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Abstract. In the context of fusion coefficients we construct Markovian processes with values in a fixed level alcove associated to
the root system of an affine Lie algebra. In this context we show that for a large class of simple random walks, the discretized char-
acters of irreducible representations of a semi-simple complex Lie algebra appear naturally as the eigenfunctions of the Dirichlet
problem on such an alcove. We establish a correspondence between the hypergroup of conjugacy classes of a compact Lie group
and the fusion hypergroup. For the stochastic model appearing in the context of fusion coefficients, we prove finally a convergence
in distribution towards the radial part of a Brownian motion on a compact Lie group.

Résumé. Nous construisons, dans le contexte des coefficients de fusion, des processus markoviens a valeurs dans une alcove
associée au systeme de racines d’une algebre de Lie affine. Dans ce contexte, nous montrons comment, pour une large classe de
marches aléatoires simples, les caracteres discrétisés des représentations irréductibles des algebres de Lie semi-simples complexes
apparaissent naturellement comme les fonctions propres d’un probleme de Dirichlet sur une telle alcdve. On établit par ailleurs
une correspondance entre I’hypergroupe des classes de conjugaison d’un groupe de Lie compact et I’hypergroupe de fusion. Nous
montrons enfin, pour le modele aléatoire apparaissant dans le contexte des coefficients de fusion, un résultat de convergence en loi
vers la partie radiale d’un mouvement brownien sur un groupe de Lie compact.
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1. Introduction

In the early nineties Biane pointed out relations between representation theory of semi-simple complex Lie algebras
and random walks in a Weyl chamber associated to a root system of such an algebra (see for instance [2]). Actually,
random walks in a Weyl chamber are obtained considering the hypergroup of characters of a semi-simple complex Lie
algebra, with structure constants given by the Littlewood—Richardson coefficients. A Weyl chamber is a fundamental
domain for the action of a Weyl group associated to a root system. If we consider an affine Lie algebra, which is an
infinite dimensional Kac—Moody algebra, a fundamental domain for the action of the Weyl group associated to its
(infinite) root system is a collection of level k alcoves, k € N. Thus it is a natural question to ask if random walks
in alcoves are related to representation theory of infinite dimensional Lie algebras. There are several ways to answer.
A first one could be to consider tensor pro ducts of highest weight representations of an affine Lie algebra. One would
obtain random walks in alcoves with increasing level at each time. This approach has to be related to the very recent
paper [18]. A second one is to consider the so-called fusion product. In that case, one obtains random walks living
in an alcove with a fixed level. This is this approach that we develop in this paper. Fusion coefficients can be seen as
the structure constants of the hypergroup of the discretized characters of irreducible representations of a semi-simple
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Lie algebra (see for instance Section 9 of [23] and references therein). Following an idea of Bougerol! we point
out that random walks in an alcove are related to such an hypergroup. Thus one answers positively to the question
explicitly formulated in [12]: does it exist a link between representation theory and random walks in alcoves? In
particular one can completely solve the discrete Dirichlet problem on an alcove, for a large class of simple random
walks, as Berard did in [1] in a continuous setting. This is important to obtain, for instance, precise asymptotic results.
Thus we get a very natural new integrable probabilistic model, i.e. a probabilistic object which can “be viewed as
a projection of a much more powerful object whose origins lie in representation theory” [4]. We obtain in addition
a better understanding of some previous results concerning random walks in alcoves. Actually, if we consider the
reflectable random walks studied in [12] then the restriction of their Markov kernel to a proper alcove is given by
fusion coefficients for most of them. This is due to the fact that these reflectable random walks are mostly related
to minuscule representations of classical compact Lie groups and that in these cases fusion coefficients are given by
a number of walks remaining in an alcove. In [12] Grabiner is interested in a class of reflectable walks, for which
Gessel and Zeilberger have shown a Karlin-MacGregor type formula in [11]. In our perspective, this formula has to
be related to a Karlin—-MacGregor type formula which holds for the so-called fusion coefficients.

A random walk in a Weyl chamber converges after a proper normalization towards a Brownian motion in a Weyl
chamber, which can also be realized as the radial part of a Brownian motion on a semi-simple complex Lie algebra. It
is maybe enlightening to notice that the orbit method of Kirillov provides a kind of intermediate between the discrete
and the continuous objects. It establishes in particular a relation between convolution on a Lie algebra and tensor
product of its representations. Taking an appropriate sequence of convolutions on a Lie algebra one obtains by a
classical central limit theorem a chain of correspondences between random walk in a Weyl chamber, tensor product of
representations, convolution on a Lie algebra and Brownian motion on this Lie algebra. We establish that convolution
on a connected compact Lie group involves fusion product of irreducible representations. We prove that the Markov
process obtained considering the fusion hypergroup converges after a proper normalization towards the radial part of
a Brownian motion in a compact Lie group. Thus, the paper should be read keeping in mind the following informal
chain of correspondences.

Random walkin ~ Fusion ~  Radial partofa ~ Radial part of a
an alcove product random walk in a Brownian motion in
compact group a compact group.

The paper is organized as follows. Basic definitions and notations related to representation theory of semi-simple
complex Lie algebras are introduced in Section 3. The fusion coefficients are defined in Section 4. We introduce in
Section 5 random walks in an alcove considering the hypergroup of the so-called discretized characters of irreducible
representations of a semi-simple complex Lie algebra, with structure constants given by fusion coefficients. Moreover
we show how the discretized characters provide a complete solution to a Dirichlet problem on an alcove for a large
class of simple random walks. We precise in Section 6 how most of simple random walks considered in [12] and
[17] appear naturally in this framework. We explain in Section 7 how the fusion product is related to convolution on
a compact Lie group. We established in Section 8 a convergence towards the radial part of a Brownian motion in a
compact Lie group.

Note that a discrete Laplacian on Weyl alcoves has been introduced in [20] in the more general framework of
double affine Hecke algebras. The Bethe Ansatz method is employed to find eigenfunctions, which are proved to
be the periodic Macdonald spherical functions. Even if the underlying Markov processes are the same as ours, the
approach is quite different. We hope that ours, which explicitly involves the fusion hypergroup, is enlightening in
a sense that fusion coefficients are proved to play the same role for random walks in an alcove as the Littlewood—
Richardson coefficients for random walks in a Weyl chamber.

No prerequies about the general theory of hypergroups are needed to read the paper. Nevertheless for a complete
introduction we may refer to [5].

