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In this paper, we study the behavior of Brownian motion conditioned
on the event that its local time at zero stays below a given increasing
function f up to time 7. For a class of nonincreasing functions f, we
show that the conditioned process converges, as T — 00, to a limit process
and we derive necessary and sufficient conditions for the limit to be tran-
sient. In the transient case, the limit process is described explicitly, and in
the recurrent case we quantify the entropic repulsion phenomenon by de-
scribing the repulsion envelope, stating how much slower than f the lo-
cal time of the process grows as a result of the conditioning. The method-
ology is based on a fine analysis of the subordinator given by the inverse
local time of the Brownian motion. We describe the probability of gen-
eral subordinator to stay above a given curve up to time 7 via the solu-
tion of a general ordinary linear differential equation. For the specific case
of the inverse local time of the Brownian motion, we explicitly and pre-
cisely compute the asymptotics of this probability for a large class of func-

tions.
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1. Introduction. Let (B;);>0 be a one-dimensional standard Brownian mo-
tion. In this paper, by developing a very general methodology for studying the
asymptotics of the probability of increasing Lévy processes (subordinators) to stay
above a given curve, we study the behavior of Brownian paths, which have a lim-
ited growth of local time at the origin. Following previous work [2] of Berestycki
and Benjamini, we consider the problem of describing the measures

P :=P(:|Ls < f(5),Vs <1) =P(-|tp¢5) > 5, Vs <1)

in the limit + — oo, where (Ly)s>0 denotes the local time of (B;);>o at the ori-
gin, (73)s>0 its right-inverse and f : [0, 00) — [0, c0) is a suitable nonnegative
increasing function satisfying some additional mild properties.

Let us now describe the main results of [2] in more detail. It is shown that the
family of probability measures PP, on the canonical path space C = C([0, c0), R)
is in fact tight and thus has limit points. Furthermore, the authors manage to show
that the condition

* f@)

(1.1) I(f)= | Wdt<oo

implies that every weak limit point QQ of P, as t — 00, is transient almost surely.
This means in particular that restricting the local time growth to be smaller than
f(t) =/t(logt)~'=¢, & > 0, already results in a significant change of the original
recurrent Brownian motion. Observe that this might be surprising as the typical
growth of the local time coincides with /7 and thus we only require a slightly
slower than average growth.

This intriguing result immediately leads to the question whether the tight family
IP; is in fact weakly convergent and whether one can in some way interpret its limit.
Exactly the answer of this question is one part of the present contribution.

In [2], it is conjectured that (1.1) is the precise dividing line between ev-
ery possible weak limit of P; being recurrent or transient. In our current
work, we show that this integral distinguishes between recurrence and tran-
sience by elaborating a method which captures all classes of functions f such
that lim;_, o f(t)1n4/5+8(t)/t1/2 = 0, for some & > 0, when I(f) = oo and
lim; o0 £(£)In'/2(2)/t'/?2 = 0 when I (f) < oco. Given that the functions f () =
t12/1In(r) and f(r) = t1/2/1n1+’3 (t) are on the two sides of the integral test (1.1),
we see that our restriction is irrelevant for the critical region. We further develop
the results of [2] in several different directions:
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e We show that Q = lim;_, o, IP; exists. We identify the limit explicitly in the case
I (f) < oo and further prove that it corresponds to a recurrent process if 1 (f) =
oo. This settles two questions left open in [2]. The fact that I (f) = oo implies
recurrence is their Conjecture 1.

e Motivated by Conjecture 2 of [2], we say that an increasing function w is in the
repulsion envelope of f if even

lim Q(L; < f()/w®) =1,

Using our methods, we manage to describe the repulsion envelope of f analyt-
ically by providing a simple explicit criterion which furnishes a necessary and
sufficient condition (NASC) for w to be in the envelope of f. This quantifies
the idea of entropic repulsion which is often used in the physics literature.

Observe that the general scheme of conditioning on an unlikely event has simi-
larities to papers on quasistationary distributions (see, e.g., [5]), penalizations (see,
e.g., [9]) as well as to approaches investigated in the area of polymer models (see,
e.g., [7, 10] and [8]). The questions considered in this paper (as well as our meth-
ods) still differ from the just mentioned ones in the sense that one of our main
aims is to study the phenomenon of entropic repulsion in a simple but still highly
nontrivial situation. This phenomenon has already been the main topic of several
previous studies such as [1, 2] and [3] and usually refers to the fact that condi-
tioning on a unlikely event often results in a process whose behavior appears to
be even more unlikely than the one which the process is conditioned on. In our
setting, the phenomenon of entropic repulsion is most clearly visible in Theorem 4
which proves that the repulsion envelope is not empty.

Let us describe the structure of the paper. In the next section, we set up the prob-
lem, the notation, present some basic facts that will be used later, provide a short
discussion on the strategy of the proof and discuss the scope of our methodology.
In Section 3, we consider the case I (f) < oo and describe the limiting process
and prove that it is transient. In Section 4, under mild assumptions we discuss the
case when /(f) = oo and show that the limiting process exists and is recurrent
which solves Conjecture 1 in [2]. Additionally, we determine the repulsion enve-
lope analytically showing that it is never empty thus settling Conjecture 2 in [2]. In
Section 5, we provide the basic ODE which allows us to estimate in various ways
the quantity P(O;) namely the probability of the event we condition on. The last
parts are devoted to the proofs.

2. Notation and discussion.

2.1. Basic notation. We use throughout the paper the following conven-
tions. First, we use f ~ g to denote that lim;— o f(#)/g(t) = 1 and w,(ds) ~
v¢(ds) to denote that the densities m;(s), v;(s) of the measures u;, v; satisfy
lim;_, oo m;(s) /v (s) = 1 for each finite s > 0 where we preclude the possibility
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of v;(s) = 0. Similarly, we use f =< g to denote the existence of two constants
0 < Dy < Dy < 0o such that

D1<11m1nf&<1 f()<D

=00 g(t) oo gt) —
with the same meaning for measures indexed by ¢ at the level of their densities, see
above for ~. The notation f < g respectively, f 2 g then implies the existence of
D, respectively, D above.
Throughout the paper, we also use the convention that C will be an absolute
positive and finite constant, whereas C(A, B, ...) will denote an absolute constant
independent of any variables but A, B, ....

2.2. The boundary function f and its inverse g. Without loss of generality,
we will assume that f(1) =1, 1> f(0) > 0 and that f : R — R™ is an increasing
function which drifts to infinity. We impose the following mild growth condition:

& . Cf

(2.1) (0,00) 3x+— ——= isdecreasing and lim

ﬁ X—00 X

Often we work with g(x) := £~ (x) for which (1.1) is with the help of (2.1) trans-
lated to

o ]
(2.2) I(f)<oco <— J(g):= ——ds < o0.

I V8(s)
Observe that we can continuously and monotonously extend the function g to
the interval (0, f(0)). Note that since f(0) > 0 we have that g(x) < 0, for

x € (0, £(0)).

DEFINITION 2.1. We say that a function f : R — R satisfies the usual con-
ditions if f is increasing, drifts to infinity and satisfies:

o f()=1,1> f(0)>0;
e (2.1) holds true.

2.3. Brownian motion, local time, inverse local time and related quantities. In
this paper, we work with a standard Brownian motion B = (By)s>0. Recall that for
a real-valued Brownian motion the local time at zero can be defined as

L’_EIER)Z/ LiBse(~e,e)) ds.

The local time is a continuous, nondecreasing process which grows precisely on
the set {s > 0: By = 0}. It is well known that its right-inverse local time t =
(T¢):1>0, Where

(2.3) T, =inf{t >0:L; > u}



TRANSIENCE AND RECURRENCE OF A BROWNIAN PATH 4087

is a stable subordinator of index 1/2, that is, a nondecreasing Lévy process without
drift whose Lévy measure is given by I1(ds) = K ds/s*/?,s > 0, where K :=
1/+/2m, and the Lévy—Khintchine exponent of t; is given by

o KVAE A=) 55

2.4) E[e~*0] = ¢ K= _

In view of working with subordinators which are obtained from t by truncating
some of its jumps we do not compute explicitly f5°(1 —e™**) ;3% as any truncation
will be reflected in the region of integration.

Furthermore, the law and the density of 7, can be computed via

t 1
IP)(TM > t) = IP(‘[] > _> = “ / e_(ux)z/(Zt) dx
-1

u? V2t
UV
- e_(“’)2 dr fort > 0,
NER
—u?/21)

2.5) P(t, €dt) = dt = f,(t)dt fort > 0.

273

Then with f, g given above we see that
(2.6) I(f)y<oo <= J(@<oo <<= E[f(m)]<oo0.

Note that the jumps of the subordinator t correspond to the lengths of the ex-
cursions of the Brownian motion away from zero, which is due to (2.3). Therefore,
we have that L, is a constant on the span of each excursion away from zero. In
more technical detail, the excursions are paths in C with the following properties:
e€C,e(0)=0,e(t)>0o0re() <0, for Vt < ¢(e), e(t) =0, t > ¢(e), where ¢
is called the length or life-time of the excursion and determines a jump of size ¢
in the subordinator t. We refer to [2] for a very good exposition of excursions for
this setting and to [4], Chapter IV, for more general Lévy processes.

Finally, we denote by (F;);>¢ the natural filtration of the inverse local time t
which is via a standard random time change generated by the natural filtration of
the Brownian motion.

2.4. The event on which the process is conditioned. Throughout the paper, it
will be convenient to work with the inverse local time t. We use that the following
sets are equal V¢ > 0:

O, = {Ts > g(s);s St} :{Lg(y) <s;5 <t}
={Ly < fw);u <)},

This definition slightly differs from the sets £ = O, used in [2]. This difference
is irrelevant for the limit.

2.7)
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Important functions in our study will be ¢ () = ®’(¢t) = P(O;,), where

t
(2.8) <I>(t)=/0 P(Oy)ds.

In Section 5, we provide the explicit asymptotic behavior of ¢ () and ®(¢) via
an ordinary linear differential equation of first order which links ¢ and ®. These
are the results at the heart of our main theorems. One might find it surprising that
such precise estimates can be given for such highly dependent events. In fact, O;
depends on the whole path of the process T up to time 7.

2.5. Discussion and strategy for the proof. Since we condition on O; the re-
sults naturally depend on the knowledge about the asymptotics of ¢ (1) = P(O;).
The functions ¢ (¢) and ®(¢) are linked by a linear differential equation of the type

2K
1) - ——=9(t)=H(1),
¢ (1) O] Q) Q)
where @ is a parameter that can be chosen to fit f and H is a functional determined
by ¢. This equation can be solved and the function H (¢) can be estimated rather
precisely. This allows us to provide very sharp results on the asymptotics of ¢ (¢)
and ®(¢). The differential equation itself arises by simply conditioning on the
time of a first jump of 7 that will take T above g(¢) = f~'(r) which removes the
dependence on the future. The fact that we can estimate H comes from the one-
large jump principle which roughly states that one large jump determines the large
deviation behavior of 7. Since lim;— o g(¢)/ 2 = 0o and by scaling P(z; > ctz) =
P(z; > ¢) we see that we are in the regime of large deviations for P(t; > g(¢)) and
the one-large jump principle is expected to hold true for P(O;). However, this is
harder to verify in our scenario as O; depends on the entire past of the process.
Due to the heavy space—time dependence revealed for example, by

P(tp edy; O;) =P(ty > g(s + h) — y; VO < s <t — h)P(t;, € dy; Op),

information on ¢ () and ®(¢) does not suffice. Using the same differential equa-
tion (5.1) for each point (4, y) and function gy ;(s) := g(s +h) — y we are able to
prove some uniform bounds for qb;’ (t) and d>§ (t). The functions (/5;’, (t) and @g (1)
are defined similar to ¢ and ® by replacing g with gy ;.

When I (f) < 0o, these bounds do not require heavy calculations. In the situa-
tion I (/) = oo, these are much harder. Precisely in this case, we need the condition
lim;— o f(1) In*/>+e )/ /2 = 0 but we have no doubt that the exponent 4/5 can
be made much smaller. However, this would unnecessary burden the exposition of
the paper and our condition in any case captures the transition from the scenario
I(f)<ootoI(f)=o0.

Once suitable bounds on ¢§ () and CD? (t) are settled, it is a matter of dom-
inated convergence theorem and the tightness of P(t, € -|O;) to show that in
the two scenarios I(f) < oo and I(f) = oo the limiting process exists and it
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is correspondingly transient and recurrent. However, the estimates can be used
even further. An estimate of the quantity Q(zj, € (g(h), g(h)w(h))) can be made
very precise and analytical which allows us to prove a NASC for limj,_, o Q(7j, €
(g(h), g(h)w(h))) =0 which in other words distinguishes the functions in the re-
pulsion envelope.

