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Let M be a von Neumann algebra equipped with a faithful semifinite
normal weight ¢ and N be a von Neumann subalgebra of M such that the
restriction of ¢ to ' is semifinite and such that A/ is invariant by the modular
group of ¢. Let £ be the weight preserving conditional expectation from M
onto . We prove the following inequality:

612 = [E@]3 + (p = D]x — @)

which extends the celebrated Ball-Carlen—Lieb convexity inequality. As an
application we show that there exists &y > 0 such that for any free group [,
and any g >4 — ¢,

b XELpM)1<p=2

IPill2sg <1 < t>log/qg—1,

where (Py) is the Poisson semigroup defined by the natural length function
of IF,.

1. Introduction. Let M be a von Neumann algebra equipped with a faithful
semifinite normal weight ¢. The associated noncommutative L ,-spaces will be
simply denoted by L ,(M). We refer to [11] for information on noncommutative
integration. Recall that if A is a von Neumann subalgebra of M such that the
restriction of ¢ to A\ is semifinite and such that A is o®-invariant [i.e., a,d’ WN) =
N for all t € R], then there exists a unique ¢-preserving conditional expectation £
from M onto N such that

E(axb) =a&(x)b, a,beN,x e M.
Here 0® denotes the modular group of ¢. Moreover, £ extends to a contractive

projection from L , (M) onto L ,(N) forany 1 < p < 0c. Below is our main result.

THEOREM 1. Let M, N and € be as above. If 1 < p <2, then
(1) I3 > [E@[5 + (p = Dx —E@]5,  xeLyM).

If2 < p < o0, the inequality is reversed.
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Inequality (1) is a martingale convexity inequality. It is closely related to the
celebrated convexity inequality of Ball, Carlen and Lieb [2] for the Schatten
classes §). Namely, for 1 < p <2, we have

@ lx x4l =yl = 20505 +2(p = Dlyls.  x.y€S),.

In fact, it is easy to see that (2) is a special case of (1) by considering M =
B(£2) ® B(£>). Conversely, the validity of (2) for any noncommutative L ,-spaces
implies (1). Indeed, we will deduce (1) from the following:

THEOREM 2. Let M be any von Neumann algebra. If 1 < p <2, then
B lx+ 315+ lx = yI5 = 20x015 +2(p = DIV, x.y€LpM).

If2 < p < 00, the inequality is reversed.

What is new and remarkable in (2) or (3) is the fact that (p — 1) is the best con-
stant. In fact, if one allows a constant depending on p in place of (p — 1), then (3)
is equivalent to the well-known results on the 2-uniform convexity of L ,(M). We
refer to [2] for more discussion on this point. The optimality of the constant (p — 1)
has important applications to hypercontractivity in the noncommutative case. It is
the key to the solution of Gross’s longstanding open problem about the optimal
hypercontractivity for Fermi fields by Carlen and Lieb [4]. It plays the same role
in [3] and [9]. Note that the optimality of (p — 1) in (3) implies (p — 1) is also
the best constant in (1). It seems that (1) with this best constant is new even in the
commutative case.

Clearly, (2) implies (3) for injective M (or more generally, QWEP M) since
then L, (M) is finitely representable in S,,. The proof of (2) in [2] goes through a
differentiation argument for the function ¢ — ||x + || 5 with self-adjoint x and y.
It seems difficult to directly extend their argument to finite von Neumann alge-
bras. The subtle point is the fact that to be able to differentiate the above function,
one needs the invertibility of x + ¢y for all ¢ € [0, 1] except possibly countably
many of them. This invertibility is easily achieved in the matrix algebra case, that
is, for M = M,, the algebra of n x n-matrices. Instead, we will use a pseudo-
differentiation argument which is much less rigid than that of [2]. The main nov-
elty in our argument can be simply explained as follows. We first cut the operator
x 4+ ty by its spectral projections in order to reduce the general case to the invert-
ible one; to do so we need x + ¢ty to be of full support for all ¢ € [0, 1]. We then
get this full support property for all # by adding to x + ¢ty an independent operator
with diffuse spectral measure. Note that by standard perturbation argument, it is
easy to insure the full support (or even the invertibility) of x + ¢y for one ¢.

