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SPECTRAL GAP FOR STOCHASTIC ENERGY EXCHANGE
MODEL WITH NONUNIFORMLY POSITIVE RATE FUNCTION

BY MAKIKO SASADA!
Keio University

We give a lower bound on the spectral gap for a class of stochastic en-
ergy exchange models. In 2011, Grigo et al. introduced the model and showed
that, for a class of stochastic energy exchange models with a uniformly pos-
itive rate function, the spectral gap of an N-component system is bounded
from below by a function of order N ~2_In this paper, we consider the case
where the rate function is not uniformly positive. For this case, the spectral
gap depends not only on N but also on the averaged energy £, which is the
conserved quantity under the dynamics. Under some assumption, we obtain
a lower bound of the spectral gap which is of order C(£) N ~2 where C(£)
is a positive constant depending on £. As a corollary of the result, a lower
bound of the spectral gap for the mesoscopic energy exchange process of bil-
liard lattice studied by Gaspard and Gilbert [J. Stat. Mech. Theory Exp. 2008
(2008) p11021, J. Stat. Mech. Theory Exp. 2009 (2009) p08020] and the stick
process studied by Feng et al. [Stochastic Process. Appl. 66 (1997) 147-182]
are obtained.

1. Introduction.

1.1. Background and model. Recently, Grigo et al. introduced a class of
stochastic energy exchange models, which are pure jump Markov processes with
a continuous state space in [11]. The model is a generalization of the mesoscopic
energy exchange process of billiard lattice studied in [7] and [8] by Gaspard and
Gilbert. Showing the hydrodynamic limit for such a mesoscopic model of mechan-
ical origin is a very important step for a rigorous derivation of a diffusion equation
or Fourier law from a system which is purely deterministic.

One of the key estimates required for the hydrodynamical limit is a sharp lower
bound on the spectral gap of the finite coordinate process (cf. [12]). What is needed
is that the gap, for the process confined to cubes of size N, shrinks at a rate N 2.
Up to constants, this is heuristically the best possible lower bound. For a wide
class of interacting particle systems or diffusion processes, the desired spectral
gap estimates have been obtained (cf. [12, 14]). On the other hand, for pure jump
processes with a continuous state space, this type of estimate has been scarcely
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shown. To our knowledge, only for the Kac walk and its generalizations (cf. [3,
4, 9]), the sharp estimate of the spectral gap have been shown before the result
[11] by Grigo et al. for stochastic energy exchange models. Our goal is, as a first
step for proving the hydrodynamic limit, to extend the result in [11] to the class
including the mesoscopic energy process of the billiard lattice.

The dynamics of the stochastic energy exchange model introduced by Grigo
et al. is described as follows: For each integer N > 2, denote by Xy the
one-dimensional cube {1,2,..., N}. A configuration of the state space REN =
[0, 00)=V is denoted by x, so that x; indicates the energy at site i € Xy, which
is a positive real number. Fix a nonnegative continuous function A :R%L — R4,
which is called a rate function, and a continuous function P :}R%r — P([0, 1])
where P ([0, 1]) is the set of probability measures on [0, 1]. At each nearest neigh-
bor pair of the lattice (i, i 4+ 1), energy exchange independently happens with rate
A(xi, xi+1). When the energy exchange happens between the pair (i,i + 1), a
number 0 <« <1 is drawn, independently of everything else, according to a dis-
tribution P (x;, xj+1, do) and the energy at site i becomes «(x; + x;+1), the energy
at site i + 1 becomes (1 — ) (x; + x;+1), and all other energies remain unchanged.

More precisely, we consider a continuous time Markov jump process x(¢) on
]Rﬁ by its infinitesimal generator £, acting on measurable bounded functions
f: ]R_’X — R as

N—-1 1
(L) Lfx)=)_ A(xi,xi+1)/0 P(xi, X1, d)[ f(Tiiv1.0%) — f(0)],

i=1

where
Xk ifk#£i,i+1,
(Tii+1,0%)k = § @(xi +xit1) ifk=i,
(I —a)(x;i + xit1) ifk=i+1.

Obviously, the process preserves the total energy Z,N=1 x;. Therefore, for each
& > 0, the set of configurations with mean energy &£ per site

1 N
Se.N = {x E]Rﬁ; —in =&
NI

is invariant for the process. Since S¢_x is compact and invariant, the assumed con-
tinuity of A and P guarantees the existence of at least one stationary distribution
ne,n for x(¢) on each Sg n. As mentioned, the scaling of the rate of convergence
toward the stationary distribution in terms of the lattice size N is of crucial impor-
tance in studying the hydrodynamic limit of this model, especially if the system is
of nongradient type.

Under certain conditions, Grigo et al. proved that the spectral gap of the gen-
erator £ on Sg y is of order N ~2 uniformly in the mean energy £ [11]. Since
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their proof used the weak convergence in Wasserstein distance, it applies to very
general rate functions A and transition kernels P. The existence of a lower bound
on the rate function A and the reversibility of the process are keys of their as-
sumptions. However, as pointed out by themselves, since the mesoscopic energy
exchange process of billiard lattice does not satisfy the first assumption, it was de-
sirable to remove the assumption on the existence of a uniform lower bound of the
rate function. In this paper, we relax the assumption and study the case where a
rate function satisfies A(a, b) > C(a + b)" for some C > 0 and m > 0 intuitively.
We give a precise assumption later, which is satisfied by the mesoscopic energy
exchange process of billiard lattice.

To weaken the condition on the rate function A, we need a stronger condition
on the reversible measure. Precisely, we assume that our process is reversible with
respect to a product Gamma-distribution. This condition is satisfied for general
mechanical models, and hence mesoscopic energy exchange processes of mechan-
ical origin, such as the mesoscopic energy exchange process of billiard lattice. See
also Remark 1.2 below to understand why this condition is natural from a physical
point of view.

1.2. Notation and main result. For each y > 0, let v, denote a Gamma distri-
bution on R with a scale parameter 1 and a shape parameter y, that is,

—X
v (dx) = xV ! ‘-

dx
I'(y)

Let v”°V denote the product measure of v” on RN and Vs N =Y denote

|3€ N
the conditional probability measure of v”*" on Sg y. From now on, we fix an
arbitrary y > 0 and assume that vg  is areversible measure for £. We also denote

y . .
Ve y by ve, n when there is no confusion.

Denote by LZ(Ug, ~) the Hilbert space of functions f on Sg ny such that
Eye yLf 2] < oo. Then the associated Dirichlet form is given by

D(f)=Den(f) = /S ve N (dX)[=Lf10x) f(x)

E,N

| N-l
=3, Z f ve N (dx)A(xi, Xi+1)
=1

x /0 P xig1. de)[ [ (Thipr.ax) — )]

forall f € L?(ve ).
We define

.o Den(f)
(1.2) AE,N) = 1nf{ AT

and call A(&, N) the spectral gap of —L on S¢ y in Lz(l)g?N).

B a£1=0. € e}
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THEOREM 1. Assume that there exist a positive constant C > 0 and a real
number m > 0 such that the following holds:

(1.3) ME2)=CE™  forall € > 0.

Then there exists a positive constant C > 0 depending only on m and y such that
cen

(1.4) MEN)z C—ryr

forall £ >0and N > 2.

REMARK 1.1. For simplicity, we state the result in one-dimensional setting.
However, since our proof relies on the spectral gap estimate for the long-range
model and the kind of “moving particle lemma” in the continuous state space,
the result is extended to the case in any dimension immediately, with a positive
constant C > O depending on m, y and d the dimension of the lattice. We refer
Section 2 of [15] for the detail of this argument. This is one of the advantage of
our proof compared to the preceding study.

Grigo et al. call (A, P) is of mechanical form if the rate function A and the
transition kernel P are of the form

(15) Aa.b)=Asa+ b)A,(fﬂ), P(a, b, der) = P(aaﬂ, da)
Carlen and studied the processes of this form in detail in [11], Section 4. The form
naturally occurs in models originating from mechanical systems. Actually, the rate
function and the probability kernel of the mesoscopic energy exchange models
of billiard lattice satisfies (1.5) and A (s) = /s while A, is a uniformly positive
continuous function on [0, 1]. See the explicit expression in Section 5.

REMARK 1.2. One of the splendid results of [11] is that if a stochastic en-
ergy exchange model of mechanical form admits a reversible product distribution,
then this measure must necessarily be a product Gamma-distributions (or a single
atom). This is the reason why we concentrate to study the process reversible with
respect to a product measure whose marginal is a Gamma distribution.

If the process is of mechanical form, then by the definition, A(€,2) = A;(2€ )C~‘
holds where

Jo W@B)A-(B) Jo P(B,do)[f (@) — f(B)P
2E,[f?]
and u = uV is the beta distribution on [0, 1] with parameters (y, y). Therefore,

if the above C is strictly positive and A(s) > s™ for some m > 0, then (1.3) is
satisfied. Moreover, if (A, P) is of mechanical form and A (s) = s for some

é:md a¢ﬂ=afeL%m}
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m > 0,then A(E, N) =E™A(1, N) holds forall £ > 0and N € N (cf. Lemma 2.1).
Namely, we cannot expect an order N2 bound of the spectral gap to hold uni-
formly in £. Then it is natural to ask whether such a bound holds if we incorporate
the extra factor £, and Theorem 1 shows that this is indeed the case.

COROLLARY 1.1. Assume that (A, P) is of mechanical form and As(s) = s™
for some m > 0. Then, if

fo 1 dB)A,(B) fy P(B.da)[f () — f(ﬁ)]z‘
MV [fz]

E,ﬂ[f]zo,feLz(uV)} >0

holds, there exists a positive constant C independent of £ and N such that

m

I
)M(g,N)ZCm
forall £ >0and N > 2.

REMARK 1.3. To give an upper bound of the spectral gap A(E, N), consider
the function fg y(x) = ZlNzl i(x; — &). Then we have

De n(fe,N)
1N 1 )
f ve, N<dx)A(x,,xl+1)/ P, xig1, da)[(1 — a)xi — o]
EN
N—1 I )
== VS,N(dx)A(X1,xz)/ P(x1,x2, do)[(1 — a)xy — axa]
Se N 0

< (N = 1Ey, y[AG1, x2) (x} +x2)].

