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EDGE- AND VERTEX-REINFORCED RANDOM WALKS WITH
SUPER-LINEAR REINFORCEMENT ON INFINITE GRAPHS

BY CODINA COTAR AND DEBLEENA THACKER
University College London and Lund University

In this paper, we introduce a new simple but powerful general technique
for the study of edge- and vertex-reinforced processes with super-linear re-
inforcement, based on the use of order statistics for the number of edge,
respectively of vertex, traversals. The technique relies on upper bound es-
timates for the number of edge traversals, proved in a different context by
Cotar and Limic [Ann. Appl. Probab. 19 (2009) 1972-2007] for finite graphs
with edge reinforcement. We apply our new method both to edge- and to
vertex-reinforced random walks with super-linear reinforcement on arbitrary
infinite connected graphs of bounded degree. We stress that, unlike all previ-
ous results for processes with super-linear reinforcement, we make no other
assumption on the graphs.

For edge-reinforced random walks, we complete the results of Limic and
Tarres [Ann. Probab. 35 (2007) 1783-1806] and we settle a conjecture of
Sellke (1994) by showing that for any reciprocally summable reinforcement
weight function w, the walk traverses a random attracting edge at all large
times.

For vertex-reinforced random walks, we extend results previously ob-
tained on Z by Volkov [Ann. Probab. 29 (2001) 66-91] and by Basdevant,
Schapira and Singh [Ann. Probab. 42 (2014) 527-558], and on complete
graphs by Benaim, Raimond and Schapira [ALEA Lat. Am. J. Probab. Math.
Stat. 10 (2013) 767-782]. We show that on any infinite connected graph of
bounded degree, with reinforcement weight function w taken from a general
class of reciprocally summable reinforcement weight functions, the walk tra-
verses two random neighbouring attracting vertices at all large times.
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1. Introduction. Let G be a locally finite connected graph with the edge set
E(G) and the vertex set V (G). We call any two vertices u, v connected by an edge
adjacent (or neighbouring) vertices; in this case, we write # ~ v and denote by
{u, v} = {v, u} the edge connecting them. We will denote by |E(G)| the number
of edges of G, and by |V (G)| the number of vertices of G. We will denote by
D(G) = sup,cy (g degree(v) < oo the degree of G, where for any v € V(G), the
degree(v) equals the number of edges incident to v.

Finally, we will denote by PY the law of the edge/vertex-reinforced random
walk on G, and by EY the corresponding expectation.

We will next introduce the edge/vertex reinforced random walks.

1.1. Edge-reinforced random walk. Let (£, e € E(G)) be given arbitrary real
numbers with E(e) >0, e € E(G); these are the initial edge weights. Given a rein-
forcement weight function w : [0, c0) — (0, 00), the edge-reinforced random walk
(ERRW) on G records nearest-neighbour step transitions of a particle in V (G).
That is:

(1) if currently at vertex v € V(G), in the next step the particle jumps to a vertex
u € V(G) adjacent to v.

(ii) the probability of a jump to u is w-proportional to the number of previous
traversals of the edge {v, u}.

The more formal definition is as follows. Denote by I, the (random) position of
the edge-reinforced random walk at time n. At the initial time ty := 0, the edge-
reinforced random walk is at the initial position /;, € V(G), and {I,, 1,41} € E(G)
for all n > ty. Let F,, be the filtration

(1) Fo=0{li,k=0,....n, (65 ec E@Q)}.

Moreover, the edge-reinforced random walk follows the following rule for all n >
fo:

w(Xi"h .
>y w(XE

2) PY Iyt = 0| Fp) 1, =) =

I,=u,u~v},
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where for any e € E(G) and for all n > 1y + 1

n n
(3) Xre, = E(e) + Z 1{e was traversed at ith step} — E(e) + Z 1{{I,-_l,[,-}:e}
i=ty+1 i=ty+1

equals the initial edge weight {{ incremented by the total number of (undirected)
traversals of edge e up to time n. Note that, whenever |V (G)| < 00, Y, EG) X =
k+ 3 ek ¢y for all k > 0, almost surely. The starting weights Xj := £ are
specified as deterministic above but one could use random variables instead in
applications, and the definition (1) accounts for this possibility.

1.2. Vertex-reinforced random walk. Let (£5,v € V(G)) be given arbitrary
real numbers with £5 > 0, v € V(G); these are the initial vertex weights. Given
a reinforcement weight function w : [0, co0) +— (0, 00), the vertex-reinforced ran-
dom walk (VRRW) on G records nearest-neighbour step transitions of a particle in
V(G). That is:

(1) if currently at vertex v € V (G), in the next step the particle jumps to a vertex
u € V(G) adjacent to v.

(ii) the probability of a jump to u is w-proportional to the number of previous
traversals of the vertex u.

The more formal definition is as follows. Denote by I, the (random) position of
the vertex-reinforced random walk at time n. At the initial time ty := 0, the vertex-
reinforced random walk is at the initial position I, € V(G), and {1, I,+1} € E(G)
for all n > 1y. Let F;, be the filtration

4) Fo=0{lt,k=0,....n, (€5, ve V()]
Moreover, the vertex-reinforced random walk follows the following rule for n > fg:
w(XY)
PY(Lys = 0| F) et = —————14) —u vl
( n+1 | n) {I,=u} Zy,\,u W(ny,) {I,=u,u~v}

where for any v € V(G) and n >ty + 1

n n
(5) X,lq} = 68 + Z 1{the walk jumped to v at the ith step} = 68 + Z 1{1[:1)}
i=ty+1 i=ty+1

equals the initial vertex weight £; incremented by the total number of jumps to the
vertex v up to time n. Whenever |V (G)| < 00, 3 ey g) X{ =k + Xpev (g o for
all k£ > 0, almost surely.

1.3. Main results. We will state below the main results for each of our models
of interest introduced above.
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1.3.1. Edge-reinforced random walk. We assume for arbitrary initial edge
weights £§ > 0, e € E(G), the condition on w
ad 1
(6) sup — Y <X
eeE(g); w(i + £)

Any weight w satisfying condition (6) is called super-linear (or strong), and the
corresponding ERRW is called strongly reinforced walk.

Let N be the set of nonnegative integers. If £ € N, e € E(G), it is sufficient to
assume instead of (6) that

(7 Z

since for all £7 € N, we have

Zw(ﬁ—Ff Z;w(z)

(=1

1
w(

We also make the additional assumption that

®) sup w(¢g) < oo.
ecE(Q)

Recall that X equals the initial edge weight £{; incremented by the number of
times edge e has been visited by time k. Let

) Qooz{eeE:supX,izoo}

be the (random) graph spanned by all edges in G that are traversed by the walk
infinitely often. As we will show below, we have

{Goo has only one edge} = {IN < oo such that {I,,, [, 41} = {In, In—1} Vn > N}.

Our main result for edge-reinforced random walks is the following.

THEOREM 1.1. Let G be an infinite connected graph of bounded degree. If w
satisfies (6) and (8), the edge-reinforced random walk on G traverses a random
attracting edge at all large times a.s., that is,

(10) PY(Goo has only one edge) = 1.

We emphasize that, unlike all other existing results in the literature on super-
linear ERRW, we make no other assumptions on the graphs except that they are
connected and of bounded degree. Theorem 1.1 proves a long-standing conjec-
ture of Sellke [17] regarding the generality of the graphs and of the reinforcement
weight w under which (10) holds. Moreover, our proof can be extended to the case
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where each edge follows its own reinforcement function w, satisfying (6) and (8),
as explained in detail in Remarks 2.6(a) and 2.10(a) below.

We next briefly discuss the link of our work to the recent literature. For a de-
tailed review of a number of interesting results on edge-reinforced random walk,
we refer the reader to a survey of Pemantle [15] on stochastic reinforcement pro-
cesses.

A result of Sellke [17] implies that (7) is sufficient and necessary for

(11D PY (the walk ultimately traverses a single edge) =1,

whenever the underlying graph is bipartite and of bounded degree. More recently,
Limic and Tarres [11] showed that for a large class of weight functions w, which
includes the class of increasing functions satisfying (7), (11) holds on any graph
of bounded degree. Two examples of almost increasing weights w for which the
method in [11] does not work on finite/infinite graphs with at least an odd cycle
are: w(k) = k' /2 + (—=DK), p > 0, and w(k) = exp{k(2 + (—1)¥}.

We consider next the optimality of our assumptions. It is easy to find exam-
ples of locally bounded trees with D(G) = oo such that (6) holds but that the
range of the walk is infinite with positive probability. Morever, Sellke [17] pro-
vides (slightly peculiar) examples of edge-reinforced random walks on Z where
> 1 1/w(k) is finite over even k and infinite over odd k, but where G is still a
finite graph, almost surely. On the other hand, for the related generalized Pélya
urn model with infinitely many urns, Collevecchio, Cotar and LiCalzi [6] provide
an example of super-linear weights w,, e € E(G), which satisfy instead of (6) only
the weaker assumption ) 2, i < 00, e € E(G), £y € N, and do not satisfy
(8), and in which case the walk visits all urns finitely many times.

1.3.2. Vertex-reinforced random walk. We assume for arbitrary initial vertex
weights E(’j >0, v € V(G), the condition on w
s 1
(12) sup
ueV(g); w(i + €4 )~
As in the edge-reinforced case, if £ € N, v € V(G), it is sufficient to assume in-
stead of (12) that

1
(13) ; e < 00.
We also make the additional assumption
(14) sup w(€g) < oo.
veV(9)

Recall that X} equals the initial vertex weight £; incremented by the number of
times vertex v has been visited by time k. Let

(15) gooz{veE:supX,’,’zoo}
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be the (random) graph spanned by all vertices in G that are traversed by the walk
infinitely often.
Our main result for vertex-reinforced random walks is the following.

THEOREM 1.2. Let G be an infinite connected graph of bounded degree. If w
satisfies (14) and

o0

(16) sup S — <
veV(g)izl w(i +€8)

i

’

the walk traverses exactly two random neighbouring attracting vertices at all large
times a.s., that is

PY (Goo has exactly two vertices) = 1.

Just as for edge-reinforced random walks, for our theorem we make no other
assumptions on the graphs except that they are connected and of bounded degree.
Moreover, we can again generalize the proof to the case where each vertex fol-
lows its own reinforcement function w, satisfying (14) and (16). To the best of
our knowledge, our theorem is the first result of almost sure attraction to two ver-
tices for vertex-reinforced walks with super-linear reinforcement on general fi-
nite/infinite graphs of bounded degree. It has been previously shown by Benaim,
Raimond and Schapira [4] that VRRW with super-linear reinforcement on infinite
graphs of bounded degree gets stuck almost surely on a finite graph.

VRRW with super-linear reinforcement turns out to have a more complicated
structure than ERRW and there are few results available. It has been studied on
Z for nondecreasing weights w satisfying (12) by Volkov [20] and by Basdevant,
Schapira and Singh [2]; therein, the authors showed that the walk gets stuck on two
vertices. This is in contrast to the recent result of Benaim, Raimond and Schapira
[4] for complete graphs with weight function w(£) = £, p > 1, in which partic-
ular case the walk is shown to get stuck with positive probability on more than 2
vertices if 1 < p <2.

REMARK 1.3. (a) The assumptions in Theorem 1.2 are satisfied by a large
class of weight functions, among which are all the weight functions of order equal
to or higher than w(¢) = ¢2log? €. Indeed, we have in this case for Ly eNve
V(G), that

o0

sup Z; <> ijw() < O(Zl/ilogzi) < 00.

veV(9) > w(i +£(1))) B i=1 i=1

(b) We do not expect Theorem 1.2 to hold for vertex-reinforced walks on infi-
nite graphs of bounded degree in full generality of graph and of super-linear rein-
forcement functions w. In fact, we believe that (16) is almost optimal for general
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graphs for the statement in Theorem 1.2. Instead, for w satisfying (12) but not (16),
we conjecture that the size of the attraction set will depend on the geometry of the
graph, in particular on whether the graph has any triangles, and on the weight w,
as is the case in [4] and [20].

(c) We also conjecture, based on preliminary estimates, that the following holds
on arbitrary infinite graphs of bounded degree: For any fixed k > 2, if

o l/k

sup —— < 00,

ueV(g)g w(i +4£p)

then the walk traverses at most k 4 1 random attracting vertices at all large times
a.s., that is,

PY(Goo has at most k + 1 vertices) = 1.