An iteration of Theorem 1 immediately implies the following inequality on non-
commutative martingales.
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COROLLARY 3. Let (My)y=0 be an increasing sequence of von Neu-
mann subalgebras of M with w*-dense union in M. Assume that each M, is
o ®-invariant, and ¢| M, is semifinite. Let £, be the conditional expectation with
respect to M,,. Then for 1 < p <2,

12 = €5+ (p = 1) Y[ €alx) = Eamr ()]

n>1

2. xeLy(M.

For 2 < p < o0, the inequality is reversed.
Another possible iteration is the following:

COROLLARY 4. Let (My)1<n<n be a family of von Neumann subalgebras
of M. Assume that each M, is o®-invariant and ¢| M, is semifinite. Let £
be the conditional expectation with respect to M, and E; =1d — &;}. Then for
l<p=2,

2
, xeL,(M).

p

€= >0 (p-ple=

(eDef{+.— 1V

N
(ﬂ 8ff)<x>
i=1

For 2 < p < o0, the inequality is reversed.

Applying it to the case where M = Lo ({£1}") and M, is the subalgebra of
functions independent of the nth variable, we deduce the classical hypercontrac-
tivity for the Walsh system (with operator valued coefficients). Similarly, taking
M to be the Clifford algebra with N generators, we obtain the optimal hypercon-
tractivity for Fermi fields as pointed out in [2, 4].

We end the paper with some applications to hypercontractivity for group von
Neumann algebras. In particular for the Poisson semigroup of a free group, we
obtain the optimal time for the hypercontractivity from L to L, for g > 4.

2. The proofs. We will prove Theorems 1 and 2. Using the Haagerup re-
duction theorem as in [7], one can reduce both theorems to the finite case. Thus
throughout this section M will denote a von Neumann algebra equipped with a
faithful tracial normal state 7. L,(M) is then constructed with respect to 7. We
will first prove (3), then deduce (1) from it. 1 < p < 2 will be fixed in the sequel.

As explained before, the proof of (3) will be done by a pseudo-differentiation ar-
gument. Recall that for a continuous function f from an interval / to R its pseudo-
derivative of second order at ¢ is

. ff(t—l—h)—Ff(t—h)—Zf(t)

mn
o+ h?

sza)ngn

This pseudo-derivative shares many properties of the second derivative. For in-
stance, if D? f is nonnegative on I, then f is convex. Indeed, by adding &2 to f
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(with & > 0), we can assume that D> f(¢) is positive for all ¢. If f was not convex,
there would exist fy < 1 in I such that the function f — g takes a positive value at
some point of (#g, f{), where g is the straight line joining the two points (ty, f (f9))
and (¢1, f(t1)). So f — g achieves a local maximum at a point s € (fp, t1). Conse-
quently, D? f(s)= D*( f —g)(s) <0, which is a contradiction.

Our pseudo-differentiation argument consists in proving the following inequal-
ity forx, y € L ,(M):

(D3 ) D?|lx +ty[5(0) = 2(p — Dyll3.
Here the differentiation is, of course, taken with respect to the variable ¢. The

arguments from [2] can be adapted to give:

LEMMA 5. Let a,b € M be self-adjoint elements with a invertible. Then
(D) holds.

PROOF. Asa isinvertible in M, a +tb is also invertible for small 7. Introduce
an auxiliary function i on R,

¥(0) = lla +1b)|) = t((a® + 1 (ab + ba) + 2b*)"?).
Y is differentiable in a neighborhood of the origin and

Y(t) = gr[(a2 + t(ab + ba) + tzbz)p/z_l((ab + ba) + 2tb2)].

As in [2] by functional calculus, the operator (a®+t(ab+ba) +2b*)P/2~ admits
the following integral representation:

(a® + t(ab + ba) + 12p*) 7>
“4)

0 1
:cp/ sP/2=1 5 5 zds,
0 s +a*+t(ab+ ba) +t°b

where

00 1
! :/ Rl p— Py
P 0 s+1

Thus 1 is twice differentiable at = 0 and

¥ (0) = pr(jal’~2b?)

