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In quantitative finance, we often fit a parametric semimartingale model to
asset prices. To ensure our model is correct, we must then perform goodness-
of-fit tests. In this paper, we give a new goodness-of-fit test for volatility-
like processes, which is easily applied to a variety of semimartingale models.
In each case, we reduce the problem to the detection of a semimartingale
observed under noise. In this setting, we then describe a wavelet-thresholding
test, which obtains adaptive and near-optimal detection rates.

1. Introduction. In quantitative finance, we often model asset prices as semi-
martingales; in other words, we assume prices are given by a sum of drift, diffu-
sion and jump processes. As these models can be difficult to fit to data, we often
restrict our attention to a parametric class, of which many have been suggested
by practitioners. To verify our choice of parametric class, we must then perform
goodness-of-fit tests.

As semimartingale models can be quite complex, there are many potential tests
to perform. In the following, we will be interested in testing whether models accu-
rately describe processes such as the volatility, covolatility, vol-of-vol or leverage.
We will further be looking for tests which can be shown to obtain good rates of
detection against a variety of alternatives.

While many goodness-of-fit tests exist in the literature, fewer have been shown
to obtain good detection rates. Those tests which do achieve good rates are gen-
erally designed for one type of semimartingale model, and one way of measuring
performance.

In the following, we will therefore describe a new goodness-of-fit test for
volatility-like processes in semimartingales. Our test can easily be applied to a
wide range of models, including stochastic volatility, jumps and microstructure
noise, and obtains good detection rates against both local and nonparametric alter-
natives.

Our method involves reducing any goodness-of-fit test to one of semimartingale
detection: given a series of observations, is the series white noise, or does it contain
a hidden semimartingale? We will show how this problem can be solved efficiently,
obtaining adaptive and near-optimal detection rates.
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We now describe in more detail the problems we consider, as well as rele-
vant previous work. Our goal will be to test the goodness-of-fit of a parametric
semimartingale model. Many such models have been described, including sim-
ple models such as Black—Scholes or Cox—Ingersoll-Ross; Lévy models such as
the generalised hyperbolic or CGMY processes; and stochastic volatility models
such as the Heston or Bates models. [For definitions, see Cont and Tankov (2004),
Papapantoleon (2008).]

In the simplest case, where our observations are known to come from a station-
ary or ergodic diffusion process, a great many authors have described goodness-
of-fit tests. We briefly mention some initial work [Ait-Sahalia (1996), Corradi
and White (1999), Kleinow (2002)] as well as more recent discussion [Chen,
Zheng and Pan (2015), Gonzélez-Manteiga and Crujeiras (2013), Papanicolaou
and Giesecke (2014)].

In a financial setting, however, even if our model is stationary, we may need to
test it against non-stationary alternatives. When observations can come from a non-
stationary diffusion, goodness-of-fit tests have been described using the integrated
volatility [Corradi and White (1999)], estimated residuals [Lee (2006), Lee and
Wee (2008), Nguyen (2010)] and marginal density [Ait-Sahalia and Park (2012)].
Goodness-of-fit tests also exist for regressions between diffusions [Mykland and
Zhang (2006)].

In the following, we will be interested in goodness-of-fit tests which not only
detect non-stationary alternatives, but also achieve good detection rates. In this
setting, Dette and von Lieres und Wilkau (2003) propose a test which can detect
misspecification of the volatility at a rate n~1/4 in L? norm [see also Dette, Podol-
skij and Vetter (2006), Papanicolaou and Giesecke (2014), Podolskij and Ziggel
(2008)].

A similar test proposed by Dette and Podolskij (2008) detects alternatives in a
fixed direction at the faster rate n—1/2, although the authors do not give rates in
LP. This test can also be applied to more complex models, including stochastic
volatility [Vetter (2012)] and microstructure noise [Vetter and Dette (2012)].

In some volatility testing problems, previous work has described tests which
achieve optimal detection rates against nonparametric alternatives [Bibinger, Ji-
rak and Vetter (2015), Reif3, Todorov and Tauchen (2014)]. However, these tests
are specific to the problems considered, and do not assess the goodness-of-fit of
general models.

In the following, we will therefore describe a new method of goodness-of-fit
testing for volatility-like processes. We will show how our approach applies to
a wide variety of semimartingale models, including those with jumps, stochastic
volatility and microstructure noise. In each case, we will obtain adaptive detection
rates, with near-optimal behaviour not only against alternatives in a fixed direction,
but also against nonparametric alternatives.

To construct our tests, we will reduce each goodness-of-fit problem to one of
semimartingale detection: we will construct a series of observations Z;, which
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under the null hypothesis are approximately white noise, and then test whether the
Z; contain a hidden semimartingale S;.
For example, suppose we have a semimartingale:

dXt :btdt +4/l‘leBl‘7

where B; is a Brownian motion, b; and u; are predictable processes, and we make
observations X;,,i =0, ..., n, where the times #; := i /n. Further suppose we have
amodel u(z, X;) for the volatility, and wish to test the hypotheses:

Hy:pu,=pn(t, X;) versus Hj:u, unrestricted.
To estimate u;, we define the realised volatility estimates
Yii=n(Xy,, — Xi)%  i=0,...,n—1.

Since the scaled increments /n (X, +1 — Xj;) are approximately N (0, uy;), the ob-
servations Y; have approximate mean p; and variance 2pct2i. Under Hy, we thus
have that the normalised observations:

Zi =Y — (i, X)) o (i, Xp), 0% =2p7,

are approximately white noise.
Under H;, we instead obtain

(1) Zi =S, +ei,
where the semimartingale

St = (/’LZ - M(ts Xt))/a(t’ Xt)a

and the approximately-centred noises
g =i —pg) /o, Xy).

To test our hypotheses, we must therefore test whether the series Z; is approxi-
mately white noise, or contains a hidden semimartingale S;.

If the noises & were independent standard Gaussian, independent of S;, we
could consider this a standard detection problem in nonparametric regression. Con-
ditioning on S;, we could take the semimartingale as fixed, and then apply the
methods of Ingster and Suslina (2003), for example.

