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1. Introduction

Hidden Markov models (HMMs) have been widely used in diverse fields such as
speech recognition, genomics or econometrics since their introduction in Baum
and Petrie [2]. The books MacDonald and Zucchini [16], MacDonald and Zuc-
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chini [17], and Cappé, Moulines and Rydén [3] provide several examples of ap-
plications of HMMs and give a recent (for the latter) state of the art in the
statistical analysis of HMMs. Finite state space HMMs are stochastic processes
(Xt,Y:)ten such that (Xi):en is a Markov chain taking values in a finite set,
and conditionally to (X;):en, the random variables Y;, ¢t € N, are independent,
the distribution of Y; depending only on X;. The conditional distributions of
Y; given X, for all possible values of X}, are called emission distributions. The
name “hidden Markov model” comes from the fact that the observations are the
Y:’s only, one cannot access to the states (X;); of the Markov chain. Finite state
space HMMs can be used to model heterogeneous variables coming from differ-
ent populations, the states of the (hidden) Markov chain defining the population
the observed variable comes from. HMMs are very popular dynamical models
especially because of their computational tractability since there exist efficient
algorithms to compute the likelihood and to recover the posterior distribution
of the hidden states given the observations.

Frequentist asymptotic properties of estimators of HMMs parameters have
been studied since the 1990s. Consistency and asymptotic normality of the max-
imum likelihood estimator have been established in the parametric case, see
Douc and Matias [6], Douc, Moulines and Rydén [7], and references in Cappé,
Moulines and Rydén [3], see also Douc et al. [8] for the most general consistency
result up to now. As to Bayesian asymptotic results, there are only very few and
recent results, see de Gunst and Shcherbakova [5] when the number of hidden
states is known, Gassiat and Rousseau [14] when the number of hidden states
is unknown. All these results concern parametric HMMs.

Non parametric HMMs in the sense that the form of the emission distribution
is not specified have only very recently been considered, since identifiability re-
mained an open problem until Gassiat and Rousseau [13] and Gassiat, Cleynen
and Robin [12], who prove a general identifiability result. Because parametric
modeling of emission distributions may lead to poor results in practice, in par-
ticular for clustering purposes, recent interest in using non parametric HMMs
appeared in applications, see Yau et al. [21], Gassiat, Cleynen and Robin [12] and
references therein. Theoretical results for estimation procedures in non paramet-
ric HMMs have also been obtained only very recently: Dumont and Le Corff [10]
concerns regression models with hidden (Markovian) regressors and unknown
regression functions in Gaussian noise, and Gassiat and Rousseau [13] is about
translated emission distributions.

In this paper, we obtain posterior consistency results for Bayesian procedures
in finite state space non parametric HMMs. To our knowledge, this is the first
result on posterior consistency in such models. In Section 2.2, we prove posterior
consistency in terms of the weak topology and the L;-norm on marginal densi-
ties of consecutive observations. Our main result is obtained under assumptions
on the emission densities and on the prior which are very similar to the ones
in the i.i.d. case, see Theorem 2.1. This result relies on a new control of the
Kullback-Leibler divergence for HMMs, see Lemma 2.2. Yet estimating the dis-
tribution of consecutive observations is not the main objective of a practitioner.
Classifying the observations according to their corresponding hidden states or
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estimating the parameters of the model often are the questions of interest, see
for instance Yau et al. [21], Whiting, Lambert and Metcalfe [20] and Couvreur
and Couvreur [4]. In Section 2.3 we build upon the recent identifiability result
to deduce from Theorem 2.1 posterior consistency for each component of the
parameters. We obtain in general posterior consistency for the transition matrix
of the Markov chain and for the emission probability distribution in the weak
topology, see Theorem 2.3. Stronger results are established in particular cases,
see Corollary 3.2 and Theorem 3.4. Finally, some examples of priors that fulfill
the assumptions of Theorems 2.1 and 2.3 are studied in Section 3.

Particularly in Section 3.3 the discrete case is thoroughly studied with a
Dirichlet process prior. Sufficient and almost necessary assumptions to apply
Theorem 2.1 are given in Proposition 3.5. Moreover in this framework, posterior
consistency of the marginal smoothing distributions, used in segmentation or
classification, is derived in Theorem 3.4.

All proofs are given in Appendices A and B.

2. Settings and main theorem
2.1. Notations

We now precise the model and give some notations. Recall that finite state space
HMMs are stochastic processes (X¢, Y;)ten such that (X¢)ien is a Markov chain
taking values in a finite set, and conditionally on (X;):en, the random variables
Y:, t € N, are independent. The distribution of Y; depending only on X} is called
the emission distribution. The number & of hidden states is known, so that the
state space of the Markov chain is set to {1, ..., k}. Throughout the paper, for
any integer n, an n-uple (z1,...,z,) is denoted x1.,.

Let Ay = {(x1,...,2%) :x; 20, ¢ = 1,...k; Zlezzzi = 1} denote the
(k — 1)-dimensional simplex. Let @) denote the k x k transition matrix of the
Markov chain, so that identifying @) as the k-uple of transition distributions
(the lines of the matrix), we write Q@ € AF. We denote u € Ay the initial
probability measure, that is the distribution of X;. For ¢ > 0, we also define

AMg) ={Q e Ap : min Qiy > ab

so that A*(0) = A¥. We now recall some properties of Markov chains with
transition matrix in A*(g). Note that ¢ needs to be less than  for A*(q) to be
non empty. Then for all Q in A*(g), max; ; Q; ; < 1—(k—1)g. Also, if Q € A*(q),
then for any i € {1,...,k} and A C {1,...,k}, E]EA Qi > kqu(A), with u the
uniform probability on {1,...,k}. Besides if Q € A*(q) with ¢ > 0, the chain
is irreducible, positive recurrent and admits a unique stationary probability
measure denoted p® for which ¢ < p®?(i) < 1—(k—1)q, 1 <i < k.

We assume that the observation space is R? endowed with its Borel sigma
field. Let F be the set of probability density functions with respect to a reference
measure A on R F* is the set of possible emission densities, that is for f =
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Fic 1. The model.

(fi,-- s fr) € Fk. the distribution of Y; conditionally to X; = i will be fi\,
1=1,...,k. See Figure 1 for a visualization of the model.

Let

O={0=(Q.f) : Qe A}, feF}
and
09 =1{0=(Q.f) : Qe Alqg),f e F'}.

Then P? (resp. P?#) denotes the probability distribution of (X¢, Y;)ten under
¢ and initial probability measure p? := u® (respectively u). Let p{ (pf’“ resp.)
denote the probability density of Yi,...,Y; with respect to A®! under P’
(resp. P%#). and P! (Ple’“ resp.) the marginal distribution of Y1, ..., Y; under PY

(resp. P?#). So for any § € ©, initial probability measure p, and measurable set
Aof {1,... k} x (R}

PY*((X14, Y1) € A)

= / Z ]1(11 ----- T,Y1,eY1)EA Mlewhwz v le—lxwl

for (1) -+ fu, () A(dyn) - .- Mdyr),

k
0,
P ) = Y e Qurws - Qui v for (1) - fr (1),

T1,...,0=1

and Pf’“ = p?’”/\@’l.

We denote by 6, ® m the prior on Ay x ©, where ¢ € Ay is an initial
probability measure. We assume that 7 is a product of probability measures
on ©, m = mg ® 7y such that mg is a probability distribution on Az and 7y is
a probability distribution on F*.

We assume throughout the paper that the observations are distributed from
P?" so that their distribution is a stationary HMM. We are interested in posterior
consistency, that is to prove that with P? -probability one, for all neighborhood
U of 6*:

lim w(U|Y1.n) = 1.

n—-+oo
The choice of a topology on the parameters arises here. For any distance or
pseudometric D, we denote N (§, A, D) the d-covering number of the set A with
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respect to D, that is the minimum number N of elements a1, ...,ay such that
for all a € A, there exists n < N such that D(a,a,) < 4.
For k x k matrices M, we use

M|l = max |M;;l.
1<14,5<k

For probability distributions P; and Ps, let p; and p2 be their respective densities
with respect to some dominated measure v. We use the Li-norm:

lp1 = p2llL, ) = /|p1 — po|dv

and the Kullback-Leibler divergence:

[ p log(%)du if P, << P>,

KL(Py, Py) = { T oo otherwise.

