R > 0,

Gl ry(®,y) = Aah(R), =,y € (0, \ R).

3 Properties of the exit time of 7 from a finite interval

Denote by o := 0y, the lifetime of Z and 7(o,z) = inf{t > 0: Z; ¢ (0, R)} the first
exit time of Z from (0, R), R > 0. The following probability estimate that Z does not die
upon exiting (0, R) was also obtained in [6, Proposition 2.7].

Lemma 3.1. Forevery R > 0 and « € (0, R)

1 h(zx)
8 h(R)

h(z)
h(R)"

<P, (1(0,r) < 00) <

Proof. First we prove the right inequality. For € > 0 by harmonicity of 4 on (0, c0),

hz) =By [ (Zr. p)] = Ea [0 (Zr. 1)+ Tem) < 040}] -

Since h is continuous and ~(0) = 0, by the dominated convergence theorem and quasi-left
continuity of Z, it follows that h is regular harmonic for Z on (0, R),

h(w) = i B [1 (Zr ) 2 7em) < 0g0)] = Ea [0 (Zr.n) 2 T0.0) < 0(0}] -

Since h is increasing it follows that

oo
h(z) = /R h(y)P, (ZT(u,m €dy: To,r) < 00) = h(R)P, (T(0,r) < 00) -

For the other inequality, by continuity and harmonicity of the Green function G%(-,2R)
on (g, R) and Lemma 2.2, it follows that

z T z
h(z) < G“(z,2R) = 811_1}1(1) E, [G?(Z

T(e,R)?

€ dz)

T(0,R)

2R)| = /: G%(2,2R)P,(Z

(2.1),(2.4)
<Ah2R)P,(1(0,r) < 00) < Sh(R)P.(1(0,r) < 00)- O

The following estimate for the tail distribution function of the lifetime of Z was proven
in [6, Corollary 3.5.]. Under additional assumptions it is also possible to obtain estimates
of the derivatives of the tail distribution with respect to the time component. For more
details see [7].

Lemma 3.2. If there exist a; > 0 and 6, € (0,1] such that ¢(\t) > a3 \?*¢(t) hold for all
A >1andt > 0, then there exists a constant c; = ca(n, ¢) such that

L ) e h@)
Rl () ST = e )

for every x # 0 and t > 0 such that ty(1) > 1.
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Using this result we can easily derive the following estimates for the expected exit
time of Z from interval (0, R) in terms of the function h.

Lemma 3.3. There exists a constant c3 = c3(R, ¢) > 0 such that

i E, [T(oyR)] <4Rh(z), 0<z <R
(i) By [70,r)] = csh(z), forx small enough.

Proof. (i) By Lemma 2.2,

R R
Eq [7(0.m)] = / Glo py(,y)dy < / 4h(z)dy = ARh(z)
0 0
(ii) For the other inequality note that for all £ > 0,

P, (o0 > t) = Py(00 > t,T(0,r) = 00) + Pr(00 > t,70,r) < 00)

E.; [70,n)]

< P.(70,r) > t) + Pu(70,r) < 00) < ;

+ IPI(T(07R) < 00),

where the last term follows from Markov’s inequality. Hence, by Lemma 3.1, Lemma 3.2
and Lemma?2.3, if t¢ (1) > 1 there exists a constant ¢, > 0 such that

/471 (

cic t
> (1/)_1(1751) - h(R)> h(z) = fr(t)h(z). (3.1)

Note that by (H) there exists a constants ¢, > 0 such that forall t <1,

I, [T(O,R)] >t (]Pm(UO >t) —P.(10,r) < Uo)) > Clth (

=
~—
~—
>
—~
=y
~—

fR(t)ZCﬂ/J 1(1)t h(R)’

so there exists tg = to(¢, R) € (0,1) such that fr(¢) > 0 for all ¢ < ty. Therefore,

1
Ez[’r(O’R)} > fR(to)h(x), forall x < 1/]_7

4 Green function estimates for Z(®?

Let X(*? and Z(* be the processes X and Z killed outside of interval (a,b), 0 <
a < b. In this section we obtain sharp bounds on the Green function G(Zmb) by comparing
it to the Green function of X (*:*),

Let Y be the process obtained from X (%) through the Feynman-Kac transform
with respect to the positive continuous additive functional A, with potential Ii(()’oo)(.’lf) =

onoj(\x —y|)dy, i.e.
E, [f(Yt)] =E, [eAN(t)f(Xt(O,OO))} =, [efot H(O,m)(X£0~oo))de(Xt(0,oo)) @.1)

for every bounded Borel function f on (0,00). We call Y the resurrected (censored)
process on (0,00) corresponding to X, see [2] for a study of the censored process
corresponding to a symmetric a-stable Lévy process, a € (0,2).