2.6. Brownian motion conditioned on the growth of its local time at its max-
imum. The inverse local time 7 at zero for the reflected Brownian motion
sup, ., Bs — B; has the same law as the inverse local time at zero. Since all our
results rely first on the distribution of the inverse local time under the limit mea-
sure Q = lim;_, 5, IP; and then on splicing of excursions of the Brownian motion
we see that all results are of the same type. The differences between the transient
and recurrent regime are as follows: in contrast to the recurrent regime the all time
maximum is obtained in the transient case in a finite time and then the negative
of a Bessel three process is started as in Theorem 1. The three-dimensional Bessel
process in this setting occurs in the form of an excursion with infinite life time.

3. Transient case. Recall that C = C ([0, c0), R) is the space of continuous
functions indexed by the time 7 and denote by )V the Wiener measure on C.

Next, define the family of random variables &;, called clocks, with supp &, =
[0, ¢] via their densities as follows:

POy) Js— 26

(31) P(Q:ZECIS):W § = (I)(t)

ds forO <s <t.

Recall that O; = {t; > g(s),0 < s < t}. Denote by Af(t) ={s>0:1, — T5_ >
g(#)}. The clocks approximate very precisely the underlying structure namely the
fact that the conditions represented by O, are satisfied with dominating probability
by the arrival of one jump larger than g(t), that is,

P(O;) ~P(O; N {AS"Y <1}).

Conditioned upon arrival on [0, ¢] the jump has uniform distribution which sub-
sequently is reweighted in (3.1) to reflect the additional assumption that O; must
hold until time Af @ This size of the large jump for 7 is in fact the length of an
excursion of the Brownian motion away from zero. In the limit this excursion con-
ditioned to last more than g(¢) converges to the three-dimensional Bessel process;
see, for example, [2], pages 10-11, which is a standard result in the probability
folklore.

When € = lim;_, o, €; exists in a weak sense, namely iff ®(oc0) < oo, then it
has a density function

P(€ eds) = Ii(((;);;

ds, s> 0.
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Define the process (Y;);>0 in the following way: choose independent copies of the
clock @; of B = (By)s>0; of @ € {—1, 1} with P(x = 1) = 1/2; and of B® =

(Bs(3) )s>0, Where B®) is a three-dimensional Bessel process; then:

1. Conditionally on {€ = x} run B conditioned on {L; < f(s);s < 7.} (note
that L, = x) and put Y; to coincide with this conditioned process for s < 7.
2. Choose 1 or —1 according to @ .

3. Fort > 7, put (¥;)i>¢, = (w—Bt(i)rx)l‘fo'

The next result shows that under Q, B equals precisely Y whenever I(f) < oo.
Recall from subsection 2.3 that (F},),>0 denotes the natural filtration of the inverse
local time.

THEOREM 1. Forall f satisfying the usual conditions given in Definition 2.1,

t
liminf-27 — 0o and 1(f) < oo,
t—oo (21In(t)
the limit € = lim;_ & exists in a weak sense and furthermore Q(-) =
lim;—, oo P; (+) exists in the sense of the weak topology on the space C. The pro-
cess B under the measure Q equals the process Y. Moreover, for any fixed h > 0
and any y > g(h) v 0 we have the formula for the density of T under Q
P’ (c0)
(3.2) Q(rn €dy) := P(th € dy; On),
®(00)
where <I>§(oo) = Jo P(ty > g(s + h) — y, s <v)dv < o0 is part of the claim.
Therefore, Q(t, < o0) = P(€ > h). Finally, for any measurable B C Oy, and B €
Fn we have that

th
Th (OO) . B} )

(33) @(B)=E[ e

REMARK 2. Note that this result is consistent with [1], Theorem 2, where
f(s) =1 is studied despite the fact that the inverse function g is undefined. The
clock there is a uniform random variable on (0, 1) and the local time is accumu-
lated until this random variable is attained. Then a Bessel process with random
sign is issued forth. The Bessel process is a result of the limit of longer and longer
excursions away from zero which in turn are a consequence of the one-large jump
principle.

COROLLARY 1. We have that under Q the process B is transient, namely
QUim;_  |B;| = 00) = 1 and even | Bg|s>¢y, = BS(3_)T€7. Therefore after time t¢
the process is explicit and its density and rate of growth, which determines the
speed of transience are computed as those of the three-dimensional Bessel process.

We proceed with the recurrence case.
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4. Recurrent case.

4.1. Weak limit and recurrence. The recurrent case is much more demand-
ing. We will impose the following condition as it suffices to capture the transition
region:

4.1) liminf =00 for some ¢ > 0.

Undoubtedly, condition (4.1) can be further relaxed but this would require more
precision in the heavy computations below and will add less value as we have
already captured the transitions region with (4.1).

Under the weaker condition liminf;_, o g(¢)/1%In(r) = oo, we can see from
(5.6), Lemma 1 that the limit clock € defined in Section 3 does not exist since
@ (00) = oo. This in turn is a good indicator as to why the recurrence holds: still

P(O;) ~P(O; N A‘f(” <t),
but, for any a < oo,
PO, N A3 < a)
im =0,
t—00 P(Ot)

see (3.1), when ®(0co) = oo, and the long excursion, which is the cause of the
Bessel process to appear in the transient scenario, is pushed away to infinity with
probability one.

We have the following statement.

THEOREM 3. Let f satisfy the usual conditions given in Definition 2.1. Addi-
tionally, assume that 1 (f) = oo and that (4.1) holds. Then the limit lim;_, o, P(-|
O;) =lim;— oo Py (-) = Q(-) exists and under Q the process is recurrent, namely

Q@t>T:B,=0)=1 VT >0.

Under P; the inverse local time converges, as t — 00, to an increasing pure-jump
process under Q which we call the inverse local time under Q.

The increasing pure-jump process referred to in the above theorem is studied in
more detail in Proposition 1.
We proceed to utilize this information and discuss the phenomenon of repulsion.

4.2. Repulsion envelope. Let us define the set of functions D = {w : [1, c0)
[1, 00) : w is increasing to oo} and

Ry=D0{w : lim Qo = w(h)g(h) = i}.
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We call R, the envelope of repulsion which means that in fact under QQ the inverse
local time stays with increasing to one probability not only above g but above
gw = gw. Note that if f,, = g;l then solving for u = f/f, we see that u | O is
such that lim;_, oo Q(L; < f(#)u(t)) = 1. Itis conjectured in [2], Conjecture 2, that
R, # @ with some further quite insightful comments as to the form of functions
that comprise Rg. Our next result shows that one in fact can in a simple analytical
way specify R,. We are able to do this thanks to (8.1). We have the following
statement.

THEOREM 4. Let the conditions upon f of Theorem 3 hold. Let w € D then
we have

o feuwm)
“4.2) weR, < lim

h—o0 Jp A g(s)

REMARK 5. Take a function f(t) = +/t/In¥(¢t) with 1 > y > 4/5 then we
have that g(¢) ~ 2 1% (). Define wy, (1) = e and 8w, = §Wy and then easily
g;yl (1) = fu, () ~e™* lny(’)ﬁ/ In” (¢), as t — oo and some x > 0. Then using
(4.2) we can see the conjectured function w,, (¢) is indeed the separating line of
R, since for any w such that Inw = o(Inw,, ) then w € R, but in fact w, ¢ R,.

Computing (4.2) explicitly we can even have the simplified criterion w € R, iff
In(w(h)) = o(In” (h)).

ds =0.

REMARK 6. The case y = 1 is the most interesting as it correspond to the case
g(t) ~ t*In?(z) at the boundary of our transition region. Then an easy computation
yields that

femw) 1

am Nohe
= lim 1n<1n(h)+ln(ﬁ(£)))+mln(h)> =0 = In(w(h)=o(ln(h)).

REMARK 7. We would like to point out that due to the fact that we estimate
many quantities with constants bounded away from zero it will be difficult to study
other probabilities like Q(z;, € (g(h), g(h)w(h))) — 1 unless we have a zero-one
law, something we do not anticipate to be true.

5. Precise asymptotic estimates for P(O;) and fot P(Og)ds. The fact that
T is a stable subordinator and thus enjoys the so-called one large jump principle
allows for the very precise study of the events O; = {t; > g(s),s <t} at least to
a first order asymptotics. We recall that the one-large jump principle postulates
that the probability of the subordinator to cross larger and larger barrier in an also
expanding time horizon is asymptotically equivalent to the probability that the
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subordinator makes one jump of size exceeding the level of this barrier. It is clear
that if this principle applies in this setting then the long-term dependency in the
definition of O; will be destroyed at the moment we make a jump bigger than
g(t). This is the main observation behind the ensuing estimates. However, (5.1)
holds in any situation, for any subordinator, and offers the opportunity for more
general studies.

Recall that P(O;) = ¢ (¢) and ®(¢) = fot P(Os) ds. Then the following general
result holds.

THEOREM 8. For any function ¢(t) > g(t) V 1, for t > 0, we have that
2K
V()

where with A(}p(z) =inf{s > 0: vy — t5— > @(¢)} we have that H(t) is defined as
follows:

(.1 ¢ (1) — (1) = H(1),

H(t) :=P(ty > g(s),s <1; AYD > 1)

(5.2)
2 A
_ Akt YP(I > g(u), u < v]AYY =) 2KVVED gy g
o(0) Jo Jo =TT S =TI '
Denote by
H (1)
5.3 1) = ——.
(5.3) p(t) Y0

For any ty > 0 such that ¢(t) = g(t) = g(t) vV 1, for all t > tg, we have that

(5.4) D (1) = B (1) o PKVEED ds [y ps)ds.

REMARK 9. We have little doubt that a similar approach can be used to control
the probability of events O; arising from more general subordinators whose Lévy
measure tail TI(x) = [>° T1(ds) behaves as x ®L(x), as x — 00. Here 0 < o <2
and L denotes a slowly varying function. For further information on subordinators
we refer to [4], Chapter III. Therefore, the main results are likely to be extended
to a larger class of Lévy processes. The conditions for a Lévy process to possess
a local time at zero and the form of the Lévy—Khintchine exponent of the inverse
local time can be found in [4], Chapter V.

REMARK 10. It is even more interesting to understand whether these equa-
tions are applicable only for nondecreasing processes like t or a suitable modi-
fication can be developed for, say Lévy processes. Then the problem of general
Lévy process P(Xs > g(s), s <t) could be attacked with such a simple approach
as ODE.
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REMARK 11. It is important to note that despite that (5.1) is valid with any
o(t) > g(t) v 1 it is most beneficial to work with g(¢) itself since then the error
term represented by H (¢) will be minimal.

REMARK 12. We note the striking semblance of the derivation of (5.1) to the
classical renewal theory. Perusing the proof, it is apparent that the second term can
be decomposed ad infinitum in terms of more and more repeated integrals involv-
ing ®(s) and further error terms thus obtaining a differential equation involving
infinitely many derivatives.

Assume the following mild technical condition:

e (O N
(5.5) lltril)logf 2

From now on, we work with ¢(¢) = g(¢) Vv 1. The next result shows that the
finiteness of @ (oco) depends on I (f). We recall the conditions (2.1) on f:

is decreasing and  lim f ) =

(x)
ﬁ X—00 ﬁ

LEMMA 1. Let f satisfy the usual conditions without the assumption f (1) =
1 given in Definition 2.1 and (5.5). Then H(t) = o(®(t)//g(t)) and hence p(t) =
o(1//g(t)). Therefore,

(5.6) ®(0) <00 = E[f(r)] <00

0.

0,0)3>x

o0 (s

1 4/g(s)

Then equation (5.1) leads to the following essential result.

< Q.

THEOREM 13. For any f satisfying the usual conditions given in Defini-
tion 2.1, I (f) < oo and (5.5), we have that

2K ®(00)
V8()

REMARK 14. Condition (5.5) is expected to hold when I (f) < oo unless the
function is exceptionally bad.

(5.7) P(O;) ~P(Or; A5V <1)

ast— 00.

The next result considers the case when ®(00) = co. We then have the follow-
ing theorem.

THEOREM 15. For any f satisfying the usual conditions given in Defini-
tion 2.1, I (f) = oo and (5.5), we have that, as t — oo,

5 (0 _ ) 2KOO). ~ 2R
(5.8)  PO)~P(O:NATT <1) NTOR In(®(®) /1 g(s)ds’



TRANSIENCE AND RECURRENCE OF A BROWNIAN PATH 4095
where we recall that A‘f(t) =inf{t > 0: 7, — 7,— > g(t)}. Furthermore, if for some
t>t9>1, ftgo lp(s)|ds < oo, then (5.8) is augmented to

(5.9) O (1) ~ <I>(t0)ef’80 0(s) dsef,’o K //g()) ds'

In particular, this holds when liminf,%oog(t)/tzlng/s"’e (t) = oo, that is, (4.1)
holds.

REMARK 16. Note the strong form of the asymptotics (5.9) is essential in the
proof of recurrence. As mentioned in Section 2.5, we need to study in a uniform
way a family of equations for a generalized form of ®.

We start by proving the results of this section as they are instrumental in our
further analysis.