On the other hand, EVSN[fg N] Zl i 11 Evg y[(xi — E)(xj — &)] and since
Epe y[(xi = E)(xj — &)= — 57 Evg y[(xi — &) fori # j,

NZ(N +1)
EVS,N[fc‘,g,N] = TEV&N [(x1 — &)

Then, by the equivalence of ensembles, Eve [A(x1, xg)(xlz—l-x%)] and E,,&N[(xl —
&)? converge to Evé[A(xl,xZ)(xl2 + x%)] and EV%[(xl —&)? respectively as
N — oo where vg i1s the Gamma distribution with a scale parameter £ and
a shape parameter y. Therefore, if EU% [A(xl,xz)(xl2 + x%)] < 00, then there
exist positive constants A(E) and B(E) such that Dg y(feny) < NA(E) and
EV&N[fSZ’N] > N3B(5), namely A(E, N) < AC)  for all N > 2. Therefore, our

NZ2B(&)
lower bound (1.4) is optimal up to constant depending on &.
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In particular, if A(x1,x2) < C(x; + x)™ for some C > 0 and m > 0, then
AME,N) < C;V‘Szm with some positive constant C’. Therefore, for such rate func-
tions, our lower bound (1.4) is optimal up to constant which is independent of £
and N.

The lack of a uniform lower bound complicates the rigorous analysis of the
rate of convergence to equilibrium. A similar problem was found in the zero-range
process with constant rate, and it had been an open problem for decades. In 2005,
Morris [15] showed that the spectral gap of that model is of order (1 4 p) 2N 2
where p is the density of particles and N is the size of the system. In the context
of exclusion processes, it has been known that if the jump rates are degenerate,
the spectral gap does not have uniform lower bound of order N2, and instead has
a lower bound of order C(p)N 2 where C(p) is a positive constant depending
on p, the density of particles (cf. [10, 16]). Recently, the spectral gap for the Kac
model with hard sphere collisions is studied by Carlen et al. in [5]. By projecting
their model to the energy coordinates, we obtain the process called L{y in our
paper with parameters y = % and 0 <m <1 (y in [5] corresponds to m in our
paper). Ly is a long-range (or equivalently, mean field) version of our process
with specific (A, P), which we will denote by (A*, P*). However, since we study
the spectral gap in the whole L?-space, we cannot apply directly their result, which
is for the spectral gap in the symmetric sector. A classical spectral gap for the
gradient operator of the product Gamma-distribution was studied by Barthe and
Wolff in [1], and they showed that it is of order £~2 for y > 1.

We also remark that the hydrodynamic limit for a special class of our processes,
which are gradient, was studied by Feng et al. in [6]. The process is called the stick
process and of mechanical form with A;(s) = s™ where m > 0 is a fixed model
parameter. We show that we can apply the main result of this paper to this class
of models in Section 5. As the hydrodynamic equation of the stick process, the
porous medium equation

0:E(t, u) = const. 3, (E(t, u)" 9,E(t, u))

was derived. Gaspard and Gilbert conjectured that the hydrodynamic equation
of the mesoscopic energy exchange models of billiard lattice is also the porous
medium equation with m = % By the scaling property of the generator and the re-
versible measure, the same equation should be derived from the stochastic energy
exchange models of mechanical form with As(s) = s™ (under the condition that
the process is reversible with respect to a product Gamma-distribution). The same
equation is derived also from an exclusion process with degenerate jump rates in
[10].

The rest of the article is organized as follows: In Section 2, we give a detailed
account of the proof of Theorem 1. Precisely, we reduce the spectral gap estimate
of the original process to that of a long-range version of our process with specific
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(A, P), which we will denote by (A*, P*). In Section 3, we justify this reduction,
and in Section 4 we give an estimate for this specific model. In Section 5, we
show that we can apply our result to the mesoscopic energy exchange models of
billiard lattice and the stick process. In the Appendix, we give a sharp estimate of
the spectral gap of the specific model with N = 3. This sharp estimate is the key
of our proof.

2. Proof of Theorem 1. Our basic idea of the proof is to introduce a few
suitably chosen reference processes and compare the Dirichlet forms associated
with them and that with the original process. First, we introduce a special process
given by a generator £* with

A" (xi, xip1) = (x5 + x40,

1 —a)yr!
P*(x;, xiy1,da) = lShnl) i da =Y (da),
B(y,v)
where B(y,y) = fol {a(l — &)} da is the normalizing factor and m > 0 and
y > 0 are the constants given in the assumption.
We can rewrite the generator £L*(= L*™7) given by (2.1) as

2.1

N-1 N—-1

Lfx) =Y i +xie)"{Eiin1 f(0) — fFO} =) (i +xi31)" Diig1 f (),
i=1 i=1

where E; j f = E, v [f|.7-", il, Di.j f =E; jf— fand F; j is the o -algebra gener-

ated by variables {Xk}k7§l j- Here, we follow the notation used in [3] (see also [18]).

Note that x; + x; is measurable with respect to F; ;. Using the above expression,

we can easily check that vg N = VEN is a reversible measure for the process. The

associated Dirichlet form is given by

D*(N) =D () i= [ vew@o[-L*F10) £ )

-1

=

Eve [ +xis D)™ (Eiis1 f — )]

i=1

T

Evg  [(xi 4 xig )™ (Diig1 £)?]

i=1

forall f € Lz(v(g, ~). We use notation D* or D*™ when there is no confusion.

We denote the spectral gap of £* in Lz(vg’ n) by A*™(E, N). Here, we ab-
breviate y. Note that A*"(E,2) = 2"E™ since E,g,[(x; + xz)’"(Dl,zf)z] =
(28)’”Ev5,2[(D172f)2] = (2£)™ Var| f2]. Namely, this special model satisfies as-
sumption (1.3) of Theorem 1. Moreover, the model is of mechanical form with
As(s)=s5", Ar(B)=1and P(B,da) = u’ (da).
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REMARK 2.1. The model defined by the generator £*%! (namely, the above
process with parameters m = 0 and y = 1) was studied by Kipnis et al. in [13] as
an exactly solvable model which describes the heat flow.

We consider this special model because of the following guess: Under assump-
tion (1.3), the state of each pair of sites achieves the equilibrium (with respect to
the state of this pair of sites) at least with the rate proportional to the mth power of
the sum of their energies under the dynamics given by £. Namely, the spectral gap
of £ can be bounded from below up to constant by that of the process where the
state of any pair of sites achieves the equilibrium exactly with the rate proportional
to the mth power of the sum of their energies. The next proposition shows that the
guess truly holds.

PROPOSITION 2.1. Under the assumption of Theorem 1, for any € > 0 and
N =12,

(2.2) AE,N) > 2%)»*”"(5, N)
holds.
PROOF. Define an operator £y on LZ(Vg,z) acting on f as
Lof 1.2 = A1 2) [ P12 de)[f(Tizad) - D))
where z = (z1,22) €Ri. For N >3, x eRY, 1 <i <j <N and f:RY — R,
define f;’J :R%r — Ras

Fol(Poq) = (X1, X2, ooy X1y Py Xigds oo e s Xj—15 Gy Xjbls e vy XN)-
J J

Note that the function f;’] does not depend on x; nor x;. Then we can rewrite our
generator as follows:

N—-1

Lfx)= Liit1fx),

i=I
where L; ;11 f(x) = (Lo f 1 (x;, xi+1). Then we have
Eve o[ f(=Liiv) f1Fiiv1]
= Eve [ i xis D (Lo fE ) G xi )1 Fri ]
= EU(xﬁxm)/zfz[f;’iH(—ﬁo)f;’iH]-

Here, we use the noninterference property of ve n, which is mentioned in [3].
Namely, the conditional distribution with respect to the pair (x;, x;4+1) of ve y on



SG FOR STOCHASTIC ENERGY EXCHANGE MODEL 1671

the configuration space with a fixed value x; + x; 1 1S V(x; 4x,,)/2,2 forany £ > 0
and N > 2.

Now, since £ = Ly for N =2, by the definition of the spectral gap, we have for
any £ >0and g € Lz(vg’z),

ME, 2)Evg,[(g — Evg,[81)*] < Evg,[8(—Lo)g].

On the other hand, since Ej ;11 is the integral operator with respect to vy, +x;1)/2,2
we have

il iy )
EU(Xi+Xi+1)/2.2[( )él'i_ — Ev(xi+xi+l)/2,2[ )él+ ]) ] = Evg,N[(Dl,l-Flf) |E,l+]]
Combining the above equations, we have for any £ > 0 and N > 2
Xi + Xi41
)»(7’ 7 s ,2)Eu5,N[(Di,i+1f)2|ﬂ,i+l] < Ev o [f(~Liis) fI1Fiit1]:

Then, by assumption (1.3), we have

C
2_mEUgYN [(xi + xi4 )™ (Di i1 )]

~(xi +xit1\"
:EUE,N[C(%) EU&N[(Di,in)%f,-,,-H]}

Xi + Xit1
S El)g,N |:)"<%7 2>EU5N[(Dl,l+]f)2|'F‘l,l+l]i|

< Eve y[f(LiivD) f].

Finally, by summing up the terms for 1 <i < N — 1, we have %D*(f) <D(f)
and complete the proof. [J

REMARK 2.2. The similar idea to the proof of Proposition 2.1 was already
used in [17, 18].

Hereafter, we only work on the process £*. The following scaling relation is
simple but the key of the rest of the paper.

LEMMA 2.1. Forany £ >0and N > 2,
(2.3) ASM(E, N) =E™A"™(1, N).

PROOF. Recall that for any £ > 0, vy y is the image of vg y under the map
S:x — %x, the unitary change of scale from Sg y to Sj n. Therefore, for any

f e L?(ve.n), let fe(x) = f(Ex), then fe € L?(v; y) and
(2.4) Eve [ (L") f1=EMEv, [ fe(—L7) fe]
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holds. Then the statement follows immediately from the definition of the spectral
gap. U

To estimate A™™ (&, N), we introduce a long-range version of the process £*,
which is defined by the generator £, (= £{g"7) as

1 1
Ligfx) = N D i+ x)™Eij f(x) = f)} = v D (xi +x)" Dy j f (x).

i<j i<j

It is easy to see that vg w is areversible measure of £ ; and the associated Dirich-
let form is given by

DIr(f) =DiR'e n(f) i=/vg,N(dX)[—CfRf](X)f(X)

1
— NZEV&N[(’” +x)"(Ei i f — )]

i<j

1
=5 ZEV&N [(xi +xj)m(Di,jf)2]

i<j

for all f € Lz(l)g, ~). We use notation D, or Df’}{” when there is no confusion
and denote the spectral gap of L{ in LZ(Vg,N) by A}i’{f (E,N).