—c oosp/z_lr #(ab—l-ba) (ab + ba) |ds
P 0 s +a? '

s+a2

It then follows that ¢ = %/? is also twice differentiable at r = 0 and

2/2 2 2
o0 = (5 = 1)Ial 2 02 4 ally Py 0) = k9O,
pP\p V4 p
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Hence (DZ ») Will be a consequence of
1 _
6) ;nani Py"(0) = (p — Db,
To prove the last inequality we claim that ¥ (0) increases when a is replaced

by |a|. Indeed, the trace inside the integral in (5) is equal to twice the following
sum:

2
a a a 1
b——b b——=b|.
T[s+a2 s +a? }+T|:s+a2 s +a? }

The second term above depends only on |a| (recalling that a is self-adjoint). It
remains to show that the first one increases when a is replaced by |a|. By decom-
posing a into its positive and negative parts, we see that the first term is equal

to
r[ T b} +r[—a‘ b b} —21[7‘” b b]
s+ay s+ai s+a- s+aZ s+ay s+aZ
All above traces are nonnegative. Therefore, the above quantity increases when

the subtraction is replaced by addition. Then tracing back the argument and noting
that |a| = a4 + a_, we get the desired inequality

a a la| |a| }
T b b|<t|——=b——=b|.
[s +a? s+a? :| - |:s—|—a2 s + a?
Returning back to (5), we deduce the claim. Thus in the following we will assume
that a is a positive invertible element of M.

The positivity of a will facilitate the calculation of " (0) as explained in [2].
Since a + tb is positive for small 7, we have

V(1) =1((a +1tb)P).

Thus for ¢ close to 0,
¥/ (t) = pt((a +th)P~'b).

To calculate the second derivative we use the following integral representation:

(a+tb)p_1:dpfoosp_l[l—;]ds
0 s S4a-+tb
Consequently,
1ﬁ”(O)=pdp/00sp_lr[ ! b ! b}ds.
0 s+a s+a

As shown in [2], the function

1 1
F:zn—)r[ b b]
Ss+2z s+z
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is convex on the positive cone of M.

Let u be the unitary operator in the polar decomposition of b (as M is finite,
the usual partial isometry in this decomposition can be chosen to be a self-adjoint
unitary). Then clearly

F(z) = %(F(z) + Fuzu)) > F(Z + ”Z”).

— ztuzu
T2

Now 7/ commutes with u, so

F@ 2 FE) =t il — ]|

Let B be the Abelian von Neumann subalgebra of M generated by b, and let &,
be the associated trace preserving conditional expectation. Then

F(z/)=r[é‘b( b 's+z>'b']'

However, the Kadison—Schwarz inequahty implies

1 \2
> & b‘/2>5(b‘/2 ):5( ) b.
<S+z||s+z) b( g P 1Pl +7 b s+z’|

Hence, by the positivity of the trace on products of positive elements, we deduce

1 2
z/> |b|2]

F(z) > T[gb(s—l—

Then by the operator convexity of %, we have

1 1 1
N
s+ T s+&(E) s+EQ)
Letting a = &y(a), we have just shown

7) v"(0) > pd /oosp_lr[ L b}ds:{/?’(O)
o P 0 ~ +a ’

s+a s

where
V(1) =1(@+1b)").
Finally, (6) immediately follows from (7). Indeed, by (7) and the Holder inequality,
1 _ | B 2 (e
;nauf, Py (0) > ;nauf, PY"(0) = (p — DIIElS Pt (@ %) = (p — DIbI3,.
This finishes the proof of the lemma. [J

For a € M self-adjoint, we denote by s(a) = 1(0,00)(lal). s(a) is the support
of a, that is, the least projection e of M such that ea = a. We say that a has full
support if s(a) = 1.
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LEMMA 6. Let a,b € M be self-adjoint with s(a) = 1. Then (Dg p) holds.

PROOF. We will reduce this lemma to the previous one by cutting a + tb with
the spectral projections of a. Let e be a nonzero spectral projection of a, and put
a, = eae and b, = ebe. Since a is of full support, a, is invertible in the reduced
von Neumann algebra M, = eMe. Thus Lemma 5 can be applied to the couple
(ae, b.) in M,. Let Y. (t) = |la. + tbe||f7 as before. v, is twice differentiable at
t =0, and (6) holds with v, in place of .