We also denote K L(p1,p2) for K L(piv, pav). On F* we use the distance d(-, )
defined for all g = (g1,...,9x), § = (41,---,9%) by

d(9,9) = max llg; — gillz. -

On ©(q), we use the following pseudometric for [ > 3, 1 € N,

Dy(0,0) = /Ip?(yh o) =2 (e )Ny - Ndy) = (! = |y et

Then a D;-neighborhood of # is a set which contains a set {6' : D;(0,0) < ¢}
for some € > 0. We also use the weak topology on marginal distributions (Ple)g.
We recall that in any neighborhood of Pf in the weak topology on probability
measures there is a subset which is a union of sets of the form

{P : /hjdp—/hjpled)\@

where for all 1 < j < N, g; > 0 and h; is in the set Cy((R9)!) of all bounded
continuous functions from (R%)! to R. We prove posterior consistency in this
general nonparametric context using this weak topology on marginal distribu-
tions (Pf).g and the D;-pseudometric in Section 2.2. We study the posterior
consistency for the transition matrix and the emission distributions separately
in Section 2.3.

Finally the sign < is used for inequalities up to a multiplicative constant
possibly depending on fixed parameters.

< gy, jzl,...,N},

2.2. Main theorem

In this section, we state our general theorem on posterior consistency for non-
parametric hidden Markov models in the weak topology on marginal distribu-
tions (Pf).g and the D;-topology. Fix [ > 3. We consider the following assump-
tions:
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(A0) For all 1< <k, [ f2(y)llog(f7 () A(dy) < +oc,
(A1) foralle >0 small enough there exists a set O. C O(g) such that 7(6.) > 0
and for all 6 = (Q, f) € O,

(Ala) Q@ — Q|| <e,
(Alb maxi ik ffz*( Y) maxij<k log( ((5)))/\(dy) <g,

)
(Alc) for all y € R? such that Zi:l fiy) >0, Z?:l fily) >0
Ald)

SUDy.sok ()50 MAXT< <k fily) < 400,

(
(A2) for all n > 0, for all § > 0, there exists a set F,, C F* and a real number
r1 > 0 such that 7y ((F,)¢) < e ™ and such that

N(2 Fod kg
nZ>O ﬁu ") (7) exp | — 321 < +o00.

Theorem 2.1. Let ¢ > 0. Assume that the support of mq is included in Ak( )
and that for all 1 <i < k, Wi = q.

a) If Assumptwns (A0) and (A1) holds then, for all weak neighborhood U
of F",

0 ( 1; —1) =
i (nlgr;ow(UWl;n) - 1) -1
b) Moreover if Assumptions (A0), (A1) and (A2) hold then, for all € > 0,

pY” (lim 7( {0: Di(0,0%) <&} Vi) = 1) =1
n—oo

Remark 2.1. We assume everywhere in the paper that the support of ¢ is

included in Ak(g). It means the results of this paper can only be applied to

priors mg on transition matrices which vanish close to the border of Aﬁ. This

assumption is satisfied by a product of truncated Dirichlet distribution, i.e. if

the lines @);,. of @) are independently distributed from a law proportional to:

—1 —1
Qin @ik iy, <1 vigjck) Qi - dQik

where aq,...,a; > 0.

The restriction on AF(g) comes from the test built in Gassiat and Rousseau
[14]. On this set, HMMs are geometrically ergodic. It is a common assump-
tion in the literature see Douc and Matias [6], Douc, Moulines and Rydén [7],
or Douc et al. [8] for instance. Besides Gassiat and Rousseau [14] explain the
difficulty which appears when the Markov chain does not mix well. They are
also able to obtain a less restrictive assumption on the support of the prior on
transition matrices. In return they assume a more restrictive assumption on the
log-likelihood, compare Equations (11) and (13) with their Assumption CI.

In the case of density estimation with i.i.d. observations, it is usual to control
the Kullback-Leibler support of the prior to show weak posterior consistency
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and to control, in addition, a metric entropy to obtain strong consistency, see
Chapter 4 of Ghosh and Ramamoorthi [15]. Assumptions (A1) and (A2) are
similar in spirit. Assumptions (AO) and (A1) replace the assumption on the
true density function being in the Kullback-Leibler support of the prior in the
i.i.d. case. (Ala) ensures that the transition matrices of O, are in a ball of radius
e around the true transition matrix. Under (A1b) the emission densities are in an
e Kullback-Leibler ball around the true one. (A0), (Alb), (Alc) and (Ald) are
assumptions under which the log-likelihood converges P?-a.s. and in Ll(]P"g*).
(A2) is very similar to the assumptions of the metric entropy of Theorem 4.4.4
in Ghosh and Ramamoorthi [15].

In Appendix A, the proof of Theorem 2.1 relies on the method of Barron
[1]. Tt consists of controlling Kullback-Leibler neighborhoods and building tests.
The construction of tests is quite straightforward thanks to Rio’s inequality [18]
which generalizes Hoeffding’s inequality. To prove a), we use the usual strategy
presented in Section 4.4.1 in Ghosh and Ramamoorthi [15] together with Rio’s
inequality [18] and Gassiat and Rousseau [14]. To prove b), we use the tests of
Gassiat and Rousseau [14]. To control the Kullback-Leibler neighborhoods, we
use the following lemma whose proof is given in Appendix A.

Lemma 2.2. Let 0" be in ©(q). If (A1) holds then, for all 0 < ¢ < 1, there
exists N € N such that for alln > N and for all 0 € O.:

1 .
—KLPY PV < = e
n

Q|

2.3. Consistency of each component of the parameter

In this Section we look at the consequences of Theorem 2.1 on posterior con-
sistency for the transition matrix and the emission distributions separately. Es-
timating consistently the components of the parameter is of great importance.
First one may want to know the proportion of each population or the probability
of moving from one population to another, i.e. the transition matrix. Secondly,
these components are important to recover the smoothing distribution, i.e. the
distribution of a hidden state given the observations, and then to cluster the
observations, see Cappé, Moulines and Rydén [3] and Theorem 3.4.

In practice, estimating the marginal density of | consecutive observations
is not the first purpose. Yet estimating the parameters and the hidden states
is often the goal. For instance, Whiting, Lambert and Metcalfe [20] give an
algorithm to estimate the stationary probability measure of the Markov chain
derived from the transition matrix. While Yau et al. [21] and Couvreur and
Couvreur [4] are interested in estimating the hidden states.

The consistency for each component of the parameter, i.e. the transition
matrix and the emission distributions, does not directly result from consistency
of the marginal distribution of the observations, see Dumont and Le Corff [10].
Identifiability seems to be necessary to obtain this implication yet it is not
sufficient. We obtain posterior consistency for the components of the parameter
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thanks to the result of identifiability of Gassiat, Cleynen and Robin [12] and as
usually by proving the continuity of the functional

{ ((p)e, L1) — (O, the topology T described in the following)
0
D] — 0

We use a product topology on the set of parameters. In particular we study
consistency in the topology associated with the sup norm on transition matrices
I]| and the weak topology on probability measures for the emission distribu-
tions up to label switching. To deal with label switching, we need the following
definitions. Let Sy denote the symmetric group on {1,...,k}. Let o be a per-
mutation in Sk, for all matrices @ € AF, we denote 0@ the following matrix:
forall 1 <i4,5 <k,

(0Q)ij = Qo(i),o(s)-

If (X¢,Y})ien is distributed from P@J) and X, = o Y(Xy), for 0 € S, then
(Xt,Yt)teN is distributed from P(“@:(fo)»fo)) e the labels of the Markov
chain have been switched but (Y;)ten has the same distribution. Then, in gen-
erality, from the distribution of the observations one can at most recover the
parameter up to label switching. Gassiat, Cleynen and Robin [12] proved that
it is possible by knowing the joint distribution of at least three consecutive
observations.

In Theorem 2.3, whose proof is given in Appendix A, we prove that under the
assumption of identifiability, posterior consistency in the D; topology implies
that the posterior concentrates around (Q*, f*) up to label switching, i.e. around
{o@Q*, (fa*(l), ce ;(k))}gegk. In other words we obtain posterior consistency
considering neighborhoods of the form

{Eaésk; oQ €U+, fou) € Ufi*,iZI...k}

where Ug~ is a neighborhood of @Q* and for all 1 < i < k, Uyr is a weak
neighborhood of f;A. That is to say we consider the product topology 7 of
the sup norm topology on transition matrices and of the weak topology on the
emission distributions up to label switching.

Theorem 2.3. Let 0* = (Q*, f*) € © such that fiX, ..., fi\ are linearly inde-
pendent and Q* has full rank.

