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We consider first passage percolation on 72 with i.i.d. weights, whose
distribution function satisfies F(0) = p. = 1/2. This is sometimes known
as the “critical case” because large clusters of zero-weight edges force pas-
sage times to grow at most logarithmically, giving zero time constant. Denote
T(0,0B(n)) as the passage time from the origin to the boundary of the box
[—n, n] x [—n, n]. We characterize the limit behavior of 7' (0, d B(n)) by con-
ditions on the distribution function F. We also give exact conditions under
which 7'(0, 9 B(n)) will have uniformly bounded mean or variance. These
results answer several questions of Kesten and Zhang from the 1990s and,
in particular, disprove a conjecture of Zhang from 1999. In the case when
both the mean and the variance go to infinity as n — oo, we prove a CLT
under a minimal moment assumption. The main tool involves a new relation
between first passage percolation and invasion percolation: up to a constant
factor, the passage time in critical first passage percolation has the same first-
order behavior as the passage time of an optimal path constrained to lie in an
embedded invasion cluster.

1. Introduction.

1.1. The model. Consider the integer lattice Z¢ and denote by £7 the set
of nearest-neighbor edges. Given a distribution function F with F(07) = 0, let
(t, e € &% be a family of i.i.d. random variables (edge-weights) with common
distribution function F'. In first passage percolation, we study the random pseudo-
metric on Z¢ induced by these edge-weights.

The model is defined as follows. For x, y € 74, a (vertex self-avoiding) path
from x to y is a sequence (v, eg, V1, ..., €y, V), Where the v;’s, i =1,...,n — 1,
are distinct vertices in Z¢ which are different from x or y,and vo = x, v, = y;
e; is an edge in &4 which connects v;_; and v;. If x = v, the path is called a
(vertex self-avoiding) circuit. For a path y, we define the passage time of y to be
T(y) =2 ¢eyle-Forany A, B C 74, we define the first passage time from A to B
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by

T(A,B)= inf{T(y) : y is a path from a vertex in A to a vertex in B}.
For A = {x}, write T (x, B) for T ({x}, B) and similarly for B. A geodesic is a path
y from A to B such that T(y) =T (A, B).

From the sub-additive ergodic theorem, if ET (x, y) < oo for all x, y then there
exists a constant u, called the time constant, such that

T (0, .
lim ﬂ =u almost surely and in Ll,
n—oo n
where e; = (1,0, ..., 0). It was shown by Kesten [14], Theorem 6.1, that
(1.1) w=0 ifandonlyif F(0)> p.,

where p, is the critical probability for Bernoulli bond percolation on Z?. There-
fore, the time constant does not provide much information if F(0) > p..
In [23], equation (3), Y. Zhang introduced the following random variable:

p(F)=n1LngoT(0,aB(n)),

where B(n) = {x € Z2 : ||x|loc < n}, 3B(n) = {x € Z* : ||Ix|loo = n}, and || - |loo
is the sup-norm. By monotonicity, p(F') exists almost surely. Note that p(F) =
inf{T (y) : y is an infinite path starting from 0}. So if F(0) > p., then one im-
mediately has p(F) < oo almost surely. Furthermore, it was shown in [23],
page 254, that if F(0) > p. and ¢, has all moments, then for any m € N, one
has Ep™ (F) < oo. Also, it is easy to see that if F(0) < p,, then p(F) = oo almost
surely. Then a natural question arises: how about F(0) = p.?

In [24], Zhang proved that for d = 2, it is possible to have p(F) < oo or
p(F) = oo almost surely when F(0) = p. [note that by the Kolmogorov zero-one
law, either p(F) < oo almost surely or p (F) = co almost surely]. Specifically, he
introduced the following two distributions. For a > 0, set

1, if x> 1— pe,
Fo(x) = xa+p6a ifofxafl_pc,
0, if x <0,
and for b > 0, set
1, if exp(—1/x%) > 1— p,,
Gp(x) = yexp(—1/x") + p.,  if0<exp(—1/x")<1—p,,
0, ifx <O.

Zhang showed in [24], Theorem 8.1.1, that if @ is small then p(F,) < oo almost
surely. He also made the following conjecture (see [24], page 146).

CONJECTURE 1.1 (Zhang). One has sup{a > 0: p(F,) < o0} < o0.
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Moreover, Zhang showed in [24], Theorem 8.1.3, that if b > 1, then p(Gp) = o0
almost surely.

The critical case of first passage percolation is quite different from the standard
one and requires different techniques. For example, the model is expected to retain
rotational invariance in the limit [22], whereas the usual first passage model has
lattice dependent and distribution dependent asymptotics. For this reason, analysis
of the critical case relies on detailed estimates from critical and near-critical perco-
lation (for instance, see [11, 20, 21]). The main new insight of our work is that the
behavior of passage times is closely related to a “greedy” growth algorithm called
invasion percolation, and that optimal paths constrained to lie in the invasion clus-
ter have the correct first-order growth. This relation allows us to derive necessary
and sufficient conditions on the edge-weight distribution to have diverging mean
or variance for passage times (Theorems 1.2 and 1.5), and these results can be seen
as finer versions of Kesten’s condition (1.1) for u = 0. Furthermore, we can de-
rive a type of universality: whenever the passage-time variance diverges, one has
Gaussian fluctuations (see Theorem 1.6).

Constants in this paper may depend on the distribution function F and other
fixed parameters such as n, r and A. However, constants do not depend on k or .
We use Cq, C», ... to denote temporary constants whose meaning may vary, while
we use notation like K31 to denote the permanent constants. For example, K3
denotes the constant in Lemma 3.1.

1.2. Main results. In this paper, we will give an exact criterion for p(F) <
oo (see Corollary 1.3 below) and consequently provide a negative answer to
Conjecture 1.1. Furthermore, we will derive limit theorems for the sequence
(T(0,0B(n)))y>1. From now on, suppose that d =2 and that F(0) = p.. Fur-
thermore, define F~1(¢) = inf{x : F(x) >t} for t > 0 and

(12) no :=sup{n > 0: E[)/*] < oo}.

The 1/4 in the exponent comes from the fact [5], Lemma 3.1, that ET (x, y)* < oo
for all x, y and some « > 0 if and only if EY® < oo, where Y is the minimum
of four i.i.d. variables with distribution function F. However, this last expectation

is finite if Etf < oo for some S > «/4. Using this, one can show that g > 17 is
equivalent to ET (x, y)"? < oo for all x, y and some 71, > 1.

1.2.1. Behavior of the mean. We begin with bounds on E7' (0, 0 B(n)).

THEOREM 1.2. (i) Assuming ng > 1, there is C;y = C{(F) > 0 such that

n
ET(0,0B(2"))<Ci Y F'(pc+27%)  forn=2.
k=2
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(i1) There exists Co = Co(F) > 0 such that

n
ET(0,9B(2") = C2 Y F ' (pe+27%)  forn>2.
k=2

REMARK 1. The moment condition in Theorem 1.2 is nearly optimal since, if
EY = oo then, by bounding 7' (0, 0 B(2")) below by the minimum of the 4 edge-
weights incident to 0, one has KT (0, 0 B(2")) = oo for n > 0.

REMARK 2. The above theorem concerns the passage time from the point 0
to the set d B(n). In Section 5.4, we derive asymptotics for point-to-point passage
times ET (0, x) for x € Z2.

As a corollary, we have an exact criterion for finiteness of p (F).

COROLLARY 1.3. Forany F, one has p(F) < oo almost surely if and only if
w2 F7 (pe +27") < oo

As an example (and to clarify the condition), if the right derivative of F at O
exists and is positive (or infinite), then p (F) < oo. This is not necessary, however,
as many distributions with p(F) < oo have right derivative 0 at O (e.g., F, with
a > 1). We will now apply the above results to Zhang’s distributions F, and Gj.
The proof follows by a direct computation and the previous corollary.

COROLLARY 1.4. The following statements hold:

1. p(Fy) < oo almost surely for any a > 0, and so sup{a > 0: p(F,) < 00} =
00. In particular, Conjecture 1.1 is false.
2. p(Gp) = oo almost surely if and only if b > 1.

REMARK 3. Zhang asked in [24], page 145, if, under the assumption E#)" <
oo for all m € N, does p(F) < oo almost surely imply that Ep(F) < co? The
answer is yes by combining Theorem 1.2 and Corollary 1.3.