IPrivate communication.
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2. The case of SU(2)

In order to facilitate the reading of the paper, we first begin to detail how the simplest example of random walk in
an alcove has to be related to fusion coefficients. Let k € N* and T = {0, ..., k}. We consider the simple random
walk (X (n)),>0 on Z with transition kernel P defined by P(x, y) = %1|x,y|:1, for x,yeZ.For f: T — R, we let
Af =P f — f. The discrete Dirichlet problem consists in finding eigenvalues A and eigenfunctions f defined on
T U T satisfying

Af+xf=0 onT,
f=0 onoT,

where 07 = {—1,k + 1}. It is a consequence of the Perron—-Frobenius theorem that the smallest eigenvalue is pos-
itive, simple and that the corresponding eigenfunction can be chosen positive on 7. Such a function is said to be
a Perron—Frobenius eigenfunction. The eigenfunctions corresponding to the other eigenvalues change of sign on T'.
An easy computation shows that the eigenvalues of the Dirichlet problem are 1 — % x1(m), for m € {0, ..., k}, with
corresponding eigenfunctions f;, defined by f,,, (i) = x;(m),i € T U9dT, where

sin(r (i + 1)(m + 1)/ (k +2))
sin(m(m+1)/(k+2))

Xi(m) =

For m = 0, one gets a Perron—Frobenius eigenfunction. Actually the x;’s are the so-called discretized characters of
the Lie algebra sl (C). The fact that they provide a solution to the Dirichlet problem comes from the fact that here the

restriction of the Markov kernel P to T is the sub-stochastic matrix (%N,jl)osi, j<k Where the Nl.k1 ’s are level k fusion
coefficients of type A(ll). Let us say how the asymptotic for the number of walks in the alcoves obtained in [17] by
Krattenthaler using the explicit formulas of Grabiner, follows immediately in our framework. Classically, we define a
Markov kernel P on T letting

Xy 0)

P = 120 0260

P(x,y), x,yeT.

As T is bounded, there exists a unique P-invariant probability measure on each communication class of P and the
solution of the Dirichlet problem leads in particular to an estimation of the number of walks with initial state x,
remaining in 7" and ending at y after n steps for large n. Actually one can show that the measure 7 defined on T by

2, i+1
sm-\| 7w s
2+k k+2

i € T, is a P-invariant probability measure. As the simple random walk is irreducible and periodic with period 2, one
obtains the following estimation for large n

4 (1 ntr x+1 y+1
2n+r ~_ = . rr . Jr-
P|T (x,y) 2+k(2X1(0)) 51n<nk+2)sm(nk+2),

where r =0 when y — x € 2Z and r = 1 otherwise, and P‘ZT"J“’ (x, y) is the probability for the random walk starting
from x, to be at y after 2n + r steps, remaining in 7.

()=

3. Basic notations and definitions

We refer the reader to [13] for more details about representations of semi-simple complex Lie algebras. Let K be a
simple, connected and compact Lie group with Lie algebra £ and complexified Lie algebra g. We choose a maximal
torus T of K and denote by t its Lie algebra. We consider the set of real roots

R={aet':3X eg\{0},VH e t,[H, X]=ia(H)X}.
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We choose the set X' of simple roots of R and denote by R the set of positive roots. The half sum of positive roots is
denoted by p. The dual coxeter number denoted by 2" is equal to 1 + p(6"), where 6 is the highest root. Letting for
a €R,

ge={Xe€g:VHet,[H X]=ia(H)X},

the coroot @ of « is defined to be the only vector of t in [gq, g—] such that a(a) = 2. We denote respectively by
0 and QV the root and the coroot lattice. The weight lattice {A € t* : A(a") € Z} is denoted by P. We equip € with a
K -invariant inner product (-|-), normalized such that (9Y]6") = 2. The linear isomorphism

VRS S
h— (hl-)
identifies £ and £*. We still denote by (-|-) the induced inner product on £*. Note that the normalization implies
v(0Y) = 0. The irreducible representations of g are parametrized by the set of dominant weights P, = P N C, where

C is the Weyl chamber {A € t*: (A, ") > 0 for all « € X'}. Let V,, be the irreducible representation of g with highest
weight L € Py and ch, be the character of this representation. It is defined by

ch), = Z Kfeﬂ,
BeP

where ¢ is defined on by f (x) = ¢27A®) for x € t, and K/ is the dimension of the S-weight space of V;. We
denote by dim(A) the dimension of the representation V, , i.e. dim(A) = ch, (0). We have the following Weyl dimension
formula (see for instance [13]),

dimx) = [] %.

aeRy
The Weyl character formula states that for any x € t,

1
HaER+ (1— e—Zina(x))

chy(x) = Z det(w)e ™ (W G+p)=p.x)

weW

where W is the Weyl group i.e. the subgroup of GL(t*) generated by fundamental reflections s, , « € X, defined by
sa(B) =B —B(@")a, B € t*. When A is not dominant, we let ch, = det(w) ch,, if w(u+ p) = A+ p for o a dominant
weight. The Weyl character formula remains obviously true for a non-dominant weight.

The Littlewood—Richardson coefficients M f’y, for A, y, B € Py, are defined to be the unique integers such that for
every x € t

chy (x)chy (x) = Y M chp(x). (1)
BePy

4. Fusion coefficients

The following definitions can be found for instance in [15], mostly in Chapter 13, Paragraph 8.13 et seq. For every
y € t*, we write ¢, for the translation defined on t* by #,(x) = x 4+ y, x € t*. For k € N*, we consider the group
W generated by W and the translation #(;4,v)9. Actually Wy is the semi-direct product W X Typvyy, where M =
v(QY) and Tynvym = {tg+nv)x : x € M}. Thus for w € Wy, one can define det(w) as the determinant of the linear
component of w. The fundamental domain for the action of Wy on t* is

Ap={ret :a(e;) =0and A(0") <k +h"}.
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Let us introduce the subset Pfﬁ of P, defined by
Pt ={re P :n(0Y) <k},

and the subset C¥ of C defined by
Ck={reC:x(0V) <k}

P_’fr is called the level k alcove. The level k fusion coefficients N B for A,y,B € P* are defined to be the unique

ry?
non-negative integers such that

Yoe Pl @)y (@)=Y N xs(0), @)
pePk

where x; is the level k discretized character, which is defined by

_1{o+tp
XA(0)=ChA(—V 1(k+hv>>’ o e Pk,

The Weyl character formula shows that for any A € P and w € W;

Xw(tp)—p = det(w) Xz, 3

which implies in particular that y; = 0 if (A + p) is on a wall {x € t* : x(«") = 0} for some « € X, or on the wall
{x e t* : x(0®") =k + 1"}. Unicity of the fusion coefficients follows from the fact — proved for instance in Chapter 13,
Section 13.8 of [15] — that the vectors {(x(0)), P> B e Pf} are orthogonal with respect to the measure defined in

Proposition 5.6. The non-negativity of the fusion coefficients is not clear from this definition, which is the one given
in [15]. Nevertheless, fusion coefficients can be seen as multiplicities in the decomposition of “modified products” of
representations: the truncated Kronecker product, appearing in the framework of representations of quantum groups,
or the fusion product, defined in the framework of representations of affine Lie algebras. In these frameworks, the
non-negativity of the fusion coefficients follows from the definition (see for instance [10]). Moreover, they are proved
to satisfy the following inequality, which we will be useful for the last section. For any A, y, 8 € PX,

N =M @)
It follows for instance from identities (16.44) and (16.90) in [7]. Note that we have also the following inequality
M <Kl

which follows for instance from the Littelmann path model for tensor product of irreducible representations (see [19]).