If the posterior is consistent for the D; pseudo-metric with [ > 3, i.e. if for
all e > 0,

pY” (lim 7 {0: Di0,0%) < e} [Vim) = 1) =1
n—roo

then the posterior is consistent for the topology T, i.e. for all weak neighborhood
Ugs of fiA, for all 1 <i < k and for all neighborhood Ug+ of Q*,

Vi) =1) =1

(1)

]P""( lim W({HJESk; 0Q € Ug~, [oiyA € Uss, 1<i <k}

n—-+oo
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Remark 2.2. In particular, Equation (1) implies that for all € > 0

]P)G* (ngr_{_looﬁ ( U {Q ”Q - O'Q*H < 5} ’ Yl:n) = 1) =1

€Sk

It means that under the assumptions of Theorem 2.3, the posterior concentrates
around {cQ*,0 € Si}. Equation (1) also implies that for all N € N, for all
h; € Cy(R?) and for all &; > 0,

B (nli)g-loow( U {f5 ‘/hz‘fjdA—/hifg*(j)d/\\ <&,

oESk
for all 1 < 4,75 < k}‘ yln> - 1) —1.

This last result allows to consistently recover smooth functionals of the emission
distributions ( f;) ; such as [ i J7dX\ where K is compact. We obtain stronger
results in Sections 3.2 and 3.3.

The uncertainty due to label switching can be removed if there is only one
possible permutation o associated to a parameter 6 as in Proposition 2.4, proved
in Appendix A. This Proposition 2.4 may be useful if one knows some character-

istics of the hidden states which order them. The function H, in Proposition 2.4,
enables to order the hidden states and then to get rid of label switching.

Proposition 2.4. Let §* € O such that f{X, ..., fiA are linearly independent
and Q* has full rank. Let H : (@,’Tl) — R* be a continuous function, where Ty
is the product topology of the sup norm topology on transition matrices and of

the weak topology on the emission distributions. Assume that for all permutation
o €8k and for all 0 = (Q, f) € O,

Hi((anfa'(l)v'-'vfa(k))) = Ha(i)(e)v (2)
H(67) <--- < Hi(67), (3)
w({@: Hi(0) < - < Hk(e)}) =1 (4)

If the posterior is consistent for the topology T, i.e. for all weak neighborhood
Ugs of fiA, for all 1 <i < k and for all neighborhood Ug+ of Q*,

RN

(1)
then for all weak neighborhood Uys» of fiA, for all 1 < i <k and for all neigh-
borhood Ug- of Q*,

P? (nli}g_looﬂ({ﬂg € Sy 0@ € Ug-, fg(i))\ € Ufi*’ 1< < k}

P"*< lim w<{QeUQ*, fix € Uy, 1<i<k}‘}ﬁm)_1)_1.

n—-+o0o
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Here we give some examples of possible functions H

Hi(0) = Qii o / o, (5)

where ¢ is bounded and continuous. Even if in practice, one would often like to
use H;(0) = [ yfi(y)A(dy), Proposition 2.4 does not allow it. Indeed, in this case
H is not continuous. Yet taking a continuous truncated version of the identity
for ¢ in Equation (5) may help.

3. Examples of priors on f

In this section we apply Theorems 2.1 and 2.3 for different types of priors and
emission models. In Section 3.1 we deal with emission distributions which are in-
dependent mixtures of Gaussian distributions. Translated emission distributions
are studied in Section 3.2. Finally we consider the discrete case with Dirichlet
process priors in Section 3.3.

Assumptions (Alb) and (A2) are purposely designed to resemble the types of
assumptions found in density estimation for i.i.d. observations. This allows us to
use existing results on consistency in the case of i.i.d. observations. This is done
in Sections 3.1 and 3.2 with a prior based on a usual prior on densities, which is
a mixture of Gaussian distributions such as in Tokdar [19]. Two ways of using a
prior on densities are considered. In Section 3.1, the emission distributions are
independently distributed under a usual prior on densities. In Section 3.2, the
emission distributions are designed from a unique density, distributed from a
usual prior, which is translated. Contrariwise in the discrete case we develop a
new method to deal with the Dirichlet process prior in Section 3.3.

3.1. Independent mixtures of Gaussian distributions

We consider the well known location-scale mixture of Gaussian distributions as
prior model for each f;, namely each density under the prior is written as

oy) = / b0y — 2)AP(2,0) = ¢+ P, (6)
Rx(0,+00)

where ¢, is the Gaussian density with mean zero and variance o2, and P is a
probability measure on R X (0,400). In this part, A is the Lebesgue measure
on R. Let mp be a probability measure on the set of probability measures on
R x (0,+00). Denote m, the distribution of g expressed as (6) when P ~ mp.
Then we consider the prior distribution on f = (fi, ..., fi) defined by 7 = W?k.
We need the following assumptions to apply Theorem 2.1 and 2.3:

(B1)
mp <P : /%dP(z,a) < oo) =1,
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(B2) forall 1 < j <k, f; is positive, continuous on R and bounded by M < oo,
(B3) forall 1<i<k,1<j<k,

[ sz i E‘Zi) Ady) < oo

where 1/’;‘ (y) = infte[y—l,y-l—l] f; (t),
(B4) for all 1 <4 < k, there exists n > 0 such that

/R 24 £ () \(dy) < oo,

B5) for all 8 > 0, k > 0, there exist a real number Sy > 0, two increasing and
g
positive sequences a,, and u,, tending to +00, and a sequence [,, decreasing
to 0 such that

TP <P i P((—an,an] X (In,uy)) <1 — IQ> < exp(—nfy),

with ‘;—” <nB, log (%) < np.

Proposition 3.1. Let ¢ > 0. Assume that the support of mq is included in
Ak(g) and that for all 1 < i < k, p; > q. Assume that Q" is in the support of
mg and that the weak support of mp contains all probability measures that are

compactly supported.
Then

e (B1), (B2), (B3), (B4) imply (A1)
e and (B5) implies (A2).

In particular in the case where 7p is the Dirichlet process D P(aGy) with base
measure aGy, where Gy is a probability measure on R x (0,+00) and « > 0,
Assumption (B1) holds as soon as

1

/ L Go(dz, do) < +o0. (7
Rx(0,+00) O

Indeed,

[ [ apaanmar = [ [ [ Granps, aomeap)
:/éau%w)

Moreover using Remark 3.1 of Tokdar [19], Assumption (B5) easily holds as
soon as for all § > 0, there exist a real number By > 0, two increasing and
positive sequences a,, and u,, tending to +00 and a sequence [,, decreasing to 0
such that

GO ((_anuan] X (lnaun])c) < eXP(_nBO),

It <nB,  log (“—) < np. ®

I I
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3.2. Translated emission distributions

In this section we consider the special case of translated emission distributions,
that is to say for all 1 < 7 <k,

fi() = g(- —my),

where ¢ is a density function on R with respect to A and for all 1 < j < k,
m; is in R. In this part, A is still the Lebesgue measure on R and d = 1. This
model has been in particular considered by Yau et al. [21] for the analysis of
genomic copy number variation. First a corollary of Theorem 2.3 is given. Then
the particular case of location-scale mixture of Gaussian distributions on g is
studied.

Let

E:{{:(Q,m,g),QEAE,mERk,ml:O<m2<-~-<mk,g€]-"}

and
E(q) = {€ = (Q,m,g) € Z,Q € A¥(g)}.

To& = (Q,m,g) € 2, we associate § = (Q, (9(-—m1),...,g9(-—myg))) € . We
then denote P¢ for PY. We assume that my is a product of probability measures,

Tf=Tm Q Ty,

where 74 is a probability measure on F and 7, is a probability measure on RE,
Note that under =, the model is completely identifiable, see Theorem 2.1 of
Gassiat and Rousseau [13]. The uncertainty due to label switching is resolved
here. In Corollary 3.2, additionally to posterior consistency for the transition
matrices, we obtain posterior consistency for the parameters of translation m;
and for the weak convergence on the translated probability measure gA. Under
a stronger assumption, we get posterior consistency for the Li-topology on the
translated density distribution.

Fix [ > 3. The following assumption replaces (A2) in the context of translated
emission distributions:

(C2) for all n > 0, for all 6 > 0, there exists a set F,, C R¥ x F and a real
number r1 > 0 such that 77 ((F,)¢) < e and

N(2 Fod kg
2N {ggp Fuedle) e | =gy | <o

Corollary 3.2. Let £* = (Q*,m*,g*) be in Z(q) such that mi = 0 < m3 <
- <mj and QF has full rank.