1.2.2. Behavior of the variance and limit theorems. Now we consider
Var(T (0, 0 B(2"))).

THEOREM 1.5. Assume that no > 2:
(1) There exists C3 = C3(F) > 0 such that

Var(T(0,9B(2"))) < C3 Zn:[F‘l(pc +279  forn>2.
k=2
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(i1) There exists C4 = C4(F) > 0 such that
n

Var(T(0,8B(2")) = Ca Y [F N pe +279)  forn=2.
k=2

By Corollary 1.3, when 322, F~!(p. + 27%) = 0o we have T(0, dB(n)) —>
oo as n — 0o. The next theorem gives more information about the limit of
T(0,0B(n)) in this case.

THEOREM 1.6.  Suppose Y52, F~'(p. +27%) = 00 and no > 2.

() Ilefiz[F_l(pc + 27012 < oo, then there is a random variable Z with
EZ =0 and EZ? < 0o such that as n — 0o

7(0,0B(n)) —ET(0,0B(n)) — Z  a.s.andin L.
(i1) IfZZiz[F_l(pc +278)12 = 00, then as n — oo
T(0,9B(n)) —ET(0,3B(n)) s N, 1).
[Var(T (0, 3 B(n)))]'/?

REMARK 4. As in the case of Theorem 1.2, in Section 5.4, we derive versions
of the variance asymptotics and limit theorems for point-to-point passage times
T (0, x) for x € Z2. See Corollaries 5.9 and 5.10.

1.3. Relations to previous work. First passage percolation has been studied
since its introduction by Hammersley and Welsh [10] in the 1960s, but most work
has focused on the noncritical case, where F(0) < p.. There the passage time from
0 to a vertex x grows linearly in x, and many results have been proved, including
shape theorems, large deviations, concentration inequalities and moment bounds.
We refer the reader to the surveys [1, 9]. The supercritical case, where F(0) > p.
is easier to analyze, since there is almost surely an infinite cluster of edges with
passage time 0, and so distant vertices need only to travel to the infinite cluster to
reach one-another. This produces passage times 7 (0, x) that are of order one as
X — 00.

The critical case, where F(0) = p,, is considerably more subtle. It is expected
(though only proved in two or high dimensions) that there is no infinite cluster
of p.-open edges (i.e., edges with passage time 0). However, clusters of p.-open
edges occur on all scales, giving, for example, infinite mean size for the p.-open
cluster of the origin. This means that two distant points can be connected by a path
which uses mostly zero-weight edges, and this path may be able to find lower and
lower edge weights as it moves further into the bulk of the system. Therefore, to
characterize passage times, one should understand the balance between the number
of edges on each scale with low weights and the number of paths that can access
them.
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Kesten proved in [14], Theorem 6.1, that the time constant p is zero in
the critical case, implying that 7(0,x) = o(]|x||) as x — oco. This result was
sharpened by L. Chayes [4], Theorem B, who showed that for any § > 0,
lim,— o T(0, ney)/ n® =0 almost surely. In [16], Remark 3, Kesten claimed that
Chayes’s argument can be extended to T(0, ne;) < exp(C+/logn) for large n al-
most surely. These results go some way to quantify asymptotics of the passage
time in the critical case for general dimension.

More progress has been made in the critical case in 2d, due to a more devel-
oped theory of Bernoulli percolation on planar lattices. It was shown by Chayes,
Chayes and Durrett in [2], Theorem 3.3, that if 7, is O or 1 with probability 1/2
then ET (0, ne;) < logn. In this Bernoulli case, the passage time between 0 and
x can be represented as the maximum number of disjoint p.-closed dual circuits
separating 0 and nep, as every p.-closed edge on a geodesic contributes passage
time 1. Recently, Yao [22] showed a law of large numbers on the triangular lattice,
using the CLE of Camia and Newman.

Our work was motivated by that of Zhang in 1999, who showed that critical FPP
can display “double behavior.” That is, he showed that there exist distributions F
with F'(0) = p. for which the passage time 7 (0, d B(n)) diverges as n — oo, and
those for which the passage time remains bounded. Intuitively, bounded passage
times come from those distributions which have significant mass near zero, so
that long paths can find more and more low weights as they move away from
0, producing infinite paths with finite passage time. Zhang asked many questions
about this case, in particular which distributions have which of the two behaviors.
One main point of our work is Corollary 1.3, which gives an exact criterion that
this passage time remains bounded if and only if ¥, F~'(p. +27%) < co. Our
proof involves a new relation to a model called invasion percolation, and it turns
out that optimal paths in the invasion cluster have passage time of the same order
as geodesics in FPP. (See the next section for more details.) This theorem allows
us to answer Zhang’s questions in the two-dimensional case.

Our other motivation is the work of Kesten and Zhang in *97. They also con-
sidered the critical case in 2d and proved central limit theorems for 7' (0, 0 B(n))
for certain distributions. They showed that if Etf < oo for some 6 > 4, F(0) =
Ppc, and there exists a constant Co > 0 such that F(Cgp) = p., then the se-
quence T (0, 0B(n)) satisfies a Gaussian central limit theorem: there exists a se-
quence Yy, such that Cl(logn)l/2 < < Cz(logn)l/2 and yn_l(T(O, dB(n)) —
ET(0,0B(n))) = N(0,1). It is important that the condition F(Cp) = p. gives a
positive lower bound for the weight of nonzero edges. Kesten and Zhang do not
address any distributions with mass near zero, though they do remark about the
double behavior of such distributions.

The second part of our paper, on limit theorems and variance estimates, com-
pletes the picture started by Kesten and Zhang. Theorems 1.5 and 1.6(ii) require
only >, (F —1 (pe + 27%))2 = 50 and a weak moment condition on 7, (lower than
that of Kesten and Zhang) to deduce that the variance of 7' (0, 0 B(n)) diverges and



CRITICAL FIRST PASSAGE PERCOLATION 2947

that a Gaussian CLT holds. This result on the CLT shows that in the critical case,
no other limiting behavior is possible, in contrast to the subcritical case, where the
variance is expected to be of order n?/3 with a non-Gaussian limiting distribution
(see [12]). Theorem 1.6(i) also addresses the intermediate case, where the mean of
T(0,0B(n)) diverges but the variance converges. Here, the centered sequence is
tight and converges to a nontrivial limit. The limit is unlikely to be explicit since
its variance depends heavily on weights of edges near the origin.

2. Setup for the proof. Zhang’s proof in [24], Theorem 8.1.1, that p(F,) has
all moments used a comparison to a near-critical percolation model introduced in
[3] by Chayes, Chayes and Durrett. Their model is a version of an incipient infinite
cluster, a term used by physicists to describe large (system-spanning) percolation
clusters at criticality. We will, however, need finer asymptotics that are obtained
by comparison with a different near-critical model, invasion percolation. Though
it has no parameter, it tends on large scales to resemble Bernoulli percolation at
criticality. We describe the model of invasion percolation in Section 2.1. We also
recall some known facts about Bernoulli percolation in Section 2.2.

We couple the first passage percolation model on (Z2, £2) with invasion per-
colation and Bernoulli percolation. To describe the coupling, we consider the
probability space (2, F,P), where Q = [0, 1]52, F is the cylinder sigma-field
and P = [[,ce2 e, Where each . is an uniform distribution on [0, 1]. Write
® = (we),ce2 € 2. Define the edge weights as 7, = F~Yw,) for e € £2.

2.1. Invasion percolation. If an edge e has endpoints e, and ey, we write
e = {ey, ey}. For an arbitrary subgraph G = (V, E) of (72, £2), define the edge
boundary AG by AG ={ecE%:e¢ E,ex €V or ey € V}. Define a sequence of
subgraphs (G,);2, as follows. Let Go = ({0}, @). If G; = (V;, E;) is defined, we
let Ej11 = E; U {e;j+1}, where e; 1] is the edge with w,,,, = min{w, : ¢ € AG;},
and let G; 4 be the graph induced by E; . The graph I :=J72, G; is called the
invasion percolation cluster (at time infinity).

Invasion percolation is coupled with the first passage percolation model since
we have defined 7, = F~!(w,). They can also be coupled with Bernoulli perco-
lation as follows. For each e € £% and p € [0, 1], we say that e is p-open in w if
w. < p, and otherwise we say that e is p-closed. If there is a p-open path from a
vertex set A to a vertex set B then we write that A <> B by a p-open path. The
collection of p-open edges has the same distribution as the set of open edges in
Bernoulli percolation with parameter p.