On complete graphs with |V (G)| = n, this has been shown in [4] for k <n — 1 and
wl) =L, 1< p<2.

(d) By means of Proposition 3.1 below, we can also compute for super-linear
VRRW in finite graphs satisfying (16) the asymptotic behaviour of the tail dis-
tribution of the (random) time of attraction to two vertices. Formally, the time of
attraction 7 is defined as follows:

(17) T =inflk = 0 {Iy. Ins1} = Unt1. s}, Vo = k),

that is, the first time after which only the attracting edge is traversed.
The arguments are similar to the ones for the super-linear ERRW case studied
in [7].

In the special case of bipartite graphs, in particular of Z¢, d > 1, our method
yields a stronger result than in Theorem 1.2 above, which includes also the results
obtained for Z both in [20] and in [2].

COROLLARY 1.4. Let G be an infinite bipartite graph of bounded degree. If
w satisfies (14) and either:

(a)
(18) i P
P s or
vev(g) iz Wi +£5)

(b) w satisfies (12) and
i
sup sup ————— < 00,
vev(G) i=1 w(i +4£p)

then the walk traverses exactly two random neighbouring attracting vertices at all
large times a.s.
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REMARK 1.5. The assumptions in (a) above are satisfied by a large class of
weight functions, among which are all the weight functions of order equal to or
higher than w(£) = £3/?1og? €. The assumptions in (b) are satisfied in particular
by all nondecreasing weights w which obey (12).

We can actually extend the result in Corollary 1.4(a) to the more general case
of triangle-free graphs. More precisely, we can show the following.

COROLLARY 1.6. Let G be an infinite triangle-free graph, connected and of
bounded degree. If w satisfies (14) and
;172
(19) sup — <00,
veV(g)g w(i +£p)
then the walk traverses exactly two random neighbouring attracting vertices at all
large times a.s.

1.3.3. Strategy of the proof. We develop for the proof of our main statements
a new simple but powerful general technique for the study of edge- and vertex-
reinforced processes, based on the use of the order statistics for the number of
edge traversals (for ERRW), respectively of vertex traversals (for VRRW), in the
graph.

The key observation for our proofs on arbitrary finite graphs is that showing
that the walk gets attracted to at most i vertices is equivalent to showing that the
expectation E(g(R'*!)) is finite, where g is a given measurable function and R'*!
is the (i 4+ 1)th largest number of edge, respectively of vertex, traversals. By mono-
tonicity arguments, this reduces to the question of finding a tight upper bound for
the distribution of R,’(H, that is, the (i 4+ 1)th largest number of edge, respectively
of vertex, traversals by time k. The main tool for obtaining this bound is an upper
bound inequality for the number of edge traversals at time k, proved in a different
context by Cotar and Limic in [7] for all finite graphs with edge reinforcement.

To prove our results on general infinite graphs of bounded degree, we couple our
statements on finite graphs with an inequality giving upper bounds on the proba-
bility that the walk ever visits more than n edges, respectively vertices. Of crucial
importance now is that our finite graph theorems hold on any finite connected
graphs, with no restriction on their particular geometric properties.

The rest of the paper is organized as follows. In Section 2, we focus our attention
on the proof of Theorem 1.1, our main edge-reinforced random walks result; in
Section 2.1, we prove in Theorem 2.4 the result on arbitrary finite graphs and in
Section 2.2 we extend our arguments by means of Lemma 2.8 to ERRW on infinite
graphs of bounded degree. In Section 3, we show Theorem 1.2, our main vertex-
reinforced random walk result; in Section 3.1, we prove the result on arbitrary
finite graphs in Theorem 3.4 and in Section 3.2 we extend the reasoning by using
Lemma 3.9 to VRRW on infinite graphs of bounded degree.
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2. Strongly edge-reinforced random walks on general graphs. In this sec-
tion, we will prove Theorem 1.1. We will first work out the strategy of the proof for
finite graphs in Section 2.1 and then we will use the finite graph computations to
extend our arguments in Section 2.2 to the case of infinite connected graphs with
bounded degree.

2.1. Analysis on finite graphs. Let G be a finite graph, and abbreviate n =
|E(G)|. Denote the set of edges of G by E(G) = {e1, e2, ..., ei}. If v is an arbitrary
vertex of the graph, let d, := degree(v), and let NV, := {e], e}, ..., egv} be the set
of edges incident to v.

2.1.1. Bounds for the probabilities of the edge weights order statistics. Recall
that 7y := 0. Fix the initial position /;, at some arbitrary vertex vo. We re-label
(X} — £3) (the number of edge traversals at time k > 0) in increasing order. More

precisely, we define the order statistics at time k as a vector Ry = (R}, ..., R}).
The components of this vector are defined as the values of

e e
ef—)Xk_EO

put in nonincreasing order; this defines the vector Ry uniquely. Therefore, for all
k > 0 we have by definition

O<RI<R'<...<R] <k,

R,’;SR};H foralli=1,2,...,n and

ﬁ .
> R} =k.
j=1

We recall next Proposition 19, proved by Cotar and Limic in [7], which crucially
gives path-independent upper bounds on the distribution of the number of edge
traversals at time k.

PROPOSITION 2.1. Let k > 1 and v € V(G) and denote by A, i the event
{Ix = v}. Then for any £; € N, e € E(G), such that }_,c g (g) £; = k, we have

PY (XS — 65 =05, e € EG), Ayx)

(20) e W) Yeen, wl +4)
o mineeNvO W(ES) neeE(g) w(Zi + ES)

Before we state a similar proposition to the above for Ry, we will first in-
troduce some more notation. We re-label the initial edge weights (£§)cck(g) by
(Kg")eie E(G).i=1,..,i- Denote by S(n) the symmetric group, that is, the set of all
permutations of {1, 2, ..., 7}, and by o an arbitrary element in S(71). From Propo-
sition 2.1, we have the following.
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PROPOSITION 2.2. Let k > 1 and v € V(G) and denote by Ay k the event
{Ix =v}. ThenforanyZ eN,i=1,...,n,such that0<€" SZl Ek
kand )}, Efc =k, we have

PRI =€L,i=1,...,7, Ayp)

1) neeE(g) w(£) 5 " w467 ™)
mlneeE<g)w<€ ) 5 H, qw(e 427

and
PY(R, =¢i,i=1,...,7)

@2) <) Her@ ) 5 S w4 €07
) mineer () w(E) 555 T with + 657 ")

PROOF. We will only prove (21) as (22) follows immediately from (21) by
summing over all possible vertices A, i, v € V(G).

We note first that the event {Rk = E}(, i=1,...,n}is aunion over o € S(n) of
the events {X,' — € K”(’) i=1,. n}.Assume./\/'v:{ejl,...,ejdv},jl,...,
ja, €{1,...,n}, w1th J1 75 - F Jd, .Then

PO(RL =t i=1,....7, Ayg)
< Y Po(xy ef; =00 =1, i, Agy)
oeS(n)

o (js) €js
-y Lwh) S wy +6)
o e50h) mmeeNvo w(ﬁ ) 1_[" lw(za(z)+£(e)l)

l_[eeE(g) w(zS) Z Zn ]U)(EO(I) )
= min,er) w(t)) oisin I lw(ﬂk(’)—i-ﬁe’)

where for the second inequality in the above we used (20), for the third inequality
we used that

dy ] ' n .
l—[ ee — 1_[ wl(r 1 and Zw(ezwv) +€gjs) < Zw(gz(l) +£81)’
s=1

ecE(G) i= i=1

=

[

and that min,c g(g) w(£;) < min,¢ Ny w(£g). The statement in (21) follows now by
noting that

> e wg” + ) _ > T w + 65"
oesin Tz weg W +65) o &G THo wit + 67" 0
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REMARK 2.3. (a) Looking carefully at (21) and (22), we notice that the only
noninitial weights which contribute to the bounds for the order statistics proba-
bilities are those for edges which are traversed at least once up to time k. This is
because the edges that are not traversed have E}; = 0 and, therefore, the associated
weights cancel between the product in the numerator and the product in the de-
nominator. However, in our computations below, we will need to take into account
all the weights in the bound, including those for nontraversed edges, as we will
sum over all possible values for the order statistics of the edge weights.

(b) Since in computing the various probabilities in Proposition 2.1 by means
of Proposition 19 from [7], we can re-scale w(k) to w(k)/wmax(£o), where
Wmax (€o) := max.cg(g) w(£;), we will take in our computations below w(£g) < 1
for all e € E(G). This means that the term [[,cg(g) w(€y) from the formulas in
Proposition 2.2 will not appear in our computations below.

(c) For star graphs, (20) is optimal for super-linear weights, in the sense that
there is also a lower bound of the same order, as proved in Proposition 2 from [7].

2.1.2. Attraction to one edge on finite graphs. We will first give an alternative
definition of the event {Gs, has only one edge} by using the order statistics for
the number of edge traversals. First, since by definition the sequence of random
variables R,%, k > 1, is nondecreasing in k there exists Rgo = limg_ oo R,%, which
may or may not be finite. We have immediately for any finite graph that

{Goo has only one edge} = {R2, < oo}.

We will use our alternative definition above to prove in this section

THEOREM 2.4. Let G be a finite graph with n > 3 edges. If w satisfies (6), the
edge-reinforced random walk on G traverses a random attracting edge at all large
times a.s., that is,

PY(Goso has only one edge) = 1.

In preparation for the proof of attraction to one edge, we will first obtain upper
bounds for the distribution of R,%, that is, the distribution of the 2nd largest number
of edge traversals at time k. For simplicity and clarity of computations, we will
consider in detail only the case where all edges have equal initial weights £ =
o € RT, the case with general initial weights £ € RY, e € E(G), following by
similar arguments by means of Proposition 2.2.

Throughout the paper, we will denote by [x] the integer part of x. Moreover, for
alla,c,m € N, m > 1, and for all b € R™, we will denote by

23)  QOuwl@bio):= > 1
m k) bl L m NS
(hl,...hm)yeNm:0<hm <...<hl<c H1=1 w(b + h')
Bl 4o thM=q
with the convention that Q,, (a; b; ¢) = 0 if there exists no (h L .., h™) e N with

O<hm<...<hl<candh'+---+h"=a.
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PROPOSITION 2.5. Assume that w satisfies (6). We will show:

(@) Forallm,a,c,j €N, m> 1, and for all b€ R*, we have

J J
Y Om(s+aib;c) <Y Qumls +a:b; 00) < (c(b))"

s=0 s=0
(24)

[e.¢]

with c(b) := Y

£=0

(b) Let n > 3. For £y € R, let £¢ = g for all edges e € E(G). Then for all

k>1andall 0 < Z% < [k/2], Z,% € N, we have for some C(w, i, |V(G)|, £y) >0
which depends only on w, n, |V (G)| and £

wl +b)

1
IF)Q R2: 2 —
(R =) < C(w,n, |V(G) ,50)[71”@%_’_60)
(25) k—€3 1
- - 92,9
+ > w(i_i_gO)anz(k i fk,ﬂo,oo)].

i=max([k/ii],€3)

PROOF. (a) We trivially have for all m,a,c, j € N,m > 1, and for all b € R™
J J 1
Y OQus+aibic) <y 3 TR
s=0 s=0(nl,... hmyeNm:0<hm<...<h!<oco i=1 W
h'+-+h"=s+a

.....

J
=Y Ou(s +a; b; 00).

s=0
To show the second part of (24), we have

J 00
Y Ou(s+asb;o0) <>
5=0 5=0 (h!,... hm)eNm

Wb =s+a

1
[T/, w(b + k')

s 1
<2 2 " w(b+ ht)
s=0 (n!,...,hm)eNm * Hi=1
hl 4 hm =5

m o0 1 m
= ELZ::O w70 +b)} =(c(0))",

where for the first inequality we removed the restriction on Q,, that A" <.-- < Kl
and for the second inequality we removed the restriction that 2! + - - + #" > a.
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(b) Fix k > 1 and Z% such that 0 < E,% < [k/2]. By means of (22) from Proposi-
tion 2.2, we have

PY9(R? = ¢2) < P9(R. =ti,i=1,....n
k =tk k= Yk
oo EDENT1 0] < <<l
i G=k—C}

_vor-ar 3 i Wt + ¢o)
- wiho) (04,6, ... heNT—1.0<fi<..<f?<¢! Hn lw(gl + o)
Zi:l,i;ﬁzgk_k Zk
<|V<g)|-ﬁ!.< !
(26) ~ w(t) w(lf + £o)
n
<2 2

12 }.6,.. K”)GN” Lo<ei<..<02<t} H] Lj#2,i w(ﬁk +4o)
l

1

ot U=k

1
+ > ; )
L8, 0 eNI—1.0< <. <2 <] (e +€0) [Tj—s w(t + o)

Zj:l.j;ﬂek_k_zk

For the first inequality in the above, we recall that by Remark 2.3(b) we have
w(lg) <1, e € E(G). In the second inequality in (26), we split the sum from the
first inequality in 7 — 1 sums which contain w(£7 © T €o) but do not contain one
of the other w(Z}; + £9),1 <i <n,i # 2, and the last sum which contains all
w(E}; +£9), 1 <i <n,i#2,but does not contain w(E% + £o).