Comparison techniques between the spectral gap of a nearest-neighbor interac-
tion process and that of its long-range version are known for general interacting
particle systems, or a class of continuous spin systems with uniformly positive
rate function (e.g., [16, 18]). However, to apply them to our process, we need to
combine their ideas cleverly because of the nonuniformly positive rate function.
In fact, unlike general comparison theorems, the spectral gap of £* is bounded
from below by the spectral gap of L£{z multiplied by N ~2 and the spectral gap
of 3-site system. Denote i, = A*"™ (3, 3) and &, = A{R' (3, 3). Recall that k,, and
Kn depend also on y. Our comparison theorem is precisely given in the following
way.

THEOREM 2. For any m > 0, there exists a positive constant C = C(m, y)
such that
AFM(E,N) = CimN AR (E, N)
forall £ >0and N > 2.
We give a proof of this theorem in the next section.
Once we have Theorem 2 and the scaling relation (2.3), then all we have to

show is that k;,, > 0 and A{g' (1, N) is uniformly positive in N. k, > 0 follows
from Corollary 2.1 below. The main work of this paper is to give a uniform lower
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bound for the spectral gap of L[y in the size of the system with a fixed mean
energy £. It is already done for the case m = 0 in [9] (also in [18] by a different
proof) as follows.

THEOREM 3 ([9, 18]). Forany £ >0and N > 2,

yN+1
2.5 AEN) =
(2.5) Lr(E,N) Ny 1 1)
In particular, infy )\f’lg(é’, N) = ﬁ > 0 forany € > 0.

To obtain a uniform bound for positive m, we prove a comparison theorem
between the spectral gap of the process with m > 1 and with m = 0. To do this, we
use the convexity of the function x” as a function of x € R4, which is true only
form > 1.

THEOREM 4. Foranym >1,E >0and N > 2,

gm
WEE,N) = om0

MR(E,N).

In this estimate, the spectral gap of 3-site system appears again. A proof of the
Theorem 4 is given in Section 4.
The analysis of the case 0 < m < 1 is more difficult and complicated. First, we

give a new type of comparison theorem between A{x' (£, N) and Af’ém (E,N):

PROPOSITION 2.2.  Foranym >0, if &y > %, then

2 1
(2.6) MR (E,N)> \/((3/?," — 1)(1 — N) + N)Afi%m(é’, N)
holds for all £ > 0 and N > 2.

We give a proof of this proposition in Section 4. Obviously, to use inequality
(2.6), we need the following key lemma and its corollary.

LEMMA 2.2. Forany y >0,
K1 > %

Here, we emphasize that &, depends on y. A proof of this lemma is given in
the Appendix. The next corollary is shown easily from this lemma.
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COROLLARY 2.1. Foranym >0andy >0,
3km >k > 0.

Moreover, for any m <1,

~ 1
Km>§.

PROOF. Recall that «,,, = )\*’m(%, 3) and k,, = kf’f'{"(%, 3). By the explicit ex-
pressions,

D*(f) = (Eu[(x1 + x2)™(D12)*] + Eu[(x2 + x3)™ (D23 £)?]).
Dir(f) = S(E[(x1 +x2)" (D1 2]+ Ev[(x2 + x3)™ (D23 /)]
+ Eu[(x1 +x3)™(D1.3£)%])

for all f € L?(v) where v = v%//373, the inequality 3k, > «,, follows directly. Note
that v does not depend on m.

Next, we show that 1 > 0. By the definition, for any f € L?(v) satisfying
E,[f]1=0, we have

31 E[ £7]
< Ey[(x1 +x2)(D12£)*] 4+ Eu[(x2 + x3) (D23 /)?]
+ Ey[(x1 + x3)(D13 1))

Noting E,[(x; + x;)(Di.j f)*1 = Eul(xi + x;) f21 — Eu[(xi + x;)(Eij f)*], we
have

Ey[(x1 + x2)(E120)%] 4 Ev[ (2 + x3)(E23 )] + Eu[(x1 + x3)(E13 )]
<(2-3kDEy[f*]
since for any x = (x1, x2, x3) € S1/3,3, X1 + x2 + x3 = 1. Therefore,

Ey[(x1 +x2)(E120)%] + Ev[(x2 + x3)(E2,3 )*]
< (1= @k —D)E[f?]
< Ey[(x1 +x2) 2]+ Ey[(x2 +x3) £2] — By — DE,[?]
which implies (3%1 — D) Ey [ f2] < E,[(x1 +x2)(D1.2/)* 1+ Eu[(x2+x3) (D23 /)]
and hence x1 > 3k; — 1. Then, by Lemma 2.2, k1 > 0 follows.
Now, since (x; + x;)™ is decreasing in m for any fixed x € Sj33 and 1 <i <

Jj <3, we have «,, and k,, are both decreasing in m. Therefore, for any m < 1,
K, > 0 and k), > % holds.
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On the other hand, for m > 1, by Hélder’s inequality,
Ey[(x1 +x2)(D12/)*] + Ev[(x2 + x3)(D2,3 /)]
< E\[(x1 +x2)"(D12)°] " Es[(D1.2.1)7]
+ Ey[(x2 +x3)" (D23 )] E[(D23 £)°]
<{EJ[(x1 +x2)™"(D12)*] + Ey[(e2 + x3)" (D23 )]}

x {E[(D12)*] + Ev[(Dz,sf)z]}l/m,

<{E,[(x1 4 x2)" (D1 2£)*] + Eu[ (e + x3)" (Do s 2T}/ 2E [ £2]}™

1/m’
1/m’

1/m

where % + % = 1. For the second inequality, we use the inequality a!/”p/™" +
cl/mgl/m <(a+ olmp + d)l/’”/ for any nonnegative numbers a, b, ¢ and d,
which is obtained by Holder’s inequality for a two-point space equipped with the
counting measure.

Then, combining the above inequality with the fact that x| = )»*(%, 3), we have
QB[ =2 (D) B[
which implies «;,, > % >0. O

REMARK 2.3. For the following proof of Theorem 1, the sharp estimate k| >
% is essential for the case 0 < m < 1, but the weaker condition k1 > 0 is sufficient
for the case m > 1. To prove k1 > 0, we can avoid the complicated argument in
the Appendix and instead use a simpler argument, for example, the one used in
Section 4.2 of [2].

PROOF OF THEOREM 1. Combining Theorem 3, Theorem 4 and Corol-
lary 2.1, for any m > 1, there exists a positive constant C = C(m, y) such that
(2.7) Mi (E,N)>CE™

forall £ > 0 and N > 2. Then, applying Proposition 2.2 and Corollary 2.1, for any
Lom < 1,

*,m m - 2 1 .
e mzen(6a-n(1-2)+ H)cennzcompen

where C(2m, y) is the constant in the inequality (2.7) and

ctnp=feamny gt (@ -0(1-3) +5) -
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Repeating the same argument, we have for any 2,(% <m< 2l’< with some k € N,

there exists a positive constant C = C(m, ) such that
MR (E,N)>CE™

for all £ > 0 and N > 2. Therefore, it holds for any m > 0 and also for m = 0 by
Theorem 3.

Now, combining this inequality with Proposition 2.1 and Theorem 2, we com-
plete the proof of Theorem 1. [J

REMARK 2.4.  We can also consider the process generated by £; " with neg-
ative m. However, for this case, the statement “)\f’l? (E,N) = CE&™ for some pos-
itive constant C” or the equivalent statement “A{g' (1, N) > C for some positive
constant C” turns out to be false. Actually, fix £ = 1 and consider the function
fn(xX) =1 >n/25 € L*(v1 n), then

E[(xi +x)™(Di,j fn)*] =0  fori, j#1,

E[(x1 +x)™(D1,j fn)*] = E[(x1 + x2)™ (D1 2.fn)?] for j >2
and

E[(x1 +x2)™ (D12 fn)?]
= E[1jy, 420> n/2) (X1 +2x2)™ (D12 fn)?]
+ E[1x+x02n/2) (31 + x2)™ (D12 fv)*]
= E[1{x, 450> N2 (X1 +x2)" (D12 fn)?]

< (%)mE[wl,sz)z] < (g)mVar(fm,

where Var( fx) is the variance of fy. Namely, Af’éﬂ (1, N) <27™N™ which means
there is no uniform spectral gap for the case where m is negative.

3. Reduction to the long-range model. In this section, we estimate the
spectral gap A*" (€, N) from below by A[x' (€, N) by comparing the associated
Dirichlet forms.

We first give simple but useful lemmas.

LEMMA 3.1. Forany x e RY,

N m
3 i ,\*’m(i,N> :A*’m(h,N)
< N N

In particular, applying the equality for N = 3, we have
b
(3.1) K (@ + b + )™ :x*””(#a)

foranya,b,c > 0.
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PROOF. It follows from Lemma 2.1 directly. [
LEMMA 3.2. Foranym >0, k, < %

PROOF. Since «;, is decreasing in m, k,, < o and by Corollary 2.1 and The-
0rem3,/<0§3/20=g;—i} < % O

To compare Dii(f) and D*(f), we introduce operators 7; j:Sg v — Sg.N
which exchange the energies of sites i and j:

xp ik #i, J,
(ni,jx)k= Xj iszi,
Xi ifk=j,

and 7; ;x = X.
Before going to the main result in this section, we prepare the following key
lemma.

LEMMA 3.3. There exists a universal positive constant C such that for any
m=>0,£>0,N>2and1<i<j<N,

km Evg y[X["(f o7i.; — [)?]

j—1
<Clj =il Y. Evg o [0k + x5 D)™ (Di k1 )]
k=i

(3.2)

holds for all f € L?(ve y).

PROOF. Following the strategy used in the study of the spectral gap for multi-
species exclusion processes [16], we express the exchange 7; ; with rate x!" by a
sequence of neighboring exchange 7y k1 with rate x7" or x", |, and 7y x> with
rate x;" or x;”, ,. More precisely, for i < j, we denote K = j — i and define a

sequence of sites ng =i,ny,ny,...,n4x—3 by
i+k if0<k<K,
P j—2-1 ifk=K+2[+1,0<I<K -2,
k=11 ifk=K+2,1<I<K—1,

i+k—3K+3 if3K — 1<k <4K 3.