Let e+ =1 — e. Then for 7 in a neighborhood of the origin, we have [recalling
that ¢ (1) = lla +tb]3]

(1) = (le(a+tb)e|” + et @+ 1b)e | D) PE (o) + (1) 7.
However,
t2
Ve (t) = llalll + 11, (0) + Ew;/(O) +o(t?)  ast—0.
Let

a(t) = llacl|h + ve(t) = |ac + e (a + th)e™ 17 =1la+ tetbet 7.
Then

12 2/p
o(t) > (a(t) +1,(0) + 7/1!(0) + 0(12)>

20950) 2yl 1/2 Y. (0)?
— 2/p Ve v Ve (= 2¥e\Y) 2
=) <1+ p alt) * p a) +p<p 1)t a(t)? ol ))

2
—a(t)?/? + %w;mm(mz“’—‘ + %z/fg(ow(t)z“’—‘
+ l<3 - 1>z2¢;(0)2a(z)2/1’—2 +o(t?)
P\p

2
> a ()P + %wém)auﬂ“’—l + ’;wg’wm(rﬂ“"l +o(1?).

By convexity of norms,
a(®)?? + a(=)*P = 2]all; =2¢(0).
We then deduce that

@) + o(=1) —2¢(0)
t2

a()?P! —a(=n)¥P!

2 /
> —v,(0)
p

+ %w;«m[amz/ﬁ—l +a(=0)¥P 1 +o(1).
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The uniform smoothness of the norm ||||,, implies that the function /Pl g dif-
ferentiable at r = 0, and its derivative is equal to

@ = pllal Pz (vlaP etbet)¥s,,
p p

where v is the unitary in the polar decomposition of a. It then follows that
2 4 / 2 " 2—p
D7¢(0) = =, (0)8. + =, (0)[[all, .
p p
Hence by (6),
2 4 / 2
D7p(0) = ;we(O)ae +2(p — Dllbell7,.

Thanks to the full support assumption of a, we can let ¢ — 1 in the above inequal-
ity. This limit procedure removes the first extra term, so we finally get

D*p(0) = 2(p — I3, O
Now we are ready to show (3).

PROOF OF THEOREM 2. First by density, we need only to show (3) for
x,y € M. Then notice that it suffices to do it for self-adjoint elements using a
classical 2 x 2-matrix trick. Indeed, let M = M, ® M equipped with the tensor
trace. Given x, y € M let

(0 «x (0 'y
a_(x* O) and b_(y* 0).

Then a and b are self-adjoint. Moreover, by easy computations, (3) for x and y is
equivalent to the same inequality for a and b.

To use Lemma 6, we require that a + ¢b have full support for any ¢ € R. This is
achieved by a tensor product argument. Choose a positive element ¢ € L ([0, 1])
whose spectral measure with respect to Lebesgue measure is diffuse (atomless),
say c(t) =t for t € [0, 1]. In other words, considered as a random variable in
the probability space [0, 1], the law of c¢ is diffuse. On the other hand, for ¢ € R,
composing the spectral resolution of a 4-¢b with the trace T, we can view a+tb as a
random variable in another probability space (€2, P). Now, consider the tensor von
Neumann algebra L~ ([0, 1]) ® M; it is finite. M and L~ ([0, 1]) are identified as
subalgebras of Lo ([0, 1]) ® M in the usual way. Then for any ¢ > 0, the law
of a + tb + ec is the convolution of the laws of a 4+ tb and ec. It is atomless
since the law of c is atomless. Consequently, the support of a + tb + ec is full in
Loo([0, 1)) @ M.
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Thus by Lemma 6 applied to the pair (a + ec, b), the function f(¢) =
lla +tb + SC”% —(p— 1)t2||b||§ satisfies D2(f)(¢) > 0, so it is convex. Hence
f() + f(—=1)>2f(0); this is (3) for a + ec and b. Letting ¢ — 0 gives the de-
sired result. [

Finally, we deduce (1) from (3).

PROOF OF THEOREM 1. Given x € L,(M) leta =& (x) and b = x — E(x).
Consider again the function f defined by

f@&)=lla+1tbl5 — (p — De*|b]l>.

