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Abstract. Combinatorial formulas for the moments of the Brownian motion on classical compact Lie groups are obtained. These
expressions are deformations of formulas of B. Collins and P. Śniady for moments of the Haar measure and yield a proof of the
First Fundamental Theorem of invariant theory and of classical Schur–Weyl dualities based on stochastic calculus.

Résumé. On obtient ici des formules combinatoires pour les moments du mouvement Brownien sur les groupes de Lie classiques
compacts. Elles sont des déformations de celles obtenues par B. Collins et P. Śniady pour les moments de la mesure de Haar et
permettent de donner une preuve fondée sur le calcul stochastique du premier théorème fondamental de la théorie des invariants et
de la dualité de Schur–Weyl.
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1. Introduction

Let G be a compact Lie group belonging to one of the three classical series: the unitary groups U(N), the orthogonal
groups O(N) and the compact symplectic groups Sp(N). The aim of this article is to give an explicit expression to∫

G

f (g)μ(dg), (1)

where f is a polynomial function of the coefficients of the matrix and their adjoint and μ is a measure associated to
the marginal of a Brownian motion on G.

When μ is the Haar measure, such a study was started by the physicist D. Weingarten [22], a complete answer was
achieved later on by B. Collins in [5] for the unitary series and by the same author together with P. Śniady in [7] for
any of the above series. For a more recent point of view, we refer to [6,24]. These results were obtained using whether
representation theory of the three series and the orthogonality of characters [5], or the first theorem of invariant theory
or equivalently Schur–Weyl dualities [6,7,24].

When μ is a marginal of a Brownian motion, this very question has been tackled by T. Lévy in [15], following
previous works [2,20,23] focusing on polynomials of the form Tr(gn), for n ∈N.

The starting point of this article is to extend the results and the point of view of [15] in the following way: a
first question answered here is to consider, in the unitary case, not only polynomials of coefficients of matrices but
also polynomials in the coefficients and their adjoints. A second one is to get formulas that are both well suited for
large N and large t asymptotics. Letting t go to infinity, we recover formulas of [7], for the integration against the
Haar measure. Another motivation for the present work is to answer the latter questions without using representation
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theory or the Theory of invariants. Indeed, our proofs only rely on stochastic calculus and we moreover obtain a new
proof of the First Fundamental Theorem of invariants theory (often abbreviated as FFT) and recover in this way the
Schur–Weyl duality theorems for the classical compact Lie groups. Another feature of our work is that we express
expectations of functions measurable with respect to a Brownian motion on any compact matrix Lie group, in terms
of expectations with respect to the Brownian motion on unitary matrices of the same size.

The article is organized as follows. Section 2 gives the definition and the scaling we are using for a Brownian
motion on a classical compact Lie group. Section 3 recalls the statements of the first fondamental theorem of invariants
and of Schur–Weyl dualities and their equivalence. Section 4 states and proves formulas for the Brownian motions.
We prove here the formula for mixed moments of unitary matrices and their adjoint and recall the former results
of T. Lévy. Then, we give an expression for expectations of tensors of Brownian motions on any classical group in
terms of non mixed moments of the unitary Brownian motion. This is stated in Theorem 4.3. Using the expression of
T. Lévy for non-mixed moments, we deduce from it a new combinatorial expression for expectation of entries of a
Brownian motion for any of the three series, in terms of functions on the symmetric group. We obtain in this way the
Theorem 4.7. Section 5 gives two corollaries of the latter: we obtain combinatorial formulas for integration against the
Haar measure, that we compare with the one of [7], and a new proof of the first fondamental theorem of invariants. To
show the convergence of our expressions as the time goes to infinity, we have to show that expectations of non-mixed
tensors of a Brownian motion vanish. This is simply proved using the factorization of a unitary Brownian motion as
the product of a Brownian motion on SU(N) with an Brownian motion on the circle. To conclude, in the Appendix, we
prove in our framework, for the sake of completeness, two already known lemmas for the invariants of the symplectic
groups.

2. Brownian motion on classical compact Lie groups

We discuss here about the definition of the Brownian motion we use all along the text. We have chosen here to define
it as the solution of an SDE in the linear space of matrices.

Classical compact Lie groups: For any positive integer N , we shall consider the following groups of matrices: the
orthogonal group O(N) = {O ∈ MN(R) : tOO = Id}, the unitary group U(N) = {U ∈ MN(C) : U∗U = Id} and the
special unitary group SU(N) = {U : U(N) : det(U) = 1}, and as N is even, the unitary symplectic group Sp(N) =
{S ∈ U(N) : t SJS = J }, where J is the matrix J = ( 0 IN/2

−IN/2 0

)
. Their Lie algebras are denoted by small gothic letters:

o(N) = {X ∈ MN(R) : tX + X = 0}, u(N) = {X ∈ MN(C) : X + X∗ = 0} and su(N) = {X ∈ u(N) : Tr(X) = 0}, and
sp(N) = {X ∈ u(N) : tXJ + JX = 0}. Let G be one of the above mentioned compact Lie groups with Lie algebra g.
All along this text, ε shall be 1 if G = O(N), −1, if G = Sp(N) and 0 otherwise.

Choice of a metric: For any x, y ∈ End(CN), let us define

〈x, y〉 = − N

2|ε| Tr(xy).

The restriction of the real bilinear form 〈·, ·〉 to g defines a G-invariant scalar product on the three series of Lie algebras
we are considering. The choice of normalization of the latter scalar product is motivated by the following remarks. Let
K be the Gaussian vector on g with covariance given by 〈·, ·〉. When g = u(N), the random matrix iK has the same law

as a matrix from the Gaussian unitary ensemble.1 On the other hand, as N → ∞, dimR(g) ∼ N2

2|ε| and according to the

law of large numbers, almost surely, 1
dimR(g)

‖K‖2 → 1. Therefore, for any of the above classical series, 1
N

Tr(KK∗) =
2|ε|
N2 ‖K‖2 → 1. Furthermore, the Wigner theorem and its generalization to other invariant ensemble (see [17]) show

that the empirical measure of eigenvalues of iK converges weakly towards the semicircle law
√|4 − x2|+ dx

π
.

Wrapping a Brownian motion of g on G: Let us denote by (K
g
t )t≥0 the classical Brownian motion on the Euclidean

space2 (g, 〈·, ·〉), that is the unique Gaussian process with covariance given for all x, y ∈ g and t, s ≥ 0, by

E
[〈x,Kt 〉〈y,Ks〉

]= min(t, s)〈x, y〉.

1Though, when g= o(N) or sp(N), iK is not equal in law to a matrix of the Gaussian orthogonal (resp. symplectic) ensemble.
2We shall drop the symbol g when the context is clear.
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The matrix of quadratic variations 〈dKt .dKt 〉 is equal to Cg dt , where Cg is a deterministic matrix commuting with G.
Let S be an element of G and (Gt )t≥0 be the End(CN)-valued stochastic process solution to the following stochastic
differential equation

dGt = Gt dKt + Cg

2
Gt dt, G0 = S. (2)

This Markovian process is called the Brownian motion on G issued from S. When not precised, we shall assume
that (Gt )t≥0 is issued from Id. The rest of the paper being based on this definition, we shall recall why it is justified.
For any x ∈ g, let Lx be the left-invariant first order differential operator defined by setting for any differentiable
function F ∈ C∞(End(CN)) and any φ ∈ End(CN),

LxF (φ) = d

dt

∣∣∣∣
t=0

F
(
φ exp(tx)

)
.

Let U(g) be the real enveloping algebra of g. The application L extends to a morphism of associative algebra between
U(g) and the algebra of differential operators on End(CN) commuting with left translations by G. For any orthonormal
basis (xi)1≤i≤d of g with respect to the scalar product 〈·, ·〉, let cg =∑d

i=1 x2
i ∈ U(g). The element cg does not depend

on the orthonormal basis (xi)1≤i≤d and is called the Casimir element. The image of the Casimir element cg is denoted
by �G:

�G = Lcg =
d∑

i=1

Lxi
◦Lxi

.

The image of cg by the classical representation ρ on C
N is
∑d

i=1 ρ(xi)
2 = Cg ∈ End(CN). The latter operators can

be defined as well on C∞(G), we denote them abusively by the same letters. The operator �G is then called the
Laplacian associated to the metric 〈·, ·〉.

Lemma 2.1. For any F ∈ C∞(End(CN)), (F (Gt ))t≥0 is solution to the following SDE

d
(
F(Gt)

)= LdKt F (Gt ) + 1

2
�G(F)(Gt ) dt.