5. Markov chains in an alcove

Lety € P_’ﬁ. From a probabilistic point of view, discretized characters provide, by definition of the fusion coefficients,
a basis of eigenvectors of the sub-stochastic matrix

(™)
dim(y)" 7 hpept

Actually foro € Pk, m Xy (o) is an eigenvalue with a corresponding eigenvector (x (o)) pepk- For A € PX, x.(0)
is a non-negative real number. Actually we have the following formula (see for instance Chapter 13, Section 13.8 of

[15]),

B sin(mr (A + pla)/(k +hY))
0= ] sin(z (pla)/ (k + 7))

&)

aER,
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The quantity y; (0) is the so-called asymptotic dimension, which appears naturally in the framework of highest weight
representations of affine Lie algebras. Let y € P_’ﬁ. We define a Markov kernel g, on P_,k_ by letting

_ B x80)
ar P =N 0 ©

In other words g, is defined by the formula

forA,,BEPf. (6)

x1.(0) Xy (o) xp(0) k
= A, , A, P 7
%.(0) x,(0) ﬁ;k gy (. B) ) o€Py @)
+

Definition 5.1. Fory € P, a random walk in the level k alcove, with increment y , is defined as a Markov process
in Pf_, with Markov kernel q, .

k Xxy(o) . : i i
Py, Xi [ isan eigenvalue of g, , with a corresponding

The definition of the Markov kernel g,, implies that for o €

eigenvector (%) pepk- Thus for any positive integer n, one has for A, o0 € P_’,‘r

x1(0) Xy (0) n xp(0)
= A" b
16.0) X2 (0) ﬂEZPk KA

+

which is equivalent to say that for any A, 8 € PX,

n _ P x8(0)
ay A B)=N; 02 0)

where the coefficients N b

ey for A, y, B € PX, are the unique integers satisfying

wxp@) =Y NL xp(@),
pePk

forany o € P_‘k_. We denote by Kf,n the dimension of the S-weight space of V}j@”, ie.
chl =Y " KF f. Q)
BeP
Let us consider a random walk on the weight lattice P, with transition kernel p,, defined by
B—>

A, B) = Ky A P
p)/( Vﬁ)_dlm(y)y ,,36 .

We consider the subset S, of P defined by
S, ={peP:Kf>0}.

S, is the set of weights of V). In the case when y is minuscule S, = {w(y) : w € W} and the random walk is a
simple random walk with uniformly distributed steps on S,,. The following proposition states that in that case fusion
coefficients give the number of ways for the walk to go from a point to another, remaining in Pfi.

Proposition 5.2. Let B, A € P_’i‘r and y be a minuscule weight in P_Ifr. Then for any n € N*, Nf

o IS the number of

walks with steps in S,,, initial state X, remaining in P4k_ and ending at B after n steps.
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Proof. The following formula is known as the Brauer—Klimyk rule. It is an immediate consequence of the Weyl
character formula. For A, y € Py it says that

ch; ch, = Z K]’? chyyp.
BeP

The highest weight y being minuscule one has 8(0") € {0, —1, 1} for every B such that Kf > 0. Thus (A + B)(0Y) €
{k,k—1,k+1}and (A +B)(a”) > —1 foreveryw € . As xg =0 when (B +p)(0")=k+h" or (B+p)(@’)=0
for some simple root o, we obtain that

XXy = Z K{?XH/S: Z Kf_x)(/&
Bir+pepPk B:BePt

The fact that y is minuscule implies that K 5 € {0, 1}. Thus

Nf z{l ifﬁePfandKf_)">0,
24 0 otherwise,
which implies the proposition. (]

Proposition 5.2 implies that the sub-stochastic matrix

()
dim(y) *7 rpepk

is the restriction of p, to the alcove P_’ﬁ when y is minuscule. As noticed after identity (3), the discretized characters
are null on the boundary of the bounded domain {A € P : L + p € Ax}, whichis {L € P: A+ p € Ax}\ Pf. Thus one
obtains, when y is minuscule, the following important corollary.

Corollary 5.3. Let us consider for y € P_lﬁ a discrete Dirichlet problem, which consists in finding eigenvalues ) and
eigenfunctions f defined on {x € P : x + p € Ay}, satisfying

Ay f@)+Af(x0)=0 ifxe P,

Fx) =0 ifx ¢ PL,
where Ay, f = p,, f — f.If y is minuscule then
(1) foro e Pk,

is an eigenvalue, with a corresponding eigenfunction f, defined by

(B =xp(0), BePk,

(2) the eigenfunction fy is a Perron—Frobenius eigenfunction. In particular, the random walk in a level k alcove with
increment y is a Doob-transformed transition kernel of p, .

Proposition 5.2 remains true in the framework of Littelmann path model. In that framework, it includes the case of
standard representation of type B. In the following a path 7 defined on [0, T'], for T € R* , is a continuous function
from [0, T'] to t* such that 77 (0) = 0. If 7 is a path defined on [0, T'] we write 7 € C (resp. 7 € C¥) if 7 (t) € C (resp.
w(t) € ck ) for every ¢ € [0, T']. For two paths 71 and m, respectively defined on [0, 71] and [0, T2], we write 1 * 73
for the usual concatenation of 1 and m>. Note that 771 * 73 is a path defined on [0, T + T3]. For A € P4, we denote by
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), the dominant path defined on [0, 1] by 7, () =X, t € [0, 1] and by B, the Littelmann module generated by ;.
More details about the Littelmann path model for representation theory of Kac—Moody algebras can be found in [19].
The important fact for us is that for any dominant weights A and y one has

ChA Chy = Z Ch)\_;,_ﬂ(l) .

weBmy, myxmweC

Let us recall that a weight y € P is said to be quasi-minuscule if S, = {w(y):w € W} U {0}.

Proposition 54. Let B, A € P_]f_ and vy be a minuscule weight or a quasi-minuscule weight such that B(0Y) €
{0, —1, 1} for every weights B of the representation V). Then for any n € N, Nf’%n is the number of paths in
By, % (Bm,)*™ ending on B and remaining in Cck.