We also need the notion of the dual graph. Let (Z*)* = (1/2,1/2) + Z?* and
(EH* = (1/2,1/2) + E2. For x € 7%, we write x* = (1/2,1/2) + x. For e € £2,
we denote its endpoints (left respectively right or bottom respectively top) by e,
ey € 72. The edge e* = {e, + (1/2,1/2), ey — (1/2,1/2)} is the dual edge to e
and its endpoints (bottom respectively top or left respectively right) are written e}
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and ey. For A C 77, A* is defined as (1/2,1/2) 4+ A. An edge e* is declared to be
p-open in w when e is, and p-closed otherwise.

The following relations between invasion percolation and Bernoulli percolation
are well known. Since they are crucial, and their proofs are short, we add the proofs
for the convenience of the reader.

e Almost surely, if x € I and y <> x by a p.-open path, then y € I.

PROOF. If yisnotin / then we can find e € Al (on a p.-open path from x
to y) such that e is p.-open. But then e € AG,, for all large n. By the definition
of the invasion algorithm, this means that for large n, each edge added to the
invasion is p.-open, and from this we can build an infinite p.-open path. This
contradicts the fact that there is almost surely no infinite p.-open cluster [13],
Theorem 1. [

e Forn >0, let p, be defined as

2.1 Pn=sup{w,:e € INE(B(22"))"},
where E (V) is the set of edges with both endpoints in V. Then

(2.2) Pn > p = Ap,p occurs,

where A, , is the event that there is a p-closed dual circuit around the ori-
gin with diameter at least 2". Here, the diameter of a set X is sup{|lx — y|lco :
x,y € X}.

PROOF. Take e € I N E(B(2"))¢ with w, > p. At the moment k that e is
added to the invasion cluster, the graph G has edge boundary which is w,-
closed, and so is p-closed. From the edge boundary, we can extract a dual circuit
around 0 that contains e*, by [8], Proposition 11.2. This circuit then has diameter
atleast2". O

2.2. Correlation length. A central tool used to study invasion percolation is
correlation length [15], equation (1.21). For m,n € N and p € (p¢, 1], let

on,m, p)= IP’(there is a p-open left-right crossing of [0, n] x [0, m]),

where a p-open left-right crossing of [0, n] x [0, m] means a path y in [0, n] x
[0, m] with all edges p-open from {0} x [0, m] to {n} x [0, m]. For ¢ > 0 and
p > p¢, we define

L(p,e)=min{n>1:0(n,n, p)>1—c¢}.

L(p, ¢) is called the correlation length. It is known (see [15], equation (1.24)) that
there is &1 > 0 such that for all 0 < ¢, &’ < ¢y, L(p,e)/L(p, ¢') is bounded away
from 0 and oo as p | p.. We write L(p) = L(p, €1). For n > 1, define

(2.3) pn=min{p: L(p) <n}.
We now note the following facts:
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e By [11], equation (2.10), there exists K74 € (0, 1) such that for all n > 1,
(2.4) Ky an < L(pn) <n.

e There exist Cy, C, > 0 such that for all m,n > 1, C|log | < |logﬁ| <
C>|log **|. This is a consequence of [19], Proposition 34, and a priori estimates
on the four-arm exponent. In particular, putting m = 1, there exist g > g9 > 0
such that forn > 2

1 1
(2.5) —— < Pn— DPc<—

ndo néo’

We may and will always assume &g > 1.
e From [15], equation (2.25), and (2.2), there exist K76.1, K2.6.2 > 0 such that for
all p> p.andn > 1,

K2.6.22">
L(p) /)

e By the RSW theorem (see [8], Section 11.7), there exists K> 7 > 0 such that for
all k e N,

2.6) P(pn > p) < P(An) < K26, exp(—

P(there is a py-closed dual circuit around 0 in B(25)*\ B(2K=1)*)
2.7)
> K27

2.3. Sketch of proofs. The main tool in our proofs is Lemma 3.1, a moment
bound on annulus passage times. We first describe its proof. Consider all paths
between 0 and 9 B(2"t!) which lie in the invasion cluster I and B(2"1). Let Y
be such a path with minimal passage time. Lemma 3.1 gives an upper bound on the
rth moment of the sum of edge weights in y,, which lie in B (2"“) \ B (2") [ie.,
ET] (yn), where Ty (yy) is defined in (3.1)].

One has T'(y,) < T(0,9B(2")), and y,, is a nicer path than the geodesic for the
weights (f.). Once the invasion has reached dB (2K, all of its further edges are
likely to be nearly p,x-open [i.e., px from (2.1) is of order p,«], and so the edges
e in y, outside of B(2¥) will have 7, < F~!(py). Bounding py with (2.5), each

edge e has 7, < ai [defined in (3.2)]. We only know this behavior of p; with high
probability, so we need to decompose the probability space over different values
of py using an idea of A. Jérai [11].

This gives Ti(yn) < ag#t{e € y, N (B2 \ B(2Y)) : eis p.-closed}. The
reason is that the only edges contributing to 7(y,) are the p.-closed ones. In
Lemma 3.2, we show that each such edge has “4-arms.” That is, they have the prop-
erties (a) their weight is between p. and p,«, (b) they have two disjoint p,«-open
arms to distance 2! and (c) they have two disjoint p.-closed arms to distance
2%=1_ All moments of the number of such edges in an annulus were bounded in [7]
(see Lemma 3.3 below), so we can conclude.
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2.3.1. Idea of the proof of Theorem 1.2. The proof of (ii) follows that of Zhang
[24], Theorem 8.1.2. The proof of (i) follows immediately from Lemma 3.1. In-
deed, to find the upper bound for ET (0, d B(2")), we simply use the inequality
T(0,9B(2")) < T(yn) = j—_; Tx(vn), where, as above, each Ti(y,,) is the time
that , spent in the annulus B(2¥*1) \ B(2%). Applying the moment bounds from
Lemma 3.1 gives (i).

2.3.2. Idea of the proof of Theorem 1.5 and 1.6. We follow Kesten—Zhang
[17]. Instead of dealing with Var(7 (0,9B(2"))) directly, we consider
Var(T(0,C,)), where C, is the innermost p.-open circuit in B(2"*+1)\ B(2™)
for m > n surrounding 0. It can be shown that these two variances are close to
each other. The variance bounds for 7 (0,C,) are stated in Theorem 5.1 and the
CLT is stated in Theorem 5.2.

Writing 7(0,C,) — ET(0,C,) as a sum of martingale differences Ay =
E[T(0,C,) | Fil — E[T (0, Cp)|Fi—1], one has Var(T (0,C,)) = >} _, EA,%. The
idea of Kesten—Zhang was to take JF; generated by the edge-weights on and in
the interior of Cg, and they proved an alternate representation for such Ag’s [see
Lemma 5.3(ii)]. With this choice, we can use the bounds in Lemma 3.1 to prove
moment bounds on the Aj’s in Lemma 5.5. We note that by the representation in
Lemma 5.3(ii), Ay does not depend on #.

Given the above moment bounds, and growth of both the variance and mean of
T(0,9B(n)), the proof of the CLT for 7(0, dB(n)) [item (ii) in Theorem 1.6] is
similar to the original one of Kesten—Zhang. It consists of verifying the conditions
of McLeish’s CLT [18]. Because this is standard, we omit the details, and refer
the reader to the arXiv version of this paper [6]. For (i), if the variance does not
diverge, then by the martingale convergence theorem, 7' (0, C,) — ET (0, C,) will
converge to some random variable Z. Using a stronger comparison to 7 (0, 0 B(n))
given in Lemma 5.7 allows us to complete the proof.

3. Moment bounds for annulus times. In this section, we prove the main
lemma of the paper, Lemma 3.1, bounding certain annulus passage times T (y;)
through the invasion cluster I. Define £_; := E(B(1)) and &, := E(B(2"t1))\
E(B(2")) for n > 0. Note that |£_1| =12 and |&,,| =24 -4" + 4 .2" for n > 0. For
any path y, define for k > —1

(3.1) L(y)i= Y t

ecyN&
For n > —1, let y,, be a path from 0 to dB(2"*1) such that
T (yn) =inf|{T (y) : y is a path from 0 to dB(2"™") and y c B(2""") N 1}.