We define operators S : Sg. v — Sg. n for 0 <k <4K —3 by So =1d and Sx4+1 =
Tngnisr © Sk for 0 <k <4K — 4. By the construction, S4x 3 = 7; ; and for all
0 <k <4K —3, (S5kx)n, = x; and |ng — ng41] =1 or 2. We emphasize that the
use of transitions 7y k42 is necessary since due to that, we have the crucial relation
(Skx)n, = x;. Also, it is precisely because of these extra transitions that we are
forced to have the factor «,, in (3.2).
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Then, by the Schwarz inequality,
Eve 37" (£ (i) = f0OF]

4K —4

< @K =3) 3 Eue [x" [ f(Searx) — F(Se0)}]

k=0
4K—4

= (4K -3) Z EVE.N[xﬁ{f(nnkv”kH‘x) - f(x)}z]

k=0

j—1

< (K =313 Epe [0 f (1) — ()]

k=i
j—2

+ 3 Eve o[l f (Tnsan) — F0)]

k=i
Here, we use the fact thati <nj < j forall 0 < k <4K — 4 and for each [ satisfy-
ingi <1< j,8fk; {ng, ni1} ={l, [+ 1}} = 3 and g{k; {ng, m1} ={l,1+2}} <1
by the construction. We also use the invariance of vg y under the permutation of
coordinates, which we will use repeatedly without notice.

Now, since Ey j+1f (Wk k+1%) = Ek k+1.f (x), we obtain that
Evg y[50'{ f (1) — F(0)}]
= Evp o [50"[ f (ikr1) — Bt ) (k1) + o1 SH6) — 0]
< 2By, [ {0 = (B HOY]
+ 2B [ [ (Br s ) — f(0))]
<4Eye  [(k 4+ xe41)" (Dir1 £)7]-
By the same argument,
Eve y[*0 o f Tk pr2x) — F)] < 4Eyq o [Ook + xe2)™ (D2
Then, by the definition of the spectral gap and the scaling relation (3.1), we have

kim Evg [tk + X1 + x2)™ (D2 )21 Fi ket 1,k+2]

Xk + Xk+1 + Xk+2
= (SIS SV [Dria /P Pk
Xk + Xk+1 + Xk+2
:A*’m< +3 . ’3)Ev5,N[(Ek,k+2f_f)2|fk,k+1,k+2]

Xk + Xk+1 + Xk+2
< K*”"( +3 hs ,3)EV5,N[(Ek,k+1,k+2f — P Fikt1k+2]
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< Evg [Gk + x1)™ (Dies1 )2 Frokt 1542

+ Epg  [(i1 + X42)"™ (D1 k12 )1 Frkr1 k2]

where E; j i f = E\[f|Fi j«] and F; j i is the o-algebra generated by variables
{x1}1i, j,k- At the first inequality, we use the relation that

Eve y[(Eijxf — £AFi k]

= Eve y[(Eij f — Eij /)21 Fijk) + Evg y[(Eij [ — )1 Fijk]-
Then, by taking the expectation, we have

KmEvg y [k + X541 + xk+2)m(Dk,k+2f)2]
(3.3) < Eve y [(k + Xi41)"™ (Di s 1 £)?]

+ Evg [ (o1 + xi2)"™ (Dig1 k+2.6)7]-

Then, combing the inequalities, we have

kmEvg o X" (f omij — )?]

ji—1
< kn(@K —3)13 Y Evg y [60"{ f (1) — £(0))]
k=i
j—2
+ D Evey [l f Grickr2x) — f(X)}Q]}
k=i
j—1
<km(@4K —3)12) " Eye [k + x4 (Di k1 £)*]
k=i
j—1
+8(4K —3) > Evg [tk + 34" (Dii1 )]
k=i
j—1
<1j—il(48km +32) > Eve [k + k)" (Dicses1 )]
k=i

j—1
<1041 — il Y Evg o [Ook + 20" (D1 )2,
k=i

where we use k;, < % in the last inequality. [J
REMARK 3.1. The argument used for the estimate (3.3) is exactly the same

as the one used in Section 4.2 of [2]. The method is also used in the proof of
Theorem 4 in the next section.
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Next is the main result in this section, which allows us to compare the Dirichlet
forms associated with the nearest neighbor interaction model and the long-range
interaction model.

PROPOSITION 3.1. There exists a positive constant C depending only on m
such that foranym >0, >0, N>2and 1 <i < j <N,

j—1
km Eve o [(xi +x))" (D j £)*] < Clj =il Y Evg o [0k + x%0)" (Di k1 )]
k=i

holds for all f € L*>(vg ).
PROOF. Since if i = j — 1, taking C = %, the statement is obvious (with the
fact «,,, < %), we assume i < j — 1. First, we recall that

Eve o[ +x)"™(Di ; £)?]

1 2
(3.4) —E,, [(xi +x<,->’"{ [P (7 - f(x)} ]

1 m 1 s 2
=3Bt [P (T )~ £ 00

Since (x; 4+ x;)™ < 2" (x" + x;"), the last term of (3.4) is bounded from above by
1
_ 2
2"y [0 [P (T = F )]

(3.5) 1
+ 27 e [ [P el S (@) = FP]

Since the second term of (3.5) can be estimated in the same manner as the first
term, we only estimate the first term of (3.5). Rewrite the term f(7; j ox) — f(x) as

f(Tjax) — f(x)
={f(mi j=1(Tj=1,j,a(mi j—1x))) — f(Tj=1,j,a (i j—1%))}
H{f(Tj=1,j,a(mi j—1%) = f(mi j—1x)} +{ f (i j—1x) — fF(x)}.

Then, using the Schwarz inequality, we can bound the first term of (3.5) from
above by

1
Evg,N[x,‘"/o P*(da){f(ﬂi,jl(Tjl,j,a(ﬂi,jlx)))—f(Tj1,j,a(m,j1x))}2}
1
(3.6) +EUg,N[x;" /0 P*(da){f(Tj_l,,-,a(n,-,j_lx))—f<m,j_1x>}2}

B[ [ P )~ f |

up to constant depending only on m. We estimate three terms of (3.6) separately.
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The last term of (3.6) is equal to

Epe o [x"{ f (i j—1x) — f@F]

and, therefore, we can apply Lemma 3.3.
By the change of variable, the second term of (3.6) is rewritten as

1
EVS'N |:x;'1_1/(; P*(dO(){f(Tj_lyj,ax) — f(x)}2:|

which is obviously bounded from above by

1
Eye [(Xj—l —I—x]')mfo P*(da){ f(Tj-1,j,ax) — f(x)}Z}

=2Eye o [(jo1 +x)"™(Dj1; ).

Finally, we study the first term of (3.6). By the same way as the second term,
the term is rewritten as

1
Eve ¥y [ PP@af (ot (Tt ) = £ (Tt )T |

= Epe y[x7 1 Eve y[(f omij1 — ) Fj-1.4]]

and since x;_1 + x; is measurable with respect to F;_1 ;, the last expression is
bounded from above by

Eve y[Gj1 + X)) Evg [(f omijo1 — £)*IFj-1,7]]
= Epe y[(xjm1 +x)" (fomij-1 — .

Then, using the trivial inequality again, we conclude that the last term is bounded
by

(BT 2"Eve y[X7((fomij1 — )]+ 2" Eve X7 (f o mijo1 — f)°].

Though the first term of (3.7) is directly estimated by Lemma 3.3, we need to
treat the second term carefully. Precisely, since 7r; j_| =m; jom; j_1omj_1,j, We
have

Eve  [¥7 (f (i j10) = F(0))*] < 3Eue [ (f (rj—1,52) = f ()]
+3E e [¥1 ) (f (11 j—1%) — £ ()]

+ 3By [x"(f (i jx) — F(0))].

Then we can apply Lemma 3.3 to complete the proof. [J
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PROOF OF THEOREM 2. Noting the explicit expressions of D*(f) and
Df'r(f), by Proposition 3.1, we have

C izl
kn DiR(f) = Y 1 =il Y Eve y [Gk + Xis1)™ (Drs1 £)*] < C'N2D*(f)
i<j k=i

for any f € Lz(v& ~) with positive constants C and C’ depending only on m.
Then, by the definition of the spectral gap, the proof is complete. [l

4. Spectral gap for the long-range model. In this section, to show that
infy )»}i’l’{" (1, N) > 0, we give a proof of Theorem 4 and Proposition 2.2.

PROOF OF THEOREM 4. By the definition of the spectral gap, it is sufficient
to show that forall £ >0, N >2and f € LZ(Vg N,

ZEsz (D f)*]<2&™™ ZEW (xi +x)™(Di.j )?]
l<j l</

holds.
For m > 1, since x™ is a convex function, we have £ < LN xm and, there-
— N &k=1"k
fore,

N g-m
_ZEVSN(DlJf) <_ZZ vngk(Dljf)]

i<j l<]k 1
If k #1i, j, we have
Eve [ (Di.j /)] = Evg  [x{" (i f = [)*]
N[(Xi +xj+x0)"(Eij f — )]
N[(x,- +xj+x0)" Eve y[(Eij f = )| Fiji]]
el

i + X5+ X" Evg J[(Ei ji f — HAF k]l
where we use the relation
Eve J[(Eijucf = P\Fija] = Eve o [(Eijaf — Eij )1 Fiji]
+ Eve y[(Eij f — )| Fiju]

again.
Then, by the definition of the spectral gap for 3-site system and the scaling
relation (3.1),

kmEvg o[ +xj + X0 E[(f — Ei jx )1 Fi,jk]]
< Evg o[ +x0™(Di g ) + (e +x))™(Drj )]
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Therefore, noting x;" + x;” < (x;i +x;)" form > 1 and k,, < %, by summing
terms, we obtain

Y Eue (D1 )]

i<j
< gzi(é—l—Z(N—D)E [(xi +x))"(Dij £)?]
= N l'<jN 2 VE N i J L]
25
VEN (xl +xj)m(Dl]f) ]
i<j 0

PROOF OF PROPOSITION 2.2. Here, we use the idea developed by Caputo
in [3] and generalize it. First, recall a well-known equivalent characterization of
the spectral gap of a generator £ in L?(v) as the largest constant A such that the
inequality

4.1 E[(L/)*] = hE[f(=D)f]
holds for all f € L*>(v). Then, by Schwarz’s inequality, we have

. Ev[(ﬁf)z] 2
A=inf —————|E, =0, L
m{ L o B1=0.1 € (”)}

| [EuL(LS)?]
Zlnf{ W‘Ev[f]zo,feLz(V)}

Eve y[(C1R 1)) Nz > Eve lhvhy Dy f Dy 1,
b,b’

