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Since the seminal work of Lamperti, there is a lot of interest in the under-
standing of the general structure of self-similar Markov processes. Lamperti
gave a representation of positive self-similar Markov processes with initial
condition strictly larger than O which subsequently was extended to zero ini-
tial condition.

For real self-similar Markov processes (rssMps), there is a generalization
of Lamperti’s representation giving a one-to-one correspondence between
Markov additive processes and rssMps with initial condition different from
the origin.

We develop fluctuation theory for Markov additive processes and use
Kuznetsov measures to construct the law of transient real self-similar Markov
processes issued from the origin. The construction gives a pathwise represen-
tation through two-sided Markov additive processes extending the Lamperti—
Kiu representation to the origin.
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1. Introduction. A fundamental property appearing in probabilistic models
is self-similarity, also called the scaling property. In the context of stochastic pro-
cesses, this is the phenomenon of scaling time and space in a carefully chosen
manner such that there is distributional invariance. An example of the latter is
Brownian motion for which the distribution of (¢ B.—2,);>0 and (B;);>0 is the same
for any ¢ > 0; its so-called scaling index is thus understood as 2. A natural question
is if the knowledge of the scaling property alone implies structural properties for
a given model and whether such can be used to deduce nontrivial implications. In
this article, we focus on the case of Markov processes taking values in R that fulfil
the same scaling relation as a Brownian motion, except the scaling index is taken
more generally to be @ > 0 rather than 2. In particular, we focus on entrance laws
of such processes from the origin, a problem which, although well understood in
the case of Brownian motion, is more difficult to address in the general setting of
real self-similar Markov processes.

Before coming to our main results, we review results and ideas for self-similar
Markov processes with nonnegative sample paths.

1.1. Positive self-similar Markov processes. A strong Markov family {IP?, z >
0} with cadlag paths on the state space [0, 0o0), with 0 being an absorbing cemetery
state, is called positive self-similar Markov process of index o > 0O (briefly pssMp)
if the scaling property holds:

(1) the law of (¢Z.—«;);>0 under P* is P

for all z,c > 0. Here, and in what follows, Z = (Z;);>¢ denotes the canonical
process. The analysis of positive self-similar processes is typically based on the
Lamperti representation (see, for instance, Chapter 13 of [23] or [25]). It ensures
the existence of a Lévy process (§;);>0, possibly killed at an exponential time with
cemetery state —oo, such that, under P for z > 0,

Zy =exp,-1¢))s 1 >0,

where ¢(t) = fé exp(a&s) ds and the Lévy process £ is started in log(z). We use
the convention that exp(é(p_l(t)) is equal to zero, if t ¢ ¢([0, 00)).

It is a consequence of the Lamperti representation that pssMps can be split into
two regimes:

(R) P*(Tp < o0) =1 forall z > 0 <= & drifts to — oo or is killed,
(T) P*(Th < 00) =0 for all z > 0 <= & drifts to + oo or oscillates.
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Two major questions remained open after Lamperti:

(i) How to extend a pssMp after hitting O in the recurrent regime (R) with an
instantaneous entrance from zero?

(i) How to start a pssMp from the origin in the transient regime (T)? More
precisely, one asks for extensions {IP*, z > 0} with the Feller property so that in
particular PO := w-lim, 10 P exists in the Skorokhod topology.

Both questions have been solved in recent years: In the recurrent regime, it was
proved by Fitzsimmons [11] and Rivero [27] that there is a unique recurrent self-
similar Markov extension (or equivalently a self-similar excursion measure with
summable excursion lengths) that leaves zero continuously if and only if

() E[eM] =1 for some 0 < A < a.

For the transient regime, it was shown in Chaumont et al. [6] and also in Bertoin
and Savov [4] that, if the ascending ladder height process of & is non-lattice, the
weak limit P¥ exists if and only if the weak limit of overshoots

3) O :=w-lim(§;, — x) exists,
x10oo

where 1, ;= inf{z : & > x}. If (3) holds, then one says £ has stationary overshoots.

There are several different ways of proving the results that, at their heart, involve
a construction of the underlying Lévy process & as a stationary process (in the
appropriate sense) indexed by R. The construction that appears to be the most
natural to us, in the sense that it works for (R) and (T), was carried out for the
recurrent regime by Fitzsimmons and shall be developed in this article for the
transient regime.

It has been known for a long time in probabilistic potential theory that exces-
sive measures of Markov processes are closely linked to the entrance behaviour
from so-called entrance boundaries. One way the relation is implemented involves
Markov processes with random birth and death (Kuznetsov measures). Apart from
diffusion processes not many examples are known in which the general theory
yields concrete results. Self-similar Markov processes form a nice class of nontriv-
ial examples for which the abstract theory gives explicit results. The essence is a
combination of Lamperti’s representation with Kaspi’s theorem on time-changing
Kuznetsov measures. Excursions away from O of a pssMp are governed by an ex-
cursion measure n corresponding to a particular excessive measure for the pssMp
that itself turns out to be a transformation of an invariant measure of &. Invari-
ant measures for Lévy processes are known explicitly from the Choquet-Dény
theorem, hence, excursion measures for pssMp can be identified and constructed
through Kuznetsov measures.

It is interesting to observe that the construction of self-similar excursion mea-
sures n as Kuznetsov measures work in the recurrent and transient regimes without
using Conditions (2) and (3) (Note that we also interpret PY as a normalized “ex-
cursion measure” even though an excursion starts at 0, does not return to 0 and PY
must be a probability measure). The necessity and sufficiency enters as follows:
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(R) Condition (2) is necessary and sufficient to construct from n a Markov process
by gluing excursions drawn according to a point process of excursions (using
Blumenthal’s theorem on Itd’s synthesis).

(T) To define P° as normalized “excursion measure” the Kuznetsov measure
needs to be finite and this is equivalent to Condition (3); see Remark 16 below.

We present our constructions for (T) directly in the more general setting of real
self-similar Markov processes.

REMARK 1. The argument of Fitzsimmons [12] for recurrent extensions ex-
tends readily to the real-valued setting by replacing Lévy processes through MAPs.
Since our main purpose is to show how the potential theoretic approach has to be
carried out in the transient case and since the article is already technical enough
we do not address this topic here.

1.2. Real self-similar Markov processes—main results. Let D(R) be the space
of cadlag functions w : Ry — R endowed with the Skorokhod topology and the
corresponding Borel o-field D(R). A family of distributions {P*: z € R\ {0}} on
D), D(R)) is called strong Markov family on R \ {0} if the canonical process
(Z;):1>0 1s strong Markov with respect to the canonical right continuous filtration.
If additionally the process satisfies the scaling property (1) for all z € R \ {0} and
¢ > 0, then the process is called real self-similar Markov process. A result of Chau-
mont et al. [7], completing earlier work of Kiu [20], is that for any real self-similar
Markov process, there is a Markov additive process (&, J;);>0 on R x {£1} such
that under P* the canonical process can be represented as

(4) Z; = CXp(Sw—](z))Jw—l(Z), t=> 0,
where ¢(1) = [ exp(a) ds and (§o, Jo) = (log|z, [z]) with
1, ifz >0,
)= :—1, itz <0.

Again we use the convention that exp(§,-1(;))J,-1(, is equal to zero if 7 ¢
([0, 00)). A Markov additive process (MAP) is a stochastic process (&;, J;):>0
on R x E, where E is a finite set, if (J);>0 is a continuous time Markov chain on
E (called modulating chain) and, for any i € E and s, ¢ > 0,

given {J; =i}, the pair (§;45 — &, Ji+5)s>0 1s independent of the past
and has the same distribution as (&, Js)s>0 under PO,

If the MAP is killed, then £ is sent to the cemetery state {—oo}. An important
feature of MAPs that will be used throughout our analysis is their close mathemat-
ical proximity to Lévy processes. For a textbook treatment of standard results for
MAPs see, for instance, Chapter XI of Asmussen [2].



1956 S. DEREICH, L. DORING AND A. E. KYPRIANOU

PROPOSITION 2. A process (€, J) is a MAP if and only if there exist sequences
of.

e Lévy processes (S”’i)neNO, i.id. fori € E fixed,
o real random variables (A?,j)neN’ i.i.d. for distinct and fixed i, j € E,

independent of J and of each other such that, if T,, is the nth jump-time of J, then
& can be written as

0,Jo

§0+§t B t<Ty,
"]n
G=\br—+A), g +E 7 tell T 1 <k,
Sl‘ = —0Q, = k,

where the killing time K is the first time one of the appearing Lévy processes is
killed:

k= inf{t > 0: 3dn e Ny, T, <t such that E”’JT" is killed at time t — Tn}.

In words, the idea behind a MAP is as follows: There is a time-dependent ran-
dom environment governed by the state of J and for every state there is a corre-
sponding Lévy process &' with triplet (a;, O'iz, I1;). If J is in state i, then & evolves
according to a copy of £'. Once J changes from i to j, which happens at rate ¢;. js
& has an additional transitional jump A; ; and until the next jump of J, & evolves
according to a copy of £/. The MAP is killed as soon as one of the Lévy processes
is killed.

Consequently, the mechanism behind the Lamperti—Kiu representation is sim-
ple: J governs the sign of Z and on intervals with constant sign the Lamperti—Kiu
representation simplifies to the Lamperti representation.

REMARK 3. The MAP formalism for the Lamperti—Kiu representation does
not appear in [7] but has been introduced in [21].

From now on, we assume:
(I) J isirreducible on {£1},

that is, neither 1 nor —1 is absorbing. Assumption (I) carries no loss of generality:
If J is not irreducible, then (4) implies that the self-similar process changes sign
at most once; thus, can be treated as positive (or negative) self-similar process to
which the results for pssMps apply. Note also that (I) ensures that the modulating
chain J has a unique stationary distribution, which we denote by 7 = (7, 7_).
In keeping with this notation, we shall also write the off-diagonal elements of the
transition matrix of J as g4 _ and g .
We also assume:

(NL) £ is nonlattice,
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which is a standard assumption to avoid technicalities. The reader is referred to
the discussion at the end of Appendix A.3 for further comments concerning this
assumption.

Throughout the article, some notation for first hitting times is used: For a real-
valued process

Tioy=inf{r: Z, =0} and T, =inf{r:|Z|> ¢},
where ¢ > 0, and for a bi-variate process (Z', Z?)
Q) t; =inf{r:Z' <x} and tf =inflr:Z >x}

X X
for x e R.

Analogously to Lévy processes one knows that an unkilled MAP (&, J) either
drifts to +oo (i.e., lim;yoo & = +00), drifts to —oo (i.e., limypo0 § = —00) Or
oscillates (i.e., liminf; 400 § = —00 and lim SUP; oo & = 400), in the almost sure
sense. As for pssMps a simple 0-1 law for real self-similar Markov processes can
be deduced from the Lamperti—Kiu representation.

PROPOSITION 4. [If (&, J) is the Markov additive process corresponding to a
real self-similar Markov process through the Lamperti—Kiu representation, then
one has the following dichotomy:

(R) P*(Tyoy < o0) =1 for all z # 0 <= (&, J) drifts to — o0 or is killed,
(T) P*(Typ) < 00) =0 forall z #0 <= (&, J) drifts to + oo or oscillates.

The proof is very close in spirit to the proof of the analogous result for pssMps
(see, for instance, Chapter 13 of [23]).

For the rest of this article, we assume (T) and ask for the existence and a con-
struction of a measure P° on the Skorokhod space (D(R), P(R)) such that the
extension {P?:z € R} of {P*:z € R\ {0}} is a self-similar Markov family. In
other words, the aim is to extend the Lamperti—Kiu representation to transient
self-similar Markov processes that do not have zero as a trap.

Let &1 and £~ be the Lévy processes and Ay _ and A_  the random variables
appearing in the representation of (&, J) from Proposition 2 when applied to the
two state MAP of the Lamperti—Kiu representation (4).

(C) & has finite absolute moment and either of the following holds:
(i) (&, J) drifts to +o00,
(i) (&, J) oscillates and

o0 xI1([x, 00))
fl 1+ fo [;°TI((—00, —z])dzdy
where I1 is the measure
M=T4 + M- +g4+ -L(AL ) +g-+L(A_})

for the Lévy measure I1, of £€* (resp., [1_ of £7) and the probability
distribution L(A4 ) of A4 _ [resp., L(A_ ;) of A_ 4 ].

dx < 00,
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Condition (C) shall be called stationary overshoot condition for (£, J) as it is
the precise condition for the corresponding MAP to have stationary overshoots in
the following sense.

THEOREM 5. If (NL) and (I) hold, then

w-lim PO (& + —a edx, J 1+ = )

a——+00

— w1 —a,i —
= wolim P (E gy € dx, g =)
exists independently of i € {1} and is nondegenerate if and only if Condition (C)
holds.