It remains to bound the two sums on the right-hand side of the last inequality
in (26); in order to do so, we will rewrite them in terms of Q;_». We focus first
on the first double sum term. For 3 <i < n, all the terms in the sum below do not
contain w(¢, + £o), with £} < £Z. Then

2

(63 ) ENI—10< 0] <. <2<t M- 1j¢2,w(ﬁk+£o)

1

.....

i U=k

@n =< Z 2
1=0(),6,... i heNi—2:pt <i <. <pd<<i) H] 1,j#2,i
(O e eNA—0< i <. <piT <gf

, i ,
et i Ge=k—t— 1,

1
w(ﬁk +£o)
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1

l
=0 (h!,...h-2)eNi-2:0<pi-2<..<pt L1 j=1 w 0
T ikt
17 i
< > Qaalk — €} — € £o; 00) < (c(€9))" "
£i=0
For the first inequality in (27), we split the initial sum in a double sum, first after all
the values that E}; can take, and then after all the values that the remaining E,]C terms,
j #2,1i,can take, given K}'{. For the second inequality, we removed in the inner sum
of the first inequality the restriction on the (E};l , Efl) that Efl < E}; < E;:l, for
the third inequality we used the definition of Qj;_», and for the last inequality we
applied (24).
By a similar argument, we obtain for i = 1 [this means that all the terms in the
sum below contain w (¢ + £p),3 <i < n, but do not contain w(ﬁ}( +£9)]

> :
il J
).6},... .00 eNi—1.0<ei<..<(} <t} [Tj=3 wti + o)
Z?:l,i;ﬁzei:k_zlz

k—t3

(28) = Y >

o ) il J
s=max([k/i1],62) (€3,....0)eNI-2:0<(f <...<(3 <02 [Tj=3 w(& + o)

n J_ 2
Tt =k~ —s

1

k—e2
= Y Qialk— € —s:0,63) < (c(b0))" "
s=max([k/],62)

In the above, we used for the first equality that since Z?Zl K}; =k, with 0 < EZ <
e < Z% < E,i, this gives in particular r'zZ}( > k, from which E}C > max([k/n], E%);
for the second equality we used the definition of Qj_», and for the inequality we
used (24).

Turning now to the 2nd sum term on the right-hand side of (26), we have simi-

larly
2.

o _ 1 7l J
(0}, 63, ) ENI—L0<b] <. <7 <t] w(l + o) [Tj—3 wty + Lo)
n j 2
Yot =k=6

k—e2

(29) = 2

£} =max([k/7i],2)

1

1
w(l} + o)
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x 2

J
(€3,... .01 eNT—2.0<p <...<(3 <2 [Tj=3 w(€ + o)

1

o] =k—t3—t}

k—¢} !

= > oo 2~ ok —i — €5 Lo; £7).

i=max([k/ii],€})
By combining (26), (27), (28) and (29), we now immediately get (25). [

We are now ready to prove Theorem 2.4, the main result of this section.

PROOF OF THEOREM 2.4. We will show next that R2, < 0o a.s., which will
imply the statement of the theorem. For simplicity and clarity of computations, we
will again restrict ourselves to the case with £7 = £o € RT, e € E(G), the case with
general initial weights following by similar arguments by means of (22) and of a
generalization to Proposition 2.5.

We note first that by Lemma 3.10, there exists under assumption (6) a func-
tion g: N — [0, 00) such that (i) g(-) is increasing and limg, g(€) = 00; and

(i) M =372, i(éii())) < 00. Therefore, since g is an increasing function, we
have by the monotone convergence theorem and in view of Proposition 2.5(b), that

[k/2]
E9(g(R3)) = lim E9(g(RP)) = lim " g(€2)PY(Ri = £7)
k— o0 k—o00 ;
=0
w2 |
(30) <C(w,n, , lim 0+ 46y)| ——
( )keooezz_:og( k 0)|:w(€% +£0)
=

k—e2 |

2.p..
+ Z ( +€0) Qn 2( —Zk,Z0,00)i|,

i=max([k/ii],£?)
for some C(w, n, |V (G)|, £o) > 0. By property (ii) of g, we have for all k > 1
X g2 +¢
Z g( Tt 0) M

31 P w(Ei 0 < 00.
To bound the second sum in (30), we have
[k/2) k=£7 |
> (€ + o) > e )Qn —o(k —i — €F; €; 00)
=0 i=max([k/ii],€?)
[k/21 k=6 2
(32) < Z Z uffl :fs)) Qﬁfz(k - — E%; f(); OO)

02=0i=07
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Sy "y et
B w(i + £o)

=0 2=0

Qi—a(k —i — €3; €o; 0)

min(i,k—i)
Qii—2(k —i — £3; £o; 00)
=0

k

< (ct))" >

i=0
< (c(€))"*M,

where ¢(£g) := >3 1/w(£o + i). For the first inequality in (32), we removed the
restriction that i > [k/n], for the second inequality we changed the summation
order between Zi and i. For the third inequality, we used that g is an increasing
function and that K,% < in order to take the g terms out of the inner sums, for the
fourth inequality we used (24) to eliminate the sums over the Qj;_» terms, and for
the last inequality we used property (ii) of g.

It follows now from (30), (31) and (32) that E9(g(R%)) < oo, which im-
plies that a.s. g(Rgo) < 00. Combining this with the fact that g is increasing and
limg 400 g(£) = 00, we get that a.s. Rgo <o0. O

g(i + o)
w(i + €o)

REMARK 2.6. For arbitrary finite graphs G, our arguments above can be ex-
tended to more general classes of reinforcement. We will give below just two such
examples:

(a) First, even though computationally more intensive, we can easily extend the
result in Theorem 2.4 by the above reasoning to the case where each edge e € E(G)
has its own weight function w, satisfying

ad 1

—_— < Ve € E(G).

gwe(zwg) > ¢cE@)
More precisely, one first obtains similar bounds to the ones in Proposition 2.5, but
depending now on each of the w,. The key point is that, under the above condi-
tion, there exists by Lemma 3.11 an increasing function g, common to all the w,,
satisfying the assumptions in the lemma. This allows us to extend the arguments
from Theorem 2.4 to this more general setting.

(b) Assume now that, in the beginning, the walk has the reinforcement function
wo : N — R, satisfying (6) and (8). Assume also that the reinforcement function
is replaced a countable number of times (at the possibly random times ji, 2, ...),

by the new reinforcement functions wy, wa,...: N — R, all satisfying (6) and
(8). Then if there exists C > 0, C" max, deg(v) < 1, such that foralli =1,2,...,
104

sup <C,
¢ wi—1(€)
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we have
(34) PY (Go has only one edge) = 1.

Note that (33) is fulfilled by a large number of sub- and super-exponential func-
tions, in particular by w; (k) =k, po> - > pp--->1,i =0,1....

PROOF. By means of (33) and of an argument of induction after k, we can ob-
tain for all j;_; <k < j;,i =0, 1, ..., a similar inequality to (20), but in function
of w;_1 terms. We can then show (34) by the same arguments as in the proof of
Theorem 2.4 above. [J

2.2. Attraction to one edge on infinite connected graphs of bounded degree.
In this section, we will prove Theorem 1.1. In preparation for the proof of the
theorem, we will first need to show Lemmas 2.7 and 2.8 below, which give us
upper bounds on the probability that the walk ever visits more than n vertices.
Even though such results as in these two lemmas are known in the literature, we
will provide here a proof for completeness purposes. We also note here that due
to the permutations in Proposition 2.2, which we are only able to remove in the
special case of a star graph, we cannot apply the same arguments as in Theorem 2.4
directly to infinite graphs, as the bounds would blow up with n. The lemmas below
help us to bypass this problem.

Let us denote by | - | the graph distance in G when the graph is centred around
vo, where we recall that vy is the initial position of the walk. Let us define for each
n the stopping time

T, :=inf{k > 1: |It| = n},
where T, is taken to be infinite otherwise. We define for each n > 1:
Vp:={v e V(G): |v| =n, there exists v € V(G)
such that {v, v’} € N, with [v'| =n +1}.

Observe that since G is an infinite connected graph, the set V,, is nonempty for
every n > 1. Consider the stopping time

Ty, :=inf{k > 1: Iy € V}},

with the convention that Ty, = oo if (Ix)x>1 never enters V,,. Observe that for each
n>1,T, <Ty, < T,41.Letus denote the event

By, := {At timeTy, the random walk gets in contact with an edge
it has not been in contact with before and then it immediately
gets stuck on this edge}.

Both above and in what follows, the walk is said to come for the first time in
contact with an edge at time k£ > 0 if it visits for the first time at time k either of
the two vertices of the respective edge.
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LEMMA 2.7. Let G be an infinite connected graph of bounded degree. If w
satisfies (6) and (8), then there exists p > 0, depending only on w(-), the maximal
degree of the graph D(G) and the initial configuration of weights £f, e € E(G),
such that for all n > 1 we have

(35) PY(By,|Ty, < 00) = p.

PROOF. Fix n > 1 arbitrarily. Before we proceed, we note that
PY(Ty, < 00) = P9Y(Ty41 < 00) > PY(Ty1 =n+1) > 0.

On the event {Ty, = k}, we have that [y = v for some v € V},. First, observe that
there exists exactly one e € NV, such that X{ = £§, fort <k — 1, and X{ = €5+ 1,

and for every f # e € N,,, we must have X ,{ = E{; (or else v would have been

visited before). Moreover, there exists a v’ € V(G), such that {v, v’} € N, and
[v/| =n + 1, and v’ has never been visited before. This implies that {v, v} is a
new edge that the walk has never crossed up to time k, which the walk comes in
contact with for the first time at time k. Due to the assumptions on the weight
function w(-), there exists a p uniformly bounded away from 0, and depending
only on w(-), D(G) and on the initial configuration of weights £5, e € E(G) (in

fact, only on weights E(j; and E(];/, where f and f’ are the edges incident on v and
v’, respectively) such that the walk keeps traversing solely the edge {v, v’} after
time k. Therefore, in symbols, on the event {7y, = k} we have

PY({1;, [ 41} = [v, '}, for all > k| F)

o0

= [T+ ([w+ )+ 5 wieh)]

il FEN\,v)
[ l—i—ﬁvv})—}— Z w(ﬁg,)})
FEN@\ o)
(w(i + 62
0 [w(i +£5"")) + D(G) sup,c gy w12

Y
I :18

(36)

w(i + £ H+D©) SUP.cE(g) w<£8)>_2
w( + ﬁ{v Y })

I :|8 I :|8

w(i +E{v vl )

a D(g) SupeeE(g) w(£0)>
w(i + Eo )

=€

(
( D(G) sup,cg(g) w(zo))
>
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In the above, we have used for the second inequality (8), and for the third inequality
we used 1 +x <e*, x € R, and (6). Equation (36) implies that
P9 (By,|Ty, =k) = p.
from which we get
PY(By, N (Ty, < 00))
Pg(Tvn < OO)
PY(By, N (Ty, =k))
Pg(TVn < OO)

PY(By, |Ty, < o0) =

=

k>n

=2

k>n

=) BT, =0

k>n

(37) PY(By, |Ty, = k)PY(Ty, =k)

]P)g(TVn < OO)

pPY(Ty, =k)
PY(Ty, < 00) - P 0

LEMMA 2.8. Let G be an infinite connected graph of bounded degree. If w
satisfies (6) and (8), then for every n > 1,
(38) P9(sup Ik > n) < (1= p)/2,
k>1

where p is as in (35).

PROOF. Recall from the proof of Lemma 2.7 that ]P’g(Tvn <00)>0,n>1.