Then (3) implies D? f =>0,s0 f is convex. On the other hand, the function g(¢) =
lla + tb||f) is also convex and by the contractivity of £ on L, (M),

la+tbll, > |E(a +tb)||p = lall p-

Hence we conclude that the right derivative g; (0) > 0, so that fr’ (0) = 0, too.
Consequently, f is increasing on RT. In particular, £(1) > f(0), which is nothing
but (1). O

3. Applications to hypercontractivity. We give in this section some applica-
tions to hypercontractivity inequalities on group von Neumann algebras. Let G be
a discrete group and vN (G) the associated group von Neumann algebra. Recall
that vN (G) is the von Neumann algebra generated by the left regular representa-
tion A: vN(G) = A(G)” C B(£2(G)). It is equipped with a canonical trace t, that
is, T(x) = (xe, e), where e is the identity of G. Given a function ¥ : G — R with
¥ (e) =0, we consider the associated Fourier—Schur multiplier initially defined on
the family C[G] of polynomials on G:

Pi:) x(@i@) > Y eV Wx(re),  1>0.
geG geG

We will assume that P; extends to a contraction on L ,(vN(G)) forevery 1 < p <
00. Schoenberg’s classical theorem asserts that if ¢ is symmetric and conditionally
negative, P, is a completely positive map on vN (G). Since it is trace preserving,
P; defines a contraction on L ,(vN(G)) for every 1 < p < 0o. Thus in this case
our assumption is satisfied.

The hypercontractivity problem for the semigroup (P;);~pandfor1 < p <g <
00, consists in determining the optimal time 7, ; > 0 such that

”Pt”p—)qfl Vtth,q.

We refer to [8, 9] for more information and historical references. It is easy
to check that if such a time 7, , exists, then v has a spectral gap, namely
infgeg\ (e} ¥ (g) > 0. After rescaling, we will assume that infeec\ (o) ¥ (g) = 1.
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In most-known cases the expected optimal time 7, ; is attained, namely,

q—1

tyg=1 —.

p.qg = 108 b1
It is a particularly interesting problem of determining the optimal time 7, ;, when
G =T, is the free group on n generators with n € N U {oc0}, and v is its natural
length function. Some partial results are obtained in [8, 9]. For instance, by em-
bedding vN (IF,,) into a free product of Clifford algebras, it is proved in [9] that for
any q > 2,

11
g <log/q—1 +(5— —>1ogﬁ.
q

On the other hand, Junge et al. [8] show that for any finite n there exists g (n) such
that if ¢ > g (n) is an even integer, then

g =log,/qg — 1.

The proof is combinatoric and based on lengthy calculations.

Here we provide an improvement. We will use Haagerup-type inequalities [6].
Letting Si be the set of words of length k in [F;, and for any x € v N (F,,) supported
on Sy, the original Haagerup inequality is

®) [xlloo < (k + Dlixll2.

For g > 2 and k € N, let Ky , be the best constant in the following Khintchine
inequality for homogeneous polynomials x of degree k:

D x(@r(9)

8ESk

=< Kk,q
q

D x (@A) Hz

8ESk

We will need the following:
LEMMA 7. We have Ky 4 < (k + D4,

PROOF. Denote by g; the generators of [, with the convention that g_; =
gi_l. For a multi-index i = (i1, ...,ig) withi; +ij 41 #0, welet g =g, -+~ &i,
and |i| =d. So we may write

X = Z a;ir(gi).
li|=k
We compute x*x according to simplifications that may occur
—— -1
Xx= ), D, wgpeiph(g; i),
0<d<k |Bl=d .
lil=ljl=k—d
ik—d# jk—dF—PB1
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where i, 8 denotes the multi-index obtained by superposing the two multi-indices
i and B. We then deduce that

2
iE=lesli= Y (X @pep)

0<d<kli|=|jl=k—d |Bl=d
ik—aFjk—d  ik—dFjk—aF—B1

=X 2 (X ) (X )

0<d<klil=|jl=k—d ~ |Bl=d |Bl=d
ik—dFJk—d  ik—dF—BI Jk—a#—B1
=2 (2 easl) (O isP)
0<d<k “|il=k—d,|B|=d lj1=k—d,|B|=d
ik—d7—B1 Jk—dF—B1
= (k+ 1)|x|l3. O

REMARK 8. Taking a; = 1 and by the free central limit theorem as n — oo,
one can see that the previous inequality is sharp. Thus K 4 = (k + 1)!/4. This
constant is the Ls-norm of the kth Chebyshev polynomial for the semi-circle law.