Proof. Littelmann theory implies that

XXy = Z Xa+m(1)-

weBmy, myxmeC

When y is a minuscule weight, the Littelmann module B, is {7g : 8 € Wy }. When y is quasi-minuscule every paths
7 in the Littelmann module B, are of the form g for B € Wy or are defined by 7 (t) = —atl,<120 +a(t — 1) 1,512,
t €0, 1], for « € X. Thus, if 7 € Bmr,, one has for every ¢ € [0, 1], (ma (1) + 7(1))(0Y) <k + 1.If A + 7 (1))(8Y) =
k+1then x)471) =0. As a(0Y) > 1 for all @ € X, (A + 7(1))(0Y) < k implies (A + 7(1))(0") < k for every
t € [0, 1]. One obtains,

XXy = Z Xotm(1)-
mweBmy mxmeCk O

The first formula of the following proposition is well known for n = 1. It is a consequence of the Kac—Walton
formula (see [21]). For n € N*, Proposition 5.2 implies that when y is minuscule, it turns to be the Karlin-MacGregor
type formula obtained for affine Weyl group by Gessel and Zeilberger in [11] in the framework of reflectable walks.
The second formula can be found as an exercise in Chapter 13 of [15].

Proposition 5.5. Let A, y, B be dominant weights in the alcove Pf. Then

-
(D) N =Y ew, det) Kl 777040,
2) Nf’y = Né‘ o where 'y is the highest weight of the dual representation V;.

Proof. The proof rests on the Weyl character formula. We let A(x) =), cw det(w)e®™ for any x € t*. We have

A(h+ p)ch, = Z det(w)K [ e *+PHF
weW,BeP

= Z det(w)Kfﬁnew(A‘*'pJ“ﬁ)
weW,BeP

= Z KE A+ B+ p).
BeP

The Weyl character formula implies

Ch)L Ch;l, = Z Kﬁ,n Ch)\.-'rﬂs
BeP
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which is an extension of the Brauer—Klimyk rule. For 8 € P, it exists w € Wy such that w(A + 8 + p) € Ag. If
w + B+ p)—p ¢ Py then w(h + B+ p) is on a wall {x € t* : 5o (x) = x} for some o € ¥ and yu4p =0. If
wA+ B+ p)(0Y) =k +h" then wk + B+ p) = tgnvypse (WA + B + p)) and x;4+p = 0. If it exists two distinct
wi, w2 € Wi such that wi(A + 8 + p) = wa (A + B + p) € Ay then w2_1w1()»+ﬁ+p)=)»+ﬁ+,0 and xy4+4 =0.
Finally if x4 # 0 it exists a single w € Wy such that w(A + B+ p) — p € Pf and we get that

XAX;/l — Z Z det(w)K}’,‘f;'B+p)_()‘+p)xﬂ,

ﬂepi weW;

which proves the first identity. Let us prove the second one. The affine Weyl group being the semi-direct product
T+nvym X W, the first identity for n = 1 implies

{0 (B0) = ()
NfL= Y detw)K,

xeM,weW
+p)—1_ O
_ Z det(w)K;,U('B P)=I_(jpnVyx (A+P)
xeM,weW
+p—wt, Vix A+
- ¥ det(w) K5 TP e O40)
xeM,weW
_ Z det(w)Kw()t"FP)_(ﬂ‘f‘p)
= ty
we Wy
AT
= Nﬁ,’y' U

In the following proposition | P/(k + h¥)M| is the cardinal of the quotient space P/(k + h¥)M.

Proposition 5.6. The measure w defined on P_’,‘r by

1

_ o T
T(A) = TR a];[+4sm <k+hV (r +p|a)>

forany A € PX isa qy -invariant probability measure.

Proof. Let us consider the measure p« defined on P_,k_ by n(}) = xf ), r € P_,’f, which is proportional to the mea-
sure 7. Let us show that p is g, -invariant. We have

Z Nf’AXA = Z Nt);/’ﬁX)u

repk repk
= XBX'y-
Thus
74y (B) = x3(0) f( ’ ((8)) .
As the longest element of W send p onto —p, x:,,(0) = x,,(0), and w is g, -invariant. For a proof of the fact the 7 is
a probability measure, see for instance Theorem 13.8 in [15]. (I

Note that the probability measure 7 is not g,, -reversible in general. It is the case when V), and its dual representation

V., are isomorphic.
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Classical results on convergence of Markov chain toward the invariant probability measure provides asymptotic
approximation of the fusion coefficients. We let for A € P,

sm= ] sin(k_’_th()»—}-pla))

a€R+

Note that the Markov kernel g, is not necessary irreducible and aperiodic. As all Markov chains that we will consider
in Section 6 are irreducible, we suppose that g, is irreducible in the following proposition.

Proposition 5.7. Suppose that q,, is irreducible with period d > 1. Let X and 8 be dominant weights in the alcove Pf_.
Let r be an integer in {0, ...,d — 1} defined by m =r mod (d) for some integer m such that Nf’%m > 0. Then,

(1) k#r mod (d) implies Nf’%k =0,
/3 N andJrr(O)
@ N ymdtr , 5o PTG RIS (B)-

—+00

Proof. The application x — x,(0) is non-negative on P_’ﬁ. For x,y € P_’ﬁ and n € N, we have the following equiva-
lence

x>0 Niyn>0.

Thus the first assertion comes from usual properties of periodic Markov chains. As 7 is a g, -invariant probability
measure, classical results on finite state space periodic Markov chains also implies

xp(0) B

fim N air = dn(B),

n=+00 y; (0) X34t (0)

which is equivalent to the second assertion. (]

Proposition 5.8. Let B, A,y € Pf. Suppose that y be a minuscule weight or a quasi-minuscule weight such that
w(®") € {0, —1, 1} for every weight w of the representation V,,. Suppose that q,, is irreducible with period d. Then
for every B € PX, the number of paths of By, * (Bny)*”d+’ ending on B and remaining in P_lfr is equivalent to

dX)’/”H'r (0)

W(k-l——hv)ﬁﬂs(k)s(ﬂ)’

where r is an integer in {0, ..., d — 1} defined by m =r mod (d) for some integer m such that Nf,%m > 0.

6. Applications

In this section we explicit which fusion products have to be considered to recover reflectable random walks studied in
[12]. Moreover, we explain how to get without no additional work the asymptotics obtained by Krattenthaler in [17]
for the number of walks between two points remaining in an alcove. Actually our model for the type B with standard
steps differs slightly from the one considered by Grabiner. Moreover our models do not include random walks with
diagonal steps in an alcove of type C studied in [12].

The results presented in this section only use the knowledge of the Perron—Frobenius eigenfunction given by the
Corollary 5.3. It would be interested to consider whole the solution of the Dirichlet problem in order to study more
precisely asymptotic behavior of the conditioned chain.