6. Proof of the results in Section 5. In this section and later, we will use
the following notation. We shall attach a superscript to O, t, etc. to denote that
jumps until given time above certain level are conditioned not to have occurred. For
example, of @ {zs o g(v), v < s} means that Oy holds for the subordinator
78® which is constructed from 7 by conditioning that jumps larger than g(¢) do

not occur. The Lévy—Khintchine exponent of rig @ can be represented by

W) (h) = In(E[e*T ")

g(1) ds
61 = K/ As — 1 _
( ) 0 (e )S3/2
rg(1) ds
= KA S —1)—= VA >0,
Vi [T e =105, >

where we note that only the Lévy measure IT(ds) = K ds/s>/? has been truncated;

see (2.4). The fact that rf @ has all exponential moments yields that W) (-) is
analytic on the complex plane. Indeed, the analyticity of W) (-) can be directly
read off from the first integral formula in (6.1) by a power series expansion of the
exponential.

We also use the notation A =inf{s > A}_, : 7y — 7, > a}, Aj =0, to de-
note the time of the kth jump of 7 larger than a. Note that A{ is exponentially
distributed with parameter 2K /./a, where we recall that T1(x) = /, xoo [M(ds) =
2K //x, for all x > 0, is the intensity measure of the jumps larger than x, see [4]
for more information on Lévy processes.

We are now ready to start with our proof.

PROOF OF THEOREM 8. Note that since ¢(¢) > g(¢) v 1 we have upon dis-
integration the values of the exponentially distributed random variable A‘f(t) with
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parameter 2K /+/¢@(t) that

t
PO = /0 P(Os; Y eds) +P(A" > 1, 0,)

2K
6.2 = P(OYD)e=2Ks/Vo® 4
( ) ’—(p(l) 0 ( P )e s

+ Pty > g(s), s <t; A({)(t) > 1).
Indeed, we have that

P(O;; AYY e ds) =P(O N A ¢ ds),

which upon conditioning on { A‘f(t) = s} confirms our equation. Next, note that
since P(A‘f(t) > 5) = ¢~ 2Ks/vVo() we obtain that

P(Oy) =P(AY" <5:0,) +P(AYY > 5; O)
_ ]P’(A(f(t) <510) —I—P(Of(t))e_ZKs/W.
Substituting back in (6.2) for P(Of(’))e*ZK“/V ¢(1) we get that

(1) =P(O)
2K
INI0)

2K
Ve o
= 2—KdD(t) + Pty > g(s),s <13 A({)(z) > 1)
Vo@)
4K?
10

Recalling the definition H (¢) [see (5.2)] we conclude (5.1). Finally, (5.4) comes as
the solution of a classical first order linear ODE. [J

t
_/ P(Oy)ds +P(zs > g(s), s < 1; A(f(t) > 1)
0

t
P(A‘f(t) <s;0y)ds

/t /S P(Of(’))e_ZK”/V‘”(’)dv ds.
0 JO

PROOF OF LEMMA 1. We estimate the terms in H (¢), see (5.2). Since ¢(t) =
g(t)Vv1=g() whent > f(1) we can rewrite H(t) as follows:

H(t) = e—ZKl‘/»,/g(t)P(Otg(t))

4K?

- /t /s P((’)g(’))e_ZK”/Vg(t)dvds.
g Jo Jo v
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Estimating ]P)((’)ﬁ(t)) <P(O,), e 2Kv/Ve") < 1 and using the fact that ®(¢) is non-
decreasing we arrive at the bound

%i/ot fOSP(Of,(’))eQK”/deds
6.3) - ﬁmp(z): 4K?%t (1)
—g(@) Vgt) J/g(t)
(;5)0( o(1) )
NAGYA

Therefore, we need to discuss the first term of H (¢) only.

Denote by gi(¢) := g(¢)/In(¢), for t > 2. Distinguishing upon the times of

Afl(t), A?gm, for some 0 < 6 < 1, we get

P(Of(t)) SP(Of(Z); A?g(t) St)
+ PO AST <4 A9 S )
+ IP’(O;"’(’); A‘;”lm > 1).

Note that we work with the truncated subordinator 78) and the corresponding
event OF 3 Therefore, in this case, A{ is exponentially distributed with parameter

2K/ Ja —2K //g(t), for any a < g(¢). One can always in a crude manner relate
the measures

2K 2K
P(A{ eds) < < )ds.

NN

This bound will be used extensively but implicitly below.

Choose any ¢ > 0 and any n € NT = {1,2,3,...}. With those ¢,n we apply
Lemma 3 with 6§ = 1, see below for its statement and proof. Thus, we get the
following inequality and estimate

‘_ltlnl/z(t) njc s _1y_ds_
P8 > cg()) < XV mm B €D o < o

’

since liminf;_, o0 g(¢)/1%1In(r) = oo, that is, (5.5) holds. Therefore, since ®(¢) =
fé P(Oy) ds is nondecreasing,

P(O;s’(t); Ac;,’l(t) > t) _ ]P’(Ofl(t))]P’(A‘lgl(t) > t) < IP(O;"’I(’))

1
(6.4) <P > g(1) < o

< JhP©Oyds _ &)

~ tn—l - tn—l :
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Similarly, disintegrating the time of arrival of A%’ 1 and using that the maximal
jump does not exceed fg(¢) we derive that

P(Of(t), Agl(t) <t A?g(t) - t)

t
/ P Of(t); A?g(t) >t Afl(t) € ds)

N

/ P(O5V; A% 5 A8 O = P(AS® € ds)

/ BOSD; 180 5 g(1); A%O 5 ]A50 = P(ADD ¢ gy).

We proceed to estimate the last integral above. First, we bound the measure
P(AS'") € ds) < 2K //g1(1) ds. Second, conditionally on {A$'") = 5} we have
the representation

r,g(’) (t) (t) +1f o) — 720 4 rsgl(’) 4780 rf,(t) 4+ ~g(t)

t—s

+Tg(t)

because the process 78 runs as t4' ) until time s at which time it makes a jump.

Note that 78® is a copy of 78® independent of 75!, Third, on {Aeg ®
g (f)

>t} we

have that 78 € (g1(1),0g(t)). Using these three points, we continue the
estimates above to get that

BOSO; ANO < 1 A%0 < )

t

P(OSI®); 7! (ts)+fgl(t) (1—0)g(t))ds

_ 2K

Vel Jo

__2%k [t (@gm) ao _ (1=0)g@®)
Ve Jo B 2

7> (1= 00— ) ds

2K ZP((’)&(’) 0 (1-6)g(t)
«/gl(t T 2

B> (=00 - ) ds

2K t (1-06)g()
g Ogl(l), bgi(t) 7) ds
RVZIORN ( 2

2K ! - (I—-0)g()
n (Ogl(t)’ 8O o )ds
Va1 Jo o 2

=J1+ /.
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We estimate J; and J. For J, we recall the facts that ‘E,g_(;) is independent of

081 78 jg 5 copy of 8 and 7 is a stable subordinator with index 1/2. The
latter readily yields from (2.5), forall v > 0,7 > 0,a > 0,

(6.5) P(t) >a) <P(r; >a) < \/gﬁ

Therefore, recalling that g;(¢) = g(¢)/In(z), we get

2K 4 . (1-0)g()
— g1(r). =8()
Jo = =0 Jo IP’((’)S s > )ds
2K =08\ ' et
< gl(t)P<Tz > — )/(; P(O81'") ds

- CtIn'/2() (1)
~ V(A =6)/2)g(0) V@)’

for some absolute constant C > 0. J; we estimate following the steps leading to
(6.4) to get

2K t (O§l(t) _L.gl(t) - (1 —Q)g(l))ds

Jj=—| P 3
Ve Jo ’ 2
— 1/2
< 2Kt P(‘Etgl(t) - (1 9)g(t)>§ tln (t)CD(t).
g1(t) 2 Vgt 1
Therefore, collecting the terms above we get
(0, Ag1(D 0g(1) (1)
(6.6) PO, ASTY <1 A >t)<J1+J<o(l) ,
QA= ar= Vo)

since (5.5) holds and n can be chosen as big as we wish.

Finally, consider the case {A?g ® < t}. Then estimating

2K 1 (2K (1 _
P(A?gm eds) = (— — l)e e T 4

Ve \/o
2K 1
——1)d
= g(t <\/§ ) >

3

we get that

t
P(OSV; A% ¢ gs)

j%(% _ 1) /(:P(Of(”)ds

oo

P(Oig(l); A?g(l) < t) _

S—

IA

[A
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Collecting this term, (6.6), (6.4) we get that

]P’(Og(t))\/gT 3 (ﬁ - 1>.

Setting & — 1, we conclude the statement that H(¢) = o(jg(é—t))) and p(r) =

limsuyp ———
t—00 ZKCD(I)

1 . .
o( m). Then this allows us, together with

B (1) = D(f(1))e! 10 Few @ H i p0Ids,
to deduce (5.6). O

PROOF OF THEOREM 13 AND (5.8) OF THEOREM 15. The assertion that

P(O;) ~ 25%) in both theorems follows from the differential equation (5.1)
D (1)

with ¢(¢) = g(t) v 1 =g(t),t > 1, and using therein that H(¢) = 0(@)’ see
Lemma 1. The behavior of ln(CD(t)) in (5.8) follows from (5.4) and the fact that
Lemma 1 shows that p(¢) = o(m)

The claim P(O;) ~ IP’(Ag @ <t; O,) follows from (6.2) as the second term there
is proved to be o(——= CD(’) ) and therefore o(IP(O;)). O

PROOF OF (5.9) OF THEOREM 15. The proof is immediate from Lemma 2
below with & = y = 0 which is the classical case. Indeed, with 7 = y =0, (6.10)
is applicable for all 7y big enough, some ¢ > 0 and A > 3 as follows:

s ds<CA/ —ds<oo.
/m p(s) O e -

The next lemma proves a stronger claim than (5.4) of Theorem 15 as it provides
some form of uniformity. For any y > 0 and & > 0, define gil (s) == (g(s+h)—
y)Vv1and gy ,(s):=g(s+h)—yand define O;(h, y) = {ty > gy n(s),s <t} and

OF = 0 (hy) = {z” > g, 4(5),5 < 1].

We note that

gha ) g

(6.7) P(O(h,y): AT > 1) <P(O) < P(Oy(h, ).

We denote as well
t
o = [ POy ds: ol = (@),

Then consider the more general differential equation with H;,’ defined as in (5.2):

(6.8) Ph) —

c1>§(z) = H;? ().

(1)
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We note that the functions g’; and gy ; reflect the new boundaries above which
has to remain. Therefore, the meaning of (6.8) is that of (5.1). Finally, denote by

H) (1)

(6.9) ol(e) == .
YT ek

We have the following claim.

LEMMA 2. Let f satisfy the usual conditions that can be found in Defini-
tion 2.1 and liminf,_, o g(t)/(t* In¥/3%4 (1)) = o0, for some & > 0, that is, (4.1)
holds. Then, forany A >3, h >0,y > g(h)vOandanyt > f(Ay)Vt(A), where
1(A) = t*(A) V % with t*(A) satisfying the equation g(t*(A)) =1+ % we have
the following bounds:

(6.10) py(6) < C(A)

1 1
1+ )
tIn'*e/2(r) ( (f)—h)
There exists u(t) — 0, as t — oo, such that for all h, y constrained as above we
have that

6.11 h u) (| ! .
(©1h py(t)SJg_m( +(f(y)—h))

The last estimate (6.11) holds with | gif (t) instead of \/g(t). The estimates (6.10)
and (6.11) also hold for h = y = 0 without the factor 1/(f(y) —

REMARK 17. The fact that y > g(h) is to ensure that gy ,(0) = g(h) —y <O0.
This is needed since for small times s the subordinator cannot cross immediately a
positive boundary which will be the case if gy 5, (0) = g(h) — y > 0. We thus avoid
trivialities like P(O;(y, h)) = 0.

PROOF OF LEMMA 2. The case when y = h = 0 can be dealt with as below
with the only simplification that since ®(¢) > ®(¢(A)) > 0,¢ > t(A), we do not
need (6.14) to introduce the function @ (¢) in inequalities (6.15), (6.16) and (6.23).
So we deal only with the uniform estimates in 4, y under the conditions of the
lemma. Applying (6.7) to the first term of (5.2) taken with ¢(¢) = gif (1), we get
that

h

H () = oy ()P (1) < P(O]")

2 ot ops h
_ Ak P(ty > gy.n(u) u<v|Agy(t)=v)e_2Kv/Vg§%(t)dvds
gr) Jo Jo -t T EEE T =

2
=P( ,g) 412)// g) 2Kv/‘/g?'(t)dvds

6.12)

:IP’(OgV) —1(0).



