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A sequence of Markov chains is said to exhibit (total variation) cutoff if
the convergence to stationarity in total variation distance is abrupt. We con-
sider reversible lazy chains. We prove a necessary and sufficient condition for
the occurrence of the cutoff phenomena in terms of concentration of hitting
time of “worst” (in some sense) sets of stationary measure at least «, for some
ae(0,1).

We also give general bounds on the total variation distance of a reversible
chain at time # in terms of the probability that some “worst” set of stationary
measure at least & was not hit by time ¢. As an application of our techniques,
we show that a sequence of lazy Markov chains on finite trees exhibits a cutoff
iff the product of their spectral gaps and their (lazy) mixing-times tends to co.

1. Introduction. We obtain a tight bound on the mixing-time tpix(g) (up to
an absolute constant independent of ¢) for lazy reversible Markov chains in terms
of hitting times of large sets [Proposition 1.8, (1.6)]. This refines previous results
in the same spirit ([24] and [21], see related work), which gave a less precise
characterization of the mixing-time in terms of hitting-times (and were restricted
to hitting times of sets whose stationary measure is at most 1/2).

Loosely speaking, the (total variation) cutoff phenomenon occurs when over
a negligible period of time, known as the cutoff window, the (worst-case) total
variation distance (of a certain finite Markov chain from its stationary distribution)
drops abruptly from a value close to 1 to near 0. In other words, one should run the
nth chain until the cutoff point for it to even slightly mix in total variation, whereas
running it any further is essentially redundant.

Though many families of chains are believed to exhibit cutoff, proving the oc-
currence of this phenomenon is often an extremely challenging task. Although
drawing much attention, the progress made in the investigation of the cutoff phe-
nomenon was done mostly through understanding examples and the field suffers
from a lack of general theory. The cutoff phenomenon was given its name by Al-
dous and Diaconis in their seminal paper [1] from 1986 in which they suggested
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the following open problem (reiterated in [9]), which they refer to as “the most
interesting problem”: “Find abstract conditions which ensure that the cutoff phe-
nomenon occurs.” Our bound on the mixing-time is sufficiently sharp to imply a
characterization of cutoff for reversible Markov chains in terms of concentration
of hitting times.

We use our general characterization of cutoff to give a sharp spectral condition
for cutoff in lazy weighted nearest-neighbor random walks on trees (Theorem 1).

Generically, we shall denote the state space of a Markov chain by €2 and its
stationary distribution by 7 (or €2, and m,, respectively, for the nth chain in a
sequence of chains). Let (X;);2 be an irreducible Markov chain on a finite state
space €2 with transition matrix P and stationary distribution t. We denote such a
chain by (€2, P, ). We say that the chain is finite, whenever 2 is finite. We say
the chain is reversible if m(x)P(x,y) =n(y)P(y, x), for any x, y € Q.

We call a chain lazy if P(x,x) > 1/2, for all x. In this paper, all discrete-time
chains would be assumed to be lazy, unless otherwise is specified. To avoid period-
icity and near-periodicity issues, one often considers the lazy version of the chain,
defined by replacing P with P := (P + I)/2. Another way to avoid periodic-
ity issues is to consider the continuous-time version of the chain, (Xft) >0, which
is a continuous-time Markov chain whose heat kernel is defined by H;(x, y) :=
SR, S PR, ).

We denote by PL (P,) the distribution of X; [resp., (X;);>0], given that the ini-
tial distribution is «. We denote by HL (H,,) the distribution of X' [resp. (X{');>0],
given that the initial distribution is . When p = §,, the Dirac measure on some
x € Q (i.e., the chain starts at x with probability 1), we simply write P (P,) and
H’ (H,). For any x, y € Q and t € N we write P\ (y) :=P,(X; = y) = P'(x, ).

We denote the set of probability distributions on a (finite) set B by #(B). For
any u,v € #(B), their total-variation distance is defined to be ||u — v||Tv :=
% 2o I (xX) = v = XoreBpux)=v(x) #(X) — v(x). The worst-case total variation
distance at time ¢ is defined as

dt) = mag)zidx(t) where for any x € Q,d, () := |Py(X; € ) — 7| -
xe

The e-mixing-time is defined as
tmix(¢) ;= inf{t : d(t) < &}.
Similarly, let de(¢) := maxyegq |H, — 7 |ITv and let tfntix(s) =inf{r : d(t) < e}.
When ¢ = 1/4 we omit it from the above notation. Next, consider a sequence

of such chains, ((2,, Py, ;) : n € N), each with its corresponding worst-distance
from stationarity d (¢), its mixing-time tél"ll etc. We say that the sequence ex-
hibits a cutoff if the following sharp transition in its convergence to stationarity
occurs:

(n)
lim —mx®)
n—o00 t(”) (1 _ 8)

mix

forany0 <e < 1.
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We say that the sequence has a cutoff window w,, if w, = o(tr(:iz() and for any
g € (0, 1) there exists ¢, > 0 such that for all n

(1.1) 1" () — 1 (1 — &) < cowp.

Recall that if (€2, P, ) is a finite reversible irreducible lazy chain, then P is self-
adjoint w.r.t. the inner product induced by 7 (see Definition 2.1), and hence has |€2|
real eigenvalues. Throughout we shall denote themby 1 =41 > Ay > --- > A >
0 (where A, < 1 since the chain is irreducible and A|q| > 0 by laziness). Define the
relaxation-time of P as tre := (1 — A2)~!. The following general relation holds for
lazy chains (see [18] Theorems 12.3 and 12.4)

1
(12) (= D10g( 5. ) = tain(®) < tertog(; ).
2¢e eminy 7 (x)
We say that a family of chains satisfies the product condition if (1 — kg’))t(")

(m ()

mix
as n — oo [or equivalently, 7., = o(z,;;)]. The following well-known fact follows

easily from the first inequality in (1.2) (cf. [18], Proposition 18.4).

— 0

FAacT 1.1. For a sequence of irreducible aperiodic reversible Markov chains

with relaxation times {tr(gl)} and mixing-times {t(ng(}, if the sequence exhibits a

mi
cutoff, then ) = o(z).

In 2004, the third author [22] conjectured that, in many natural classes of chains,
the product condition is also sufficient for cutoff. In general, the product condition
does not always imply cutoff. Aldous and Pak (private communication via P. Di-
aconis) have constructed relevant examples (see [18], Chapter 18). This left open
the question of characterizing the classes of chains for which the product condition
is indeed sufficient.

We now state our main theorem, which generalizes previous results concern-
ing birth and death chains [11]. The relevant setup is weighted nearest neighbor
random walks on finite trees. See Section 5 for a formal definition.

THEOREM 1. Let (V, P, ) be a lazy reversible Markov chain on a tree T =
(V, E) with |V| > 3. Then

(1.3) tmix (&) — tmix (1 — &) < 35/ e treltmix forany O <¢e <1/4.

In particular, if the product condition holds for a sequence of lazy reversible
Markov chains (V,, P, 7,) on finite trees T, = (V,, E,), then the sequence ex-

hibits a cutoff with a cutoff window wy, =,/ tr(:l) tr(lﬁl

In [10], Diaconis and Saloff-Coste showed that a sequence of birth and death
(BD) chains exhibits separation cutoff if and only if 1@ = o(t(”) ). In [11], Ding

rel — mix
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et al. extended this also to the notion of total-variation cutoff and showed that the
cutoff window is always at most / tr(g)tr(rﬁl and that in some cases this is tight (see
Theorem 1 and Section 2.3 ibid). Since BD chains are a particular case of chains
on trees, the bound on w, in Theorem 1 is also tight.

We note that the bound we get on the rate of convergence [(1.3)] is better
than the estimate in [11] (even for BD chains), which is #pix (&) — tmix(1 — &) <
ce ™! /trelfmix (Theorem 2.2). In fact, in Section 5.1 we show that under the product
condition, d(¢) decays in a sub-Gaussian manner within the cutoff window. More

precisely, we show that tr(n"ll (e) — tr(n"iz((l —&)<c A adY

el Imix| l0g €. This is somewhat
similar to Theorem 6.1 in [10], which determines the “shape” of the cutoff and de-
scribes a necessary and sufficient spectral condition for the shape to be the density
function of the standard normal distribution.

Concentration of hitting times was a key ingredient both in [10] and [11] (as it
shall be here). Their proofs relied on several properties which are specific to BD
chains. Our proof of Theorem 1 can be adapted to the following setup. Denote

[n]:=1{1,2,...,n).

DEFINITION 1.2. For n € N and 4,7 > 0, we call a finite lazy reversible
Markov chain, ([n], P, ), a (8, r)-semi birth and death (SBD) chain if

(i) For all i, j € [n] such that [i — j| > r, we have P(i, j) =0.
(ii) For all i, j € [n] such that |i — j| = 1, we have that P (i, j) > §.

This is a natural generalization of the class of birth and death chains. Conditions
(1)—(i) tie the geometry of the chain to that of the path [n]. We have the following
theorem.

THEOREM 2. Let ([ng], Pr, i) be a sequence of (8, r)-semi birth and death
chains, for some §,r > 0, satisfying the product condition. Then it exhibits a cutoff

with a cutoff window wy, := féﬁlfr(fl)-

We now introduce a new notion of mixing, which shall play a key role in this
work.

DEFINITION 1.3. Let (2, P, ) be an irreducible chain. For any x € €,
a,e € (0,1) and t > 0, define py(o,t) := maxacQ:r(A)>a Px[Ta > t], where
T4 :=inf{t : X; € A} is the hitting time of the set A. Set p(«, t) := max, py(«, t).
We define

hity, «(¢) :=min{¢ : py(er, 1) <&} and hity(¢) :=min{z : p(e, 1) < &}.

Similarly, we define p$'(a, 1) := maxacq:r(4)>o Hx[T§' > t] (Where T§' ;= inf{t :
X' e A}) and set hitS! (¢) := min{z : pS(a, 1) < & for all x € Q}.
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DEFINITION 1.4. Let (R2,, P,, m,) be a sequence of irreducible chains and let
o € (0, 1). We say that the sequence exhibits a hit, -cutoff, if for any ¢ € (0, 1/4)

hit™ (e) — hit" (1 — &) = o(hit™ (1/4)).
We are now ready to state our main abstract theorem.

THEOREM 3. Let (2, P,, ;) be a sequence of lazy reversible irreducible
finite chains. The following are equivalent:

(1) The sequence exhibits a cutoff.

(2) The sequence exhibits a hit,-cutoff for some a € (0, 1/2].

(3) The sequence exhibits a hit, -cutoff for some o € (1/2, 1) and tr(enl) = o(tr(n’ﬁ).

REMARK 1.5. In Example 7.2, we show that there exists a sequence of lazy
reversible irreducible finite Markov chains, (€2,, P,, 7,), such that the product
condition fails, yet for all 1/2 < o < 1 there is hit,-cutoff. Thus, the assertion of
Theorem 3 is sharp.

REMARK 1.6. The proof of Theorem 3 can be extended to the continuous-
time case (the necessary adaptations are sketched in Section 4). In particular, it
follows that a sequence of finite lazy reversible chains exhibits cutoff iff the se-
quence of the continuous-time versions of these chains exhibits cutoff. This was
previously proven in [7] without the assumption of reversibility.

REMARK 1.7. Using somewhat similar techniques as in this work, it was
shown in [16] that under reversibility the sequence of associated continuous-time
chains exhibits a cutoff around time ¢, iff the same holds for the sequence of as-
sociated averaged (“averaged at two consecutive time steps”) chains, defined by
replacing P* by Ay := (P¥ + PK*1)/2. This result and its connections with the
results and techniques of this paper are discussed in more details in the related
work section.