The proof follows by induction on n > 1. Trivially, we have PY (supg>1 k| >
1) < 1. Observe now that {sup;~ |/x| > 2} implies that Ty, < oo, and also that
Bf,l must happen (otherwise the walk will get stuck immediately after time Ty, on
a new edge it comes in contact with). Therefore,

129 (sup | > 2) <P9(B, N (Ty, < o0))
k>1

(39) =PY (B}, |Ty, < 00)PY(Ty, < 00)

= =p),

where for the second inequality we used Lemma 2.7. By arguments similar to the
ones above, we have

(40) ]P’g<sup | > 3) <P9(B§, N (Ty, < 00)) < (1 - p).
k>1

Thus, (39) and (40) together prove the base step of the induction. Let us assume
now that (38) holds for all m < 2n + 1. To complete the proof, we need to show
that (38) holds for m = 2n 4 2 and for m = 2n + 3.
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Observe now that {sup;~ [Ik| > 2n 4 2} = {sup;~ || Ik|l = 2n + 3}, which in
turn implies that 75,42 < oo. This gives that Ty,,,, < Ta42 < 00, and that also
the event B@MH must happen (otherwise the walk will get stuck immediately after
time Ty,, , on a new edge it comes in contact with). Therefore,

P9 (sup| k| > 2n +2) <PY(Bf, | N (Tv,,,, <00))
k>1

= Pg( Von+1 ITV2n+1 < OO)]P)Q(TZH—H < 00)
< (1= p)P(sup || > 2n) < (1 = p)"*,
k>1

where for the second inequality we used {Ty,, , < oo} C {T2,41 < oo}, for
the third inequality we used Lemma 2.7 and the fact that {7>,4] < oo} C
{supy>1 [{k| > 2n}, and for the fourth inequality we used our induction hypoth-
esis.

For m = 2n + 3, by conditioning on the event {Ty,,., < oo}, we can use the
same arguments with B‘C,zn+1 replaced by B‘C,2n+2, to obtain

PY(sup |Ix| > 2n +3) < (1 — p)*+l.
(k£|k| )=a-p .

REMARK 2.9. The statement of Lemma 2.8 is a precise restatement of
Lemma 25 of Cotar and Limic [7]. However, in Lemma 25 from [7] the authors
use in the proof the assumption that the edge-reinforced random walk gets stuck
on one edge, whereas we have considered no such assumption in our proof above.
Moreover, our proof adapts easily to the more general types of reinforced pro-
cesses studied in Remark 2.6(a) and (b), provided that the equivalent inequality to
(36) holds.

We will prove next the main result of this section.

PROOF OF THEOREM 1.1. Step I: For all n > 1, let G,, be the graph centred at
vo formed of the vertices in G at graph distance < n, and let 3G, be the boundary of
G, that is, the graph formed of vertices at graph distance n + 1 which are connected
by an edge to vertices in G,. Since G is an infinite graph, the set dG,, is nonempty
for every n > 1. We denote by

Apn = {1Gc| = 1, the walk never leaves G, }.
We have by definition of A,, that
AnCApr,  Ynz1, and {|Gwl=1}2 | As

n>1

Therefore, we have

PY(1Gool = 1) > lim PY(A,).
n— o0
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From Lemma 2.8, we have ]P’g(the walk never leaves G,;,) > 1 — oln/2l = 0, for
some fixed 0 < 6 < 1 which depends only on w, D(G) and the initial configu-
rations of weights €7, ¢ € E(G). Then

PY(A,) = PY (the walk never leaves G,)
41) x P9(|Goo| = 1the walk never leaves G,,)
> (1— 9[”/2])P9(|goo| = 1|the walk never leaves G,).
Step 2: We will show here that for each n > 1, we have
(42) PY(|Goo| = 1]the walk never leaves G,) = 1.

Coupled with (41), (42) will imply that PY9(A,,) > 1 — 61"/2]; since PY(|Goo| =
1) > lim,— oo PY(A,,), the statement of the theorem will follow immediately. In
order to prove (42), we introduce the probability measure

Pig, (-) := PY(-|the walk never leaves G,).

Then (42) is equivalent to g, (|G| = 1) = 1, which last one we will proceed
to show as in the proof of Theorem 2.4. We will start by finding estimates for
the order statistics for the number of edge traversals. Since on P|g, only edges
in G, are traversed, we need only consider the corresponding order statistics for
edges in E(G,), where as before, E(G,) is the set of edges in G, and V(G,) is
the set of vertices in G,. This reduces to finding, for v € V(G,) and k > 1, upper
bounds for Pg, (X} — £5 = £, e € E(Gy), Ay k), where £} € N, e € E(G,), with
> ecE(G,) Lk =k, whereas X}, = £ for all e € E(G) \ E(Gy). More precisely, we
will show in Step 3 below that for all v € V(G,,)

Pig, (X; — €5 =¢;, e € E(Gn), Av)
B ]P’g(X,‘é — L5 =15, e € E(Gy), Ay i, the walk never leaves G,)
N IPY (the walk never leaves G,,)
(43) _ ! - ek, w&)
~ PY(the walk never leaves G,) mineeg(g,) w(£f)

y Y eeN, e, WL +€0)
[lece g, wE; +€5)

where PY (the walk never leaves G,) > 0. Given (43), the corresponding inequality
for Pg, (R,iC = Z};,i =1,...,n,Apx), n =|E(G,)|, follows immediately. This al-
lows us to get upper bounds for P|g, (R? = K%) as in Proposition 2.5 above. Then,
by the same arguments as in Theorem 2.4, we can show that Eg, (g(Rgo)) < 00,
from which Pig, a.s. we have R%, < co. Since on Pg, the walk only visits finitely
many vertices, this gives Pig, (|Goo| =1) = 1.
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Step 3: It remains to show here (43) for all v € V(G,,). Even though we borrow
the key induction idea from the proof of Proposition 1.19 in [7] to show this, the
argument is more delicate now due to the fact that we restrict our walk to stay in
G,,. This means in particular that one needs to take a lot more care when setting up
a suitable recursion formula (on k£ > 1) to use for the induction argument, which
recursion is the main ingredient in the proof by induction used in Proposition 1.19
from [7]. Our first main goal below will thus be to show the recursion formula
from (47) below.

To begin with, we note that for all £ > 1, we have

]P’g(X,i — €5 =1%, e € E(Gy), Ay i, the walk never leaves G,)
(44) <PY(X{ — €5 =1, e E(G), Ay,
the walk does not leave G, by time k).
Next, we will show that for all v € V(G,,) and for all kK > 1, we have
PY(X¢ — €5 =5, e € E(Gn), Avio
the walk does not leave G, by time k)

- [lecr,) W) _ 2 oeeN, ec, WL + £4)
T mingegg,) W)  [leer,) w; + £5)

(45)

which, combined with (44), will give (43). In order for the event { X} —£f = £}, e €

E(Gy,), Ay.k} to happen, it must be Iy = v; for some v; ~ v such that E,{CU’U"} >1,
and furthermore it must be {I;_1, Iy} = {v;, v}. Before we proceed, let below for
simplicity of exposition for v € V(G,,)

Bv,k((gi)eeE(gn)) = {X}i — Ly ="L;, e € E(Gn), Av,k},
.« := {the walk does not leave G, by time k}.

Then we have on the left-hand side of (45) for v € V(G,) and k > 1

IP)g(Bv,k((Ei)eeE(g,,)) N On k)
dy

= > BBt (@ = L) cer g o)
i=1:0)"" >
N{{Ik—1, It} = {vi, v}} N O k)
& {vi,v)
v,
= ) P9 (Bu a1 (6" = 1 (€0) e p G ur.0)

i=1:0"" 21,0 €V (Gy)

(46) N {{Te=1, I} = {vi, v}} N Oy k)
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d,
< > P9 (Bu k1 (6" = 1, () sy v1.0)
i=1:0"" > 1 vV (G)

N {Tk—1, It} = {vi, v}} N O, k1),

where for the second equality in (46) we restricted the summation only to v; €
V(Gy,), and for the inequality we replaced the event ®, ; by the bigger event
®,.k—1 1n order to obtain a recursion in k on the quantity on the left-hand side
of (45). Expanding (46) further, we have for v € V(G,)

Pg(Bv,k((gi)eeE(g,,)) N Ok
dy
= > P9 (By, a1 (6" = 1, (€k) ec £ G\ (vs,0) N Onk—1)

{v,v;}

i=lweV Gyt =1

x P9({I—1. I} = {vi, v}

By i1 (0" = 1, (€0) ec e\ r.v) N Onk—1)

47 dy 0r.0]
v;,v
= Z IP>g(Bv,-,k—1(£k -1 (ei)eeE(g,,)\{v,-,v}) NOp-1)
i=1w;eV(Gy)
Z,{(v'vi}zl

x w(e"" — 1+ €5)

/(w(z,ﬂ”*“f}—1+zg)+ Yoo wE )+ > w(ES)),

eeg,,ﬂj\/'vi eeag,,ﬂ/\/ui
e#{v,v;}
where we recall that N, := {ef,e5, ..., eZv} is the set of edges incident to v. For

the inequality in (47), we used conditioning in the last equation in (46), and for the
equality we used that by (2)

Pg({lk—l, Ik} = {via v}|Bv,-,k—1(£/{(vi’v} - 17 (zz)eeE(gn)\{v,-,v}) N ®n,k—1)

= w(t"" 1+ £)

/(w(ﬁ,{cv’v"}—l—l—ﬁ(‘})—i— S wE )+ Y w(eg)).
eegnvai EEBQ,,QNUI.
e#{v,v;}

The use of (2) in (47) above is in fact the main reason that we developed our
recursion formula on the quantity on the left-hand side of (45) rather than on the
quantity on the left-hand side of (44).
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Given (47), we can now prove (45) by using an argument of induction on k > 1
similar to the one in Proposition 19 from [7] (see also Proposition 3.1 below for
another example of a related induction argument in the case of VRRW). Formally,
we argue as follows.

The base of induction at k = 0, that is,

IPQ(XS ={§, e € E(Gy), Ay,0, the walk does not leave G, by time 0)

(48) < ZEENmeegn w(g(e))
T mingep(g,) wEf)

clearly holds, since when the left-hand side is O the right-hand side is positive, and
when the left-hand side is 1 (i.e., when v = vg) the right-hand side is greater or
equal than 1.

Let us assume now that (45) holds for alli <k — 1 and £ € N, e € E(G,), with
> ecE(g,) ti =1i. For the induction step, we need to show that the bound holds for
i=kand {; €N, e € E(Gy), with }_,cp(g,) {; = k. By means of (47), (48) and of
the induction hypothesis, we get now

PY(X¢ — €5 =5, e € E(G), Ak, the walk does not leave G, by time k)
- Tleerg,) wtp)
T mingcg(g,) wp)
b w1 )+ Yeeg, g, etv.nn) WEE +€5)
imtoev@n WO =1+ e p g0\ (v.u) W +€5)

{v,v;}

&

X

>1

x w (e — 1+ €5

(o -1+ X e+ Y w)
e€GnNNy, €€dGnNNy;
e#{v,v;}

< [ecrg) W) Xeeny.eeq, Wi +£5)

~ mineepg,) wly)  Tleckg,) wl + €5

which shows (45). In view of (45), (43) follows now immediately for all v €
V(Gn). U

REMARK 2.10. (a) Let G be an infinite graph of bounded degree and assume
that each edge e € E(G) has its own reinforcement function w,. Provided that
we, e € E(G), satisfy (6) and (8), and that they also satisfy, similarly to (36), the
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uniform bound

oo
it Tt 0P (s 48+ 3 )
=1

eeN(v)
(49) e£{v,v'}
(v + )+ 3 welep))) =0
eeN (V)
e#{v,v'}

we can easily show by Remark 2.6 and by similar arguments as in Theorem 1.1
above, that

(50) PY (Go has only one edge) = 1.
Sufficient conditions for (49) to hold are
s 1
5D sup ————— <00 and  sup w,(£) < oo.
eeE(g)E we (i +£7) ecE(G) «(60)

This result should be contrasted with Theorem 1.5 of Collevecchio, Cotar
and LiCalzi [6](see also Section 4.1 therein), where under the assumption
bl m < 00,e € E(G), a new phase transition was shown to exist for
the related model of a generalized Pdlya urn model with infinitely many urns.
More precisely, it was proved therein that for the particular case where each
urn i,i € N, follows the reinforcement function w;(n) = ei3+”, every urn is
visited only finitely many times. However, these particular reinforcement func-
tions satisfy neither sup,cg(g) we(€y) < 0o [not even when £ = £y, e € E(G)]
nor (49).