Using the Holder inequality we deduce from (8) and the previous lemma that
for any k > 1,

) Kig<(k+D'731, g>4,
(10) Kig<G(k+DYVVa  2<g<4

We will also use the following elementary folklore:

REMARK 9. Let T:L,(M) — Ly;(M) be a bounded linear map. Assume
that 7" is 2-positive in the sense that Idyg, ® T maps the positive cone of L , (M, ®
M) to that of L, (M, ® M). Then

1/2 1/2
IT@, < 1T IT (D% xeLym.
Consequently,

171 = SUP{”T(X)Hq :x € Ly(M)T, x|, <1}
Indeed, for any x € L, (M),

x|  x
(& )=

So the 2-positivity of T implies

(T(IXI) T(x) )ZO.

T(x*) T(x))
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This yields a contraction ¢ € M such that T (x) = T(|x|)1/2cT(|x*|)l/2. Then the
Holder inequality gives the assertion.

THEOREM 10. There exists ¢g > 0 such that for any free F, and any
q Z 4 - 80’

[Pllasg <1 <& t>log,/q—1.

PROOF. The necessity is clear. The proof of the sufficiency will rely on Re-
mark 3.7 of [9]. Let o be the automorphism of vN (F,) given by o (A(g;i)) =
rg ! ). Then P; is hypercontractive from L; to L, with optimal time on v N (IF,,)?,
the fixed point algebra of o. Let £ be the conditional expectation onto vN (IF,).
Note that £ = Id% and it commutes with P;.

Fix g > 2. To prove |Pilla—q < 1 for t > log\/q — 1, it suffices to show
| P (x)llg < llx]l2 for any positive x € C[[F,,] by virtue of Remark 9. We need one
more reduction. Given complex numbers ¢; of modulus 1, there exists an automor-
phism 7 of vN (IF,,) given by 7 (g;) = ¢; g;. Itis an isometry on all L ,’s. Note that
m; and P, commute. Thus to prove || Py (x) |4 < |lx||2, we may assume that x(g;) is
real for every generator g;. We will fix a positive x € C[IF,;] with the last property.

Then write x = y + z where y = £(x). Since x(g;) € R, we have that z does not
have constant terms nor of degree 1. By Theorem 1 (or Theorem 3) and Remark 3.7
of [9],

[P < [P)E + (@ = DIP@IZ < Iy13+ (@ — DI P @3-

Then for ¢ = log+/q — 1, decomposing z according to its homogeneous compo-
nents (zx) and using the Khintchine and the Cauchy—Schwarz inequalities, we get

2
_ 1
2@l < (X e ealy) < KRy eIl

k>2 k>2
We aim to find those g > 2 for which

1

Rq:(q—l)ZK,f’q(q_—l)kf 1.

k>2
For g > 4, by (9) we have

1
Ry <Y (k+ 12130 —
! ,; (g — D!

The terms of the sum on the right-hand side are decreasing functions of ¢ if their
derivatives are negative, that is, if
6(g—1) - k—1 .
q*> " log(k+1)
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Noting that the left-hand side of the above inequality is decreasing on ¢, one easily
checks that this inequality is true for ¢ > 4 and k > 3. However, it is true for k =2
if and only if ¢ > go, where

go = /310g3(,/3log3 +/3log3 — 2) ~ 5.36244.
We have the following numerical estimates:
32(1=3/q0)  31/2

R4 <0.92952 and — <0.02613.
qgo—1 3

Hence if g € [4, go],

32(1=3/q0)  31/2
R, < R4+ — < 1.
| 3
We thus conclude that R, < 1 for all g > 4.
Since R, is dominated by a continuous function of g, using (10) we get a similar
estimate for g > 4 — gq for some g9. A numerical estimate gives g9 &~ 0.18. [J

REMARK 11. Instead of Remark 3.7 of [9], we can equally use Theorem A(iii)
of [9] in the preceding proof. But the commutation of P; and the conditional ex-
pectation onto the symmetric subalgebra A’;ym is less obvious.

It is likely that &g = 2, but other methods would have to be developed.