Theorem 5 is the MAP version of an important result on the existence of sta-
tionary overshoots for Lévy processes (see, for instance, Chapter 7 of [23]) for
which IT reduces to the Lévy measure only. From Theorem 28 in the Appendix,
it follows that stationary overshoots are equivalent to requiring finite mean for the
ladder height processes of (£, J), the analytic condition from (C) is provided in
Theorem 35.

We can now state the main theorem of the present article.

THEOREM 6. Suppose {P* : z # 0} is a real self-similar Markov process for
which the corresponding MAP (&, J) satisfies Conditions (I) and (NL). Then Con-
dition (C) for (€, J) is necessary and sufficient for the existence of an extension
{P?: z € R} on (D(R), D(R)) such that the following properties hold:

1. Under PV the process leaves 0 instantaneously.
2. The corresponding transition semigroup (P;) on R has the Feller property.
3. The family {IP* : z € R} is self-similar.

Furthermore, PV is the unique distribution satisfying either of the first two proper-
ties listed above.

The reader might have realized that Assumption (I) excludes the special case
of positive self-similar Markov processes that occurs for the trivial case that the
Markov chain J is constant and the MAP (&, J) reduces to a Lévy process. In
fact, the proof for pssMps is a line-by-line translation of the proof given here re-
placing in all arguments MAPs by Lévy processes. Since the fluctuation theory
for MAPs developed in the Appendix is classical for Lévy processes, the proof for
pssMps only requires the main body of the article which also simplifies drastically
in notation.
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1.3. Sketch of the proof. The necessity of Condition (C) is straight forward.
Combining the Lamperti—Kiu representation and Theorem 35, the failure of Con-
dition (C) implies

lim P*(|Z = lim ploglellzl
|Z|IE0 (1271 <c) |z|1210 (exp(érgg(g))<c)

(6) = lim PRI g . log(e) <log(c/e))
|z]—0 log(e)
=0

for any positive c, € fixed. Now define

P*(|Z7,| < ¢), 7#0,

o=l

then, using the calculation from (6) and the remark following (30) in the Appendix,
Jf 1s continuous. Hence, for any § > 0 we may choose a > 0 so that sup, |-, f(2) <

8. Suppose P? is as in Theorem 6, then, by the strong Markov property,

PY(|1Zr,| <¢) = 81,1310/ P*(1Z7,| < c)PY(Z7, ed2)

= lim< g f@PZr, ed2) + f@P(Zr, edz))

&'—0 |z|>a

<8+ lim P%(|Z7,| € [a, 00)).
g—0 €

By assumption, under P¥, paths are right-continuous and start from zero so the
limiting probability on the right-hand side vanishes. As § is arbitrary, we proved
that P(|Z 7.| < ¢) =0 for all ¢, ¢ > 0 which contradicts the first property listed in
Theorem 6.

The sufficiency of stationary overshoots in Theorem 6 is nontrivial. Here is the
strategy of the proof, the potential theoretic terminology will be clarified in the
course of the proof.

Step 1: Suppose {P* : z # 0} is a Markov family that is continuous in R \ {0}
with respect to weak convergence on the Skorokhod space—which is true for real
self-similar Markov processes due to the Lamperti—Kiu representation—and PV is
a candidate for the weak limit lim ;o P*. Then a natural guess, for instance from
Aldous’ criterion, of conditions for the weak convergence is as follows:

(a) All overshoots for given levels should converge weakly to the overshoot of
PP for that level. If so, then nothing has to be controlled past the overshoots due to
the strong Markov property and the weak continuity of z — P* away from 0.

(b) The behaviour before the overshoots should be nice in the sense that over-
shoots over small levels will occur quickly.
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To summarize, and this is the content of our Proposition 7, to have weak con-
vergence of P? toward P one needs control on overshoots and times of overshoots
under P%. For real self-similar Markov processes, both quantities can be expressed
and analyzed through the Lamperti—Kiu representation and fluctuation theory for
Markov additive processes.

Step 2: To construct the candidate P assumed in Step 1, we use potential the-
ory: If PO is the self-similar process started from zero, then it is a restriction
of the Kuznetsov measure Q, corresponding to the excessive measure 1(dx) =
IEO[fOOo 1(z,eax)ds], Proposition 3.2 of [13]. Of course, n is not known a priori
without knowing P¥ but this Ansatz leads to a good guess for P0: PV is necessarily
the restriction of a Kuznetsov measure for some purely excessive measure. Since
there are many excessive measures of which only one can be the good one, the
Ansatz might be too naive.

What saves us here is the Lamperti—Kiu representation and Kaspi’s time-change
theorem: Combined they tell us that the excessive measure should be the Revuz
measure of an invariant measure of the MAP. Since invariant measures for MAPs
are easy to find, this approach works.

Potential theory is most effective when the Markov process is transient. We
distinguished two cases in our proof: (&, J) drifting to +o00 and (&, J) oscillating.
In the latter case, the transience is artificially achieved by killing at 7. Such a
killing is by no means unnatural: Since only the entrance behaviour from 0 needs
clarification, it is equivalent to explain the entrance behaviour for the entire process
or the process killed at a set bounded away from 0.

1.4. Organisation of the article. The main argument is relatively short but also
we need to develop a fair amount of fluctuation theory for Markov additive pro-
cesses, which, unfortunately, does not appear to be present in mainstream litera-
ture. In order to keep a clear focus, the proof is split into two parts: In the next sec-
tion, we give the main argument containing Lamperti—Kiu based calculations for
overshoots and times of overshoots (Section 2.2) and the potential theoretic con-
struction of P (Section 2.3). The fluctuation theory is collected in an Appendix.

2. Proof. Throughout the proof, fluctuation theory for Markov additive pro-
cesses is applied as developed in the Appendix. Unless otherwise stated, we as-
sume throughout that (NL), (I) and (C) are in force. An initial browse of the Ap-
pendix at this point may prove to be instructive before digesting the remainder of
this section. The main items that are needed from the Appendix is the role of the
occupation formula (Theorem 27), the Markov renewal theorem (Theorem 28) and
the equivalent conditions for the existence of stationary overshoots (Theorem 35).

2.1. Convergence lemma. The following proposition is the formalization of
Step 1 in the sketch of the proof given in Section 1.3.
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PROPOSITION 7. Suppose the following conditions hold for a strong Markov
family {P* : z € R\ {0}} and a candidate law PY on (D(R), D(R)):

(1a) limg_,olim SUP|z|—0 E?[T,]1=0,
(Ib) w-lim, 0 P*(Z7, € -) =: ne(:) exists for all € > 0,
(1c) R\ {0} 3 z+ P? is continuous in the weak topology on the Skorokhod space

and

(2a) P-almost surely, Zo =0 and Z; # 0 for all t > 0,
(2b) IED()((ZTS4-;)t2() € ) =PHe(.) for every ¢ > 0.

Then the mapping
R >z P*
is continuous in the weak topology on the Skorokhod space.
PROOF. To show convergence in the Skorokhod topology, we work with
Prokhorov’s metric: for m € N and two cadlag paths x, y : R4 — R define
dn(x,y) = inf{S > 0: 3 an increasing continuous function
S:[0,m] — [0, 00) with So =0, ||S —id[l{0,m] <
and ||lx o S — ylljo,m) <8}

and set
o0
dx,y) =Y 27" (dn(x, ) +du(y, x)) A L.
m=1

Since d generates the Skorokhod topology it suffices to verify that, for arbitrary
bounded Lipschitz functions f : D(R) — R with Lipschitz constant «, say, one
has

E*[f(2)] - E°[f(2)]
for every sequence (z,) — 0. By property (1b),
w-lim P (Z7, € -) = e (),

zn—0

so that by the continuity property (1c)

w-lim [ P*(-)P*(Zr, € dx) =/]P’x(-)ug(dx) =PHe(o).

zp—0

In combination with the Markov property and property (2b), we get

w-lmP? ((Zr,4.) € ) = w-lim [ P*()P*(Zy, € dx)

in—> in—>
= P()

=P((Zr,+) €).
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Using the Skorokhod coupling, we can define cadlag processes Z°, Z', Z2, ... on
an appropriate probability space (€2, F, P) on which:

o L(Z") =L, (Z)forneNand L(Z°) = Ly(Z),
o (72, +.) = (Z1,+.), almost surely, in the Skorokhod space.

Forn € {0, 1, ...} we denote by T/ the first entrance time of Z" into (—¢, £)°. We
note that, forevery m e Nand n,n" € {0, 1, ...},

) du(2",2") <26 + [T = T |+ du((ZF1.), (23,0 ,))
which yields
d(2",2°) <de + 2|1 — T\ A1+ d((Zn ). (ZOTg>+.))-
Consequently, using Lipschitz continuity of f, we get
[ELf(Zz")] - E[FD)]|
<kE[d(Z",Z)]
<dice +2¢E[|T) = T)| A+« E[d((ZF2.), (Z10,)]-
By dominated convergence, this gives
limsup|E[ f(Z")] — E[f(Z)]| < 4ke + 2 limsup E[| T — T?| A 1]
n—oo n—o0
and letting ¢ — 0 yields the result since by property (1a),
lim limsup E[T} A 1] =0

e—>0 n—o00

and, using (2a), lim,_o E[TO A1]1=0. O

2.2. Verification of conditions (1a)-(1c). To verify the first three conditions of
Proposition 7, we use the Lamperti—Kiu representation and fluctuation theory for
Markov additive processes.

LEMMA 8. Condition (1a) from Proposition T holds.
PROOF. Using the Lamperti—Kiu representation (4), one has
T, =inf{t > 0:|Z;| > &} @ inf{t:&,-1,) > log(e)} = go(rlj)“g(e))
with rlgg(g) =inf{r : & > log(e)}. Taking expectations and applying the definition

of ¢ yields

Tbte
E[T,] = E'& [‘p(flig(s))] = EloelblE |:/0 O g0y ds].
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In order to calculate the right-hand side, we use results from the Appendix. Let P
be the law of the dual MAP introduced in Appendix A.2. It will be useful below to
note that, for example, for bounded measurable functions f,

. T A .
EV'[f(=8), Ji = j]=ZET[f &), Ji=i],  z€R.i, je(£l},r=0.
l
[Compare, for instance, (20) in the Appendix.] Similarly to Lévy processes, MAPs

are spatially homogeneous in the first variable. Using duality in the second and
homogeneity in the third equality gives

1 1L’1?;};(8)
ploglel.[z] [ / o ds}
0

toglzlfz1[ 7060 g ,
:ZEgZ’Z[/ " ds; J + :j]
0 log(e)

j=%1
i ~ : I:O e

= Y —LETlegkl) [/ O ook g, - = [z]]
j=t1 (2] 0 —log(e)

— Z ﬂélog(s/lzl),j |:/TO e~ (s —log(e)) ds; J - = [Z]i|
j==%l1 n[Z] 0 0

— ¥ Z ﬂEAlog(a?/lzl),j['/t0 oo ds; J - = [Z]i|

j==£1 7zl 0 0

<ot Y Eﬁvlog(e/IZI),j[/to 1 ds]
Jik=1 Tzl 0

Appealing to Remark 25 and Theorem 27 in Appendix A.5, we can put the pieces
above together and write

YT j A
EZ[TS] S 80{ Z —‘I Z / e_ay U/_FZ (dy)
j,k::l:l T[[Z] (=41 [0,00) Jo

T
y / e_a(log(e/lzl)—Z)—kUlj—g (dz),
[0,log(e/Iz])] S

where the measure U, k+ ¢ (resp. 0]7}) is the potential measure of the ascending

(resp., dual ascending) Markov additive ladder height process of &. The reader
is referred to Appendix A.5 for the precise definition. What is important to
note for their use in this proof are the following two facts. First, the integrals
f[o, € U]fg (dy) are all finite; see, for example, formula (28) in Appendix A.5.
Second, the key renewal-type theorem given in Theorem 28(ii) of Appendix A.6
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ensures that

lim e_“(log(g/V')_Z)U,:rﬁ(dz) = w/aEO’”[HfL]

121—0J10,log(e/|z)] ’
for each k, £ € {1}, where the exact nature of the expectation E O H 1+ 1 € (0, o0]
is again explained in the Appendix. All that we need to know at this point of the
argument is that it is finite. This follows from Theorem 35 in the Appendix thanks
to Condition (C). In conclusion, we have that there exists a constant C € (0, 00)
such that

lim lim E*[T.] < lim Ce* =0

e—>0]z]—0 e—0

and the proof is complete. [

In the next lemma, we deduce the overshoot distributions for real self-similar
Markov processes from the overshoot distributions of the corresponding Markov
additive processes. In particular, we prove that Condition (1b) is satisfied in the
setting of Theorem 6.