At first glance hit, (¢) may seem like a rather weak notion of mixing compared
to tmix (€), especially when « is close to 1 (say, @ = 1 — ¢). The following propo-
sition gives a quantitative version of Theorem 3 [for simplicity we fix ¢ = 1/2 in
(1.4) and (1.5)].

PROPOSITION 1.8. For any reversible irreducible finite lazy chain and any
€ (0,51,

(1.4)  hit;2(3e/2) — [2trel| loge|] < tmix(e) < hit12(e/2) + [trel[log(e/4) ]
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and
hit; (1 — £/2) — [2tre1| loge|| < tmix(1 — €)
(1.5) ) 1
<hity2(1 —2¢) + le>1/18 bfrel log 8—‘-
Moreover,
max{hit|_./4(5¢/4), (trel — 1)|log(2¢)|}

3l‘rel
2

<hitj_./4(3¢/4) + [ |log(s/4)|—‘.

Finally, if everywhere in (1.4)~(1.6) tmix and hit are replaced by t5.. and hit®,
respectively, then (1.4)—(1.6) still hold (and all ceiling signs can be omitted).

REMARK 1.9. Define 38 :— max{(1 — x2)~!, (1 — |Ag])~'}. Our only

rel
use of the laziness assumption is to argue that e = £22°!U® T particular, Proposi-
absolute

tion 1.8 holds also without the laziness assumption if one replaces # by 7.
Similarly, without the laziness assumption the assertion of Theorem 3 should

be transformed as follows. A sequence of finite irreducible aperiodic reversible

Markov chains exhibits cutoff iff (tfetisomte)(”) = o(tr(:&) and there exists some
0 < a < 1 such that the sequence exhibits hit,-cutoft.

Note that for any finite irreducible reversible chain, (€2, P, i), it suffices to con-
sider a §-lazy version of the chain, Ps := (1 —§) P 461, for some § > %{M’O},
to ensure that fe] = tfetfs"l“te (which by the previous paragraph, guarantees that all
near-periodicity issues are completely avoided).

Loosely speaking, we show that the mixing of a lazy reversible Markov chain
can be partitioned into two stages as follows. The first is the time it takes the chain
to escape from some small set with sufficiently large probability. In the second
stage, the chain mixes at a rate which is governed by its relaxation-time. This esti-
mate is sharp is some cases (i.e., there are examples in which the above description
is accurate and the rate of convergence in the “second stage” is also lower bounded
by the relaxation time).

It follows from Proposition 3.3 that the ratio of the LHS and the RHS of (1.6) is
bounded by an absolute constant independent of €. Moreover, (1.6) bounds #pix (€)
in terms of hitting distribution of sets of 7 measure tending to 1 as ¢ tends to 0. In
(3.2) we give a version of (1.6) for sets of arbitrary = measure.

Either of the two terms appearing in the sum in RHS of (1.6) may dominate
the other. For lazy simple random walk on two n-cliques connected by a single
edge, the terms in (1.6) involving hit; . /4 are negligible. For a sequence of chains
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satisfying the product condition, all terms in Proposition 1.8 involving f.] are neg-

ligible. Hence, the assertion of Theorem 3, for o« = 1/2, follows easily from (1.4)
and (1.5), together with the fact that hitﬁ’})z(l /4) = ©™)). In Proposition 3.6, un-
der the assumption that the product condition holds, we prove this fact and show
that in fact, if the sequence exhibits hit,-cutoff for some « € (0, 1), then it exhibits

hitg-cutoff for all 8 € (0, 1).

1.1. Related work. The idea that expected hitting times of sets which are
“worst in expectation” [in the sense of (1.7) below] could be related to the mixing
time is quite old and goes back to Aldous’ 1982 paper [3]. A similar result was
obtained later by Lovasz and Winkler ([19], Proposition 4.8).

This aforementioned connection was substantially refined recently by Peres and
Sousi ([24], Theorem 1.1) and independently by Oliveira ([21], Theorem 2). In
[24], Peres and Sousi considered the mixing times of the associated lazy and
“averaged” chains [recall from Remark 1.7 that the distribution at time ¢ of the
latter is obtained by replacing P’ by A, := (P’ + P'*1)/2] denoted, respec-
tively, by 7 := inf{¢ : max, ||Pﬁ(x, ) —m)|tv < 1/4} and taye 1= tave(1/4),
where taye () == inf{t + 1 : dave (t) < &}, and dave(¢) := max, || As(x, ) — () |ITV.
They proved that under reversibility 7, and f, are equivalent to each other
(i.e., that for some universal constants, 0 < ¢ < C, ¢ < 1. /taye < C for all re-
versible chains) and also to various other mixing parameters, including fsop :=
MaxycQ, T stopping time: X7~ Fox[1']. Their approach relied on the theory of random
times to stationarity combined with a certain complicated “de-randomization” ar-
gument which shows that (under reversibility) faye < Clstop. As a (somewhat in-
direct) consequence, they deduced that for any 0 < o < 1/2 (this was extended
to @ = 1/2 in [14]), there exist some constants cg, c(; > 0 such that for any lazy
reversible irreducible finite chain

CQJH(Ol) < tmix < cotu(a) where
(1.7)
tH(a) :=max 1y x (o) and 1y x (@) == max  E,[Ta].
xeQ ACQm(A)>a

This work was greatly motivated by the aforementioned results. It is natural to
ask whether (1.7) could be further refined so that the cutoff phenomenon could be
characterized in terms of concentration of the hitting times of a sequence of sets
A, C 2, which attain the maximum in the definition of tl({")(l /2) (starting from
the worst initial states). Corollary 1.5 in [15] asserts that this is indeed the case in
the transitive setup. More generally, Theorem 2 in [15] asserts that this is indeed
the case for any fixed sequence of initial states x, € €2, if one replaces tg’)(l /2)
and d™ (1) by tgfln(l /2) and dg’)(t) (i.e., when the hitting times and the mixing
times are defined only w.r.t. these starting states). Alas, Proposition 1.6 in [15]
asserts that in general cutoff could not be characterized in this manner.
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In [17], Lancia et al. established a sufficient condition for cutoff which does not
rely on reversibility. However, their condition includes the strong assumption that
for some A, C 2, with 7, (A,) > c > 0, starting from any x € A,, the nth chain
mixes in o(tr(rﬁi) steps.

Very recently, Chen and Saloff-Coste [8] obtained a detailed criterion for cutoff
(both in total variation and separation distance) for the class of birth and death
chains using concentration of hitting times. They also obtained formulae for the
cutoff time as well as the cutoff window in terms of the moments of certain hitting
times.

The most important tool we shall utilize is Starr’s L? maximal inequality (The-
orem 2.3), which as we demonstrate in Section 2, can become extremely powerful
when combined with simple spectral techniques (e.g., the L2-contraction Lemma).
Its central role in our approach is explained in the following section. Relating it to
the study of mixing-times of reversible Markov chains is one of the main contri-
butions of this work. It is the belief of the authors that this technique can be ap-
plied to other theoretical problems concerning Markov chains. Maximal inequal-
ities were the main tool used in two other recent works [16, 20] which resolved
long lasting open problems related to mixing times of reversible chains. In [20]
Starr’s L? maximal inequality was used to prove (under reversibility) the inequal-
ity > yeq Sup; P'(x,y) < 2e(l Vv |logm(x)|). We note that for their application
they had to take p ~ 1 + m(x).

In [16], the second and third authors substantially refined the aforementioned
equivalence of 7, and ., established by Peres and Sousi, by showing that

dave (t + [M1t]) < max, ||H§C —nlltv+ C/(1VIogM)/M and max, ||H;+M‘/; —
T|tv < dave(t) + e*CMz, for all 1, M > 0 (for some absolute constants C, ¢ > 0).
The main tool used in [16] is a certain L? maximal inequality involving the discrete
derivative of the transition matrix. These quantitative relations resolve a conjecture
of Aldous and Fill [2], Open Problem 4.17. Moreover, it is shown in [16] that these
inequalities not only imply the equivalence of cutoffs for the sequences of associ-
ated (resp.) continuous-time and averaged chains, but also allows one to express
the (optimal) cutoff window of one in terms of that of the other.

1.2. An overview of our techniques.
DEFINITION 1.10. Let (€2, P, ) be a finite reversible irreducible lazy chain.

Let AC Q, s >0and m > 0. Denote p(A) := +/Var; 14 = /7(A) (1 — 7 (A)).
Set oy 1= e/l p(A). We define

(1.8) Gs(A,m) :={y: |PI;,(A) — 1(A)| < moy for all k > s}.

We call the set G4(A, m) the good set for A from time s within m standard devia-
tions.
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As a simple corollary of Starr’s L? maximal inequality and the L2-contraction
lemma we show in Corollary 2.4 that for any nonempty A C 2 and any m, s > 0
that 7 (Gs(A,m))>1—-8/ m?. To demonstrate the main idea of our approach, we
now prove the following inequalities:

. Trel 2
(1.9) mix(2¢) < hitj_¢(¢) + | —log 3]
2 €
. Trel 8
(1.10) hit; (1 —2¢) > tmix(1 — &) — | —-log{ —= ) |.
2 £

We first prove (1.9). Let A C 2 be nonempty. Let x € Q. Let s,¢,m > 0 to be
defined shortly. Denote G := G (A, m). We want this set to be of size atleast 1 —¢.
By Corollary 2.4, we know that 7(G) > 1 — 8/m?. Thus, we pick m = /8/¢. The
precision in (1.8) is mo; < /8/e(v/Vary 1473/l < /2]ge™5/1el As we want
to have ¢ precision, we pick s := [%ﬂl log(e%)].

We seek to bound [P/ (A) — (A)|. If |PLT¥(A) — w(A)| < 2e, then the chain
is “2e-mixed w.r.t. A”. This is where we use the set G. We now demonstrate that
for any ¢ > 0, hitting G by time ¢ serves as a “certificate” that the chain is e-mixed
w.r.t. A at time ¢ + 5. Indeed, from the Markov property and the definition of G,

[PelXiss € A1 Tg < 11— 7(A)] < maxsup|Py (4) — m(A)] <e.

s'>s
In particular,
[P (A) = m(A)| < PulTG > 1]+ [Pe[ X4y € A | Tg < 1] — 7 (A))|
<P:[Tg >t]+e.

(1.11)

We seek to have the bound P, [T > t] < ¢. Recall that by our choice of m we have
that 7 (G) > 1 — ¢. Thus if we pick ¢ := hit;_.(¢), we guarantee that, regardless of
the identity of A and x, we indeed have that P, [T > t] < ¢. Since x and A were
arbitrary, plugging this into (1.11) yields (1.9). We now prove (1.10).

We now set r := tnix(1 — &) — 1. Then there exist some x € Q and A C Q
such that w(A) — PL.(A) > 1 — ¢. In particular, 7(A) > 1 — ¢. Consider again
G := Gy, (A, m). Since again we seek the size of G to be at least 1 — ¢, we again
choose m = /8/e. The precision in (1.8) is moy, < /8/e(y/Vary [ ge~52/kel) <
V8/e(JT = (A)e 52/ tel) < \/8e™52/!el We again seek & precision. Hence, we
pick s 1= (% log(s%ﬂ. Asin (1.11) (with r — s in the role of ¢ and s in the role
of 5) we have that

Py (TG, >r —s2]1>7(A) =P (A) —e > 1—2e.