4102 M. KOLB AND M. SAVOV

We work with ¢ > f(Ay) VvV t(A). To bound I (), we need the following important
inequalities. For any y > g(h) V0 and ¢t > f(Ay) Vv t(A), we have that g(¢) =
g(t) Vv 1since g(t) > g(t*(A)) =1+ % > 1. Then with B(A) =1 — +

h gt+h) y > ( y ) B(A
6.13) gyng(t)( 0 g0) ZEOU T gy ) 2 B0,
' g(r+h>_i> (1_ y ) B(A
gy,h(r)Zg(n( s = (1- ) = B
Then
4K? // g‘ o 2KV g
gy(t)
<ﬁ<b’“() "Byt
gh() gty 7
where B(A) . However, since liminf;_ ~ g(t)/ 2 1n8/5+¢ (t) = oo then

does not de-

t/g(t) = O(tln8/5+5(t)) for t > f(Ay) Vv t(A). Thus, since B(A)g(t)

h
pend on & and y > g(h) Vv 0, we need to consider only P(Of‘v ) in (6.12) for the
proof of both (6.10) and (6.11) of our Lemma 2.
For brevity we put w := g;’, W = gy . Additionally, set ws(t) := w(t)/ln6 (1).

Then, we denote by Akw'(t) = inf{s > A,’f_'(f) O 220 S (), Ag”(t) =0.

S—

h
Put for the duration of this proof O, - (’)w(t) With the choice of 1 > f(Ay) V
t(A), we get that w(t) = w(t), because when y > 1 we have that

g(t+h)—yzg(f(Ay))—y=(A—1)y>1

and otherwise

2
git+h)—y=>g(t(A)—y>14+—— >1

A A-1

holds for A > 2.

To estimate P(O," (t)) precisely, we consider gradually several cases which cor-
respond to different scenarios. Collecting all the estimates from each case will lead
to our result.

Case 1: P(OPV; AV > 1),

We note that from Lemma 3 with § = 1 and ¢ = 1 we get that, for any n € N7,

P(O;U(t); A’fl(t) ) < P( wi(?) > w(t))

nl/2w S
_, tK«/’wa( —1-4 3/2 —nIn(w(?))
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Therefore, using (6.13), we are able to deduce that for 2 > 0, y > g(h) Vv 0, for any
t > f(Ay) vV t(A) and for each n € NT,

n!/2(w s
P(OP®; A"O 5 1) <o 2BAK I D [ =D (i)

However, since liminf,_, o g(r)/12 In¥/37¢ (1) = 00, we see that
tIn'2(w(t)) e — 1) ds
_— e
V&) Jo 327
where C,,(A) > 0 depends solely on n € N*, A > 3. Henceforth, we get that
P(OP®; AV 5 4) < oCr(W I (O)—In(w(®) p= =D In(w(0)

2B(A)K /n < Cp(A) 2 (w(1)),

- C(n,A) - C(n,A)

“wln) T gl
where the last inequality follows from (6.13). C(n, A) > 0 from now on is a
generic constant depending on n, A.

We note that in general for s < f(y) —h, y > g(h) v 0, we have that IP’(O;U(O) =
lasw(v) =gw+h)—y <0,v <s.Hence, we obtain that fort > t (A) Vv f(Ay) >
ACOR

hipy = w(o) T w4 —
6.14) o) = /0 P(O¥®) ds >/0 P(OY D) ds = f(y)
From the latter and the estimate above, we get that

0]

w(t), A wi(?)
(6.13) O AT > 1) = o ) e o Ty

Case 2: I[D((’),w(t); Alf)'(t) <1t).
First, choose ¢ < 1/4 so that 1 — 4¢ > 0 and define

A,iw(t) = inf{s > Ailf(lt) TP ® _ rsw,(t) > ew(r)}, Agw(’) =0.

Note that, since the jumps are defined for the truncated subordinator 7%, each
difference Asw(’) Aif(lt), k > 1, is an exponentially distributed random variable

with parameter 2K (1/+/ew(t) — 1/+/w(t)). Moreover, they form an independent
sequence of random variables.

Case 2A: P(OP; A <1, AV 5 1 ASYD 5y,

We observe that puttmg at most 3 jumps of at most size ew(¢) and conditioning
on {Aiwm > t; AZ“(I) > t} we get

IP)(O;”([); Allul(t) <t; AZ”(Z) >t A?w(l) > 1)

3 t
(6.16) :Z/ [[D( w(f) Awl(t) € ds: Awl(t) t;Aﬁw(” >[)
—, J0
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3 t
= Zfo P(r"'" > (1 — ko) w®)P(AY e ds; AYLD > 1 A7 > 1)
=1

@ (1)
(f) =g @)’

where for the very last inequality we have used the procedure leading to (6.15) and
C(e, A,n) > 0 is a generic constant. Also, we have used that subtracting k jumps
of size between w1 (¢) and ew(¢) then conditionally on {Akwi(]t) > t} we have that
w@®) — pwi)

Case 2B: P(O}; AV <1, AT > 1),

Conditioning on Alf”m , we get

IP’(O;”(’); A4w'(t) <ft: Afw(l) > 1)

<3P > (1 —4e)w(t)) < C(e, A, n)

t
:i/H%O?W;AT“”euh;Af“”ft;A?W)>ﬂ
0
t
5/(; IP’(O;”I(’))IP’(AIIUIU) € ds: A4w1(t) Ef)
t
6.17) <P(A"® <y) fo POV OYP(AY'® € ds)

2K In'/2(z
< (a2
w(t) 0
31n2 n2
?In“(t) 4 (1)
Q1) < C (A)
w (1) ( )
3142 Ph h
PO ROz OO
3/2 (t) / (t t1n6/5+28 (l) :
Indeed, (6.17) is obtained as a result of the following steps. In the first inequality,
we excluded { Agw(’) > t} and estimated
P(O;ﬂ(t)mrlm(t) =y, AZ)](I) <1) < P(O;Ul(l‘)).

Next, for the second inequality we enlarged the time for possible arrivals of jumps
2,3,4. For the third inequality, we further allowed each jump 2, 3,4 to take ¢
amount of time to occur and estimated

}P’(Aw]m eds) <

t
P(OY1 ") ds

< C(A) @ (1)

=C(A)—7H—

2K ds
~wi (1)

since A wi® s an exponentially distributed random variable with parameter
2K /v wy (t — 2K //w(t). For the fourth inequality, we note that similarly

P(Allvl(t) <f)=1- o~ 2K/ o —1/wD) o BT 2K1
B ~ Jwi @)’
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For the fifth inequality, we use (6.13) to bound the expressions with w(t) uni-
formly with g(¢). Finally, we employ that liminf;_, o g(¢)/ 2 1nd/5+e () = oo, that
is, (4.1) holds.

Case 2C: P(O"V; A0 <),

Define p(t) =In"Y(¢), p*(t) =1 — p(¢t) and 0 < y < 3/5 + ¢ to be chosen
later. As before, we define the sequence of jumps exceeding the level p*(f)w(¢)
via Ag*(t)w(t) =0 and

APOVO —inf(s > AP0 2O 2O ¢ (proyw@n), w®)), k=1,

where we recall that we already work with a subordinator whose jumps larger than

w(t) have been truncated. We have again that A,f Ow@) _ A,’;i(lt)w([), k>1,1s
. C . . 1 _ 1

exponentially distributed with parameter 2K ( NEOII0) «/W)' Hence, we get

easily from (6.13), liminf;_, oo g(£) /12 In¥3+¢ (1) = 0o and 1 — /T — x < x that

pr@Ow() ZKP(I)
P(A] €ds) < N/AOII0] s
< & ds
V&) In” (1)
- C(A)
~ ¢ ln4/5+€/2+y (1)

(6.18)

We clarify that ¢ > £ (A) > e? implies p* (1) = p*(1(A)) > 1 —In"V(e?) > 0.
Case 2Ca: P(OP ™ A7 <13 A7 OV <),

We ignore the event {Aiwm < t}. Then disintegrating on the possible position

of Af T and estimating

IP((’);“UU)Mf*U)wO) _ s) < P(@;ﬂ(t))
we get the following chain of inequalities:
IP(O;“UO); Abiw(t) <t Af*(’)w(t) <)

t *
< [ ROPORGLL O < a)
0

(6.19)
619 C(A)

VA0 0]
C(A)

< - 7

— t1n4/5+s/2+)/ (l‘)

@(1)
(7).

Case 2Cb: IP’(O;”(’); Agw(t) <t Af*(t)w(t) = 1),
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We estimate this case the same way as (6.17). To do so, we start by disintegrating
the time of the first jump Afw(t). Then we invoke

C(A,¢) C(A, &)t
PASw(Z) ds) < ————ds; IP’ASw(l)<t < —,
(A" eds) = sy BATT S0 ==

which follow from the steps leading to (6.18) and employing the inequalities
(6.13). Finally, using liminf;_, o0 g(£) /12 In¥3+¢ (1) = 00, we get

]P)(O;U(t); A;w(t) <t Af*(t)w(z) - t)

C%(A,e)t [t
2 —— [ P(O¥®
(6.20) <= o [ EEr)as
P 2
B L YO _ C(Ae) o ().

Ve@) /gt) ~ tn¥ter) Y

Case 2Cc: IP’(O;”(I); Aiwm <t A;w(t) >t Af*mw([) >1).

We obtain a preliminary estimate as follows. First, we disintegrate the posi-
tion of Aiw(’) by conditioning upon {Aiw(t) =s; A;w(” >t Af Owe t}. Then
upon this conditioning we have that

(Tw(t)) 4 (Tew(t))vft + 1{v>s}(Tsw(t) _ Tsw_(t))

v vt~ \"v
with the highest possible value of the jump (7, ®_ rsw_(’)) being p*(t)w(t). There-

fore, we get

PO Aiw(’) <t: A;w“) >t Af*(’)w(’) > 1)

t
5/ P(Ofw(’>; ‘L'fw(t) + p*(Hw() > w(t))]P’(Aiw(t) € ds)
0

C(A, !

< (_g (;) RO > pywn) ds
A t

< C( 7‘9) ]P(O?w(t), .C;‘w(t) < M’ '[fw(t) > p([)u)([)) ds
g Jo 2
C(A,e) [ pOw(r)

P 0sw®. Lew® 7)

Ve Jo <Os ) ds

= S(t) + S* ().

Let us first estimate S(¢) to see that its implicit dependence on y is irrelevant. We
note that

{Ofu}(t); ‘L'fw(t) < w; Ttew(z) > p(t)H)(l)}

c {Oiw(’): FWO _ gew() p(t)zw(t) }
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Clearly, from the fact that ‘rew(z) t’sw(t) is independent of O

7, 7% are a.s. increasing, we are able to imply that

ew(t) 8w(t) <71 and

P > p(tyw(r)/2)

S(t) <C(A,e) 70 ; P(O¥ ) ds
<c, o =P %’;W 2) OtIF’((’);”(I))ds.

Since 1; is stable with index 1/2 then (6.5) applies and yields

p<f,>P(”zw(”)=p(n>l’(”w(” \[T U

This, together with the definition of p(t) = In~" (¢), the employment of (6.13) to
compare uniformly w(¢) to g(¢) from below and the recurring liminf;_, o g(¢)/
121374 (1) = o0, give

S(r) < ( , &)t ZP(OW(I)) ds
621) g/
. P ol
SD(A,e)tlny (1) ©3(1) - D(A,¢) o (1),

V@) @) ~ t1nd/5rer/2(p) Y

Let us next estimate S*(¢). Denote § =1+ y € (1 + &) and recall that by def-

inition ws(t) = w(t)/ In® (t). Define as always Aw5 (Z) the time of the first jump

exceeding ws(¢) and note that its density can be estlmated as in similar cases be-

fore with the help of (6.13) by
C(A) It
P(AY® e ds) < V)
Ve ()

We write the integrand of S*(¢) as follows:

P(@Slu(t)’ cew(t) P(f)zw(t)> P<Osw(t)’ fw(t) - p(t);)(t); Allvs(f) < S)

+P<O;‘w(l); e 5 P(t)zw(t); A0 5 S).

Then for the first we get
SH) = C(A,¢) <ng(z> ew(r) p(t)zw(t); A §s> s

V&) Jo 1
_ C(Ae) (), peult) - p(t)w(t) AT )
IENTI0) ./ ,/ (O 2 Sdv)ds

(6.22) < C(A(tg) / / Oew(t) ws(t) c dv) ds
g
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5/2 5/2 h
2 CAoIn’>@) o < C(A, &)t In”*(t) ®y(1)
g(t) Y NG EERVII0)

CAD  n
— t1n11/10+8—)//2(t) ya e

where in the first inequality we have estimated as measures

]P)<O§w(t); o o P(t)zw(t); AT ¢ dv)

< P(O52D; AP € dv) < P(OSYO)P(A}P € dv).

For the second integrand we simply estimate in the following generous manner

truncating all events and putting the largest values at the point ¢, that is, lea(z):

IP’((’)f.w(’); ngw(z) - P(l)zw(l); Azlug(t) - s)

t t
= ]P’(Ofw(t); rfw(t) > pHw() )Zw( )‘Alfj‘sm > S)P(Allﬂé(t) > s)

- P(_Ew,s(t) - p(f)w(t)>

= t 72 .