Under suitable assumptions on the process S;, its sample paths would be almost
%—smooth, and we would thus be able to detect a signal S, at rate n~'/# in supre-
mum norm, up to log terms. Alternatively, if we wished to detect signals S; < e;,
for a fixed direction e;, we could do so at a rate n=1/2,

In general, however, the signal S; may depend on past values of the noises ¢&;,
and vice versa. We will thus not be able to appeal directly to results in nonpara-
metric regression, and will instead need to use arguments developed specifically
for the semimartingale setting.
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In the following, we will show that testing problems like (1) can be solved with
detection rates similar to those of nonparametric regression. We will further show
that many semimartingale goodness-of-fit tests can be described in a form like (1),
including models with stochastic volatility, jumps or microstructure noise.

Our approach will be similar to wavelet thresholding [Donoho et al. (1995),
Hoffmann, Munk and Schmidt-Hieber (2012)]; essentially, we will reject the null
whenever a suitable wavelet-thresholding estimate of S; is nonzero. While this
method is known to work well in the standard nonparametric setting, we will need
to prove new results to apply it to settings like (1).

Our proofs will use a Gaussian coupling derived from Skorokhod embeddings.
We note that as our results must apply in a general semimartingale setting, we
will not be able to use faster-converging couplings, such as the KMT approxima-
tion. We will show, however, that under reasonable moment bounds, a Skorokhod
embedding will suffice to achieve the desired detection rates.

Indeed, with this construction we will show our tests detect semimartingales S;
at a rate n~ /% in supremum norm, up to log terms, even when S; contains finite-
variation jumps. Furthermore, our tests will simultaneously detect simpler signals
at faster rates; for example, we will be able to detect signals S; in a fixed direction
e; at arate n~ /2 up to logs, without knowledge of the direction e;.

We will finally show that in each case, the rates obtained are near-optimal. Ap-
plying our tests to problems like (1), we will thus be able to construct goodness-
of-fit tests for a wide variety of semimartingale models, obtaining adaptive and
near-optimal detection rates.

The paper will be organised as follows. In Section 2, we give a rigorous de-
scription of the problems we consider, and discuss examples. In Section 3, we then
construct our tests, and state our theoretical results. In Section 4, we then give
empirical results, and in Section 5, proofs.

2. Semimartingale detection problems. We now describe our concept of a
semimartingale detection problem. Our setting will include volatility goodness-of-
fit problems like (1), as well as many other semimartingale goodness-of-fit tests.

We begin with some examples of the problems we will consider. In each case,
we will describe a semimartingale model with a volatility-like process ;. We
will wish to test the null hypothesis that u; is given by some known function
w(6o, t, X;), for an unknown paramter 6y € ®, and an estimable covariate process
X € RY; our alternative hypothesis will be that i, is not given by u.

To test our hypothesis, we will construct F, , -measurable observations Y;, and
a variance function o2, Under the null, and conditional on Fi;, the observations
Y; will have approximate mean and variance (6, t;, X;;) and 02(90, ti, Xy,). To
estimate these means and variances, we will further construct estimates 6 and X;
of the parameters 6y and covariates X, .

We will then be able to estimate the difference between the observations Y;
and their means y, scaled according to their variances o2; we will reject the null
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hypothesis when the size of these scaled differences are large. In Section 3, we
describe in detail how we perform such tests, as well as giving theoretical results
on their performance.

For now, we proceed with some examples of semimartingale goodness-of-fit
problems in this form. Let B; and B; be independent Brownian motions, A(dx, dt)
be an independent Poisson random measure with intensity dxdr, b; and b, be
predictable locally-bounded processes, and f;(x) be a predictable function with
JRIA] £ (x)|? dx locally bounded, for some S € [0, 1). Further define times 1=
i/n.

We then have the following examples.

Local volatility. We wish to test a model u for pu; in the process

(2) dXt:b;dt+4/ﬂde;,
making observations X, i =0,...,n. We set )?; := Xy, and estimate u; by

the realised volatility [Andersen et al. (2001), Barndorff-Nielsen and Shephard
(2002)],

Yi ==n(Xy,, — X1

We then define the variance function o2 := 2u2.
Jumps. We wish to test a model u for i, in the process

dX; =b,dt + /i dB; + /R fi(x)A(dx,dt),

making observations X, i =0,...,n. We set fi := X;;, and estimate w;, by the
truncated realised volatility [Jacod and Reiss (2014), Mancini (2009)],
YVi=gn (VX = X)), gn() =x"lag,,
for any sequence «, > 0 satisfying
3) log(n) = o(ay), o, = o(n") for all k¥ > 0.

We then define the variance function o2 := 2u2.
Microstructure noise. We wish to test a model u for p; in the process

Xm’[ :bt dt + A/ Mt dBt
We make observations
}~(1,,- =X t&i, i=0,...,n2,
where the noises ¢; are measurable in the filtrations F :,r :={y>s Fs, and satisfy
Ele;| Fy1=0.
E[Szzl}-t,’] = Xz,t;’
Ellei|“| 7] = C,
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for an Itd semimartingale X» ; with locally-bounded characteristics, and constants
k > 8, C > 0. We estimate X;; and u,; by their pre-averaged counterparts [Jacod
et al. (2009), Reil3 (2011)],

n—1
s | S
X1,j:=n §X1,nj+i,
et

n—1
S . ~1 o~ S 2
X2, j:=(2n) E (X1 nj+i+v1 — X1nj+i)
i=0

n—1 2
1 - ~
Yj = n2(2n1<ZCOS(T[<i + 5)/”>X1,nj+i> _X27j)‘
i=0

We then define the variance function o2 := 2(u + X 2, 2.
Stochastic volatility. We wish to test a model u for u; in the processes

dX1;=b/dt +,/X,:dBy,
dXs, = bl di + Jii;dB.,
making observations X i i =0,...,n°>. We define volatility estimates
Xoi=n’Xy g, —X10%  i=0,....n7—1,

which we use to estimate X; : and : [Barndorff-Nielsen and Veraart (2009),
Vetter (2012)],

X1,j=X14,

n—1
s S
X2,ji=n EXZ,nj-‘ria
i=0

n—1 2
1 - ~
Yj = 2772(n_1 (Z cos(n <i + §>/H)X2,nj+i) - X%,j)'
i=0

We then define the variance function o2 :=2(u + 272X % t)z.

Others. Many other models, for example, including cdvolatility or leverage, or
combining any of the above features, can be described similarly. For simplicity, we
assume in the following that the times #; are deterministic and uniform; however,
models with uneven or random times that are suitably dense and predictable can
be addressed in a similar fashion.