LEMMA 9. Lete >0and|y|>e.
(i) There are proper weak limits

w-limP*(Z7, € dy) = pe(dy),

lz]—0

if and only if Condition (C) holds.
(ii) If Condition (C) holds, then PV¢(Zr, € dz) = ue/(dz) for 0 < e < ¢ and
lz| > €.

PROOF. (i) The Lamperti—Kiu representation (4) and spatial homogeneity of
Markov additive processes imply that, for 0 < a < b,

P(Z1, € [a, b))

_ ploglzl,[z] . _
=P (exp(STl:g(S)) € la,b]; Jfgg(g) =1)

_ ploglzl.z] (5{ o log(e) € [log(a/e),log(b/e)]; It o= 1)
b ogle

and, analogously,
P*(Z7, € [—b, —al)
= PRl (e —log(e) € [loga/e). log(b/e)]: Js  =—1).

Tlog (e Tlog (¢/121)

Hence, the distributions £*(Z7,) converge for |z|] — 0 if and only if the overshoots
of the Markov additive process converge to a proper limit. This is equivalent to
Condition (C) by Theorem 5.
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(i1) We use the strong Markov property and (i) for an interval A:

e (A) = lim P*(Z1, € A)
20 ‘

= lim [ P*(Z7, € AP*(Z1, € dx)

lz|—
— lim f FAOP(Zy, € dx)
Vvl ed

with fa(x) :=P*(Zr, € A). Using that f, is bounded and continuous [see (30)
and the remark beneath it] and the weak convergence from (i) yields

o) = [ faGpe(dn) =P (Zz, € A)

as required. [J

A direct consequence of the Lamperti—Kiu representation (4) is the following
result.

LEMMA 10. Condition (1c) from Proposition 7 holds.

2.3. Verification of conditions (2a)—(2b) and construction of PY. 1In this sec-
tion, we construct the measure PY and verify conditions (2a)—(2b) of Proposition 7.
Before doing so, we give a brief overview of some notation and results from prob-
abilistic potential theory. For a more detailed account, the reader is referred to
Dellacherie et al. [8] (available in French only).

Notation. We work in the setting of Fitzsimmons and Maisonneuve [14] that
was also used by Kaspi [18].

Let E be a locally compact Polish space equipped with its Borel o -algebra £.
We extend E by an isolated cemetery state d and also equip the extended space
E U {0} with its respective Borel o-algebra. Let W be the space of functions w :
R — E U {0} that are E-valued and cadlag on a nonempty interval (e(w), S(w))
and are equal to 0 on the complement of («x(w), 8(w)). One calls a(w) = inf{¢ :
w; € E} the time of birth, S(w) = sup{t : w; € E} the time of death and ¢ (w) :=
B(w) — a(w) the life-time. We denote by (Y;(w));cr = (w;)ser the canonical
process on W and by G = o (¥s : s € R) the canonical o-algebra on W. Assume
that P = (Py);>0 is the transition semigroup of a Feller process on E. A family
(7)ter of measures on (E, &) is called an entrance rule for P if n, Ps_; < ns for
s > t, and an entrance law (at time zero) if n; =0 for¢t < 0and n; P;_; = n, for s >
t > 0. In the stationary case where n; = m, m is called excessive measure. Write
Q, for the Kuznetsov measure corresponding to (1, P) and Q,, for the stationary
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case. That is to say, Q, is the unique measure on (W, G) with one-dimensional
marginals n; and transition semigroup (P;). More precisely,

Oy(a(Y) <t1,Yy €dxy,.... Yy, €dxy, ty < B(Y))
=1y (dxl)Ptz—tl (x1,dx2) - Ptn—t,,,l(xn—l, dxy)

for —oo < 1] <--- < t, < +00. Under a Kuznetsov measure, the canonical process
is a strong Markov process with random birth and death, that is, if T is a stopping
time with respect to the canonical right continuous filtration (G;) one has

Qy((Yei)is0 €-1G:) = PY(),  on{a <t <pl

Conditions under which Kuznetsov measures Q,, exist (which are necessarily sat-
isfied in the stationary case) can be found in Kuznetsov’s work [22].

For the stationary case n; = m, a particularly simple construction of Kuznetsov
measures was given by Mitro [26] for a Markov process in duality, with respect
to m, to a second Markov process ()A( )r=0 With transition semigroup (ﬁz) >0, that
is,

®) Pi(x, dy)m(dx) = P,(y, dx)m(dy).

In the dual setting Q,, is the unique measure on (W, G) that is translation invariant
and has finite dimensional marginals

Qa(Y) <s1, Y €dyr, ..., Y5, €dy, Yy, €dxy, ..., Yy, €dxp, B(Y) > 17)
:/ m(dx)PX[Ry, € dyr,..., Ry € dy)P*[Xy, €dxi, ..., Xy, € dxe]
E

at the times s; < --- <51 <0<t <--- <. In words, to build Q,,|{¢<0<p} one
samples the invariant measure m at time 0, and from the outcome starts an inde-
pendent copy of X to the right and an independent copy of the dual X to the left.
An important consequence is that time-reversing the Kuznetsov measure for (n, P)
yields the Kuznetsov measure for (1, 13). We should also recall the fact:

e 9, (0 =—00)=0if m is purely excessive (i.e., m P — 0 as t — 00),
o Q. (o> —00)=0if m is invariant (i.e., m P = m for all t > 0).

Later on we will use an entrance law at time zero for the real self-similar
Markov process to construct Q,—recall that automatically o = 0 for almost all
trajectories—and via Q,, extend the Markov family {P*:z € R\ {0}} in the fol-
lowing way.

LEMMA 11. Let E U {0} be a Polish space and let {P* : x € E} denote a
(killed) Markov family on the space E. Suppose that (1) is an entrance law for the
Markov family on E for which the corresponding Kuznetsov measure Q,, fulfills:

(i) Qy is a finite nontrivial measure,
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(i) lim;—0Y; =0, Qy-a.e., in the space E U {0}
and define the restriction mapping

0, t=0,

m:W—D(EU{0,0)}), T(w); =
wy, t>0,

where E U {0, 0} denotes the extension of the Polish space E U {6} by an isolated
point 0 and D(E U {6, 3}) denotes the corresponding space of cadlag functions.
For the normalized measure,

Q,(r~1(A)
QW) 7
the extended family {P* : x € E U {0}} is a (killed) Markov family on E U {6} so

that under P the canonical process leaves the initial value 6 instantaneously and
satisfies the strong Markov property for strictly positive stopping times.

PY(A) = AeD(EU{AU}),

The lemma is an immediate consequence of the strong Markov property of
Kuznetsov measures.

In order to construct a good entrance law at zero for the real self-similar Markov
process, we use the theory of random time-changes for Kuznetsov measures as
developed by Kaspi.

Random time-change. Let us recall Theorems (2.3) and (2.10) of Kaspi [18] in
the simplest form: Given a (killed) Markov process on E with transition semigroup
(P;) and a locally bounded measurable function 4 : E U {3} — (0, co) that defines
a time-changed Markov transition semigroup via

~ A
P f(x):=E*[f(Zs)], where S; = inf{s >0: / h(Z,)du > t}.
0
Let Q,, be the Kuznetsov measure for (m, P) and suppose
B, ::/ h(Y;)ds < o0
(o,t]

for almost all realizations (by time homogeneity of Q,, it suffices to check the
property only for time # = 0). Then there is an entrance law (7;) at time zero for
(P;) such that the corresponding Kuznetsov measure Q,; satisfies

QA B> =Qu(x '(A),0<B ' <1), AecG,1>0,
where
Y

) B t >0,
T =
s, t <0.
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In what follows, we fix the MAP (&, J) on R x {%1} obtained from the given
real self-similar Markov process through the Lamperti—Kiu representation and
consider the time-change

P f(x,i):= EX[f (s, Is)],
9)

S
where S; = inf{s >0: / e“u dy > t}.
0

We use the knowledge of invariant measures for MAPs to construct an entrance
law at zero for (P;); thus, through concatenation with 4 (x, i) = exp(x)i, for the
real self-similar Markov process.

LEMMA 12. If (¢, ) drifts to 400, then there exists a distribution P° on
(D), D(R)) for which Conditions (2a) and (2b) of Proposition T hold.

PROOF.  We construct an entrance law (1,) at time zero for (13,) such that the
associated Kuznetsov measure Q) satisfies, for ¥ = (Yl v?):

(i) lim, o ¥,! = —o0 and B(Y) = 00, O,-ace.,
(ii) Q) is a finite measure,
(i) if 7" =inf{r : ¥, > z} for z € R then

Q,,((Yflz+ —z, Yé) € (dx, {i})) = O, (W)v(dx, {i}),

where v is the stationary overshoot distribution appearing in Theorem 28 for
the MAP (&, J).

If such a measure Qn can be constructed, then by the Lamperti—Kiu representa-
tion (4) and through Lemma 11, we obtain P¥ from Qn by taking its image under
the pathwise transformation A (&, J) = exp(£)J and normalizing to a probability
measure. The claimed properties (2a) and (2b) follow from the construction.

Lemma 22 in the Appendix shows that (£, J) and (é , J ) are in duality on
E =R x {£1} with respect to the invariant measure m(dx, {i}) = dx 7 (i). By
assumption, (£, J) drifts to 400 and the dual (é , J ) drifts to —oo. We use Mitro’s
construction for Q,,: Sample (x, i) from m and start independently copies of P**/
in the positive time-direction and Pl in the negative time-direction. We conclude
that, Q,,-a.e., a(Y) = —oo and B(Y) = 400 as well as
(10) lim ¥!'=—co and lim ¥!=4o0.

t——00 t—400

We now apply Kaspi’s time-change as discussed above the lemma to Q,,, with B; =
It oo EXp(aY, rl) dr. In order to use Kaspi’s result, we need to check that By < oo for
O,»-almost all realizations. From the two-sided construction of Q,,, it is enough
to show that fO°° exp(aé&,)dr < oo for P*i_almost all (&, J). This holds due to
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the law of large numbers for the dual Markov additive process that drifts to —oo.
Hence, there is an entrance law (n;) at time zero for (P;) and the corresponding
Kuznetsov measure Q,, satisfies

(11) 0,(A,B>1)=Qu(r ' (A),0< B <1), AeF,

with 7 (Y); = YBl—l for t >0 and 7 (Y); = 0 for t < 0. Formula (11) combined
with (10) entail property (i).

Next, we show that the measure Qn is finite. We combine convergence of the
overshoots of the MAP with Theorem (2.3) of Kaspi. By Theorem 28 in the
Appendix, there exists a limiting overshoot distribution for the MAP, say v. We
choose ¢ > 0 such that v((0, ¢) x {£1}) > 0 and set A = (0, ¢) x {£1}. Note that
the map

T roo
RBX!—)EX’I[/ 1A($Sz"]5z))dti|
0

is lower semi-continuous so that by the Markov property and weak convergence of
the overshoot distribution

. 00 o0
liminf E* |:‘/(; 1A(§S(l‘)s JS(,))dl‘] > Ev|;/‘0 lA(fg(,), ]S(t))dl‘] =:k > 0.

x| —00

Hence, by Fatou’s inequality and the strong Markov property for Q,],

Qn</0 1A(Ys)ds>21irg%nfén<EYs|:/() 1A(gs(,),JS(,))dtD
(12) )
ZKQT](W)v

where we have used that lim, ¢ ¥, 51 = -0 Qn—a.e. Furthermore, Theorem (2.3) of
Kaspi relates the occupation time of the set A under the measures Q, and Q,, as

follows:
5 ([ 1 _ 1y o]
Qn</0 lA(YS)ds>_Qm<_/[-O’D1A(Y, e dt)

:/ e*'m(dy) < oo.
A

13)

Here, we used that we can interchange the order of integration by Fubini’s theorem
since Q,, is o -finite by construction. Combining the two display formulas (12) and
(13) gives that Qn (W) is finite and nonzero. Thus, we proved property (ii).

To prove property (iii), we note that the overshoot distribution is not affected
by a time change, and hence agrees for (P,) and (P,). Consequently, using the
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Markov property under the measure Q,, we get that

O((1) — 2 ¥2) €)=y im &, [ (6 2.7 € )
= w-lim &, [P (6 =2, J,2) € )]

= Q,(W)v(").

This shows (iii) and the proof is complete. [

The same proof cannot be carried out if (§, J) oscillates. Choosing the same
invariant measure 7 leads to a Kuznetsov measure O, under which trajectories
oscillate in both directions of time. Hence, there is no way this construction yields
a law PO satisfying (2a) of Proposition 7. Essentially, the problem is that Z is not
transient. To circumvent this issue, Z is killed at 77 and then we proceed similarly
as before. This is captured in the lemma below.