(b) Similarly, in regard to the reasoning in (a) above, one can show for the rein-
forced walk from Remark 2.6(b) that PY (Go has only one edge) = 1 on an infinite
graph of bounded degree, under assumptions (6), (8), (33) [plus the equivalent to
(49)] on the weight functions w;.

3. Strongly vertex-reinforced random walks on general graphs. In this
section, we prove Theorem 1.2. As for the edge-reinforced walk, we will first
work out the strategy for finite graphs in Section 3.1 and then we will use the
finite graph computations to extend our arguments in Section 3.2 to the case of
infinite connected graphs with bounded degree.

3.1. Analysis on finite graphs. Let G be a finite graph, and abbreviate n =
|V (G)|. Moreover, denote the vertices of G by V(G) = {v1, v2,...,v;;}. If vis an
arbitrary vertex of the graph, we define as before d, := degree(v). However, this
time NV, := {v{, v}, ..., vy, } s the set of vertices adjacent to v, as opposed to the
set of edges incident to v as was the case in Section 2. Recall that X} equals the



2680 C. COTAR AND D. THACKER

initial vertex weight £ incremented by the number of times vertex v has been
visited by time k.

3.1.1. Bounds for the probabilities of the vertex weights order statistics. Re-
call that #p := 0. Fix the initial position /;, at some arbitrary vertex vg. We re-label
X} — £§ (the number of vertex visits at time k > 0) in increasing order. More pre-

cisely, we define the order statistics at time k as a vector Ry = (R}, ..., R}). The
components of this vector are the values of

v Xp — 4
put in nonincreasing order; this defines the vector Ry uniquely. Therefore, for all
k > 0 we have
O<RI<RI"'<...<R],

R, <R, foralli=1,2,...,7, and

ﬁ .
D> Rl =k
j=1

Let v be any vertex in V (G). Then the total number of arrivals to v by time & differs
by at most 1 from the total number of departures from v by time k. The initial
vertex vg and the vertex at time k, if different from vy, are the only vertices where
the number of arrivals is not equal to the number of departures. Coupled with
(52), this gives in particular that 2R} < k + 1, which in turn implies (7 — 1)R? >
>, R;'c =k — R,} > (k — 1)/2. Thus, for all 7 > 3 we have

(53)  [k/Al<Ri<[(k+1)/2] and [(k—1)/Q2@@ —1)] < Ri <[k/2].

Then the following proposition gives path-independent upper bounds on the dis-
tribution of the number of vertex traversals at time k.

(52)

PROPOSITION 3.1. Let k > 1 and v' € V(G) and denote by A, i the event
{Ix = V'}. Then for any £} e N, v € V(G), and }_,cy g €} =k, we have

PY(X} — =10, veEV(G), Ayx)

(54) - HUGV(Q),U#UQ U)(ES) . ZUGNU/ W(ﬂz + 88)
minve/\fvo w(g(l))) HveV(g),v;év/ w(ﬂ}ﬁ + 68)

PROOF. As in Proposition 19 in [7] and as in Step 3 from the proof of Theo-
rem 1.1, we will use induction on k > 1 to prove the above inequality. We note to
begin with that the corresponding inequality to (54) for k =0

ZUEN,/ w(gg)

55 PYXE=L5,veV(G), Ayg) < ——L——
(55) (Xo=1£p,ve V() ”’0)_minvem0w(€8)
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clearly holds, since when the left-hand side is O the right-hand side is positive,
and when the left-hand side is 1 (i.e., when v’ = vg) the right-hand side is greater
than 1.

Now take k£ > 1 and consider the event on the left-hand side. For each i =
1,2,...,ny,letv; € V(G) be the neighbour of v’. In order for the event { X} — £y =
¢;,veV(G), Ay} to happen, it must be Ix_; = v; for some v; ~ v/, Ez/ > 38/,
and furthermore it must be {I; = v’}. Therefore,

PY(XP — €5 =12, veV(G), Ayy)
dy
=Y PIXY =0+ L5 Yo £V XY =) — 1+ £, Ay ki)
i=1
w(ey —1+¢3)
X , y .
w(lf =1+ €5) + Coswen;, Wt} +£)

Given the above and (55), the proof follows now by the same induction arguments
on k > 1 as in the proof of Proposition 19 from [7] and will be omitted. [

Let Egi e Nt v; e V(G),i =1,...,n, be the initial vertex weights. Denote
again by S(n) the set of all permutations of {1,2,...,n} and by o an arbitrary
element in S(n). From Proposition 3.1, it follows by the same reasoning as in
Proposition 2.2 that

PROPOSITION 3.2. .Let k>1and v € V(G) and den_ote by Av/zk the event
{Ir =V'}. Then for any £, e N,i =1, ... 7, such that 0 < £} < ---5%5---@,1(5
kand Y}, E;C =k, we have

PO(R, =€i,i=1,...,7, Ayy)

HveV(g) v#vg w(ﬁo) Z Z l 1,i#j w(f’ + EOU(Z))

(56) Vo (i
minevg) wlG) &5 11 Tlizriny Wt + 667"
=3T(w”—”(£(v)i)i:1 ..... (gl)z L..., )
and
67 PY (Rp=t.i=1,....a)<aY(w.7, (€0)i—i il (Ei)izl ..... i)

PROOF. We will only prove (56) as (57) follows immediately from (56) by
summing over all possible Vertices_Av/,k_, v e V(G).
We note first that the event {R} = ¢;,i =1,...,7n} is a union over o € S(in)

of the events {X,' — {; = KG(’) i=1,...,n). Assume v = v, and N, =
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{vjl,...,vjd/},m,j1,...,jdv, e{1,...,ﬁ},withm,jl,...,jdv, all distinct, that is,
m# j1# -+ # ja,. Then
PY(RL =€i,i=1,...,7, Ayy)

< Y PRIy -y =i =1, 7, Ayg)
oeSn)

dy s is
-y [oevig) v W) X%, w@™ + ")
- Sy minye s, w(£g) ]‘[f’:l’i#m w(ﬁz(’) + Egi)

1 @ i
HU€V(Q),U;£UO w(ﬂg) :l=1,i75m w(gg Vo g(”) )

= - — E : i o
mlnueNvo w(ZO) oeSn) H?=1,i7ém w(ﬁk + goz)

7 i j Vo (i
= hev@ v W) 3 2”: pie w4+ £577)
= minveNvO U)(Zg) veS) =1 ;1=1,i;£j w(z;{ + ng(l)) 0

REMARK 3.3. (a) While the order statistics formulas for edge-reinforced walk
from Proposition 2.1 contain the weights corresponding to all the edges incident to
any given vertex v, the similar formulas for vertex-reinforced walk from Proposi-
tion 3.1 contain the weights corresponding to all the vertices incident to any given
vertex v, but crucially do not contain the weight for the vertex v. Formula-wise,
there is one less term in each product than there was in the edge-reinforced random
walk case. This greatly affects the results and the computations involved.

(b) Since in computing the various probabilities in Proposition 3.1 by means of
Proposition 3.1 above we can re-scale w (k) to w (k) /Wmax (£o), Where wmax (£o) :=
maxyey(g) w(€y), we will take in our computations below w(£;) < 1 for all
v € V(G). This means that the term [[,cy (g), yv, W(¢y) from the formulas in
Proposition 3.2 will not appear in our computations below.

3.1.2. Attraction sets on finite graphs. We will first give an alternative defi-
nition of the event {G, has exactly two vertices} by using the order statistics for
the number of vertex traversals. First, since by definition the sequence of random
variables R,‘Z’, k > 1, is nondecreasing in k there exists Rgo = limg_ oo R,f , which
may or may not be finite. We have immediately for any finite graph that

{Goo has exactly two vertices} = { R, < oo].

We will use our alternative definition above to prove in this section the following.

THEOREM 3.4. Let G be a finite graph with n > 3 vertices. If w satisfies
s i

max — <00,

veV(g)Z w(i +£5)

i>1

(58)
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then the walk traverses exactly two random neighbouring attracting vertices at all
large times a.s., that is,

PY (Goo has exactly two vertices) = 1.

In preparation for the proof of attraction sets, we will first obtain in Propo-
sition 3.5 upper bounds for the distribution of R,?, that is, the distribution of
the 3rd largest weight at time k. For simplicity and clarity of computations,
we will consider in detail in all our calculations below only the case where all
vertices have equal initial weights £y = £y € R™*, the case with general initial
weights £ € RT, v € V(G), following by similar arguments by means of Proposi-
tion 3.2.

PROPOSITION 3.5. Assume that (12) holds. For £y € R, let Ly = Lo for all

vertices v € V(G). Then for all k > 1 and 0 < E,% < [k/3], Zi e N, we have for
C(w,n, £y) > 0 depending only on w, n and £

I Ey
POR; =¢}) <C(w.i1, bo)| —F—+ Y ———|.
(Ri =) = €C 0 w(l} + o) T wii + o)
"k

PROOF. Fix k> 1 and Z,f such that 0 < E,% < [k/3]. To simplify notation, we
will denote by

st = (. h ey env

) 0<l < sfifzﬁfe,is[(k+1)/2],iz;;=k—e,§ .
i3
By (57) from Proposition 3.2, we have
PY(R; = £3) < > PYRL =0t i=1,...,7)

@2k 0 eLli 1 (€3)
(60)

_ Al 5 i = 1,iz W + €0)
T w - — (L '
w(to) (602,64 el i (03) =] [izrizj wt + o)

We will next further estimate (60). We will first look at the “warm-up” case n = 3,
which will give us insight into the computations for the more complicated n > 4
case.
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(a) In this simpler case, (60) becomes

6-3!

1
> e
(0}, )eN20< <<t} <[(k+1)/2] w(& + ¢o)

O+02=k—0}
(61)

1 1
L R
w(l; +4Lo)  wy + Lo)

Since E}C +02=k— 613(, we have 2@,1 >k — Ez; using also that 613( < [k/3], we have
€3 <[(k—€3)/2] < ¢} <min([(k +1)/2], k — 2¢3). Then (61) becomes

min([(k+1)/2],k—2¢3)

6-3! 1 1
PRy =1) = Lz ( +
— 3 1
1
+ — 31
w(k — 6 — €]+ €o)
0 p3
- 6.3![ [k +D/2] | "Z”k( |
= 37 PSRN
WE Ly ey WO i w( + o)
1
+ — 31 )
w(k — 6 — €]+ €o)

k—2¢
63! o k 1
< 3" +2 > ——1|,
w(£o) | w(ly + €o) = wi+£o)
"k

where for the third inequality in the above we used in the first sum that the number
of £,1< terms in the first sum is smaller than 63; moreover, for the third sum in the
inequality we made the substitution i =k — Zz —¢ ,1, with E,% <i<k-— 26,%.

(b) In the more complicated n > 4 case, (60) becomes

f—1)-7-a n 1
n—bY-n-n- 3 3

w(go) (Zk @2 Z4 ..... e")EL (ek)J h 1 l_[l =1 l?é_] h w(zk +€0)
JFh

PI(RY = £3) <

i—1)-71- ! 1
= w()iio’)1 = 2 [H'.“ w(ei + Lo)
(.26 eheLy o3 L =3 TR0k TR0
1 d 1

62 +
©» w(e} + Lo)w(e] + to) ,24 [Ty e w(€ + o)
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1 n 1
>

_|_ = T
w(€] + Lo)w (€} +€0) =4 s iz; Wt + £0)

1 n 1
>

_|_ = T
w(ER + Lo)w (€L +Lo)w (€ +Lo) 42y TTi_y iej w (€ + Lo)
j#h

1 n 1
+ RO ; :
W] + L)w (6} + €0) =4 Ty 1z; w(E + o)

For the second inequality in the above, we split the terms in the double sum of
the first inequality in five new sums, depending on which terms w(E}; + £p) and
w(ﬁ,]( + £o), i # j, are missing. We will next estimate separately each of the five
sum terms in (62). Note also that the fourth sum term in the above only appears
for n > 5, since for n = 3, 4, the sums contain at most 2 product terms.