Proof. For any F ∈ C∞(End(CN)) and φ ∈ End(CN), let dFφ ∈ End(CN)∗, d2
φF ∈ (End(CN)⊗2)∗ be the one form

and two form associated to the first and second derivatives of F . For any x ∈ g, φ ∈ End(CN),

Lx ◦Lx(F )(φ) = dφF
(
φx2)+ d2

φF (φx ⊗ φx). (*)

Let (xi)
d
i=1 be an orthogonal basis of (g, 〈·, ·〉), the Itô formula combined with the latter equation implies that

d
(
F(Gt)

)= dGt F (Gt dKt) + 1

2
dGt F (GtCg) dt + 1

2

〈
d2
Gt

F (Gt dKt ⊗ Gt dKt)
〉

= LdKt F (Gt ) + 1

2
dGt F (GtCg) dt + 1

2

d∑
i=1

d2
Gt

F (Gtxi ⊗ Gtxi) dt.

Combined with (*), the latter equation yields the result. �

It can be proved that the process (Gt )t≥0 satisfies the following properties (more details can be found in [16]).

Lemma 2.2.

(i) Almost surely, for any t ≥ 0, Gt ∈ G.
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(ii) For all T ≥ 0, (G−1
T GT +t )t≥0 is independent of σ(Gs, s ≤ T ) and has the same law as (gGtg

−1)t≥0 for any
g ∈ G.

(iii) Almost surely, the mapping t ∈ R+ �→ Gt ∈ G is continuous.
(iv) The generator of the Markov process (Gt )t≥0 on G is 1

2�G.

Proof. We only sketch the first point and leave the others to the Reader (see [16] for proofs). For any of the above
groups, there is a function F ∈ C∞(End(CN),Rn) such that G = F−1({1}). For any x ∈ g, LxF = �gF = 0. Hence,
Lemma 2.1 yields that almost surely for any t ≥ 0, F(Gt) = 1. �

For G = U(N), the Brownian motion satisfies the following splitting property.

Lemma 2.3. Let (Ut )t≥0 be a Brownian motion on U(N). Then (Ut )t≥0 has the same law as (e
iBt
N St )t≥0, where

(Bt )t≥0 is a standard real Brownian motion and (St )t≥0 an independent Brownian motion on SU(N).

Proof. Let us set for any t ≥ 0, K̃t = K
su(N)
t + 1

N
iBt , where (Bt )t≥0 is a standard real Brownian motion independent

from (K
su(N)
t )t≥0. On the one hand, (K̃t )t≥0 has the same law as (K

u(N)
t )t≥0. On the other hand, since (St )t≥0

satisfies (2) with driving noise (K
su(N)
t )t≥0, so does (e

iBt
N St )t≥0 but with driving noise (K̃t )t≥0. �

Our aim is to get a formula for E[P(Gt )], for any homogeneous polynomial P in coefficients of matrices and
their adjoint, that is well suited to let t → ∞ and to get another proof of the formulas of [7] for E[P(H)], where
H is the Haar measure on G. We are going to see that for any series, these expectations can be expressed in terms
of expectations of coefficients of unitary Brownian motions (and not their adjoint). For a fix degree of homogeneity,
we shall gather these expectations in a single one, namely E[G⊗n

t ⊗ Gt
⊗m], that will be expressed in terms of its

Schur–Weyl dual. The latter expression will imply the FFT theorem and therefore the Schur–Weyl duality. Before
proceeding, we recall the statement of FFT and its relation to Schur–Weyl duality.

3. First Fundamental Theorem of invariants and Schur–Weyl duality

For any vector space W on which G acts, we consider the set WG of points fixed by G. Let us write V for the canonical
representation C

N . The fondamental theorem of invariant theory gives a spanning family for the vector space WG,
when W is a space of tensors of the natural representation V or its dual V ∗. We refer to [10,19] for a nice exposition
and a proof of this theorem relying on algebraic geometry. Let us recall its statement. We will restrict to the three
series of groups O(N),U(N) and Sp(N), discarding here the special unitary groups SU(N). For any n,m ∈ N, we
shall consider the representation (V ⊗n ⊗ V ∗⊗m,ρn,m) of G defined by

ρn,m(g).v1 ⊗ · · · ⊗ vn ⊗ ϕ1 ⊗ · · · ⊗ ϕm = (g.v1) ⊗ · · · ⊗ (g.vn) ⊗ ϕ1
(
g−1·)⊗ · · · ⊗ ϕm

(
g−1·),

for all g ∈ G,v1, . . . , vn ∈ V,ϕ1, . . . , ϕm ∈ V ∗. Let us highlight that when G = U(N), V ∗ is isomorphic as a repre-
sentation to V , that is, the real vector space V , endowed with the actions λ and ρ of C and U(N), defined respectively
by λ(z, v) = zv and ρ(U,v) = Uv, for any z ∈ C, U ∈ U(N) and v ∈ V . When G is respectively O(N), Sp(N) and
U(N), we denote by B the canonical G-invariant C-bilinear form on V ⊕ V ∗, that is skew-symmetric as G = Sp(N)

and symmetric when G is O(N) or U(N). Let M(n) denote the set of matchings of {1, . . . ,2n}, that is, partitions of
{1, . . . ,2n} whose blocks are all of size 2.

Theorem 3.1 (FFT). The vector space (V ⊗n ⊗ V ∗⊗m)G is trivial if n+m is odd, or G = U(N) and n �= m. Moreover,
as n + m is even, it is spanned by the linear maps

V ∗⊗n ⊗ V ⊗m −→C,

(φ1, . . . , φn+m) �−→
∏

{a,b}∈π

B(φa,φb), π ∈M
(

n + m

2

)
.
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Remark 3.2. When n = dN and U(N) is replaced by SU(N), or when N is even, n = N
2 and O(N) is replaced

by SO(N), the Theorem 3.3 does not hold anymore, invariants associated to the determinant have to be added (see
[3,19]).

The first part of the Theorem can be proved with the following remarks. Let us consider w ∈ (V ⊗n ⊗ V ∗⊗m)G.
When n + m is odd, then − Id ∈ G and w = −w. When G = U(N) and n �= m, z Id ∈ U(N) for any z ∈ U(1), and
w = zn−mw.

In the latter theorem, when the invariant space is non trivial, the vector space V ⊗n ⊗ V ∗⊗m can be identified with
a space of endomorphisms, and invariant vectors with endomorphisms commuting with G. Indeed, when G is O(N)

or Sp(N), the map

θ : V −→ V ∗,

v �−→ B(v, ·)

is a linear isomorphism of representation, and if n + m is even, V ⊗n ⊗ V ∗⊗m is isomorphic to End(V ⊗ n+m
2 ). For any

vector space W endowed with an action of G, let us denote the commutant of G in End(W) by

EndG(W) = {f ∈ End(W) : g.f (w) = f (g.w), for any w ∈ W,g ∈ G
}
.

Using the application θ : V → V ∗, the first theorem of invariant theory yields a spanning family of the vector space
EndG(V ⊗ n+m

2 ). These statements are known as Schur–Weyl dualities. The latter space is furthermore an algebra that
we shall describe in the next paragraph. For the symplectic groups, we need there to fix an appropriate sign for
each invariant. A natural one is given for invariants in (V ⊗2n)Sp(N). Let us therefore spell out first the statement of
Theorem 3.1 for (V ⊗2n)O(N), (V ⊗n ⊗ V

⊗n
)U(N) and (V ⊗2n)Sp(N).

Indexing invariants by S2n/Hn: Let (ei)1≤i≤N be the canonical basis of V . Two combinatorial sets allow to
describe the latter invariants: the set M(n) of matchings of {1, . . . ,2n} and its subset M+(n), consisting of elements
matching {1, . . . , n} with {n + 1, . . . ,2n}. Let us set π0 = {{k,2n + 1 − k}, k ∈ {1, . . . , n}} ∈ M+(n). The following
element is a G-invariant

wπ0 =
∑

1≤i1,...,i2n≤N

n∏
k=1

B(ek, e2n+1−k)ei1 ⊗ · · · ⊗ ei2n
.