Hence, it must be the case that hitj_,(1 — 2¢) >r — 50 = tpix(1 —e) — 1 —
M5t log($)1.
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2. Maximal inequality and applications. In this section, we present the ma-
chinery that will be utilized in the proof of the main results. Here and in Sec-
tion 3, we only treat the discrete-time chain. The necessary adaptations for the
continuous-time case are explained in Section 4. We start with a few basic defini-
tions and facts.

DEFINITION 2.1. Let (2, P, ) be a finite reversible chain. For any f € R,
letEr[f]:=>  com(x)f(x)and Var, f :=E[(f —E, £)?]. The inner-product
(-, )7 and L? norm are

(f,8)n :=Exlfgl and |fl,:=E[IfI")"?, 1<p<oco.

We identify the matrix P’ with the operator P’ : L? (R, w) — LP(R%, ) defined
by P! f(x) := Yyen Pi(x,y) f(y) = E.[f(X,)]. By reversibility, P! : L — L?
is a self-adjoint operator.

The spectral decomposition in discrete time takes the following form. If
fi, ..., fig| is an orthonormal basis of Lz(}RQ, ) such that Pf; := X; f; for all i,
then Plg=E,P'g + Zlilz(g, fiYx M fi, for all g € R and # > 0. The following
lemma is standard. It is proved using the spectral decomposition in a straightfor-

ward manner.

LEMMA 2.2 (L?-contraction lemma). Let (2, P, ) be a finite lazy reversible
irreducible Markov chain. Let f € RS, Then
2.1) Var, P' f <e /™ Var, f foranyt > 0.

We now state a particular case of Starr’s maximal inequality ([25], Theorem 1).
It is similar to Stein’s maximal inequality ([26]), but gives the best possible con-

stant. For the sake of completeness we also prove Theorem 2.3 at the end of this
section.

THEOREM 2.3 Maximal inequality. Let (2, P, ) be a reversible irreducible

Markov chain. Let 1 < p < oo and p* := p/(p — 1) be its conjugate exponent.
Then for any f € LP(R%, ),

(2.2) 1741, < P £l
where f* € R® is the corresponding maximal function at even times, defined as

)= sup [PH(H)x)|= sup |Ex[f(X20)]]-

0<k<oo 0<k<oo

The following corollary follows by combining Lemma 2.2 with Theorem 2.3.
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COROLLARY 2.4. Let (2, P, 1) be a finite reversible irreducible lazy chain.
As in Definition 1.10, define p(A) := /7 (A) (1 — 7(A)), 0; := p(A)e "/ and

Gi(A,m):={y:[PX(A) — w(A)| < mo forall k > t}.
Then
(2.3) 7(Gi(A,m))=1—=8m~%  forall ACQ,t>0andm > 0.
PROOF. Foranyt >0, let f;(x):= P (14 —7(A))(x) = P;(A) —m(A). Then
in the notation of Theorem 2.3,

f75(x) 1= sup| P%* f,(x)| = sup[P*H (A) — m(A)
k>0 k>0

’

and similarly

(Pf)* (x) = sup|PATIT (A) — 7 (A)].
k>0

Hence, G; D {x € Q: f*(x), (Pf;)*(x) < mo;}. Whence
(2.4) 1 —7n(Gy) <mfx: ff(x) =mor} +7{x: (Pf)*(x) > moy}.

Note that since 7 P! = & we have that E; (f;) = E;(fo) =E;(14 — 7(A)) =0.
Now (2.1) implies that

(2.5) IPfill3 < |Ifill3=Vary P' fo <e /™ Var, fo=e 2/ p>(A) =0},
Hence, by Markov inequality and (2.2) we have
(2.6) mlx: [ @) =mo} =m{x: (f(x))> = m0?} <4m™2,

and similarly, 7w {x : (Pf;)*(x) > mo;} < 4m—2.
The corollary now follows by substituting the last two bounds in (2.4). [

2.1. Proof of Theorem 2.3. As promised, we end this section with the proof of
Theorem 2.3.

PROOF OF THEOREM 2.3. Let p € (1,00) and f € L?(R®, ). Let ¢ := Fal
be the conjugate exponent of p. We argue that it suffices to prove the theorem
only for f > 0, since for general f, if we denote & := | f|, then | f*| < h*. Conse-
quently, || f*ll, < 12", < gkl =qll fllp-

Let (X,)n>0 have the distribution of the chain (€2, P, ) with Xo ~ 7. Let
n>0.Let 0 < f e LP(R2, ). By the tower property of conditional expectation
(e.g., [12], Theorem 5.1.6.),

2.7) P f(Xo) :=E[f(X2.) | Xo] = E[E[f(X24) | Xa]| Xo] =EIR, | Xo],
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where R, :=E[ f(X2,) | Xn]. Since X ~ 7, by reversibility, (X,;, X,+1, ..., X21)
and (X,, X,—1, ..., Xo) have the same law. Hence,
(2.8) R, =E[f(X2,) | Xx] =E[f(X0) | Xx] =E[f(X0) | X0, Xnt1....],

where the third equality in (2.8) follows by the Markov property. Fix N > 0.
By (2.8) (Rn)glzo is a reverse martingale, that is, (RI\/_n)fl\’:0 is a martingale. By
Doob’s L? maximal inequality (e.g., [12], Theorem 5.4.3.)

2 _ |
2.9) |,max Ri| <qliRol,=al (X0,

Denote iy := maxo<p<n Pz”f. By (2.7),

(2.10) hy(Xo) = max IE[R,,|X0]§E[ max R,,|X0].
0<n<N 0<n=<N

By conditional Jensen inequality ||E[Y | Xolll, < Y], (e.g., [12], Theorem
5.1.4.). So by taking L? norms in (2.10), together with (2.9) we get that

,=alr&ol,.

The proof is complete using the monotone convergence theorem. [J

(2.11) lanllpy < Homax Ry

<n<N

3. Inequalities relating 7,ix(¢) and hity(6). Our aim in this section is to
obtain inequalities relating #nix(¢) and hit,(§) for suitable values of «, ¢ and &
using Corollary 2.4.

The following corollary uses the same reasoning as in the proof of (1.9)—(1.10)
with a slightly more careful analysis.

COROLLARY 3.1. Let (2, P, 1) be a lazy reversible irreducible finite chain.
Letx € 2,8, €(0,1),s >0and A C Q. Denote t := hit|_y x(8). Then

(.1 P (A) = (1 - §)[r(A) — e/ ™ [8a I (A) (1 — 7 (4))]'?].
Consequently, for any 0 < ¢ < 1 we have that

hitj_o (( + &) A1) <tmix(e) and

re 2(1 —¢)?
tmix((8 4+ 8) A 1) < hit;_g(e) + P_Zl 10g+(%)“’

(3.2)

where a A b := min{a, b} and log™ x := max{log x, 0}. In particular, for any 0 <
e<1/2,

. . 3t
(33) hmﬁMGW®5%mwshmﬂM6w&+(gd

log<4/e)},

Imix (&) < hity2(e/2) + [tre1log(4/e)] and
3.4

. 1
tmix(1 —&/2) < hit;p(1 —¢) + 16>1/9’V§trellog8—‘-
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PROOF. We first prove (3.1). Fix some x € 2. Consider the set
G =Gs(A)
i={y 1 |PE(A) — w(A)| < e/ (8 m(A) (1 — m(A)))/? for all k > s}.
Then by Corollary 2.4, we have that
7(G)>1—a.
By the Markov property and conditioning on T and on X7, we get that
P[X/1s € A|Tg <1]>m(A) —e /™ [8a 7 (A)(1 — 7(A))]"/%.
Since 7(G) > 1 — o we have that P,[Tg <] > 1 — § for ¢ := hitj_y (6). Thus
P (A) = Pu[TG < 11Px[X,45 € A | TG <1]
> (1—8)[m(A) — e~/ [8a" 7 (A)(1 — w(A))]"?],

which completes the proof of (3.1). We now prove (3.2). The first inequality in
(3.2) follows directly from the definition of the total variation distance. To see this,
let A C Q2 be an arbitrary set with w(A) > 1 — «. Let #; := tix(¢). Then for any
x € Q,

PiTa <)) =Pi[X; € Al=7(A) — [P} — 7| py =1 —a —e.

In particular, we get directly from Definition 1.3 that hit;_4 (o + &) <] = tix(€).
We now prove the second inequality in (3.2).

i —rl +,2(1—¢)?
Set 7 :=hit;_o(¢) and s := [5fre1log™ (=5 1. Let x € 2 be such that d(7 +

s)=dy(t+s)andset A:={yeQ:m(y) > P;“(y)}. Observe that by the choice
of t, s, x and A together with (3.1) we have that

d(t +5)=m(A) — P (A)
<em(A)+ (1 —e)e /" [8a" 7 (A)(1 — w(4))]"?

< e[m(A) +2/8/e\m(A)(1 - (A))]
<e[l+@2/5/e)* /4] =¢e+3,

where in the last inequality we have used the easy fact that for any ¢ > 0 and any
x € [0, 1] we have that x + ¢c4/x(1 —x) <1+ c2/4. Indeed, since x € [0, 1] it
suffices to show that x + c4/(I —x) < 1 + ¢?/4. Write /1 —x =y and ¢/2 = a.
By subtracting x from both sides, the previous inequality is equivalent to 2ay <
y% 4+ a?. This completes the proof of (3.2).

For the second inequality of (3.3), apply (3.2) with («, &, §) being (¢/4, 3¢/4,
e/4). Similarly, to get (3.4) apply (3.2) with («, &, ) being (1/2,¢/2,¢/2) or
(1/2,1 — &, &/2), respectively. [J

(3.5)
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REMARK 3.2. Corollary 3.1 holds also in continuous-time case (where every-
where in (3.1)—(3.4) fmix and hit are replaced by 75\ and hit®, respectively, and all
ceiling signs are omitted). The necessary adaptations are explained in Section 4.

Let @ € (0, 1). Observe that for any A C 2 with m(A) > «, any x € Q2 and
any t,s > 0, by the Markov property we have that P,[T4 > t 4+ s] < Py[T4 >
t](max; P,[T4 > s]) < p(a,t)p(a,s). Maximizing over x and A yields that
pla,t+5) < p(a,t)p(a, s), from which the following proposition follows.

PROPOSITION 3.3. Forany«a, e, € (0, 1), we have that
(3.6) hit, (¢8) < hit, (&) + hit, (8).

In the next corollary, we establish inequalities between hit, (§) and hitg(8") for
appropriate values of «, 8,8 and §'.

COROLLARY 3.4. For any reversible irreducible finite chain and 0 < ¢ <
5 <1,

hitg (8) < hit, (8)
3.7) < hitg(5 — &)

+ [a_ltrel log((ll__ig)g)—‘ forany0 <a < B < 1.

The general idea behind Corollary 3.4 is as follows. Loosely speaking, we show
that any set A C 2 has a “blow-up” set H(A) (of large w-measure), such that
starting from any x € H(A), the set A is hit “quickly” [in time proportional to
trel/m (A)] with large probability.

In order to establish the existence of such a blow-up, it turns out that it suffices
to consider the hitting time of A starting from the initial distribution 7r, which is
well understood.