To concisely describe these examples, and others, we will state a set of assump-
tions on the observations Y;, mean and variance functions p and o2, parameters 6,
covariates X; and estimates X;. It will be possible to show that the above models
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all lie within our assumptions, and we may thus work within these assumptions
with some generality.

To begin, we define some notation. Let || - || denote any finite-dimensional
vector norm; write a = O(b) if |la|| < C|b||, for some universal constant C;
and write a = Op(b) if for each ¢ > 0, the random variables a and b satisfy
P(|lall > C¢||b|]) < &, for universal constants Cg.

We stress here that the implied constants C and C, are universal; in state-
ments such as a = O (1), we require the supremum sup ||a|| over all such a to
be bounded. Given a function f : X — R, we also define the supremum norm

[ flloo := supyex | £ (X)].
Our assumptions are then as follows.

ASSUMPTION 1. Let (82, F, (Fr)tefo.1]. P) be a filtered probability space,
with adapted unobserved mean, variance and covariate processes u; € R, O‘tz >0,
and X; € RY, respectively. For 0 <t <t + h < 1, letting W, denote either of the
processes u; or X;, we have

W =0(1),
4 E[With — Wi Fil= O(h),
E[llWesn — Wil*|F] = O ().
Fori=0,...,n—1, we have F;,  -measurable estimates X; of X, satisfying

E[IX; — X *1 7] = 0(n™"),
E[I1X; — X, |*1F] = 0(n™").

We also have F;, | -measurable observations Y;, satisfying

ELYi|F) = p, + O(n™12),

(6) Var[Y;|F,1= 07+ O(n~ /),

&)

E[|Y:|*¢|F,] = 0(),

for a constant ¢ > 0.
Under the null hypothesis Hy, we suppose our observations Y; are described by
a parametric model,

MT:M(Q()!th[)’ 012202(009I9Xt)9

for known functions u,02 : ® x [0, 1] x R? — R, and an unknown parameter
0 € ©. We suppose that ® C R? is closed, and o is positive. We also suppose
the functions u and 0% are locally Lipschitz in 6, continuously differentiable in ¢
and twice continuously differentiable in X. Finally, we suppose we have a good
estimate 6 of 6, satisfying

o~

6—6)=0,(n""?.
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Under the alternative hypothesis H{, we instead allow p,, o; unrestricted, and re-
quire only that & = O, (1).

To ensure the examples given above lie within Assumption 1, we must require
that the parameter space ® C R? be closed, and the model function u be locally
Lipschitz in 6, continuously differentiable in ¢, and twice continuously differen-
tiable in X;. These conditions should all be satisfied for most common models.

We must further require the semimartingales X; to be bounded, and have
bounded characteristics. In general, this assumption may not hold directly; how-
ever, we can assume it without loss of generality using standard localisation argu-
ments.

In the supplemental material [Bull (2016b)], we then check that the above ex-
amples satisfy our conditions on the processes u;, oy and X;; estimates X i3 and
observations Y;. Most of these conditions follow from standard results on stochas-
tic processes where necessary, higher-moment bounds can be proved using our
Lemma 1 below.

To satisfy Assumption 1, it remains to choose an estimate 8 of 6y, having error
Op (nfl/ 2) under fio, and being O, (1) under H;. While our results are agnostic
as to the choice of 8, a simple choice is given by the least-squares estimate

n—1
7) 6 := argmin Z(Yi —,u(@,ti,f(i))z,
9e® i)

which can be found by numerical optimisation. Under standard regularity assump-
tions for nonlinear regression, this estimate & can be shown to satisfy our condi-
tions arguing, for example, as in Section 5 of Vetter and Dette (2012).

Finally, we note that in the microstructure noise and stochastic volatility models,
we need to make n” + 1 observations of the underlying process X; to construct the
n estimates Y;. We may thus expect to achieve the square-root of any convergence
rates given below; such behaviour, however, is common to all approaches to these
problems in the literature.

We have thus shown that many different semimartingale goodness-of-fit prob-
lems can be described by our Assumption 1. Next, we will describe our solutions
to these problems.

3. Wavelet detection tests. To state our tests for the problems given by As-
sumption 1, we first consider the signal function:

S51(0) := (e — (0,1, X)) /o (0,1, Xy).

This function measures the distance of the model mean p from the true mean u;,
weighted by the model variance o-2. Under Hy, we have

S:(8) ~ S;(6) =0,
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while under H;, we can in general expect |S; )] to be large. We may thus reject
Hy whenever an estimate of S;(f) is significantly different from zero.

To estimate the signal S;(6), we will use wavelet methods. Let ¢ and ¥ be the
Haar scaling function and wavelet,

¢ =101, Y= 1p0,1/2) — l11/2,1),

andfor j =0,1,..., k=0,..., 2/ — 1, define the Haar basis functions
Qix(t) =2t —k),  Yjx) =22 —k).
We can then describe S;(0) in terms of its scaling and wavelet coefficients

1 1
o1 (60) = /0 08O, Bju(6) = /0 V(D)8 0) dr.

To estimate these coefficients, we first pick a resolution level J € Ny, so that 27

is of order n!/2. We then estimate the scaling coefficients a ; (8) by
n—1
Q@) :=n""Y @t Zi(6),
i=0

where the normalised observations
Zi(0) = (Yi — n(0, 4, X))/ 0, t;, X;).

We note that for fixed 6, these estimates can be computed in linear time, as each
observation Y; contributes to only one coefficient & x(6).

To estimate the coefficients ap,0(6) and B; x(0), 0 < j < J, we then perform a
fast wavelet transform, obtaining estimates

1 _ 1
ap,0(0) I=Z&J,l(9)/0 ©7.,190,0 Bj.k(0) ¢=Z&1,1(9)f0 0k
/ /

We note that efficient implementations of this transformation, running in linear
time, are widely available.

To test our hypotheses, we will take the maximum size of these estimated coef-
ficients, producing test statistics

Bix(®)].

T(6):= max [@0(),
0<j<J.k

We will show that under Ho, T (@) is asymptotically Gumbel distributed, while
under Hy, T'(0) will tend to be greater.