As with any path from 0 to aB(" 1y, vn satisfies T (y,) = > y__ Tk (¥n). Recall
go from (2.5). For simplicity of notation, define

(3.2) ap = F Y(pe+275%2)  forkeN.
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Note that ay, is only defined when the argument of F~! is strictly less than 1, and
this will be guaranteed by the condition k > kg in the lemma below.

The main goal now is to prove the following lemma. The proof is delayed until
the end of the section, so we can build up other results needed for it.

LEMMA 3.1. Recall the definition of ng from (1.2) and suppose ng > 1.

(i) Forallr €[1,no) and integers k > —1, we have sup,,-; E[T] (y»)] < oo.
(i1) Givenr € [1,00) and A € (0, 00), there are kg = ko(r, A, F) > 0and K31 =
K31(r, A, F) > 0, such that for all n, k satisfyingn — 1 > k > ko,

E[T{ (ya)] < K3.1(aj + ).

REMARK 5. To prove Theorem 1.2, it is sufficient to use the above lemma
with r = 1. Here, we prove it in the general form for future use in Section 5.

Formi,my>1, pe€ (pc 1],and e € E2 let A (my, p) be the event that

(a) e is connected to 0 B(ex, m1) by two vertex disjoint p-open paths,
(b) e* is connected to d B(e,, m1)* by two vertex disjoint p.-closed dual paths
and

(¢) we € (pe, pl.

Here, 0 B(ex,m1) = e, + 0B(my). Let N(m1, my, p) be the number of edges e in
E(B(2m2y)) \ E(B(m2)) such that A.(my, p) occurs; that is,

N(mlvm27 P)= Z :H‘Ae(mlqp)'
ecE(B(2my))\E(B(m2))

LEMMA 3.2. Let pp beasin (2.1). Forall p > p.and 1 <k <n —1,
Te(ya)1pr < p) < N(21.25 p) - F~(p).

PROOF. Suppose py < p for some p > p.. Define, for n > 1 and 1 <k <
n—1, Tk/n =#{ecy,NE : w. > p¢}. Since py < p and y, C I, we have T (y,,) <
T, F ~1(p). Then it is sufficient to show

(3.3) T, < N(2*7', 25 p).

Let e € y,, N & be pe-closed. As v, C I and pi < p, e is p-open. Note that
there exist disjoint paths y; 1, .2 C ¥, such that y, 1 is a p-open path joining e,
to dB(ey, 25~ 1) and ¥Yn,2 1 a p-open path joining ey to 9 B(ex, 2%k=1) [This holds
because e, is invaded but 0 ¢ B(ey, 2k_1).]

For an illustration of the following argument, see Figure 1. If y,, | <> y,.2 by
a pc-open path y’ in B(ey, 2"_1), and if we let u € y,,,1 and v € y, 2 be such
that u <> v via y’, then every vertex in y’ is in I (see the first bulleted fact in
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FI1G. 1. Depiction of the proof of Lemma 3.2. The box is B(ex, 2k=1y. The path y' is pe-open and
connects vertices u and v on yy, but bypasses e.

Section 2.1), so ' C I. Now let y, be the path connecting 0 and u via y,, u to v
via ¥’ and v to dB(2"*") via y,. Then y, is in I and has at least one p.-closed
edge less (namely e) than y,. Also each p.-closed edge of y, is a p.-closed edge
of y,, and this implies T'(y,) < T (y»), contradicting the minimality of y,. Hence,
Yn.1 < Vn.2 by a p.-open path in B(ey, 2k=1) Note that by duality, exactly one of
the following will happen:

1. e} and e are connected to dB(ey, 2k—1y* by two disjoint p.-closed dual
paths, which are also disjoint from y;, 1 U y,, 2 U {e};
2. there is a p.-open path connecting y, 1 and y, 2 in B(ey, 2"*1).

So the first event, and thus Ae(2k*1, p),occurs. [
Next we bound the moments of N (2"_1, 2k p) using [7], Lemma 5.1.

LEMMA 3.3. There exists K33 > 0 such that forall p > p., L(p) <m1 <m»
and integers t > 1

K3.3m2>2t
L(p)

PROOF. The first inequality immediately follows from the definition of
N(mi,my, p). In [7], Lemma 5.1, it was shown that there exists C; > 0 such

E[N'(m1,m2, p)] <E[N'(L(p), m2, p)] < ﬂ(
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that if p > p., m" < L(p) and m’ < my, then for all integers ¢t > 0,

2t
ma
E[N'(m',my, p)] < t!(ClW) )
Taking m’ = L(p), completes the proof. [

The next lemma controls moments of T (y,) when py is large. Define
(3.4) = F~ ' (po).

LEMMA 3.4. Suppose E[t.]] < oo for some > 0. Define c_1 =4 and cy =
pk+1 4 for k = 0. For all integers k > —1 and r € (0, cxn), one has E[f,:] < 00.
In particular, for any fixed r > 0, there exists K34 = K3 4(r, n, F) such that for all
integers k > log(r/n)/log?2, we have E[f,ﬁ] < K34.

PROOF. Note that t > F~!(F(t)) for all r > 0. Then we have
(3.5) Py > 1) <P(f > F~1(F(1))) <P(pr = F(1)).

To bound the tail probability of #, we need to bound P(p; > p) when p is near
one. By (2.2), for any k > —1, p; > p implies that there exists a p-closed dual
circuit around the origin with diameter at least [2% + 1]. Such a dual circuit has
length at least 2L2k + 1] + 2 = ¢, for k > —1. For any even m > 4, observe
that since dual circuits around the origin with length m must intersect the line
{(x,0):x € (—1,m/2—1)}, the total number of such circuits is bounded by % .3m,
Each of these dual circuits is p-closed with probability (1 — p)™. Therefore, when
p €[5/6,1) we have

. >, m3™ m > m am
(3.6) P(pkzmsm;T-(l—p) sn;km(m—p)) :

where the second inequality uses 3(1 — p) < 1/2 and the value of & € (0, 1) will be
specified later. Define Cy = C(«) := maxm24{m2_(1_”‘)m}/(1 —2"% and C; :=
(BEtH/7. Combining (3.5) and (3.6), when ¢ > C3 := F~1(5/6)/C, we have
F(Cyt) > 5/6 and

, : o _ - (FEL\ O
Pl > Car) = Pl = P(Can) = C1 (3P > Can)™ < 1150
2
T opekan”

The second inequality above follows from (3.6) [with p = F(C»t)], and also uses
the definition of Cy and the fact that 1 — F(Cyt) =P(t, > F(C»st)). Since r < ¢,
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ckn+r
2¢kn

fk r 00 r—1 A
E|l{— :/ rt' 7 P(t > Cot) dt
) 0

taking o = oy := we have

1vC 00
3.7) </ 3rt’_1dt+ 1 Ci(ag)
~Jo 1vC3 FCkOkN
C
< (v 4+ S1er
cragn —r

In the last inequality, we have used that (1 v C3)" %" < 1, Therefore, using the
relation cyayn —r = (cgn —r)/2, we have

2rCi@)C

or -1 r
E[f] <(CaVv F~(5/6))" + P

Next, when r > 0 and k > log(r/n)/log2, taking o := 1/2 in the above proof,
we have cyan —r > 2kp —r > 2Ky — r > 0 where k; := [log(r/n)/log2] + 1.
Then, using (3.7) again (which also holds in the current situation since we still
have cyoxn —r > 0),

A _ 2rC(1/2)C}
E[ff] < Cy 4+ (F71(5/6)) + ———1—"2
[([]= G+ (FTG/0) + =5 —
which gives the expression of K34. [

PROOF OF LEMMA 3.1. First we prove part (i). Recall #; from (3.4). Since
Ti(yp) < |Eklfx and |Ex| < 48 - 4% for k > —1, we have

(3.8) E[T} (v)] < E[(1&lfk)"] < (48 - 45) E[77].

For any r < ng and 5 € (r, ng), one has E[te"/ 4] < 00. Recall ¢ in Lemma 3.4. For
k> —1,cxkn>n>r,soby Lemma 3.4, ]E[f,:] < 00 and (i) is proved.