Now, we have

where the sum runs over all (g’ ) unordered pairs b and b’, and hp(x) = (x; + x o
if b={i, j}. We write b ~ b’ when two unordered pairs have at least one common
vertex (including the case b = b’). Otherwise, we write b » b’. We observe that if
b~ b', then E}; and E; commute. Moreover, /i, and h;, are both measurable with
respect to Fp and Fy where Fj = F; ; for b = {i, j}. Therefore, using Dg =—Dy
and self-adjointness of Dy and Dy, for b = b’

Eyg y[hphy Dy f Dy f1= —Ey, [hphiy (Dy Dy f)(Dy f)]
= Eve y[hohy (Dy Dy /)*] = 0

Therefore, it follows that

1
Eve (G0 )2 5 2 Eveylhohy Dof Dy f1.
b,b':b~b'
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Now, we denote unordered triples {i, j, k} of distinct vertices by T (triangles). We
say that be T if b=1{i, j} and i, j € T. Clearly, if b ~ b" and b # b’ there is only
one triangle T such that b, b’ € T. We may therefore write

Y Evgylhohy Dy f Dy f]

b,b":b~b'
= Y EuylhohyDyfDy 1+ Eve y[h5(Dy )%
b,b':b~b' ,b£b’' b
=) > Eveylhohy Dy fDy f1—= (N =3)) Evg [H5(Ds /)]
T bbeT b

since for every b there are exactly N — 2 triangles 7 such thatb e T.
Let us now apply inequality (4.1) for £{'}" to a fixed triangle T'. Let 7 denote
the o -algebra generated by {x;,/ ¢ T}. Then

1
3 > Eve ylhyhy Dy f Dy f1Fr]
bb/ET

o Em <ZieT Xi
- 3

LR

, 3) S Eye [ (D )21 Fr ]
b

=in(Ln) X Euenlho(Dof)?I 7]

ieT b

fn S [(in)mhbwa)z)ﬁ]

ieT

> im Y Eve o [h5(Dy £)*| Fr],
b

where we use (3_;c7 x;)" is measurable with respect to F7 and (3 ;<7 Xi)™ > hyp
for any b € T. Taking vg y-expectation to remove the conditioning on F7, we
obtain that

1
Eve x[(C1' )] 2 75 (G = DN =2+ 1) 3 Eve, [13(Do f ).
b

On the other hand, since
1
Eve w[F (= L0k 1= 5 2 Bve w[H5(Do )],
b
we have

1 *,2m
5 2 Bue w1500 )] 2 MR (€. N) Eve [ 7]
b

Therefore, combining the above inequalities, we complete the proof. [l
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5. Examples. In this section, we present two interesting classes of stochastic
energy exchange models for which we can apply Theorem 1.

5.1. The rarely interacting billiard lattice. As mentioned in the Introduction,
the main motivation of the article [11] was to study the models studied in [7, 8].
Gaspard and Gilbert argued that in the limit of rare collisions, the dynamics of a
billiard lattice becomes a Markov jump process. The limiting process is actually in
the class considered in this paper. As shown in [11], the process studied in [8] has
the generator of the mechanical form with

V21 1/24+ BV (1= B)

Ay(s) = s'/?, Ar(B) =

’

6 Bv(d-p8)
_3IAJlaAd—a)/(BA—PB))
P(B,do) =3 12+ B8v(1—p) dot

The symbol Vv denotes the maximum and A denotes the minimum. This process is
reversible with respect to the product Gamma-distribution with y = % Moreover,
it is shown in [11] that this measure is also reversible for the process given by
the generator corresponding to any other function A (while keeping A, and P
unchanged). Therefore, we consider the generator given by As(s) = s™ for m >
0, and denote the spectral gap on Sg y of the process by A ;3(E, N) where 3
represents the dimension of the original mechanical model.

Here, we also consider the process obtained from the two-dimensional billiard
lattice studied in [7]. Changing equations (3) and (5) in [7] to our notation yields
that

8(v(d-8)

As@)=s"2% 0 AP =\ =5 RE(BY) = (1= B)K(BY),
P(B, da) = I;\(ﬁ(’ﬁ";) da,
where 8* = % A %,

1 [o7 .

k(7)) irose=@Eaa-p)
: \/li k([i5) itpaza-p.

f’(ﬂ,a):\/;x

[07
( l_ﬂ) if(1-p)<a<p,
(

—) if(pv (- p)<asl,
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and
/2 1 /2
K(l‘)=/ —d0, E(t)=/ \/l—tzsinzedé.
0 /1 —12sin?6 0

Since the underlying mechanical model has a two-dimensional configuration space
for each of the constituent particles, this process is reversible with respect to the
product Gamma-distribution with y = 1. In the same manner as before, this mea-
sure is also reversible for the process given by the generator corresponding to any
other function A (while keeping A, and P unchanged). So, we consider the gen-
erator given by A (s) = s™ for m > 0, and denote the spectral gap on Sg_y of the
process by A5, (E, N).

Since these processes are of the mechanical form (1.5), A 55(€,2) = Ay (2E) x
Coaz = 2€)"Cggs and Ao (E,2) = AsQ2E)Cgar = (26)"Cigr where
Cs63 =2%55(1,2) and Coea = 2%, (1, 2).

LEMMA 5.1.

éGG3 >0, éccz >0

hold.

PROOF. The fact A%G3(1, 2) > 0 is shown in [11] since the case m = 0 sat-
isfies the condition assumed in Lemma 5.1 of [11]. To show éccz > (0, we write
down the explicit Dirichlet form associated to the two-dimensional model:

Jo dB Jy P(B.eydalf(@) — f(B)P
Jo B Jo delf (@) — (A1

Then, since P(B,a) >,/ 5K (0) =/ forall 0 <a, B < 1, we have Cgg2 >

1
7y U

Cocr = inf{ e L2((0, 1])}.

With this result, we can apply Corollary 1.1 to these models directly and obtain
the following corollary.

COROLLARY 5.1. For any m > 0, there exists positive constants C and C’
independent of £ and N such that

1 1

5.2. Stick processes. The class of stick processes studied in [6] is another in-
teresting example in the class we considered. The model was first introduced as
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the microscopic model which scales to the porous medium equations. The genera-
tor of the model is described by the rate function and the probability kernel of the
mechanical form as
m|B — |
A =s".  AB=p A=, P(Bday =LA g,
Ar(B)

where m is a positive parameter. « — 1 in [6] is associated to m here. The process
is reversible with respect to a product Gamma-distribution with y = 1.

Denote the spectral gap for the stick process with parameter m on Sg v by
A (E, N). By the definition,

m [y o {f @) — f()P1r — sV dsdr
Jo Jolf(0) = f(s)Y2ds dt

Therefore, it is obvious that ASI,(I, 2)=1and AJ}(1,2) >0forO<m <1as |t —
s|">|t—s|forany0<t,s <landO<m <1.

On the other hand, for m > 1, we need to show A} (1, 2) > 0 more carefully. Let
k=m —1>0.For f satistying E,, ,[f]= fol f(t)dt =0, we have

AT (1,2) =ir}f{ fe Lz(vl,z)}.

1 1
/O/O{f(t)—f(s)}zlt—s|kdsdt

— 2 ! 2. k+1 k+1 Lol X
_k-i-l/() @) (l +(1—1) )dt—Z/O /(; F@O) f$)|t —s|*dsdr.

Then, for any a > 0,

[ [ s —stasal
1 rl
=\[O fo f(t)f(s)(lt—SI"—ak)dsdf‘
s/olfol\fa)!!f(s)\\lr—s%—ak!dsdt
5/01/01%(If(r)|2+|f<s><2)||r—s|"—a"|dsdt

1 1
:/ f(t)Z/ It — 5|k — a¥|ds dr.
0 0

By simple calculations,

1
/ ||t — 5|k — a*|ds
0

1—¢ t
=f0 |qk—ak1dq+f0 g* —d¥|dq



1688 M. SASADA

1—t X X (1—=t)Aa K K
= (g —a)dq—fo (¢" —a")dq

(I-t)Aa

t X k tAa k k
+f (g —a)dq—f (¢" —a")dq
tAa 0

- k%((l — oM A _2((1 =) Aa) T =200 A )t

—a*(1 =2((1 = 1) Aa) = 2(t Aa))

1
-_ 1—[k+l tk-l—l_ k1_4 )
—k+1(< Y ) —a*( a)

Therefore,
1 pl
_ 200 glk
[ [1r0-roPi-stasar
2
>
“k+1

1 (1 — )kl o gh+l
_ 2 —dka -
2[0 f@ ( P a“(1 4a)>dt

1

1
= 2/ F()%d* (1 = 4a) dr.
0
Namely, for any 0 < a < zlt’ we have A7j(1,2) > a™ (1 —4a) > 0.
With this result, we can apply Corollary 1.1 to the stick process directly and
obtain the following corollary.

COROLLARY 5.2. For any m > 0, there exists a positive constant C indepen-
dent of € and N such that

1
KG(EN) = CEm s

APPENDIX: SPECTRAL GAP FOR 3-SITE SYSTEM

In this Appendix, we give a proof of Lemma 2.2. From now on, we fix v = v{/ 3.3
and denote by E the integration with respect to v. For each n € N, let P, be the set
of polynomials of three variables of degree less than or equal to n and P, be the
set of polynomials of one variable of degree less than or equal to 7.

Since P, is dense in L?(v), we have

*,1
i1 :inf{ %Ff(;;); E[f1=0, f e Lz(v)}
DR }
_r}IelIgmf{ EL/7] s E[f1=0, f e P,y.
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Then, since Djg (f) = § ¥i—; E[(1 — x))(f — ELfIx;])*] where E[f|xi] =
E[f|Gi] and G; is the o -algebra generated by x;,
2E[f%] - X, EL( = x)ELf 1xi*]
E[f?]
Therefore, to show k1 > %, we only need to show that
Y1 EL(L = x) ELf xi)*]
E[f?]

Now, we construct a set of special functions which generates P,.
First, for each n e N, let J,, € P, be

F(n+y) i(—l)m (n) Citm+3y -1
n'T'(n+3y — 1) [(m+y)

1
s L ieing
K1 31n 1n{

neN

;E[flzo,fepn}.

(A.T) sup sup{

neN

;E[f]=0,fePn} < 1.

(A2)  Ju(uw) =

{1 }nen are orthogonal polynomials called the Jacobi polynomials with parameters
(y — 1,2y — 1) on the interval [0, 1]. We choose the parameter since {J,},eN
are orthogonal with respect to the marginal of x; under v, or precisely the beta
distribution of parameters (y, 2y ). By the construction, for 1 <i < 3,

(A3) E[LG)]=0 (meN).,  E[L)InG)]=0  (#m).