We will use in our computations below the definition of Q,,(a; b;c),m,a,c €
N,m > 1,b € R, from (23) and formula (24) from Proposition 2.5(a). Moreover,
to simplify formulas, we will denote in the proofs by (the possibly empty set)

Aii(s, ) :={(e}, 62)eN?: 0} + 63 =5, 0. < €; < ¢},

(63)
[(k—1)/2(i — D] < €; < . [k/i] < £; < [(k+ 1)/2]},

with the convention that summing over an empty set .Aj; « (s, 52) is equal to 0.
Step 1. We will estimate here the first sum in (62), in which w(Z,{ + £o) and
w(ﬁ% + £o) are missing.
For any (£},€2,0},...,€0) € Lax(t}), we have 20} + (@ — 3)¢ >
Yicrizaly =k — €3, from which 2¢} > max(k — (7 — 2)€},2(3). Therefore,
if k > 71¢; we have

6 <[(k—@—26)/2] <t <[tk+1)/2].

If k <7i€3, and in view of £} < [(k+1)/2], we have £; < ¢} < 1+[n¢} /2] Putting
both cases together, we get that for each fixed ¢/ ot o %» the number of , ot k) pairs
in the first sum in (62) is smaller than ﬁﬁi. Therefore, since 2@% <Z ,l + Z% <k-— 22,
the first term in (62) becomes

2

(04, 02,04,.... 0L k (£3)
1
S
w (£ + £o)

1
"L w(e + o)

(64)
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k—03 |
X Z Z ) Z i 1_[;1 u)(ﬂl n EO)
5=263 (6} L) eN2 )+ =s5 (£},....0])eNI=3:0<ti <...<gp * 1I=4 Tk
e}, e <t} 7 l=k—03—s

- k—£3
n£3 k

1
k
Sw(e,iw) 2 2 4 '

n l
A _ [Ty w, + ¢
07 =263 (6.0 eNI-3:0< i <... <} 1 li=4 (& + £o)

i 3
i=a G=k—L;—s

_ k—6; _
nﬁz q 3 3 ”52 n—3
=% Qii—3(k — €3 — 55 L0; £3) < ——=——(c(¥p))
w(€} + £o) s:zu; ! w(€] + £o)

where for all 262 <s<k-— Zz, we have k — Ei — 5 >0 since 0 < Ez < lk/3].
Moreover, for the last inequality in (64) we used (24), and where we recall that
c(lo) == 2720 L/w(ly +1i).

Step 2: We will estimate here the second, the third and the fourth terms in (62).
For the second term, where in each of the sums w(Z,% + £¢p) and one of w(Z,J< +
£y),4 < j <n, are missing, we have

)3 e D ——

3 1 ]
it ey W T W+ €0) T Ty s w(E + L)

k—¢}

= w(e3 +0o) | 2 2

s=203 (£}, 02)e Az k (5,63)

1
w(l} + o)
n 1

x 2 2

i
(s Z”)eN” 3:0<) <<} J=4 M, i) W (& + o)

4 Z;(—k Ek K

| k—263 |
< m( 2 m>
k 0 Ei:max([k/ﬁ]l;%) k 0

(65)

S P o

n i
oA _ [Tl w(; + £
s=203 L@, .00 eNi—3:0<pi <. <3 \ 1i=5 (& + o)

o 3
i—a G=k—L;—s

- 1
+Z J i ):|
= 5]_[_4w(£ —i—ﬁo)x]_[ H_111)(€k—i-£())
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In the above, we summed for the first inequality first after all the values that (£ ,1, ﬂ%)
can take, and then after all the values that the remaining (Ei, e EZ) can take, given
(€1, £2). For the second inequality, we used that for each fixed s, with 2¢; <5 <
k — €3,

k=203

2

=max([k/ii], ;)

NI
) &

1
w(ll + )’

2

(6 DA k(5,0

d th tZl‘_%}2
and tha ¢} =max([k/n],6}

sum in the second inequality, we expanded the sum over (ﬁi, ey 2) from the

) 1/ w(ﬂ,lc + £p) is independent of s. To get the big inner

first inequality into two new sums, depending on which term w(ﬁi +4£y), j =4, 1s
missing from the product.
We will expand next further the two inner sums in (65). For the first inner sum
in (65), we have
2

(€}, tHeNT=3:0<l <...<63
1y li=k——s

1
17— w(ek + o)

min(Ei,k—Ei—s)

(66) < > >

7 i
=0 (03, ) ENT—4:0< 00 <... <0} [i=s w(&, + to)

1

i thmk—ti—s—t}

min(€3,k—¢;—s)
> Qii—a(k —s — €5 — £3; £o; 00),
=0

IA

where for the first inequality we summed first after @i and then after the remaining
(€3, ..., €% values, given £}; we also used Y'_s i =k — €3 — s — £§ > 0 and
0< Eﬁ < 3, to obtain 0 < ﬁﬁ < min(£3, k — Ez — ). For the second inequality, we
used the definition of Q;_4 from (23).

For the second inner sum in (65), we similarly have foreach 5 < j <n

1
> —_— —
(€}, thHeNI=3:.0<l <...<63 [Tizs w(& + o) x l_[?=J'+1 w(& +Lo)

s iy 3
b =k——s

min(Ei,k—Ez—s) j—1
= ¥ > (Tt 0
=0 (e}l HeNihe] <ef M <pi<e} N=A

]t eNT-I:0<i <. <t]

gy Gkt —4
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H -1
x [ weeg+ zo))

i=j+1
min(¢3,k—6—s)
/=0 (h',...h"=4)eNI—4:0<p? 4 <...<h! <{}
i

1
[T whi + €o)

IA

min(¢3,k—6—s) .
Yo Qicalk — 6 — s —€]; £o; ).
/=0

IA

To get the first inequality in (67), we summed first after Ei and then after
the remaining values. For the second inequality, we removed the restriction on
(6;;_1 , E;f‘) that E,jfl < E,jc < E,J{*], and for the last inequality we used the defini-
tion of Qj—_4 from (23).

Combining (65), (66) and (67), we get

> e
3 I i ;
8.t VG WA L) 5 Tl i w (b + Co)
| k—26} 1
=5\ X o
k

=max([k/ii],63)

(68)
x Y Y Qaalk—s — 6 — £} Lo; 00)

k—3 [min(zg,k—e,é—s)
5=203 =0

i min(6,k—E—s)

+> > Q“(k—ei—s—d;eo;oo)],

where for n = 4, the sums over the Q;_4 terms do not appear in the formula. Even
though we could now easily bound (68) under assumption (58) by using (24), we
will next estimate the sums in (68) under the weaker condition (12) in such a way
that we can reuse the bounds later on in the proof of Lemma 3.7(a). For the first
sum, we have for 0 < Ei < [k/4] (which is equivalent to 2@2 <k-— 262)

k—€3 min(€3,k—€3—s)

YooY Qaalk—s— £ — £ Lo; o)

5=20} =0
3 43
k=26 ¢

(69) < > > Qialk—s — € — £4: £o; 00)

s=203 £}=0
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k=€ k—t—s
+ Y Y Qasalk—s— £ — e} €0, 00)
s=k—203 €}=0
6 k=26
<Y 3 Qaialk—s — €3 — £}; £o; 00)
6=0s=26}
G k—t3—}
+3 Y Qialk—s— 6 — € £o; 0)
=0s=k-26}
I ) 3
<23 (b)) = 2(e(to)) (6] + ).
=0

where for the first equality in (69) we used that

3 £ 03 3

a0 min(ﬁ,f,k—fz—s):{gk 3 %f%kigfk—%k, 3

k—1t; —s itk —20, <s <k—1{.
For the first inequality, we changed the summation order between s and 62, and we
used in the second double sum that k — E,% —5 < E,%, ifk— 22% <s<k-— E,%; for the
second inequality we used (24). A similar inequality to (69) holds for [k /4] < 613( <
[k/3], the main difference being that now only the sum over k — 2£,§ <s<k-— Zi
is possible. An inequality of the same form holds also for the second sum in (68).
From (65), (68) and (69), we get that

2

_ . 5
Zf'l:l,i;ss b=k—ty

1

(71) x> !

i Tl iz w( + €0)

3

¢ k=263 |
< (Lo, ﬁ)7k< 3 7)
G

3 1
w({y + €o) max (/i) w(;, + £o)

for some c(£g, n) > 0 which is independent of Z};, i=1,...,n. A similar argument
and bound as in (71) holds also for the third and for the fourth sums in (62) and
will be omitted.
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Step 3: We will estimate here the fifth sum in (62), in which w(ﬁz + £p) is
missing. Similarly (to Step 2), we have

1 n 1
>

(00703, 6 eLi k (£3)

w(ey +Lo)w(€f +Lo) =4 Ty jz; wkh + €0)

k—63

=) X

5=203 (£}, 63)e Ai 1 (5,6)

1
w(l} + Lo)w (€7 + £o)

. /D S

i i
(Lf,.. L) eNT3:0< <. <7 J=4 [Mizaij W& + €0)

S 3
ia G=k—L;—s

k—03

IS S

5=203 (0} L2)eAn k (5,63)

1
w(l} + Lo)w(Lf + Lo)

Yo Qicalk—s — 6 — £ Lo; 00)

min(Zf,kffifs)
X [
4
£;=0

i min(,k—6—s)

+Y Y Qialk— 6 —s — el to; oo)}
j=5

e]=0

k—03

< (i — ()Y 3

s=203 (0}, €D e A 1 (5.03)

1
w(l) + Lo)w(lZ + Lo)’

where for n = 4, the sums over the Q;_4 terms do not appear in the formula. We
summed for the first inequality in (72), first after all the values that (E,lc, E,%) can
take, and then after all the values that the remaining (Eﬁ, e, ZZ) can take, given
(2,1(, E,%). For the second inequality, we used (66) and (67) to further bound the sum
over the (62, e EZ) values, and for the last inequality we used (24).

It remains to estimate the double sum in the last inequality in (72). We have

k—3

1
> X : i
5=203 (€} 02 e Ay 1 (5.63) w (. + Lo)w (€l + £o)
(73)
k=26 k—6}

1
w(lt + Lo)w(s — €4 + o)’

= 2 2

e} =max([k/n1,63) s=}+(k—1)/2(7—1)



EDGE- AND VERTEX-REINFORCED RANDOM WALKS 2691

where in the above we recalled (63) and changed the summation order between s
and ¢}, and we used that s = €} + €7 > ¢} + (k — 1)/2(7i — 1). From (72) and (73),
we therefore get for some ¢(£g, n) > 0 that

1 n 1
>

(0403 D ELi 1 (6)

w(€ + Lo)w(Cf +€0) =4 TT oy joej w (& + o)
(714)
k=203 | k—03 |
<étod) Y Y
) =max([k/ii],6}) w(ty + o) s=L}+(k—1)/2(i—1) w(s =& + o)
The statement of the theorem follows now by combining the estimates from
Steps 1-3, and by bounding the inner sum in (74) by means of (12). [

PROOF OF THEOREM 3.4. We will show next that R, < 0o a.s., which will
imply the statement of the theorem. For simplicity and clarity of computations,
we will again restrict ourselves to the case with £5 = £ € R*, v e V(G), the case
with general initial weights following by similar arguments by means of (57) and
of a generalization to Proposition 3.5. Under assumption (58), and taking p¢ :=
€+ £9)/w(€ + £p) in Lemma 3.10, there exists g: N — [0, 0co) such that (i) g(-)
is increasing, limg4oo (€) = 00 and (ii) Y52, £g(£ + £o)/w(€ + £o) < oo. Since
g is an increasing function, we have by the monotone convergence theorem that

[k/3]
75)  E%(g(RY)) = lim E9(g(R})) = lim 3" e())PY(R} = £3).
£6=0

Then in view of Proposition 3.5, (75) becomes
E9(g(R%,)) = Cw, i, &)

[/3] 5 =%
X hm g ———+ — .
Z [ (€3 + o) ES w(i + Zo):|
"k
By the hypothesis on g and w, we have

X el +¢
Z g(3 + £p) -M
w (€} + €o)

(76)

3_
=0

It remains to bound the double sum term in (76). In view of E,% <i<k- Ei, we
have for 0 < £3 <[k/3]

[k/3] k—€3 1 i K k Y]
Zg g(€;) i§ w(i + o) — ;)1332 w(i +£y) — ;)632 w(i + £o)
an " k
1
< Z G+ Del+b) ,p 9(L0) /w(ly),

= w(i + £o)
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where we used in the above the monotonicity of g and the hypothesis assumption
on w. From (76) and (77), it follows that EY (g(R )) < oo which implies that a.s.
g(R3 ) < oo. Combining this with the fact that g is increasing and limg, g(£) =
0o, we get that a.s. R3 <oo. U

REMARK 3.6. (a) Just as for ERRW, we can easily extend the result in Theo-
rem 3.4, by the same reasoning as in Theorem 3.4, to the case where each vertex
v € V(G) has its own weight function w, satisfying

ad 14
vrenva()é)eZ wy (€ +€Y) =0 VeV

(b) We can also apply our method to the case when we add one loop to each
site, that is, when at each step, independently of the actual position of the walk,
the probability to jump to some site i is proportional to w (X, (i)). Then the order
statistics bounds are similar to the ones for ERRW (i.e., there is one more term in
each product compared to the bounds for VRRW in Proposition 3.2). This implies
that the walk gets attracted to one vertex a.s under (12).