Next we prove (ii). The constants &g, o are from (2.5). We will perform a
decomposition for py introduced by Jdrai ([11], page 319) using iterated loga-
rithms. Its main purpose is to allow to obtain the term a; in the statement of the
lemma without any logarithmic prefactors, which may arise if the decomposition
were only made using two intervals for the value of py. Define log® k = k and
log") k =1log(log"/~" k) for j > 1 such that it is well defined. For k > 10, let

log"k =min{j >0: log" k is well defined and log") k < 10}.
Let r € [1, 00) and A € (0, 00) be given. Denote for j =0,1,2,...,log"k,

qr(j) = Pk, logW k)|
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where C is so large that

3.9 C1 >2/log10,

(3.10) 2rlog2 — K762C1/2 < —A,

(3.11) [2r1 — K262C1/2 < —1.

Given C1, let kg > 10 be the smallest integer such that for all k > ko,
1

(3.12) K21 S ik, pe+27%2 <1 and k> log; +3.
0g

The reason for the above choices will be clear as the proof proceeds. We assume
k > ko for the rest of the proof. By Lemma 3.4, the third condition in (3.12) gives
E[##"] < K34(2r,1/4, F), and with (3.8) we have for all k > ko,

(3.13) E[TZ (vn)] < (48 - 4)" K34.
Note g (log* k) < - -- < gx (1) are well defined if 2k > C1k. We write
E[T; (y)] = E[T} (v)1{ px > qx(0)}]

log*k—1

(3.14) + E[Ty () L{q(G + 1) < px < qe()}]
=0

J
+ E[T{ (v)1{ pr < qi(log* k)}].
By (2.4) and the fact that Cy > 2/log 10, for j =0, 1, ...,log"k and k > ko,

2k | J< 2k - 2k i1
Cilog¥V k1™ CilogMog Mk = Cilog10

L(g() < [

Then applying Lemma 3.2 and Lemma 3.3, for all « > 1, kg <k <n — 1 and
j=0,1,...,log"k,

. E[T¢ (i1 pr < ax(DY] = [F~Hae (D) E[N® (271,25 gk ()]
’ y K~ 22k 2]
<[F (@) w(%)

By (3.12), we have for k > kg and j =0, ..., log*k,

2k 2k—1 2k—l
(3.16) { : J > > > 2k/2,
CilogW k]~ CilogWk — Cik

Then by (2.5), we have

2k —&0 ten /2
(3.17) qk(j) < pc + h logka < pe+27ke0/2 1.
| Tog"
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Applying (2.4) and (3.17) in (3.15) and recalling the definition of a; in (3.2), we
have forkp <k <n—1land j =0,...,log*k with @ > 1,

(3.18) E[T (7)1 pr < ax())}] < [e11(C21og? k)* 1 ag,

where C> := 2K33C(/K>4. We bound the sum in (3.14), starting with the last
term. Applying (3.18) with @ = r and j = log* k, one has for ko <k <n — 1 and
r>1,

(3.19) E[T{ (va)1{ pr < qx(log*k)}] < [r11(10C2)* " ay.

For the first term in (3.14), applying the Cauchy—Schwarz inequality, (3.13) and
(2.6), forkg <k <n—1,

E[T{ (y)1{px > g (0)}] < E[TZ ()] *[P(Px > q(0))]"/*
(3.20) < ((48- 457 K34)' - Kylgy exp(—K262C1k/2)
— 48" (K34K26.1)"? exp(2rklog2 — K262C1k/2).

For the second term in (3.14), applying the Cauchy—Schwarz inequality, (3.18)
with & = 2r, and (2.6), we have for j =0,1,...,log"k —land ko <k <n —1,

E[T{ (y) Mg (G + 1) < pr < qr()}]
<E[TZ )1 < (D} P [P(Be > ax (G + )]
<[12r11(Ca1og¥ k)™ a2 1% k)12, exp(—Ka62C1 logli ™+ k/2)
= (1219203 Ky yaf (log! k) 211752020072,

Then combining (3.20), (3.21), (3.19) and using the definition of C; in (3.10) and
(3.11), there are C3, C4, C5 > O such that for kg <k <n — 1,

1/2
(3.21)

log* k—1
E[T} (y)] < Cze ™ + Caaf > (log" k)™" + Csa.
=0

Note that C; was chosen initially to depend on r so that exponent of log"/) k
in this inequality can be taken to be —1. (A similar choice appears in [7], The-
orem 1.3.) This forces the other constants to depend on r, but the important
point is that none of them depend on n or k. Using [21], equation (2.16), which

says Zl;):gzk(log(j ) k)~ is uniformly bounded in k, we complete the proof of
Lemma3.1. O

4. Study of the mean. In this section, we give the proof of Theorem 1.2. We
prove Corollary 1.3 in Section 4.2.
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4.1. Proof of Theorem 1.2. First we prove an elementary lemma.

LEMMA 4.1. Let f(t), t €0, 00), be a positive nonincreasing function. Fix
8 > & > 0 and integers ki, ko > 1. Then there exist constants C1, Cy € (0, 00) such
that for all n > max{ky, k»},

Ci Yy flek) <) fk)<Cy ) f(ek).

k=ky k=k; k=ko

PROOF. It suffices to take kj = kp = 1. If 6k < ek’ < 8(k + 1), then f(gk’) <
f(8k), and for each k there are at most [§/e] such integers k’. Therefore,
ouey flek) <[8/e1(f(e) + 25— f(8k)). As ¢ <&, we obtain

_Xioi f(ek) _ T8/£1(f () + Y4y £(6K)
T X f6k) i fek 0

PROOF OF THEOREM 1.2. For the upper bound, note that for n > —1,
ET(0,0B22")) < ZZ;LI ETy(yy)- Take kg as in Lemma 3.1 and apply this lemma
with r = 1. We obtain ET (0, d B(2")) < oo for all n > —1 and in particular for
n>ko+ 1, ET(0,9B(2")) is bounded by

1

kO_l n—1 n
> ETe(y) + K31 Z[ak+e_k] <C ZF_I(pC+2_k).
k=—1 k=ko k=2

The last inequality uses Lemma 4.1 and F~!(p. + 1/4) > 0. This proves (i).

The proof of the lower bound is similar to that of [24], Theorem 8.1.2. By (2.5),
crossing a p,«-closed dual circuit costs time at least F —I( Pe+ 2—k30y Tf Ay is the
event that there is a p,«-closed dual circuit around 0 in B(2ky* \ B(2k=1* then by
(2.7), ET (0,9 B(2")) is bounded below by

n n
Z P(Ay) - F! (pc + 2_k80) > Z K2,7F_1(pc + 2_k80).
k=1 k=1
Applying Lemma 4.1 completes the proof of (ii). [

4.2. Proof of Corollary 1.3. To prove Corollary 1.3, we need the following
definition from [24], page 146. Given two distribution functions G and H, we say
that G < H if there exists £ > 0 such that G(x) < H(x) forall 0 < x <&. By [24],
Theorem 8.1.4, if p(G) < oo almost surely and if G < H, then p(H) < 0o almost
surely. (This is, in fact, provable in general dimensions, though Zhang only gave a
proof for d =2.)

PROOF OF COROLLARY 1.3. Suppose that Y°°, F~!(p. +27") < oco. Let
& > 0, and let F be a distribution function such that F = F on [0, £] and F'(xg) = 1
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for some xp. Note that we still have > 02, F~ 1(pC +2™) < o0 and F has all
moments. By Theorem 1.2(i), p(F) < oo almost surely. Since F < F, we have
p(F) < oo almost surely.

Now suppose 5%, F~!(p. +27") = 00, so that 3; F~'(p. + 27%%) = 0o
for §p from (2.5). For k > 1, write Ay for the event that there is a p,«-closed dual
circuit around 0 in B(25)* \ B(2*~1)* and by := F~'(p, + 27%%). For n > 1, de-
fine S, =) }_, bx14, and compute by Cauchy—Schwarz, (2.7) and independence
of the Ay’s:

1
ES? < Z biby = <Z bk> < K—z(ESn>2-

Jj.k=1 2.7

By the Paley—Zygmund inequality (second moment method), we can find D > 0
such that for all n > 1, P(S,, > DES,,) > D. Since p(F) > S(n) for all n > 1 and
ES, — oo as n — oo, we get P(p(F) = oo) > 0. Finally, since P(p(F) = 00) €
{0, 1}, this completes the proof. [J

5. Study of the variance. Here we prove Theorems 1.5 and 1.6 using a mar-
tingale introduced in [17]. We start with some definitions.

Define Ann(n) = B(2"*t1)\ B(2”) for n > 0 and Ann(—1) = B(1). For a ver-
tex self-avoiding circuit C in Z2, write C for the graph induced by all the vertices
in Z? that are either on or in the interior of C. Define for n > —1

(5.1 m(n) := inf{k > n : there is a p.-open circuit in Ann(k) around 0}.