REMARK 13. Before turning to the aforesaid lemma, let us note that the cases
that (&, J) drifts to +o00 or oscillates can of course be treated both with killing as
in the proof of Lemma 14. In order to work out clearly the main ideas we preferred
to give the more transparent case without killing separately in Lemma 12. In par-
ticular, the curious reader will find it easier to compare our proof to Fitzsimmons’
[12] construction of excursion measures in the recurrent case.

LEMMA 14. If (&, J) oscillates, then there exists a distribution P° on the mea-
surable space (D(R), D(R)) for which Conditions (2a) and (2b) of Proposition 7
hold.

PROOF. We mimic the proof of Lemma 12 with additional killing.

Recall from Remark 32 in the Appendix that there exists a harmonic function
(x,i)— U l.+ (x) related to the MAP killed when its first component reaches the
positive half-line, henceforth denoted by (£7, J¥). The corresponding A-transfor-
med process is indicated with the superscript |, . We shall also write their respective

transition kernels as P ((x,1), (dy,{j})) and P ((x,1), (dy, {j})), with the addi-
tion of a hat to mean the dual map as defined in Appendix A.2.

Next, we show duality in the sense of (8) for (S i ¢) and (¢7, JT) with respect
to the duality measure m(dx, {i}) = m; U+(x) dx on (—o0, 0) x {£1}. The duality
comes from the short calculation

SLo . L Uo RS
Pt ((X, l)v (dy’ {J}))m(d-x’ {l}) = = ) Pt ((X, l)a (dy’ {J}))nlUl (x)dx

= U7 P (v, ), (dx. (1Y) dy

= P/ ((y, ), (dx, {i}))m(dy, (j}),
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where we used the definition of m twice, the generic A-transform formula

h(y)
h(x)
for transition probabilities of A-transformed processes, and the ordinary MAP du-
ality formula

Bl (e, 1), (dy, ()i dx = P (v, ), (dx, (i) dy
from Lemma 22 in the Appendix.

Mitro’s construction of the Kuznetsov measure QL for the killed MAP with
respect to m works as follows: Sample (x,i) € (—o0,0) x {£1} according to
m at time zero and start independently a copy of the killed process P*: 4T in
positive time-direction and a copy of the conditioned process pxid in nega-
tive time-direction. Since the MAP was assumed to oscillate, the killing time of
the former is finite almost surely. Furthermore, the conditioned process drifts to
—o0o almost surely by Proposition 33 in the Appendix. Hence, almost all trajec-
tories Y = (Y1, Y2) under QT are born at time a(Y) = —oo, die at a finite time
B(Y) < +00 and satisfy lim; | Y = —00.

We now apply Kaspi’s time- change to QJr with B, = [ 00 exp(ozY )dr. In order
to use Kaspi’s result, we need to check that By < oo for Q,Tn almost all realizations.
From the two-sided construction of an’ it is clearly enough to show that prid.
almost surely fooo exp(aé,)dr < oo forall (x,i) € (—00,0) x {£1}. To do so, we
show finiteness of the expectation:

I%x’i’i[/ooeass ds] = /oo EX I [e%5 ) ds
0 0

w A .

=/ Z /eo‘ny”’i(Esedy,Js=j)ds
0 j=1 R

=% [ [T A eay s =rds

(14) Pl (x,dy) = Pi(x,dy)

j=1.2
=) f e U ((x, 1), dy, {j})
(15) =t
U+(x) > [T e o mi i @y 1)
j=1,2
U+(x) > f VU ((x., 1), (dy. {j}))
j=1,2

C ~ . o0
= — Ex”’T[/ e2%Es ds]
U (x) 0

N
= — ¢ EAx’i|:/r0 o2%s ds],
U (x) 0
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where we used Fubini’s theorem and the relation

. Ufm -

U (6, 0), (dy, 1) = == U ((x, ), (dy, (1),

U, i (x)
with U ((x,1), (dy,{j})) being the potentlal measure of (£, .U, [a consequence
of (14)] and that the potentials y +— Ut ;7 (y) grow at most linearly (see Theorem 28
of the Appendix). The right-hand side of (15) was already shown to be finite in the
proof of Lemma 8.
Theorems (2.3) and (2.10) of Kaspi [18] thus give us an entrance law (1,) at zero

and a corresponding Kuznetsov measure Q for the time-changed killed process

(16) B f(x,i) = EXN £ Esy Tsan))s
with S; = inf{s > 0: [ exp(a&,) du > r} and furthermore
(17) ol p>n=9f (x7' (W), 0<B " <1), AeF,

with 7 (Y); = YBI—I. As in the previous proof, (17) and the almost sure behaviour
under QL imply the following claims:

Claim: Q;—almost all trajectories satisfy lim; o Y!=—oc0and B(Y) < +oo.

Claim: Q;(W) < 0.

The proof is exactly as in the proof of Lemma 12.

Claim: Qf (Y}, —z,Y2) € (dx, (i})) = Qy(W)v(dx, {i}) for all z < 0.

The proof is exactly as 1n the proof of Lemma 12 using only z < 0.

Normalizing Q; to a probability measure and taking its image under the path-
wise transformation 2 (£, J) = exp(£)J and normalising yields a probablhty law
P%-7, which is a Kuznetsov measure for the transition semigroup (P,") killed at T7.
The overshoot distribution under P%T at levels & < 1 have distributions i, (see
the proof of Lemma 9). Concatenating P*" with an independent copy of P!, that
is, running a trajectory under P*-" until 7; and then continuing with an indepen-
dent copy of P#1, yields P?. From the above and Lemma 9, P° has the claimed
properties. [J

2.4. Proof of Theorem 6. The argument for the necessity of Condition (C) was
given in Section 1.3.

Now suppose (C) holds and let P? as in Lemma 12 or Lemma 14, respectively.
Then the first property of Theorem 6 is satisfied and the canonical process under
PO is strongly Markov for strictly positive stopping times as it is a Kuznetsov
measure. In particular, properties (2a) and (2b) of Proposition 7 are true. As shown
in Section 2.2, properties (1a) to (1c) are also fulfilled, thus,

w-limP? = PO,

We will use these properties to conclude the remaining assertions of Theorem 6.
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Step 1: We show that the extension {P* : z € R} is Feller. First, we show that for
arbitrary ¢ > 0 and continuous and bounded functions f : R — R the semigroup
P, f(x) =E*[f(X;)] is continuous on R. Suppose that the sequence (x;,),en con-
verges to x € R. We know already that w-1lim,_, oo P** = P* on the Skorokhod
space and it follows that

P f(xn) =E™ [ f(Z)] > E*[f(Z)] = P f (x),

once we ensured that under P* the canonical process Z is almost surely continuous
in ¢ since point evaluations on the Skorokhod space are continuous on the set of
functions being continuous in the respective point. To show this, we recall that the
paths of real self-similar Markov processes are quasi-left-continuous because the
same is true of MAPs, in particular, when they are time changed by the sequence
of stopping times that appear in the Lamperti—Kiu transform. This means that Z is
continuous in #, almost surely, under P* if x #£ 0. In the case where x = 0, we use
the Markov property to conclude that

PY(Z has jump at 7) = E°[P%/2(Z has jump at 1/2)] = 0.

Next, we show that, if additionally f vanishes at infinity, then this is also the case
for P; f. This is a consequence of the fact that for every C > 0

lim IP’X( min |Z| < C) —0,

[x]—o00 s€[0,¢]

which itself follows easily from the Lamperti—Kiu representation. Indeed, this es-
timate implies that

- [PfE] = max [f()] +Px(sg%gg]|zs| <C) r;leaﬂgf(y)\
— max | f(y)|
yiy|=C

for |x| — oo. Thus, P, f is vanishing at infinity since C > 0 is arbitrary.

It remains to show the strong continuity for a continuous function f : R — R
vanishing at infinity. Let (#,) be a decreasing sequence with #, — 0 and (x,) a
sequence in R with either |x,| — oo or x,, — x for an x € R. In the case where
|x,| = 00, with the same estimate as in (18), we find

| Py, f Cen) = f )| < [Py, f Gen)| + [ f )| = 0.
Moreover, if x, — x, we get that

Py, f (o) =E"[f(Zy,)] = E*[f(Zo)] = f (%)
since the functional

D(R) x [0,00) > (w, 1) —~ w; € R
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is continuous in P* ® dg-almost all entries. Consequently, one has
limsup| P, f (x) — f (x)| =0,
110 yeR

since we could otherwise construct sequences (#,) and (x;) as above contradicting
the above properties (based on the compactness of the one point compactification
of R).

Step 2: Next, we show that PV provides the law of a self-similar process. For a
continuous and bounded functional f : D(R) — R, we have

B[ (cZe-e)] = im BF[ f (cZ-)] = lim B[ (2)] = E"[ £ (2)]

Step 3: Finally, we show that PV is the unique Markovian extension satisfying
either the first or second property in the statement of the theorem. Suppose there
exists another Markovian extension satisfying the first property in the statement of
the theorem and denote it by PO, Then, for ¢t > 0,

P(Z, € ) = w-1imP*(Z;4p € )
el0
= w-limP°(P% (Z, € -))
el0

=P(Z €.
where we used in the first step that (Z;) is right-continuous, in the second step
the Markov property of P? and in the third step that Z, = &y under P° and
w-lim,_,oP*(Z; € -) = P(Z; € -) by the Feller property for PV, By using the
Markov property, one easily sees that the distributions P? and PO coincide.
Suppose now that, instead, that PO satisfies the second (Feller) property in the
statement of the theorem. Then using the Feller property twice we get

P'(Z; € ) =w-limP*(Z, € ) =P*(Z, € )
x—0
so that P? and PY coincide again by the Markov property.
2.5. Remarks on the proof.

REMARK 15. The way the limiting law P is constructed one can say that the
Lamperti—Kiu representation extends in a slightly unhandy way to initial condi-
tion 0. Due to the explicit construction of the Kuznetsov measure from two-sided
MAPs one can for instance deduce from almost sure results for MAPs almost sure
results for self-similar Markov processes started from zero.

REMARK 16 (Proof of Theorem 6 fails if (C) fails). Calculations similar to
those from Lemma 12 (resp., Lemma 14) can be used in order to show that the di-
vergence of overshoots implies Q, (W) = oo [resp. Q;(W) = o0]. Hence, if Con-
dition (C) fails, then necessarily Qn (resp. Q;) is an infinite measure and as such
cannot be normalized to a probability measure PV,
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REMARK 17. The previous remark has an interesting consequence: in con-
trast to other known constructions of P in the setting of pssMps, our con-
struction works irrespectively of Condition (C). When (C) fails, then the infi-
nite Kuznetsov measure can still be used to study conditional limits, such as
lim|y|— o P*(-|the interval [a, b] is hit).

REMARK 18 (Relation to Bertoin, Savov [4]). For pssMps Bertoin and Savov
constructed P? by hand without appealing to the probabilistic potential theory cen-
tred around Kuznetsov’s measure. Their construction is in the spirit of the Fitzsim-
mons and Taksar [15] construction of stationary regenerative sets as range of sta-
tionary subordinators. In essence, we first constructed a Kuznetsov measure and
then produced the so-called quasi-process by taking Palm measures in (11) [resp.,
in (17)]. Bertoin and Savov directly wrote down the quasi-process—their construc-
tion only works under Condition (C); see Remark 17.

REMARK 19. The advantage of undertaking the detour through Kuznetsov
measures is mostly technical. It allowed us to write down, with a minimal use of
fluctuation theory, the limiting object P?. For instance, there was no need to use
the nontrivial existence of PV issued from the origin. Since fluctuation theory is
delicate, a proof with minimal use is desirable, in particular, for possible future
generalizations to more general domains. One direction for which our construc-
tion works but fluctuation theory is not available are multi-self-similar Markov
processes introduced in Yor, Jacobson [16].

REMARK 20. For real self-similar Markov processes, with jumps only to-
ward the origin, a construction of Py was already given in [10] through jump-type
stochastic differential equations. That approach lacks generality since the weak
uniqueness argument does not extend to full generality. It might be an interesting
question to ask if the potential theory of the present article can be used to prove
the weak uniqueness of the differential equations.

APPENDIX: RESULTS FOR MARKOV ADDITIVE PROCESSES

Unlike the case of Lévy processes, general fluctuation theory for Markov ad-
ditive processes (MAPs) appears to be relatively incomplete in the literature. Ac-
cordingly, in this Appendix, we address those parts of the fluctuation theory that
are needed in the main body of the text above.

The contents of the Appendix is as follows:

A.1. Basics.

A.2. Duality.

A.3. Local time and Cox process of excursions.
A.4. Splitting at the maximum.
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A.5. Occupation formula.

A.6. Markov renewal theory.

A.7. Harmonic functions.

A.8. Conditioning to stay positive.
A.9. Laws of large numbers.
A.10. Tightness of the overshoots.