From the representation of Beurling-Deny and LeJan, the jumping measure associated
with the Dirichlet form (£4, 7%) corresponding to the process Z has a density equal to

i(x,y) = j(lz —yl) + j(lz +yl).
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The Dirichlet forms corresponding to the processes X (#:!), Y (¢:8) and Z(%) are therefore
equal to

b b b

X ) = / / (ulw) = u(y))j(|x — y)dyda + / u(e)’ i (x)de
b b b

£ (uu) = / / (u(x) = u(y))*j(lo — yl)dyda + / u(x)’ky(x)dx
b b b

e ) = 5 [ [ ()~ utw) Pite.)ydo + [ alara(a)da,

where the killing densities k1, k2 and k3 are of the form

ka(x) = / iz — y)dy,
(a,b)e

ka(z) = / iz — y)dy,
(0,00)\(a,b)

Kk3(z) = / iz, y)dy.
(0,00)\ (a,b)

Note that Y(**) can be obtained from X (**) by creation through the Feynman-Kac trans-
form at rate K(0,00) - Therefore, by [4, Lemma 3.4] we can relate the Green functions of
processes X (**) and Y (**) through a conditional gauge function u; (z,y) = FY [eA~(C<)§,b>)]
by

GZz,b) (xa y) =u (.’E, y)Ggfz,b) (1’7 y)
Here ([} ;) = inf{t > 0: X, ¢ (a,b)} is the lifetime of X (%) and PY denotes the probability
measure of the G()fl b)(~,y)-conditioned process starting from z, i.e. the process with
transition probability
G()Z,b) (2,9) pX<a,b>
G()((l7b) (.13, y) !

Next we recall the definition of the Kato class S, from [4].

pi(x,2) = (z,2). (4.2)

Definition 4.1. Let X be a transient Hunt process with the Green function G. A
nonnegative Borel function « is said to be of the Kato class S, (X) if for any ¢ > 0 there
is a Borel set K of finite measure and a constant § > 0 such that

/ G (z,y)G¥ (y, 2)
KcUB

GX(ZC7Z) H(y)dy <eg

sup
z,zER™
for all measurable sets B C K such that A\(B) < 4.

By the conditional gauge theorem [4, Theorem 3.3], if K(g,o0) € Soo (X (@), the
conditional gauge function u; is bounded between two positive numbers. The key
ingredient in showing k(o) € Soo(X (a:0)) is the following Green function estimate
for G{, ;) from [5, Corollary 7.4 (i)]. Let ®(z) := 5y, d(2) = dist(z, (a,b)) and

a(z,y) := ®(6(x))2®(5(y))2. There exists a constant ¢, > 1 such that for every =,y € (a, b)

L _atwy) L alw)) o alwy) , awy)
T (et M) < e <o (GREln A TR ) @)

Also, (H) implies that ®~! satisfies the following scaling condition: there exists a constant
cs; > 1suchthatforall0 <r < R < oo,

T\ /(25) O1(r) 7\ 1/(262)
z < <es (= . .
' (%) SoiR) - ® (%) (44)
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Theorem 4.2. Let X be a recurrent subordinate Brownian motion via a subordinator
with Laplace exponent ¢ € CBF satisfying (H) for some 6; > % Then the function k(g o)
is in Kato class S., (X (*?)). Therefore, the pair (X ("), K(0,00)) is conditionally gaugeable
and consequently the Green functions Gf;b) and G}; p) are comparable.

Proof. Let € > 0. From (4.3) we get the following 3G inequality,

Clawy (@ 9)Clany 1:2) _ G@0(3(y)) (| — 2| V & (a(z, 2)))
Glon(@.2) ~ (lz —ylvetalz,y)(ly — 2| V@~ (aly, 2)))
4.5)

Az, y,z2) =

for some ¢; > 0. First note that, by (2.1) and (4.4), if §(y) < 2§(z) then

1

B alo) 2 271 (18602 000)?) 2 527 5().

ot

Since §(y) < 2(6(z) V |z — y|), it follows that |z — y| vV @~ (a(z,y)) > (1 Acg'271/%) §(y).
Combining this inequality with (4.5), we arrive to A(z,y,z) < & (4 V c222/) (b—a)%(;’z)).
Next, let & = & (4 V ¢22%/1) (b—a) and A = [a,a+n]U[b—n, b] for some 0 < 1 < (b—a)AL.
It follows that