Let ey, ..., e, be the standard basis of R” which is endowed with the standard euclidean structure denote by
(-, ). The inner product identifies R" and its dual. In the following we consider a random walk (X (k))x>1 on R"
with standard positive steps: its steps are uniformly distributed on the set {ey, ..., e,}, a symmetric random walk
(Y (k))ik>1 on R" with standard steps: its steps are uniformly distributed on the set {%ey, ..., e, } and a random walk
(Z(k))k>1, whose steps are uniformly distributed on the set of diagonal steps {% (fey £ ---%e,)}. The Markov kernels
of (Y (k))x>1 and (Z(k))r>1 are respectively denoted by S and D.
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6.1. Alcove of type A

When K is the unitary group SU(n), we have R ={e; —e;,i # j}, ¥ ={e; —eir1,i=1,...,n—1}, PL ={L eR":
Z?:l)‘i =0,A —Ai11 €N} OV =e; — ¢, P_If_:{ke Py:id— Ay Sk},p2%2?=l(n—2i+ 1)e; and hY =n.

Positive standard steps
The random walk (X (k))x>0 can be decomposed into a deterministic walk and a random walk on the hyperplane
H={xeR":Y "  x; =0} as follows.

X (k)= X (k) — X (k)e + X (k)e,

where e = Z;;l e; and X (k) = %Z?ﬁ X; (k). The random walk (X (k))k>0 is a deterministic random walk and
(Xk)— X (k)e)k>o is a random walk with uniformly distributed steps on {e; — %e, B %e}, which is the set of
weights of the standard representation of type A,. Let us denote by P its Markov kernel. The standard representation
is a minuscule representation. Thus by Proposition 5.2, for y = e — %e, the Markov kernel g,, defined by (7) is

gy =—29 _p iy, xyeH
4 xx(0)x, (0) 17+
where
sin(m(x; —x; +j—1i)/(k+n))
0= ] G —nsGrmy 0 Y€ ®
1<i<j<n J
The weights lattice is generated by e — %e, B %e. The Markov kernel g,, is irreducible with period equals to n.
Let x and y be in Pf. Ify—x=37_nile — %e) then Pl’;k (x,y) > 0, where m = ) _; n;. We define the integer
+

re{0,...,n— 1} by m =r mod (n). Thus Proposition 5.7 implies the following asymptotic for large t € N.

Proposition 6.1. For large t €N, x, y € P¥, the number of walks with steps in {e] — rl—ze, e,y — %e}, going from x

to y and remaining in PX, after tn + r steps, is equivalent (up to a multiplicative constant which does not depend on
(x, y)) to

sin* " (i /(n + k)) l_[ sin(nxi —xj+j _i)sin<7ryi —yi+J —i)

sin™ " (w (i — 1)/ (n + k)) k+n k+n

i=2 1<i<j<n

Diagonal steps
The random walk (Z(k))r>0 can be decomposed as the previous one,

Z(k) = Z(k) — Z(k)e + Z(k)e.

For m € {0, ..., n}, the mth exterior power of standard representation is a minuscule representation with highest
weight Y /" | ¢; — 2 and weights ¢;, + - +¢;,, — Ze for 1 <ij <--- <i, <n.One notices that the random walk
(Z(k) — Z(k))r>0 has uniformly distributed steps on the set of weights of the mth exterior power of the standard
representations for m =0, ..., n. If we denote by R its Markov kernel and consider the fusion coefficients N. f Vi
where y,, = Y /L, e — %e, A, B € PX, Proposition 5.2 implies that Y om0 Nf’ym = 2nR\Pi (A, B). Thus one defines a
Markov chain on P_]fr letting

Xxy(0)
Xx(0) 27 x5, (0)

where y is given by (9). This chain is irreducible and aperiodic. Thus Proposition 5.7 implies the following one.

qglx,y)= 2’1R|Pk+(x’y)7 x,y€H,
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Proposition 6.2. For large t €N, x, y € PX, the number of walks with steps in lei, +--+e, — e l1<ij<---<

im <n,me{0,...,n}}, with initial state x, ending at y after t steps, remaining in PX, is asymptotically proportional
to
nom n . .. t .. ..
Zl—[ 1—[ sin(zr (14 j —i)/(k +n)) . Xi—Xj+j]—1) . Yi—yj+j—1
i i —1i)/(k +n)) 1_[ s k+n s k+n :
m=0i=1 j=m+1 Sln(T[(J l)/( 1<i<j<n

6.2. Alcove of type C

When K is the symplectic group Sp(n), we have R = {%(:I:e,- Tej), +2¢), ¥ = {%(el —e),..., %(en_l —

en)s V2e), Py ={A € R" : V20, € N,V2(hi —Aix1) €N}, 0V =2e, Pk = (L€ Py V24 <k}, p= %Ezi(n—
i+ 1De and Y =n+ 1.

Standard steps

The random walk (Y (k))>0 has uniformly distributed steps on {%ej, ..., £e,}, which is the set of weights of the stan-
dard representation of type C,. This standard representation is a minuscule representation. Thus by Proposition 5.2,
for y = ey, the Markov kernel g, defined by (7) is in this case defined by

xy(0)
xx(0) x (0)

where y, (0) equals

gy (x,y)= 2nS|Pi(x,y), x,y €R",

I sin(r (1/vV2) (i —xj) + (1/2)(j —i)/(k+n + 1))
sin(z ((1/2)(j — )/ (k +n + 1))

I<i<j<n
y sin(rr ((1/+v/2)(xi +x;) + (1/2)2n +2— j — i) /(k +n + 1))
sin(r(1/2)2n+2— j—i)/(k+n+1))

y l-[ sin(r (vV2x; +n—i +1)/(k+n+1))
sinm(n —i +1)/(k+n+1)) ’

i=

Moreover, the chain is irreducible with period 2. Thus one obtains the following proposition.

Proposition 6.3. Let x,y € Pf. We write y —x =Y _i_, nje; and define r by y_;n; =r mod (2). Then the number
of standard walks from x to y remaining in P_]f_ after 2t +r steps for large t, is asymptotically proportional to

[sin(n(ﬁ+n>/(k+n +1) 1—[ SInGT (i — V24 1)/(2k + 2n + 2))

sin(mn/(k +n+ 1)) Pl sin(z(i —1)/(2k + 2n + 2))

2t4r
sin(r (V2 +2n 41 —i)/ 2k 4+ 2n +2))
sin(mn +1—1i)/ 2k +2n + 2)) ]

. < (1/ﬁ>(x,~—x,,~)+<1/2>(j—i)) . ( (1/ﬁ><x,~+x,~)+<1/2>(2n+2—j—i>)
X | | sin| 7 sin| 7
k+n+1 k+n+1

XHSiH(n%) I Sin(n(l/ﬁ)()’i—yj)+(1/2)(j—i))

e k+n+1
i=1 1<i<j<n
(NG YD+ A/ +2— =D\ [ N2yi+n—i+]
X 1_[ sin| T HSIH T———— .
> k+n+1 ! k+n+1
I<i<j<n i=1
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6.3. Alcove of type D

When K is the orthogonal group SO(2n), we have R = {*e; e}, X ={e1—e2,...,en—1—€n, en—1+en}, Pr ={A €
R Apot+An €N hi—hipr eNjie{l,...,n—1}},0V =ej+es, P ={(he Pr i +ra <k}, p=Y1_(n—i)e;
and 1Y =2n — 2.