Unfortunately, a complete treatment would require a whole book’s worth of text.
Therefore, as a compromise and with an apology to the reader, the presentation
of A.1 to A.8 mostly highlights selected results and the main steps to prove them.
Almost all fluctuation theory can be constructed by analogy with fluctuation theory
of Lévy processes. The selected computations we dwell on below pertain largely
to the peculiarities that are specific to the case of MAPs. Results in A.9 and A.10
are not in analogy to Lévy processes and nontrivial so full proofs are given.

A.1. Basics. Recall that (&, J;);>0 denotes a MAP on R x E, where E is a
finite set. Recall also that its natural filtration is denoted by (F;);>0 and its proba-
bilities by (P*1) xeR,icE- We shall also assume that E is irreducible and aperiodic,
and hence ergodic. Denote the intensity matrix of J by Q = (g; )i, jeE. Its sta-
tionary distribution is denoted by 7w = (71, ..., 7 g|).

Unless otherwise stated, we assume throughout that £ is nonlattice, that is, (NL)
is in force.

Referring to Proposition 2, the characteristic exponents of the “pure-state” Lévy
processes appearing in Proposition 2 will be denoted by v; (z) = log E[exp(z‘;‘f)],
z € C, whenever the right-hand side exists. It suffices for us to deal with the
case that ¥;(0) = 0 for all i € E, that is, none of the Lévy processes are killed.
Furthermore, whenever it exists, define the matrix G(z) = (G, (2))i, jeE, Where
Gi,j(z) =Elexp(zA; j)], i, j € E. For each i, j € E such that i # j, the random
variables A; ; have law F; ; corresponding to the distribution of the additional
jump that is inserted into the path of the MAP when J undergoes a transition from
i to j. For convenience, we assume that A; ; = 0 whenever ¢; ; =0 and also set
A;; =0 for each i € E. According to Proposition 2, this assumption is without
loss of generality since those transitional jumps never occur.

A crucial role will be played by the matrices

(19) F(2) :=diag(y1(2), ... V1| (D) + (4:,;Gi,j (), jep

which are defined on C whenever the right-hand side exists. The matrix F is called
the matrix exponent of the MAP (&, J) because

EO’i[eZEt,Jt=j]=(eF(Z)t)i,j’ i,jEE,

for all z € C for which one of the sides is defined.
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A.2. Duality. Given the MAP & with probabilities P x € R, i € E,wecan
introduce the dual process; that is, the MAP with probabilities P*', x e R, i € E,
whose matrix exponent, when it is defined, is given by

E%i[e% g, = j] = (eF @) i,j€E,

ij’

where
F(2) :=diag(¥1(=2), ..., Y£|(—=2)) + 0 0 G(—2)T

and Q is the intensity matrix of the modulating Markov chain on E with entries
given by

. m; .
qi.j = —9j.i> i,jEE.
T

i

Note that the latter can also be written Q =A; 'OTA,, where Ay = diag(my,
..., E|), and hence, when it exists,

F(2)=A07"F(=2)" Ag,
showing that
(20) m E% [, ) = j]=m; E%I[e™ J, =1].
At the level of processes, one can understand (20) as changing time-directions.

LEMMA 21. We have that {(§—s)— — &, Ji—s)—) : § < t} under PO —
Zii‘l 7 PO s equal in law to {(&;, Js) : s <t} under por,

Additionally to the ordinary duality (20), we will use duality in the general sense
of (8) for the killed MAP
Pi((x.). (dy. {j})) = P* [ edy. & <0; )y =/,  x,y<0,1>0,i,j€E,

where & = sup, <, &. The next two duality formulas are called switching identities.

LEMMA 22. Ifx,yeRandi, j € E, then
PV edy; J, = jymidx = PP (& edx; Jy=i)m;dy
and, for x,y <0,
Bl (e, ), (dy, 1) dx = P (v, ), (dx, (i})7; dy.

The proofs of the previous two lemmas are standard, especially in light of the
straightforward nature of the analogous proofs for Lévy processes (see, e.g., Chap-
ter II of [3]), and we leave them to the reader.



1978 S. DEREICH, L. DORING AND A. E. KYPRIANOU

A.3. Local time and Cox process of excursions. Let Y = (x v &) — &,
t > 0, where we recall that é, = sup, -, &. Following ideas that are well known
from the theory of Lévy processes, it is straightforward to show that, as a pair, the
process (Y ), J) is a strong Markov process. For convenience, write Y in place of
Y@ Since (Y, J) is a strong Markov process, by the general theory (cf. Chapter
IV of [3]) there exists a local time at the point (0, i), which we henceforth denote

by {Lﬁ") :t > 0}. Now consider the process
L= LY, t>0,
icE
where each of the local time processes L") may be chosen up to an arbitrary scal-
ing constant. Since, almost surely, for each i # j in E, the points of increase of L®
and L) are disjoint, it follows that (L™, HT, JT) := (L', HY, J") : 1 > 0} is
a (possibly killed) Markov additive bivariate subordinator, where

H = Ei-1 and J;" = Ji-ts if L7! <00

and H;" := oo and J;" := oo otherwise. Note that the rate at which the process
(L', H*, J*) is killed depends on the state of the chain J* when killing occurs.
This will be addressed in more detail shortly. We also note that {¢; : t > 0} is a
(killed) Cox process, where

a={51,, —§ s <AL, AL >0,

and €; = d, some isolated state, otherwise. Henceforth, write n; for the intensity
measure of this Cox process when the underlying modulating chain J T is in state
i € E. As a bivariate Markov additive subordinator, the process (l_fl, HT, J)
has a matrix Laplace exponent given by

O L A e A W )

ij’
where the matrix k™ (a, B) has the structure
«t(a, ) =diag(® (@, B), ..., D (@, $)) = QT 0 G (@, ), &, >0

such that, for i € E, CI>;r(oc, B) is the subordinator exponent that describes the
movement of (L™, Ht) when the modulating chain J7 is in state i. Moreover,
Q™ is the intensity of J* and the matrix G*(a, 8) = (G («, /3))1 j 18 such that,
for i # j in E, its (i, j)th entry is the Laplace transform of F ;(dy, dx), the joint
distribution of the additional jump incurred by (L~!, H) when the modulating
chain changes state from i to j. The diagonal elements of GT(B) are set to unity.
Note later on, we will abuse notation and write F * (dx) in place of Fl+j (R, dx).
For i € E, we can now identify the exponents

@ (@, B) = ni(¢ = 00) +aja + bi

o0 o
+/ / (1 — e P)n;(¢ e dx, e, €dy, Jr =1),
0 0
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for «, B > 0, where a;, b; > 0 and ¢ = inf{s > 0: € > 0} the excursion length. Note
in particular that the matrix

kT(0,0) = diag(n1(¢ = 00), ..., nk(¢ = 00)),

encodes the respective killing rates of (L~!, HT, J*) when J* is in each state
of E.

On a final note, since the local times L) may be chosen up to an arbitrary
scaling constant, the matrix exponent k¥ (c, 8) can only be defined up to pre-
multiplication of a diagonal matrix with strictly positive entries (henceforth re-
ferred to as a strictly positive diagonal matrix). The reader will note that, in the
forthcoming identities that concern the MAP, the choice of local time normalisa-
tion is (obviously) irrelevant.

The assumption that £ is nonlattice implies that the jump measures associated
to H+,namely ni(e; €dx, J§+ =1i),i € E,and Fl.ij, i#j,i,je€ E,arediffuse on
(0, 00). For the sake of brevity, we give no proof of this fact here. Instead, we refer
to the proof of the analogous result for the case of Lévy processes. In that case,
one may draw the desired conclusion out of, for example, Vigon’s identity for the
jump measure of the ascending ladder height process; see Theorem 7.8 in [23]. As
one sees from the proof there, this identity is derived using the so-called quintu-
ple law of the first passage problem, which itself follows from a straightforward
application of the compensation formula for the Poisson point process of jumps.
A quintuple law can also be derived in the MAP setting using the same technique
as in the Lévy setting, where one appeals to an analogue of the compensation for-
mula for the Cox process of jumps. This would also form the basis of the proof
that the jump measures associated to H* are diffuse in the MAP case.

A.4. Splitting at the maximum. Now suppose that e, is an exponentially
distributed random variable with rate ¢ > 0. Consider a marked version of the

Cox process described above in which each excursion €; # 0 is marked with an

independent copy of e, denoted by _eg), for r > 0. Let m; = sup{s <t :_E, =&}

Poisson thinning dictates that (71 ”» & eq) is equal in law to the process (L~',HH)

conditioned on {Al_[1 < eg) for all # > 0} and stopped with rate matrix
diag(a1g +ni1(¢ > ey),....ag1g +nE|(C > ey))
=diag(aiq +n1(1—e79),....aqrq +nEe /(1 —e 1))
= diag(q)fr(q, 0),..., qu;;'(q, 0)).

In particular, the conditioned process is stopped at a random time 6, with the
property that

. t
Po,l(éq>t|0{]§":s§t}):exp(—/ QDJJF(q,O)ds).
O S
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The aforementioned conditioned process has matrix exponent which can be de-
rived from the matrix exponent «*(c, B). Indeed, whereas in kT («, 8) the pure
states are represented as d>l.+ (o, B) in the conditioned process. This is replaced by

0 o0
ni(¢ =OO)+ai05+bi,3+/ / (1—e PN e T n; (¢ edx, e €dy, Jr=1i),
0 0

for «, B > 0, which is also equal to d>l.+ g+oa B)— <I>i+(q, 0). Hence, the condi-
tioned process has matrix exponent given by

(. B)
Q1) =diag(®] (g + @ ) = P (g,0),.... P (g +a, ) — P (g, 0))

— 070G (a, p),

for o, B > 0.

For convenience, denote by (£~!,H, JT) the process corresponding to the
pair (L~', H") conditioned on {AZ,‘ I < eg) for all + > 0}, that is, the Markov
additive process with joint Laplace exponent give by (21). Define Jmeq =
limmmq Jsl(gmeq >Eire, ) + limg Ve, Jsl(?meq =$meq); that is, Jmeq takes the value

of the chain approaching the supremum (if it is not attained by right-continuity) or
at the time of the supremum (if it is attained). It now follows that (éeq , e, ) has
matrix Laplace transform given by

EO,i (e*ameq *ﬂgeq , Jm — _])

€q
_ RO g
(22) 00 ot (q.00d
. — ,0)ds -1
= (O |:/ dul(ﬁ_j)q)} (q,0)e ° i 1 e Fu _ﬁH”i|
0 u — u

00 . —jé‘d)7L (q,00ds __ ,—1_
:/0 dud] (q,00E*'[e ™ A P |

for «, B > 0. Note that the final expectation above can be written in terms of
the matrix Laplace exponent of (£L~!, 7, JT) with a potential corresponding to
diag(®7 (¢, 0), ..., (g, 0)), that i,

k(g +a, B) =diag(®] (g + . ), ..., Py (g +a, ) — 0 0 GT(B),
a, B >0.
Indeed, one has
0ip. S0 @i (@0ds o1 gy
EM[e 7 e T )] = e

Continuing the computation in (22), we now have the following result.

—x+(q+a,/3)]

LJ"
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THEOREM 23. Fori,je E,ua, B>0andq > 0,
@3)  EM[em M o gy = j]=0T(q. 0)[k T (g +e. H)] ;-

We can go a little further in our analysis of the previous section and note that,
on the event {Jg'; = j}, the excursion € I is independent of
q

{(]:t_lv Ht+’ ‘]t+) 1<)

In particular, on {J;{; = j}, we have that (£, 7, ,) is independent of (&, —?eq €5 —
me, ). Moreover, duality allows us to conclude that, when the modulating chain is in
the stationary state, on the event {Je': =Jj, Je, = k_} = {]ﬁeq = J, Je, = k} the pair
($eq — gef, ez — meq) is equal in law to the pair (Seq,meq) on {Jo =k, J%‘, =j},
where {(&, Jy) : s <t} :={(E¢—s)— — &, Ju—s)—) 15 <t},t >0, is equal in law to
the dual of £, &, = sup,_, & and /it = sup{s <1 : &, = &.

From the previous discussion, we may now deduce, for example, that, for
i,j,k€Eanday,a, B, $2>0,

EO,i [e—almeq _515311 e—(XZ(eq—meq)_ﬂZ(geq _$Eq) Jm — ] Je — k]

(24) K ’

S g, F Tk ~ oo B E
_ Eo’l[e o1 7Tte, ﬁlseq’ Jmeq :j]_kEO,k[e aTrle, ﬂZseq’ Jmeq :]]
Tj

We can also use the ideas above to prove the following technical lemma which
will be of use later on.