Using the exponential Markov inequality with A = 2n ws_1 (1), the last expression
for the Lévy—Khintchine exponent of t%? @) in (6.1), p)=In"Y@)and =14y
we get that

IP,(_L_twa(t) - P(t)zw(t)) < e—)\—”mz“"([)E[e)»ttw‘s(t)]

2n
/240 2n, 5% G) ds pOw()
_ etK\/ ZnW Jo' e ™8 _1)33/2 e—2n 2wg (1)

n8/2() (on ‘Tz'fz) ds
:etK\/Zano (e W8 —l)ﬁe—nln(t)

2n
1 2n Sws(®) _ ds
< eC(A)K\/ﬁmS/lOfyﬂJrs/Z(t) o (e =135 e_”ln(t),

where for the exponent of the first factor in the last inequality we have used (6.13)
and liminf,_, o0 g(7)/12In®/>1¢ () = 0o. Therefore,

S;(t) = %/IP<O§MI); T;“w(t) . w; Allvs(t) - S) ds
g 0

h
- tC(A, s)eC(A)Kﬁme,nmm D(1)
Vs F)—h
_ CAe PN
B tn—lg([)f(Y)_h

(6.23)
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provided y = 1/5 as then the positive exponent is bounded since the inequality

% — %+ % >0holds and % is bounded for 7 > 7(A). The appearance of the

h
factor fzy—)(t_)h follows from inequality (6.14).

We collect all terms in (6.22), (6.23), (6.21), (6.20), (6.19) updating for y =
and choosing n =7 to get

1
5

C(A,e,7,1/5)
w(t), Aew(t) h
(6.24) P(O, ) Al < t) < —tl I 8/2(1‘) q)y(t) +

1 @)
t f(y)—h
We note the worst logarithmic bound comes from (6.19).
We are ready now to conclude the proof. Indeed, note that with n = 7 all bounds
in (6.16), (6.17) and (6.15) are of at most the same or faster decay as (6.24) thanks

to g(t)/t — oo, t — oo. Therefore, we conclude that uniformly, for t > f(Ay) Vv
t(A), y > g(h) v 0, we have that

C(A,e,7,1/5) 4
tln1+8/2(t) (I)y([) +

Using (6.12), we conclude that

Hh(t)<c(Ag71>< ! + ! )Cbh(t).
R S VAN S e O I MO CO R DV

We thus conclude our proof of (6.10). To prove (6.11), we note that all estimates
above, which contain g" () > "~ with n = 7, that is (6.15) and (6.16), can be
uniformly majorized by u1(t)/(f(y) — h)+/g(t) with u;(t) — 0,t — oo. For the
other estimates (6.17), (6.19), (6.20), (6.22) and (6.21) choosing the worst esti-
mates we get that they do not exceed with y = %

<<z1n3/5(t)> v( 1 >v< t >v (t31n2(t))> (1)
VAO) '@/ \Ve@®/)  \ ¥ )) Vg
(1)
Ve
Therefore, from (4.1) we get u»(t) — 0, ¢ — oco. Henceforth

ui(t) n u (t) )
GO R ONIO NGOV

which settles the last claim. We could easily observe that in each bound we ob-
tained along the way we estimated w(z) > B(A)g(¢) in the denominator and then
it easily follows that (6.11) holds with w = g ; for g. [

1 o)

w(t) -
(6.25) P(OY ") < T

=uy(t)

by = e

The next lemma is auxiliary and is used throughout the proof above.
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LEMMA 3. Leta > 0, then we have that with as = a/In’ (a) and § > 0 for any
t>0,c>0andn e NT

(Kb 2@) nfe, ds
(K@ (er_1)s3;2)e,n1n5(a)'

(6.26) P(t/® > ca) <e

PROOF. This is a simple proof using the Markov inequality together with
M(ds) = K 4. (6.1) and a choice of A = 2a;'. O

7. Proofs for Section 3.

PROOF OF THEOREM 1. Since E[ f(71)] < 0o, we have thanks to (2.6) that
J(g) < oo and hence according to Lemma 1 that ®(co) < oco. Therefore, the
clocks ¢€; defined in (3.1) converge in distribution to €.

Next, we show that under any possible limit of P;, say Q, the inverse local

time at zero T = {7, }s>0 satisfies the relation Q(7, < o0) =P(€ > x) and Q(z, €
dy; B) = %P(rx € dy; B), for any B C Oy, B € F;. Thus, the possible limit
of t under P; is unique. Note that, for any x > 0, ¢ > x, y > g(x) V0 and B C

Oy, Be F,,

P(Or—x(x,))
P(O)

where O; (x, y) = {1y > g(s + x) — y, Vs <t}. Clearly, from Theorem 13, we have
that with & () = fé P(O;(x, y))ds and fixed x >0,y > g(x) v 0,

P(ry edy; B|O;) = P(z, €dy; B),

. PO _x(x,y)  Py(00) NI10) P} (00)
lim = lim = .
r=oo - P(O) D(00) 1= Jgt—x+x)—y (o)

The fact that CD;“(oo) < oo follows from Theorem 13 since gy y(s) = g(s +x) —y
satisfies (5.5) and it is integrable at infinity as function of s since g(s) has this
property. This shows the convergence in law of T under PP; to a unique limit and
demonstrates that

X

Qe e dy) = 2 pr, e dy: 00
Tx y) = ®(c0) Tx yi;Uyx),

which proves (3.2). Then (3.3) follows immediately. Since P(O;(x, y)) is non-
decreasing in y, for any g(x) V0 < y < B with B > 0 some constant, we can use
the dominated convergence theorem to get, invoking the definition of &7,

B
Q(zy € (g(x), B)) = lim )P(rx edy|Oy)

1—>00 y:g(x

i B P(O—x(x,y))
=1 = pr edy: O
=% ey P(O)) (tx €dy: Os)
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1 B

= — o3 P edy; O
®(00) Jy—g(x) y(OO) (tx v: Ox)

1 B 00
= m /)"Zg(x)/(; ]P(OU(X, y))dUIP)(‘[x € dy, Ox)

_ JZP(Oy; e € (g(x), B)) du
a ®(c0) '

Using the monotone convergence theorem, we get that

JPP(Oy,; 1y € (g(x), B)) du
®(00)

Q(ty < 00) = lim
B—o0

[P0 du

S0 P(¢ > x).

Since 7 is a.s. nondecreasing we conclude that under Q) there is a random explosion
time 7 for 7 such that 7, =00, s > 7T and T L.

Recall that Af(l) ={s>0:17 — 15— > g(¢t)} and that Afm is exponentially
distributed with parameter 2K /+/g(t). We prove that the random elements Z' =
{r, A‘f(t) } € D(0,00) x RT converge under P, to a random element Z and we
specify the structure of Z under Q. Let x > 0, y > g(x), t > b > a > x with
a,b, x,y fixed. Let also B C Oy, B € F;. Then

b

Ji i =P(r, €dy; B; Azf(t) € (a,b); Oy)
= A8 e ds; 1, edy; B; O,)

IR
a
b )
/ }P’(A‘f eds; 1, €dy; B; OAf"))
a
b
_ f P(r5" e dy; B; OO)P(AS® ¢ ds).
a

Setting t — oo, we then get

2K b
Jp ~ Pz e dy; B; 08" ds
V&) Ja ! *
P(Oy) (b
~ —q>((o<t>)) P(c$ e dy; B; 05W) ds
_ POy [t

=300 /. P(c3" e dy; BJOSD)P(08D) ds.
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For the preceding chain of relations, we have used that since A‘f @ i exponentially
distributed with parameter \/zglf_t) then, for s € [a, b], we have uniformly
2K ey 2K
P(ASY e ds) = e 2K/VEW gy ~ 22 g
(A )= 7 NAO)

and then thanks to (5.7) of Theorem 13 that \/Zglf_t) ~ g(gé)). Furthermore, since by

definition % ds =P(C€ eds), see (3.1) in the limit, we continue the relations

Jy =P(t, €dy; B; A‘lg(t) € (a, b); O;)

P(O)
® (00)

b
~P(O)) / P80 € dy; BIOS®) %) 4

b
=P(O)) f P(f") e dy; BJO3)P(C € ds)

b
NP(OI)/ P(ty e dy; B|Os)P(€ € ds).

Conditioning on O, we then get that Z' = {r, Af(t)} converges under P; to
{{zs}s<7, T}, which under Q, has the law

b
Q(z € B; T € (a, b)) :/ Q(z € BIT = )Q(T € ds)
(7.1) “b
=/ P(t € B|Oy)P(€ € ds),

for all B € F, and b > a > 0. Clearly, since Tpe® Z T o) = Tye)_ = g(1), for the
1 1 1

limit process we have that t; = 0o, s > T, and weakly on R,
lim P, (A3 € ds) =P(€ € ds) =P(T € ds).
t—00

Next, we consider the original Brownian motion B. To show that B con-
verges under P; to the process specified in the theorem, we shall rely on the
so-called Ito’s representation of the Brownian motion via its excursions away
from zero. This representation is well developed and explained in the proof
of Theorem 2 in [2] and we shall be brief on some details. Let us intro-
duce the space of excursions of the Brownian motion away from zero, which
we denote by E. Put C := C(0,00). Let x > 0 and consider the set of func-
tions

E,={e€C;e(0)=¢(s)=0,Vs >x} N{e €C; |e(s)| > 0,Vs € (0,x)}.

Then E = J,.¢Ex and Ex NE, = &, for all x > 0,y > 0, such that x # y. The
functional ¢ : E — R™ defined by {(¢) = x <= & € E, is called the life-time
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of the excursion ¢. Next, recall that T = {75};>0 is the inverse local time of the
Brownian motion and note that 7, = ), (ty — 7,—), V¢ > 0. We define the pro-
cess U := {(Ay, &)}s>0, Where Ay = 7, — T;_ encodes the jump of t at time s
and conditionally on {A; = x},x > 0, &; is sampled in two different ways from
E, depending solely on whether x > 0 or not. When x > O this is done accord-
ing to the measure of the Brownian meander of length x which is identified with
the Brownian bridge of length x conditioned not to cross zero; see [6]. The lat-
ter is either positive or negative with equal probability. When x = 0, we sample
&g from Eg which consists only of the function that is identically zero. The def-
inition and the construction of U is a mere reflection of the classical fact that
{(s, Ay, &5)}5>0 is a Poisson point process on [0, c0) x Rt x E. The first passage
time process of T across all levels ¢ > 0 coincides with the local time at zero of
the original Brownian motion B, namely {L;};>0. Then V = {(z;, &s)}s>0 induces
a standard Brownian motion via the definition B, = ETL umy (W — tL@w—)),u >0,

that is, B’ < B. Conversely, decomposing the path of B into excursions away
from zero via the Ito’s excursion representation we can directly obtain V. Re-

call that A‘f(” =inf{s > 0: 7, — 7, > g(¢)}. Consider the stopped process
V= {(1y, 85)}S<A?7(t) and the extended process U’ = (V’, Af(t), SAf(’))‘ Note that

from U’ we can construct the Brownian motion until and including the first ex-
cursion away from zero of life-time longer than g(¢) and vice versa. We shall
show that under P, both V and *U; have the same limit which coincides with
the explicit process of the theorem. We start by considering U, which takes val-
ues in D(0, 00) x E*® x R x E. For each h > 0, we introduce the time trunca-
tion operator which applied on any process X = {X},>¢ yields mj(X) = {Xs}s<n.
Fix the numbers & > 0, b > a > h and the set B C Fj. Furthermore, we fix the
bounded continuous functional Fj : E°° — R which depends only on excursions
up to time A, that is Fi(e) = F1(m,(e)), Ve € E, and the bounded continuous
functional F> : E — R. Since 1, is a functional of 7;(r) only and condition-
ally on {m(7) = 9, Af(t) = u > h}, where v € D(0, h), the excursion process
mp(e) = {e5}s<n forms an independent sampling of Brownian meanders with given
lengths (9 (s) — ¥ (s—))s<pWe evaluate

Et[lnh(r)eBlA?’(I)e(a’b) Fy(mp (8))F2(8A;1;<x>)]

b
= ’/l;'/ E[Fl (ﬂh(g))F2(8u14‘(8”)>g<t))|nh(-[) — 19, Af(t) — I/l]
a

PO (@) e dv. A8 e du; 0)
P(On) '

However, we have also that conditionally on {m,(t) = ¥; Af(t) = u} the law

of g, is independent of m;,(¢) and equals in law the law of a Brownian excur-

sion conditioned on its life-time being longer than g(¢), say eﬁm, and ()
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equals in law 7, ("), where &’ is an excursion process consisting of excursions
whose individual life-times do not exceed g(¢). Therefore, we further compute
that

E'ln el g500 ¢ gy F1 (T ()) F2(8 e0)]

b P (7) € d9, ASD e du; O))
_ t g() 1
—fB/a Ey.u[F1 (7 (e")) JE[F2(e5")] PO, :

By Ey , we understand the expectation under sampling of Brownian meanders
given the position of their arrival (the start of the excursion of the Brownian mo-
tion away form zero) and their length. The arrivals are encoded in the points of
jumps of ¥, that is {s < u : 9(s) — ¥ (s—) > 0}, whereas the lengths are repre-
sented by the size of the jumps themselves. It is proved in [2], proof of Theorem 2,
that £8®) converges, as t — 00, to a three-dimensional Bessel process with random
sign, denoted here by £¢° and hence

lim E[F(ef")] = E[F2(e>)].
Also, clearly, since 4 > 0 is fixed
Jim By, [Fi(a(e"))] = Eo.u[Fi (a(e))]-

Therefore, since the measure of integration converges, as t — oo, we conclude
that

tl_i)lgoEt[lnh(r)GBlA?’(t)e(a’b)F(nh (e); 8A§<’))]

- /s /ab Ey.u[ Fi (74(e)) JE[F2(e°)]Q(a (1) € 49, T € du).