Note that m(n) > n. We write m(n) = m(n, w) to emphasize the underlying
weights w € Q. Put

(5.2) Cy := the innermost p.-open circuit C C Ann(m(n)) around 0
and
(5.3) Fy := sigma-field generated by C,, and {w, : ¢ € C_n}.

By definition, we have Cy,(®) = Cip(n,w)(w). For n < n’, we have m(n) < m(n’),
thus {F,},en forms a filtration. Denote F_; = {&, 2} and C_; = {0}. Instead
of T(0,9B(2")), we first try to study 7(0,C,). Write T(0,C,) — ET(0,C,) =
> i=o(EIT(0,Cy) | Fil =E[T(0,Cp) | Fi—11) =: >f_o Ax- Then {A}o<k<n is an
Fi-martingale increment sequence. Thus,

(5.4) ar(T (0, Cy)) = ZE A2,

The following are the results for T(O,Cn) corresponding to those in Theo-
rems 1.5 and 1.6.

THEOREM 5.1. Let ng be as defined in (1.2):
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(1) If no > 2, then there exists C1 > 0 such that forn > 2,

n

Var(T(0,C,) < C1 Y [F ! (pe +279)
k=2

(i1) There exists Co > 0 such that for n > 2,

n

Var(T(0,C,) = C2 Y [F ' (pe +279) %
k=2

THEOREM 5.2. Assume that noy > 2. Further assume Z,?il[F_l(pc +
27812 = 00. Then as n — oo,

T0,C.)—ET0,C)  Yi_oAk
(Var(T(0,C))'2— (Xr_ E[A7])1/2

4 N, 1).

We prove Theorem 5.1 in Section 5.1. In Section 5.2, we prove the CLT in
Theorem 5.2. In Section 5.3, we control the difference between 7'(0,C,) and
T(0,9B(n)) for 29! <n <29 — 1 and prove Theorems 1.5 and 1.6.

5.1. Proof of Theorem 5.1. Due to (5.4), we study bounds on the moments
of Aj. An important ingredient is a formula for Ay from [17], Lemma 2, and we
state it as part (ii) in the following lemma. Denote (2', 7', ') as another copy of
the probability space (2, F,P). Let E’ denote the expectation with respect to P/,
and ' denote a sample point in Q’. Denote m(n, w), Cx(w) and T (-, -)(w) for the
quantities defined as in the previous sections, but with explicit dependence on w.
Define £(n, w, @) := m(m(n, w) + 1, ®’). We need the following results, which
are [17], Lemma 3 and [17], Lemma 2. The first result is older than [17] and is
standard.

LEMMA 5.3 (Kesten and Zhang [17]). (i) There exists K53 > 0 such that for
all integers k,t > 1,
P(m(k) > k +t) < exp(—Ks31).
(i) For all k > 0, Ay does not depend on n. Precisely,
Ar(@) =T (Cr—1 (@), Ck(@)) + E'[T (Cr (@), Cotk.ow.0ry (@) (@) ]
— BT (Ce1(@), Cetr 0,00 (@) (@)]-
We will write T(-, -) instead of T (-, -)(w) or T(-,-)(«’) when the meaning is

clear from the context. The following lemma is a consequence of Lemma 3.1.
Recall the definition of a; in (3.2).

LEMMA 5.4. Assume no > 1.
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(i) For any r € [1,00) and A € (0, 00), there exist ko = ko(r, A, F) > 0 and
Ks54=Ks54(r) = Ks54(r, A, F) > 0 such that for all k > ko and £ > 1,
E[T" (3B (2"), 8B (2KY))] < Ks4" (af + ).
(ii) Foranyr €[1,ng), there exists a constant Ks4 = K54(r) = K54(r, F) >0
such that for all k > —1 and £ > 1,

E[T"(3B(2"), 8B (2KY))] < K540

PROOF. Take n :=k + ¢ + 1. Since y, N (B(2k+t \ B(2%)) provides a
specific path connecting the inner and outer boundaries of the annulus, we
have T (3B(2%), dB(2k+t)) < Zf.‘;r,f_l T; (yn). Applying Jensen’s inequality and
Lemma 3.1 for k > ko, E[T" (8 B(2¥), 3 B(2k*%))] is bounded by

k+¢—1 k+¢—1 '

er—l( > E[T,-’(m]) <07V Ksn Y (@ + M) < K3l (af + e 7).
i=k i=k

This proves (i). To prove (ii), if r € [1, n9), by Lemma 3.1 [parts (i) and (ii)

combined], for all n > k > —1 we have E[T}] (y,)] < C; for some constant

C1 =C(r, F) > 0. Using this fact in the above bound proves (ii). [

The above lemma implies bounds on moments of the Ag’s.

LEMMA 5.5. Assume ng > 1:

(i) For any r € [1,00) and A € (0,00), there exist K55 = Ks55(r) =
Kss5(r, A, F) > 0and kg = ko(r, A, F) > 0 such that for all k > kg + 1,

E[|Ak]"] < Kss5 - (af_; + e ).
(ii) Foranyr € [1, no) and k > 0, we have E[|Ar|"] < oo.

PROOF. Using T (Ci(®),Cok,0,0) (@) < T(Ci—1(®), Cok,0,0 (@) and
Lemma 5.3(ii), we have |Ar(w)| < T(Cr_1(w),Cr(w)) + ET(Cr_1(w),
Ce(k.0.0r)(@))]. By Jensen’s inequality,

1 , .
FEMk(w)} <E[T" (Ck-1(w), C(@))]
(5.5)
+E[(E[T (Ce-1(@), Ceqk .0 (@))])]-

First we give an upper bound for the second term. Recall ko(r, A, F) from
Lemma 5.5. Fix w € €2, and estimate for k > kg(2, A, F) + 1,

E'[T (Ck—1(®), Cotk .00 (@))]

0
(5.6) = ZE'[T(Ckfl (@), Coter0,0) (@) Lk, 0,0y —m (k) —1=1}]
=0
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o0

<> E[T@B" ). 0B "N Lk w0 —m k) 1=1)]
t=0

o0
< Z]E/[TZ(aB(zk—l)’ 8B(2m(k,w)+2+l‘))]l/2
t=0
/ / 1/2
xP(lk,w, o) —mk,w)—1=1)
[e.e]
<3 (K542) P (a2_, + e )2 n(k, @) — k + 1+ 3)e K531/
t=0
< Cy(mk, w) — k + 1) (ag—1 + e D72,

where the fourth line uses the Cauchy—Schwarz inequality, the sixth line uses
Lemma 5.4 with r = 2 and Lemma 5.3(1), and in the fifth line C; :=
Ks4(2)!/? Yo+ 2)e~Ks31/2 Therefore,

E[(B[T (Ck-1(@), Cetr.w.n) (@))])']
(5.7) < Cl(ag—1 4 e DY E[(m(k, w) —k+1)]
< CTE[(m(k, @) —k+1)"]-2""Yaf_; + e *=D/2),

By Lemma 5.3(1) E[(m(k, w) — k + 1)"] < oo uniformly in k, so this bounds the
second term in (5.5). To bound the first term in (5.5), similar to (5.6), applying the
Cauchy—Schwarz inequality, we have for k > ko(2r, A, F) + 1,

E[Tr (Ck_l(a)), Ck(w))]

E[T? (8B(2*""), aB(2***+1)]'*P(mk) —k =1)'/?

M2

=

_,
Il
=}

(5.8)

< [[{5'4(2’,)]1/2(61]?_1 +e—k(k—1))l/2(t 1+ 2) . e Ksat/2

M2

0

o0
= (a£_1 + e—k(k—l)/Z) ([K5.4(2r)]1/2 Z(t + 2)re—K543t/2>‘
t=0

Combining (5.5), (5.7) and (5.8) completes the proof of Lemma 5.5(i). The proof
of part (ii) can be done in the same way, using Lemma 5.4(ii). [

.,
Il

The next lemma gives a lower bound for E[Ai].

LEMMA 5.6. There is K56 > 0 such that for all integers k > 2,
E[AF] = Kse[F " (pe + 271,
where b is from (2.5).
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FI1G. 2. The events (1)—(4) in the proof of Lemma 5.6. The p.-open crossing on the right connects
the two pc-open circuits around the origin, but the p.-closed path on the left (shown as a dotted
curve) blocks the existence of a p¢-open circuit around 0 in B(Zk'H) \ B(Zk).