LEMMA A.1. ForanyneN,

E[Jn(x)|xj] = vadn(x;) fori # j,

F@y)C(nty)

where Vy = (—1)nm

PROOF. We first remark that for any f € P,, E [f(xi)xj]e P, as a function
of xj. Moreover, as shown in the proof of Theorem 3.2 in [18], there exists a set of

polynomials v/, which satisfies E[v,,(x;)|x;] = v, ¥, (x;) for i # j and ¥, € ﬁn

_ (1w L@ty :
where v, = (—1) NCONCEZR Then, since

(Ad) ViE[Yn(xD)¥m(x1)] = E[¥ (x2) ¥ (x1)] = Vi E [V (x2) Y (x2) ]
and v, # v, for n # m, {Y,},en are orthogonal polynomials with respect to
the marginal of x; under v, which implies J, = ¢, ¥, for some ¢, # 0 and
E[Jn(xl)|x]] = Un-]n(xj) fori#j. U
Next, we consider following polynomials F,,, G, H, € P,:
(A.5) Fp(x1, x2, x3) = Ju(x1) + Jn(x2) + Jn(x3),
(A.6) Gn(x1, x2, x3) = Ju(x1) — Ju(x3),
(A7) Hy(x1,x2,x3) = Ju(x1) — 2J,(x2) + J(x3).
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For any n € N, let O, denote a subspace of P, generated by Fp:= 1 and
{Fk, Gk, Hi}1<k<n and Q,f be the orthogonal complement of Q, of P, equipped
with the inner product induced from L2(v).

PROPOSITION A.1. Foranyn eNand f € Q,f,
(A.8) E[f|x;]1=0, 1 <Vi<3.

PRrROOF. Forany f € P,, by the explicit expression of the integration over two
variables, it is not hard to show that E[ f|x;] € P,. The same property was pointed
out in [4]. Therefore, E[ f|x;]1 = Y }_; tx Jx(x;) + to with some constants #;. On
the other hand, since 1, Ji(x;) € Q,, for 1 <k <n and by the assumption f € Q,J;,
wehave tpy =0forO<k<n. O

For any f € P,, we can write f =Y " qa;F; + 3.7 b;G;i + > ciH; + K
with some K € Q,f and constants a;, b; and ¢;. In particular, if E[f] = 0, then
ap = 0. Moreover, since F| =0 on Sj,3 3, we take a; = 0. Then, for any f € P,
satisfying E[ f] =0,

3
Y E[(1—x)E[fxi1%]

i=1

n n n 2
ZE[(I — x,-)(E[Z arFy+ Y b Gy + chHk|x,~D }
i k=2 k=1 k=1

i=1

n n 2
E[(l —M)(Z ar(1+2v) Jk(x1) + Y (b + ) (1 — Vk)Jk(X1)> ]

n n 2
+ E[(l —x2) (Zak(l + 200 T (x2) — Y 26 (1 — vk)ka)) }

k=2 k=1

n n 2
+ E[(l —x3)(2ak(1 + 200 Tk (x3) + Y (b + ) (1 — vk)Jk<x3>> }

k=2 k=1

n 2
= 3E[(1 —xl)(z ar(1+ 2Vk)-]k(xl)> ]

k=2

; 2
+ ZE[(I — xl)(z br(1 — Vk)Jk(xl)) ]

k=1

n 2
+ 6E[(1 - xl)(ch(l — vk)Jk<x1)> }

k=1
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On the other hand,

E[fY]= E[(Zn:aka + Zn:kak + Zn:cka + K)z]

k=2 k=1 k=1

=3 ap(1+ 20 E[Jk ()] +2 > bp(1 — ve) E[J(x1)?]
k=2 k=1

n
+6>  ci(1 — ) E[J(x1)*] + E[K?].
k=1
Therefore, to show (A.1) we only need to show that

E[(1 —w) (T _p ar (14 2v) Ji ()] } o
St a1+ 2v) E Ll k()]

(A.9) sup sup {

neNa=(ay)

and

(A.10) sup sup
neN b=(by)

{Eum —u)(Xh_ b (1 — wk(u))z]} o
Sr_ 1 bi (1 — ) Ep [Tk ()?] ’

where p is the beta distribution with parameters (y, 2y).
Since {J,} is a series of orthogonal polynomials, we have

n 2
Eu[(l — u)(Z ap(1+ 2vk)1k<u>) }

k=2

= Za%(l + 2vk)2EH[(1 - M)Jk(”)z]
k=2

n—1

=2 agag1(1+200) (1 + 2v0) Ep [uJg () Ji1 )]
k=2

Define J, ,, e Rforn eNand 1 <m <n as

n
Jo(u) = Z Jymu™.

m=0

Then we have

Eu[udi)?] = Eu[u" ™ D i @)] + E[u* Ty k-1 k()]

ik Jie k-1
= B [(Jep1 () — Jep1 ) T ()] + Eu[Jc)?]
Jkt+1,k+1 Tk
Jk+1.k i k-1

Eu[Ji)?] + ) Eu[)?]

i1 k41
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and

ik

Ep[udic@)Jis1 )] = Ep[u* T T g Jerr )] = Eu[Jes1)?).

Jiet 1,41

Therefore, we have

" 2
Eu[(l — u)(Zaka + 2vk>1k(u)> }

k=2

=, 2 Jerrk k-1 2
=Y af(1+2m)*( 1+ - E[Ji(u)”]

= Jerri+1 Jik
n—1 ek

— 23" agapp1 (1420 (14 2vp 1) ———Ey, [ Sy 1 @)?].
= Jt k41

In the same manner, we have

n 2
Eu[(l - u><Z by (1 — vk>Jk(u)) ]

k=1

" J| Jrk k—
:Zbi(l—mz(w ek ek I)Eu[Jk(”)z]

=1 Stk ik
ey Ji.k )
=2 bbryi (1 —vp) (1 — vy ) ———E [ Ji1 ()]
=1 Jit1.k+1

Now, we change variables as a; = ak\/(l + 2v) E [ Jk (u)?] and l;k =
bk\/(l — vk)Eu[Jk(u)z]. Note that 1 +2v; > 0fork>2and 1 — vy >0 fork > 1.

Then conditions (A.9) and (A.10) can be rewritten as

n
sup sup {(Z Ez,%(l =+ 2vi) pk

neNa=(ay) k=2
(A.11)
n—1 n
-23 51k5l/<+1\/(1 + 2 (1 + 2”k+1)Qk>/Z 511%} <1
k=2 k=2
and
n ~
sup sup {(Z b,%(l — V) Pk
neNp=(p) | \k=1
(A.12)

n—1 n
_2Zbkb’<+‘\/(1 -1 — Vk+1)Qk)/Zbl%} <1,
k=1 k=1
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Ji.k Ey k1)
Jerrk+1\ EulJi@)?]

Jk+1.k Ji.k

Jiet1,k+1 Jk k
—qy forall k e N.
Since for any sequence of positive numbers {o }x>2

n—1 2

- 1+2v -
Z(ak,/—( g —ak+1\/(1 +2Vk+1)|Qk|05k) >0
k=2 Ok

where pp =1+ L and gk = . Note that |gx| =

we have
n—1
23 a1y (1+ 200 (1 + 2041
k=2
n—1
=23 drdigs1y/ (1+ 20 (1 + 2051 lgx
k=2
(1 +200)lgil | -
=< Z( 2— + ag (1 + 2Vk+1)|61k|01k)-
Namely,
{Zzzz a2(1 4 2v0) p — 2 Y028 it o/ (TF 200 (T T 20kr 1) }
sup sup )
n>2 a D k=2 A
{ Yo i (14 2v0) (pi + lqil fouk + 1qr—1lo—1) }
< supsup 3 :
n>2 a D k=2 Ak

where a1 = 0 for convention. Therefore, we can conclude (A.11) if we succeed to
show the following proposition.

PROPOSITION A.2. There exists a sequence of positive numbers {o,}°°,
which satisfies

|Qn|

n

sup{<1+2vn>(pn + gnotlan 1)} 1

n>2

where a1 = 0 for convention.

In the same manner, to show (A.12), we only need to show the following propo-
sition.

PROPOSITION A.3. There exists a sequence of positive numbers {B,}7°
which satisfies

Sup{(] - Vn)<pn + 0] + |Qn—l|/3n—1>} <1,

n>1 ,Bn

where By = 0 for convention.
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A.1. Some properties of constants. To prove the desired propositions, we
first study some properties of constants v, p, and g, . Hereafter, to emphasize the
fact that v,, p, and g, depend not only on n but also y, we denote them by v, (y),

pn(y) and g, (y).

LEMMA A.2. For each fixed y > 0, |v,(y)| is decreasing as a function of n
for n > 1. Moreover, for each fixed n € N, |v,(y)| is decreasing as a function of y
fory > 0.

PROOF. Since |v,(y)| = ]_[Z;é %’ it is obvious. O

LEMMA A.3. p,(y) >0 forany n € N and y > 0. Moreover, for each fixed
y < %, pn(y) is increasing as a function of n for n > 1 and p,(y) < %for any
neN. Ify= %, then p,(y) = %for all n € N. For each fixed y > %, pn(y) is
decreasing as a function of n for n > 1.