Theorem 3.1 states that all invariants are obtained by permutations of the tensors. Let us highlight a choice of equiva-
lence class representatives. Both M(n) and V ⊗2n (resp. M+(n) and V ⊗n ⊗ V

⊗n
) are endowed with a left action of

the permutation group S2n (resp. Sn ×Sn). Let us recall that the second one is defined by setting for any σ ∈ S2n,
and v ∈ V ⊗2n,

σ.v = vσ−1(1) ⊗ · · · ⊗ vσ−1(2n). (3)

Let Hn (resp. Dn) be the stabiliser of π0 in S2n (resp. Sn × Sn), so that M(n) = S2n/Hn (resp. M+(n) = Sn ×
Sn/Dn). It is isomorphic to the hyperoctahedral group (resp. Sn). What is more, for any h ∈Hn, h.wπ0 = wπ0 , when
G is U(N) or O(N), whereas h.wπ0 = ε(h)wπ0 , when G = Sp(N), where ε : S2n → {−1,1} denotes the signature
morphism. This consideration shows that the following elements are well defined: for any σ ∈ S2n, if G = O(N), or
G = U(N) and σ ∈Sn ×Sn, let us set

wσ.π0 = σ.wπ0 , (4)

and if G = Sp(N), set

wσ.π0 = ε(σ )σ.wπ0 . (5)

Brauer algebras: Let Bn be the vector space of functions on M(n). We write ρ : Sn → End(V ⊗n) the represen-
tation of the symmetric group given by permutation of tensors, as defined in (3), and ρ+, ρ− : Bn → End(V ⊗n) the
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linear maps such that

ρε(π) = Id⊗n ⊗ θ⊗n(wπ),

where we have identified V ⊗n ⊗ V ∗⊗n with End(V ⊗n) and the right-hand side is resp. given by (4) and (5), when
the symbol ε is resp. + and −. For n,m ∈ N

∗, let us define s : {1, . . . ,2(n + m)} → {−1,1}, with s(k) = −1 if
n < k ≤ n + 2m and 1 otherwise. We shall also consider the vector space Bn,m with basis indexed by matchings π of
{1, . . . ,2(n+m)} with s(a) �= s(b) for any block {a, b} of π . The Schur–Weyl duality theorem is an easy consequence
of Theorem 3.1, we leave this proof as an exercice for the Reader (see for example Section 10 of [10]).

Theorem 3.3 (Schur–Weyl duality). The action of G on V ⊗n has the following commutant:

EndG

(
V ⊗n
)=
⎧⎨⎩

ρ(C[Sn]), if G = U(N),

ρ+(Bn), if G = O(N),

ρ−(Bn), if G = Sp(N).

Furthermore, for n,m ∈ N
∗,

EndU(N)

(
V ⊗n ⊗ V

⊗m)= ρ+(Bn,m).

A nice property of the applications ρ,ρ+ and ρ− is that there exists structures of algebra on Bn, such that they are
algebra morphism. Let us fix a complex number ζ ∈ C. Let us represent matchings in M(n) as simple curves in the
plane with endpoints (−n−1

2 , 1
2 ), (−n−1

2 + 1, 1
2 ), . . . , ( n−1

2 , 1
2 ) and (n−1

2 ,− 1
2 ), ( n−1

2 − 1,− 1
2 ), . . . , (−n−1

2 ,− 1
2 ), by

labelling endpoints in this order from 1 to 2n. Given two matchings π and ν ∈ M(n), the concatenation of the curves
of π translated by (0,1) with the curves of ν yields curves with endpoints (−n−1

2 , 3
2 ), (−n−1

2 + 1, 3
2 ), . . . , ( n−1

2 , 3
2 ),

( n−1
2 ,− 1

2 ), . . . , (−n−1
2 ,− 1

2 ), which represents a matching π ◦ ν ∈M(n), and b(π, ν) loops. We set3

π.ν = ζ b(π,ν)π ◦ ν.

This is a simple exercice to check that the extension of this operation by linearity defines a multiplication on Bn.
This algebra is denoted by Bn(ζ ) and called the Brauer algebra (see [3] or [10], Section 10.1). For any n,m ∈ N

∗, a
matching of M(2(n + m)) belongs to Bn,m if and only if it can be represented as a collection of simple curves that
cross exactly once the lines R× {0} or {n−m

2 } ×R (see Figure 2). Let us remark that for all x, y ∈ Bn,m, their product
in Bn+m(ζ ) satisfies x.y ∈ Bn,m. Therefore, this operation defines an algebra structure, we then denote this algebra by
Bn,m(ζ ). It is called the walled Brauer algebra (it has been originally considered in [13,21], see also [11]). Note that
the element π0 is the identity of these algebras, we shall denote it alternatively by 1.

3See Figure 1 for an example.

Fig. 1. Multiplication π.η, with π = {{1,2}, {3,4}, {5,6}, {7,10}, {8,9}, {11,12}, {13,14}} and η = {{1,4}, {2,3}, {5,8}, {6,7}, {9,11}, {10,13},
{12,14}}.
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Fig. 2. An element of Bn,m(ζ ).

Fig. 3. The two elements 〈a b〉 and (a b) of Bn(ζ ).

Lemma 3.4. For any n,m ∈ N∗, the applications ρ+ : Bn(N) → EndO(N)(V
⊗n), ρ− : Bn(−N) → EndSp(N)(V

⊗n)

and ρ+ : Bn,m(N) → EndU(N)(V
⊗n ⊗ V

⊗m
) are onto algebra morphisms.

We shall leave the proof of this fact as an easy exercice for the unitary and orthogonal case and give one in the
Appendix for the symplectic case, as we have not found a direct proof in the literature. For any 1 ≤ i, j ≤ dim(V ),
let Ei,j denote the endomorphism of End(V ), such that Ei,j (ek) = δj,kei , for any 1 ≤ k ≤ dim(V ). Then, for any
π ∈M(n),

ρ+(π) =
∑

1≤i1,...,i2n≤N

( ∏
{a,b}∈π

δia,ib

)
Ei1,i2n

⊗ Ei2,i2n−1 ⊗ · · · ⊗ Ein,in+1, (6)

whereas if π = σ.π0, with σ ∈S2n,

ρ−(π) =
∑

1≤i1,...,i2n≤2N

ε(σ )

( ∏
{a,b}∈π0

Jia,ib

)
Ei

σ−1(1)
,i

σ−1(2n)
⊗ · · · ⊗ Ei

σ−1(n)
,i

σ−1(n+1)
J−1⊗n

. (7)

To close this section, let us highlight two kinds of matchings that will play thereafter a prominent role. For any
integers 1 ≤ a < b ≤ n, we set

〈a b〉 = {{a, b}, {2n + 1 − a,2n + 1 − b}}∪ {{k,2n + 1 − k},1 ≤ k ≤ n, k /∈ {a, b}}
and the usual transposition is identified as

(a b) = {{a,2n + 1 − b}, {b,2n + 1 − a}}∪ {{k,2n + 1 − k},1 ≤ k ≤ n, k /∈ {a, b}},
see Figure 3. When n = 2, they have the following linear representations on V ⊗2,

ρ+
(〈1 2〉)= ∑

1≤i,j≤N

Ei,j ⊗ Ei,j and ρ+
(
(1 2)
)= ∑

1≤i,j≤N

Ei,j ⊗ Ej,i, (8)

whereas

ρ−
(〈1 2〉)= −

∑
1≤a,b,c,d≤N

Ja,cJb,dEa,b ⊗ Ec,d and ρ−
(
(1 2)
)= −

∑
1≤i,j≤N

Ei,j ⊗ Ej,i . (9)
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For n ≥ 2 and any 1 ≤ a < b ≤ n, ρε(〈a b〉) acts like ρε(〈1 2〉) on the ath and bth factors of V ⊗n and trivially
elsewhere. Let us lastly remark that the family {(a b), 〈a b〉 : 1 ≤ a < b ≤ n} generates Bn(ζ ) as an algebra.

4. Integration formulas for the Brownian motion

We shall here recall the result of [15] about integration against a Brownian motion and give a slight extension of
it for the unitary case. Starting from these formulas, we show that any moment (possibly mixed) for any series can
be expressed in terms of non-mixed moments for the unitary groups. The constant (in time) part of this expression
corresponds to the integration against the Haar measure. We then check that these expressions do match the one of [7].

Proposition 4.1 ([15], Propositions 2.2, 2.6 and 2.8). For any t ≥ 0, E[G⊗n
t ] = et�G(n), where

−�G(n) =
{

ρ(n
2 + 1

N

∑
1≤i<j≤n(i j)), if G = U(N),

ρε(
n
2 (1 − 1

εN
) + 1

εN

∑
1≤i<j≤n((i j) − 〈i j 〉)), if G = O(N) or Sp(N).

Our notations being different from the one of [15], we recall for completeness a proof for the symplectic case in
the Appendix.

Lemma 4.2. For G = U(N) and any n,m ∈N
∗, E[G⊗n

t ⊗ G
⊗m

t ] = et�U (n,m), with

−�U(n,m) = ρ+
(

n

2
+ 1

N

∑
1≤i<j≤n+m

(
1{i,j≤n or i,j>n}(i j) − 1{i≤n<j}〈i j〉)).