THEOREM 1. Let Assumption 1 hold:
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(1) Under Hy,
;! (nPT®) —by) S G
uniformly, where the constants

= (2log(m)) ™'/,

_ 1
by =a,' — S log(r log(m)),

and G denotes the standard Gumbel distribution.
(i1) Under Hj,

~ o~

T@)—T@) =0,(n""*logm)'/?

uniformly, where

T():= max
( ) 0<j<J,k

We thus obtain that under Hy, T(@) concentrates around zero at a rate
n~121log(n)!/?. Under Hj, it concentrates at the same rate around the quantity
T(@\), which measures the size of the signal S; (5). We can use this result to con-
struct tests of our hypotheses, and prove bounds on their performance; we first
note that for some of our bounds, we will require the following assumption.

ASSUMPTION 2. The processes p; and X; are [td semimartingales,

M,:/t<bgds+(cg)Tst+/ ff(x)k(dx,ds)),

X,,t_/ (bX ds + (cX)" dB; +/ f{i(x),\(dx,ds)),

for a Brownian motion B; € R?*t! independent Poisson random measure Aldx,
ds) having compensator dx ds, predlctable processes bl', bX , cif, ¢X = 0(1),

1,8° l?

and predictable functions fs (x), i S(x) satisfying [p 1 A | fs(x)|dx = O(1).

Under Assumption 2, we thus have that p; and X, are It6 semimartingales,
with bounded characteristics and finite-variation jumps. This assumption holds for
many common financial models, if necessary after a suitable localisation step. Us-
ing this condition, we are now ready to describe our tests, and bound their perfor-
mance.

THEOREM 2. Let Assumption 1 hold, and for o € (0, 1), define the Gumbel
quantile

Gn.a = —as log(—log(1 — @) + by,
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and critical region

Coo i ={n'’TO) > gna}.

(1) Under Hy, we have P[Cy, o] — o uniformly.

(i1) Under Hy, let M, > 0 be a fixed sequence with M, — oo. If E,, is one of the
events:
(a) {||S(§) loo > M,n~1/4 log(n)l/Z}, given also Assumption 2; or

J

(b) {maxo<j<sk 22| [7 ;5 8,@) dt| = Mun=11og(n)'/2);
we have PLE, \ Cy,.o] — O uniformly.

We thus obtain that the test which rejects Hy on the event C,, ,, is of asymptotic
size «r, and under Assumption 2, can detect signals S; (5) at the rate n—1/4 log(n) 172
in supremum norm. We further have that, even without Assumption 2, our test can
detect a signal whenever the size of its mean over a dyadic interval is large.

In particular, if S; () o e; for some nonzero deterministic process e;, then e;
must have nonzero integral over some dyadic interval 27/ [k, k + 1). We deduce
that our test can detect signals in the fixed direction e; at the rate n—1/2 log(n)l/z,
without prior knowledge of e;.

We can further show that these detection rates are near-optimal.

THEOREM 3. Let Assumption 1 hold, and 6, > 0 be a fixed sequence with
8n — 0. If E,, is one of the events:

@) {||S(@\)||oo > Bnnf1/4}, given also Assumption 2; or

(i) {maxe2/2| 7" Y 5,@) dt| = 8,112, for some j, =0, ..., J;

then no sequence of critical regions C, can satisfy

limsupP[C,] < 1
n

uniformly over Hy, and
PIE,\C,]— 0

uniformly over Hj.

We thus conclude that our goodness-of-fit tests achieve the near-optimal detec-
tion rate of n~'/#log(n)!/? against general nonparametric alternatives, in a wide
variety of semimartingale models. This result is already a significant improvement
over previous work; we note that similar methods do not establish near-optimality
for the procedures of Dette and von Lieres und Wilkau (2003), for example, where
the corresponding lower bound would be n~1/3.

Furthermore, we have shown that our method simultaneously provides near-
optimal detection rates against alternatives which are easier to detect, including the
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case where the signal S; (5) lies in a fixed direction e;. We may thus achieve good
detection rates in a fully nonparametric setting, without sacrificing performance
against fixed alternatives.

4. Finite-sample tests. We next consider the empirical performance of our
tests. As convergence to the Gumbel distribution can be quite slow, in the follow-
ing, we will consider a bootstrap version of our tests, which will be more accurate
in finite samples.

The general procedure is as follows. First, we estimate the parameters 6 from

the data, using some estimate 6. Next, we simulate many sets of observations Yl-(j )

from the null hypothesis, with parameters chosen by 8. Any components of the
null hypothesis not described by 6, such as drift or jump processes, are set to zero.

For each set of simulated observations Yi(J ) , we then compute a parameter es-

timate 8/), and statistic 7 (@W). Finally, we reject the null hypothesis if the
original statistic T @) is larger than the (1 — «)-quantile of the simulated statistics
7O @),

We now perform some simple Monte Carlo experiments on these tests. We
will compare our tests to those of Dette and von Lieres und Wilkau (2003),
Dette, Podolskij and Vetter (2006) and Dette and Podolskij (2008), using the same
methodology as Dette and Podolskij. As in that paper, we will generate Monte
Carlo observations in the local volatility setting (2). We will then use our tests to
evaluate the goodness-of-fit of various parametric models for the volatility.

In each case, we consider receiving n = 100, 200 or 500 observations, and con-
structing confidence tests at the @ = 5% or 10% level. We then generate 1000 re-
alisations of simulated data, compare our statistic against 1000 bootstrap samples
in each realisation, and report the proportion of runs in which the null hypothesis
is rejected.

In our tests, we set the resolution level J := [log,(n)/2], and use the least-
squares parameter estimates o given by (7). As the models we consider will be
linear in the parameters 6, we will be able to compute these estimates in closed
form, as linear regressions.

Table 1 then gives the observed rejection probabilities of our tests in two mod-
els: a constant volatility model, where . (x, t, 6) = 6; and a proportional volatility
model, where w(x,t,60) = 6x2. In each case, we give results for our tests under a
variety of null and alternative hypotheses.

We note the hypotheses tested are the same as in Tables 14 of Dette and Podol-
skij (2008), as well as Table 3 of Dette and von Lieres und Wilkau (2003), and
Tables 3.1 and 3.4 of Dette, Podolskij and Vetter (2006). We may thus directly
compare the performance of our tests to those given in previous work.