Cre(s) D 2m TS
sup / Az, y, z)dy < 202/ ds < / ——ds = é3n~ .
z,z€(a,b) J A ( ) 0 52 a1¢(1) 0 52

Therefore, by choosing n small enough and K := [a + n,b — 7], we get to
€
sup Az, y, 2)dy < —.
z,z€(a,b) J K¢ 2

The function s — (bs(;) is continuous on [, b%‘l] so there exists a constant M > 0 such

that S;l(p ) /B Az, y, 2)dy < % for all B C K such that \(B) < ¢ := 2eg7- SINCe k(g 00)

is bounded on (a, b), this is enough to conclude that £ ) € Soc (X (*)). O

Next, we associate the Green functions for processes Y (**) and Z(®). Since
Z(a,b) y (a:b) b rb 9 . b 9
g (u,u) =& (u,u) + (u(z) —u(y))"F(z,y)j(lz —y)dydr + | u(z)*q(z)dz,

where F(z,y) = % and ¢ = k3 — ko, Z(*? can be obtained from Y (%" through the
Feynman-Kac transform driven by a discontinuous additive functional

t
Agip(t) = / gV )ds + 3 F (Y, Y (D). (4.6)
0

s<t

By [4, Lemma 3.9] the ratio of Green functions G(Za_b) (z,y) and G%; »(,y) is equal to
the gauge function wus(x,y) = EY {eAﬁF(C(i»b))} and C(Z p = inf{t > 0:Y; & (a,b)} is the
lifetime of Y(**) and P¥ is the probability measure of the G%;Ab)( -,y)-conditioned process
starting from z, see (4.2). We recall the definition of the Kato class A...

Definition 4.3. Let X be a transient Hunt process with values in E € B(R) with Green
function G and Lévy system (J, H), where Hy; = s. A bounded nonnegative function F' on
E x E vanishing on the diagonal is said to be in the Kato class A (X) if for any e > 0
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there is a Borel subset K of finite measure and a constant § > 0 such that for every set
A= (K xK)*U(Bx E)U(E x B)

G(z,y)G(z, w)
su ————F(y,2)J(x,dy)dz < ¢,
swp [ DT (.2,
where B C K is a measurable set such that [, ([, F(z,y)J(z,dy)) dz < é.

By [4, Theorem 3.8], the conditional gauge function us is bounded between two
positive constants when ¢ € S, (Y (*?)) and F € A, (Y("). This is shown by using (4.3)
similarly as in Theorem 4.2, so we omit the proof.

Theorem 4.4. Let the assumptions from Theorem 4.2 hold and A, r be the discontin-
uous additive functional for Y (%) from (4.6). Then q € Soo(Y(*?) and F € A, (Y(®?)
and consequently the Green functions of the processes Y (**) and Z(®") are comparable.
5 Boundary Harnack principle for 7

The exit distribution of Z.

T(arb) starting from x is equal to

P, (Z,., € B) = /B KZ 4 (5, 2)dz, @ € (a,b), B € B((0,00) \ [a,b]),

where K (Za,b) is the Poisson kernel of Z(%%) given by

b
K(Zmb)(x,z) :/a G(Za’b)(x,y)i(y,z)dy, x € (a,b), z € (0,00) \ [a, b].

Recall that the process Z can exit the interval (a,b) only by jumping out, since by [12,
Theorem 1],

P, (X%M) - a,-) —0, i=1,2

for all z € (a1,a2) C R. Using the results from the previous sections we can similarly
as in [8, Section 4] prove the Harnack inequality and boundary Harnack principle for
nonnegative harmonic functions of process Z(*).

Theorem 5.1 (Harnack inequality). Let R > 0 and a € (0,1). There exists a constant
c¢ = c6(R,a,¢) > 0 such that for all r € (0, R) and every nonnegative function u on R
which is harmonic with respect to Z in (0, 3r),

u(z) < cgu(y), forall x,y € (ar, (3 — a)r).