Proof. Let us recall that for any finite dimensional representation (Vf ,f ), setting for all x ∈ g, f (x) = Lx(f )(Id), for
any a, b ∈ g, La ◦Lbf (Id) = f (a)f (b) ∈ End(Vf ). For example, if (xi)1≤i≤dim(g) is an orthogonal basis of (g, 〈·, ·〉),
�G(f )(Id) =∑d

i=1 f (xi)
2 = f (cg). Therefore, for any t ≥ 0,

d

dt
E
[
f (Gt )

]= 1

2
E
[
�G(f )(Gt )

]= 1

2
E
[
f (Gt )

]
�G(f ) ∈ End(Vf ),

and

E
[
f (Gt )

]= exp

(
t

2
f (cg)

)
.

We need here to consider the representation (V n ⊗ V ∗⊗m,ρn,m), identifying V ∗ with V . Let us choose the orthonor-
mal basis { 1√

2N
(Ek,l −El,k),

i√
2N

(Ek,l +El,k) : 1 ≤ k < l ≤ N}∪{ i√
N

Ek,k : 1 ≤ k ≤ N} of (u(N), 〈·, ·〉) and compute

the Casimir cu(N) as an element of the real algebra U(glN(C)):

2Ncu(N) =
∑

1≤k,l≤N

(1 + i ⊗ i)Ek,l ⊗ Ek,l + (i ⊗ i − 1)Ek,l ⊗ El,k ∈ U
(
glN(C)

)
.

Considering f = ρn,m as a representation of the real enveloping algebra U(glN(C)) implies that

2Nρn,m(cu(N)) = (n + m)N IdV ⊗n+m +2
∑

1≤a≤n<b≤n+m

〈a b〉 − 2
∑

1≤a<b≤n, or n<a<b≤n+m

(a b).
�

Note that at first sight, these combinatorial expressions do not shed any light about the integration against the Haar
measure. We give in what follows a reformulation of the latter that covers up this point. Our formula uses the following
notations.

Partial matchings: We shall consider the sets PM(n) of partitions of {1, . . . , n}, with blocks of size 1 and 2. For
n,m ∈ N

∗, we denote by PM(n,m) the subset of PM(n + m) of elements without 2-blocks connecting {1, . . . , n}
with itself. For any � in PM(n), we denote by |�| its number of 2-blocks.
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Matched tensors: For a, b, c ∈ {1, . . . , n}, with b < c, let us define two linear maps from respectively End(V ) and
End(V )⊗2 towards End(V ⊗n), by setting for any A,B,C ∈ End(V ),

(A)a = Id⊗a−1 ⊗ A ⊗ Id⊗n−a

and

(B ⊗ C)b,c = Id⊗b−1 ⊗ B ⊗ Id⊗c−b−1 ⊗ C ⊗ Idn−c .

Given a partial matching π ∈ M(n), let us define a map from End(V ) × End(V )⊗2 to End(V ⊗n), setting for any
A ∈ End(V ) and T ∈ End(V )⊗2,

(A,T )⊗π =
∏

{i}∈π

(A)i .
∏

{a,b}∈π :a �=b

(T )a,b ∈ End
(
V ⊗n
)
.

Given a partial matching π ∈ PM(n,m), A,B ∈ End(V ) and T ∈ End(V )⊗2, we set(
(A,B),T

)⊗π =
∏

{i}∈π :i≤n

(A)i .
∏

{i}∈π :i>n

(B)i .
∏

{a,b}∈π :a �=b

(T )a,b ∈ End
(
V ⊗n
)
.

Let (Ut )t≥0 and (Vt )t≥0 be two independent U(N)-Brownian motions.

Theorem 4.3. For any t ≥ 0, when G is O(N) or Sp(N),

E
[
G⊗n

t

]= ∑
π∈PM(n)

E

[(
e

εt
2N Ut ,

∫ t

0
e

sε
N U⊗2

s ds

)⊗π] ∏
{a,b}∈π

ρε(〈a b〉)
εN

.

When G = U(N),

E
[
U⊗n

t ⊗ U
⊗m

t

]= ∑
π∈PM(n,m)

E

[(
(Ut ,Vt ),

∫ t

0
Us ⊗ Vs ds

)⊗π] ∏
{a,b}∈π

ρ+(〈a b〉)
N

.

As we will see in the next section, these formulas easily yield an expression for the integration against the Haar
measure. As t → ∞, the only terms remaining are the one indexed by partial matchings with no block of size 1, except
in the orthogonal case.

Proof. We shall consider the case G ∈ {O(N),Sp(N)}, the third one being very similar. We will argue that the
function R on the right-hand side satisfies d

dt
Rt = Rt�G(n) ∈ End(V ⊗n) and R0 = Id. According to Proposition 4.1,

these equations are true for the left-hand side and this therefore yields the announced equality. First note that when
t = 0, the matched tensors indexed by π ∈ PM(n) appearing in the right-hand side vanish if |π | �= 0 and equal Id
otherwise. Hence, the initial condition holds true. For any partial matching π ∈ PM(n), {a, b} ∈ π and {c}, {d} ∈ π ,
with c �= d , we shall denote respectively by π̂a,b ∈ PM(n) and π̌ c,d , the partial matchings with {a, b}, resp. {c}, {d},
replaced by {a}, {b}, resp. {c, d}. On the one hand, Itô’s formula implies

d

dt
E

[(
e

εt
2N Ut ,

∫ t

0
e

sε
N U⊗2

s ds

)⊗π]

=
∑

{a,b}∈π

E

[(
e

εt
2N Ut ,

∫ t

0
e

sε
N U⊗2

s ds

)⊗π̂a,b
]

−E

[(
e

εt
2N Ut ,

∫ t

0
e

sε
N U⊗2

s ds

)⊗π](
n

2

(
1 − ε

N

)
+ 1

N

∑
{a},{b}∈π :a<b

(a b)

)
. (10)
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On the other hand, for any integer 1 ≤ h ≤ n
2 and any t ≥ 0,

∏h−1
k=0〈n − 2k n − 2k − 1〉E[G⊗n

t ] =∏h−1
k=0〈n − 2k n −

2k − 1〉E[G⊗n−2h
t ⊗ Id⊗2h]. Differentiating this equality yields

h−1∏
k=0

〈n − 2k n − 2k − 1〉�G(n) =
h−1∏
k=0

〈n − 2k n − 2k − 1〉�G(n − 2h) ⊗ Id⊗2h, (11)

whereas conjugating by elements of Sn and using the expressions of Proposition 4.1 implies that for any partial
matching π ∈PM(n),∏

{a,b}∈π

ρε(〈a b〉)
εN

�G(n) =
∑

{c},{d}∈π :c<d

∏
{a,b}∈π̌ c,d

ρε(〈a b〉)
εN

−
∏

{a,b}∈π

ρε(〈a b〉)
εN

ρε

((
n

2
− |π |

)(
1 − ε

N

)
+ 1

N

∑
{c},{d}∈π :c<d

(c d)

)
. (12)

Let us denote for any partial matching π ∈PM(n),

−�(π) =
(

n

2
− |π |

)(
1 − ε

N

)
+ 1

N

∑
{c},{d}∈π :c<d

(c d). (13)

For any π ∈PM(n), �(π) commutes with
∏

{a,b}∈π ρε(〈a b〉), so that using (10) and (12) implies

d

dt
Rt =

∑
π∈PM(n)

∑
{c,d}∈π

E

[(
e

εt
2N Ut ,

∫ t

0
e

sε
N U⊗2

s ds

)⊗π̂c,d
] ∏

{a,b}∈π

ρε(〈a b〉)
εN

−
∑

π∈PM(n)

E

[(
e

εt
2N Ut ,

∫ t

0
e

sε
N U⊗2

s ds

)⊗π] ∏
{a,b}∈π

ρε(〈a b〉)
εN

�(π).

Permuting its two sums, the first line of the right-hand side can be rewritten as∑
1≤c<d≤n

∑
π∈PM(n)
{c},{d}∈π

E

[(
e

εt
2N Ut ,

∫ t

0
e

sε
N U⊗2

s ds

)⊗π] ∏
{i,j}∈π̌ c,d

ρε(〈i j〉)
εN

.

Permuting again these sums and using (12), we find that d
dt

Rt = Rt�G(n). �

The expectations on the right-hand side of the above formulas are given by the Proposition 4.1, yielding the
Lemma 4.6 below. Let us define for any 1 ≤ k ≤ n,

�n
ε(k) = k

εN
+ �U(k) ⊗ Idn−k ∈ End

(
V ⊗n
)

and for any 1 ≤ k ≤ min(n,m),

�n,m
(
min(n,m) − k

)= �U(n − k) ⊗ Id⊗n+m−k + Idn+m−k ⊗ �U(m − k) ∈ End
(
V n ⊗ V

⊗m)
.