PROOF. Recall the expression of Ag in Lemma 5.3(ii) and the filtration F
in (5.3). The goal of the proof is to construct an event E € Fj with P(E) > 0
uniformly in 7, k such that for w € E,

(5.9) T (Ci—1(w), Ck(@))(w) =0,
E'T (Ck—1(@), Cok..00) (@))] = E'[T (Ci(@), Cor 0.0y (@))]

(5.10)
> CoF ! (pe +27%F),

where C, > 0 is a constant. Let E be the intersection of the following events (see
Figure 2):

(1) there exists a p.-open circuit around 0 in B(2K) \ B (2k=1,

(2) there exists a p.-open circuit around 0 in B(2¥+2) \ B2k,

(3) there exists a p.-open left-right crossing of [0, 2k+2] 5 [—2k=1 2k=1] and

(4) there exists a dual pc-closed left-right crossing of [—2k+1 _kyx
[_2k’ 2k]*.

By the RSW theorem ([8], Section 11.7), each of the above events has proba-
bility bounded from below for all k£ > 1. The events (1), (2) and (3) are all nonin-
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creasing, and they are jointly independent from (4). Therefore, applying indepen-
dence and the FKG inequality, there exists a constant C3 > 0 such that P(E) > C3
for all k > 1. Now consider a new event (3): There exists a p.-open left-right
crossing of Cr N ([0, 25+2] x [—2%=1 2k=11). Define the event E to be the inter-
section of the events (1), (2), (4) and (3'). Then E € Fy, E C E and, therefore,
P(E) > P(E) > C3 > 0. By definition, we have T (Cx—1(w), Cx(w))(w) = 0 for
w € E, s0(5.9) holds. To see (5.10), recall the definition of p, in (2.3). Let E' C '
be the event

E' = {There is a py-closed dual circuit around 0 in B(2XT1)*\ B(25)*}.

From (2.7), let C > 0 be such that P(E’) > C, forall k. Whenw € E and o’ € E’,
since every path between Cr_1(w) and Cyk, e, ) (@) must cross the py-closed
dual circuit defined in E’ and then cross Ci(w), we have for k > 2

T (Ch—1(@), Cotk.oo.n (@) (@) — T (Ci(@), Coh.io.0ry (@) (@) = F~ (i),

which by (2.5) is bounded below by F~!(p. + 27%%). This proves (5.10) and
therefore we have P(A; < —CzF_l(pc + 27%ky)y > P(E) > C3, completing the
proof of Lemma 5.6. [

PROOF OF THEOREM 5.1. First we prove (i). Lemma 5.5(1) with » = 2 and
A =1 implies that there exists ko > 1 such that for all k > ko + 1, we have E[A,%] <
K5,5(d,§_1 + e*k). For k < kg, we will use the general fact that E[Ai] < Cy for
some Ci > 0. Therefore, for k > kg + 1,

n n—1
Var(T(0,C,)) = ZE [AF]+ DD E[AF] < (ko+DCi+Kss Y (ag +e7¥)
k=ko+1 k=ko
n—1
<Cy+Kss Y at,
k=ko

where C; > 0. Using Lemma 4.1 with f(¢) := (F~'(p. +27") A ay,)*, t > 0,
completes the proof of (i).

By Lemma 5.6, Var(T (0,C,)) = Y }_o E[A7] > K56 > _,[F ™' (pe +27%0K) ]2
for n > 2. Applying Lemma 4.1 again completes the proof of (ii)). [

5.2. Proof of Theorem 5.2.

PROOF OF THEOREM 5.2. By Lemma 5.5, there exist k1, C3, C4 > 0 such that
(5.11) E[A7]<C3  forall k >0,
(5.12)  E[|Ak"]<C4la,_; +e ) forallk >k, ref2,3,6).
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Here, the choice of r € {2, 3, 6} is sufficient for proving the CLT. Though the con-
stants C4 and k1 may depend on r, this will not be an issue since we only consider
finitely many different values of r.

By Theorem 1.5(ii) and the assumption Z,‘ziz(F_l (pe + 275))2 = 00, we have
Var(7T (0, C,)) — oo as n — o0o. By (5.11), we have Z],?:_Ol E[A%] < C3ky, thus we
can throw away the first k| terms and it is sufficient to prove

Zzzkl Ak
(i, ELAZD 12
This can be proved in a similar way as in [17]. The key tool is a martingale CLT
from McLeish [18], Theorem 2.3. The moment bounds in (5.11) and (5.12) for

r € {2,3, 6} are sufficient to verify its hypotheses. For a full proof, see the arXiv
version of this paper [6]. [

=4 N, D).

5.3. Proofs of Theorems 1.5 and 1.6. For any n > 1, let g € Z satisfy 297! <
n < 24, The next lemma bounds |7'(0, dB(n)) — T(0,C,)|.

LEMMA 5.7. Recall no from (1.2). Assume no > 1:
(i) For anyr € [1, no), there is Co > 0 such that for all n > 1 and g > 1 such
that 2971 <n <24
E[|T(0,0B(n)) — T(0,Cy)|"] < Co.

.. r]l
(i) Assume that ) a;

o0

< 00 for some n1 € [1, no). Then

sup  E[|T(0,0B(n)) —T(©0,Cy)|"] < .

q:02‘1—1§n<2‘l

PROOF. We first prove (i). Observe that for 1 < £ < g, on the event {m(q —
£)>q —1>m(qg —£— 1)}, dB(n) is sandwiched between C;_¢_1 and C,. Fur-
thermore, for integers 1 < ¢ < ¢ and ¢ > 0, restricted to the event {m(q — ) >
qg—1>m(g—L—1)}N{m(g) =q +t}, we have
(5.13) IT(0,0B(n)) —T(0,C,)| <T(dB(2971), 9B (297 +1)).

Then define the events Ay :={m(qg —€) >qg —1>m(g — € — 1)}, for 1 <
¢ <gq, and B; :={m(q) = g + t}, for t > 0. Using (5.13) and the fact that
Ui<e<q Ur=0(A¢ N By) cover the whole probability space €2, we have

E[|T(0,B(n)) —T(0,Cy)|']

E[T"(0B(2"""). 0B(27*+))1a, 1]

M=
WK

(5.14) <

~
I
—_
-
Il
=}

E[T"(3B(29-7Y), 9B (24T 1) TP(A) T P(B,) T,

IA
MQ
WK

~
I
—_
-
Il
S
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where the last line uses Holder’s inequality with n € (r, ng). Recall kg from
Lemma 3.1. Define by := ax + e for k > ko and by := by, for —1 <k < ko.
By Lemma 5.4, there is C; > 0 such that for all integers k > —1 and r > 0

(5.15) E[T"(3B(25), dB(2XT"))] < (Cirby)".

By Lemma 5.3(i), there exists C2 > O such thatfor 1 </ <g and¢ >0

—1 -1
(5.16) P(Ag) 7 P(B;) 51 < e~ C2(=D=Cat
Combining (5.14), (5.15) and (5.16), E[|T(0, dB(n)) — T(0,C,)|] is bounded by

q o0 q
> ZO Clat+L+2)b e De @ =3"b ey,
l=1t= =1

where ¢y ;= e~ C2(t=D YegCr+ L+ 2)e~ 2! for € > 1. Write by := 0 for k <
—2and ¢y :=0forf < —1. Define b := (by :k € Z) and ¢ := (cy : k € Z). Then the
above bound can be written as (l; * C)g—1, Where b * & is the convolution of b and
¢. Note that ||!5||oo < oo and |[c][1 < oo. Then (i) follows from Young’s inequality,
which says [|6* Clloo < ||blloclI€ ]l

Next we prove (ii). Replacing r with 7, in the above argument, we have
E[|T(0,3B(n)) —T(0,C;)|"] < (b *C)q—1. Therefore, by Young’s inequality,

o
S sup E[|T(0,0B(m) - T©,C|"] < bl < 1Bl1lIE]s.

g=0n:29"1<n<24

The assumption Z,‘?‘;ko a,'z ' < oo implies |b]l1 < oo. Thus, the proof of (ii) is com-

pleted. [

We now give the main results about 7' (0, d B(n)), beginning with the variance
bound.