Standard steps
The set of standard steps {*ey, ..., £e,} is also the set of weights of the standard representation of type D,,, which is
a minuscule representation with highest weight e;.

Proposition 6.4. Let x,y € PJ’ﬁ. We write y —x =) |, kje; and define r as previously. Then the number of standard
walks from x to y remaining in P_]f_ after 2t 4 r steps for large t, is asymptotically proportional to

ﬁﬁ sin(ri/(k+2n—2))  sin(Gr(2n—i)/(k +2n —2)) T”

Pl sin(r(i — 1)/(k+2n—2))sin(m(2n —i — 1)/(k +2n —2))

i Xi—Xxj+j—i ) Xi+xj+2n—j—i
X 1_[ sm(n—k+2n-2 ) l_[ sm(rr P —

I<i<j<n 1<i<j<n
S yi—yj )i o yityit+2n—j—i
X sIm\7T————— sm|{ w .
H ( k+%—2> H ( k+2n—2
I<i<j<n 1<i<j<n
Diagonal steps

The two half spin representations of type D, have respective highest weight %(el +---+e¢,) and %(el + -+
en—1 — ey). They are minuscule and their weights are respectively {%Zi giej 1 & € {—1, 1},]—[i g = 1} and
{% Y oiciei e € {—1,1},][; & = —1}. Thus the set of diagonal steps {:i:%el +... % %en} is the disjoint union of
sets of weights of the two half spin representations. Similar arguments as previously show the following proposition.

Proposition 6.5. Let x,y € PJ’ﬁ. The number of walks with diagonal steps from x to y remaining in Pf after t steps
for large t, is asymptotically proportional to

1—[ sin(m(1+2n—1i—j)/(k+2n—2))
sin(m(2n —i — j)/(k +2n —2))

1<i<j<n

n 1—[ sin(w(l 4+2n—i—j)/(k+2n—2)) ’ﬁ sin(z (1 +n—1)/(k+2n—2)) S
sin(m(2n —i — j)/(k +2n — 2)) Pl sin(m(n —i)/(k +2n — 2))

I<i<j<n-—1

o xi—xj i o xitxj+2n—j—i
< T on(= "5 25) T (=050

I<i<j<n 1<i<j<n
S yi—yjt i o yityit+2n—j—i
X smy\aT——— siny w .
H ( k+M—2> H ( k+2n—2
I<i<j<n I<i<j<n

where r = 1 if the coordinates of y — x are half integers and r = 0 otherwise.
6.4. Alcove of type B

When K is the orthogonal group SO(2n + 1), we have R = {+e; T ej, Le;}, X ={e1 —ea,...,en_1 — €n, €},
P=(reR':p,eN—ri+leNie(l,....on—1}} 0" =e1+e, PA={hePrir+r<klp=),;(n—
i +3)ei,and hY =2n — 1.
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Standard steps

The set of weights of the standard representations of type B, is {*e1, ..., *e,, 0}. Let us consider the Littelmann
module Brm,,. We have B”el = {m+¢;, o} Where g is defined on [0, 1] by mo(¢) = —te,1;<12 + (1 —1)ey1i>1/2, 1€,
o is the concatenation of 7_,, and ., in the sense of Littelmann. This standard representation is a quasi-minuscule
representation satisfying hypothesis of Proposition 5.4. Its highest weight is ey.

Proposition 6.6. Ler x,y € Pf. For large t the number of paths from 7wy x (Bm,,)" ending at y and remaining in Pf
is asymptotically proportional to

|:sin(71((1/2) +n)/(k+2n—1) &5  sin(ri/k+2n—1)) sin(x@n+1—i)/(k+2n— 1))T

sin(m(n — (1/2))/(k+2n — 1)) i sin(m(@ — 1)/(k+2n—1)) sin(w(2n —i)/(k+2n—1))

5 1_[ inf XX j—i xl+xj+2n—|—1—i—j ﬁsin nx,~+n—(l/2)
L4 k+2n—1 k+2n—1 . k+2n—1
I<i<j<n i=1
_ _ 2l —i— )\ +n—(1/2
o 1—[ gin(Yi=Yiti—t yit+j—i yl+y,+ n+l—i—j l—[sin ny,+n (1/2) .
L4 k+2n—1 k+2n—1 . k+2n—1
I<i<j<n i=1

Diagonal steps
The spin representation is a minuscule representation with highest weight %(el +---4ep). Its weights are {% >ogiei:
¢i € {—1, 1}}. Thus the diagonal steps are the weights of the spin representation and we have the following asymptotic.

Proposition 6.7. Let x,y € Pf_. The number of walks with diagonal steps from x to y remaining in Pf_ after t steps
for large t, is asymptotically proportional to

ﬁ sin(m(n+1—1)/(k+2n —1)) 1—[ sinm2n+2—i—j)/(k+2n—1)) 2
sm(n(n —i+/2)/(k+2n—1)) sin(m(2n —i — j)/(k +2n —2))

1<i<j<n

L . s e i . 2 1_._ . n . _ 12
X H sin nx—l X tJ - sin nxl+x]+ " - l—[sin nxil—i_n (1/2)
k+2n—1 k+2n—1 i k+2n—1

I<i<j<n
X 1_[ sin n—yl YitJ ! sin rryl+y]+ "t = l—[sin n—yl—i—n 1/2) )
11 k+2n—1 k+2n—1 . k+2n—1
I<i<j<n i=1

where r = 1 if the coordinates of y — x are half integers and r = 0 otherwise.

7. Convolution on K and fusion coefficients

In this section K is supposed to be simply connected. The Kirillov orbit method consists in establishing a corre-
spondence between representations of K and coadjoint orbits on £*. For A € t*, we denote by O(}) the orbit of the
coadjoint action of the group K on A. The fifth rule in the “User’s guide” of [16] is the following: if what you want is
to describe the decomposition of the tensor product of Vj ® V), then what you have to do is to take the arithmetic sum
O) + O(p) and split into coadjoint orbits. In this section, we establish that a similar rule stands for fusion product
and convolution on K. If we denote by O(u) the orbit of the adjoint action of K on u € K, informally the rule is: if you
want to describe the fusion product of V; and V), then you have to take the product Oexp(v~' (W) Oexp(v~"(w)))
and split into adjoint orbits for the adjoint action of K on itself. Actually the fusion hypergroup can be seen as an
approximation of the hypergroup of conjugacy classes of K.
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For @ € X' the fundamental reflection s,v is defined on t by s,v(x) = x — a(x)a", for x € t. We consider the
extended affine Weyl group W generated by the reflections s,v and the translations z,v by aV, for « € X. The
fundamental domain for its action (see for instance Section 4.8 of [14]) on t is

Az{x et:Vae X,a(x)>0,0(x) < 1}.
Notice that

V(A) = {x et :VaeX, (x|a) > O,x(é’v) < 1},
where v has been defined as the linear isomorphism

vik— £

I (k).