We set �n
ε(0) = 0 and �n,m(0) = 0. We shall consider the set Sym[X0, . . . ,Xa] of symmetric polynomials

in a + 1 variables X0, . . . ,Xa . For any d ≥ 1, we denote by Hd(X0, . . . ,Xa) = ∑0≤i1≤···≤id≤a Xi1 · · ·Xid =∑
λ0,...,λa≥0:λ0+···+λa=d X

λ0
0 · · ·Xλa

a ∈ Sym[X0, . . . ,Xa] the complete symmetric polynomial of degree d with the con-
vention H0 = 1, and we define an analytic function valued in symmetric polynomials setting for all t ∈R,

Ea,H
t =

∑
d≥0

td+a

(d + a)!Hd(X0, . . . ,Xa).
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When the context is clear, we shall drop the first upper index and denote this function by EH
t . Let us stress that these

functions are not compatible: for all a ≥ 0, Ea+1,H
t (X0, . . . ,Xa,0) �= Ea,H

t (X0, . . . ,Xa). In return, they satisfy the
following

Lemma 4.4. For all t ∈ R+,

Ea,H
t =

a∑
b=0

etXb∏
c �=b(Xb − Xc)

=
∫

�a(t)

et0X0+···+taXa dt,

where �a(t) = {(t0, . . . , ta) ∈ R
a+1+ : t0 + · · · + ta = t} and dt denotes the Lebesgue measure on this simplex.

Proof. Indeed, one easily checks that these three functions are the unique solution to the following problem: (Sa)a≥0

are analytic functions, such that S0
t (X0) = etX0 and for any a ≥ 1, Sa ∈ Sym[X0, . . . ,Xa] satisfy for any t ≥ 0,

d

dt
Sa

t (X0, . . . ,Xa) = XaS
a
t (X0, . . . ,Xa) + Sa−1

t (X0, . . . ,Xa−1). (14)

�

Remark 4.5. Note that expanding the last column of the following, one can also rewrite

EH
t =

∏
0≤i<j≤a

(Xj − Xi)
−1 det

⎛⎜⎜⎜⎝
etX0 Xa−1

0 Xa−2
0 · · · 1

etX1 Xa−1
1 Xa−2

1 · · · 1
...

...
...

...

etXa Xa−1
a Xa−2

a · · · 1

⎞⎟⎟⎟⎠ .

For any 1 ≤ a ≤ n
2 and 1 ≤ a′ ≤ min(n,m), let μa ∈ PM(n) and νa′ ∈ PM(n,m) be the partial matchings

with respective 2-blocks {n,n − 1}, . . . , {n − 2a + 2, n − 2a + 1} and {n,n + 1}, . . . , {n − a′ + 1, n + a′}, whereas
μ0 ∈ PM(n) and ν0 ∈PM(n,m) are the partial matchings with only blocks of size 1. When π is a partial matching in
respectively PM(n) and PM(n,n), we set H(π) = {σ ∈ Sn : σ(μ|π |) = π} and D(π) = {σ ∈ Sn ×Sn : σ(ν|π |) =
π}.

Lemma 4.6. The families (�n
ε (k))1≤k≤n and (�n,m(k))1≤k≤min(n,m) are commutative. For any t ≥ 0 and partial

matching π ∈PM(n),

E

[(
e

εt
2N Ut ,

∫ t

0
e

sε
N U⊗2

s ds

)⊗π]
= 2−|π |

(n − 2|π |)!
∑

h∈H(π)

hEH
t

(
�n

ε(n),�n
ε (n − 2), . . . ,�n

ε

(
n − 2|π |))h−1

and for any π ∈PM(n,m),

E

[(
(Ut ,Vt ),

∫ t

0
Us ⊗ Vs ds

)⊗π]
= 1

(n − |π |)!(m − |π |)!
∑

h∈D(π)

hEH
t

(
�n,m(n),�n,m(n − 1), . . . ,�n,m

(
n − |π |))h−1.

Proof. The first property can been seen directly or using the fact (ii) of Lemma 2.2 stating that the law of the Brownian
motion is invariant by conjugation. Let us prove the formulas of the Lemma by induction on |π |. Again, we consider
only the case G ∈ {O(N),Sp(N)}. When |π | = 0, according to Proposition 4.1, the left-hand side is E[(e εt

2N Ut )
⊗n] =

exp[t (�U(n) + nε
2N

)] = exp(t�n
ε (n)) = EH

t (�n
ε (n)). For any μ ∈ PM(n), t ≥ 0, let us write Rt(π) for the right-hand
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side of the formula. Let us use once more the notation �(π) ∈ End(V ⊗n) that has been defined in (13). Note that for
any h ∈H(π), �(π) = h�n

ε(n − 2|π |). Using (14), we get

d

dt
Rt (π) = Rt(π)�(π) +

∑
{a,b}∈π

Rt (π̂a,b),

where, as above, π̂a,b denotes the matching with {a, b} replaced by {a}, {b}, when {a, b} ∈ π .
Let us recall that according to the equation (10), the family {E[(e εt

2N Ut ,
∫ t

0 e
sε
N U⊗2

s ds)⊗π ] : π ∈ PM(n)} satis-
fies the same system of ordinary differential equations. Using the induction assumption yields then the announced
equality. �

We want now to deduce from the Theorem 4.3 an explicit expression for the expectations of monomials in entries
of Gt in terms of some functions on Bn(εN) or Bn,m(N).

Orbits under Sn left and right actions on Bn: Let us consider the action of Sn × Sn on M(n) given for any
α,β ∈ Sn and π ∈ M(n) by (α,β).π = απβ−1. For any element π ∈ Bn, let us write h(π) for half the number of
horizontal curves of the diagram of π . Two matchings μ,ν ∈ M(n) are in the same orbit if and only if h(μ) = h(ν).
Let us highlight representatives of these orbits setting for any integer 1 ≤ a ≤ n

2 ,

πa =
a−1∏
k=0

〈n − 2k − 1n − 2k〉.

Let us recall that π0 also denotes the identity of Bn(z). Similarly (Sn × Sm)×2 acts on M(n,m), the function h

characterizes its orbits and we set for any 1 ≤ a ≤ min(n,m),

π̃a =
a−1∏
k=0

〈n − kn + k + 1〉.

Deformed Weingarten function: Let us fix a notation for the sum of permutation like elements appearing in Propo-
sition 4.1, setting for any integer l ∈ {1, . . . , n},

−Zl = l(1 − ε/N)

2
+ 1

N

∑
1≤i<j≤l

(i j) ∈C[Sn]

and Z0 = 0. We shall also set for l ≤ min(n,m),

−Ymin(n,m)−l = min(n,m) − l + 1

N

∑
1≤i<j≤n−l

(i j) + 1

N

∑
n+l≤i<j≤n+m

(i j) ∈ C[Sn ×Sm].

Notice that these two families of operators are commutative. We set for all t ≥ 0, and all integer 0 ≤ a ≤ n
2 ,

Wa
t = 1

(2εN)a(n − 2a)!E
H
t (Zn,Zn−2, . . . ,Zn−2a)

and for a ≤ min(n,m),

Wa
t = 1

Na(n − a)!(m − a)!E
H
t (Yn,Yn−1, . . . , Yn−a).

Kernel and sign of indices functions: For any I = (ik)1≤k≤2n ∈ {1, . . . ,N}2n, let ker1(I ) (or simply ker(I )) and
k̃er−1(I ) be the set of matchings π ∈ M(n), such that for all blocks {a, b} of π , we have respectively ia = ib and
ia = ib + N

2 mod (N). For any permutation σ ∈ S2n, let us consider

inv2(σ, I ) = #
{
k ∈ {1, . . . , p} : iσ (2n−k+1) < iσ(k)

}
.
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If π ∈ ker−1(I ), the quantity ε(σ )(−1)inv2(σ
−1,I ) does not depend on the choice of σ ∈S2n such that σ(π0) = π . For

any indices (ik)1≤k≤2n ∈ {1, . . . ,N}2n, let us define Iπ = (i′k)1≤k≤2n ∈ {1, . . . ,N}N setting i′k = ik + N
2 mod (N),

for all n < k ≤ 2n that is matched by π with an element of {1, . . . , n}, and i′k = ik otherwise. We then consider
ker−1(π) = {Iπ : I ∈ k̃er−1(π)} and set for any I ∈ ker−1(π),

εI (π) = ε(σ )(−1)inv2(σ,Iπ ),

for any σ ∈ S2n such that σ(π0) = π . Let us also denote by 〈·, ·〉 the inner product on V ⊗n such that for all
v1, . . . , vn ∈ V ,

‖v1 ⊗ · · · ⊗ vn‖2 = ‖v1‖2 · · · ‖vn‖2. (15)

Formulas (6) and (7) show that the above definitions are tailored so that for any π ∈ M(n) and I ∈ {1, . . . ,N}2n,〈
ei1 ⊗ · · · ⊗ ein, ρε(π)ei2n

⊗ · · · ⊗ ein+1

〉= εI (π)(1−ε)/2,

if I ∈ kerε(π) and 0 otherwise. We can now give an equivalent statement to Theorem 4.3.