If the posterior is consistent for the D; pseudometric with | > 3, i.e. if for
all e > 0,

pé (nlgngoﬁ( {€: DiE,€) <&} Vi) = 1) ~ 1
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Then, for all e > 0,
P tim 7({Q: Q- Q" <e}| Yim) =1) =1,
n—-+oo

P5*< lim w({m:nggk, |mj—m;|<€}| Yl;n)zl)zl,

n—-+oo

and for all N € N, for all h; € Cy(R?), for alle; >0, 1 <i< N,

]Pf*< lim W({g: ‘/higd)\—/hig*d)\‘ < E}‘ Y1n> = 1) =1.
n—-+oo

If moreover maxi <k pf > 1/2 and g* is uniformly continuous; then, for all
>0,

P (ngrilmw ({g g =g lL,oy < 5} |Y1;n) = 1) =1.

The proof of Corollary 3.2, in Appendix B, relies on the identifiability result
of Gassiat and Rousseau [13] and Theorem 2.3.

In the same way as in Section 3.1, we propose to apply Theorem 2.1 and
Corollary 3.2 to a prior based on location-scale mixtures of Gaussian distri-
butions. In this part, we study a particular prior on the translated emission
density g which is the location-scale mixture of Gaussian distributions. Then g
is a sample drawn from w4 if

oy) = / o P APC0)

where P is a sample drawn from 7p and 7p is a probability measure on proba-
bility measures on R x (0, 4+00). The following assumption help in proving (C2):

(D6) for all B > 0, k > 0, there exist a real number Sy > 0, three increas-
ing sequences of positive numbers m,,, a,, and w,, tending to +oo, and a
sequence [, decreasing to 0 such that

Tp <P i P((—an,an] X (In,un)) <1-— :‘<L> < exp(—nfo),

Cll—n < ng, log (%) < ng, log (—) < ng.

Proposition 3.3. Let ¢ > 0 and & in =(q). Assume that the support of mqg is
included in A*(q) and that for all 1 <i < k, p; > q. Assume that Q* is in the
support of mq, that m* is in the support of wy, and that the weak support of Tp
contains all probability measures that are compactly supported.

If (B1) is verified and (B2), (B3) and (B4) are wverified with f;(-) =
g(-—my), 1< j <k then (A1) holds.

Moreover (D6) implies (C2).
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The proof of Proposition 3.3 is very similar to that of Proposition 3.1 and is
given in Appendix B.

Corollary 3.2 and Proposition 3.3 are less general than Theorem 2.3 and
Proposition 3.1 respectively. In Corollary 3.2 and Proposition 3.3, it is assumed
that the true emission distributions are translated versions of a unique den-
sity g*. In practice, we expect priors on translated emission distributions not to
be as robust as priors for which the emission distributions are i.i.d. such as pri-
ors of Section 3.1. Particularly if the true emission distributions have different
tails, priors on translated emission distributions may lead to poor estimations.

3.3. Independent discrete emission distributions

Discrete emission distributions, i.e. when the support of X is included in N, have
been successfully used, for instance in genomics in Gassiat, Cleynen and Robin
[12].

Note that for discrete emission distributions, weak and [; topologies are the
same so that weak posterior consistency implies [; posterior consistency. Thus
Assumption (A2) becomes unnecessary in Theorems 2.1 and 2.3. Moreover pos-
terior consistency for the emission distributions in the weak topology in Theorem
2.3 implies posterior consistency for the emission distributions in 7.

In the discrete case, we prove in Theorem 3.4 that posterior consistency for
the marginal distribution of finitely many observations, for the transition matrix
and for the emission distributions in I; together with the restriction of the prior
mg on AF(g) imply posterior consistency for the marginal smoothing:

Theorem 3.4. Let g > 0. Assume that the support of wq is included in AF(q)
and that for all 1 < i < k, p; = q. If f{A, ..., fg A are linearly independent,
Q* has full rank, and (A0) and (A1) hold; then, for all finite integer m,

lim w({@ :do € Sk, max |P9(XZ- =o(a;), V1<i<m |Yin)
n——+oo 1<a,; <k, 1<j<m

— Pe*(Xi =a;, V1<i<m| Y1, < EHYlm) =11in P” -probability.

The proof of Theorem 3.4 is given in Appendix A.

In the following we apply Theorems 2.1, 2.3 and 3.4 to a specific prior on the
set of probability measures on N in the case of a HMM with discrete emission
distributions. We consider a Dirichlet process DP(aGy) with « a positive num-
ber and G some probability measure on N. We then consider a prior probability
measure on O defined by

T=7Q® DP(aG0)®k.

In Proposition 3.5, we give sufficient and almost necessary conditions to ob-
tain (A1l). Proposition 3.5 is proved in Appendix A.

Proposition 3.5. Let g > 0. Assume that the support of the prior mq is included
in A¥(q), that Q* is in the support of Tq and that for all 1 <i <k, p; > q.
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If

(E1) for all 1 < i < k, Z < 400

leN

fi)
Go(l)
then (A1) holds.
Moreover if
(T) for all 1 <i <k, Y f(1)(=log f; (1)) < +oo
leN
then (A1b) implies (E1).

Remark 3.1. Therefore (E1) is not only sufficient to prove (A1b) but up to the
weak assumption (T) it is also necessary. Assumption (E1) relies on the mutual
control of the tails of the base measure G and the true emission distributions f7.

Proposition 3.5 suggests choosing a heavy tailed probability measure Gy with
Go(l) > 0, for all [ € N.

Remark 3.2. We deduce from Proposition 3.5 that

{g* : N— (0,1) such that Zg*(l) =1,
leN
(9)

Zg*(l)(— log(g* (1)) < 400 and Z %((Zl)) < —l—oo}

leN leN

is a subset of the Kullback-Leibler support of the Dirichlet process DP(aG)).
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Appendix A: Proofs of key results
Proof of Lemma 2.2

For all 6, 0 € A*(q) the Kullback-Leibler divergence between p?" and p? is by
definition equal to

k * * * * *
l]E " <1og < Zil,...,inzl iy &y ig - Wiy _yin Jis (Y1)... in (Ya) ))
Py, & :
n Zjl ey Jn=1 Hjy le)jQ o anfhjn«fjl (Yl) e f]n (Yn)

Multiplying and dividing each term of the sum in the numerator by

Wiy Qirig - - - Qin_vin fir Y1) -+ - fi,, (Yn),
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we obtain
k #ZlQ:I Qg an 1, Zn‘f (Yl) f* (Yn
“HQH ig @iy in fig (Y1) fzn(Yn)“llQll g Qip_q,in fig Y1) fiy, (Yn)
i1, i =1

—E_p+|log
n Pn k

DY 1#3'1@]'1,]‘2--~anfl,jnfj1(Y1)~-~fjn(Yn)

J1seesdn=

1 'u'll Q:(l ig " Q:n 1,1nfz*1 (Yl) s f;n (YTL)
< —E 4+ | log ~max
n Pn 1<ig 50 in Sk ;U"L'lQ'Ll,zg ~--an,l,znle(yl)"'fin(Yn)

by bounding the quotient in each term of the sum of the numerator by its
maximum. Since the maximum of a product of positive factors is bounded by
the product of the maxima,

* —1 * «
<25y (og( max P max D) gy A0V RO
T it Pig \1<0.5<k Q45 1<in<k fi; (Y1) T i<in<k fi, (V)

1 n—1 .
< g2, iy — 1, | + g 12 Qi — Q1)
fiy)
* —_—
+1I£?<Xk/fj( 1rilfi<xk log fz(y) )\(dy).