As a consequence one obtains that, conditionally on {7 (t) = ¥; Af(t) = u},
€™ is independent of 7 (e). Given the description of the joint law (w7 (t),T)
under Q, derived in equation (7.1) above, we conclude that the construction
B, = &g, (4 — TLu—)), T7— > u > 0, under Q is the Brownian motion with
its inverse local time running up to the time of the clock € conditioned on
{ty > g(s),s < €}. The process ¢* is an independent Bessel three process
with a random sign. Splicing > at time te_ gives the process of the the-
orem. The uniqueness follows from the uniqueness of the law of (w7 (t),T)
and the independence of the limit, as ¢+ — oo, of Ey,(-) above. Thus un-
der IP;, U, converges to the process defined in the theorem. Let us show that
under P;, V converges to the same process. This follows easily from above
since
o0
; Iy P(Oy)du _0

lim lim P(A%" > b|O;) = lim
b— o0 t—00 b—o0 @(OO)
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and since T AZD = g(t) 1 0o, t — 00. This completes the proof of the theorem as

the construction of the Brownian motion from V converges thus to the process of
the theorem. [

The proof of Corollary 1 is immediate from Theorem 1.

8. Proofs for Section 4. We prove Theorem 3 in several steps. First, we show
that P(t € -|O;) — Q(-) and we describe the law of T under Q. Recall that CI>§ (t) =

fot P(ty > g(s + h) — y,s <v)dv, see the introduced notation around (6.7). Then
the following claim holds.

PROPOSITION 1. Let f satisfy the usual conditions given in Definition 2.1,
I(f) =00 and (4.1). Then, under P; the inverse local time converges, as t — 00,
to an increasing pure-jump process with law Q which we call the inverse local
time under Q. Fix h > 0. The measure Q(ty, € dy) is absolutely continuous with
respect to the measure P(ty, € dy, Oy) with density denoted by qp,(y). Let A > 3,
t*(A) > 0 such that g(t*(A)) = 1 + % and t(A) = max{t*(A), e*}. Then

Q(ry e dy)

) V)Vt
(8.1) — q’y(f(Ay)vt(A))e_flﬂAn @ 2k

(1)
00 2K 2K
x &/ T T~ e 43 o= I PO st Fayain) Y9 ds.

where ,0]; (s), p(s) are defined in (5.3) and (6.9). Furthermore, for any B C Oy, and
B € Fy, we have that

(8.2) Q(B) =E[qn(t); B].

Finally, the function qj : (g(h) v 0,00) — (0, 00) is nondecreasing for every
h > 0.

PROOF. Fix h > 0and B C Oy, B € Fj. We write using the Markov property
att > h
P(Oy; v € dy; B)
P(Or)
_ POy,
P(Or)
where we recall that O;_j(h, y) = {1y > gy n(s),s <t —h} and g, () = g(t +
h) —y. Clearly, for every ¢ > h, conditionally on Oy, y > g(h) V0. Fix y € (g(h) v
0, 00). It remains to show the following limit:
i POy
i~ P(O)) qrty)-

P(zy € dy; B|O;) =

(th €dy; B; Op),

(8.3)
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However, using equation (5.8) of Theorem 15 we get that
POrnlh,y)  PRa—mVe@ @i —h)
P(Oy) D(t)/gt—h+h)—y D (1)

Next, we employ, for t > (t(A)+h) VvV f(Ay) > 1, the expressions of the modified
solutions to (6.8):

t—h 2K t—h h
@l (t — h) = D!(f(Ay) v £(A))e! T Tetmrs B H i O ds

f(Ay)Vi(A) 2K t 2K t
(1) = CD(])efl mds"'ff(Ay)w(A) WG] ds+[] p(s) ds.

Clearly then, on y > g(h) v O,

Ot —h)
— 1; y
qan(y) = lim — o
_ L(f(Ay) V1(A)) O g,
(1)

00 2K 2K . . .
x e Farvid Teeam= ~ e ¥ o= I POV st Flayyacay £ ) ds

which suffices to prove the existence of density g (y) with respect to the measure
P(t, e dy, Op). Indeed,

/00 < 2K 2K )ds e
FAWVtM\VEG+R) —y  J/g(s)

follows from the axillary Lemma 4 below, whereas the finiteness of the quantity
f}’fAy)W( 4) pi’ (s) ds follows from the bound (6.10) of Lemma 2 which holds under
the assumptions for f and equivalently for g = f~! of Proposition 1. Finally, the
fact that g (y) is nondecreasing in y > g(h) Vv 0O follows from the observation that
for y > y1 > g(h) v 0 we have that for any ¢ > h, O;(h, y1) C O;(h, y2) since
() =g +h) —y1=gy,n)=g+h)—y. U

LEMMA 4. Let f satisfy condition (2.1), that is, f(x)/+/x | 0, as x — oo.
Then we have that, for any h >0,y > g(h) v 0, A > 3,

00 ( 1 1 )
— ds
5.4) ff(Ay)vz(A) Vels+h) —y /g

</OO ( ! — ! )ds<—f(y) .
T Jranviin\Jels) =y  /gls) 2/y(I1-1/4A)

PROOF. Fix h > 0,y > g(h) v 0. Note that, for s > f(Ay), we have that
g(s) > g(f(Ay)) > Ay > 3y. Also recall the general inequality 1 — /1 —x <x,
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which holds for x € (0, 1). Then we estimate

00 1 1
— d
-/f(Ay>vz(A)<x/g(S+h) -y «/g(s)) *

S/Oo ( ! — ! >ds
FAviA V) —y  J/g(s)

Y 1—v1—y/g(s)ds

fAayyve(a)  A/g(s)—y

00 1
< yf 37 ds
Flayvia) g3/ (s)vl —y/g(s)

f f! ®)

«/1—7 Fo) g3/2(S) \/1—7 a4

Yy f@)ee + 3y ACH

T a2y T iaTl), w2 §
f) 3/ ()

+ )
Jy(l —A7h) 2y -4

where for the last line we have also used that f(s)/+/s is decreasing, that is, con-
dition (2.1). O

The proof of Theorem 3 follows several steps. Fix 7 > 0 and we will first prove
the following result.

LEMMA 5. Assume that f satisfies the usual conditions given in Defini-
tion 2.1, I(f) = oo and that (4.1) for g = f~! holds, that is, we have that
liminf,_, o0 g(r)/12 In¥3%2 (1) = 00. Then, for all h > 0,

(8.5) Q(zn € (g(h), 00)) = f(h) OQh(y)P(fh €dy; Op) =1.
g(h)v

PROOF. We have trivially that

1= lim P(z € (g(h), 00)|O))

(50 ©  POi-n(h,y)
= lim L P B, e dy, Op).
A Lo PO (th €dy, Op)
We aim to show that we can interchange the limit and the integral to obtain (8.5).
For this purpose,we choose A > 3 and split the range of integration in (8.6) in three

possibly overlapping sets, that is,
{y> g vo}

(8.7)
={y€(g(h)v0,g(h+1))}u{ >¥_h} {y @_h}

A
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We put for brevity Iy := I1(A,1) = {y > 2 — h} = {t < f(Ay + h)} and I, =
{ye(gh)vO0, g(h+1))}. Werecall that g is an increasing function with g(1) = 1.
Therefore, I, is not empty. We start by considering the limit in (8.6) on ;. We
know from the proof of Proposition 1 [see (8.3)] that, for y > g(h) Vv 0,

i PO
s PO, )

Moreover, we know from there that W :(g(h) v 0,00) — (0,00) and

gn(y) are increasing in y. Henceforth, for y € I,
PO, y)) _ P(Or—n(h, g(h + 1))
POy P(Or)

The fact that the right-hand side converges to g5, (g (4 4 1)) independently of y € I»
shows that

(8.8) lim wP

= P , .
100 Jp, P(O,) (th €dy, Op) /;ZQh(Y) (tn €dy, Op)

Next, we consider (8.6)on I1 = {t < f(Ay+h)} ={y > % — h}. Then the trivial
asymptotic estimate
P(O;—n(h, y)) - I Ve

P(Oy) “PO,) 2K®@1)’

follows from Theorem 15 and (5.8). However, (8.9) and (6.5) immediately lead to
the asymptotic estimate

(8.9)

P(Or_1(h, y)) _
/ B e dy: O
N/0) 20\ V2D g 1
®10 %0 P(”‘ =4 h) EY0) P(” = am E)

_ ﬁ NGO _ z 1
D))/ (AR = 1/h \J1/(AR?) — 1/(hg(r)) PO

However, (4.1) implies (5.5) and since /(f) = oo by assumption, we get from
(5.6) of Lemma 1 that ®(¢) — ®(00) = o0, as t — 00. Hence, we conclude from
(8.10) that

[ PO (k) ~
(811) t1—1>n010 [1 WP(T}Z € dy, Oh) =0.

We turn our attention to the region
Nl ={t>f(Ay+mn}n{fy) >h+1j

={y§¥—h}ﬂ{y>g(h+l>}-
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Next, (6.8) allows us to express

P(Or_p(h, y)) = 2K 03¢ — B + "t — )l — h)
10 s B
— ol h)(i(g(t)_y)ik,oy(t n).

Indeed, once t > t(A), on I{ N I3, we have since g(h + 1) > g(1) =1 that
g)—y>g(f(Ay+h)—y=A-Dy+h>A-1Dgh+1)+h>A—-1>1.

Substituting the expression for P(O;_j (h, y)) above and using again (5.8) that is,
P(O;) ~2K®(t)/+/g(t), we obtain the inequality for all ¢ big enough

POt ) _ oy 50— < NG +¢_g<r>p§<r—h>>
POy T e \Ve@—y 2K
CDg(t—h) N Jet) —y H;l(t—h))
®()VT=y/8(0)  VT=y/g) 2K®(1)

Next, Vy € If N I5 we have that 1 — y/g(¢) > 1 — 1/A. Thus, finally, we arrive
with some generic constant C(A, k) > 0 at

=C(A,h)<

P(O;—n(h, y)) @t —h)
i POy cm (1)
®12 H'(t —h)

+ C(A, h)\/g(®) =y o)

Next, since on I{ N I3, inequality (6.11) holds with g, 5 (t) = g(t +h) — y too, we
estimate that

VEO = yH}(t —h) g = ypi(t —h)Ph(t —h)
D (1) B (1)

hip _
Su(t—h)./g(z)—y<l>y(t h)(1 1 )

+
/8yt —h) (1) f)—nh

=u<[_h>w(l L)

o0 \ 7o)k
@t — h) 1
—mn—2""(1
=ut == (+f(g(h+1))—h)
it —
:0(1)M

(1)



4120 M. KOLB AND M. SAVOV

Therefore, (8.12) further reduces for ¢ big enough to

POion b)) _ op g DD

8.13 =
®19 I(CH P (1)

(140(1)).
. . Oha—h) .- .
Thus, we need to consider only the ratio EIORE We start by providing estimates

for CDg(t — h) using that it solves (6.8), for t > f(Ay) Vt(A). From (6.10), we get
onlfNI;

t 1 00 ds
}f Al 1 7) -
ff(mh)py(s)dssa )( T f G,
< C(A, s)<1 T PESI h) <2C(A, ).