We can suppose without loss of generality that K is a subgroup of a unitary group. The adjoint action of K on itself,
which is denoted by Ad, is defined by Ad(k)(u) = kuk*, k,u € K. We consider the exponential map exp : ¢ - K
defined by exp(x) = e?™*, where ¢ is the usual matrix exponential. We denote by A the kernel of the restriction
expy and by A* the set of integral weights {A € t* : A(A) € Z}, which is included in P since o € A (see [6] for
instance). The application exp(x) > ™4™ is well defined, for x € t, when A € A*. The irreducible representations
of K are parametrized by the set A% = A* N C. Let p, be the irreducible representation with highest weight 1 € A% .
The character of p, is defined as the trace of p, (k), k € K. We have tr(p; (exp(x))) = ch, (x), x € t. The Peter—Weyl
theorem ensures that a probability measure . on K which is invariant for the adjoint action of K, is characterized by
the Fourier coefficients

/ tr(ps (k")) (dk) forr e A%,
K

and that a sequence of Ad(K)-invariant probability measures on K weakly converges towards a measure if and only
if the Fourier coefficients converge towards those of this measure. We denote by K/ Ad(K) the quotient spaces of
conjugacy classes. Recall that K/ Ad(K) is in one to one correspondence with A when K is simply connected (see
[6] for instance).

Proposition 7.1. Let & and y be in v(A). Let (§,)n>1 and (Yn)n>1 be two sequences of elements in P, such that for
everyk e N*, & € PX, i e Pf, and such that %&k and %yk converge respectively towards & and vy, as k goes to +00.
Let us define the sequence ()1 of probability measures on v(A) by

Mk = Z Gy ks BYS(B+p)/ (k+hV)>
ﬁePf_

where q,, is the Markov kernel of a random walk in P, defined in Definition 5.1, with increment yy. Then (i) k=1
weakly converges toward a measure [ on v(A), satisfying

u(dp),

chi(—v7'(©) chu(—v ' (y) / chy. (—v=(B))
dim A dimr  Jyu  dima

for every dominant weight .. € A4.

Proof. Let A € A. Note that A(6") < k for k sufficiently large. The Weyl character formula implies

%.(0) %.(0)
A .
1 0P 0

X0.C66) 0. (Vi) = x5, (A)
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Thus

XG0 () Z NP xg0)  x(0) x.(B)
dim(Z) dim(A) e 8% e, (0) Xy, (0) dim(h) dim(2.)
+

and
chy (=v N (& + )/ k+ 1Y) chi (—v (i + p)/(k+ 1Y) x.(0) ch, (—v=1(8)) dp)
dim(v) dim(L) “dim) Sy dima R
As d)i(l)}l((())»)) goes to 1 as k goes to infinity, proposition follows. |

For A € A% the function ¥, : K — C defined by ¥ (u) = “éi"n*l((:;), u € K, satisfies

Yu,veKk, / ¥ (kuk ™) dk = Y, (W) Y3 (v), (10
K

where dk is the normalized Haar measure on K, i.e. the function v, is spherical. Thus Proposition 7.1 establishes a
correspondence between fusion coefficients and convolution on K. We have the following corollary.

Corollary 7.2. Let & and y be in v(A). If u is the limit measure of Proposition 1.1 associated to & and y, and
u is a random variable distributed according to the normalized Haar measure on K, then the random variable
exp(v_l E)u exp(v_l(y))u* has the same law as u exp(v_l (B))u*, where B is distributed according to .

Let (yx)k>1 be a sequence defined as in Proposition 7.1. For k > 1, Corollary 7.2 implies that a random walk
in Pji, with increment yj, can be seen as an approximation of an Ad(K)-invariant random walk in K, with steps
uniformly distributed on O(exp(v~'(y))). Notice that Dooley and Wildberger have established a correspondence
between convolution on a compact group and convolution on its Lie algebra, and thus between convolution on a
compact group and tensor product of representations. They called this correspondence the wrapping map. It rests
principally on the fact that Gelfand pairs (K x K, K) and (K X €, K) have similar spherical functions. Nevertheless
measures on the group K that they obtain from the wrapping map are signed measures. It is quite noticing that the
measures obtained considering fusion product, instead of tensor product, are positive measures on K.

Hlustration

Let us illustrate Corollary 7.2 with the example of K = SU(2). In that case,

t={MeMC): M+ M* =0},

2imx .
T:{Tx=<"0 e_gm>:xe[0,1]}, tz{HX=<lg _(;x):xeR}.

There is a single positive root «, which is defined by «(Hy) = 2x, x € R. Thus ¥ = 0" = H;. The normalized inner
product is defined by (M|N) =tr(M N*).

A= {Hx/z :x €10, 1]},
exp(A) = {(e];x e_(,),,.x> x €0, 1]} .

Irreducible representations of SU(2) have highest weight A such that A(H1) = n € N. In that case, we write n rather
than X in the level k fusion coefficients, which are given by

N =

{1 if|i —j|<s<min(i + j,2k—i—j), andi + j + s €27Z,
ij

0 otherwise.
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For any X in SU(2) it exists a single x € [0, 1] such that X = kexp(Hx/z)k_1 for some k € SU(2). Let us call it the
radial part of X. Corollary 7.2 implies that if U is distributed according to the Haar measure on SU(2) the radial part
of UTX/ZU_1 Ty)2, for x, y € [0, 1], has a density defined on R by

1 msin(rz)
S TTE , z€R,
2 sin(rx) sinGry) w1 @2

where ¥ = min(|x — y|, min(x + y,2 — (x +y))), v = max(|x — y|, min(x + y,2 — (x 4+ y))). This result should be
compared with the example of SU(2) given in [8].

8. Unitary Brownian motion and fusion coefficients

A Brownian motion (b;);>0 on K is defined as an Ad(K)-invariant continuous Lévy process on K whose semi-group
(ms)e>0 satisfies forany A € A4,

/%(g)ut(dg)=e_“[“’\+””2"“’”2], 1>0,
K

where ¢ € R . The radial process (a,);>0 associated to (b;);>0 is defined as the unique continuous process on A such
that for any ¢ > 0 it exists k € K such that b; = kexp(a;)k*. Notice that continuity is important for the definition to
make sense. Actually, when K is simply connected, the conjugacy classes are in one-to-one correspondence with the
fundamental domain A and for a given process (x;);cr, , the associated radial process is defined with no ambiguity.
In general, we know that the map from (K /T, A) to K,, which sends (g7, v) to g - exp(v) - g*, where K, is the set of
regular elements of K, is a universal covering. Thus if (x;);>0 is a continuous path such that x € K, for any ¢ > 0 and
xo = 1d, the covering homotopy property and the fact that the exponential map is a local homeomorphism about the
origin, implies that the radial part of a process (x;);>0, such that xo =Id and x; € K, for all ¢ > 0, is well defined if
we impose the continuity of the trajectories. As a Brownian motion on K lives, except at time 0, in K, the associated
radial process on A is well defined.
Let y be a dominant weight. We consider a sequence

(A

of random processes such that for any n, (A;in))kzl is a Markov process in PJ[rﬁ] with Markov kernel defined by (6)

with level [/n] fusion coefficients and level [/n] discretized characters: (A,((")) k>1 is the random walk in Piﬁ] with
increment y defined in Definition 5.1. The following convergence is in the sense of convergence in distribution in
DR+, t) endowed with the topology of uniform convergence on compact sets.