We find that in both models, our tests have good coverage under the null hypoth-
esis, and reliably reject under the alternative hypothesis. The power of our tests is
competitive with previous work under the constant volatility model, and generally
improves upon previous work under the proportional volatility model.
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Observed rejection probabilities for bootstrap test

A.D. BULL

TABLE 1

n 100 200 500
o 5% 10% 5% 10% 5% 10%
Constant volatility, null, 1y =1
by =0 0.048 0.105 0.056 0.101 0.035 0.089
by =2 0.055 0.114 0.057 0.103 0.044 0.084
by = X; 0.056 0.101 0.041 0.093 0.037 0.092
by =2-X; 0.048 0.095 0.052 0.105 0.051 0.100
by =tX; 0.038 0.094 0.060 0.101 0.063 0.111
Constant volatility, alternative, by = X;
S =1+ X, 0.777 0.840 0.898 0.932 0.976 0.985
e =1+sin5X; 0.964 0.977 0.997 0.999 1.000 1.000
it =1+ Xpexpt 0.954 0.975 0.987 0.994 0.999 0.999
it =1+ X;sin 5t 0.851 0.908 0.970 0.982 0.994 0.995
i =1+1X; 0.742 0.796 0.883 0.914 0.951 0.972
Proportional volatility, null, j; = th
by =0 0.062 0.119 0.044 0.090 0.043 0.087
by =2 0.073 0.120 0.056 0.106 0.043 0.081
by = X; 0.070 0.115 0.055 0.100 0.043 0.098
by =2-X; 0.053 0.085 0.055 0.100 0.034 0.081
by =tX; 0.070 0.106 0.062 0.123 0.045 0.106
Proportional volatility, alternative, by =2 — X;

ue=1+ X,2 0.602 0.673 0.700 0.766 0.844 0.884
ur=1 0.832 0.871 0.927 0.951 0.979 0.991
e =51X,3/? 0.580 0.669 0.672 0.760 0.854 0.902
e =51 X¢| 0.896 0.932 0.963 0.974 0.995 0.998
we =1+ X;)? 0.831 0.878 0.894 0.929 0.964 0.979

We conclude that our tests not only achieve good theoretical detection rates, but

also provide strong finite-sample performance. They may thus be recommended
for many different goodness-of-fit problems, whether previously discussed in the
literature, or newly described by our more general assumptions.

5. Proofs. We now give proofs of our results. In Section 5.1, we will state
some technical results, in Section 5.2 give our main proofs and in the supplemental
material [Bull (2016b)] prove our technical results.

5.1. Technical results. We first state the technical results we will require. Our
main technical result will be a central limit theorem for martingale difference se-
quences, bounding the exponential moments of the distance from Gaussian.

LEMMA 1. Let (2, F, (]—"j);?=0, P) be a filtered probability space, and let X,
i=0,...,n—1, be Fiy1-measurable real random variables. Suppose that for
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some Kk > 1,
E[X;|Fi]=0,
n—1
ZE[|X1|4K|]:1] — O(HI_ZK).
i=0
(1) If also

2

n—1
> E[X}IFi] -1
i=0

E|: K‘J-"o} =0(n™),

then on a suitably-extended probability space, we have real random variables &, n
and M, independent of F given JF,, such that

n—1
Yo Xi=E&+n;
i=0

& is standard Gaussian given Fo; we have
E[n|*]Fo] = 0 (n™);
foru eR,
1,
E exp(un — Eu M)‘}'o <1
and M > 0 satisfies

(8) E[M*|Fo] = O(n™").

(i) For random variables ¢c; = O (1), let v, := Z?:_ol ¢iX;. Then on a suitably-

extended probability space, we have a constant A = O (1) and real random vari-
able M, independent of F given J,, such that

sup E[Jve|*| Fo] = O(1);
foruelR,
sng[exp(uvc — %MZ(A + M))‘f0:| <l
and M > 0 satisfies (8).

We will also need the following result on combining exponential moment
bounds.
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LEMMA 2. Let (2, F,P) be a probability space, with real random variables
(Xi)?:_o] and M. Suppose that for u € R,

1
E[exp(uXi — EMZM)} =0(1),
and M = O (ry) for some rate ry, > 0. Then

max 1= 0,r 1ogim) ).

Our next technical result will bound the moments of our observations Y;, and
their normalisations Z;(6). The result will be stated using the Holder spaces C?,
defined as follows. Given a function f : X — R, for suitable X € R?, we define
the 1-Holder norm

Ifller =11 flloo v sup | fCx) = FOD|/llx = I,

x,yeX

and the 2-Holder norm

I lloo v x| (V)i r. £ is differentiable,
I fllc2:= i=1

00, otherwise.

We also say f is C* if || f]l¢s < o0.

LEMMA 3. Under Hy or Hy, suppose the fi = 0 (1), and © is bounded:

(1) For fixed i and Y;, the variables Z;(0) are C 1 functions of 6 and X i, with
Holder norm O(1 + |Y;]).
(ii) The variables S;(0) are C! functions of 0, t, u; and X;, and for fixed 0
and t, also C? functions of u; and X;, both with Holder norm O (1).
(iii) For 6 € ®, we have

E[Zi(0)|F;,] = $;,(0) + O(n~'/?),
E[|Zi@)[*1F,] = 0,
and under Hy, also
E[Zi(60)*|F;, ] =1+ O(n™1/%).
(iv) Define times
) se=[n277k)/n,  k=0,...,27.
Then

nsg+1—1
—1/2 2
max 2N vr=0,0).

i=nsy
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Finally, we will need a result controlling the behaviour of the processes S;(0)
under Assumption 2.

LEMMA 4. Under Hy, suppose © is bounded, let ©, C © be a sequence of
finite sets, of size O(n") for some k >0, and let 8, = 0(n~'?). Given Assump-
tion 2, we have

5:(0) = 51 (6) + S:(6),
where the processes §t (0) and S;(0) are as follows:

(1) We have
sup  [S5(0) — 5,(0)| = 0, (n~*log(m)'7?).

0€0,.Is—1|<8,

(ii) In L*([0, 11), let Py f denote the orthogonal projection of f onto the sub-
space spanned by the scaling functions ¢y i, and define the remainder R f :=
f— Pjf.Then

sup [R,50)] . = 0, H1ogn) ).
0e®,

(iii) We have a random variable N € N, and random times 0 = 19 < --- <
v = 1, such that the processes S:(0), 0 € ©,,, are constant on intervals [t;, Ti11),
[tnv—1, TN ], and

IP’[miin(riﬂ —T) < Sn] — 0.

5.2. Main proofs. We may now proceed with our main proofs. We first prove
Theorem 1, beginning with a lemma controlling the variance of our estimated scal-
ing coefficients & x (0).