Theorem 4.7. For any I = (ik)1≤k≤2n ∈ {1, . . . ,N}2n,

E
[
(Gt )i1,i2n

· · · (Gt )in−1,in+2(Gt )in,in+1

]= ∑
μ∈kerε(I )

εI (π)(1−ε)/2
∑

α,β∈Sn:απh(μ)β=μ

W
h(μ)
t (βα),

if G = O(N) or Sp(N). When G = U(N),

E
[
(Ut )i1,i2(n+m)

· · · (Ut )in,in+2m+1(Ut )in+1,in+2m
· · · (Ut )in+m,in+m+1

]
=
∑

μ∈ker(I )

∑
α,β∈Sn×Sm:απ̃h(μ)β=μ

Wh(μ)
t (βα).

Proof. This is a direct application of Theorem 4.3 together with Lemma 4.6. �

Remark 4.8. For any ζ ∈ C, α ∈ {0,1}, let us consider

−�α
ζ (n) = n

2
(ζ − 1) +

∑
1≤i<j≤n

(
(i j) − α〈i j〉) ∈ Bn(ζ )

and

−�α
ζ (n,m) = nζ

2
+

∑
1≤i<j≤n+m

(
1{i,j≤n or i,j>n}(i j) − α1{i≤n<j}〈i j〉) ∈ Bn,m(ζ ).

For any n′ ≥ n, m′ ≥ m, let us consider the embedding of the algebras Bn(ζ ), Bn,m(ζ ), respectively into Bn′(ζ ) and
Bn′,m′(ζ ), such that any diagram π ∈ Bn (resp. Bn,m) is sent to a diagram in resp. Bn′ and Bn′,m′ , having vertical lines
going through points labeled by {n + 1, . . . , n′} (resp. {n + 1, . . . , n′} × {n′ + 1, . . . , n′ + m′ − m}). Note that

〈n + 1n + 2〉�1
ζ (n + 2) = 〈n + 1n + 2〉�1

ζ (n) ∈ Bn+1(ζ )

and

〈nn + 1〉�1
ζ (n + 1,m + 1) = 〈nn + 1〉�1

ζ (n,m) ∈ Bn+1,m+1(ζ ).

These equalities are generalization of (11). Following the above proof, it can also be shown that for any z, ζ ∈C,

exp
(
z�1

ζ (n)
)= ∑

π∈PM(n)

Wζ
z (π)

∏
{a,b}∈π

〈a b〉 ∈ Bn(ζ )
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and

exp
(
z�1

ζ (n,m)
)= ∑

π∈PM(n,m)

Wζ
z (π)

∏
{a,b}∈π

〈a b〉 ∈ Bn,m(ζ ),

where

Wζ
z (π) = |π |!

|H(π)|
∑

h∈H(π)

hEH
z

(
�0

ζ (n),�0
ζ (n − 2), . . . ,�0

ζ

(
n − 2|π |))h−1 ∈C[Sn]

and Wζ
z (π) is

|π |!
|D(π)|

∑
h∈D(π)

hEH
z

(
�0

ζ (n,m),�0
ζ (n − 1,m − 1), . . . ,�0

ζ

(
n − |π |,m − |π |))h−1 ∈C[Sn+m].

5. Integration against the Haar measure and FFT

Let us refer here the Reader to [5–7,24] where he can find a classical approach to integration over classical groups.
These approaches use orthogonality of irreducible characters together with the decomposition of the tensor space into
irreducible representations or the first fundamental theorem of invariants. The latter is used in the following way (see
[6,24]): by left-invariance of the Haar measure, the expectation of the representation of a Haar distributed random
variable is equal to the projection on the invariant space. Besides, the FFT theorem gives a generating family of this
space. To compute the projection, and thereby the mean of the representation, one way is therefore to find a pseudo
inverse for the Gram matrix of this family.

Let us give here another approach considering the behavior of the expectation with respect to Brownian motions
as t → ∞. Let (Ut )t≥0, (Vt )t≥0 be two U(N)-Brownian motions and H be a Haar distributed random variable on G.
Let εN = 1

N !
∑

σ∈SN
ε(σ )σ and recall that 〈·, ·〉 denotes the inner product on V ⊗n such that (15) holds.

Lemma 5.1. The endomorphisms (�n
ε (k))1≤k≤n, (�n,m(k))1≤k≤min(n,m) are self-adjoint operators with nonpositive

spectrum and are all invertible but �n
1(N), that satisfies ker(�n

1(N)) = Im(ρ(εN)). The following holds as t → ∞.
Let π ∈ PM(n) be a partial matching with |π | < n

2 . If n �= 2|π | + N or ε = −1, then

E

[(
e

εt
2N Ut ,

∫ t

0
e

sε
N U⊗2

s ds

)⊗π]
→ 0.

If n = 2|π | + N , then for any σ ∈Sn sending the 2-blocks of π to {N + 1,N + 2}, . . . , {n − 1, n},

E

[(
e

t
2N Ut ,

∫ t

0
e

s
N U⊗2

s ds

)⊗π]
ρ
(
1 − σ−1εNσ

)→ 0.

If π ∈PM(n,m), with |π | < min(n,m), then

E

[(
(Ut ,Vt ),

∫ t

0
Us ⊗ Vs ds

)⊗π]
→ 0.

Proof. Any endomorphism ρε(τ ) ∈ End(V ⊗n), with τ ∈ Sn a transposition, is self-adjoint. In particular, all the
operators considered are self-adjoint. For any λ0, . . . , λa ∈ (R∗−)a+1, EH

t (λ0, . . . , λa) = ∫
�a(t)

∏a
k=0 eλktk dt → 0 and

using Lemma 4.6 and 4.4, it is enough to prove that all the operators considered have a negative spectrum. Using
the expression of Proposition 4.1 and bounding the operator norm of ρε(τ ) by 1 for any transposition τ yield that
the operators (�n

ε (k))k<N , (�n,m(k))1≤k≤N and �n
−1(N) have negative spectrum, whereas �n

1(N) have non-positive
spectrum. An elementary inspection leads then to ker(�n

1(N)) = Im(ρ(εN)). Let (Gt )t≥0 be a Brownian motion
on SU(N) and let �SU(k) ∈ End(V ⊗k) be such that E[S⊗k

t ] = exp(t�SU(k)). According to Lemma 2.3, �U(k) =
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�SU(k) − k2

2N2 . The operator �SU(k) is self-adjoint and as E[S⊗k
t ] is a contraction, it has nonpositive spectrum.

Therefore, when k > N ,

�n
ε(k) = −k2 − εkN

2N2
+ �SU(k) ⊗ Idn−k

and setting k′ = min(n,m) − k,

�n,m(k) = − (n − k′)2 + (m − k′)2

2N2
+ �SU

(
n − k′)⊗ Id⊗n+m−k′ + Idn+m−k′ ⊗ �SU

(
m − k′)

have negative spectrum. �

Proof of Theorem 3.1. Let us recall from Section 3 that it is equivalent to prove that the vector spaces (V ⊗2n)O(N),
(V ⊗2n)Sp(N) and (V ⊗n ⊗ V

⊗n
)U(N) are spanned respectively by (wπ)π∈M(n), respectively for ε ∈ {1,−1}, and

(wπ)π∈M+(n), as defined in (4) and (5). We denote in any each case by IG the linear span of the latter families.
For any unitary representation (ρ,W) of G, denoting by H a Haar distributed random variable on G, E[ρ(H)] is
equal to the Hermitian projection on WG. Let us consider a G-Brownian motion (Gt )t≥0, respectively issued from
Id, when G is U(N) or Sp(N) and from a random variable S such that E[det(S)] = 0, when G = O(N). When W

is V ⊗2n or V ⊗n ⊗ V
⊗n

and G is O(N),Sp(N) or U(N), according to Theorem 4.3 and Lemma 5.1, for any t ≥ 0,
E[ρ(Gt )] = et�, where � is Hermitian and nonpositive and as t → ∞, E[ρ(Gt)] → P , where ImP ⊂ IG. The en-
domorphism P is an Hermitian projection. Moreover, by left-invariance of the Haar measure, PE[ρ(H)] = E[ρ(H)].
Hence, WG ⊂ IG (and P = E[ρ(H)]). �

Note that the latter argument gives an explicit way to prove that E[G⊗n
t ] → E[H⊗n], as t → ∞, where H is

distributed according to the Haar measure on G, and (Gt )t≥0 is a G-Brownian motion with a proper initial condition.
It therefore leads to a new way to compute moments for the Haar measure. For any partial matching in respectively
PM(n) and PM(n,n), let us set H(π) = {σ ∈Sn : σ(μn) = π} and D(π) = {σ ∈Sn ×Sn : σ(νn) = π}.