Therefore, the solution of (6.8) for > f(Ay) Vv t(A) is bounded in the following
way uniformly in y and ¢

t 2K ds+[* 1 (s) ds
<1>’; )= q>§(f(Ay + h))efﬂA-‘H’) Jee+h—vi ¢° Jraysm py(s)ds

< Ci(A. h)d" f}”(Ay+h> \/% ds
< C1(A @) (f(Ay +))e ey
Furthermore, since the elementary CI>§( f(Ay+h)) < f(Ay + h) holds, we get the
following inequality:
(8.14) O (1) < C(A, h) f(Ay + hyelTar T @
. y(0) = , y e non,
Also (5.4) with typ = 1 and (6.10) of Lemma 2, for the case 7 = y =0, yield that

t 2K . t . t 2K .
®(1) = o (1)e!! o WHIPOE S 0 )i G o,

Thus this and (8.14), on I{ N I7, give that with C = C(A, h) > 0,

"t —h —h 2K 2K g
yé(z) Y < Cf(ay + iyl Tt 4 i o

_ pfAy+h)+h 2K 5t 2K 2K )
Ji NG ef Faven+h Tem = ~ 7 4

o fAyHh R K
Iy Ok

<Cf(Ay+h)e

<Cf(Ay+h)e

where for the last exponent we have used (8.4) of Lemma 4. We further continue
the estimate as follows:

o' (r — h) _ fAvh oK
yi < C A h fl 2(s) s
YO f(Ay + h)e v
_ S+ 2K 4 _fAy+h 2Kf' () ds
<Cf(Ay +h)e ! O C = f(Ay 4+ h)e s TV
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ZK A L6) g 2K[G) Ay

=Cf(Ay +h)e 780 32 Vs gD
_g [Ath f&s)
< Cf(Ay + hye Kl 5,

Using this last bound, we get that (8.13) reduces on I{ N I5 to

@15y SOOI opay e KRG SR ),

P(Or)
Note that r;,(y) can be extended to y € (0, c0). We proceed to show that rj(y)
is even integrable on (0, co) with respect to P(t;, € dy, Op). However, since f is
bounded in any neighbourhood of zero it suffices to show that rj,(y) is integrable
on (1, 00). To achieve this, we first observe that

d
P(ty € dy, Op) <P(ty € dy) =P(h*t) e dy) < C3—§2’
y

see (2.5). Using this, we therefore get

_KfAy+h £6) g dy

o0 o0
Ji= [ )P edy. 00 <C [ feay e BOTIRSS
1 1 y

K" fpds A4y + )
(Ay + )72

< C/loof(Ay+h)e

o0 —u KI® 4o du
< 0 [ pune i S0
where C > 0 is a constant depending at most on /, A. However, with a(u) =
K f (1) /u’/? the integral above can be represented as

00 U Uu
J< C/ a(u)e—fg(l)cx(s)ds du = _e—fg(l)a(s)ds|c1>o < 00,
1

The integrability of r,(y) and (8.15) imply that the dominated convergence theo-
rem applies and yields

(8.16) lim PO, YD g,

€dy; O 2/ P(zy € dy; Op),
t—00 1015 P(Ot) (Th y h) IEQh(y) (fh y h)

since the set /{ N I3 increases as t — oo to I5. Gathering (8.8), (8.11) and (8.16),
we show that the limits and the integral in (8.6) are interchangeable and hence
(8.5) follows. [

PROOF OF THEOREM 3. The fact that (8.5) holds implies the statement that
any possible weak limit is recurrent as there is no loss of mass at infinity. More-
over, we see that the limit for inverse local time always has the same law. Given
that conditional on the size of the jump, we fill a Brownian excursion conditioned
to have the same length we see that we can in fact pathwise construct the same
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process so the limit exists and it is unique. These considerations with the splicing
of excursions are even simpler here compared to the transient case as we do not
have appearance of explosion time and an infinite excursion. This concludes the
proof. [

PROOF OF THEOREM 4. We observe that w € R, <=
Jim Q(w € (g(h), wh)g(h))
o rew
= lim gn(Y)P(zy € dy; Op) =0.

h—00 g(h)

(8.17)

Given the expression for g (y), see (8.1), we note that thanks to Lemma 4 we have
that

00 1 1
— d
/f(Ay)Vt(A)<«/g(S +h)—y «/g(s)) Pee

and thanks to Lemma 2 with h =y =0, /7 p(s)ds < oo. Thus, choosing & big
enough that f(Ay) > f(Ag(h)) > t(A) we see that

f(Ay) 2K
;i

(8.18) gn(y) < q>§{(f(Ay))e_ Wd“ef_?&y) pi‘(s)ds_

However, thanks to (6.10) of Lemma 2, (8.18) is augmented to the asymptotic
relation
f(Ay) 2K

(8.19) qn(y) < CDg(f(Ay))e_f' o 9

once y > g(h + 1) since as in the proof of Lemma 5

/loop’;(s)ds <C(A) < 00.

To simplify (8.17) and be able to use (8.19), we first consider the integration on
the region y € (g(h), g(h + 1)). Then

g(h+1)
/h) an(Y)P(t, € dy; Op)
g

(8.20) 2K ®(h)

NAORB

where we have employed the monotonicity in y of g, (y); see Proposition 1. Ob-
serve next that (2.1) yields the trivial estimate for y € (g(h), g(h + 1))

U (f(Ay)) < " (f(Ag(h+ 1)) < f(Agh + 1)) < VA +1).

This together with f(Ag(h + 1)) > h gives that (8.19) is further simplified for
y=gh+1)to

< aqn(g(h + D)POR) "2 gu(g(h + 1))

2K dS

h
an(gh + 1) She T %
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h 2K
Uvre) ds coming from (5.9) easily implies that

2K®(h) h @y
h+1 < =’ o(1).
N RV R
Thus the portion of (8.17) contained in (8.20) never contributes to the limit
in (8.17). We are then free to use the asymptotic relation (8.19) for the interval
I:=ye(gh+1),w)g(h)) which we split into I} = (g(h + 1),20g(h)) and
I» = I\ I;. We then get that (8.17) can be checked on 1, I separately. Let us start
with I;. We get using " (f(Ay)) < f(Ay) < VA f(y), since (2.1) holds, that

f(Ay) 2K

/1 an(Y)P(tp € dy; Op) </ fe Faok "P(t, € dy; Oy)
1

The relation ®(h) < e

) 2Ky
< f(20g(h))e Ve T IP(On)

<MW i Fd L by,
Vg(h) Vg(h)

For the last estimates above we used the asymptotic relations (5.8), (5.9). There-
fore, the portion on /; is always negligible and we obtain thanks to Lemma 6 and
(8.19) that

we Ry = lim Q(uy € (20g(h). w(h)g(h))

817 . wih)
2 tim [ g (e m)P(a € g dy: O)

8.23
(8.21) 62 P(Oh)/ W (rg () -2 3/2
5.8 .. w(h)g(h) f(Ay) 2k 4o dy
=" lim ®(h A Vo L
e, P 20g(h) X5 (A)e” R
= 0.

Let us first show that the convergence of the integral in (4.2) is sufficient for
w € R, by relating it to the last limit in (8.21). Using the inequality <I>§( f(Ay)) <
f(Ay) and the change of variables Ay — u, we get easily that
w(h)g(h) fay) 2k d
lim (k) o (fay)e 1 e P2
h—o0 20¢(h) vy
w(g(h) 2 gy

<A A lim d)(h) " fwe 5®

u/
(8:22) Aw(h)g(h) fw
w(h)g u) 2K
+VA lim () fae N Ga
—00

w(h)g(h) u3/ 2

:\/Z(hli)rgo Ji(h) + lim Jz(h))-
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Let us investigate Jg(h) We use f(x)/+/x {0, see (2.1), f(x) is an increasing
function and & (h) =< ef ! JgT ) ds coming from (5.9) to get

f(wh)g(h)) 2
Jim 120 = 2/ Aimsup(@cpe T 5 LELCEED )

h—00 v Aw(h)g(h)
25 as f(Aw()g(h)
= 2fllﬁso‘ip(q’(h)e T (g () )

. S (Aw(h)g(h))
< C(A)limsup ——————= =0,
h—oo ~Aw(h)g(h)
where C(A) > 0 is a generic constant. Thus, only limy,_, « J1(h) can contribute to
the limit in (8.21). An integration by parts gives us that

f» 1 F) Y f(S) Y f(S)
/; Vg () ds = —y B 2 / 53/2 / 53/2
since f(5)/+/5 | 0, see (2.1), and I (f) = [{° L) ds = 0. Then, clearly,

w(h)g(h) w2k d
Jl(h):CD(h)/(h) Faye N o ”/‘2
8

w(h)g(h) —(1/2) [? 2KL© 45 dy
xcb(h)/ Fne WP 7

ie—(l/Z) 7L as

= CD(h)<—

(h)w(h))
g(h) '

Expressing back % /i { %(/Sz) ds in terms of [; S \/gl(—v) ds and noting that ®(h) =<
h 2K

ds
¢ V5o we get that

w(h)g(h) 0 2K g0 d
Ji(h) = ®(h) foe N Gwe L
y=g(h)

_ pfewm) _K .
Ji NAG) ds

=<(1—e ).
Therefore, since the limit of the right-hand side of (8.22) equals limy,_, o0 J1(h),
we prove the sufficiency of the right-hand side of (4.2) for w € Ry.

The necessity part of (4.2) is trickier. Choose A € (3,20). Assume that w € R,
and hence the right-hand side of (8.21) holds. We recall that inequality (6.14) is
valid with t = f(Ay) > f(Ag(h)) > h > t(A), whenever & > t(A). In this case,
it takes the form CI>Z(f(Ay)) > f(y) —h,Vy > g(h),h > t(A). Let us feed this
inequality in the right-hand side of (8.21) to get

w(h)g(h) [f(Aw 2K 46 dy
0: 1 (D h (I)h A g(s)
m O [ y(f(Ay))e T
w(h)g(h) fay) 2k d
> lim ®(h) Fe TR S
h—09 20g(h) ¥/
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w(h)g(h) ff(A)) 2K gs dy

— lim h®(h VAR
pn P 20g(h) y3/2
=1L+ 1.

h 2K

Recall that ®(h) = ¢'! v¢@ % Then

w(h)g(h) — Y 2K _gs dy

L= lim h®dh NAG)
|I] Jim (h) oath V7
Aw(h)g(h) fw) 2K du
< VA lim hd(h) T Re S
h—00 u:20Ag(h) u3/

h 2K ds

< VA lim hdhye ' %@ f
h— o0 y

o0 du
—20g(h) u3/?
@D

<C lim
h—oo /g (h)

Therefore, I, never contributes to (8.21). Then, we get that

w(h)g(h) S 2K _ g5 dy
0:]1: lim (D(h) f(y)e e 3/2
h— 00 20g(h) Y /
Aw(h)g(h) S ) 2K d

— lim VA®(h) f(”) I G S
h— 00 u=20Ag(h) A w3/
Aw(h)g(h) fa) 2K du

> C(A) lim ®(h) fue I W32
h— 00 u=20Ag(h) /

where we have used the fact that f(s)/s'/? | 0 and thus f(u/A) > \/gf(u). We
evaluate the very last expression, ignoring the constant C(A), to get

. ®(h) — ¥ 2K7 ) g (hyw(h)
0=1; > lim O —an i g ds

h—00 K g(h)
20Ag(h) ff(u) 2K g
— lim d)(h)/ f(ue VA R
h—00 g(h) u /
Aw(h)g(h) ot 2k du
+ lim ®(h) Ji Vi & 2
h— 00 w(h)g(h) ud/
=K+ K; + Ks.

h 2K
We note that once we employ ®(h) < e’' Ve® ds, K is precisely limp,_, oo J1(h)

discussed in the case of sufficiency. Thus, K; will then be zero if always
K> = K3 = 0. Hence, the necessity of (4.2) will follow. We trivially estimate

h 2K
using ®(h) =< ef‘ Mok and f(20Ag(h)) < ~/20A f(g(h)) = +~/20Ah, since
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f(s)/s1/2 | 0, that

20Ag(h) w0 2K dy
Kol = lim <1><h>f Faye T G ds 4
20Ag(h)
8 du <1 h “n o

< lim f(ZOAg(h))/ " S S Jim —=

K3 is also computed using identical calculations as above. Indeed

Aw(h)g(h) f 2K 4o du
@ () faye T A o
w(hg(h) »
20 f(awgo)e L (1)
< Kas 1 01
s w(h)g(h) VA
<2(JA = Yoy FHm 4 L AW ()
( e Aw(h)g(h)

_ F(Aw(g(h))
~Aw(h)g(h)
Therefore, K3 =0 in any case and we conclude that K| must be zero if w € Ry.

However, as mentioned above K1 = 0 triggers the validity of the limit of the right-
hand side of (4.2). This finally concludes the proof of Theorem 4. [

=o(1).

The strong repulsion depends on the following lemma which studies the mea-
sures P(t, € g(h)dy, Op), h > 0.

LEMMA 6. Let op(dy) = op(y)dy = P(r, € g(h)dy; Op) be a measure on
(1, 00). Then, for any h > hq big enough, there are absolute constants 0 < ¢ <
1 < C < oo such that for y > 20 we have that

c C
(8.23) —75P(On) <on(y) < —=5P(Op).
y3/2 h hy y3/2 h

PROOF. The absolute continuity of o3(dy) follows immediately from
on(dy) < P(r; € dy) < dy. For the proof, we introduce the quantities 7 := T}, =
inf{t > 0: 7, > g(h)}, in the usual sense A = A =inf{t > 0: 17, — 7;,— > g(h)}
and SpA = tA — Ta_. We then have that

I(g(h)dy) dy
T(g(h)) R

(8.24) P(Sa € g(h) dy) =

which is a standard property for any Lévy process, namely conditionally that a
jump exceeds a level g(h) > 0 than its size is independent of the time of the jump
and the past of the process and its distribution is given by the first ratio in (8.24).