The last inequality comes from the following inequalities
" (Y
5,0 (1o (s 227
l<zs k st( s)

i
- S0 wn/fas w7 oo T o

- Jn=1 1<t7&s<n
< s, / £ ) s, log 2Py,
log( max i) <l max |pi, — i, |
1<io<k [hi, q 1<io<k
and
*
log (12%2(;9 gi) < é ‘Qw - Q5

because mini<; j<k (1, 5 Qi g, QF ;) = ¢-
Then for all € > 0, for n large enough, for all § € O,

1 “
EKL(pr ,pr;H) <

| w
™



Posterior consistency for nonparametric HMMs 733

Proof of Theorem 2.1

This proof relies on Theorem 5 of Barron [1]. We do not assume (A2) in the
first part of the proof. First we prove that for all a > 0,

0 T

that is to say
Ph (Y- yn)A(dyr) - Adyn)
and

/@pfl(yl, oY) A (dyr) - A(dyn) 7 (dB)

merge with probability one.
Let € > 0. Note that Assumption (Ala) implies that Q* € A¥(¢). Then by
Lemma 2.2, there exists a real £ > 0 such that for n large enough, for all 8 € O¢,

1 .
EKL(pi PO <e. (11)

Assumptions (A0), (A1b) and (Ald) imply that

k
Z/fi*(y ) |log (ng ) (dy) < +oo. (12)

Indeed

k
‘/ﬁ@ﬂ%(ilmw>Ad

fi ) (=log(fi(w))A(dy) + [ fi(y)log(k max f;(y))A(dy)

{v: f:(y)<1} {y: fi(y)=1} ISISK

and

(y) log(k max f;(y))\(d
[ stk s 1))

is finite under (A1ld) and

/ £ () (~ log(fi(4))A(dy)
{y: fi(y)<1}

is finite under (A0), (Alb) and (Ald) since
| 110 g s (5 ) N > [ 5ot o
i

+/ () —10g Fi))Mdy) + [ £ (y)(=log(fi(y))) Ady).

fiy)< {y: fi(y)21}
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Moreover by Proposition 1 of Douc, Moulines and Rydén [7], if 6 € ©(g) and if
(Ale), (Ald) and (12) hold,

1 O (Yion

— 10g penu( 1: )

n P (S/in)

converges P -almost surely and in L'(P?"). Let L() denote this limit:

ILm 1 log (W) =: L(#), P” -a.s. and in L*(P?").

neen pr’ (Yin)
Then using Equation (11), for all 6 € O,

L(0) < e. (13)
So that for all € > 0, there exists € such that
m(0:L(0) <e) > 7(Oz) >0.

By Lemma 10 of Barron [1], for all a > 0, (10) is verified.

We now have to build the tests described in Theorem 5 in Barron [1], to
obtain posterior consistency first for the weak topology and secondly for the
D;-pseudometric. In the case of the weak topology, we follow the ideas of Sec-
tion 4.4.1 in Ghosh and Ramamoorthi [15]. Using page 142 of Ghosh and Ra-
mamoorthi [15], it is sufficient to consider

:{p : /th—/hpf*dA®l<s,},

for all e > 0 and 0 < h < 1 in the set Cp((R?)!). Choosing a and + as in page
128 of Ghosh and Ramamoorthi [15], if

n/l—1

ST =qYL - % Z h(yjl+17---ayjl+l)>¥ )
§=0
then
nl 1
P h(Yjiats - - Yjiet) —/hp?*d/\®l> > %7;“
= 0 (14)

n( — @)*(min; ; Q; ;)
S exp 20(2 — kmin; ; Q7 )
and for all 6 € ©(g) such that [ hdP? — [ hp! d\®! > ¢,

n/l—1

n —
P <P Y (bl + [ far) > 22

. 2
7=0
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n(y — O‘)Q(minz‘ 5 Qi j)2 n(y — a)2q2
< — ) b < - =
S xp < 2[(2 — kmini,j Qi,j)2 S xp 21 ’ (15)

using the upper bound from the proof of Theorem 4 of Gassiat and Rousseau
[14] based on Corollary 1 of Rio [18].
Using Theorem 5 of Barron [1] and combining Equations (14) and (15),

P <w({9 : /hdp" —/hp?*dA®l < a}c ’ Ylm> > e, i.o.> —0

which implies that for all weak neighborhood U of Pf*,
P (n(U°|Y1:) > exp(—nr) Lo. ) =0,
so that

po” (hm 7(U|Yien) = 1) -1

n—oo

We now assume (A2) and obtain consistency for the D;-pseudometric. Let
e >0 and let

2e 2 — kmini; j<k Qij }
U=1<6 : D 9,9* < —5%2%80 : D 979* <e : SHIS »J 7
{ l( ) kg} { l( ) kmln1<i7jgk Qi,j

be a D;-neighborhood of 6*. Let

so that
7(Bp) = 7y (Fn©) S exp(—nrq). (16)

In the proof of Theorem 4 of Gassiat and Rousseau [14], it is proved that for
all n large enough, there exists a test 1, such that

. e ne?  k*(min, ; QF )?
E® () < N (E AF(g) x }'n,Dl> exp <— J i

81 (2 — kmin; ; Q)2

ne2k2q? (17)
€ Ak
< € _ g
\N(12,A (g)x]—'n,Dl)exp< 397 )
2
sup  POH(1 —1p,) < exp (—E> . (18)
9cUeNBe 321

Note that for all 6,6 in ©(g),

~ 0 é‘ ~ ~
Du0.0) < 3 I = w + kU = DIQ = QI+ max 1S = ey

1<i<k
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The function Q — u® is continuous on the compact A* (g) and thus is uniformly

continuous: there exists & > 0 such that for all ,  in ©(q) such that 1RQ-Q| < a
then Zlgigkmz ul| < 55- This implies that

( | Ak (g) x }'n,Dl)

3

< (min (g i—pa). 5 <>||||) (5 Fd) )

36k(1—1) 1)\ Y
< - ).
< (max( a)) 361 , Food(-, ))

Then combining Equations (16), (17), (18), (19) and using Theorem 5 of Barron
[1], there exists r > 0 such that

PY” (w (UC|Y1:m) = exp(—nr) i.o.) =0. (20)

And Equation (20) implies that for all ¢ > 0,

P"*(nm 7( {0: Dy(6,0") < ¢} |nn)=1) =1

n—00

Proof of Theorem 2.3

It is sufficient to show that for all weak neighborhood Uy~ of f*\ and neighbor-
hood Ug- of Q*, there exists a Ds-neighborhood Up« of 8* such that

Uy« C {HO’ESk; oQ € Ug-, fa(i) S Ufi*’ 1= lk} (21)

Following Gassiat, Cleynen and Robin [12], it is equivalent to show that for all
sequences 0" in ©(g) such that D3(6",0*) — 0, there exists a subsequence, that
we denote again 6", of 0" and § € © such that [|Q™ — Q|| — 0, f"X tends to f;\
in the weak topology on probability measures for all i < k and p(Q S = péQ’f ),

Let 6™ in ©(q) such that D3(6",0%) — 0. As A¥(q) is a compact set, there
exists a subsequence of Q" that we denote again Q™ which tends to Q € A¥(q).
Writing p” the (sub)sequence of the stationary distribution associated to Q,,
then " — i where [i is the stationary distribution associated to Q. Moreover,
using the reverse triangle inequality,

(2% *
Ds(6",6%) = [lp3" — S ||L1()\®3)

=[] X menaen ) -

1<41,42,i3<k

1, Qi 1y @iy £ () 15 () £, (99)]| My )A(dy2)A(dgs)
> - Z ‘/1*11 11,12 12713 /1'11 Q11,12Q12713’ +

1<i1,i2,i3<k
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/‘ Z ﬂilQil,iQQi2,i3fﬁ(y1)f£(y2>fi7;: (y3)—

1<41,12,i3<k

i, Qi in Qi is iy (W) fi (Y2) £, (ys)‘ A(dy1)M(dy2)M(dys),

tends to zero,

/LZ QZ,QQZ,H — iy Qh,hQiz,is

SINCE 321 <y i ia

lign/’ Z fiiy Qiy iy Qigis [1 (1) f12 (y2) 12 (y3) —

1<y in,83<k (22)

11,Qi, 12 Qi 2 1) 55 (92) £ (99) | Mdy)A(dy2)M(dys) = 0.

Let F,..., F}} be the probability distribution with respective densities f{*,
.., fi with respect to A. Since

= M M mn n
E Hoiy Qil,iz Qi27i3 Fi1 ® ﬂg ® Fig
11,%2,13

converges in total variation, it is tight and for all 1 < i < k, (F*), is tight. By

(2
Prohorov’s theorem, for all 1 < 4 < k there exists a subsequence denoted F;* of

F which weakly converges to F;. This in turns implies that
Z ,D'il Qilﬂé Qi27i3 Fil Y EZ ® Fzz
91,12,13
weakly converges to
Z iy Qil,izQiz,i:aFil ® E2 ® Fisa
11,%2,13
which combined with (22), leads to
Z ,ail Qil,iz Qi27i3 Fil Y E2 ® FZ%
91,12,13
= Y W@ LQhn IS A FIA
91,12,13

By Gassiat, Cleynen and Robin [12], Q = Q*, so fi = p* and F; = f\ up to
a label switching, that is there exists a permutation o € Sy, such that ¢Q = Q*
and F‘a(i) = f*X so that Equation (21) holds.