Lemma 5.2. Let us denote by H a Haar distributed random variable on G and by (Gt )t≥0 a Brownian motion on G,
respectively issued from Id, when G is Sp(N) and from a random variable S such that E[det(S)] = 0, when G = O(N).
Then,

E
[
G⊗n

t

]→ E
[
H⊗n
]

=
∑

π∈PM(n):2|π |=n

( |π |!
|H(π)|

∑
h∈H(π)

h
(
�n

ε(n)�n
ε (n − 2) · · ·�n

ε(2)
)−1

h−1
) ∏

{a,b}∈π

ρε(〈a b〉)
−εN

.

When G = U(N),

E
[
U⊗n

t ⊗ U
⊗n

t

]→ E
[
H⊗n ⊗ H

⊗n]
=

∑
π∈PM(n,n):|π |=n

( |π |!
|D(π)|

∑
h∈D(π)

h
(
�n,n(n)�n,n(n − 1) · · ·�n,n(1)

)−1
h−1
) ∏

{a,b}∈π

ρ+(〈a b〉)
−N

.

Proof. As argued in the above proof of Theorem 3.1, as t → ∞, E[G⊗n
t ] → E[H⊗n]. Using Theorem 4.3, Lemma 4.6

and the first expression of Lemma 4.4 together with the first part of Lemma 5.1 yields the statement. �

The latter expressions can be simplified as follows. When W is a subgroup of Sn, we shall consider the idempotent
�W = 1

|W |
∑

w∈W w and set �εN
W = ρε(�W). Let us introduce for any integer 1 ≤ a ≤ n,

Xa =
∑
b<a

(ba) ∈ C[Sn].
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These elements form a commutative family and are called Jucys–Murphy elements. These elements enjoy a lot of
properties (see [4,12,18]), we shall recall two of them (see Propositions 1 and 3 of [24] for a proof). For any integer
k ∈ N

∗, let us consider the lattice of partitions of {1, . . . , k} given by inclusion. For any pair of partitions π and ν,
π ∨ ν is the finest partition coarser than π and ν. When π is respectively a partition or a permutation, we denote by
#π its number of blocks or its number of cycle. This function is related to Jucys–Murphy elements as follows: for any
ζ ∈ C,

n∏
k=1

(ζ + X2k−1)π0 =
∑

μ∈M(n)

ζ #μ∨μnμ (16)

and

n∏
k=1

(ζ + Xk) =
∑

σ∈Sn

ζ #σ σ. (17)

Note that these formulas imply that
∏n

k=1(ζ + X2k−1) commutes with �Hn
and that

∏n
k=1(ζ + Xk) is in the center

of C[Sn].

Lemma 5.3. For any integer n ≥ 1,

(−εN)nn!ρε

( ∏
1≤a≤n

(εN + X2a−1)

)
�εN

Hn

(
�2n

ε (2n)�2n
ε (2n − 2) · · ·�2n

ε (2)
)−1

�εN
Hn

= �εN
Hn

and

(−N)nn!ρ
( ∏

1≤a≤n

(N + Xa)

)
�N

Dn

(
�n,n(n)�n,n(n − 1) · · ·�n,n(1)

)−1
�N

Dn
= �N

Dn
.

Proof. First notice that∑
1≤a<b≤2n

(a b)�Hn
= �Hn

n(1 + X2n−1)�Hn
(*)

and ∑
1≤a<b≤n

or n<a<b≤2n

(a b)�Dn
= �Dn

nXn�Dn
.

Indeed, on the right-hand side �Hn
X2n−1�Hn

= 2(n − 1)�Hn
(2n − 2 2n − 1)�Hn

and on the left-hand side, each
transposition (2k −1 2k) with 1 ≤ k ≤ n belongs to Hn, whereas the 2(n−1) others are conjugated to (2n−2 2n−1)

by an element of Hn. As
∑

1≤a<b≤2n(a b) is central in S2n the first formula holds true. A similar argument with
respectively Dn and Sn × Sn in place of Hn and S2n yields the second one. Let us set �n = �εN

Hn
, and for any

1 ≤ k ≤ n, Fk = −εN�2n
ε (2k) and Lk = kρε(εN + X2k−1) (resp. ρ(�Dn

), N�n,n(k) and kρ(N + Xk)). We consider
Rn =∏n

k=1 F−1
k , and �n =∏n

k=1 Lk . The two equalities above imply that

Fn = �nLn�n, (**)

for any integer n ≥ 1. The claim is equivalent to the following equality

�n�nRn�n = �n, (18)
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Fig. 4. Diagram πμ,μ′ = {{1,4}, {2,3}, {5,7}, {6,8}}, where μ = {{1,4}, {2,3}} and μ′ = {{1,3}, {2,4}}.

for all n ≥ 0, that we shall prove by induction. Consider as initial step n = 0, where factors are empty and equal to 1,
and the statement is trivial. Assuming the equality for n ≥ 0 and then using (**) yields

�n+1�n+1Rn+1�n+1 = �n+1Ln+1�nRnF
−1
n+1�n+1

= �n+1Ln+1�n�nRn�nF
−1
n+1�n+1

= �n+1Ln+1�nF
−1
n+1�n+1 = �n+1Ln+1�n+1F

−1
n+1 = �n+1,

where we have furthermore used that Fn+1 commutes with the action of S2n+2 (resp. Sn+1 × Sn+1), Ln+1 with
�n. �

Let us consider respectively an element Wε
n of C[S2n] invariant by left or right translation by Hn and a central

element Wgn of C[S2n], such that

ρε

(
Wε

n

)= (−εN)nn!�εN
Hn

(
�2n

ε (2n)�2n
ε (2n − 2) · · ·�n

ε(2)
)−1

�εN
Hn

and ∑
α,β

Wgn

(
αβ−1)ρ(α) ⊗ ρ(β) = (−N)nn!�N

Dn

(
�n,n(n)�n,n(n − 1) · · ·�n,n(1)

)−1
�N

Dn
.

The Lemma 5.3 yields that ρε(Wn) and
∑

α,β Wgn(αβ−1)ρ(α) ⊗ ρ(β) are respectively the pseudo-inverses of the

two self-adjoint operators
∑

σ∈S2n
N#σμn∨μnρε(σ ) and

∑
α,β∈Sn

N#αβ−1
ρ(α × β). We can reformulate Lemma 5.2

as follows. For any pair of matchings (μ,μ′) ∈ M(n), let us consider the matching πμ,μ′ ∈ M(2n) whose diagram
is given by μ in the positive half plane and by μ′ in the negative half plane (see Figure 4). Then, Lemma 5.2 can be
reformulated into

Theorem 5.4 ([6,7,24]). If G is O(N) or Sp(N), then

E
[
H⊗2n

]= ∑
α,β∈S2n

Wε
n

(
αβ−1)ρε(παμn,βμn).

If G = U(N),

E
[
H⊗n ⊗ H

⊗n]= ∑
α,β∈Sn

Wgn

(
αβ−1)ρ+(πανn,βνn).

The two pseudo-inverses appearing in these formulae can be re-expressed using representation theory. For example,
it can be shown that for any k ∈ {1, . . . ,2n}, ρε(εN + Xk) is invertible in End(V ⊗2n), so that

ρε

(
Wε

n

)= ρ

(
n∏

k=1

(εN + X2k−1)

)−1

ρε(�Hn
)
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and

∑
α,β∈Sn

Wgn

(
αβ−1)ρ(α) ⊗ ρ(β) = ρ

(
n∏

k=1

(N + Xk)

)−1

ρ(�Dn
).

Using these two equalities together with (16) and (17), leads to the exact statement of the formulae of [24], that is
equivalent to the one of [7].

Remark 5.5. The above way to get formulae for the Haar measure can also be applied to SU(N). This case has not
been explored as much as the three series O(N),Sp(N) and U(N). Let us consider an example. If S is Haar distributed
on SU(N), then multiplying on the left by rotation matrices leads to

E

[ ∏
1≤i,j≤N

Si,j

]
= 0,

when N is odd. On the other hand, the following is a conjecture [14]: that for all N even,

E

[ ∏
1≤i,j≤N

Si,j

]
�= 0. (19)

This conjecture has been shown in [14] to be equivalent to the Alon–Tarsi conjecture ([1]) about even and odd Latin
squares, as well as Hadamard–Howe and Foulkes conjectures (see [14] for references). In [8,9], it has been proved to
hold true for any even number such that N ±1 is a prime number. Though, the general case is still open. Using SU(N)-
Brownian motion, it can be reformulated as follows. Let (St )t≥0 be a SU(N)-Brownian motion issued from identity.