Gross’s pioneering work [5] shows that hypercontractivity is equivalent to the
validity of log-Sobolev inequalities. In the present situation of free groups, the va-
lidity of the hypercontractivity with optimal time in full generality (or equivalently,
g0 = 2) is equivalent to the following log-Sobolev inequality in L, for any g > 2:

q -1
(SLy) t(x7logx) < mr(xq L))+ Ix[¢loglixlly,  xeD™.
Here L denotes the negative generator of (), and D is a core for L where the
inequality makes sense. It is known that (SL;) implies (SL,) for all g; see [10]. In
the same spirit we can show that (SL,) implies (SL;) if ¢ > p > 2. Let us record

this explicitly here since it might be of interest. The semigroup (P;) can be any
completely positive symmetric Markovian semigroup such that D is rich enough.

REMARK 12. Letg > p > 2. Then (SL,) implies (SL;).

To check the remark we rewrite (SL;) in a symmetric form with respect to g
and its conjugate index ¢’ (provided that D is big enough):
(SLY) t(xlogx) < 3q'qr(x"L(x"7)) + r(x)logT(x),  xeD*.
Recall that for y € Dom(L), t(zL(y)) =lim,_.¢ %r(z(l — P.)(y)). Letr > 0 and
x € M™, and we will check that the function g q’qr(xl/q/(l — P)(x1/1)) is
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increasing for g > 2; we put 6 = é. It is known from [1] that there exists a positive
symmetric Borel measure x, on o (x) x o (x) such that

t(x'7? P (x?)) :/ s du, (s, 1).
o(x)xo(x)
Hence, by symmetry, it suffices to show that
l4+u—u? —u?
(1 —0)
is convex on [0, 1] foru > 0 as f(6) = f(1 — 0). One easily checks that

f:0—

1
£6) :/ log(ue) (u®+A=0Y1=0 _ 01 4 1=6+61 _, (1=6)1=0)) 4,
0

1
f”(0)=/0 log(u)? (12 (u®+1=01=0) _ ;01

(1= )2 (! 00— (1=00-0)) gy > g,

Passing to the limit in » gives the result if D is big enough.
We end this section with application to more general groups (G, ¥). If ¢ is
symmetric and satisfies the exponential order growth

(1D {geG:y(g) <R}|<Co® VR>0
for some C > 0 and p > 1, then one of the main results of [8] shows that for
2<g<oo,

g <nlog /g —1

for any n > 2 when p is large compared to C. Their argument consists in first con-
sidering the case ¢ = 4 by combinatoric methods and then using Gross’s extrap-
olation. We will show that the martingale inequality in Theorem 1 easily implies
a slight improvement. Note that our estimate on 7, 4 is as close as to the expected
optimal time as when ¢ is sufficiently large, compared to p and C.

PROPOSITION 13.  Assume (11) and 2 < q < 0o. Then

-2
g = (q logv/2Cp +log,/q — 1) Vv logp.
q

PROOF. By (11), the range of i is countable. Let ¥ (G) = {ng,ny, no, ...}
with ng <ny <np <---. Then ngp =0 and n; = 1. Let x € vN(G) be a polyno-
mial, x =) x(g)A(g), and let y = x — x(e). By Theorem 1

|22 < [x @] + (@ = D] 2.
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Let By ={g € G:¥(g) <ni}, Sk = B\ Br—1 and yx =3, x(8)A(g). Then

2 2
o= (e (g ) (£128)

k>1 k>1 k>1

Obviously,

2
yillZ, < (Z Ix(g>|) <18 Y (@)

8ESk 8ESk

We get, using the Holder inequality,

g-2)/q
2l =0 ( T e2misa) i
k>1

Actually exchanging the arguments, one has the following, slightly better estimate
that we will not use:

[P )]; <D e 2™ 8202/ y )3,
k>1

By (11), for t > log p,

o
Ze—ZZHk|Sk| < Z(e—Ztnk _ e—2lnk+1)|Bk| < 2Ct/ e—(2[—10gp)s ds
k>1 k=1 !

—c_ L —@i-logp) _pp,—r-logp)

2t —log p

Hence, if 2t > 47_2 log(2Cp) + log(g — 1), we deduce || P;(x)|l4 < ||lx||2, whence
the assertion. [
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