Proof. Let by = ar/2, by = ar, bs = (3—a)r and by = (3—a/2)r. By Theorem 4.2, Theorem
4.4 and (4.3), the exists a ¢; = ¢(¢, R) > 1 such that

o a(zi,y) a(xi,y)
Yo Ya(wi,y) V |z -yl o~ 1(a(wi,y) VIz —yl’

for all 1, x5 € (ba,b3) and y € (b1, by). Furthermore, note that

< G(Zl,17b4)(xi7y) < i=1,2,

B3—a)r
2

ar

ar
— < ) <
g S0(m) < 1

and  0(y) < T = |a—y| >

Therefore ®~*(a(x;,y)) V |z; — y| is comparable to r, so by (H) and (4.4) there exists a
constant é; = ¢2(R, a,$) > 0 such that

G(Zlvl,b4)($1ay) < 52G(Zbl,b4)(iﬁ1,y>
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for all z1, x5 € (b, b3) and y € (by, by). Consequently, we have
K(Zbl’b4)(x1’ Z) < EQK(ZZH,IM)(x?v Z)

for all 1, x5 € (ba, b3), 2z € [b1,bs]°. It follows that for all 1, z2 € (ar, (3 —a)r)
u(xy) = By, {u (X7<b1.b4>>} =/ u(z)K(Zlmbél)(ml,z) dz
(b1,ba)e
< 52/ u(z)K(il,,M)(xQ, 2) dz = éou(xs). O
(b1,bs)°

Theorem 5.2 (Boundary Harnack principle). Let R > 0. There exists a constant c; =
c7(R,¢) > 0 such that for all r € (0,R), and every nonnegative function v which is
harmonic for Z in (0, 3r) and continuously vanishes at 0, it holds that

u(.l?) h( )
— < —
u(y C7h X,y € (0,)\17’),

X
(y) = "h(y)’
where )\ is the constant from Lemma 2.4.

Proof. Let z € (0, A\;r). Since u is harmonic in (0, 3r) and vanishes continuously at 0, we
have

u(x) :;l_{% El’ [u (ZT(sm))] = EI [u (ZT(O,M)] = EI [u (ZT(o,r>) : ZT(O,T) € (7“, 27”)}
+E, [u (Z‘F(o,r)) F o 2 27"] =:uy(z) + ua(x).
First note that

u) _ wi(z) | ue(z)
u(A17) = w(Arr)  ua(M\r)

AL

and we estimate each term separately. By the previous Harnack inequality for a = 5

and Lemma 3.1 there exists a constant ¢; = ¢ (R, ¢) > 0 such that
h(z)
h(Air)’

ui(z) < HE, [u (M) : Z

T(0,r)

S (7‘, 2?”)] < Elu()\lr)IPz (T(Q,,.) < T) < 51U(A17‘)

For the second term, since the Lévy density j of X is decreasing, it follows that

o0

us(z) = / / w(2)GE, ) (2, 9)iy, 2)dzdy < / G2, (a,y)dy / u(2) ((z — 1) + §(2))dz

T
oo

= Eulron] [ w4 i) < drhia) [ w6 =)+ i)
2r T

where the last line follows from Lemma 3.3. By [10, Theorem 3.4] there exists a constant

¢y = &2(¢) > 0 such that

-2
9T <z < . 23>0,

yt
z z

so by (2.1), it follows that j(z — r) < ¢223j(2) when z > 2r and therefore

ug(z) < 4¢3(23 + 1)rh(x)/ u(2)j(z)dz.
2r
On the other hand, by Lemma 2.4,
AT [ 0o
ug(z) > G<Zo,r>(x,y)dy/ u(z)(j(2) + j(z +7))dz > A2h(A1T)A1r/ u(z)j(z)dz.
0 2r 2r
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Therefore, it follows that

u(x) L 46(1+2°)\ h(x)
wOur) = (‘1 RSV ) o)’ 5-1)

On the other hand, from [9, Lemma 5.1] for p = % it follows that there exists a constant
¢3 = ¢3(¢, R) > 0 such that for all z € (0,7) and y € (2r,3r),

Yy Y
/ K2, (2, y)ds < / (KX, (@) + KX, (@ —y))ds
2 37‘(1+1/3)/2
3637’ . (2.1) 27637’ .
< — J\Y) > J\Y)-
(@Y < Gayi)

Now by applying [9, Lemma 5.2 and Lemma 5.3] for U = B(0,2r) and p = % it follows
that

utw) < = E [ uwitay
~ o(r?) Jor
for some constant ¢; = é4(¢) > 0 and all z € (0,r). Furthermore by Lemma 2.2,
Air 0o o)
ug(z) > G(Zo,r)(fc,y)dy/ w(z)(j(2) +j(z +7))dz = Azh(x)Aﬂ"/ u(z)j(z)dz.
0 2r 2r
By the last two displays, (2.1) and Lemma 2.3, we get the required inequality, i.e.
u(Ar) — u(Air) ﬁ h(Aar)
Combining (5.1) and (5.2) we get the statement of the theorem. O
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