LEMMA 3.5. Let (2, P, ) be a finite irreducible reversible Markov chain.
Let A C Q be non-empty. Let o > 0 and w > 0. Let B(A, w, ) :={y : Py[T4 >
[l 7] > ). Then

w(A)

A\
Py[T4 > 1] < n(AC)(l - ”t( ))

(3.8) rel
c t(A)

<m(A)exp| — foranyt > 0.
rel
In particular,

(3.9  7(BA,w,a) <7(A)e "o~ and w(A)E[Tal <t (AS).
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The proof of Lemma 3.5 is deferred to the end of this section.

PROOF OF COROLLARY 3.4. Denote s = sq4,8,c 1= o el log(ﬁﬂ. Let
A C Q be an arbitrary set such that 7 (A) > «. Consider the set
H =H(A, o, B,¢):= {y € Q:Py[TA <s]>1 —8}.

Then by (3.9)

srr(A)]

rel

m(H) = 1—(1—(1-¢) ' (1 -n(4)) exp[—

el log( 1= }_
>1—-e (1 a)exp|: 10g<(1_ﬂ)8> = g.

By the definition of H; together with the Markov property and the fact that
w(Hy) > B, forany t >0 and x € €,

Pi[Ta <t +s1Z2Pu[Th, =t,Ta <t +s]= (1 —&)Px[Th =1]

(3.10) 2(1_8)(1_px([3,;))21—e—1;1€aépy(ﬂ,t).

Taking ¢ := hitg(d — ¢) and minimizing the LHS of (3.10) over A and x gives the
second inequality in (3.7). The first inequality in (3.7) is trivial because o« < 8. [

3.1. Proofs of Proposition 1.8 and Theorem 3. Now we are ready to prove our
main abstract results.

PROOF OF PROPOSITION 1.8. First note that (1.6) follows from (3.3) and
the first inequality in (1.2). Moreover, in light of (3.4) we only need to prove the
first inequalities in (1.4) and (1.5). Fix some 0 < ¢ < 1/4 and ¢t > 0. Take any
set A with 7(A) > % and x € Q. Denote s, := [2f| log e|]. Consider a coupling
(P, (Yk, Zi)k>0) of the chain (Yx)r>o with initial distribution Yy ~ P; with the
stationary chain (Zy)x>0 so that P[(Yx)k=0 # (Zi)k>0] = dx(¢) (cf. the proofs of
Proposition 4.7 and of Theorem 5.2 in [18] for the existence of such a coupling).
By the Markov property,

Pi[Tyg >t +s:] <Py[Xp¢ Aforallt <k <t+s,]
=P[Yy ¢ A forall k <s,]
<P[(YW)ik=0 # (Zi)k=0] + P[Zy ¢ A forall k < s,]
=dx(t) +Pr[Ta > s¢].
Hence, by (3.8)

1
PU[Th >t +s.] <de(t)+ 5e—SS/Z’re' <d() + %
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Putting 1 = tnix(e) and ¢ = fyix (1 — &) successively in the above equation and
maximizing over x € 2 and A such that 7 (A) > % gives

hity 2(3e/2) < tmix(e) +s. and hit;p(1 — &/2) <tmix(1 — &) + 5,
which completes the proof. [J
Before completing the proof of Theorem 3, we prove that under the product con-

dition if a sequence of reversible chains exhibits hit,-cutoff for some « € (0, 1),
then it exhibits hit,-cutoff for all o € (0, 1).

PROPOSITION 3.6. Let (2, Py, mn) be a sequence of lazy finite irreducible
reversible chains for which the product condition holds. Then (1) and (2) below
are equivalent:

(1) There exists o € (0, 1) for which the sequence exhibits a hit,-cutoff.
(2) The sequence exhibits a hity-cutoff for any a € (0, 1).

Moreover,

@3.11) hit™ (1/4) = 0(")  forany a € (0, 1).
Furthermore, if (2) holds then

(3.12) lim it (1/4) /hit{5(1/4) =1 foranya € (0,1).

PROOF. We start by proving (3.11). Assume that the product condition holds.
Fix some « € (0, 1). Note that we have

o

3
hit™ (1/4) < 4o~ hitf;')(l - Ta) < 4a—1r§§;<4)

<471 (2 4 Nlogy (1/a)])r.

The first inequality above follows from (3.6) and the fact that (1 — 3o/ 4)4"‘71 1<

4¢3 < 1/4. The second one follows from (3.2) (first inequality). The final inequal-

ity above is a consequence of the sub-multiplicativity property: for any k,¢ > 0,
d(kt) < (2d())* (e.g., [18], (4.24) and Lemma 4.12).

Conversely, by (3.6) (second inequality) and the second inequality in (3.2) with
(o, €, 8) here being (1 — «, 1/8, 1/8) (first inequality)

(n) () - (n)
foix Frel < 100 )"‘ hity" (1/8) . ()
Zmix _ | Zrel g < —=—"" <hityV(1/4).
2 ety ) |5 T  =he

This completes the proof of (3.11). We now prove the equivalence between (1) and
(2) under the product condition. It suffices to show that (1) = (2), as the reversed
implication is trivial. Fix 0 < o < 8 < 1. It suffices to show that hit, -cutoff occurs
iff hitg-cutoff occurs.
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Fix ¢ € (0, 1/8). Denote s, = s, (a, B, €) := [tr(enl)ot_l log((ll:g)g)]. By the sec-
ond inequality in Corollary 3.4,

(3.13)  hitd"(1 —e) <hity’(1 —2¢) +s, and hitd"2e) <hit]" (&) + 5.
By the first inequality in Corollary 3.4,

hit)” (2¢) <hit{" 2¢) <hit{’(e) and

(3.14)
hity” (1 — &) < hitg” (1 — 2¢) < hit{" (1 — 2¢).
Hence
. hit” (2e) — hit§” (1 — 2¢) < hit{" () — hit{" (1 — &) + s,

hitd” (2e) — hit{” (1 — 2e) < hit” (e) — hitg” (1 — &) + 5.

Note that by the assumption that the product condition holds, we have that s, =
o(tr(n”il). Assume that the sequence exhibits hit,-cutoff. Then by (3.11) the RHS
of the first line of (3.15) is o(z")). Again by (3.11), this implies that the RHS of
the first line of (3.15) is o(hitg’)(l /4)) and so the sequence exhibits hitg-cutoff.
Applying the same reasoning, using the second line of (3.15), shows that if the
sequence exhibits hitg-cutoff, then it also exhibits hit,-cutoff.

We now prove (3.12). Let a € (0,1). Denote « := min{a, 1/2} and B :=
max{a, 1/2}. Let s, = s, (0, B, €) be as before. By the second inequality in Corol-
lary 3.4,

(3.16) hit{" (1/4 + &) — s, < hit§” (1/4) < hit{" (1/4).

By assumption (2) together with the product condition and (3.11), the LHS of
(3.16) is at least (1 — o(1)) hit™ (1/4), which by (3.16), implies (3.12). [

The following proposition shows that for all « < 1/2 the occurrence of hit,-
cutoff implies that the product condition holds. In particular, this implies the equiv-
alence of (2) and (3) in Theorem 3.

PROPOSITION 3.7. Let (2, Py, y) be a sequence of lazy finite irreducible
reversible chains. Assume that the product condition fails. Then for any o < 1/2
the sequence does not exhibit hit,-cutoff.

Before providing the proof of Proposition 3.7, we complete the proof of Theo-
rem 3.

PROOF OF THEOREM 3. By Fact 1.1 and Proposition 3.7, it suffices to con-
sider the case in which the product condition holds. By Propositions 3.6, it suffices
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to consider the case @ = 1/2 (i.e., it suffices to show that under the product condi-
tion the sequence exhibits cutoff iff it exhibits hit; 2-cutoff). This follows at once
from (1.4), (1.5) and (3.12). O

PROOF OF PROPOSITION 3.7. Fix some 0 < o < 1/2. We first argue that for
alln, k> 1

(3.17) hit® ([1 — a/21%) < k[ [logy (er/2) |12

mix*
By the sub-multiplicativity property (3.6), it suffices to verify (3.17) only for
k = 1. As in the proof of Proposition 3.6, by the sub-multiplicativity property
d(mt) < (2d(t))™, together with (3.2), we have that hitfx”)(l —a/2) < tr(n"&(a/Z) <
[M1og(@/2) Mg
Conversely, by the laziness assumption, we have that for all n,

(3.18) hit" (e/2) > [log,e|  forall0<e < 1.

To see this, consider the case that X(()") = y,, for some y, € Q, such that 7, (y,) <
1/2 <1 — «, and that the first ||log, ¢|] steps of the chain are lazy (i.e., y, =

(n)
X{" = =X|jlog e1))-

By (3.17) in conjunction with (3.18), we may assume that lim,,_, o tr(lﬁz( = 00,
as otherwise there cannot be hit,-cutoff. By passing to a subsequence, we may

assume further that there exists some C > 0 such that téﬁ; <C tr(:l). In particular,

. . ()
) = 00 and we may assume without loss of generality that ()\gn))tmix >

. (n
limy,— o0 1,4
e~ € for all n, where Aé”) is the second largest eigenvalue of P,.

For notational convenience, we now suppress the dependence on n from our
notation. Let f>» € R® be a nonzero vector satisfying that Pf> = A, f>. By con-
sidering — f> if necessary, we may assume that A := {x € Q2 : fo < 0} satisfies
m(A) > 1/2. Let x € Q be such that f>(x) =maxycq f2(y) =: L. Note that L >0
since E; [ f>] =0.

Consider Ny := Az_kfz(Xk) and My := Ngar,, where Xo = x. Observe that
(Nik)k>0 is a martingale, and hence so is (Mg )k=0 (W.r.t. the natural filtration in-
duced by the chain). As My <0 on {T4 <k} and My < Az_kL on {T4 > k}, we get

that for all k > 0, My <A, L17,~, and so
(3.19) L =E [Mo] = Ex[Mi] < E [ L1z, =i] = A X LP,[T4 > K]
Thus, P, [T4 > k] > Ak for all k. Consequently, for all a > 0,
(3.20) Py[T4 > atmix] > A5 > ¢74C,
Thus
hity (e/2) > hity2(e/2) > C_ltmix| log ¢ forany 0 < ¢ < 1.

This, in conjunction with (3.17), implies that hi}tlitgl(i)s) > Crlclig(ﬁzl/m , for all 0 <

& < /2. Consequently, there is no hit,-cutoff. [J
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3.2. Proof of Lemma 3.5. Now we prove Lemma 3.5. As mentioned before,
the hitting time of a set A starting from stationary initial distribution is well-
understood (see [13]; for the continuous-time analog, see [2], Chapter 3, Sections 5
and 6.5 or [4]). Assuming that the chain is lazy, it follows from the theory of
complete monotonicity together with some linear-algebra that this distribution is
dominated by a distribution which gives mass 7 (A) to 0, and conditionally on be-
ing positive, is distributed as the Geometric distribution with parameter 7 (A) /.
Since the existing literature lacks simple treatment of this fact (especially for the
discrete-time case), we now prove it for the sake of completeness. We shall prove
this fact without assuming laziness. Although without assuming laziness, the dis-
tribution of 74 under P, need not be completely monotone, the proof is essentially
identical as in the lazy case.

For any nonempty A C €2, we write w4 for the distribution of 7 conditioned
on A. Thatis, w4 (-) := %. For any matrix P and f € R we denote Ep (f):=

(I =P)f, fx-

LEMMA 3.8. Let (2, P, ) be a reversible irreducible finite chain. Let A C
Q be nonempty. Denote its complement by B and write k = |B|. Consider the
sub-stochastic matrix Pp, which is the restriction of P to B. That is Pg(x,y) :=
P(x,y)forx,y € B. Assume that Pp is irreducible, that is, for any x, y € B, exists
some t > 0 such that Pg (x,y) > 0. Then:

(1) Pp has k real eigenvalues 1 —w(A)/trel = V1> Y2 > > Yk = —VY1.