PROOF. By the definition,

—(n+Dn+y) -—-nn+y-—1

=1 —
Pu(v) + 2n + 3y 2n+3y =2

_2n(n— D+ 6n—4)y +6y? 1 —y +3/2y2

Qn+3)2n+3y —2) 2 @n+3y)2n+3y—2)° U

LEMMA A.4. Foreach fixedn € N, p,(y) is increasing as a function of y for

1
V=3

PROOF. By the definition,

d d (6y*+ (6n—4)y +2n(n—1)
ay "= E( (2n+3y)2n +3y —2) )
and the numerator of the derivative is
12y +6n—4)2n+3y)2n+3y —2)
—3(6y2 + (6n —4)y +2n(n — 1)) (4n + 6y —2)

=2n(9y2 4+ 6y(n—1)—2(n—1)>0

foryz%. O

LEMMA A.5. For each fixed % <y <2, |qn(y)| is decreasing as a function
of n for n > 2. For each fixed 2 < y < % |gn(v)| is decreasing as a function of n
for n > 3. For each fixed y < %, |gn ()| is decreasing as a function of n for n > 2.
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PROOF. First, note that by the definition
TQn+3y —1) (n+ DIT(n +3y)
nT'n+3y—1) I'Rn+3y+1)
\/F(n +14+9)2n+3y — DT +3y — 1)
Qn+3y + D+ DITn+3y)Tn+y)

o (n+1)(n+3y—1)\/ (n+y)2n+3y —1)
T 2n43y)2n+3y —D\V Qu+3y+ D+ Dn+3y — 1)

1 \/(n+3y—1)(n+1)(n+y)
Cn+3)V Cn+3y+1)2n+3y —1)
For each n € N, we have
I61n+1(J/)|2= 2n+3y)*@n+3y—1) +2)(m+3y)n+y+1)
lgn(I>  Cn+3y +2)2Qn+3y +3) (n+ D(n+3y — D+ y)’
Forany y >0, 2n+3y +3)(n+y)—(2n+3y)(n+y +1)=n,so

Cn+3y) (m+v+1)
Cn+3y+3) (n+y)

On the other hand, for 2/3 < y,since 2n+3y +2)(n+3y — 1) — 2n+3y)(n+
3y)=3y -2,

qn(y) =

2n +3y) (n+3y) -
Cn+3y+2)(n+3y—1) —

In the same manner, 2n+3y +2)(n+1) — 2n+3y —1)(n+2)=n—3y + 4,
then if y < ”3i4, then

@n+3y -1 +2) _
Qn+3y+2)(n+1) ~

Next, we assume that y < 2/3. As in the same way, since (2n + 3y +2)(n + 3y —
H)—QCn+3y —1)(n+3y)=n+6y —2,forany n > 2,

@2n+3y—-1) (m+3y)
Cn+3y+2)(n+3y—1)
and 2n+3y +2)(n+1)— 2n+3y)(n+2)=2 -3y,
2n+3y) (n+2)
<.
Qn+3y+2) (n+1) U

LEMMA A.6. For each fixed n > 3, |q,(y)| is decreasing as a function of y
fory > 0and |q2(y)| is decreasing as a function of y for y > %.
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PROOF. Instead of |g,(y)]| itself, we will consider the derivative of |g, (y)|2.
By the definition,

d - d ( (n+y)n+3y—1)
@|qn(y)| —m@<(2n+3y)4— (2n+3y)2>'

The numerator of the derivative is
(4n + 6y — 1)((2n +3p)* — 2n +3y)?)
—(n+y)n+3y —D(12Q2n +3y)> — 6(2n + 3y))
=—(2n+3y)((18y* + 24n — 9)y + (4n> — 10n))(2n + 3y)?
+ 3y +2n” +4n)

which is negative for any y > 0 if n > 3, and at least for y > % ifn=2. O

LEMMA A.7. Foranyy > % andn € N, |g,(y)| < 44/n1+)/'

PROOF. For any positive numbers a, b, v/ab < %(a + b). Therefore,
Jnt+y Jo+Dn+3y -1 Jnty

an (V)| = = '
B 7 R e B P P

Now, for any y > %,

Qn+3y)° —1=4n’+12ny + 99> —1>4n+y)>*+ Gy —= Dy + 1)
> 4(n+y)>. O

A.2. Proof of Proposition A.2 for y > % Here, we give a proof of Proposi-

tion A.2 for the case y > %

1 1 1
LEMMA A.8. Forany fixedy > 2, ey + rWE=Y < o) — pa(y).

PROOF. By the definition, for any y > 2,
1

T+ 2m0) pa(y)

2Qy + D2y +3) 6y2 + 20y + 24

T2y D2y 43+ +2)( +3) By +8)(3y +6)
246+ 67y +29y% +3y?)
3y +)@Y+8CBy +H(y + 1)

2 2(—64—30y +43y% +24y3) 2

_+ > —

99 1By LBy L Hy+ ) 9
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On the other hand, for any y > 2,
1 1 1 1 2
ATy a3ty ade a5
and the lemma follows. [J

LEMMA A.9. Foranyfixed 3 <y <2, |q6(y)| +lg5(y)| < HTI(,(),) —p6(y).

PROOF. By Lemmas A.2, A.4 and A.6,

2 2
sup (lgs()| +las()]) = I%I(g) + Iqsl(g)

2/35y =<2

and

1
- p6<y>) > .

N
2/31552(1 + 2v6(y) T 14 2v6(2/3)

Then the exact calculation shows

(5G| = .

LEMMA A.10. For 3 <y <2, let ax(y) = 1g2()|(155005 — P27,

+

a3(y) = LN 6y (y) = 2194 () | (1iyy — Po(¥))  andas(y) = 1.
Then
(A.13) (1+2v2(y))<p2(y)+qu(y)l): ,
ax(y)
(A1) (1+ 2v4<y>)(p4<y> L2l |q3<y>|a3<y)) ~1
as(y)
and
lgn ()|
(A15)  max { (1 +2v,(M)| pn(¥) + + -1 |en—1(y) )} <1
n=3,5 a(y)
hold.

PROOF. Equations (A.13) and (A.14) hold by the choice of {an(y)}izz.
Therefore, we only need to show (A.15). For n =3,
lg3(y)l
a3(y)

(1-+20300) (30 + Hlamla)

(22 + 202 P - p4<y>>1

1
1+ 20()

+ |QZ(7’)|2<1++UQ()/) - pz(y)>_1>,

_ 14
4y 42
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3y 3y 6)/ + 14y + 12 y(3y +7y +6)
2173()/)=

4y + 4y +2 3y +6)3y +4)  6y3 +23y2 + 26y +8

6y 1 -1
4y Jr2|43()/)| (m—m(y))

3y 3y +2@By+8By+Hy+1 (%)'2
T2y +1 2y(46+ 67y +29y% +3y3)

3
B (27 N 351 9(1052 + 1388y +471y2) ) 11
S\ 4 124(142y) 6246+ 67y +29y2 +3y3) ) 756

(27 351) 11 121
< —_— + —_— =,
4 124 ) 756 868
1 —1
142()’)’ (m - pz(V))

3y By +43Gy+2) <g>‘2
T4y +2 3y 1

4+2

\3
(27 9y 5 > 2 17
=\ttt )77z <=
8 4  8(142y)/105 105

for the last inequality we use the fact that y <2.Forn =35,

lgs5(y)I
2
(1+ vs(y))(p (y) + oy} +|Q4(J/)}a4(y)>

1

27

1 -1
=(1+ 2US(V))<P5(V) + las(»)| +2}614()/)|2<1+2—v4(y) - P4(V)> )

Here,

2 1529 1
(14 205()) ps () < (1 +2uS(§))p5(2> -2 <s

(2)\ 171
— — _— < —
) 1716 ~ 10°

1 _1
(1+ 21)5()/))2|614(V)|2<m - P4(V)>

(1+2vs(1)|gs(W)| < lgs()| <

25 5 25121 2
< —2(14+2 —_—
LEMMA A.11. For y > 2, let ar(y)

a3(y) = 1. Then

lg2(y)]
Al 142
(A.16) (1+ vz()/))(l?( )+ )>

~ 18 868 9

- p4<y>)_1 <22l

O

= 2| (a7 — P2(y) ™", and
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and

(A.17) {(1 +2u3<y>)(p3(y) IUECRINn |Q2(V)|a2(y))} <1
az(y)

hold.

PROOF. Equation (A.16) holds by the choice of a>(y). Therefore, we only
need to show (A.17). Note that

lg3 ()l
az(y)

(1+ 2v3(y))<P3(V) + + |612()/)|0¢2()/)>

"l (=" ))
= + + — - .
12 p3() + 3| + [a2(0)] o p2(¥)
Then, since
3y ) = 3y 6yr+1l4y+12  y@Byr+7y+6) <1
a2 T 2 Gy 0GBy 14 6)3+23)2 426y +8 2
3y | ()|<3’ o 1/10 1
— —r— —_— < =
4y 42 BV =143 3V 143 9
3y 2( 1 )“
4y+2|6]2(y)| TGy W
3y (3y+4)(3y+2)’%(y)’z: By + D@y +2)3y +6)
T4y +2 3y 4y +2)3y +3)3y +H @By +5)
1 1
< < —,
4y +2 ~ 10

the lemma follows. [

PROOF OF PROPOSITION A.2 FOR y > % First, assume that y > 2. Take

a(y) =1 7 +2|vq22((yy)))|_p2 ot e(y) where e(y) > 0 will be specified later, and

ay(y)=1forn>3. By Lemmas A.2, A.3, A7 and A S,

sup{(l +2vn<y))<pn(y> L lo2l !qn_1<y>\an_1(y>)}
n>4 an()’)
= sgg{(l + 20, (P (V) + @ W] + |gn-1(1) )}

< sup{(l +2|vn(7/)|)<17n

n>4

1 1
+ +
4. /n+vy 4«/n—1+3/)}

=(1+2V4(y))<p4(y)+ ! + ! ><1
4JE+y  4AS3+y
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holds. On the other hand, by Lemma A.11, for sufficiently small e(y) > 0

|612()/)|>
<1
ax(y)

(1+ 2vz<y))(pz<y> +

and
lg3 ()l
az(y)

hold. Therefore, the proof is complete. The same argument works for the case
% <y <2 with Lemmas A.10 and A.8. [J

(1+ 2v3(y))(p () + B, qu<y>|az<y>) <1

A.3. Proof of Proposition A.3 for y % Here, we give a proof of Proposi-
tion A.3 for the case y > %

1 1 1
LEMMA A.12. For any fixed y > 2, = + YW=y < T p3(y).

PROOF. By the definition,

1 8 +40y +38y% + 63

1wy PYT 11087 12707

2 2(—4 + 16y +21y?)
9(16 + 44y +36y% +9y3)’

Therefore, for any y > 3,

1 1 2 1
i3y Tamay S S 1wy PO
On the other hand,
1 1 —16428y +44y2 —3y3
1—v3(y) =g 12(16 + 44y + 36y2 4 9y3)

and since —16 4 28y +44y? —3y3 > 0 forany 2 < y <3, we have
1 . 1 1 1 )
<-<——
A3ty aZty 4 1-wmp PV

for2<y <3. O

LEMMA A.13. Foranyfixed 3 <y <2, 13| +1a20)| < 1555 — P3(7)-

PROOF. By Lemmas A.2, A.4 and A.6,

sup  (|g3(V)| + |g2(n)|) = q3|( )+|qz| f \f
2/3<y<2
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and

13 —224 + 284y +496y2 — 51y3

= P2 = 50" 15006 144y 736,25 9,3

Then, since —224 + 284y +496y? —51y3 > 0for 3 <y <2,

1
3|+ 2| < ?3()/) - p3(y). 0

LEMMA A.14. Let 0 < &(y) < 157 and Bi(y) = % and
Bo(y) = 1. Then

|q1<y>|>
1— 1
( v1<y>)(p1<y>+ ) <
and
|g2(y)]
A.18 1— —_— 1
(A18) ( Vz(J/))(Pz(V)+ =L +!ql(y)!ﬂ1(y)><
hold.