LEMMA 24. Forall j € E,

dT(q,00D7(q,0)
c:=Zlim A i
jep Vo q

exists in (0, 00) and, for each j € E,

®f(q.0097(q.0)
(25) cj:=lim—7 !
q10 q
exists in [0, 00).
PROOF. Write € T (a, B) for the dual matrix exponent, that is, to F (z) what
kT (a, B) is to F(z). On the one hand, for all i, k € E and o > 0,
EO,z [e—cxeq’ Jeq — k]

o
= [/ ge~ @t D101 dt]
0 ik

=ql((g+o - 0) ']
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On the other hand, from (24), forall i,k € E and « > 0,
0,i1 —ae _
E>[e™ %, Jo, = k]

= Z Eo’i[e_a(meq—i_eq_meq)’ Jm&, = j’ Jefl = k]

jeE
— A A - Tk
=Y 0.0k (qg+a0)7"], ;PT(q Ok g+, 0], ;=
JeE T
Taking limits as g |, 0 it follows from continuity that
®¥(q. 007 (q.0) n
-1 : J J -1 - -1 k
[l =)™ ] :j%;}ﬁ% p [ (e, 0) ]i,j[K+(a’ 0) ]k,ﬂ—/

where the limit on the right-hand side exists because the limit exits on the left-hand
side. The statement of the theorem now follows. [

The next theorem below gives the Wiener—Hopf factorisation for MAPs. It is
a natural consequence of Theorem 23 and a well-established method of splitting
stochastic processes at their maximum. Some results already exist in the literature
in this direction (see, e.g., Chapter XI of [2] and [17]); however, none of them are
in an appropriate form for our purposes.

REMARK 25. As aconsequence of the Wiener—Hopf factorisation, it will turn
out that the constants c;, j € E, are all strictly positive and may be taken to be
equal to unity without loss of generality.

THEOREM 26. For z € R\ {0} and o > 0, up to the identification of k™ (or
equivalently k) by a pre-multiplicative strictly positive diagonal matrix,
al — F(iz) = A7 [f T (@, i2)T]Ank T (@, —iz).
PROOF. We start by sampling & over an independent and exponentially dis-

tributed time horizon denoted, as usual, by e,. By splitting at the maximum, ap-
plying duality and appealing to the identity (23), we have for o > 0

EOi et o, = j]

_ Z EO,i[e—a(eq—meq+nzeq)+lz$eq 12 eg _Seq)’ ]Weq =k, Jo, = Jl

keE
R . = TTi ~AQ v . _ioE
_ ZEO”[e ameq+1z$eq’Jme :k]_JEO,j[e aifie, 1z€eq, T, :k]
keE ! 7Tk '

.o T~ ~ .o
=Y 0 (q.0)[k" (g +a. —iz) l]i,kn_iq)/j—(q’ O[&*(q +a.i)'] .
keE
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Noting that we can write the left-hand side above as g[((q + @) — F (iz))_l],-,_,-,
we can divide by ¢ and take limits as ¢ |, O to find that

. \—1 _ T
[l = F(i2) '], ;= 3 exlie (@ i) 7] IR @) ]y e
keE Tk
where we recall that the constants ci, kK € E were introduced in (25). In matrix
form, the above equality can be rewritten as

(26) (@l — F(i2)) ™ =«t (@, —iz) ' Aejn[RT (o, i2)T] ' A,
where A./; = diag(ci/m,...c|g)/mE)). Since all matrices are invertible except

possibly A./ (on account of the fact that some of the constants ¢, may be zero), it
follows that necessarily c; > O for all k € E, and hence the matrix A/, is indeed

invertible and is its inverse equal to A;/lc (using obvious notation). The proof is
now completed by inverting the matrices on both left- and right-hand sides of (26)
and noting that, without loss of generality, the constants c; may be taken as unity
by choosing an appropriate normalisation of local times [which in turn means that,
for each j € E, the equality in (25) can be determined up to a multiplicative con-
stant]. This is equivalent to the statement that «*, or equivalently &, is identified
up to a pre-multiplicative strictly positive diagonal matrix. [

A.5. Occupation formula. The objective in this section is to use the preced-
ing constructions to establish a key identity which is central to the analysis of real
self-similar Markov processes in the main body of the text. In order to state the
main result, some more notation is needed. For i, j € E, the potential measure
U:’/- on [0, 00) is defined to be

. 00
27) U (dx) = EO.i [/0 1(Ht+edxyjt+:j)dt], x>0.
Note that, for A > 0,
x4t © 0ir —AHT 4 _ ¥ —1
(28) /0 e Ui’j(dx)zf0 E%' e M [ g = jldt = [T (0, 1) ]i’j

Moreover, it should also be noted that the nonlattice assumption on the process &
ensures that the measure U, T is diffuse on (0, 00); see the discussion at the end
of A.3 as well as the proof of Theorem 5. 4 in [23] in the Lévy case for guldance
We can define by analogy the measures U, i JEE, for to the dual process S
The reader might also want to recall the definitions of 7, and r(;’ from (5).

THEOREM 27. There exist nonnegative constants cj, j € E, satisfying
> jek ¢j > 0 such that for all bounded measurable f :R — [0, 00) and x > 0,

E*i [ [ " FE 0 dr]

A _f / UL @)U da) fx+y—2).
jeE yel0,00) Jze[0.x] Y oJ
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PROOF. Start by noting that

Ex’i[/o ' e f(EN1(y,=n) dt}

1 . _
= BV G, =0 €0 < 7]

(29)
- Z Exz Seq - (geq _éeq))l(]ﬁeq:j)l(‘]eq:k)’eq < -,;(;]
]EE
1 0,i (& Tk
- x+y—z — PV, edy, Jm, =j)—
fye[o,oo> fze[o,x]f( Y=o (e, €dy. Sy, =) —

JEE J
x PO, edz 5 = ).

where we have used duality in the final equality. Next, with the help of (23),

_ L o+ Tk z .
/ / Ay— /J«Z PO,I(Eeq edy, Jmeq = j)- PO,k(Seq edz, JmT =j)
[0,00) J[O, oo) JeE q T €q

¥ (q. 007 (q.0)
=)

jEE T

e LGP ML C O P

for A, n > 0. Taking account of (28), it follows with the help of Lebesgue’s conti-
nuity theorem for Laplace transforms that, in the vague sense, the product measure
on the right-hand side of (29) satisfies

hinz POl(fe edy, J,, —J)PO"(‘;‘e edz, J; =)
q
JjeE

= ¥ ¢ 2E U @0 ().

JEE T

The result now follows for nonnegative compactly supported, bounded measurable
f =0, and hence, appealing to standard monotonicity arguments, one can upgrade
the result to deal with bounded measurable f > 0. [

A.6. Markov Renewal theory. The measures U:rj play an analogous role
to the potential measure U of the ascending ladder process for a Lévy process,
which can also be seen as a renewal measure. For example, using an analogue of
the compensation formula for Cox processes, it is straightforward to deduce that,
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fora,x > 0,

Po’i(érj —a>x,J = 7)

(30) :/[0 )Uifrj(dy)nj(eg >a—y+x,Jr=j)
,a

+ / ai ;U@ (1= Ffj(a—y+x).
kU100
It is worth noting here that the fact that U;rj is diffuse on (0, c0) ensures that the
right-hand side above is continuous in x.

There is a relatively wide body of literature concerning Markov additive renewal
theory; see, for example, [19, 24] and [1]. Although mostly dealt with for the case
of discrete-time, we can nonetheless identify the following renewal-type theorem
for the nonlattice measures U, l+]

THEOREM 28. The family {ST; —a :a > 0} of overshoots converges in distri-
bution under P! for every i € E if and only if

EO[H =Y mE%[H] <00

iek
and in that case the following hold:
(i) Foralli, jeE,
_l’_
fim 1Y T
xX—00 x EO.m [HIJF] :

(1) In the spirit of the key renewal theorem, for « > 0 and i, j € E,
TTj

lim e OTIYT (dz) = ——L——.
i) aEOT[H

y—>0o0 [O,y]

(iii) Forx >0andi, je E,

v(dx, {j})
o T PO B +
= \Z_)lgglP (ET;— a edx, Jta —])
1 .
1

k]
where F, k+ jis the distribution whose Laplace transform is G,j j
For all limits above, we interpret the right-hand side as zero when E*"[H 1+ ] =o0.

In particular, this means that the overshoot distributions diverge to an atom at +00
and are not tight.
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Parts (i) and (iii) are the continuous-time analogue of the Markov additive re-
newal theorem in [24], whereas part (ii) is the continuous time analogue of the
version of the Markov additive renewal theorem in [19].

A.7. Harmonic functions. The main objective of this section is to prove a re-
sult which identifies a harmonic function for the process (&, J) when killed on en-
tering (—o0, 0) x E. In the forthcoming analysis, we use L, to denote } ;. L;k),
the sum of local times (each up to an arbitrarily scaling of a strictly positive con-
stant) of & — § at (0, k), k € E, where gt =inf;<; &, t > 0. Moreover, similarly to
previous sections in this Appendix, we work with H,” := —§ L and J; = L

for all # such that L, ' < 00, and otherwise the pair H, and J;~ are both assigned
the value co.

THEOREM 29. Foralli € E and x > 0,

U7 (x):= Y U (x)m;.

jeE
There exists an appropriate normalisation of local times L™ | i € E, such that
U‘]_I(Et)l([<-[07)7 t 2 05

is a PX-martingale if and only if € — £ is recurrent at zero; that is to say the
Markov process (€ — £, J) is recurrent at (0, k) for some (and hence all) k € E.

We start by proving a preliminary lemma giving us an important fluctuation
identity. To this end, define for ¢ > 0O the measure,

— [ o0 —_ 71
U7 (dx) = Eo,z[fo e—4qLi 1(Ht€de[:j)dt], x>0.

Recall that e; denotes an independent exponentially distributed random variable
with rate ¢ > 0 and 7, :=inf{r > 0:& < 0}. Let n; be the excursion measures of
§ — & from the point (0, i), i € E. Write m, = sup{s <7 :& = gt}. For conve-
nience, let us assume that each of the subordinators [L (k)]t_l, k € E, have no drift
component. The corresponding forthcoming computation when this is not the case
is a straightforward modification, for example, in the spirit of, for example, the
proof of Lemma VL8 of [3].

If we mark the excursion from the minimum indexed by local time ¢ > 0 with
an independent exponentially distributed random variables, say eg), then using
the compensation formula for the Cox process of excursions of § — & from 0, we
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have

PY (g > ey, T, =J)

0,i[ 0,i .
=E™|E l[zl(H,—_gx,ALS'«(s) vs<z)1(AL,‘>e<f),J,=j)|‘7(JM'”ZO)H

- t>0

[ £O0
_ 0
=F /0 dt - l(Ht:Sx,J,i:j,ALS—1<e(s) Vs<t)]ﬂj(§ > ey)

[ roo —1
0. 4L -
— g0 /0 dt - e~ 9L I(HT__<th—_:j):|Qj(1—e at)

=1U (09 (q.0),

where CD;(q, 0):=n j (1 — e™9%) is a notational choice that, by analogy, respects

the definition of dD;“(oz, B) given in Appendix A.2. In the second and third equal-
ities above, the letter ¢ denotes the canonical excursion length. In conclusion, we
have established the following lemma.

LEMMA 30. Foralli,je E and x >0,

(31) PY (15 > ey, i, = J) =U; ()7 (q,0).
We now return to the proof of Theorem 29.

PROOF OF THEOREM 29. Thanks to the Markov property, it suffices to prove
that, forall i € E and x > 0,

Ex’i[U]_t(St)l(;<TO*)] = U,'_(x)-
As a first step, we show that
PYi(ry >e
hmM —
03 jcg ®j(q,0)
From (23), we have that, for i,k € E and o > 0,

E®[e™ " Uy, =k] = @1 (g, 0k (g +a, 0],

(32) U; (%), x> 0.

Duality dictates that
. _ T ~ _
Eo’l[e aﬂeq’ Iy = k] — _kEO,k[e—ameq , ]ﬁe — i],
—eq nl q
which tells us that

(33) D@0k (q+a07"], =%

=4 @0 @ +0,07]

i
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Fixing i and considering (33) for different values of k and taking limits as g | O,
tells us that
@ (¢.0)  m

__Ck’ .’kEEa
0o (g0 =

for some constant C; ;. € (0, 00). On account of the fact that each of the local times
LD can be defined up to arbitrarily scaling of a strictly positive constant, without
loss of generality, we may take C; x = 1. Note that there can be no dependency on
i or « in the limit on the right-hand side as the left-hand side has no dependency
on «. From the above limit and (31), we have that (32) holds.