In other words we have proved the continuity of the functional

{({pzea €0}, L) — (01/R,,T)
pl‘g —~ 0

where ©; = {0 € © : @ has full rank , fid\... frd\ are linearly independent}
and R, is the equivalence relation on © such that §R .0 if there exists o € Sy
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such that for all 1 <i,5 <k, Qij = Qu(i),0(j) and fi = f,(;); using that

compact
({pme 91},L1) SN ({pme Or}, onenk ) SN (61/720, T) .
0 continuous 0
pi _ pi _ 0

A

continuous, bijective

Proof of Proposition 2.4

To prove Proposition 2.4, using Equation (4), it is sufficient to prove that for
all € > 0, there exists n > 0 such that

{9 €0:H(0) < <H(0),30 € S, |l0cQ —Q"|| <, nax duw(foeiy, f) < 77}

c {9 PH(0) <o < He(0), Q= Q7| < &, max du(fi, f7) < 5}
(23)

where d,, metricizes the weak topology on F. Using Equation (3),

§:= min |Hi1(6%) — Hi(6") >0 (24)

1<i<k—1
and by continuity of H for all € > 0, there exists 1, > 0 such that for all
0e{fecO: Hi(0) < Hp(f), Jo € S, ||0Q — Q*|| < n1,dw(foiiys [T) <m},
for all 1 < i < k, |H;(0) — Hi(6*)| < 6/2. For such 0, using Equation (2), we
obtain for all o € S,
[ Hi((0Q, fo)s -+ fok)) = Ho()(07)] < 0/2

so that using Equations (3), (24) and that H1(0) < --- < Hy(0), the permutation
o is equal to the identity permutation. Thus Equation (23) holds with n =
min(n, €).

Proof of Theorem 3./

To prove Theorem 3.4 we need the following lemma:

Lemma A.1. Let £ >0, forall 0 <e; <1, N>0,1<j< N andc>0 such

that )
0< LA << and 20 —g)" <<
————<-an - < -
clc—e1) 3 g+ (1 —gNt1=3 "3

If )
Py (Yin) > ¢ (25)
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then for alln > N,
{0c0@: I~ sl <1, 30 €S sty — il <2,
lo@=Q'll <21, ooy~ £y <1}
c {9 €0(q):Jo € Sk,lrglagxk}Pe*(Xj:l | Yin) = PY(X;=0(1) | Y1.n)| < g}.
Proof of Lemma A.1. Let 6 € ©(q) such that
Ip% =PIl < ex (26)

and there exists o € Sy such that

[
max o) — pp| <1 0@ — Q7 <er max o) — filln < (26)

To bound |P? (X; =1 | Y1) — P*(X; = 1 | Yi.n)|, we now prove that it is
sufficient to bound [P (X; = 1| Yi.y) — P?(X; = o(l) | Yi.n)| with N < n a
well chosen fixed integer thanks to the exponential forgetting of the HMM. Let
1<a<k,

|P9* (Xj =1 | Yl:n) - PG(XJ' = U(Z) | Yl:n)| (27)
<Ay + PV (X; =1 | Yiw) = PU(X; = o(l) | V)| + 457,
where for 6 € {6,6*} and for all 1 <1 < k,

PY(Yin, X;=1) Y PP (Yniim [Xnva1 =) PP (Xns1=b|X; =1, Yjn)

Al-— 1<b<k
0 > PI(Yin,X;=m) 3 PU(Yni1n|Xni1=b)P(Xn1=bX;=m,YjnN)
1<m<k 1<k

PP(YVin, X;=1) Y PP (Yniim [Xna1 =b)P?(Xns1=b|X; =a,Yj.n)
1<b<k
Z Pé()/liN7Xj :m) Z Pé(YN+1:n|XN+1 :b)Pé(XNJrl :b|XJ :a7Yj:N) '
1<m<k 1<bLk

Using Corollary 1 of Douc, Moulines and Rydén [7], i.e. the exponential
forgetting of the HMM, we obtain for all (b,w,m) € {1,...,k}3,

PY(Xny1 =0bX; =m,Yjn) — P*(Xni1 = b|X; =w,Yj.n)

< (1 _ q)NJrlfj < (1 _ q)NJrlfj PH(XNJrl = b|XJ - wa}/j:N>
- - q

so that for 6 € {6,0*} and for all 1 <1 < k

A5 <

2(1 _ g)N-l—l—j
(

g+ (1— q>N+1*j ’ (28)

l..
é
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Moreover, using (25) and (26), for all 1 <4, < k, Y1.x € NV,
IMZ'(i) p ,UJr — &1, Qa(i),a(j) = Qz_j — €1, fa(ai)(}/i) = f:l (}/1) — €1 and

P (Yin) <% (Yin) (1 +e1/c),
we obtain
P (X;=1|Yin) - P'(X; =0(l) | Yin)
Z ‘LLZI :;'17042 o szfl,leﬁ,aj+1 o :;,Nfl,aNf;lkl (Yl) . 'fl*(}/]) ‘ 'f;N (YN)

a1:5—1,0541:N

P4 (Yin)
Z Ng(al)Qa’(al),a’(aQ) v QU(aN,l),U(aN)fo(al)(S/i) v fcr(aN)(YN)
a1:j—1,0541:N
where aj =1 as in the following,
(terfe) X moe SO = 8 il Fatam) (V)
< 1:5—1,0541:N A1:5—1,0541:N
b (1+e1/e)pfy (Yin)
(Lter/e) Xopa, - fay(YN)— 20 (pa, —e1)-- (fay(Yn) —€1)
< A1:5—1,a541:N a1:5—1,0541:N
= c+ée

Expanding the product in the second sum, the numerator becomes a sum where
each term is bounded by (e1/¢)p% (Y1.n). Indeed the first term is equal to

S S (V) =0k (Vi)

Q1:5—1,0541:N

which gives (g1 /¢)p% (Y1.n) when subtracted to the first sum. The other terms
are a product of a positive power of €1 and pu;, Q;; or f; (Y;) which are all
bounded by 1. Thus they are bounded by &1 < (al/c)p?\; (Y1.n). Moreover there
are kV terms so that

N
W@FMHM—W%=MHHM<£%§
Similarly
PO(X, = o(1) | Yiw) — P (X, = 1| Yiy) < —
clc—eq)
so that
[P (X; =1 | Yin) = PY(X; = o(l) | Yiun)| < ekt (29)
clc—eq)
Combining Equations (27), (28) and (29), we obtain
PP (X; =1 | Yin) = P(X; = a(l) | Vi)
<2 2(1_2)]\“17]— + 2L <e. O

g+ (1 =gNt=7 (e —e1)
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We prove Theorem 3.4 for m = 1, one may easily generalizes the proof. Let
B8>0,j>0ande >0, we fix N and ¢ > 0 such that

2(1 _Q)N-i-l—j
q+ (1— Q)N+1*j

then we choose 1 such that

< % and P?" (p?\; (Yin) >¢) > /1= (30)

e 22NEN ¢
o< — < —. 31
clc—e1) 3 (81)

Posterior consistency for the marginal distribution in /; and for all compo-
nents of the parameter i.e. Theorems 2.1 and 2.3 imply that there exists M such
that P? -a.s., for all n > M,

VI—B+1
2

({0 : Dn(6,6") <er} | Y1) > (32)

and
w({ﬁ : Jdo € S, 1I£ia<xk|ug(i> —pil <er, loQ — Q|| < e,

V11— 1
}/i:n) > %

(33)
Using Lemma A.1 and combining (30), (31), (32) and (33), we obtain for all

n > max(N, M),
< 8}|Y1;n)>

< s}}m»
< e}mm))

féliangHfa(i) = filln} <er

E@*(w ({e 30 € S, s [P = 1Y) — PP(X; = o(0) Vi)

0"
> E (]lp?\; (Y1.n)>c

. 0y . — _ p? P .
w({ﬁ. 30, lrgﬁgxk‘P (X; = U|Yin) — PP(X; = (1) Yin)

>1-5.
Then

E9*<7r<{9 30 € Sy, lrg%]#’*(xj =1[Vim) — PY(X; = 0 (1)|Yi.n)

tends to 1, which concludes the proof of Theorem 3.4.