(i) There exist some nonnegative ay, ..., ai satisfying Zle a; = 1 such that
foranyt >0,
k
(3.21) PrplTa>11=> aiy/.
i=1
(iii)

(322) Py [Ta>1]< (1 — ”(A)>t < exp(—m(A)

forallt > 0.
Trel Trel )

PROOF. We first note that (3.22) follows immediately from (3.21) and (i). In-
deed, by (i), [yil <y1 <1 —ZX forall i, and so (3.21) implies that Pr, [T >
N<yf <=2 forall >0,

We now prove (i). Consider the following inner-product on RZ, (f, 8y =
Y e TR (x) f(x)g(x). Since P is reversible, Pp is self-adjoint w.r.t. this inner-
product. Hence, indeed Pp has k real eigenvalues y; > y» > --- > y and there is
a basis of R5, g1, ..., gx of orthonormal vectors w.r.t. the aforementioned inner-
product, such that Pgg; = y;g; (i € [k]). By the Perron—-Frobenius theorem y; > 0
and y; > —yx.
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By the Courant-Fischer variational characterization of eigenvalues, we have

£
(3.23) l—y = inf{ p(8) :2>0,g=00nA,g nonconstant}.

(8 8)n
Also observe that for all g > 0 such that g = 0 on A we have by the
Cauchy—Schwarz inequality that E, g% > (Bx B 2)? [where for f € R® we denote
Exy f =Y, g (b) f(b)] which rearranges to

Var, g =(g—Ezg,8 —Ezg)x >(A) (g, &)x-

Thus, by (3.23) 1 — y; > 7(A)inf{Ep(g)/Var, g : g > 0,g =0on A, g
nonconstant}, which in comparison with the variational characterization of f.]
(e.g., [18], Remark 13.13)

1/tre1 = inf{Ep(g)/ Vary g : g nonconstant},

yields that 1 — y; > w(A)/te.1. This completes the proof of part (i). We now prove

part (ii).
By summing over all paths of length ¢ which are contained in B we get that
(3.24) PrylTa > 1]= ) mp(x)Ph(x, ).

x,yeB

By the spectral representation (cf. [18], Lemma 12.2, and Section 4 of Chapter 3 in
[2]) for any x, y € B and ¢ € N we have that Pj(x, y) = X5, mp(y)gi (x)gi (»)y!.
So by (3.24)

k k
Pry(Ta>tl= Y 7)) 7ws(Ngix)eMyi =Y aiv/,
i=1

x,yeB i=1

where a; := (3", cpTB(x)gi (x))2. Plugging ¢ = 0 shows that indeed Zle a; =1,
as desired. [

Using the same argument for the continuous-time setup, it follows that

k

H7TB |:TXt > t] = Z jTB(_x) Zy-[B(y)gl. (x)gi (y)e—(l—y,-)t
x,yeB i=1

k
=Y ae =W < gmT W)t
i=l

We now present an alternative argument, which does not require reversibility
(which allows one to extend Corollary 3.4 and Lemma 3.5 to the nonreversible
continuous-time setup).
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REMARK 3.9. When P is nonreversible, one can consider its additive
symmetrization § = (P + P*)/2 (which is reversible), where P*(x,y) :=
w(y)P(y,x)/m(x) is the time-reversal of P (and the dual operator). Define
trel := 1/(1 — A2(S)), where A2(S) is the second largest eigenvalue of S. Let
A C Q be an irreducible set. Denote its complement by B. We argue that with
this notation, it is still the case that Hy, [T > 1] <e™ '™ (A)/trar

As above, consider the sub-stochastic matrices Pp, P;, H 1’9 and Sp, which are
the restrictions of P, P*, H; and S (resp.) to B. For any f, g € RZ we denote

Erglf1:= 2 vepmB(X) f(x), (f, 8)np :=Enylfgland ||f||f;,p = Erg[1f17]. Let
hi(x) ;== Hg1p(x) =H,[T§' > t]. Then

Moy [T4' > 1] =By L) = I hell .1 < Nl 3.2
Let f € RE. For any linear operator Q : R® — RE denote £o(f) := (I —

O)f, f)ny- Since Ep, (f) = gp;(f) it is also the case that Ep, (f) = Es,(f). An
elementary calculation shows that

d 2
_EH Hlt?f”B,z =2Epy (H}.{?f) =2Es, (ngf)
Moreover, if f is nonnegative and nonzero, then as in (3.23) we have that

Esy(Hp f) = n(A)HHéf”%,Z/trel-

Hence,
d t 2 t 2
T Hp o = =20 Hp f (3 o/ 1.

Substituting f = 1p yields that H,,B[TXt > t] < |hllp2 < expl—tm(A)/twell, as
desired.

PROOF OF LEMMA 3.5. We first note that (3.9) follows easily from (3.8).
For the first inequality in (3.9) set t = (A, w) := [teqw/7(A)] and B :=
B(A,w,a)={y:Py[T4 > t] > a}. Then by (3.8)

an(B) < (B)Pry[Ta > t] <Pr[Ta >1]
<7 (A) exp(—tm(A)/trel) < (A )e™ ™.

For the first inequality in (3.9), recall that E;[Ta] = ;. 0P~ [T4a > t] and apply
(3.8).
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We now prove (3.8). Denote the connected components of A€ := Q\ A by
{C1, ..., C}. Denote the complement of C; by C¢. By (3.22), we have that

k

Pr[Ta>11=) w(C)Py [Ta >1]= Zn(C)P NTce > 1]
i=1

(1= sy 52

rel

m(A)>. .

Trel

= (A°) exp(—

4. Continuous-time. In this section, we explain the necessary adaptations in
the proof of Proposition 1.8 for the continuous-time case. We also explain the
necessary adaptations in the proof of the continuous time analogue of Theorem 3.
More details can be found at [15]. We fix some finite, irreducible, reversible chain
(€2, P, m). For notational convenience, exclusively for this section, we shall denote
the transition-matrix of (X ,I:IL)kzo, the nonlazy version of the discrete-time chain,
by P, and that of the lazy version of the chain by Py, := (P +1)/2.

We denote the eigenvalues of P by 1 =A{> 28> - >2f, > —1 and
that of Pp by 1 = Af > A% > --- > A > —1 (where 1 + A" = 21]). We de-
note tel =(1-— ACt) I and tel =1 - )‘2) I Wwe identify H; with the opera-
tor H, : L>(R%, 1) — L?>(R%, ), defined by H, f(x) = E,[f(X)]. The spec-
tral decomposition in continuous-time takes the following form. If fi,..., fig
is an orthonormal basis such that Pf; := A{'f; for all i, then H;g = E; H,g +
ZIQI (g, fi)pe 0~ —h )’f for all g € R® and ¢ > 0. Thus, the L2-contraction
lemma takes the following form in continuous-time (see, e.g., [18], Lemma 20.5):

4.1 Var, H, f <e 2/ Var, f  forany f € R®, forany ¢ > 0.

Starr’s inequality holds also in continuous-time ([25], Proposition 3) and takes
the following form. Let f € RS, Define the continuous-time maximal function as

f(x) :=sup,~o |H f(x)|. Then
42) | 7415 <20 £1l2.

We note that our proof of Theorem 2.3 can easily be adapted to the continuous-time
Setllég.r any A C Q and s € Ry, set p(A) ;= /7(A)(1 —7(A)) and crsCt =
p(A)e*S/’rCell. Define

GS{(A,m) :={y: |H,(14)(y) — 7(A)| <mo’ forall t > s}.
Then similarly to Corollary 2.4, combining (4.1) and (4.2) (in continuous-time
there is no need to treat odd and even times separately) yields

4.3) 7(GNA,m))=1—4/m*>  forall AC Q,s>0andm > 0.
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The proof of Corollary 3.1 carries over to the continuous-time case [where every-
where in (3.1)~(3.4), fmix and hit are replaced by . and hit®, respectively, and
all ceiling signs are omitted], using (4.3) rather than (2.3) as in the discrete-time
case.

Finally, the proof of Proposition 1.8 in the continuous-time case is concluded
by noting that the coupling argument from the discrete-time case carries over to
the continuous-time case, with (3.8) replaced by the inequality H,[T§' > 7] <
w(A¢)exp(—tm(A)/t el) (see Remark 3.9).

We now explain the required adaptations for proving the continuous-time ana-
log of Theorem 3. By the last inequality, as in Lemma 3.5, Bo(A, w, o) :={y:
H,[T§' > wrll /7 (A)] > o} satisfies

(44)  7(By(A,w,a)) <m(A%eYa~!  forallw>0and0<a <.

Using (4.4) rather than (3.9), Corollary 3.4 can be extended to the continuous-time
case. Namely, for any reversible irreducible finite chain and any 0 < ¢ <4 < 1,

ot l—« )
h1t (8)<h1t (8)<h1t 'S —¢e)+a” rellog<(1 B)e

forany0 <o < g < 1.

4.5)

Using (4.5) and the continuous-time analog of Proposition 1.8 and of (3.6), one
can obtain a continuous-time analog of Proposition 3.6 by imitating the discrete
time proof.

Finally, in order to obtain a the continuous-time analog of Proposition 3.7 re-
place the discrete time martingale A, k f>(Xg) by the continuous-time martingale

eU=221 (X)),

5. Trees. We start with a few definitions. Let T := (V, E) be a finite tree.
Throughout the section, we fix some lazy Markov chain, (V, P, ), on a finite tree
T := (V, E). That is, a chain with stationary distribution 7 and state space V such
that P(x,y) > 0 iff {x, y} € E or y = x [in which case, P(x,x) > 1/2]. Then P
is reversible by Kolmogorov’s cycle condition.

Following [24], we call a vertex v € V a central-vertex if each connected com-
ponent of T\ {v} has stationary probability at most 1/2. A central-vertex always ex-
ists (and there may be at most two central-vertices). Throughout, we fix a central-
vertex o and call it the root of the tree. We denote a (weighted) tree with root o by
(T, o).

Loosely speaking, the analysis below shows that a chain on a tree satisfies the
product condition iff it has a “global bias” toward o. A nonintuitive result is that
one can construct such unweighed trees [23].

The root induces a partial order < on V, as follows. For every u € V, we denote
the shortest path between u and o by €(u) = (ug = u, uy,...,ur = o). We call
fu :=uy the parent of u and denote w, := P(u, f,). We say that u’ < u if u’ €



CHARACTERIZATION OF CUTOFF FOR REVERSIBLE MARKOV CHAINS 1471

£(u). Denote W, :={v :u € £(v)}. Recall that for any @ # A C V, we write w4
for the distribution of 7 conditioned on A, w4 (+) ;= %.

A key observation is that starting from the central vertex o, the chain mixes
rapidly (this follows implicitly from the following analysis). Let T, denote the
hitting time of the central vertex. We define the mixing parameter 7(¢) for ¢ €

(0, 1) by
To(e) :=min{7s : Py [T, > t] <& Vx € Q}.

We show that up to terms of the order of the relaxation-time (which are negligible
under the product condition) 7,(-) approximates hit; 2(-) and then using Proposi-
tion 3, the question of cutoff is reduced to showing concentration for the hitting
time of the central vertex. Below we make this precise.