Theorem 8.1. The sequence (ﬁv‘1 (Ag:;]), t € Ry)n>1 of random processes converges towards the radial process

associated to a Brownian motion on K.
Theorem follows from Lemma 8.2 and Proposition 8.4.
Lemma 8.2. As n goes to infinity, the sequence

Ly m
— A ,teR
<CXP|:ﬁv ( [m]) € n>1

of K/ Ad(K)-valued random processes converges — in the sense of finite dimensional distributions convergence —
towards (exp(a;)):=0, where (a;):>o is the radial process associated to a Brownian motion on K .
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Proof. Let o be a dominant weight in A . It exists an integer ng such that o (68") < [/n], for all n > ng. For n > ng
and ¢ > 0, one has,

E[ XA;»?] (0) i| _ |:Xy (o) :| [re]
Xago 4 Lo ©

where the discretized characters are level [ /n] discretized characters. As for any A €
formula implies

x1(0) _ cho (=v71 (A + p)/(Lv/nl + 1)) chy (0)
%2(0) chs (0) Xo(0)

one obtains taking the conjugates,

PJ[:/E], the Weyl character

E[chg(v—l(mf,’;?] +p)/ (/] + hV)))}
ch, (0)
_ %0 [chaw‘ (v +p)/(/n] + 1)) cho (0) ]["”
chy (0) chy (0) che =1 (o/(ml+hV)) ]

The central limit theorem for Ad(K)-invariant random walks on compact Lie groups (see [22]) implies that the right-
hand side of the identity converges towards

/ Vo (k) s (),
K

where (u;)r>0 is the semi-group of a Brownian motion (b;);>0 on K. If we denote by (a;);>0 the corresponding radial
process, one obtains that

n@;ﬁ(% (eXP (v‘ (%AEZD))) = E(Wo (exp(ay)).

It implies that in K/ Ad(K), exp[ﬁ p~] (AE”I)])] converges in distribution towards exp(a;) as n goes to infinity. As

n
the function ¥/, satisfies (10), a Lévy process (k;);>0 on K satisfies for s,¢ > 0

E(Yo (ki) ke, 7 < 8) = Yo (ko) E(6 (ki)

Thus the following identity

AD < } _ M[xy (0)][”(’+S)]—[ns]
i - XA[ns] (O) Xy (0)

)

X ()
E[ Ali491©)

X A
A[n(t+s)] ()

proves that for any sequences 0 <# <--- <ty,and oq,...,0, € Ay

LH;OE@ Vo (exp(v—l(%AE;’L]))» =E(ﬁ o, (exP<a,,,))>,

i=1

which implies the lemma. U

When K is simply connected the lemma implies that (v_l(ﬁ Aqn), t = 0) converges — in the sense of finite
dimensional distributions — towards (a;);>0. We will show that this convergence holds even when K is not simply
connected. For this we will use a tightness result for the sequence of processes (ﬁAgf[)}, t>0).

Let (7;)ien+ be a sequence of i.i.d. random variables such that 7y is uniformly distributed on the Littelmann
module Brmr,. We let w(t) = m1(¢) + m2(¢) + - - - + 741 (¢ — [2]), £ > 0. Donsker theorem implies in particular that
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(ﬁn([m]),t > 0) converges in distribution in D(R4, t*) endowed with the topology of uniform convergence on

compact sets. It has been proved in [3] that it exists a continuous map P, where wy is the longest element of W,
defined from D(R, t*) to D(R4, t*), such that the random process (Y, k > 0) defined by

Y = Puy(m)(k), k=0,
is a Markov chain living on P, starting at zero, whose transition kernel s,, is defined by

dim(y)

Y M) x.ye Py,
dimG) dim(y) 7 Y ST

sy (x,y) =

where the M )fy ’s are the Littlewood—Richardson coefficients defined by (1).

Lemma 8.3. Forany T € R%, there exists a constant C such that for any n € N, and any measurable positive function
f : D([()’ T]’ t*) - R+’

E(f(Af. 1 €10,T1)) < CE(f (Yiur). 1 €0, T1)).

Proof. Using the inequality (4), one obtains

| X¥ir, ()] [dim(y)]["”)

(n) (n)
E(f(Ag”, .. AW]))SJE(f(Yo,.--,Y[nT])dim(Y[nT]) %7 (0)

As for x e Pji,

X0 _ l—[ sin(r (x + ple)/(Wnl +17)  (ple)/([Vn]+h")
dim(x) . (x + pla) /(L] +hY)  sin((pla)/([Vn]+hY))’

| Xx(0)
dim(x)

constant C such that for any x € t* and n € N*

: [nT]
e O)1[ dimy 7771 _
dimx | x, (0) -

which proves the lemma. O

| is uniformly bounded in x € t* and n € N*. As [%][”” converges when n goes to infinity, it exists a

As Py, is a continuous map which commutes with the scaling, the sequence of processes (L~ Y[m], t > 0) converges

in D(R4, t*) endowed with the topology of uniform convergence on compact sets. Thus 1t satisfies the tightness
property of the following proposition which is consequently — thanks to the previous lemma — also proved to be

satisfied by the sequence of processes ( \/—A(") t > 0). Thus we have the following proposition.

[nt]®

Proposition 8.4. For any T, n, e > 0 there exists § > 0 such that
)=

Proof of Theorem 8.1. Suppose that a subsequence of ( \/_A(") t > 0),>0 converges towards a process X. Lem-

Lam —Lam

Vn € N*¥, ]P’( sup 77 A~ A

0<t,t’'<T
[t—t'|<8

[nt]?
ma 8.2 implies that in K/ Ad(K), (exp(X;),t > 0) has the same finite dimensional distributions as (exp(a;), t > 0).

As maxk(||A(n) — A(")||) is bounded, Theorem 10.2 of [9] shows that X has continuous trajectories, which im-

k41
plies (see discussion above) that (X;);>¢ as the same law as (a;);>0. The theorem follows, as ( J_A(") t > 0)y>0 18
tight. U

[nt]
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