Proof of Proposition 3.5

As under DP(aGy)®*, f;(1) is distributed from Beta(aGo(l), a > mz Go(m)),

+oo
30 72@) s, (= 108(£,1) (DPlaGo))*a)
=1 SIS
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+oo
<10 X [ (g0 (DP(aG)* @)

=1 1<G<k /P
00 * @ olm)—
< fz (l) F(a) /i 10g($)$aG0(l)_1(1 _ ,T) mZ¢LG (m) B\(dx)
=1 DaGo()D(a 3 Golm)) Jo
m#£l
(34)

On [1/2,1], —log(x)z®Go®=1 < 2log(2), so that there exists a constant C;

which does not depend on [ such that

1
/ —log(z)zCoW=1(1 — £)*Xma Gom=1\(ga) < .
1/2

(35)

On [0,1/2], (1 —2)® Xmz Go(m)=1 < 9 5o that there exists a constant Co which

does not depend on [ such that

1/2 02
/ —log(a)x®CoW=1(1 — z)@ Xmz GoM=1 ) (gg) < —.
0 (aGo(1))
Moreover for all 0 < § < 1,
1 reg+1) 2
- <T@ = < =
) Q) ) )

By combining Equations (34), (35), (36) and (37), for all 1 <i < k,

1<j<k

[ 32 820) e (< loa(s,0)) (DP(aGa)*af)

so that using Assumption (E1),

(DP(QGO))®k<f17'-'7fk 1 V1 glgkv

E:ﬁ max —MQL(D%<+m)_1

1<j<k

Note that for all € > 0,

{fl,...,f;C : <i <k, Zf max —log(fj()))<+oo}

NeN

C LJ{hwn,h P VISR, E:f max (= bﬁhﬂ»)<€},

(36)

(37)
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thus arguing by contradiction, for all € > 0, there exists L. such that

(DP(QGO))®k<fla"'afk 1 V1 glgka

Z fia max (—log(f;(1))) < 5) > 0.

1< J<k
I>L.
Using the tail free property of the Dirichlet process, for all 1 < j < k,
> f1(0) max (~log(f3(1)) < e

I>L.

and

fi) fi(Le)
R 38
(EKLE 0 S fj(l)> (38)
are independent given >, f;(l) and (38) given } ;. f;(l) has a Dirichlet

distribution with parameter (aGo(1),...,aGo(Le)). Then for all € > 0, there
exists L. such that for all § € (0, 1),

(DP(aGy)) ™ (fl, cofe s VISESE 3010 mas (- les( ) < 5
Vi< Lo, 150 - £ 0)] < as) >0
(39)
where ¢ = minig;<x minygr, = 1y>o0 f7 (1)
For all fy1,..., fr such that for all 1 <i,j <k,
7 F(0) max (~log(f; (1) <
I>L. ik
and for all I < Le, [f;(1) — f; (D] < ¢d,
. S5
%fi (1) max, log (ij(l))
= 3 570 o (2 *(”) + 3 £20) mas log(£3 (1)
I<Le 1<%k 150 I>L. ISISK (40)
+ 2 i) max (—log(£;(1)))
I>L.
)
< ST12535 +0 —|— 2
for § small enough. For such a ¢ denote
0:={Q + Q- QI <} x (oo fi 2 D f7(1) max (= log(£,(0) < 5.

I>L.
Vi< Le, |f5(1) = ff(l)| <, V1<i,j <k}
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Using Equation (40), (A1lb) holds. Furthermore (Ald) is obviously checked.
Under Assumption (E1), Go(I) > 0 when Zle (1) > 0 so that (Alc) holds.
Using the assumption that Q* is in the support of mg, (Ala) is checked. Then
using Equation (39), (A1) holds and the first part of Proposition 3.5 follows.

We now prove the second part of Proposition 3.5. We first give a representa-
tion of a discrete Dirichlet process with independent Gamma distributed random
variables.

Lemma A.2 (Ferguson [11]). Let (Z;)ien be independent random variables such
that for alll € N,
Z; ~T(aGo(1),1),

then Zlel Z; converges almost surely and its limit has a gamma distribution
[(a,1).
Moreover denote

[ N —[0,1]
f{ L) = Z)(SE 2

then f is distributed from a Dirichlet process DP(aGO).
We assume (Alb) i.e. for all £ > 0,

. fg*(l)
P(aGy)®* <{f e FFVie{l,... k} Zf 1< <k f‘(l) < 5}) > 0.

leN

Let ¢ > 0, define F. as the set of f = (f1,...,fx) € F* such that for all
1<i<k, forall feF,,

lesz 10g(f1((ll))> <e.

Then DP(aGg)®*(F.) > 0.

Since Y, f¥(1)(—log (1)) converges, then ), f(1)(—log fi(l)) converges.
Using Lemma A.2, we can write f; with independent gamma distributed random

variables (Z;)en:

Z
=5z
where Z; ~ I'(aGo(l),1). Then }7,  fi(1)(—log(Z1)) converges since ) ey Zj
is finite almost surely. Since DP(aGo)®*(F.) > 0, for all 1 < i < k with positive
probability,
Z fz - 1Og Zl))
leN

converges. Using the Kolmogorov 0-1 law and the Three-Series Theorem (see
Section 9.7.3 in Dudley [9]), >_,cn fi(1)(—1og(Z;)) converges almost surely and

D P (D (= log(Z0)] > 1) < +oo, (41)
leN
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D E(f(1)(=108(Z0)) L 42 (1) (— 102 <1) <+, (42)
leN
> var (£ (1)(=1og(Z) L5 (1) ogzi<1) < +oo. (43)
leN

Equation (41) implies that

+00 > Y P(|ff (D) (~log(Z1)| > 1)
1EN

1 exp(-1/17 (1)
2 « o(l)—l —Id
2 TG / v o

leN

2

e )Fl(aGo(l)) P (‘ o (f;w) B aﬁ?

leN i
Go(l)
2z Zexp ( Q)
leN
using Equation (37). Then
fi @)
li ! =0. 44
B oy =0 (44)
Moreover Equation (42) implies that
too > Z]E —10g(Z0)) 1157 () (~ 1og(z)1<1)
' 1 Go(l)—1
> s 17 ()~ lo()a o0 e
; (/cxp(l/f () (aGO( ))

exp(1/f7 (1)) 1 aGo(l)—1 ,—=
+f g O o)t 0 s )

K HUN ' loe(z))z®Co D=1 gy
22 (F(O‘GO(Z)) /cxp(1/f;(z))( °8(2))

l
1 exp(1/£; (1))
- 7zd
T(aGo(1)) / ‘ >

e (D)
~Ter ZI: a2Ga ()T (aGo (D))

Cex _aG (Z)>_aGo
(1= (-5) - A
fi @)

—a+ ; Go(l)

using Equation (37) and that

aGo(l) aG
e (28)-
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using Equation (44). Then

F ()
Z GO(Z) < +00.

Appendix B: Other proofs
Proof of Proposition 3.1

The proof uses many ideas of Tokdar [19].

We now prove that Assumptions (B1), (B2), (B3) and (B4) imply (Al).
A reproduction of the proof of Theorem 3.2. and Lemma 3.1 of Tokdar [19]
shows that Assumptions (B2), (B3) and (B4) imply that for all ¢ > 0, for
all 1 < j < k there exists a weak neighborhood Vj of a compactly supported
probability measure P such that for all f; = ¢ x Pj, P; € V},

[rogn(ime

Let 0 < g < & and ¢ > 0 be such that forall 1 < j <k
Let 6 = g/2. For all 1 < j < k define

Uj=<{P / th—/ hdPj| < ey,
RX (0,+00) Rx (0,+00)

where h : R x (0,+00) — [0, 1] is a piecewise affine continuous function such
that h(z,0) = 1 for all z € [-(,¢] and 0 € [g,5] and h(z,0) = 0 for all
€[-C—0,(+¢]°and 0 € [g — 6,5 + 0]°. For all € > 0, define
O.={Q : |1Q-Q"|<e}x(ViNUy) x---x (Vi NUy).