LEMMA 5.1. Denote ss := [4te1|10g(45/9)|]. Then

5.1 To(&) < hity2(e) < 1o(e — 8) + 55 forevery) <8 <e < 1.

PROOF. First observe that by the definition of central vertex, for any x € V,
X # o there exists a set A with 7(A) > % such that the chain starting at x cannot
hit A without first hitting 0. Indeed, we can take A to be the union of {0} and
all components of 7"\ {o} not containing x. The first inequality in (5.1) follows
trivially from this.

To establish the other inequality, fix A € V with 7 (A) > l, x € V and some
0 < 8 < ¢ < 1. It follows using Markov property and the definition of 7,(¢ — §)
that

Py[T4 > 1o(e — 8) +55] < Px[Tp > to(e — 8)] 4+ PolT4 > s5]
<e—06+4+P,[T4 > ss].

Hence, it suffices to show that P,[T4 > s5] <. If o € A then P,[T4 > ss] =0,
so without loss of generality assume o ¢ A. It is easy to see that we can partition
T \ {0} = T1 U T, such that both T1 and 7> are unions of components of T \ {0} and
n(Ty), n(T) <2/3.Fori=1,2,let A; := AN T; and without loss of generality
let us assume w (A1) > %. Let B = T» U {0}. Clearly, the chain started at any x € B
must hit o before hitting A;. Hence,

Po[Ta > 551 <Py[Ta, > ss]
(52) SPT[B[TAI >S5]
<7m(B) 'P[Ty, > ss].

Using w (A1) > %, m(B) >
ss] <6. O

1 it follows from (3.8) that 7(B)™'Pr[T4, >
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In light of Lemma 5.1 and Proposition 1.8, in order to show that in the setup
of Theorem 1 (under the product condition) cutoff occurs it suffices to show that

ron)(s) — 1'0”)(1 g) = o(tr(n'zl), for any ¢ € (0, 1/4]. We actually show more than
that. Instead of identifying the “worst” starting position x and proving that 7, is
concentrated under P,, we shall show that for any x, y € V,, such that y < x and

E[Ty] = @(t( )) Ty is concentrated under Py, around [E,[7) ], with deviations of

mix

order /¢ r(:l) éﬁl This shall follow from Chebyshev inequality, once we establish
that Var, [T ] < 4] E, [T ].

Let (v = x, vy, ..., v = y) be the path from x to y (y < x). Define 7; :=
T,; — Ty,_,. Then by the tree structure, under P, we have that Ty = Zle 7; and
that 7y, ..., 7 are independent. This reduces the task of bounding Var,[7}] from

above, to the task of estimating Var,, [T, ,] = Var,, [vai] from above for each i.
LEMMA 5.2. For any vertex u # o, we have that
(W)
tu =By [Ty 1= =
(5.3) 7T (U) [y
ru =B [T} ] =20,y [Tf,] — ty < Atytrel.

and

The assertion of Lemma 5.2 follows as a particular case of Proposition 5.6 at
the end of this section.

COROLLARY 5.3. Letx,y €V besuchthat y <x and c > 0. Denote oy y :=

JAE [Ty ]tre1. Then

(5.4) Var,[Ty] <o} .
1
P [Ty = Ex[Ty] + coy,y] < ia and
(5.5)
1
P [Ty <Ei[Ty] — coy,y] < e

In particular, if (V,,, Py, myn) is a sequence of lazy Markov chains on trees (1, oy,)
which satisfies the product condition, and x,,y, € V, satisfy that y, < x, and

E,[Ty,1/ tr(;i) — 00, then for any & > 0 we have that

(56) nll)nolo Pxn [| T, n Exn [TYH]| z gExn [Tyn]] =

PROOF. We first note that (5.5) follows from (5.4) by the one-sided Chebyshev
inequality. Also, (5.6) follows immediately from (5.5). We now prove (5.4). Let
(vo = x,v1,..., v, =) be the path from x to y. Define 7; :=T,, — T, ,. Then
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by the tree structure, under P, we have that 7y = Zle 7; and that 7, ..., 7} are
independent. Whence, by (5.3) we get that

k k k
Var,[T)]=) Var, |[T,]1<) Ey_ [T7] <4t ) By [Ty]=07,.
i=1 i=1

i=1

This completes the proof. [

LEMMA 5.4. If(V, P,m) is a lazy chain on a (weighted) tree (T, 0) then
(5.7) Ex[T,] < 4tmix forallx eV.

PROOF. Fix some x € V. Let C, be the component of T \ {0} containing x.
Denote B :=V \ Cy. Consider tp :=inf{k € N: Xy, . € B}. Clearly, T, < Tgtnix.

Since 7w (B) > 1/2, by the Markov property and the definition of the total variation
distance, the distribution of tp is stochastically dominated by the geometric distri-
bution with parameter 1/2 — 1/4 = 1/4. Hence, E;[T,] = E4[TB] < tmixEx[t5] <
Atmix. O

COROLLARY 5.5. In the setup of Lemma 5.2, for any x € V denote t, :=
E,[T,]. Fix e € (0, }1], Denote

pi=maxt,, and k=4 ptel, then
xeV

(5.8) P < 4tmix, To(l—e)>p—Kke and 7,(¢) <p+Ke.

PROOF. By (5.7) p < 4tnix. Denote o := /4pty and ¢, := /e~ ! — 1. Take
x € V\ {o}. By (5.4) axz,a := Var,[T,] < o2. The assertion of the corollary now
follows from (5.5) by noting that c,o < k.. U

Now we are ready to prove Theorem 1.

PROOF OF THEOREM 1. Fix ¢ € (0, }1]. It follows from (1.4) and (1.5) that
Imix (&) — fmix (1 — &)
< hity2(e/2) — hit12(1 — £/2) + tre1(3] log €| + log4) + 2.
Using Lemma 5.1 with (g, §) there replaced by (g/2, ¢/4), it follows that
(5.10) hity 2(e/2) —hity 2(1 —&/2) < 15(e/4) — To(1 — &/2) + 5¢/4,
where s¢/4 is as in Lemma 5.1. It follows from (5.9), (5.10) and (5.8) that

(5.9

Imix (€) — Imix (1 — €)

(5.11)
< Kg/a + ko2 + tret (7] log | +410g9 — 3log4) + 3.



1474 R. BASU, J. HERMON AND Y. PERES

It follows from (5.8) that k¢ /4 + K¢ /2 < 144/ &~ tre1tmix. For any irreducible Markov

chain on n > 1 states, we have that A, > _anl ([2], Chapter 3, Proposition 3.18).
As any lazy chain is a lazy version of some chain, it follows that for a lazy chain

with at least 3 states we have that A, > (1 + (—%)) /2 and so ty] > 4/3. Thus,

by (1.2) trel < 6(trel — 1)10g2 < 6tmix. Using the fact that |loge| < % for ev-

ery 0 <& <1 (h(x) =24/x/e — logx attains its minimum in [1, 00) at e? and
h(e?) = 0), it follows that 7| loge| < %f/g\/s—ltreltmix < 13V e tetmix. As
V6(410g9 — 3logd) < 12, Ve~ > 2 and 4 /treltmix > 4+4/4/3 > 3; we also have
that te1(41log9 — 3log4) + 3 < 8/ e~ teitmix. Plugging these estimates in (5.11)
completes the proof of the theorem. [

As promised earlier, the following proposition implies the assertion of Lemma
5.2. For any set A C 2, we define Yac € F(A€) as Yac(y) :=Pr,[X1 =y |
X1 € A€]. For A C Q, we denote T: =inf{t > 1: X; € A} and ®(A) :=

. c(a)P(a,b
)3 eAﬁbE:;\T(Zga) (a,b) =P,,[X1 ¢ A]. Note that

m(A®A)= >  m(@P(a,b)
acA,beA¢
= Y  wb)Pb,a)=n(A)D(A°).
acA,be A

(5.12)

This is true even without reversibility, since the second term (resp., third term) is
the asymptotic frequency of transitions from A to A€ (resp., from A€ to A).

PROPOSITION 5.6. Let (2, P, ) be a finite irreducible reversible Markov
chain. Let A & Q be nonempty. Denote the complement of A by B. Then

(5.13) PrylTa =1]/P(B) =Py,[Ta > 1] foranyt>1.
Consequently,
1
Ey,[Tal= —— d
vplTAl (B an
(5.14)
2E1/f3 [Ta]trel

Eyp [TX] = E!/fB[TA](ZEnB[TA] - 1) = 7(A)

PROOF. We first note that the inequality Ky ,[TA]2Er,z[Ta] — 1) <
2Ey s [Taltre1/ (A) follows from the second inequality in (3.8) (this is the only
part of the proposition which relies upon reversibility).

Summing (5.13) over ¢ yields the first equation in (5.14). Multiplying both sides
of (5.13) by 2t — 1 and summing over ¢ yields the second equation in (5.14).
We now prove (5.13). Let t > 1. As {Ta =t} ={Xo ¢ A,.... X1 ¢ A, X; €
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Al, {TA =t+1}={X1¢A,...,X: ¢ A, X;+1 € A} we have by stationarity that
P[T4=1t]=P; [TA+_r+1] Thus,

T(B)Pr[Ta =1]

=Py[Ta=1]=P; [Ty =1 +1]
=P;[X1¢A,....X: ¢ A, X;41 €A]
=P;[X1¢A,....X; Al —Pr[X1¢A,....X: ¢A, X,+1¢A]
=P,[X1¢A,....X; ¢ Al —P[Xo¢A,...,X; ¢ A]
=P;[Xoc A, X1¢A,....X; ¢ A]
=m(A)P(A)Py,[Xo¢ A, ..., X, ¢ A]
=1 (A)P(A)Py,[Ts = 1],

which by [5.12] implies (5.13). [

5.1. Refining the bound for trees. The purpose of this section is to improve
the concentration estimate (5.5). As a motivating example, consider a lazy nearest
neighbor random walk on a path of length n with some fixed bias to the right.
For concreteness, say, 2, :={1,2,...,n}, P,(i,i)=1/2, P,(i,i — 1) =1/8 and
Py(i,i+1)=3/8forall 1 <i <n.Then ) =4n(1+o(1)) and 17 = O(1).
In this case, there exists some constant ¢; > 0 such that for any k > 0 we have

that Pi[|T, — 4n| = Ay/n] < 2¢~1%", Observe that /1" 1" = ©(/n). Hence,

there exists some constant ¢y such that P1[|T}, — 4n| > A/t 1] < 2e—24?,

mix/rel
Using Proposition 1.8, it is not hard to show that this implies that téﬁi(e) <

r(rﬁz( + C3N/tr(n"& r(;)| log ¢| and that t(") (1—¢)> tr(n"ll — 03\/tr(:& r(gl)| loge|. Itis also
not hard to verify that in this case (and also in many other examples of birth and
death chains) this is sharp.

In Lemma 5.8, we show that for any lazy Markov chainon atree 7 = (V, E, 0)
and any x € V, we have that P,[|T, — Ex[T,]| > AvEx[Tyliel] < 2¢~4*". Be-
sides being of independent interest, using Proposition 1.8, one can deduce from
Lemma 5.8 that under the product condition,

Q) (n)
g)—t -
(5.15) i (6) ~ Iix (1 7€) _ =0(1) forany 0 < e < 1/4.
P
|log el

mlx rel

The details of the derivation of (5.15) from Lemma 5.8 are left to the reader.