To complete the proof, we use ideas from [5] and Chapter 13 of [23]. With the
help of monotone convergence, we have that

EYU (&)1 <15]

. P&li(r] > ey)
= lim EX! - N0 TR
=ant [1““5)2- o ( 0)}
jeE ¥ \4,
1 .
=lim ————P"'[1; > eyley > 1]

103 jcp P (q,0)

= lin’l|:eqt —Px’i(r(;_> eq) — et /t qe_qs —Px’i(TO:> $) ds]
ZjeEq>j (g,0) 0 ZjeEcDj (g,0)

t
=U7(x)—lim—— 1
010 ;g ®;(q,0) Jo

The proof is complete as soon as we can show that the limit preceding the integral
term is equal to zero. To this end, note that for each j € E,

Px’i(r(; > s)ds.

N I 0k ()11
Lligafbj(q,O)_ij 0,0) = E™*[[L™] ] € (0, oc].

We want to show that the expectation on the right-hand side above to be 400 as a
consequence of the fact that 0 is recurrent for £ — &. Referring again to (33), we
see that lim, o ®; (¢,0)/¢ and limg o <i>,'f(q, 0)/q are simultaneously (in)finite.
Note that both have limits because they are Bernstein functions.

Now recall from (25) that, since

- @ (q,00] (¢,0)

34
(34) b p

= ¢k € (0, 00),

it follows that limg o ®, (¢, 0)/q = oc if and only if CIDI:r (0, 0) = 0. However, the
assumption that £ — £ is recurrent at O ensures that @,f (0,0) =0forall k € E.
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In conclusion, we have that, under the assumption that £ — £ is recurrent at 0,
the term
q

a0 ZjeE 'ij (¢,0)

and subsequently the claim of the theorem is proved. [

’

A.8. Conditioning to stay positive. It turns out that the harmonic function
U, (x), j € E, x >0, corresponds to the A-function that appears in the Doob /-
transform corresponding to the process £ conditioned to stay positive.

Let A € F; :=0((&, Jy) : s < t) and assume that 0 is recurrent for & — £. Ap-
pealing to the Markov and lack of memory properties, we have

[1 PoIi(zy > >]

. X, — 1 X,
lim P*'(A, 1 <e4lty >e;) =1limE (1< <) i (- = ay)

ql0 ql0
Next, note that, for all g < qo,

péiJi (ty >€) qUJ—t(gt) - quJ—[(gt)

Pri(ty >e) 4UT(x) T U7 (x)

Hence, by dominated convergence, we have that

lim P¥ (A, 1 <ey|t, >e =E“'[1
lim P (A, < gl > e,)

Uj (&)
(A,z<r0—)m].

In conclusion, we have the following theorem which confirms the existence of the
law of (&, J) with & conditioned to stay positive.

THEOREM 31.  Suppose that 0 is recurrent for € —&. Then there exists a family

of probability measures on the Skorokhod space, say IP’; ;» defined via the Doob h-
transform

dpvit| Uy (&)
AP |z U7 (o T
such that, for all A in F;,
poit(A) = },ii% PYHA 1 <eylty > ey).

t>0,ie E, x>0,

REMARK 32. The above discussion applied to the MAP (—§, J) implies the

existence of a positive function Ui+ (x), i € E such that U;Ir (S,)l([ <) is a martin-

gale and the h-transformed law

dPrit| UG
d P 7 - Ui+(x) <ty

t>0,ie E,x <0,

is the MAP conditioned to be negative.
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For the proof of Lemma 14 below, we shall need that conditioned MAPs tend
to infinity. In the context of Lévy processes, many proofs exist for the analogue
of the next lemma. Those proofs are consequences of complicated pathwise con-
structions for the conditioned processes that we do not want to repeat for the setting
of MAPs. Instead we give a simple argument based on potential calculations only.
The argument is inspired by more explicit calculations for spectrally negative Lévy
processes in Lemma VII.12 of [3].

PROPOSITION 33. Foreachx <0Qandi € E, we have that P’C”"¢(limt_>Oo &=
—o0) = 1.

PROOF. First, note that, for all z < x <0 and i € E, with the help of (14),

Evit | [T 1nn di
MRCED)

(35) = U ((x,1), ([z, 0], E))

—Z/ W@

JEE

(. 0). (dy. 17}).

where UT((x, 1), (dy, {j})) is the potential measure of the process (&, J) killed
when £ first enters (0, 00). Since U™ is locally bounded, the right-hand side can
be estimated from above by U+ ) UT((x, 1), ([0, z], E)) which is finite by The-
orem 27 applied with f = 1 and using the local boundedness of the appearing
potential measures of the ladder processes. This implies that

(36) P (7 <o00) =1, forallz <x <0,i € E.

Otherwise, the trajectory of £ is bounded from below by z with positive probability
under P*%¥, and hence, Jo° 1g,>z) dt = oo with positive probability. But then the
left-hand side of (35) would be infinite, giving a contradiction.

Next, we show that

(37) lim PV (& <aforallr>0)=1, foralla <0,i € E.
77— —00

To see this, define tj,,0) = inf{r > 0 : & € [a, 0]}. Use the change of measure in
Remark 32 to note that, for z < a,

P¥iY (there is t > 0 such that & > a)
= Ez’i’¢[1(f[a,()]<oo)]
TUT (Enag)

J
— 3l a,0]
= [U*i(z)l(f[o,a]<f0+)1(f[0,a]<0<>)}-
1
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Using the monotonicity of z — UI-Jr (z), the right-hand side can be bounded from
above by

maxeg U;r (a)

PEET (to.a1 < 7).
U@ (Tr0.a1 < 79)
Finally, since lim,_, _~ Ul.+ (z) = +00, (37) is proved.

The claim of the proposition now follows from the strong Markov property
applied to 7, which is finite almost surely by (36) and (37). [

A.9. Laws of large numbers. Similarly to the case of Lévy process, it is
known that a MAP (&, J) grows linearly, meaning that
(38) tim % = EO7ig]

t—00 t

provided
E* g =) mE &)

ieE

is defined. Moreover, when E®7 [£1] is defined there is a trichotomy which dictates
whether (§, J) drifts to +00, —oo or oscillates accordingly as EO’”[&] >0,<0
or = 0, respectively. See, for example, Chapter XI of [2].

We fix a state k € E and consider the MAP at the discrete set of return times of
J to k. Let og = inf{t > 0: J; = k} and inductively define, for n € N,

(39) ont1 =inf{t > 0,1 J; =k and 3s € (0,1, 1) with J; #k}.

The skeleton (&, )ren, is a Markov chain. The following theorem relates the law of
large numbers to moments of the underlying Lévy processes and transition jumps
appearing in Proposition 2 and gives an identity that is crucial for the next section.

THEOREM 34. The following statements are equivalent for a MAP (&€, J):

(1) & has finite absolute mean for one (any) starting distribution with & = 0.
(i1) &4, has finite absolute mean when started in (0, k).
(iii) The Lévy processes &' have finite absolute moment and any A,;, jwithg j >0
has finite absolute moment.

(1v) lim; % exists almost surely for one (any) starting distribution.

Under (1) to (iv), we have

_ E%g,]

=" keE.
E%K[o1]

(40) Jlim % = EO7[g]
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PROOF. Throughout the proof, we shall use the fact that for any Lévy process
{n; 1 =0}

E[|ns|] <ooforsomes >0 <= E[|n|] <ooforallz>0

— E[suplnsl] < oo forall t > 0.
S<t
See Theorem 25.18 of Sato [28] for a proof.
(iii) = (i): Note that for a fixed distribution P%*, by Proposition 2, the distri-
bution of & is identical to the law of

ni j(1)
[ )4
(41) DEamt D Al
icE iz =1

where 7; (1) denotes the time J spends in state i, and n; ;(1) the number of jumps
of J from i to j over the time interval [0, 1] and, for each i, j € E such that i # j,
{ Afﬁ itz 1} are i.i.d. copies of A; ;. Since the expected number of total jumps is
finite, the triangle inequality shows that (iii) implies (i).

(i) = (iii): By considering the event that the first jump away from the initial
state i € E occurs after time 1, we have that E®[|£/|] > Eo’i[|§f|]exp{—|qi’,‘|},
thereby showing that each of the pure-state Lévy processes &/, i € E, have finite
absolute moment. Now consider the event that the first jump of the Markov chain
J occurs before time 1 and the second jump occurs after time 1. In that case, we
have

1 . . . ; .
/ \giile” 441y %—’Je_lqj’jl(l_t)EO’lHS; +Aij+&_[]dr < E¥'[|&1]] < oo,
0 i 1giil
This tells us that for each j € E, Lebesgue almost everywhere in [0, 1],
42) ECl + Ay + &[] < oo
For a given j € E with j # i, fix such at € [0, 1] and note that
E% (1A 1] = EY[|E + A+, —& -8 ]
< EOlE + Ay + &1+ EY[IE 1+ EY I8 []
< 00,

where the final inequality follows by (42), the previously established fact that
E%i[|&]]] < oo for i € E and the opening remark at the beginning of this proof.
(i) = (i1): We can identify the distribution of &, with that of

ni j(o1)

(43) dEen T D Al

icE i#j =1
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where #;(o1) denotes the time J spends in state i, and n; j(o1) the number of
jumps of J from i to j over the time interval [0, o] and, for each i, j € E such
that i # j, {Af,j : £ > 1} are i.i.d. copies of A; ; [also independent of n; ;(o1),
which depends only on the chain J]. Note that 7; (o) is a random sum of an in-
dependent, geometrically distributed number of independent exponential random
variables that depend only on J, so that E®F[|&! (op|] < 00 whenever (iii) holds.
Having already shown the equivalence of (i) and (ii1), it follows from the triangle
inequality and the distributional equivalence in (43) that (i) implies (ii).

(i1) = (iii): On the event that the sojourn of J from k consists of a first jump
from k to j # k, followed by a jump back to k, written {k — j — k}, we can write

K .
égl = Ee\qk,kl + Ak’j + éejlqj,jl + Aj’k’

where, fori € E, e|,, ;| is an independent exponentially distributed random variable
with rate |g; ;| and the sum on the right-hand side above consists of four indepen-
dent random variables. This means that

00 > E%[|&,,1] = E"¥[|&, 11k 1]

(44) . }
= E[|Se‘qk,k‘ + Ak,j + Ee“]j.j‘ + A],k‘]

if we denote by E the product space of the two Lévy processes, two transition
jumps and two exponential variables.

From the aforesaid independence, we can deduce (iii). As a first step, integrate
out the final three summands on the right-hand side of (44):

Eo’k[|§al|1{k—>j—>k}]=/];§/0 /0 E[|&k Aa+b+cl]

€lak k

x P(Ayj €da,§l ~ €db,Ajedc).
JoJ

The left-hand side is finite and nonzero, so there is some x € R with E[lfé“qk N +

x|] < co. Integrating out the independent exponential time and using that £* is a
Lévy process implies that E[|& lk |l < oo and E[|§é“qk N |] < oo (compare the remark

at the beginning of the proof and also note that E[|& {‘ |] < oo if and only if E[|& {‘ +
x|] < oo for any x € R).

Similarly, we find that IE[|$1j|] < o0 and IE[|f;‘ej‘qjj| |] < oo. Using the triangle
inequality implies '

E[1Ak ) + Al <E[I(Ak; + 80 + (e, +&, )]

+ IEHg:equlucl |] + E[}S‘{Iq,“j\ H

and the right-hand side is finite by (44) and the above. Hence, by positivity of the
transition jumps we obtain

E[|Aj,k|] EEUAk,j + Ak?j|] <oo and E[|Ak,]‘|] EE“A}CJ + Ak7j|] < 00.
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In total, we proved that Az, A j, & 1] and & 1" all have finite absolute mean which
confirms (iii).

(iv) & (i) © (ii) < (iii): First, note that under P%*, oy has finite first moment
so that

n
. Op—0p . D10
lim = lim —/——
n—oo n n—oo n

= E%[0oy].

Assume that the limit lim;_, o & /¢ exists almost surely. In this case, the limit is
equal to

nl—>oo nEO k[o_ ] Z(SU[ %'0171)-

However, considering the case of strong laws of large numbers for random walks
(cf. Theorem 7.2 of [23]), the latter limit exists and is finite if and only if
Eo*k[|éal |] < oo, in which case the limit above must equal Eo’k[Eal]/EO’k[al]. It
follows that (iv) implies (1)—(iii) and also that lim;_, o & /¢ has the second claimed
limit in (40).

Conversely, now assuming the equivalent statements (i), (ii) and (iii), in partic-
ular (ii), we can conclude that

(45) lim é

n—oo g,

EO k -’;:01

almost surely by the strong law of large numbers for random walks. Next, we need
that

(46) EY*[ sup 1] < o0

te[0,01]

which can be seen as follows: By the triangle inequality and (43),

nlj(al)
sup |51 <D sup [E[+)0 Y [Af]
r€l0,01] icpt€l0,01] i#j €=l

The expectation of the right-hand side is finite thanks to the independence of &',
i € E and J, the assumption (iii) and the remark at the very beginning of this proof.
Now we use (46) to deduce

m SUP; e[, .01 15t — €01 |

n—oo n

=0,

which then implies in combination with (45) almost sure convergence of & /¢ to a
finite constant which is (iv).