LEMMA 5. Fork=0,...,27 —1,0 €0, define scaling-coefficient variance
terms

n—1

Gk :=n""> " 0,1t (Zi(0) — E[Z:(0)F;,]).
i=0

() Under Hy, suppose the X; =0().Thenona suitably-extended probability

. J )
space, we have a filtration (G)i_. and Gi1-measurable real random variables
&k, Nik» My, such that

n'2& 1 1 (60) = & + ni;

the variables & are standard Gaussian given Gy;

E[exp(unk — %usz>)gk] <I;
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and the variables My, > 0 satisfy

(i) Under Hy, suppose © is bounded, and the X i = X,. We then have constants

A = O(1), and on a suitably-extended probability space, a filtration (Qk)ijzo and
real random variables My, such that

1
sup E[exp(unl/z&]’kw) — —u* (A + M/J)‘Qk} <1
0O 2

the variables My > 0 satisfy (10); and the d j x(0) and My are Gy 1-measurable.

PROOF. We first prove part (i), and argue by induction on k. Let Gy = F¢, and
suppose that for i =0, ...,k — 1 we have constructed, on an extended probability
space, o -algebras G; 1, and random variables &;, n;, M; satisfying our conditions.
We suppose also that Gy has been chosen to be independent of F given Fy, , where
the times s are given by (9); we note this condition is trivially satisfied for Gy.

We can then write

nsg1—1

n'Pa@ 00 =Y &,

i=nsy
where the m := n(sg41 — Sx) summands
g =n""22712(Z;(60) — B[ Z: (60)| F,)).

To compute the moments of the ¢;, we may apply Lemma 3(iii), noting that since
we are only interested in 8 = 6y, we may assume © is bounded. We thus have

El¢i | Fr,, Gl =0,

nsg41—1
Y EB[G1F Gl =1+0(m"'7?),

i=nsy

nsg+1—1
Z E[1¢ %1 F,, Gi] = O (m™UTe/2),

i=nsy

using also that the ¢; are independent of G given F;,.

We may therefore apply Lemma 1(i) to the variables n'/%a@ 4 (6p). On a further-
extended probability space, we obtain random variables &, ni, My satisfying the
conditions of part (i), independent of F given Gy and Fy, . Defining G to be
the o -algebra generated by Gy, Fy,_,, ék, nk and My, we deduce that Gy satisfies
the conditions of our inductive hypothesis. By induction, we conclude that part (i)
of our result holds.
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To prove part (ii), we argue similarly, noting that the random variables

nsg41—1

n'Pa =Y O,

i=nsy
where the 4, -measurable summands
g =n""222(v; — E[Y;| 7)),
and the J,-measurable coefficients
ci(0):=1/0 (0.1, Xy,).

As the function o is continuous and positive, and 6 and X; are bounded, we have
the variables c¢; (0) = O(1). We may thus apply Lemma 1(ii), producing random
variables Ay, My satisfying the conditions of part (ii). The result then follows as
before. [

We now prove a lemma bounding the variance of our estimated scaling and
wavelet coefficients @ 0(0), B« (0).

LEMMA 6. Supposethe)?i = 0(1), and for j =0,....,J—1,k=0,...,2/ —
1 and 6 € O, define the wavelet-coefficient variance terms

n—1
Bjx(0) :=n"" Y v (t:)(Zi(0) — E[Z;(0)| F,]).
i=0
Similarly, define scaling-coefficient variance terms do,0(6) using ¢o.o.

(i) Under Hy, suppose 6—6p=0mn"Y 2)~. Then on a suitably-extended prob-
ability space, we have real random variables &; i, 1k, Uk such that

n%60,00) =&_1,0 + 1.0 + V_1.0:
n'?Bix @) =&k + i+ Ui
the EM are independent standard Gaussian; and for some &' > 0,
max (7| = 0,(n~®), r?ixzf/zwj,u =0,(1).
(i) Under Hy, suppose © is bounded. Then
Bik@)|=0,n""?logn)'/?).

9’

sup |&o,0(0)
k0O

PROOF. We will consider the wavelet-coefficient variance terms B j.k(0); we
note we may include scaling-coefficient variance terms o o(¢) similarly. To prove



1272 A.D. BULL

part (i), we then apply Lemma 5(i). We obtain a filtration G;, and variables M, &
and 7; as in the statement of the lemma. Since

Bix(0) = E bjki0y0),
I
where the coefficients

1
bjki:= /0 Vi kPl

we have
n' 2B k@) =&k + 7k + Tk,
for terms
k= > bjkikl, Hjk=_bjrim
/ /
and

Ok i=n'"2(Bx @) — Bjx(60))-
We first describe the terms £ .k Since the & are jointly centred Gaussian, so are
the 5 j.k- Furthermore, we have

(COV[Sj,kEj/,k/] = ij,k,lbj/,k/,l
!

1
:/o (ij,k,zfpu) <ij’,k’,l"ﬂJ,l/>
1 17

(11)
1
:/o ViV x

= LGao=0"k)-
We deduce that the Ej, « are independent standard Gaussian.
We next bound the 7 x. Setting

M = mlax M,
we have that

M2+s/2 ZE M2+8/2 0(11_8/8),

soM = 0p(n_8/) for some &’ > 0. Using (11), we also have
- 1 1
E[exp(unj?k — EMQM)] < E[Hexp(ubj,k,ml — EuzbikJMlﬂ
1

<I.

The desired result follows by applying Lemma 2.
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Finally, we control the U ;. Since we are only interested in 6 = 6, 0, we may
assume © is bounded. For 0,6’ € ®, |0 — 0’| = O(n~'/?), we then have

sup 2//2|B;x(0) — Bix(0")]
j.k,0,0"

n—1
= max O (222 3 "y )| (1 + 1Y31),
a i=0

using Lemma 3(i),

nsg41—1
= O(n_l/z)(l +mlflxn_l/2 Z |Yl~|>

i=nsg

n€k+1 1 1/2
:O(nl/z)(l-l—(maxn Z Y2) )

i=nsy
by Cauchy—Schwarz,
(12) =0,(n""?),
using Lemma 3(iv). We deduce that
sup2//2|T; | = 0, (1).
ik
To prove part (ii), we first claim we may assume the X=X #;- To prove the
claim, we define terms