PROPOSITION 5.7. Let (2, P,m) be a finite irreducible reversible lazy

Markov chain. Let 0 <& < 1. Let A & Q be such that m(A) > 1 — €. De-

note the complement of A by B. Denote p =1 — ltr—_ef and a :=Ey,[Ts]. Let
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1 <z <max(1/p,?2) be such that q := p(z—1)/(1 — p) <1/2. Then

a(z — 1)2]
1-p) I

2a(z — 1)?

(5:16) By [" 7] < exp)| a-p

} and E!”B[Za_TA]SeXp[

PROOF. Letg:= p(z 1) and 0 < y < p. Then by our assumption that pz < 1,
we have that

Y-y =0-y)/0-y2) <1 =p)/1d-p2)

k>1

=1+L§1+2q
l—gq

[alternatively, this follows by noting that (for a fixed z) z¥ is a monotone increasing
function and that the Geometric distribution with parameter (1 — p) stochastically
dominates the Geometric distribution with parameter (1 — y)]. By Lemma 3.8
[parts (i)—(ii)] and laziness, there exist Zle a; =1and 0 < y; < p such that

4
S TP Ta=k=) @i Yy (1 — y) (i)

k>1 i=1  k>1

L
<> ai(14+29)=1+2q.

Hence, by (5.13)—(5.14) (third equality) we have that

Ey,[z"]= > Py, (T4 = k]
k>1
=14+@z-1 sz_1P¢B[TA > k]
(5.17) k>1
=1+ @—Da) Py [Ta=k]
k>1

<14 (z— Da(l +2q) <expla(z— 1)(1+2q)].

Asforany 1 <x <2, we have that 0 <logx — (x — 1) + (x — 1)2/2, we also have
that

(5.18) 77 <exp[—a(z — 1) +a(z — 1)?/2].

Thus, By, (274791 < expla(z — D2(1/2 +2p/(1 — p)] < exp[za(z D’1 a5 de-
sired. We now turn to the task of bounding Ey [z —Ta]. Let y = (llf;). In the
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above notation, much as before, we have

Yoo EP LT =k1= Y (1 - p)(p/2)*

k>1 k>1

1
=1-p/Ad=-p/a)=——=1—y,

I+y
Ey,[z7 "] =3 Py, [Ta =k
k>1
(5.19) =1-(1—-2z7") > 7 Py, (T4 > k]

k>1

=1-(1-zNa) 7* VP, [Ty =k]
k>1

<1-(1-=zHa(l -y
<exp[—a(l )1 = y)].
We also have that z¢ < ¢*@~D_ Note that a(z — 1) —a(l —z7") = a(z — 1)?/z.

_1\2
Hence, By, [z~ T4] < expla(z — 1)*(1 + p/(1 — p)] < eXp[a((f_ll,)) 1.0

LEMMA 5.8. Let (V, P, 1) be alazy Markov chain on a tree (T, 0). Let x,y €
V be such that y < x. Denote t,  :=E;[Ty] and b = b  := \/t; yiel. Then

Po[Ty —tyy > cb] V Pyftey — Ty > cb] < ¢3¢ /64

(5.20)
forany 0 <c <2,/ty y/lrel.
PROOF. Let (vg = x,vq,..., vt = y) be the path from x to y. Define 7; :=
T,; — Ty,_,- Then by the tree structure, under Py, we have that T, = Zf‘ 1 Ti and
that ty, ..., 7y are independent. Denote p :=1 — T Denote a; := E,[1;]. Fix

some 0<c=<2tyy/trel. Set zo = z¢ x :=1 + £ 35- Note that 2p(z. — 1) < 4b <
=1-p(@e,q<1/2)and z. < max(1/p, 2). Then by (5.16)

2trel
PX[Ty - txhy Z Cb]
=Pfe’ " = 2]
O el PO ]_[ E[z5 %]
k 2
2a 1
(5.21) <exp[(—(zc — ) + (zc — 1)?/2)cb] 1‘[ [Lp)]
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2 3 Aty 2
:exp[—c——i- ¢ ]exp[ relx’ycj|

8 ' 128b 64b2

2 3 2

¢ ¢ ¢ —3c?/64
< - — | =< .
—eXp[ s T1sp " 16] =¢

The inequality Py[t, y — Ty > cb] < T proved in an analogous manner.
O

6. Weighted random walks on the interval with bounded jumps. In this
section, we prove Theorem 2 and establish that product condition is sufficient
for cutoff for a sequence of (8, 7)-SBD chains. Although we think of § as be-
ing bounded away from 0, and of r as a constant integer, it will be clear that our
analysis remains valid as long as § does not tend to 0, nor does r to infinity, too
rapidly in terms of some functions of #.]/ fmix-

Throughout the section, we use C1, C», ... to describe positive constants which
depend only on é and r. Consider a (8, r)-SBD chain on ([n], P, 7). We call a
state i € [n] a central-vertex if w([i — 1]) vV ([n] \ [{]) < 1/2. As opposed to the
setting of Section 5, the sets [ — 1] and [n] \ [i] need not be connected components
of [n] \ {i} w.r.t. the chain, in the sense that it might be possible for the chain to
get from [i — 1] to [n] \ [{] without first hitting i (skipping over i). We pick a
central-vertex o and call it the root.

Divide [n] into m := [n/r] consecutive disjoint intervals, I, ..., I, each of
size r, apart from perhaps 7,,,. We call each such interval a block. Denote by I; the
unique block such that the root o belongs to it. Since we are assuming the product
condition (and thus tr(lﬁz(
n > r, and hence I; # [n] (it is not hard to show that tr(nnl; can be bounded from
above in terms of n and §, and thus we must have n — 00). Observe the following.
Consider some v ¢ I; and u € I; such that |u — v| = 1. Then by the definition of
a (8, r)-SBD chain, we have for all v’ € I;, w(v) > 8" (V). Hence, 7 (I;) <
For the rest of this section, letus fix « =a(5,r) :=1— 4(;3%,).

Recall that in Section 5 we exploited the tree structure to reduce the problem
of showing cutoff to showing the concentration of the hitting time of the central
vertex by showing that starting from the central vertex the chain hits any large set
(with large probability) quickly. We argue similarly in this case with the central
vertex replaced by the central block. First, we need the following lemma.

— 00), in the setup of Theorem 2 we can assume that

_r_
r+6" "

LEMMA 6.1. In the above setup, let I :=={v,v+1,...,v+r — 1} C[n]. Let
ue PU). Then

(6.1) EulTal = ma;(Ey[TA] <8 mi?IEx[TA] forany A C [n]\ 1.
ye X€
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Consequently, forany i € I and A C [v— 1] (resp. A C [n]\ [v+r — 1]) we have
that

(62) Ei [TA] = a_rEﬂ[n]\[v_l][TA]v (resp~ EI[TA] =< S_rEJT[U+,-_1][TA])~

PROOF. We first note that (6.2) follows from (6.1). Indeed, by condition (i) of
the definition of a (8, r)-SBD chain, if A C [v — 1] (resp. A C [n]\ [v+7r — 1]),
then under P,,[n]\[%l] (resp., under P,,[U +H]), T; < Ty4. Thus, (6.2) follows from
(6.1) by averaging over X7,. We now prove (6.1).

Fix some A such that A C [n] \ /. Fix some distinct x, y € I. Let By be the
event that 7y, < T4. One way in which B; can occur is that the chain would move
from x to y in |y — x| steps such that | Xy — Xz_1|=1forall 1 <k <|y — x|.
Denote the last event by B;. Then

Ex[Tal = Ex[Talp,] = Px[B2]Ey[Tal = 6"Ey[T4al.

Minimizing over x yields that for any y € I we have that E[T4] <
87" minyey E;[T4], from which (6.1) follows easily. [

The next proposition reduces the question of proving cutoff for a sequence of
(8, r)-SBD chains under the product condition to that of showing an appropriate
concentration for the hitting time of the central block. The argument is analogous
to the one in Section 5, and hence we only provide a sketch to avoid repetitions.
As in Section 5, for ¢ € (0, 1) let ¢ (¢) :=min{z : Py [T}, > t] <&, Vx € [n]}. As
always, we write ‘L'ék)(-) to indicate that this parameter is taken w.r.t. the kth chain
in a sequence of (8, r)-SBD chains.

PROPOSITION 6.2. Let ([ng], Pr, mx) be a sequence of (8,r)-SBD chains.
Suppose that there exist constants C, for € € (0, %) and a some sequence (Wi)ge
of numbers such that for all k

(6.3) )=t —e) <Cewr  forall0<e<1/8.

Then there exist some constants C},, C} such that for all k and all € € (0, 1/8)
(6.4) hit}) (3e/2) — hit!), (1 = 3¢/2) < Cowy + €1l and

(6.5) &) 2e) — 1) (1 = 2¢) < Cowp + C/1Y).

PROOF. Observe that (6.5) follows from (6.4) using Proposition 1.8 and
Corollary 3.4. To deduce (6.4) from (6.3), we argue as in Lemma 5.1 using
Lemma 6.3 below, which shows that starting from any vertex in /; the chain hits
any set of w-measure at least « in time proportional to t] with large probability.
We omit the details. [
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LEMMA 6.3. Let v € I;. Let D C [n] be such that w(D) > H'T“ Then
Ey[Tp] < C(a)d " trel for some constant C(«). In particular, by Markov inequality
hite,»(6) < e~ C(a)8 ™" trel.

PROOF. Letlz;={vi,vi+1,...,v:}. Set Ay =[v; — 1] and Ay = [n]\ [v2].
Fori =1,2,let D; = DN A;. Using the definition of «, without loss of generality
let 7(Dy) > 15%. Set A = Ay U I;. By (6.2) and the fact that 77 (A) > 1

EulTp] <Eyl[Tp,1 <6 "En,[Tp,]1 <267 Ex[Tp, 1.

The proof is completed using Lemma 3.5. [J

Observe that, arguing as in Corollary 5.5, it follows using Chebyshev inequal-
ity that (6.3) holds for some constants C, if we take w, = maxyc[,],/ Vary[Ty;].
Theorem 2 therefore follows at once from Proposition 6.2 provided we estab-
lish Var,[7T},] < C1E,[T};]te for all x ¢ I; [since as in (5.8) (first inequality)
Ex[T7;] = O(tmix), alternatively, this follows by (1.7)]. This is what we shall do.

Observe that the root induces a partial order on the blocks. We say that I; < Iy
if 1; is a block between I; and I;;. For j € [m], I # I, we define the parent block
of I; in the obvious manner and denote its index by f;. We define

T(j):=T; and T;:=T(f})—T()).

Consider some arbitrary x € [n] and j € [m] \ {0} such that x € I;. Denote
k:=|j—ol, jo=jand jiy1 = f; forall 0 <i < k. Observe that starting from x
we have that T, = Zlg;é Tj,. As mentioned above, we will bound Var, [Zlg;é 7j,].
As opposed to the situation in Section 5, the terms in the sum are no longer
independent. We now show that the correlation between them decays exponen-
tially (Lemma 6.5) and that for all £ we have that Var,[7;,] < CotrelEx[T),]
(Lemma 6.6). The desired variance estimate, Var, [le;é Tj,] < C1E[T7;]trer, fol-
lows by combining these two lemmata. We omit the details.

LEMMA 6.4. In the above setup, let v € [m] \ {0}. Let (vg = v, vy,..., vs‘)
be indices of consecutive blocks. Let i1, uy € P (1y). Let k € [s]. Denote by v,ij)
(j = 1,2) the hitting distribution of I, starting from initial distribution u; (i.e.,

j 1 2
v (@) 1= Py, (X7 = 2D). Then [l — v 7y < (1 = 8" .