TRANSIENCE AND RECURRENCE OF A BROWNIAN PATH 4127

The second ratio in (8.24) holds only in this special instance of a stable subordi-
nator of index 1/2. Furthermore, denote by 77_ the position prior to the passage
time. Finally, note that we have the immediate identity from (2.5)

1
uvN2mwav—2u

We consider the measure o, (dy) on three possibly overlapping regions. We start
with o}} (dy) :==op(dy, T < 2g(h)). We use the following steps. We disintegrate
on 77 € (g(h),2g(h)). Since the event O}, implies {T < h}, we get that t;, = 7 +

(8.25) P(ty, €eadu) = e—l/(av_zu) du.

T — 1T 4 77 + 7, _; where 7" an independent copy of 7. Therefore,
0, (dy) = 0},(y) dy

)
= / / P(ty—s € g(h)(dy —u))P(T e€ds; 11 € g(h)du; Oy)
(8.26) $=0 Ju=l

h—s
=€ P(T e ds; h)du; Oy)d
fso/u 1 V2 (v — u)3/2 (T eds;tr € g(h)du; Op)dy

4.1

d
PO S o) S5O,

dy
ot

where we have used (8.25) and assumed that y > 4 so that y — u > y/2. We note

Jg% = o(1) than the required

that this density in fact decays faster with factor
(8.23).

In the remaining two scenarios, we employ that
[tr >2¢M}NO, C{AI < T=M}NO, ={A1 <h;ta,— <g(h)} N Oy,

which follows from the definitions of T', A1, Oy = {1y > g(s), s < h} and the fact
that 7 is a subordinator, that is, an increasing Lévy process.
First, we consider

’

(h)
op(dy) =0y, (dy; Ay <h;ta— <g(h); Sa < %)

which majorizes in terms of measures the measure

g(h)y)
=)

Disintegrate with respect to A and the position prior to the jump to get

o (dy; 7 > 28(h); SA <

ot (dy) = 0} (y) dy

_/s 0./w 0,/y/2 (th—s € g((dy —v —w))

x P(Ay €ds, ta,— € g(h)dw, Sa € g(h)dv; Oy).



4128 M. KOLB AND M. SAVOV
Using the definition of O), = {t(s) > g(s), s < h}, the fact that g is an increasing
function and t is a subordinator, we have the identity
P(Ay eds,ta,— € g(h)dw, Sa € g(h)dv; Oy)
:IP’(Al €ds,ta,— € g(h)ydw, Sa € g(h)dv; OAI_)'

Since conditionally on {A| = s} the jump Sa is independent of the past, we get
that

P(Ay €ds; 15— € g(h)dw; Sa € g(h)dv; Op,-)
=P(Sa € g(h)dv)P(A €ds; ta,— € g(h)dw; O, -)
=P(Sa € g(h)dv)P(A} €ds; ta,— € g(h) dw; Op).
Substituting this back above and using (8.24) for the law of Sx we get that
0 (dy) = 0}, () dy

<C/s O/w O/z;y/lngW(y ;_U).%/z

d
X B(A1 € ds; s, € gh) duw; Of) 37 dy.

Using thaty —w —v >y/2 —1>y/3, once y > 10, we have that

(4.1 1)

_hdy

Second, we study the measure

(h)
o (dy) == oy (dy; Ay <h;ta— < g(h); Sa > u),

2
which majorizes in terms of measures the measure
h
o (dy; tr > 2g(h); Sa > Q)

We similarly disintegrate the measure o, 3(dy) to get

oy (d)’) = 0},()’) dy

- /sio /wlzo /vozoy/z Blen-s € gty —v —w))

x P(Ay €ds; ta,— € g(h)dw; Sa € g(h)dv; Oy)

/s o/w o/v T €8Ny v —w))

d
x P(A; €ds; ta,— € g(h) dw; Oh)v3—l/)2’
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where we have used that y —w —v>0=v <y —w and for y > 10, w € (0, 1),

4 > £ —w. We note from (8.25) that for y > v +w

P(th—s € g(M)(dy — v — w))
_ 1
2 (5 — v —w)/(h = $)?)(y — v — w)
e~/ QEWH—v=w)/(h=5)%) 4

Puta(h,s)=gh)/(h — 5)2. Change variables in v such that v — z — w and then
Z — yp in the last integral to get that

o (dy) = 0} (y)dy

e 1/ Qalh,s)(y=yp))

= /s:o /wzo fp:l /3 V2wah, s)(yl— ) — )

ydp

x P(A1 €ds; ta,— € g(h) dw; Oh)mdy'

Furthermore, using the inequalities yo — w > yp — 1 > yp/4 once y > 20, since
p € (1/3, 1), we obtain that

o (dy) = 03 (y)dy

e~ 1/Qa(h.s)y(1=p))

1
= /s=o /w=o /p=1/3 V2ma(h,s)y(1—p)(y(1 = p))
43/2dp

x ﬁpsz(AI eds;ta,— € g(h)dw; Op)dy

2/3
- 123/2/ / // ! o~ 1/2ath,)y0)
s=0Jw=0Jo=0 /2ma(h,s)yoo

dy
y3/2

4/3 h
_ 123/2/ / /( /3)ya(h,s) o1/
=0 Jw=0 NITXX

dy
y3/2°

x doP(Ay €ds; ta,— € g(h)dw; Op)—5

x dxP(Ay €ds; ta,— € g(h)dw; Op)—>
Since f;iox_3/ze_l/x dx < oo we get that, for y > 20,

d
B28) o) =0p()dy = C (A < b Ta - 2 800 O).
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By trivial estimates using (8.26), (8.27) and (8.28) we conclude the upper bound
in (8.23). For the lower bound, consider that

(h)
o (dy) =0h(dy; Ay <h;ta,— <g(h); SA > gTy> <ou(dy).

Then the lower bound for (8.23) follows by observing that
o (dy) = 0}, () dy

= /Sio /wl:o L: P(th—s € g(h)(dy — v — w))

x P(A1 €ds; ta,— € g(h)dw; Sa € g(h)dv; Op)

_/; 0_/;) 0/; 2y /3w P(tp—s € g(h)(dy — v —w))

X P(A1 €ds; Ta,— € g(h) dw; Op) 75,

once 2/3y — w > y/2 which holds for y > 20 and w € (0, 1). Then precisely
as in the derivation of inequality (8.28) we feed in the expression for P(t7j,_s €
g(h)(dy — v — w)), change in the same way the variables, estimate first yo — w <
yp and then instead of estimating from above p3/2 we estimate it from below
with 1 since p € (2/3, 1), to get similarly that

oj (dy) = 0} (y) dy
/ /- /‘(2/3)ya(h 8) —
s=0Jw=0Jy VNTEXX

x dxP(Ay €ds; ta,— € g(h)dw; Op)—>

dy
y3/2°

4.1
(f(’;))z > g}(lé’) @) 00, as h — 0o, we get with some C >

However, since a(h, s) =
0 that

d
(829)  opdy) =op(y)dy = Cy3—f2P(A1 < h;ta,- < g(h); Op).

Note that in the sense of measures so far we have that
0}, (dy) < on(dy) < 03, (dy) + 0y (dy) + 03 (dy), ¥y >20.
Therefore, if we assume that over a subsequence h; 1 oo,
P(Ay <hiita,— < g(h); Op;) =o(HP(Oy,),

as i — 00, then (8.26), (8.27), (8.28) and (8.29) yield that in sense of measures
oy, (dy) = 0(1)]P’(Ohi)dy/y3/2, y > 20, as i — oo. Therefore, upon this assump-
tion for i big enough and y > 20, we have that

P(wh, > 20g(hi); Op,) = /2 on (dy) = o(P(Oy,) / ——o(l)P(Om
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Next, we will provide a contradiction by showing that

.. P(zp > 20g(h); Op)
lim inf
h— 00 P(Oh)

However, recalling the usual notation A = inf{r > 0: 1, — 1;,— > a}, a > 0, we
see that since 7 is a subordinator further it suffices to show that
. P(tp > 20g(h); Op)

lim inf
e P(Op)

> 0.

(8.30) P
PASY = AT < . O
> liminf (4 L =mOw

hosoo P(O))

To demonstrate this, we compute that

> 0.

h
h (h) . (h) 20g(h)
- /0 P(OSM)P(AS e ds; AS® = A28,
However,
P(AS™ e ds; AS™ = A280) —p(AS® ¢ gy § psi > 20g(h)
=P(AF" € ds)P(S  qn > 20g(h))
1

_ TIQ20g(h)
T(g(h))
= CP(A%" e ds).

P(AS? € ds)

Feeding the last expression back above, we get

20g(h)
1

P(AS™ = AW <. 0,) = CP(ASY < h; O)) ~ CP(Op),

where the last follows from the first relation of (5.8) of Theorem 15 and C € (0, 1)
is an absolute constant. Therefore, we conclude from (8.30) that
.. P(zp >20g(h); Op)
lim inf
h— 00 P(Oh)

and thus a contradiction is furnished. [J

>C=>0

Acknowledgments. Both authors would like to thank two anonymous referees
for their extremely precise comments concerning a previous version of the paper.
M. Savov acknowledges that the results on the topic have been refined as part of
the project MOCT; he also wishes to acknowledge that a good proportion of the
work has been carried out when he was a lecturer at the University of Reading,
UK.



4132

(1]

(2]

[3]
(4]
(5]
(6]
(7]
(8]
(9]

[10]

M. KOLB AND M. SAVOV

REFERENCES

BENJAMINI, I. and BERESTYCKI, N. (2010). Random paths with bounded local time. J. Eur.
Math. Soc. (JEMS) 12 819-854. MR2654081

BENJAMINI, I. and BERESTYCKI, N. (2011). An integral test for the transience of a Brow-
nian path with limited local time. Ann. Inst. Henri Poincaré Probab. Stat. 47 539-558.
MR2814422

BERESTYCKI, N., GANTERT, N., MORTERS, P. and SIDOROVA, N. (2014). Galton—Watson
trees with vanishing martingale limit. J. Stat. Phys. 155 737-762. MR3192182

BERTOIN, J. (1996). Lévy Processes. Cambridge Tracts in Mathematics 121. Cambridge Univ.
Press, Cambridge. MR1406564

COLLET, P., MARTINEZ, S. and SAN MARTIN, J. (2013). Quasi-Stationary Distributions:
Markov Chains, Diffusions and Dynamical Systems. Springer, Heidelberg. MR2986807

DURRETT, R. T., IGLEHART, D. L. and MILLER, D. R. (1977). Weak convergence to Brow-
nian meander and Brownian excursion. Ann. Probab. 5 117-129. MR0436353

MORTERS, P. and SIDOROVA, N. (2008). A class of weakly self-avoiding walks. J. Stat. Phys.
133 255-269. MR2448533

NAJNUDEL, J. (2010). Construction of an Edwards’ probability measure on C(R+, R). Ann.
Probab. 38 2295-2321. MR2683631

ROYNETTE, B. and YOR, M. (2009). Penalising Brownian Paths. Lecture Notes in Math. 1969.
Springer, Berlin. MR2504013

VAN DER HOFSTAD, R. and KONIG, W. (2001). A survey of one-dimensional random poly-
mers. J. Stat. Phys. 103 915-944. MR1851362

INSTITUT FUR MATHEMATIK INSTITUTE OF MATHEMATICS AND INFORMATICS
UNIVERSITAT PADERBORN BULGARIAN ACADEMY OF SCIENCES
WARBURGER STR. 100 UL. GEORGI BONCHEV, BL.8

33098 PADERBORN SOFIA 1113

GERMANY BULGARIA

E-MAIL: kolb@math.uni-paderborn.de E-MAIL: mladensavov@math.bas.bg


http://www.ams.org/mathscinet-getitem?mr=2654081
http://www.ams.org/mathscinet-getitem?mr=2814422
http://www.ams.org/mathscinet-getitem?mr=3192182
http://www.ams.org/mathscinet-getitem?mr=1406564
http://www.ams.org/mathscinet-getitem?mr=2986807
http://www.ams.org/mathscinet-getitem?mr=0436353
http://www.ams.org/mathscinet-getitem?mr=2448533
http://www.ams.org/mathscinet-getitem?mr=2683631
http://www.ams.org/mathscinet-getitem?mr=2504013
http://www.ams.org/mathscinet-getitem?mr=1851362
mailto:kolb@math.uni-paderborn.de
mailto:mladensavov@math.bas.bg

	Introduction
	Notation and discussion
	Basic notation
	The boundary function f and its inverse g
	Brownian motion, local time, inverse local time and related quantities
	The event on which the process is conditioned
	Discussion and strategy for the proof
	Brownian motion conditioned on the growth of its local time at its maximum

	Transient case
	Recurrent case
	Weak limit and recurrence
	Repulsion envelope

	Precise asymptotic estimates for P(Ot) and 0tP(Os)ds
	Proof of the results in Section 5
	Proofs for Section 3
	Proofs for Section 4
	Acknowledgments
	References
	Author's Addresses