Zl/(e) = (Yl - /’L(Qa t, Xti))/6(97 L, XI,')

and
n—1
B 10 :==n"" 3" v (6)(Z](0) — E[Z](0)| F,]).
i=0
‘We then have

SUP Bk () — },k(9)|
k,0€®

=0(n~ maXZI%k(tz)l + Vi) I Xi — X4l

using Lemma 3(i),

n—1 1/2
= O(nfl/z) (rr};}cxnl Z Wik(l‘i)(l + Yf))
” i=0
n—1 N 172
x (Z I1X; —X,i||2> :
i=0
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by Cauchy-Schwarz,

nsk41—1 1/2
=OP(n_l/z)(l—Fm]ftxn_l/2 > Yi2> ;

i=nsy
since E[Y0 20 1X; — X, I?1= 0(1),
—1/2
= O0p(n /),

using Lemma 3(iv). _

We may thus assume the X; = X;,, and so apply Lemma 5(ii). On an extended
probability space, we obtain a filtration G;, constants A; = O (1), and variables M;
as in the statement of the lemma. Setting

M = mlax(Al + M),

we obtain that M = O, (1), and
~ 1
sup E[exp(unl/zﬂj,kw) — —uZM)} <lI,
0cO 2
arguing as in part (i). Letting ®, denote a n—1/2net for ® C R?, of size O (n?/?),
we thus have

B () = 0, (=2 log(nP/?)/?
s max |B;x(©@)] = O0p(n™ " log(n%) )

= 0,(n"?1og(n)!/?),

using Lemma 2.
Next, forany 6 € ©, we have apointf € ©, withf —0 = O (n~'/?). Using (12),
we deduce that

sup |Bjk(©) — Bjx(@)] = 0,(n~"?).
J.k,0€e®

We conclude that

sup |B;x(0)| = 0,(n"'*10g(n)'/?).
j.k,0€® |

Next, we prove a lemma bounding the bias of our estimated scaling and wavelet
coefficients @ 0(0), B k(0).

LEMMA 7. Suppose the X; = O(1), andfor j =0,...,J—1,k=0,...,2/ —
1 and 6 € O, define the wavelet-coefficient bias terms

n—1
Bix@®) :=n"">" vk (t)E[Z; ()| F] — Bk (©).

i=0
Similarly, define scaling-coefficient bias terms o,0(0) using ¢o.o:
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(i) Under Hy, suppose 0 — 0o = O0n~Y?). Then
, 2j/2|Bj,k(§)| _ Op(nfl/z).

(i1) Under Hy, suppose © is bounded. Then
=0,(n"173).

j.k,60€®

PROOF. We will bound the wavelet-coefficient bias terms B j.k(0); we note
we may include the scaling-coefficient bias terms @ o(#) similarly. For ¢ € [0, 1],
define t := |nt]/n, and set

1
B, 0)= /0 Wik (0(S,0) — 5,(0)) dt

In each part (i) and (ii), we will show that g i, «(0) is close to ﬁj’ k(@), which is
small.

We note that in either part we may assume ® is bounded, since in part (i), we
are only interested in 6 = 6, 6. We then have

n—1
B, = B @] <" Y|y )| [E[Zi 0)IF, ] - 5,0)]

i=0
1
(13) +/0 [V (@) — ¥k ®]|S:(0)] dt

=0(n"1/22717?),
using Lemma 3(ii) and (iii). It thus remains to bound the Ej k(@).
To prove part (i), we note that

B, (60 = Za,k,

where the F;,,  -measurable summands
lit1
Gijki=—[  ¥jx@®)(S:(00) — S; (60)) dt

Using Lemma 3(ii) and Taylor’s theorem, we also have that
S1(60) — St; (B0) = ci (s — pgy) + df (Xi — Xy,)
+0(1me — P+ 11X = X I +n71),

for bounded F;,-measurable random variables ¢; € R, d; € R.
We deduce that

Elgi,j k| Fr]l= O(n*22j/2)’
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and similarly
Var[é‘i,j,kljrti] =< E[Ci%j,k|]:l‘i] = O(n_32j).

Furthermore, for fixed j and k, we have that all but O(n27/) of the ¢ jk are
almost-surely zero. We thus have

E[B, ,(60)°] = 0(n?).
We deduce that
E[n}’e}(xﬁj’k(@o) ] ZE (90)

.2
J
= 0(n‘3/2),
SO max; i |ﬁj k(90)| =0, (n—3/*). We also have
B (60) ﬁj’k(é‘) — 0(n~122712),
using Lemma 3(ii). We conclude that
n}’a}{x2j/2|ﬁj’k(§)| < njl_ix2<"/2|ﬁj?k(90)|
ir2 _ o)
o+ max2 léj,k(f)o) B @l
+max21/2\ﬁ —B;x®)]

=0,(n™""?),

using (13).
To prove part (ii), using Lemma 3(ii), we have

Si(0) — S:(0) = O(Iper — el + 11X — X4 +n_l)~
We deduce that

sup |B. (0)
j,k,@ré®|_]’k |

1
= 0ysup [ Ol = el + 1, = Xoll+ ) ds
J»

1 1/2
- 0(1)(% /0 tﬁjz-,k(t)dt>

: 2 2,2y )\
X(/o (Ipe = mel” + 11X = XelI” + 1 )dt) ,
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by Cauchy-Schwarz,
= 0,(n"'7).
since [y 2 (t)dt = 1, and
EUOI(““LL — P+ 1X = X2 +n_2)dt] =0(n .
Using (13), we conclude that
2 Bia @) = 0,077 !

We can now prove our limit theorem for the statistic T(@).

PROOF OF THEOREM 1. We first note that our estimated scaling and wavelet
coefficients are equivalently given by

n—1 n—1
Q0,00 =n""> @o®Zi©®),  Bix@ =n""3 ¥k ()Zi(6).
i=0 i=0

We may thus make the variance-bias decomposition
®0,0(0) — @0,0(0) = do,0(0) + @0,0(6),
Bjk(0) — Bjx(0) = Bjk(®) + B (0,

where the terms @0, @0,0, ,g ik and B j.k are defined by Lemmas 6 and 7. We will
proceed to bound the distribution of T7@®) using these lemmas.

We begin by showing we may assume the estimated covariates X; =0(). We
note that

E|max | Xi[12] < E[sup 1 X:17] + STE[I%: — X, 1] = 00,

SO max; ||5(\l~ | = O,(1). For a constant R > 0, define the variables
g . [X 1Kl <R,
i = .
Xy, otherwise.