PROOF. It suffices to prove the case kK = 1 as the general case follows by in-
duction using the Markov property. The case k = 1 follows from coupling the
chain with the two different starting distributions in a way that with probability at
least 8" there exists some z, € I, such that both chains hit z,, before hitting I,
(not necessarily at the same time) and from that moment on (which may occur at
different times for the two chains) they follow the same trajectory. The fact that
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the hitting time of z, (and thus also of I7,) might be different for the two chains
makes no difference [as regardless of the hitting time of /7, w.r.t. the two chains,
this coupling is also a coupling of (v{l), V) )) having the desired property]. We
now describe this coupling more precisely.

Let pi, ur € £(,). Let (Xt(l)),zo and (X,(z))tzo be independent Markov
chains where (X t(i)),zo is distributed as the chain (2, P, 7r) with initial distribu-
tion u; (i =1, 2) as follows. Pick v{ ~ w1 and vy ~ o, respectively. Run the chain
X(l) started from v;. Let R := min{z : X(l) X(z)} and L; := min{z : X(i) €ly}.
Let S denote the event: R < L. On S, define Y( ) by setting Y(l) X(l) fort <R

and Y1(31+)z X(z) for any ¢ > 0, and on S¢, define Y(l) X(]) for all #. Denote the
joint law of (Y,(l), Xl(z)) by P, ., and of (X,(l), Yt(l), X,(Z)) by Py, 1., Clearly,
Puiu,isa c_oupling with the correct marginals and P, ,,, ,.,[ST> 6". Let L be as
above and L := min{¢ : Yt(l) € Iy,}. Note that on S, X(z) Y(l) Hence, for any

D C Ivk’
€] ) ) (@)
v (D) —v 7 (D) :PMLMZ[YL] € D] =Py, [X[, € D]
&) ()
< Pm,uz[Yil €D X, ¢ D]
<1 =Py lSI<1-=46". O

LEMMA 6.5. In the setup of Lemma 6.4, let 0 <i < j < s. Let u € Z(1,).
Write t; :== Ty, and 7 := fvj. Then

E,ltit;]1 < Eu[ulE,lr1(1+ (1 —8) 7717,

PROOF. Let p;41 and u; be the hitting distributions of /,,,, and of I, re
spectively, of the chain with initial distribution w. By the Markov property, the
hitting distribution of [, for the chain started with initial dlstrlbutlon either u or
i1 is simply ;. Agam by the Markov property E,[t;]1=E,,_  [7;] = M][rj]
and

(6.6) Eyltitj] <Eu[t] max Ey[z;].
yehy
Let y* € I,,, be the state achieving the maximum in the RHS above. By

Lemma 6.4, we can couple successfully the hitting distribution of /,; (and thus
also 7;) of the chain started from y* with that of the chain starting from initial
distribution y; 11 with probability at least 1 — (1 — 8")/ ==L If the couphng fails,
then by (6.1) we can upper bound the conditional expectation of 7; by ™" E,[z;].
Hence,

Eyelt;]1 < By [tj]+ (1 — 8777 B, [1;] = Epulg;1(1+ (1 - 87) 77 '87).
The assertion of the lemma follows by plugging this estimate in (6.6). [



1482 R. BASU, J. HERMON AND Y. PERES

LEMMA 6.6. Let j € [m]\ {0}. Let v € Z([n]). Then there exists some
C1,Cy > 0 (depending on & and r) such that Ev[f}] < Cltrelcb(lj)_] <
CZIre]Ev[fj]-

PROOF. Letu:=vyy i By condition (i) in the definition of a (§, )-SBD chain,
we Z(j). By (5.14), Eu[sz] < C3treld>(lj)_l < CatrelE, 7] for constants C3,
C4 depending on é and r. The proof is complete using the same reasoning as in
the proof of (6.1) to argue that the first and second moments of 7; w.r.t. different
initial distributions can change by at most some multiplicative constant. [

7. Examples.

7.1. Aldous’ example. We now present a small variation of Aldous’ example
of a sequence of chains which satisfies the product condition but does not exhibit
cutoff. The reason we present this example is that it demonstrates that Theorem 2
may fail if condition (ii) in the definition of a (8, r)-semi birth and death chain
is not satisfied. Loosely speaking, the main point in the construction is that the
set of stationary measure at least 1/2 which is hardest to hit (by time ¢ for all ¢)
can be taken to be a certain singleton, {2n + 1}, and that there is a state, —10n,
satisfying lim,_ oo sup, |P_104[Tons1 > t] — p™(1/2,1)| = 0 such that Ta, 1 is
not concentrated under P_1qy. In particular, there is no hit; ,-cutoff. Because this
example is classic and was analyzed in details in [5, 6], we shall only give a sketch
of the proof of the above claims.

EXAMPLE 7.1. Consider the chain ($,, P,,m,), where 2, := {—10n,
—10n+2,...,—2,0}U[2n + 1]. Think of €2, as two paths (we call them branches)
of length n joined together at the ends and a path of length 5n joined to them at
0 (see Figure 1). Set P,(x,x) =1/2 if x is even, P,(x,x) =3/4 if x is odd and
x<2n+1land P,2n+1,2n+1) =9/10.

Conditionally on making a nonlazy step the walk moves with a fixed bias toward
2n + 1 (apart from at the states —10n, 0, 2n 4 1):

P, (2i, min{2i +2,2n 4+ 1}) =2P,(2i,2i —2) =2P,(2i — 1,2i + 1)
=4P,(2i — 1, max{2i —3,0}) = 1.

Finally, we set P,(—10n, —10n +2) =1/2, P,(0,2) = P,(0,1) =2P,(0, =2) =
é and P,(2n+1,2n)=P,2n+1,2n—1) = 2—10. It is easy to check that this chain
is indeed reversible.

By Cheeger inequality (e.g., [18], Theorem 13.14), tr(;) = 0(1), as the
bottleneck-ratio is bounded from below. In particular, the product condition holds.
As 7, (2n + 1) > 1/2, there is hit; ;>-cutoff [and hence by Proposition 3.6 there is

hit, -cutoff for all @ € (0, 1)] iff starting from —10n, the hitting-time of 2n + 1 is
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—10n —10n+ 2

FiG. 1. We consider a Markov chain on the above graph with the following tran-
sition probabilities: Pp(x,x) = 1/2 for x even and P,(x,x) = 3/4 for x < 2n + 1
and odd. P,(0,2) = Py(0.1) = £ Py(0.-2) = {5. Pu(=10n,—10n + 2) = 1/2,
P,2n+1,2n)=P,2n+1,2n—1) = %, and hence P,(2n+1,2n+1) = %.All other transition
probabilities are given by: Py(2i, min{2i +2,2n+1}) = £, Py(2i,2i —2) = P, (2 — 1,2i + 1) = ¢,
Pu(2i — 1, max{2i —3,0}) = {5.

concentrated. We now explain why this is not the case. In particular, by Theorem 3,
there is no cutoff.

Let Y denote the last step away from O before 73,41. Observe that if ¥ =2
(resp., Y = 1), then the chain had to reach 2n + 1 through the path (2,4, ..., 2n)
[(1,3,...,2n — 1), resp.]. Denote, Z; := Toy41ly—i, i = 1,2. Then on Y =1,
Tr,+1 = Z;, and its conditional distribution is concentrated around 42n for i =1
and around 36n for i = 2, with deviations of order /n. Since both ¥ = 1 and
Y =2 have probability bounded away from 0, it follows that d,,(37n) and d,, (41n)
are both bounded away from O and 1 (see Figure 2). In particular, the product
condition holds but there is no cutoff.

7.2. Sharpness of Theorem 3. Now we give an example to show that in Propo-
sition 3.7 (and hence in Theorem 3) the value % cannot be replaced by any larger
value.

EXAMPLE 7.2. Let (2,, P,, m,) be the nearest-neighbor weighted random

walk from Figure 3. Then tr(:]) = @(tr(n”iz(), yet for every 1/2 < a < 1, the sequence
exhibits hit, -cutoff.

PROOF. Let @, := mingcgq,:0<x,(A)<1/2 Pn(A) be the Cheeger constant of

the nth chain, where ®,(A) := Z“EA"’EA;;Z’L‘(;I VPa(@h) hen by taking A to be either
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36m 42n,

FIG. 2.  Decay in total variation distance for Aldous’ example: it does not have cutoff.

Aj or Aj, by Cheeger inequality (e.g., [18], Theorem 13.14), we have that >

rel =
2<}>n > cn? > cztr(n';; [it is easy to show that by (1.7) and the fact that ,,(A;) =

1/2 — o(1) for i = 1,2 we have that 1) < Cn?]. By (1.2), indeed 1)) = ®(+\"))
and it follows from Fact 1.1 that there is no cutoff.

Fix some 1/2 <« < 1. Let B C 2, be such that ,(B) > «. Denote the set of
vertices belonging to the path, but not to Ay by D. Then 7,,(D) = O n=2) =o(1).

Consequently, 7, (A; N B) > o — 1/2 — o(1), for i = 1, 2. Using this observation,

Y
1
T
k =k, = [logn] D 1
1
1
2
1

As

Ay

FI1G. 3.  We consider a lazy weighted nearest-neighbor random walk on the above graph consist-
ing of two disjoint cliques A1 and Ay of size n connected by a single edge and a path of length

n = [logn] connected to Ay. The edge weights of all edges incident to vertices in A1 U Ay is 1,
while those belonging to the path are indicated in the figure. Inside the path, the walk has a fixed
bias towards the clique.
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it is easy to verify that for all x € A; U A> we have that
(7.1) hity x(€) < cylog(1/e) forany 0 < ¢ < 1,

for some constant ¢, independent of #.

Let y be the endpoint of the path which does not lie in A;. Let z be the other
endpoint of the path. The hitting time of z under P, is concentrated around time
6logn. Then by (7.1), together with the Markov property (using the same reason-
ing as in the proof of Lemma 5.1) for all sufficiently large n we have that for any
O<e<l1/4

hit"),(2¢) < (6 4 o(1)) logn + hit{") (e) = (6 + o(1)) logn,
(7.2) ’ ’
hit{" (1 — &) > (6 — (1)) logn.

Similarly to the proof of Lemma 5.1, for any B C €2, and any x € D, we have
that Py[Tg\p > t] > P, [T > ¢], for all ¢. Since 7, (D) = o(1), this implies that
for all sufficiently large n, for any 1/2 < o < 1, there exists some 1/2 <o’ <«
(o depends on « but not on 1), such that for any x € D we have that hit&’f)y (&) >

hit‘(ﬁ,)x (e), for all 0 < ¢ < 1. This, together with (7.1) and the fact that the leftmost
terms in both lines of (7.2) are up to negligible terms independent of « and ¢,
implies that the sequence of chains exhibits hity-cutoff forall 1/2 <o < 1. U

REMARK 7.3. One can modify the sequence from Example 7.2 into a se-
quence of lazy simple nearest-neighbor random walks on a graph. Construct the
nth graph in the sequence as follows. Start with a binary tree T of depth n. Denote
its root by y, the set of its leaves by A; and D :=T \ A;. Turn A into a clique
by connecting every two leaves of T by an edge. Take another disjoint complete
graph of size |A1| = 2" and denote its vertices by A,. Finally, connect A and A,
by a single edge. Since the number of edges which are incident to D is at most
2"+2 while the total number of edges of the graph is greater than 22", we have
that 7, (D) = o(1). The analysis above can be extended to this example with mi-
nor adaptations (although a rigorous analysis of this example is somewhat more
tedious).
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