It remains to verify (40) under any of the equivalent conditions (i) to (iv). The
first equality is the law of large numbers (38) under finite mean and the second
equality was already derived in the argument for (iv) implies (i)—(iii). [
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A.10. Tightness of the overshoots. We now characterise tightness of over-
shoots for general MAPs. That is to say, taking account of the conclusion in
Theorem 28, we provide necessary and sufficient conditions for E%7[H ]+ ] < o0,
thereby giving a proof of Theorem 5.

Although we have assumed the nonlattice condition in this Appendix, the results
given below do not need it.

THEOREM 35. The MAP (&, J) has tight overshoots if and only if €| has finite
absolute moment and:

(i) (&, J) drifts to +o0; or
(i1) (&, J) oscillates and satisfies

0o xIT([x, 00))
T
o) | T+ g [ (o0, —ahdzdy ©* =%

for one (any) k > 0 and
(47) M= Y gL+ T,
i#j,i,jJeE ieE
where I1; is the Lévy measure of the ith Lévy process and L(A;, ;) is the prob-
ability distribution of the transition jump from i to j in Proposition 2.

In order to prove the theorem, it suffices to analyze tightness of the overshoots
on the discrete time skeleton embedded in (&, J) at the return times of the Markov
chain to a fixed state k € E. As in Appendix A.9, we let og = inf{t > 0: J; =k}
and inductively define, for n € N,

ont+1 =inf{t > 0,,: Jy =k and 3s € (0,_1,1) with J; # k}
so that (§5,),eN, 1s a Markov chain.
LEMMA 36. The MAP (&, J) has tight overshoots if and only if the Markov
chain (&5, )nen, has tight overshoots under POk,
PROOF. For x, s > 0, consider the stopping times
px=inf{t : & >x,J; =k, J;_#k} and o(s)=inf{t >s:J; =k, J,_ #k}.

For ¢ > 0, one has

(G —x=3c)Ces —(x+ozcJU|  swp  Ig - I=c).
selr 0 (o]

Indeed, in the case where the overshoot of the discrete time process (&5, ) is larger

than 3¢ and the overshoot of the continuous time process over x + ¢ is smaller

than ¢, one has §r++ € [x + ¢, x 4+ 2c] so that the process has to oscillate between
XTC
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time 7’ " and the next entry of J into k at time ot ) by at least c. For every

i, j € E and x > 0, one has
PY( sup & & |zl =j)=P™( sup I&|=c)
selth ool ’ s€[0,01]
and since finite families and mixtures thereof are always tight, there exists a de-
creasing function g3 : [0, co) — [0, 1] with limit O such that
PY( sup g =& |2c) <), fori€E,x,c>0.
seltf o (0] o
If the continuous time process has tight overshoots, then there is a function g :
[0, o0) — [0, 1] with limit O such that
PO”.(ST++.—(x—l—c)zc)fg](c), forie E,x,c>0,
so that altogether

sup PO (€, —x 2 3¢) < g1(c) + 82(0)
ieE,x>0
and the overshoots of the discrete time process are tight.
The converse direction follows analogously. Using that

(6 —x =20} C gy, —x=chU| sup I& & |=c]
seltd,o(xh)] ‘
one deduces that the continuous time process has tight overshoots if the discrete
time process has tight overshoots under any of the laws P%!. Further using that for
i € E and x, ¢ > 0, one has

PY (g —x =) < PY( sup & =)+ EM[PEONEGE, — x> 0)]
s€[0,0(0)]

one deduces that tightness of the overshoots of the discrete time process under the
law P%* induces tightness under any law P% withi € E. [

The following lemma is a consequence of Theorem 8 of [9].

LEMMA 37. A random walk has tight overshoots if and only if the distribution
of its increments has finite absolute moment, it drifts to infinity or oscillates and
the distribution I1 of its increments satisfies the integrability condition (TO).

The next result will be helpful later to separate big jumps from small jumps in
the Lévy processes corresponding through Proposition 2 to the MAP (&, J).

LEMMA 38. Let X,Y be real random variables with Y being square inte-
grable, then the distribution of X satisfies (TO) if and only if the distribution of
X + Y satisfies (TO).
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PROOF. It suffices to show that X + Y satisfies (TO), if X satisfies (TO). For
the reverse statement, the same argument applies with the use of —Y instead of Y.
We use that for z > 0

PX+Y>2)<P(X>z/2)+PY >2z/2)
and
PX+Y<—-2)>P(X<-27)—P(Y >2)

to deduce that
/00 xP(X+Y >x)
o L+ [o TP(X +Y < —z)dzdy

< / - xP(X > x/2)
e 14 J§ [PP(X < =22) —P(Y > 2))4 dzdy

dx

dx

+/OoxIP(Y >x/2)dx.

The latter integral is finite since Y has finite second moment and the proof is com-
plete once we showed that the former integral is finite. One has

o0 0 1
/ / P(Y > z)dzdy = ~E[Y?] < o0
0 y 2

and taking ¢ > 1 with ¢ > E[YJZF] we conclude with substitution that
* xP(X > x/2)
/ X 00 dx
o 1+ fo [JTP(X < =22) = P(Y > 2))4 dzdy

00 xP(X > x)
< 46/ TR dx
/2 ¢+ fo" [T P(X < =22) = P(Y > 7))+ dzdy

o0 xP(X > x)
540/ TR dx
©/2¢/24 [y [y P(X < —2z)dzdy
/00 xP(X > x)
C
k2 ¢/24 5 Jo" [SOP(X < —2)dzdy

,/00 xP(X > x)
2 1+ fo [[PP(X < —z)dzdy

where ¢/ = max{8, 16¢}. O

dx

dx < 00,

LEMMA 39. LetIl;,i € E, be probability distributions on R and let {Xi’” 1l e
E.n € N} be a family of independent random variables with X"" ~ I1;. Define

N
Z=> X""
n=1
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with (Y,),en being an E-valued process and N an Ng-valued random variable
both being jointly independent of (X""). If furthermore we suppose E[N3] < oo
and P(i e {Y1,...,YN}) > 0 for i € E, then the following properties are equiva-
lent:

(1) The distribution of Z satisfies (TO).
(i) For one (any) sequence (p;)ick of strictly positive numbers

) =) oIl
ieE
satisfies (TO).
(iii) The measure TI™* on R\ {0} defined by

1" ([z, 00)) = max I1; ([2, 00)),
™ ((—o0, —t]) = max I1; ((—o0, —1])
fort > 0 satisfies (TO).
PROOF. The equivalence of (ii) and (iii) follows immediately from the defini-

tion of (TO), the estimate

min p; [T ([x, 00)) < T*™([x, 00)) < > pi 1™ ([x, 00)), for x >0,
ik ieE
and its analogues version for the set (—oo, —x]. It remains to show that property
(i) is equivalent to properties (ii) and (iii).
We start with proving that (iii) implies (i). Note that, for x > 0,

(48) P(Z > x|N) < NITI™™([x /N, 00)).
Furthermore, for any i € E there exists 1 < ng < n; such that
IP’(Y,,; =i,N=mn;)>0.

Hence, for all x; € [0, 0c0), one finds

n;
P(Z<-—-z7)> P(Yn; =i, N= nﬂP(Z l{n#nl(}XY"’” < K,'|Ynl( =i,N= ni>
n=1
X P(Xi’l <—-z— Kl').
Now we fix «; such that

ni
qi ‘= IP’(Y”; =i,N= nQIP(Z l{ﬂaﬁnl’.}XY”’n < /(,-|Yn; =i, N :l’l,‘) > 0.

n=1
We set k = max{k; :i € E} and ¢ = min{g; : i € E} and get, for z > 0,
(49)  P(Z =—2) 2 gmaxP(X"! < —z k) = g™ ((~00, =z —]).
IAS]
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Combining this estimate with (48), we get that

/ xP(Z > x) dx
[x,00) 1+f(;c fyoo P(Z < —z)dzdy
3 / XE[NTI™([x /N, 00)]
" Jieoo) 14¢ [ [77 I3 ((—00, —22]) dz dy

Since [y fy°° P(Z < —z)dzdy is finite, we conclude that there exists a constant
¢ > 0 such that for x > «

X oo
1+q/ f ™™ ((—o0, —2z]) dzdy
K JYy

X o0
> c(l +/ f 1M ((—o0, —2z])dzdy).
0 Jy
Hence, we have

/ xP(Z > x)
[k,00) 1+ f(;c fyoo P(Z < —z)dzdy

dx

= - XM ([x /n, 00)]
<c ZIP)(N—n)n /(0’00) T+ /0 fyoo [max((—oo, —2z])dzdy

n=1

/ x TP ([x, 00)]
0.00) 1+ 41 57 [ TImax((—00, —z]) dzdy
I—[max ,
§4C_lE[N3]/ _ oic ([x, 00)] dx
0.00) 14 f5 [ M ((—00, —z]) dzdy

Next, we consider the converse direction. In analogy to the derivation of (49),
one sees that there are constants «, g > 0 such that

P(Z > 2) > qIT™([z + «, 00))z,

for all z > 0. Further, it is also the case that

X o0
/ f P(Z < —z)dzdy
0 Jy

< Z]P’(N =n)f0x /yoonl'[max((—oo, —z/nl)dzdy

n=1

o0
=c! Z P(N = n)n3 dx
n=1

00 x/n poo
_ 3 max _ _
_n§:1P(N=n)nf0 /y ™% ((—o0, —zl)dzdy

A

E[V] [ /y I ((— 00, —z]) dzdy,
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so that we have

xIT"¥([x, 00))
/ ST dx
[2K,00) 1+f0 fy [Tmax((—o0, —z])dzdy
P(Z=>x/2
< g VB[NV 1) Pz 2x/2) dx
[2K,00) 1+f0 fy IPJ(Z < _Z)dZdy
P(Z >
=47 BN v ) [ Iz zx) dx.
koo) 1+ [y Jy P(Z < —2)dzdy

The proof is now complete. [

PROOF OF THEOREM 35. We again consider the process £ at the discrete
set of return times to the state k. By Lemma 36, tightness of the overshoots of
the MAP is equivalent to tightness of the overshoots of the discrete time process
(65, )neN, under the law POk which is the underlying measure in the following
considerations. By the Markov property and the translation invariance of the MAP,
the process (&5, ) has i.i.d. increments and starts in 0, and thus is a random walk. By
Lemma 37, (&;,) has tight overshoots if and only if &, has finite absolute moment
and either:

e (&) drifts to infinity, or
e (&,,) oscillates and the distribution of &, satisfies (TO).

By Theorem 34, Formula (40), the latter properties are equivalent to the ones ob-
tained when replacing the discrete time process (£5,) by the continuous time pro-
cess (&;) and keeping the (TO) property for &;,.

To complete the proof, it remains to show that in the oscillating case with finite
absolute moment one has the equivalence

L&) satisfies (TO) <= Il from (47) satisfies (TO).

In order to do so, let us identify the distribution of &;,. Enumerate the times at
which either £ has jumps with modulus larger than 1 or J changes its state in
increasing order 0 < 71 < 72 < --- and represent &, as telescopic sum

(50) Ery= Y =&+ D (oo —&)

j:‘[j50'1 j:rjgol

with 79 := 0. Using the representation from Proposition 2, we can identify the con-
ditional distributions of the terms appearing in the former sum when conditioning
on J and the set of times {z1, 72, ... }: If 7; is triggered by a large jump of the Lévy
process (meaning that the process J does not switch states at that time), the condi-
tional distribution of §;; — &, is the normalised Lévy measure restricted to jumps
larger than one of the Lévy process that is switched on by the modulating chain.
If 7; is triggered by a change of J, then the conditional distribution of &;; — &,
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is L(A J(zj-), J(-[j)) with U as in Proposition 2. The random number of j’s with
7j < o1 has finite third moment, and applying Lemma 39 we get that

,C< > (g,j—gtj_)) satisfies (TO)

j:rjgal

— ZQi,j»C(Ai,j) + Z I1; | g(o,1)c satisfies (TO).
i#] icE

An elementary calculation furthermore shows that

Z Qi,j['(Ai,j) + Z I; |B(O,l)" satisfies (TO)
i£] icE

<= [ from (47) satisfies (TO).

Combining the two equivalences with (50) the theorem is proved (compare
Lemma 38) if the remainder }_ ;.. <o (67;_ — &r;_,) has finite second moment.

However, the latter term is just the value of a MAP starting in (0, k) evaluated at
the time of the first return of J to k with an appropriately modified evolution: the
Lévy measures need to be replaced by the old ones restricted to the unit ball and
the process has no discontinuity when J switches states. Such a MAP obviously
has finite second moment. [
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