As E[S⊗N2

t ] → E[S⊗N2], when t → ∞, according to Lemma 2.3 and Proposition 4.1, the Alon–Tarsi conjecture is
equivalent to the following: for any even integer N ,〈

e⊗N
1 ⊗ · · · ⊗ e⊗N

N , exp

(
−t

∑
1≤i<j≤N2

(i j)

)
(e1 ⊗ · · · ⊗ eN)⊗N

〉
→ xN �= 0, (20)

as t → ∞.

Appendix: Symplectic invariants

Proof of Lemma 3.4 for Bn(−N). As {(a b), 〈a b〉 : 1 ≤ a < b ≤ n} generates the algebra Bn(−N), it is sufficient
to prove that for any π ∈ M(n), 1 ≤ a < b ≤ n, ρ−(π(a b)) = ρ−(π)ρ−((a b)) and ρ−(π〈a b〉) = ρ−(π)ρ−(〈a b〉).
On the one hand, π.(a b) = (2n + 1 − a 2n + 1 − b)(π), where the left-hand side is a product in Bn(−N) and
the right-hand side an action of Sn on M(n). On the other hand, if π matches 2n + 1 − a and 2n + 1 − b with
respectively a′ and b′, then whether a′ = 2n+ 1 − b and b′ = 2n+ 1 − a, in which case, π〈a b〉 = −Nπ , or π〈a b〉 =
(2n + 1 − a b′)(π) = (2n + 1 − b a′)(π). Using (7) and (9), it is now elementary to check the multiplicativity in both
cases. �

Proof of Proposition 4.1 for G = Sp(N). Let us define ι : MN/2(C) × MN/2(C) → MN(C) : (A,B) �→ (A −B

B A

)
and

recall that

sp(N) = {ι(A,B) : A ∈ u(N),B ∈ MN(C), tB = B
}
.

Let us choose the basis of sp(N) formed by the unions of the following families:

1√
2N

{
ι(Ea,b − Eb,a,0), ι(0,Ea,b − Eb,a), ι

(
i(Ea,b + Eb,a),0

)
, ι
(
0, i(Ea,b + Eb,a)

) : 1 ≤ a < b ≤ N

2

}
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and

1√
N

{
ι(iEa,a,0), ι(0,Ea,a), ι(0, iEa,a) : 1 ≤ a ≤ N

2

}
.

The Casimir element of sp(N), that is csp(N) =∑
1≤i≤ N2

2
xi ⊗ xi , where (xi)1≤i≤N2 is the above orthogonal basis,

viewed as an element of the complex enveloping algebra U(glN(C)), has the following expression:

−Ncsp(N) = −
∑

1≤a,b,c,d≤N

Ja,cJb,dEa,b ⊗ Ec,d +
∑

1≤a,b≤N

Ea,b ⊗ Eb,a ∈ U
(
glN(C)

)
.

Considering ρV ⊗n as a representation of the algebra U(glN(C)),

−NρV ⊗n(�Sp(N)) = 2(N + 1)n + 2
∑

1≤a<b≤n

ρ+
(
(a b) − 〈a b〉)

= 2ρ−
(

(N + 1)n +
∑

1≤a<b≤n

(〈a b〉 − (a b)
))

.

Dividing by 2N gives the announced formula. �
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[7] B. Collins and P. Śniady. Integration with respect to the Haar measure on unitary, orthogonal and symplectic group. Comm. Math. Phys. 264

(2006) 773–795. MR2217291
[8] A. A. Drisko. On the number of even and odd Latin squares of order p + 1. Adv. Math. 128 (1) (1997) 20–35. MR1451417
[9] D. G. Glynn. The conjectures of Alon–Tarsi and Rota in dimension prime minus one. SIAM J. Discrete Math. 24 (2) (2010) 394–399.

MR2646093
[10] R. W. Goodman and N. R. Wallach. Symmetry, Representations, and Invariants. Springer, Dordchect, 2009. MR2522486
[11] T. Halverson. Characters of the centralizer algebras of mixed tensor representations of Gl(r,C) and the quantum group Uq (gl(r,C)). Pacific

J. Math. 174 (2) (1996) 359–410. MR1405593
[12] A. A. Jucys. Symmetric polynomials and the center of the symmetric group ring. Rep. Math. Phys. 5 (1) (1974) 107–112. MR0419576
[13] K. Koike. On the decomposition of tensor products of the representations of the classical groups: By means of the universal characters. Adv.

Math. 74 (1) (1989) 57–86. MR0991410
[14] S. Kumar and J. M. Landsberg. Connections between conjectures of Alon–Tarsi, Hadamard–Howe, and integrals over the special unitary

group. Discrete Math. 338 (7) (2015) 1232–1238. MR3322811
[15] T. Lévy. Schur–Weyl duality and the heat kernel measure on the unitary group. Adv. Math. 218 (2) (2008) 537–575. MR2407946
[16] M. Liao. Lévy Processes in Lie Groups. Cambridge Tracts in Mathematics 162. Cambridge University Press, Cambridge, 2004. MR2060091
[17] M. L. Mehta. Random Matrices, 3rd edition. Pure and Applied Mathematics (Amsterdam) 142. Elsevier/Academic Press, Amsterdam, 2004.

MR2129906

http://www.ams.org/mathscinet-getitem?mr=1179249
http://www.ams.org/mathscinet-getitem?mr=1426833
http://www.ams.org/mathscinet-getitem?mr=1503378
http://www.ams.org/mathscinet-getitem?mr=2643487
http://www.ams.org/mathscinet-getitem?mr=1959915
http://www.ams.org/mathscinet-getitem?mr=2567222
http://www.ams.org/mathscinet-getitem?mr=2217291
http://www.ams.org/mathscinet-getitem?mr=1451417
http://www.ams.org/mathscinet-getitem?mr=2646093
http://www.ams.org/mathscinet-getitem?mr=2522486
http://www.ams.org/mathscinet-getitem?mr=1405593
http://www.ams.org/mathscinet-getitem?mr=0419576
http://www.ams.org/mathscinet-getitem?mr=0991410
http://www.ams.org/mathscinet-getitem?mr=3322811
http://www.ams.org/mathscinet-getitem?mr=2407946
http://www.ams.org/mathscinet-getitem?mr=2060091
http://www.ams.org/mathscinet-getitem?mr=2129906


1990 A. Dahlqvist

[18] A. Okounkov and A. Vershik. A new approach to representation theory of symmetric groups. Selecta Math. (N.S.) 2 (4) (1996) 581–605.
MR1443185

[19] C. Procesi. Lie Groups. An Approach Through Invariants and Representations. Universitext. Springer, New York, 2007. MR2265844
[20] I. M. Singer. Functional Analysis on the Eve of the 21st Century. Vol. I. Progress in Mathematics 131. S. Gindikin, J. Lepowsky and R. L.

Wilson (Eds). Birkhäuser, Boston, MA, 1995. In honor of the eightieth birthday of I. M. Gel’fand. Papers from the conference held at Rutgers
University, New Brunswick, New Jersey, October 24–27, 1993. MR1372994

[21] V. G. Turaev. Operator invariants of tangles, and R-matrices. Izv. Ross. Akad. Nauk Ser. Mat. 53 (5) (1989) 1073–1107, 1135. MR1024455
[22] D. Weingarten. Asymptotic behavior of group integrals in the limit of infinite rank. J. Math. Phys. 19 (5) (1978) 999–1001. MR0471696
[23] F. Xu. A random matrix model from two-dimensional Yang–Mills theory. Comm. Math. Phys. 190 (2) (1997) 287–307. MR1489573
[24] P. Zinn-Justin. Jucys–Murphy elements and Weingarten matrices. Lett. Math. Phys. 91 (2010) 119–127. MR2586868

http://www.ams.org/mathscinet-getitem?mr=1443185
http://www.ams.org/mathscinet-getitem?mr=2265844
http://www.ams.org/mathscinet-getitem?mr=1372994
http://www.ams.org/mathscinet-getitem?mr=1024455
http://www.ams.org/mathscinet-getitem?mr=0471696
http://www.ams.org/mathscinet-getitem?mr=1489573
http://www.ams.org/mathscinet-getitem?mr=2586868

	Introduction
	Brownian motion on classical compact Lie groups
	First Fundamental Theorem of invariants and Schur-Weyl duality
	Integration formulas for the Brownian motion
	Integration against the Haar measure and FFT
	Appendix: Symplectic invariants
	Acknowledgements
	References