Then as R — o0, the probability that the X; and X; agree tends to one, uniformly
in . It thus suffices to prove our results replacing the X, with the X;; equivalently,
we may assume the X = 0(1).

We now prove part (i). Since 6—6,=0 p(n~ 1/2) | we may similarly assume
6 —6y=0m"1?%).Let J, = [ J/2], and write

T(0) =max(T(9), T (©9)),
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where the terms

9

Bix®),

T(®):= max |do0(0)
0<j<Jo.k
T70):= Bir(©®)|.
@ ngljixj’k}ﬂj,k( )|

Under Hy, using Lemmas 6(i) and 7(i), we can then write

n'/2T () =, max &kl + 0, (1),

j<Jak

12F@)= max [&; 0,n*
n @) 12§j<17k|5j,/<|+ p(n7%),

for some ¢’ > 0, and independent standard Gaussians Ej, k-
By standard Gumbel limits, we also have
d

_1< ~
a max ik —b1)—>G,
A (o max (Bl = by,

_1( ~ d
a max | -kl—bj)—>G,
2 \p<j<uk 5 2

we note that in the second limit, we may use the constants a,, and b,,, rather than
Ay _os, and byy 54y, as the difference is negligible. We deduce that

o~ -~

P[T@) =T®)]— 1,
and so
a3 (n'*T @) — bys) = a3, (n'*T @) — bys) + 0, (1)

o) ol
—a3; (ngljixjyk &)kl = by ) +0p(1)

46,

Next, we prove part (ii). As before, since =0 p(1), we may assume 0= o(1),
and hence that ® is bounded. Using Lemmas 6(ii) and 7(ii), we then have

Bik@®) — Bjx®)

T@)—T@) =0() max |@o0@) —0.00)|,
0<j<J.k
= 0,(n""?log(n)'/?).

Finally, we note that the rates of convergence proved depend only upon the
bounds assumed on the inputs. They therefore hold uniformly over models satis-
fying our assumptions. [

Next, we will prove our results on test coverage and detection rates.



SEMIMARTINGALE DETECTION AND GOODNESS-OF-FIT TESTS 1279

PROOF OF THEOREM 2. We first note that part (i) is immediate from Theo-
rem 1(i). To prove part (ii), we consider separately the cases (a) and (b). In each
case, we will prove that with probability tending to one, the event E, implies

T@) > M,n~?log(n)'/?,

for a fixed sequence M, — oo. The result will then follow from Theorem 1(ii).
In case (a), we note that arguing as in Theorem 1, we may assume © is bounded.
Let ©, be an n—1/4net for O, of size O (nP/*), and § be an element of ®,, satis-

fying

D)

—G=0(m".

Using Lemma 3(ii), we have
$:0) = $i©@ +0(n~'"),
soon E,,
[S@ | = [S@) |5 — O™ *) = Mun="*1og(m) /22,

for large n. We may thus assume further that 6 e Q,.

We then apply Lemma 4, obtaining processes §, 0), S;(0) and times 7;. On the
event E,, for some point u € [0, 1], we have

1S,@)| = Mun~Y*1og(n)'/2.

We thus have u € [1;, 7;41) forsome i < N — 1, oru € [1;, tj41] fori =N — 1.
From Lemma 4(iii), with probability tending to one we also have

T — 1 =217,

and so there exists a point v € [1; + 22—, Titl — 27, ju—v| <277,
We deduce that with probability tending to one,

J—1
l0,0@)| + Y 2772 |B; 211250 @)
j=0

=la0,0@ 00|+ D Bk @y
0<j<J,k

z‘ao,o(é‘wo,o(vw S B @va)
0<j<J.k

=|P;S,(@)

k]

writing the projection P, in terms of the wavelet functions v x,
> [Su@)] = |S0®) = Su®)] = |R; Sv(®)]
> [Su@)] = |00 = Su@®] =Ry Su(®)

’
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since S; (@\) is constant within a distance 2~/ of v,
> Mun~*logm)'/? /2,
using Lemma 4(i) and (ii). We deduce that
T(©) > max(|oto.00)], |Bj.2-i 1250 @) 1 j =0, ..., T = 1),

’

J—1
>0~ U+d/ 2(}ao,o(5)| + 227218271200y @) |)
=0

> M/ n~?log(n)!/?,
for a sequence M, — oo.
In case (b), on the event E,,, we likewise have

Jn—1
l0.0@)| + > 2728 2-i jai-in,, | )]
j=0

> | P}, S3-ink, O]

27 (k1)
f S,(0) dt
2

—Jn ky,

— 2]n

> Mn2j”/2n_1/2 log(n)l/z,

for some j, =0, ..., J and k,. The result then follows as in part (i). [
Finally, we can prove our lower bound on detection rates.

PROOF OF THEOREM 3. Ineach case (i) and (ii), we will reduce the statement
to a known testing inequality. We will consider the model
Y = 3,1/271_1/221." (Bz,-\/r — By) + ¢,

where B; is an adapted Brownian motion, the independent ., -measurable vari-
ables ¢; are standard Gaussian given F;,, T € [0, 1] is to be defined, and in case (i)
we set j, := J. It can be checked that this model satisfies our assumptions.

Under Hy, we set T := 1, so we have mean and variance functions

u:=0, o2 :=1.
Under Hi, we instead set T := f,,,, where m := |n(1 — 27/)|. We then have
S, =8,/*n""227(B;x — By),
so in case (i),

PIE,] =P[[IS]lec = 8,n~ /4] — 1.
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Similarly, in case (ii),
, 1
IP’[En]ZIP’[Zf"/z‘/ _ Stdt'zénn‘”z]—> L.
1—2—Jn

It remains to show that no sequence of critical regions C, can satisfy
limsup,, P[C,,] < 1 under Hy, and P[C,,] — 1 under H;. We note that under Hy,
we have Y ~ N (0, I), while under H{, Y ~ N(0, I 4+ 5, X), for a covariance matrix

Ti =0V 2%n(k Al —m)/n?.

As X is nonnegative definite, and has Frobenius norm O(1), the result follows
from Lemma 2.1 of Munk and Schmidt-Hieber (2010). [

Acknowledgements. All research data was randomly generated using soft-
ware given in Bull (2016a).

SUPPLEMENTARY MATERIAL

Supplement to “Semimartingale detection and goodness-of-fit tests” (DOI:
10.1214/16-A0S1484SUPP; .pdf). Proofs of technical results.
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