PROOF OF THEOREM 1.5. For simplicity, denote s, := ZZZZ[F_I(pC +
2_")]2. For n > 2, let ¢ > 2 be the integer such that 201 < <29 — 1. De-
note X, :=7(0,0B(n)) —ET(0,9B(n)) and Y, :=T(0,Cy) — ET(0,C,). Since
no > 2, we may apply Lemma 5.7(i) with r = 2, there exists a constant Cp > 0
such that for all n > 2

(5.17) 1X, — Yo ll2 =E[|1X, — Y, ]'* < Co.

By Theorem 5.1, there exist C1, C2 > 0 such that for all n > 2, C1¢s_q < |Yull2 <
C2,/54. Combining the above two bounds and the triangle inequality, we have
((C1/sq —Co) vV 0)? < IE[X%] < (Ca /54 + Co)?2. This suffices to prove the upper
bound.
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For the lower bound, C 3¢ — Co may be negative for small n, so one needs
Var T (0, B(n)) > 0 uniformly in n > 1. Because this is standard (see [16], equa-
tion (4.7)), we omit the proof. [

PROOF OF THEOREM 1.6. First we prove (i). Suppose Z,?;z[F_l(pC +
27%)]? < 0o. Then X keko ai < 0o, where k is defined in Lemma 3.1. Also note
that 7(0,C,) —ET(0,Cy) = ZZ:O Ay and Ay, for k > 0, does not depend on n
or g. By Theorem 5.1(ii), we have > 72, EA% < 00. Then by the martingale con-
vergence theorem, there exists a random variable Z with EZ =0 and EZ? < oo
such that as ¢ — 00

(5.18) T0,C)) —ET0,C)) — Z a.s. and in L2

Applying Lemma 5.7(ii) with n; =2 and taking n, = 24— or 29 — 1, for ¢ > 0,
we have Zcqio E[T(0,0B(ny)) — T (0, Cq)lz] < 00. Therefore, by Borel-Cantelli
and (5.18), as ¢ — 00,

(5.19) 7(0,8B(n,)) —ET(0,0B(n,))— Z  as.andin L.

Note that for all n, g with 2= <n <29, |T(0,3B(n)) — T(0, Cy)| is bounded
by max{|7(0, dB(27~1)) — T (0, CHI, 1T (0,0B(27—1))—T(0,C,)|}. Combining
the above observation and (5.19) completes the proof of Theorem 1.6(i).

Next we prove (ii). Suppose Z,ﬁiz[F_l(pc + 2_")]2 = 0. Define o, =
Var(T (0, Cq))l/2 where ¢ € N is such that 297! < n < 249. Define y, =
/Var(T(0,0B(n))). By Theorem 5.1(ii), we have lim,_.0, = 00. By
Lemma 5.7(i) with r = 2, there is Cy > 0 such that for all n > 2

(5.20) low — vul < Co.
Furthermore, there is C; > 0 such that for all n > 2
(5.21) E[|T(0, 8B(n)) — T(O,Cq)|] <(j.

Theorem 1.6(ii) follows from Theorem 5.2, (5.21), (5.20) and the fact that
lim, o0, =00. [

5.4. Limit theorems for point-to-point times. In this section, we extend results
from the last section to point-to-point passage times.

COROLLARY 5.8. (i) Assuming ng > 1, there exists C1 = C{(F) > 0 such
that

q
ET0,x)<C1 Y F '(pc+27%)  forxe B(29T")\ B(2?) and q > 2.
k=2
(i1) There exists Co = Ca(F) > 0 such that

q
ET0,x)>C>Y F '(pc+27%)  forxe B(29T")\ B(2?) and q > 2.
k=2
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COROLLARY 5.9. Assume that ny > 2.
(1) There exists C3 = C3(F) > 0 such that

q
Var(T(0,x) < C3 Y [F' (pe +279]  forx e BRI\ B(29) and q = 2.

k=2
(i1) There exists C4 = C4(F) > 0 such that
q
Var(T(0,)) > C4 Y [F ' (pe +279  forx e BRI\ B(29) and g = 2.
k=2

COROLLARY 5.10. Assume that ng > 2 and Y325 F~(p. +27%) = o0.

(1) I]‘Z,?iz[F_l (pe+275)1? < o0, then there exists a random variable Z with
EZ =0 and EZ? < 0o such that

TO,x)—ETO0,x) == 7 a5 ||x]le — 00.

7 has the same distribution as the sum of two independent copies of Z, defined in
Theorem 1.6.
(i) I p2olF ! (pe +27%)1* = 00, then

T(0.x)—ET©.x) 4
N, 1 _
Var 0.z o NODasiielleo = o0

In particular, letting g = q(x) be the integer such that 29 < ||x||leo < 297!, we have
Var(T (0, x))
Var(T (0, 3 B(24™)))

—2 as ||x||eoc = 00.

REMARK 6. In contrast to Theorem 1.6(ii), one only expects convergence
in distribution in Corollary 5.10(i), since T (0, x) heavily depends on the edge-
weights near the point x, which tends to infinity. As x changes, the edge weights
near it only share the same distribution.

Now we describe the construction used in the proof of the above three corol-
laries. This construction was introduced in [17]. Suppose x € B(2¢T1) \ B(29).
Then the two boxes B(0,2¢7!) and B(x,2¢7') are disjoint and, therefore,
T(0,3B(0,2971)) and T(x,dB(x,2971)) are i.i.d. Define Y (x) := T(0, 3 B(0,
2971Y) + T(x,9B(x,297 1)) for x € B(27*t1) \ B(29) and ¢ > 2. Then T(0, x) >
Y (x). The statements in the above three corollaries, with T (0, x) replaced by Y (x),
are immediate consequences of Theorems 1.2, 1.5 and 1.6. We only need to con-
trol the error between 7' (0, x) and Y (x). To bound 7' (0, x) from above, recall the
definition of C;4, from (5.2). One can construct a path between 0 and x by con-
catenating a geodesic from 0 to C,42, a p.-open path along C, 47, and a geodesic
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from C,42 to x. Thus, 7'(0, x) can be bounded above by T (0, Cy42) + T (x, Cy42).
This implies

IT70.x) = Y()| < [T(0.Cq12) — T(0.0B(0.277"))]
(5.22)
+|T(x,Cq42) — T(x, 3B(x,2971))|.

The first term in the above bound can be controlled by Lemma 5.7 and the sec-
ond term can be controlled by the following lemma, which is also analogous to
Lemma 5.7.

LEMMA 5.11. Recall no from (1.2). Assume no > 1:

(i) For any r € [1,n9), there is Co > 0 such that for all ¢ > 0 and x €
Bt \ B(27)

E[|T (x,Cyt2) — T(x, 3B (x,297")|"] < Co.

(i1) Assume that) a,i“ < 00 for some 11 € [1, no). Then

o
sup E[|T (x,Cy42) — T (x, 3B(x,2771))|"] < 0.
g=0x€BQIT1)\B(29)

The proof of the above lemma is similar to the one of Lemma 5.7 and, therefore,
is omitted.

PROOF OF COROLLARY 5.8. Lemma 5.11(i), Lemma 5.7(i) and (5.22) give
Co > 0 with E|T (0, x) — Y(x)| < Cg for all x, proving (i). Combining the lower
bound 7' (0, x) > Y (x) and Theorem 1.2(ii) proves (ii). [

PROOF OF COROLLARY 5.9. When 9 > 2, by Lemma 5.11(i), Lemma 5.7(i)
and (5.22), there is Co > 0 such that E|T (0, x) — Y (x)|?> < Cy for all x. Then the
rest of the proof is similar to the proof of Theorem 1.5. [J

PROOF OF COROLLARY 5.10. To show (i), since > a,% < oo and ng > 2, by
Lemma 5.11(ii) we have E|T (x, Cg42) — T (x, dB(x,2971))|> > 0 as [x]loc —
00. Then by (5.22), we have T (0, x) — Y (x) — O in L? as [|X|lco = 00. By The-
orem 1.6(1) and that 7(0,3dB(29~")) and T (x,dB(x,2¢~1)) are independent,
Y (x) Lz Z',as || x]lco = 00, where Z’ is another independent copy of Z
as in Theorem 1.6(i). Combining these proves (i). The proof of (ii) is similar to
that of Theorem 1.6(ii). [

Acknowledgments. We thank Pengfei Tang for comments on a previous ver-
sion and an anonymous referee for careful reading and many suggestions to im-
prove the presentation.
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