(¢) Our method currently breaks down when w does not satisfy (58), but it still
satisfies (12). As explained in Remark 1.3(c), we do not expect Theorem 3.4 to
hold then for all finite/infinite graphs with vertex-reinforcement satisfying (12).
However, we are also at present unable to prove the conjecture stated in Re-
mark 1.3(c) as we cannot compute tight upper bounds for the distribution of

R,{, j > 4, when (58) does not hold. The reason is that, unless we take the ge-
ometry of the graph into account, the corresponding bound for R,i, j =4, from

Step 1 in Proposition 3.5 would still contain a term depending on Zi. This implies
in particular that, if (58) does not hold, our bound from Step 1 would blow up
when k grows large.

In the case of bipartite graphs, where we can decouple nearest-neighbour ver-
tices, we can bypass the issues arising in Step 1 of Proposition 3.5 for super-linear
w not satisfying (58), and we can show the following.

LEMMA 3.7. Let A C Z% be a finite connected subset in Z¢, or more generally
any finite bipartite graph, with |A| = n > 4. If w satisfies either:

(a)

o 12
78) veV(Q)Z; wi+eg) o
(b) w satisfies (12) and
(79) max_sup _ < 00,

veV(G) j>1 w(i + £f)
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then the walk traverses exactly two random neighbouring attracting vertices at all
large times a.s.

PROOF. We will start by obtaining upper bounds on Pg(Ri = Ez), 0< Z,3( <
[k/3], as in Proposition 3.5 above; thus, we need to bound the five terms in (62).
With the upper bounds in place, the proof will then proceed by the same arguments
as in the proof of Theorem 3.4. To get the upper bounds, we will first need to work
out the possible values of Ry in the special case of bipartite graphs. We note here
that we have a shorter proof for (a) only, based on the key observation that in
bipartite graphs, for each fixed R,i + R,% the number of (R,l, R,%) pairs is less or
equal than 1+ (n — 3)R,‘:. (See the proof of Lemma 3.8 below for this argument
in the more general case of triangle-free graphs.) However, we have chosen to
provide below a unifying proof for both (a) and (b).

As in the proof of Proposition 3.5, we will consider in detail in all our
calculations below only the case when all vertices have equal initial weights
ES = E() € RT.

Recall that the total number of arrivals to any vertex v € V (A) by time k is the
same as the total number of departures from v by time k, the exceptions being
the initial vertex vg and the vertex at time k, when they may differ by 1. Since
A is a bipartite graph, we can divide V (A) into two disjoint sets U; and U»,
such that every edge connects a vertex in U; to one in Uj; moreover, there are
no edges connecting vertices in Uj, respectively in Up. Then we can decouple U
and U; by

(X —to)— 3 (x —zo)' <2 and

velU; vel,

[k/2] — 1< > (X} — o) <[k/2]+ 1, i=1,2,

veU;

(80)

where to get the second inequality in (80) we used the first inequality and
2 vevn)(Xg —to) =k.

In view of (80), we consider next the possible values of the vector R;. By
abuse of notation, we will denote by Eﬁ,k(gz) the set of all possible values
€= (€),.... 1) e N',0 < ¢l <...<¢tl, of Ry when we fix R} = ¢€;. For
a,b,c,m € N, we denote the possibly empty set

DS (k;a;b):={h=(h',....h"")eN":0<h" <..-<h' <,
81) .
[k/21+a <) W <[k/2]1+b}.
i=1
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By (80), for all (€., ..., 07) € Lix(63) there exists (€)1, ..., €)1y e NIVl 0 <
" <. <], with
141 §
[k/2]—1<) ¢y <[k/2]+1 and
j=1
(82) _
n .
[k/2]—1< > e <[k/2]+ 1.
JEW N1ty 1)
Thus, we have (¢!, ... Lei‘”l‘) & D, (k: —1; 1) and (ek)le,l,,2| € Dy, (ki —1: 1),
where for any vectors i € R4 h € R r > 1, we denote by (hl, ceey h,)

the vector formed by the combined components of all the vectors rearranged in
nonincreasing order. From (82), we have

. Lax(6)) S{(h,5):h e DG, (k; —1; 1),5 € DR, (k; —1; 1),
€} is a component either of /2 or of 5} =: Cjuy,|. v,/ (k» £3).

(a) We will estimate the five terms in (62). The tricky term is the one from Step 1
in Proposition 3.5, as the bounds obtained in Steps 2 and 3 therein are already tight
enough, as we will see below.

Step I: We need to bound

(84) >

2,63, 00 eLli k(63)

1
17— w(ek +€o)

In the above, we used our new definition of Lj k(lZ ), which includes E in the
summation, as this will not change the sum due to £3 being fixed; however, in
view of our notation above, this trick will allow us to take advantage of (80) and
decouple the products over vertices in U; from those over U,. To expand (84) by
means of (83), we need to keep track of whether E,i and 62 [i.e., the two largest
components in (h 5)] belong to vectors in D ‘(k —1;1) orin D ‘(k —1; 1),
as this will determine which components of h and s are missing in the products
below. Therefore, we have

2

(O 0707 ) ELs £ (£7)

(85) < >
(h, $)ECu; 11Uy K. £7)
hzﬁsl Sthl

1
"L w(lh 4 £o)

1
1Y w(hi + €0) T2 w(s/ + o)
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+ >
(E,E)GC\UI HUz\(k’ZI%)
31§h3

1
X
Hl,U:21I w(s/ + £o)
o

(h.5)ECu, |, Uy k.0

hl<s3

1
125 w(hi + o)

1
2w + 20) T2 w(sd + )

The first term in (85) corresponds to the case when Dl%)ﬂ(k —1;1) and DI Uzl(k;
—1; 1) each contains only one of the two largest components in (h, s), the sec-
ond term corresponds to the case when D | (k; —1; 1) contains both of the two
largest components in (h, 5), and the th1rd term corresponds to the case when

|U2| (k; —1; 1) contains both of the two largest components in (ﬁ ,5).

To simplify computations, we will assume next that min(|Uq |, |Uz|) > 3. If
min(|Uy|, |U2|) = 1, A is a star graph, so R,l = ?:2 R,i and (85) reduces to the
first sum. If min(|U1 |, |Uz|) = 2, either the second sum in (85) contains only the
product over |U;| terms or the third sum contains only the product over |U1| terms,
which can be dealt with similarly to the more general situation below in (89).

By definition, for any (h 5) e Ciuy),vq) (K, Zk) the coordinate 63 [i.e., the third
largest component in (h 5)] is a component either in he D‘ U, |(k —1; 1), or in
5 e Dl U |(k —1; 1). For the first term in (85), this reduces to checking whether
h? = €3 or s> = £3. Thus, the first term in (85) becomes

2

(E,§)€C\U1\,\U2‘(k,éi)
h?<s! s2<h!

1
= Z o .
ey T2 Wk + ) T2 w(ss + to)
h2<sl s2<n! n2=0}
1
+ > o _
(h.5)€Ci, |y (k.6 24 whi + €0) T2 ws/ + €o)
n2<s! s2<h! s2=0}
1
<—
w(€} + €o)

1
H11i12| w(hi + £o) H‘ff& w(s/ + £p)

(86)
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x ( Y
\UH 1(k —1— Ekl Z)
5eD, (ki=1:1)

- > T : — , )

Us|—1
fleDlol?ll(k;—l;l) [1;2 w(h' + £o) H|J=2£ w(y/ +£o)

YEDR, -y ki =1=63:1-6)

1
M2 (e + o) T2 w(s/ + €o)

where for the inequality we removed the restriction that h? < s', s < h!; this
will allow us in (87) to decouple the products with terms in D‘ Uyl—1 from those

with terms in Dlol‘} E We also used that for % € D ‘(k —1;1) with h? = 63,

the vector Z := (h',h%, ... WUI=Yy € DY (k=1 — €351 — €); similarly,
for 5 € Dy, |(k; —1;1) with s = Z,%, the vector § = (sl,s3,...,s|U2|_1) €
D%zl—l (k; — 62; 1- 62). Expanding the first term in (86) further, and in view

of (81), we have for some ¢ (£, 1) > 0
2. I
cenps -y Tids WG+ T2 wisd +6)
seDlel(k ;1)

S e

|U1]—1 i
€D |y (ki —1—651-6) iz w@ +4o)

1
(X )
SeDf, (ki—1i1) Hljzzéw(sj + £o)

[k/2]+1-6; |
(3B )

Ui |1
r=[k/21-1-63 (z',....2 Y11=, 3, oy iy w(@ +4o)

0<zIV1l-1<... <l

[k/2]+1 :
X< 2 2. [, )
r=lk/21-1 (51, .sl020) ¥, sizy [1j 2o w(s/ +£o)

0<s102l<... <51

(87)

<c(fp,n),

where in each of the two products above the w term coming from the largest com-
ponent is missing [i.e., w(z! + ¢), respectively w(s! + £0)] and the summation
is over all the terms (including the ones missing in the products), so the bound
follows by the same arguments as in (28). For the remaining term in (86), we have
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by similar arguments
) :
U ; Uz|—1 ;
hers ety LB wk + ) TIE™ w(yd + )
NGt

VEDR, |-y (ki =1=63:1-7)

N

(88) r=[k/21-1 (s, s |U1|),stj:r1_[j:2w(sj+£0)

0<s!U1l<...<s!

[k/2]4+1—¢} 1
X( ) ) 02T i 1 g )
(/21— (1,02, = Tl W o)
0<zI¥2I71 <. <zl

< (L, n),

for some ¢’(£g, ) > 0. For the second term in (85), we have as in (86)

Z 1

|U1] - |U2] j
(h.5)ECluy U (K. 0) [Ti=3 w(h' + o) Hj=21 w(s/ + o)

S
w (€ + €o)

(89) x ( 2 o

U i [ZI I
FeDR, 1 (ki —1-61-6) Mimswh' + Lo [Tj=y w0/ + o)

P
heDk (=151)

+ b [U11—1 1 )

j U j
. i 4+ . J+
2eDRg,  (im1—61-6) [Tis  w@ + L) [1;Z wis/ + o)
SeDfy, (ki=1:1)

We estimate next the first term in (89), the bounds for the second term following
similarly. This requires a trick since there are two more terms in the summation
over h' terms than in the corresponding product, so we cannot use (28). Since
Y1y > (k21— 1— €} = [k/2]— 1 = [k/3], we have y' = ([k/6]—1)/(|Ua| -
) > c(Ua[k/3] > c(|UaDRY, c(|Ua]) > 0, with the last inequality due to h' <
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. . .0
Zi. By decoupling now the terms in Dlol<;1\ from those in D|l]}2|—1’ we get

2

eDRs, - 1(k —1-63;1-6))

1 1
T2 wyd + o) nl" w(hi + o)

heDlUl‘(k;—l I

S( | 5 (c(le|>>f1y1 )

T2 wyd + ¢o)

ieDf52|71(k;—1—42;1—62)
k/21+1  r 1
(X x x )
r=lk/21-15=0 g3 plonly s iz, [1;25 w(h! + £o)
(90) 0<hlVil<...<p3
[k/2]4+1—£3 _
( /Z : 5 (c(UsD)~"y! )
AT wed + 60

r=[k/2]—1— ek(y ,,,,, ylU2l= l)z

0§y|U2| <. §y1553

k/21+1  r
X( > ZQ|U1—3(r—S;Eo;OO))

r=[k/2]—-1s=0

=

vt

[k/21+1—¢ min(r,€}) 1

c(¢o, |U2|)< Z Z e +€ )Q|U2|—2(V — 31 e oo))

r=[k/21-1—¢; y'=0

for some c(£g, |Uz|) > 0. To get the first inequality in (90), we used in the second
product that for each fixed h! + h? =5, there are less than h' < (c(|U2|))_1y1
pairs (h', h?) to be summed over. For the second inequality, we expanded the first
product in view of (81), and applied (23) to the second product. For the third in-
equality, we used (23) and that y1 < min(r, 613() in the inner sum of the first product
to get a formula with respect to y; and Qy,—2(r — yl; £o; 00), and we utilized

(24) in the second product.