Then for all (Q, o+ Py, ..., ¢p*xPy) € O, (Alb) is true according to Equation (45).
In addition, for all y € R,

fily) = b0 (y — 2)Pj(dz,do)

/[—4—5,<+5] x [0 —8,5-+6]

1
Z 519 ¢g75(max(|y_<_6|a|y+<+6|)) (1-¢)

which implies (Alc). Moreover using assumption (B1), IIp-a.s. there exists
C > 0 such that for all 1 < j <k,

fily) < /%Pj(dz,do) <C

so that (Ald) holds. As ©. is a product of neighborhoods of elements in the
support of their respective prior, 7(©.) > 0, so (Al) is checked.
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Now we prove that Assumption (B5) implies Assumption (A2). Let 6 > 0.
For all a,l,u, k > 0, such that | < u denote F[; , = {¢*P: P((—a,a] x (l,u]) >
1 — k}. Using Section 4 of Tokdar [19], there exist by, b1, bs only depending on
k such that

IOg(N(?)’iv (]:g,l,u)kv d)) IOg(N(?)’iv]:g,l,uv H'”Ll()\)))

<k

46

< kbo (b1%+bzlog(%)+1). (46)
2 2

Choosing k = ﬁ and 8 < %, Assumption (B5) implies that As-

sumption (A2) holds.

Proof of Corollary 3.2

To prove the first part of Corollary 3.2, we use Theorem 2.3 because m} < --- <
mj implies the linear independence of g*(- —mi)A, ..., g*(- —mj)A. Then it is
sufficient to prove that for all € > 0, there exists > 0 such that

{6‘: Jdo € Sy, lrillag(kdw(g(-—mg(i)),g*(-—mf)) <n, |leQ— Q" <n}

It

c{0: dutagn) <o sy il <2, Q- Q' <<
()

where d,, metricizes the weak topology on F. Let £ be a sequence of ©(g) such
that for all n there exists o, € Sy such that for all 1 < <k,

dw (9" (- —mg, i), 9" (- —m;)) = 0 and [|0,Q" — Q|| — 0.

As there exists a finite number of permutation in S, there exists a subsequence,
that we denote again £", of £ such that there exists a permutation o not
depending on n such that for all n and for all 1 < i < k,

duw (9" (- = myi)), 9" (- —mi)) = 0 and [loQ" — Q|| — 0.

Particularly g™ (-)A weakly tends to g*(- — m;,l(l)))\. As weak convergence im-
plies pointwise convergence of the characteristic functions and for all ¢t € R,

/ €M g" (y — miy(;))A(dy) = "o / e g™ (y)M(dy)

then

it(mi—m

itmy iTMe—1y)

lim e"™e6) = ¢
n—oo
for all ¢ such that [e™¥g*(y)A(dy) # 0. As any characteristic function is uni-
formly continuous and equal to 1 at 0, there exists a > 0 such that [ ety g* (y —
m_1qy)dA(y) # 0 for all [t| < . Thus for all 1 < j <Kk,
MGy = MG = Mgy
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Since
O=m] <mi<---<mjand 0=m] <mj <--- <my

then the permutation o is equal to the identity permutation. Then Equation (47)
holds and this implies the first part of Corollary 3.2. In fact we have proved the
continuity of

{ ({pf, € € E(g),rank(Q) = k},L1) — (AR 0), [IIl) x (R, |)* x (F,dw)
P =
(48)

If moreover maxi <k 1 > % and ¢g* is uniformly continuous, if
lim D3(€™,£)=0
n—oo

then
lim Dy(£",&") =0
n— oo

and by continuity of the functional defined in (48),

W B a1 =0
and

lim max [m} —mj[ =0

n—oo 1<j<k
so that

. * * * _
Jim - max Jlg” (- —mj) = g7 ( = my)lz, ) =0

since ¢g* is uniformly continuous. Using the following inequality proved in the
proof of Corollary 1 in Gassiat and Rousseau [13]

D" €l > (2 s 45 = 1) Io” = s

_ Ll o — g* (. — m™
lréljagklug i gﬁgkllg( mi) —g"(-—mi)lr, v

we obtain that lim, ;. [|g"™ — g*[/,(x) = 0 which implies the last part of Corol-
lary 3.2.

Proof of Proposition 3.3

As in the proof of Proposition 3.1, many ideas come from Tokdar [19]. We
first prove (Al) assuming that (B1), (B2), (B3) and (B4) are verified with
fi(-) =g(- —m;), 1 <j<k. With the same ideas of the proof of Theorem 3.2
in Tokdar [19], for all & > 0 there exists a probability measure P on R x (0, 4+-00)
such that there exists 0 < ¢ < & and a > 0 satisfying

P((_ava] X (gv 6]) =1
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and

/g*(y —m;) max log

using Assumptions (B2), (B3) and (B4).

Let G = [—a,a] X [g,5]. Using the proof of Lemma 3.1 in Tokdar [19] for all
C > maxigj<k|m}| + a + 7, for all m; € [m} — a,m} + al, and for all P such
that P(G) > £,

¢ * P(y — m;)
g*(y —m}) max log ————=\(dy)
/|y|>C 1<i<k ¢ * Py —m,;)
1 + |m}| + 2a
</ g"(y —m;) max — (M
ly|>C 1<5<k 2

Using assumption (B4) and Equation (49), we fix C such that

(49)

g

)2 Ady) < oc.

ly|>C Ii<k T ¢ x Py — my)

Wl m

Let G5 = [—a —d,a+ 0] x [g — 0,5 + 0], with § chosen in (0, min(F, §)]. Let
h : R x (0,+00) — [0,1] be a piecewise affine continuous function such that
h(z,0) =1 on G and h(z,0) = 0 on G§. Let

c= inf oo (y—10).
-0 05+,
lyl < C,
0] < a+ max;|mj|+4

By Arzela-Ascoli theorem there exists y1, . .., yr such that for all y € [—-C, C]
and 1 < j < k, there exists 1 <4 < [ such that

sup [éo (y —m) — 2) — ég (i —m) — 2)| < c6.
(2,0)€Gs

Let
Vs _{P | [ 1 b0ty = mj — Pz 0)-
/h(z,a)qﬁg(yi —m; — z)dp(z,a)‘ < 05}.

For all P € Vs, for all m; € [m} — M,m; + %] and for all 1 < 5 <k,

we get ’ v
fh(zv 0)¢a(y - m; - Z)d€(27 U) 1
f hz,0)po(y — mj — 2)dP(z,0)

<49
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thus
¢+ Ply —m3)
*(y —m}) max log ————2\(d
/ygcg(y )1<J<k gmp(y—m;) (dy)
[ h(z, 0)¢a(y —m* — 2)dP(z,0)
< (y —m; 1 J \d
/y<cg yom )1@f§k ngh o(y —m?s — 2)dP(z,0 (dy)

46

S 146

Then for § small enough, for all g = ¢ * P such that P € V;N{P: P(G) >

= Vs, for all m; € [m} — cgj;ﬁ,m; + %] = M;—s and for all 1 < i <k,
. ] 9"y —mj)
12122/9 (y —m7) max log ( oy =) > dy <e, (50)
moreover,
gly —m;) > / b (y —m; — 2)P(dz, do)
G
> Z, (max(ly — m; — al, |y — mi + al)) P(G) (51)
> 2, (max(|y —m; —al, [y = mi + a))= > 0.

Assumption (B1) ensures that (Ald) holds. Finally for all € > 0, there exists
§ > 0 such that (A1) holds with ©. = {Q : [|Q — Q*| < min(e,q/2)} x M} x
- x M} x Vj using Equations (50) and (51).

We now prove (C2) thanks to Assumption (D6). Let
‘Fa,l,u,m = [_M7 m]k X ]:a,l,u;

where Fy 1.4 = Fz ., is defined in the proof of Proposition 3.1. Note that for all
(m, ¢ * P), (1, ¢ * P) € Fupum, forall 1 <i<k

)

¢+ P(- —my) — ¢ P(- — 1), (3
<lg# P(- = mi) = ¢ % P(- = mi)llz, o) + 1o+ P() = 6 POy

The second term is dealt with in the proof of Proposition 3.1. As to the first
part,

¢ P(-—mi) — ¢ P(-—my HLI()\ \/>|mz ;|

then for all k > 0, a,l,u,m > 0 such that [ < u,

k
2m
N (38, Fatougrd) < ( m 1) N, Favas ).

K
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For all kK > 0, let

K

a,l,u,m = [—m7 m]k X ffylﬁu.

Following the ideas of Lemmas 4.1 and 4.2 in Tokdar [19], there exist g, ¢1, ¢z, 3
only depending on & such that

log (N(m, ;l,u,m%d) < ¢ (clklog% + 02% +c3 log% + 1) ,

so that (D6) implies (C2) with suitable choices of x and §.
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