Similar estimates as in (89) and (90) hold for the last term in (85). Therefore,
by collecting all the estimates above, we have for some c({g, |U1/|, |U2|) > 0

1
) —
€L02.63, . el o (£) [Tiz3 w(t, + o)
C(ﬁo [U1l, |U2])

91
©h w(€3 + €o)
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[k/2]+1—¢ min(r,¢}) 1
X[ 2 X uoivi +eo>
r=lk/21-1-¢; y'=0

X (Quy—2(r — ¥'s £o; 00) + Q-2 (r — ¥ €o; 0))

[k/2]+1 min(r.6) yl
+
- [% 120 TEE

X (Quy-1(r — ' €o; 00) + Qv =1 (r — ¥ €o; OO))}

Up to this point, the proof has been common to both (a) and (b) as we have not
used any of the specific assumptions on w in each of the two cases. We note now
that

min(r, ) 1

1

—— ————— Quy—2(r — ¥ Lo; 00
w(€} + £o) y{:() ol + o) 2102 )

op <O @) )
T ow@ Al w0 ) T w@ ) T wh! + )
, (E )1/2
o) —2—
EC(O)w(fz—{—ﬁo),

where ¢’ () > 0, for the first inequality we used (24), and for the last inequality
we used (78). We can reason likewise for the other terms in (91) to get similar
bounds.

Step 2: We have from (71) that, for some ¢ (£g, 1), ¢1(£g, 1) > 0,

1 d 1
>

(04,02.03,.... 00 Ly k (£3)

r w(ﬁz +£0)w(€,£ + £9p) iz ]‘[?24’#]. w(g;’( + €p)

o o k=263 |
(93) =< (b, n)'w(zi + o) (ei:ma)%/wz) w(l + zo)>
< c1(fo, ﬁ)ii,
w(l} + o) k'/2
as, in view of (78), we have
20 2 gy

2

- 1
<C1(£O,l’l)m.
¢} =max([k/71],63)

< B\ S —
0 Ve > I
wtg+to) K tlmax i/t W 00
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o,
A similar reasoning gives for the term from (74) an upper bound of < k(f?z’”) X

Zk_g‘ w(l+£ 3> where ¢1'(£g, ) > 0. Thus, from Steps 1 and 2 we have

(z )1/2 1 k—ﬁz

1
+ . :
w(li +Lo) k2 i:zeg w(l+€0):|

PY(R; = 63) < C(w,ﬁ,£0)|:

for some C(w, n, £9) > 0 which depends only on w,n and £g. Given the above
bounds, the proof follows now the same arguments as the proof of Theorem 3.4
and will be omitted.

(b) Under assumption (79), we have in (91) for each fixed [k/2] — 1 <r <
[k/2] +1

1 min(r,éz) yl
—— ———— Quy—2(r — ¥ o; 00
w(€] + £o) )EO WOl + o) 212 )
(94) o
min(r,
C ¢ C(Ly, w, 7
_# 3 Ol — ' o 00) < M
wl +4) i w(e] +€)’

for some C(w), C(£g, w,n) > 0, and where for the first inequality we used (79)
and for second we used (24). Arguing similarly for the other terms in (91), we have
for some C»(£g, w,n) >0

2

2,63, 00 eLli k(63)

1 - Ca(y, w, n)
TT7_ s w(ek +Lo) ~ w(i + €o)

The above is enough to prove the statement for nondecreasing w satisfying (79),
since in this case the first term in (62) is an upper bound for each of the other four
terms in (62); for more general w, we can reason as in Step 1 above, to bound the
quantities in Steps 2 and 3 of Proposition 3.5. [J

We will next extend the result from Lemma 3.7(a) to the more general case of
triangle-free graphs.

LEMMA 3.8. Let A be a finite triangle-free graph with |A| =n > 4. If w

satisfies

o0 i1/2
95 max < 00,
©3) vev(g)iZ w(i + £g)

then the walk traverses exactly two random neighbouring attracting vertices at all
large times a.s.
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PROOF. Step I: For any three vertices a, b, c € V(A), if a and b are nearest
neighbours, then ¢ can be nearest neighbour to at most one of a and b or else a, b
and ¢ would form a triangle. Let v;, 1 <i <n, be the ith most visited vertex in A
by time k.

Fix 0 < Ri’ < [k/3]. There are now two cases to consider:

Case 1I: At least one of vy and vy, say vy, is not nearest neighbour to v3. As
there are no visits between v and v3, we have 2(XZ1 —fo) + 2R£ —1<kand

k=R =Yz Ry = (X;" — o) + (X” = Lo) + LIy R < (X} — o) + (X" —
Lo+ 27 5 R,i) +>7 R,i. Thus, from the two inequalities combined we get
(96) [k/2] — R} — (i — 3)RE < X}' — €9 < [(k+ 1)/2] — R},

which inequality we will use below if [k/2] — R} > (7 — 3) R}. Otherwise, we will
use

(97) RP< X! —to<[tk+1)/2] <1+ R} + (i —3)R}.
Putting (96) and (97) together gives that for each fixed R,l + RZ, the number of
(R}, R,%) terms is smaller or equal than 1 4 (n — 3)R,‘c‘.

Case 2: Both v; and vy are nearest neighbours to v3. Then there are no visits

between v; and vy, and we have 2(X;" — €o) + 2(X;? — £o) — 1 <k, from which
it follows that

(98) 2R} < (X' — €o) + (X2 — o) < [(k+1)/2].

Moreover, we observe that since
i I I
k= (X" = o)+ (X;* =€) + QR <1+ ) R+ ) R,
i=3 i=3 =3

< 142R{ +2(i1 — 3)R}.
we have [(k —1)/2] < R,f +(n— 3)R,‘{‘. Combining this with (98), we obtain
R} <R} +R}<1+R}+(i—3)R}.
This gives again as in Case 1 that for each fixed R,l + R,%, the number of (R, R,%)
terms is smaller or equal than 1 4 (n — 3)R,‘C‘.

By applying the above bound in the first sum from (62), and with the same
notation, we get

2

(04,0204, 6L k (£3)

1
"L w(e + o)

- k—3

9 == ) 3

3
w; + ¢ A _
(€ + £o) O +02=203 (¢},... .00 eNT3:0< i <. <03

i G=k— (=€~}

&
[Py w(el + o)
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k—€3 min(£3,k—s—¢3)

7!
< — R
—w(zk+zo) %3 E4Z w(fy + £o)
1

x 2.

n i
(£5 ..... ZZ)EN” 40<En< <e4 1_[ Sw(e +£0)

4
s li=k—s—}—¢}

k— Ek mm(Ek k—s— Ek) 04

Z Z k
< — - r
- w(€3 o) Sn o 4D w(lg + o)

x Qi_alk —s — €3 — €} £o; 00).

For the first inequality in (99), we used that for each fixed E}( + E,% =, there are
less than ﬁﬂi terms (€,1<, E,%) to be summed over. For the second inequality, we
split the inner sum from the first inequality into a double sum, first after Kﬁ and
then after the remaining (ZS, ceey Z), given ¢4} we also used here that Ziﬁzs E}'{ =
k—s—€; — €} >0and that 0 < £} < ¢; to obtain 0 < £} <min(¢;, k —s — £3).
For the last inequality, we applied the definition of Q;_4 from (23).

By expanding (99) further and recalling (70), we get for 0 < E,% < [k/4] (equiv-
alent to 203 <k —2£3)

1
[T/ w(ek + o)

2

(04 L7 4 D ELi 1 ()

_ |:k 208 6 ¢

< —s—£3—£4;£;oo
—w(£3+eo) %3{42 w(€4+£ o @+t 2 = i bo: o)
k=0 k—03—s ¢
+ Z > (€4+£ )Qﬁ_4(k—s—€,%—ﬁ4;£o;oo):|
s=k—203 €}=0 W
= I ¢4 k—203
< : [ Qii—a(k — s — € — £3; Lo; 00)
w(&} + o) Z;Ow(fzﬁwo) S_Z%S " ¢
k— %k

k—e3—e}
(100) + > Qﬁ_4(k—s—€,§—€4;€0;oo):|
s=k—26}
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4

2

=0

03)1/2
<d(x, EO)L

o
- 2nc(g)

_ 3
Z;(l - 2]’_lC(E())n_4(£2)1/2 £ (Eﬁ)l/Z
~ w(l; + €o)

w(ll+0) = wt + o) Cw(l + £o)

o=

where we recall that c(£g) = > 725 1/w(i + €o) and c’(n, £9) > 0. For the first
inequality in (100), we used for the first inner sum that min(ﬂ,%, k—s— Zz) = Zi
since s <k — 262, and for the second inner sum min(€3, k—s— K,f) =k—s5— Z,%
since s > k — 2@2. For the second inequality, we changed the summation order
between s and Ei, for the third we used (24), and for the last inequality we used
(95). We can argue similarly for [k/4] < Zi < [k/3], when only the sum with k —
26,2 <s<k-— 613( is possible, to obtain again an inequality as in (100).

The remaining four sums from (62) can be bounded similarly as in Step 2 from
Lemma 3.7(a). O

3.2. Attraction sets on infinite connected graphs of bounded degree. In this
section, we will prove Theorem 1.2. To begin with, we will state a result on the
probability that the walk ever visits more than n vertices. More precisely, we have
the following.

LEMMA 3.9. Let G be an infinite connected graph of bounded degree. If w
satisfies (14), then we have

: G _
(101) 1im P @i‘f”"' > n) —0.

PROOF. The proof of this statement is just a simple application of Theorem 5.1
in [4] for super-linear VRRW with initial weights £; € N, v € V(G), which theo-
rem shows by means of a Rubin construction argument that with probability 1 the
walk gets attracted to a finite graph. This result can be easily adapted to the more
general case of initial weights £5 > 0, v € V(G), and weight functions satisfying
(12) and (14). O

PROOF OF THEOREM 1.2. Given Theorem 3.4 and Lemma 3.9, the proof of
Theorem 1.2 follows by the same arguments as the proof of Theorem 1.1 and will
be omitted. [

PROOF OF COROLLARY 1.4. Given Lemmas 3.7 and 3.9, the proof of Corol-
lary 1.4 follows by the same arguments as the proof of Theorem 1.1 and will be
omitted. [J
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PROOF OF COROLLARY 1.6. Given Lemmas 3.8 and 3.9, the proof of Corol-
lary 1.6 follows by the same arguments as the proof of Theorem 1.1 and will be
omitted. [

APPENDIX

LEMMA 3.10. Let (p)i>1 be a nonnegative sequence of real numbers such
that

o0
(102) > pi < oo.
>1

Then there exists a function g: N — [0, co) such that:

(1) g(-) is increasing and limy4oo g(I) = 00.
(i) M:=3¥ 12 g()p1 < oo.

PROOF. Since Z?S] pi < 00, there exists an increasing sequence (n;);>1 such
that B

> 1
(103) > pn< o
n=nj 2

Choose N € N large enough. Let N, := [nym, nym+n — 1) NN for every m € N.
Define g: N — [0, c0) by

2m. forl € N,

104 hH=
(104 gd) 1, forl <ny.
It is easy to see that
1
> eDp=2" 3 pi < Sy
leN,, leN,,
Therefore,
> _spi < oo

>1
This completes the proof. [J

The proof in the above lemma can be easily extended to the following more
general setting.

LEMMA 3.11. Fixn > 2 and let (Pf)lzl, 1 <i <n, be nonnegative sequences
of real numbers such that for all 1 <i <n, we have

o
(105) > pj < oo
>1

Then there exists a function g: N — [0, co) such that:
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(i) g(-) is increasing and lim;y o g(I) = 00.

(i) M :=sup;<;, 22, g()p} < oo.
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