PROOF. By the definition,

Iql()/)l):§(2(3y+l) n 2—8(y))
B1(y) 2\3By +2) 3@y +2)
:(3V+1) 2—e(y) -
By +2)  22+3y)

(1- vl(y))(pl(y) +

On the other hand,
3y +1
1= u(y) = m
23y +4y +2) 2y 4
P = et - 243y T Gty
31|81 = lg1(»)I?33y +2) _ By (y + D@y +2)
2—¢(y) B+3y)2+3y)2(0+3y)2—e(y))

. 6y - 1
Q43 +3)2—e(y)) 243y

and

NOEICES)) B V33 +4y)
JBH3@G+3)2G5+3y) 2@ 32+

l2(»)| =
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Therefore,

(1- Vz()/))(l?z()/) + 1)l + |q1(y)lﬂ1(y)>

B2(y)
_ v+l (2y+1 4 N V33 +4y) )
22y + D\2+3y  (44+3y)2+3y)  2(4+3y)2+3y)
3y +1 3y+1 8433 +4y)

T22+3y) 2@y + 1) 2(4+37)2+3y)
Now, to show (A.18), we only need to show that

(8+J§(3+4y))(3y+1)<1_ 3y+1  3y+3
42y +DE+3Q2+3y) T 22+3y)  22+3y)

which is equivalent to

(8+3V34+4v3y)3y +1) <23y +3)2y + D4+ 3y).

Then, by comparing coefficients of both sides, we complete the proof. [

PROOF OF PROPOSITION A.3 FOR y > % First, assume that y > 2. Take
B1(y) as in Lemma A.14 and B,(y) =1 for n > 2. By Lemmas A.2, A.3, A.7
and A.12,

lgn (¥)I
:gg{(l—vn(y))<pn(y)+ ) +|qn—1(y)|ﬂn—1(y))}
= sur;{(l =) (P ) + |an | + [gn—1()])}

< sup{(l + |vn()/)})<pn(y) +

n>3

1 1
+
4/n+vy 4«/n—1+y>}

1 1
_(1- v3<y))(p3<y) tast 4¢m> <1

holds. Therefore, with Lemma A.14, we have

|gn (¥)I
Bn(y)

The same argument works for the case % <y < 2 with Lemmas A.5, A.13
and A.14. O

Sup{(l - vn()/))<pn(y) +

n>1

+ |¢1n—1()/)|ﬁn—1()/))} <1.

A.4. Proof of Propositions A.2 and A.3 for y < % Here, we give a proof of

Propositions A.2 and A.3 for the case y < %
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For any y > 0, (m — %) is positive for any n > 2 and increasing for

n > 2. Therefore, by Lemma A.5, |q,1(y)|(Wn(y)| — %)_1 is decreasing for n > 2
and

im ol (—— 1Y 2o
W1 l4n () (1+2|vn<y>| N 5) -

holds. Therefore, there exists ng = ng(y) € N satisfying for any n > ng

| ()’<;_l)_l<l
DN T 2]~ 2 2

Then it is obvious that

sup {(1 + 2vn()/))<% +lgn ()| + |qn_1(y)|>} <1

n>no+1

and

sup {1~ m(% Ha)+ ] <1

n>no+1

Define o, (y) as follows:

1 1\ !
max{'”“(l Fom(y) 5) ’ 1}
ifn=2,

1 !
2 _— — = , 1
a1 =] "2l ) )
if n >4 and n is even,

1 1 —1 —1
(ma"{z‘q”w(l 2 () 5) ’ 1}>

if n >3 and n 1s odd

and o1 = 0. Obviously, «, (y) =1 for any n > ng = no(y).

LEMMA A.15. Foranyn > 2,

L gn(¥)I

+ \qn_1<y)\an_1<y>> <1

PROOF. In this proof, we denote v,(y), p,(y) and g,(y) by v,, p, and g,
when there is no confusion.
By the definition,

(142 )<1+|q2|)<(1+2 )(1+< ! 1)| /] |) 1
)=+ — )| = — = =
AU N \152,  2)¢2V1a2
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and for any even number n > 4,

|Qn|

n

1 1 1
<a +2vn>(5 + (1 - 5)|qn|/(2|qn|)

(5o = 3 )laml/@la)) = 1.

(14 2v n>( + |qn_1|an_1)

Next, forn = 3,

(1 +2v 3)( + @ + |612|012>

1 N1 1 1
<(1+2V3)< +max, 2|g3| (1+2v4_§) ’§<1+2V4_§)

el 10 (55 -3) (1 - 3)})
max = - =
2\ 1520, 2 1+2v, 2

and for any odd number n > 5,

|41n|

n

(142 n>( 4 |qn_1|an_1)

1 N 1 1
<(1+2””)( +max{2|q”| (1+2v +1_§> ’5(1+2u +1_§)}
n n

rmanloo (- —-1) 3 (a2}
max =) s s—— =)} )
=" \Tx2m,, 2) 2\0x20,, 2

To conclude the proof, we will show that
S 1 Nt 1 1/ 1 1
max| 2103 -3) =3 -3)
1+2v4 2 2\1+4+2v4 2 14+2v3 2

2

o 1 1\7! 1 1 1/ 1 1
B e I e e
14+2vp, 2 14+2vp, 2 2\1+2v3 2

and for any odd number n > 5,

5 1 1 1 1 1/ 1 1
B L S Cm ) oy (RS
14+2v41 2 2\14+2v41 2 2\1+4+2vy, 2

2 1 1 1 1 1 1 1
maxi2|g,— 1| ( ————-35) z|l———-3){=3 — ).
142v,1 2 2\1+2v,_1 2 2\1+2v, 2

A
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Note that for any odd number n > 3 LS % and even number n > 4,

’ 1+2v )
1 1 1 3y

T, — 2 <2 L and T +2 5T 2= 6 < 4 Namely, we only need to show that

4 |2< 1 1>1<< 1 1)
B\T520, 2) =Us2m; 2/

o 1 1\~! 1 1
2|qa| -5 = - =)
1+2V2 2 1—|—2U3 2
5 17! 1 1
Ul (———5) = -5).
1+2v,01 2 1+2v, 2
5 1\7! 1 1
HgprP(———5) = - =)
1+2v,1 2 1+2v, 2
We can rewrite these inequalities as
1+2fvg| _ 14 2|3 1+2vp| _ 1423
16]g3/* < . Sl < :
1 —=2fvaf = 1 =2fv3] 1 =2va[ 7 1 =2fv3]
1+2 1+2 1+ 2|v,— 1+2
16|C]n|2 + |Vn+1|S + |Vn|’ 16|Qn71|2 + 2wy, 1|S + |Vn|
1 =2[vpp1] 7 1T =2]vy| L =2[vp1] 7 1 =2|vy|

Combing the fact that |g,|? is decreasing in n > 2 and |v,| is also decreasing

in n, we only need to prove that

1+2vy|  142fvs]
16]g3)* < 1, 8|2/ <
1 =2y = 1 =23

and for any odd number n > 5,

21+ 2v] _ 14 2/v,]

16 .
4 S = 1= 2]

Since |g3(y) 1> < lg3(0) 1> = % the first inequality holds for all y > 0. The second

inequality is rewritten as

By +1)@By +6) - Sy +4
Gy +3)Cy +H 2By +5) ~ 243y +2)
and since the coefficients of the polynomial

Sy +H By +3)By +4)?@y +5) — 243y +2)By + H(3y +6)

are all positive, it is satisfied for any y > 0.
Finally, by Lemma A.16 below, to show the last inequality we only need to show
that

}6]2(J/)|

L+2{v3(¥)| 1 =2|v2(p)l
1 —2{v3(Y)| 1 +2|v2(p)]

16|qa(y)|* <
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and it follows from the fact

5 1 S5y +4
16lqs I <16l OF = 37 < 5 < 35755
T 2lu()| 1 =2|va(y)]

T =2lu() 12| O

LEMMA A.16. Foranyn>?2,

U420t (DI T =20 (] T+ 2[vs()] T = 2w (p)l
L =21 T+ 2lva ()] — 1T =2v3(p)| 1+ 2(va(y)]

PROOF. Consider a function f(x,a) = % forO<a<1and 0 <

x < 1. Thenitis easy to see that 9, f (x,a) > 0and 9, f(x,a) <Oforall0 <x < 1
and 0 < a < 1. Therefore, for any n > 2,

1+ 2[vp 1 () 1 =2[v,(y)] =f< n—+y 2|l) (V)D
1= 2o ()] T+ 21| n+2y "
= f<2+2 |v”(’/)}) >f< ’2{1)2(]/)')
1 +2[v3() 1= 2[v2(py)|
=23 T+ 2l -

PROOF OF PROPOSITION A.2 FOR y < % Define {c;,(y)} as (A.19). Then,
for sufficiently large n € N, «,,(y) = 1. Therefore,

limsup((l + 2vn(y))(pn + 140 (7)] + |qn—1()/)}06n—1(7/)>)

n—o0o O!n()/)

1
§limsup((1+2vn()/))( +1gn (V)| + lan- 1(V)|>) 7 <1

n—oo

holds. Then, to show Proposition A.2, we only need to show that with this o, (y),

lgn (Y|
an(y)

(1 +2vn<y>)(pn(y) + + |qn_1<y>|an_1<y>) <1

for all n > 2. Then, since for any y < % and n>2, py(y) < 5, the proof is com-
plete with Lemma A.15. [
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Define 8, as follows:

1 1\ !
maxl (7055 73) 1]
ifn=1,

max{2|9n(7/)}(1 _ jn()/) a %)_1’ 1}

if n >3 and n is odd,

<max{2|%(ﬂ|(#+l(y) B %)1’ 1})1

if n > 2 and n is even

(A.20) Bn

and fo = 0. Obviously, 8, = 1 for any n > ny.
LEMMA A.17. Foranyn>1

(1= va(y ))( 'Z:EB'+|qn_1<y)|ﬂn_1(y>)s1

PROOF. By the definition,

7))
(T=u(y ))( BL(r) ) =

and for any odd number n > 3,

an(y)l )
1 — Vn n— n—
(1= vuly ))( L g1 )| ()

1 1 1
<(1- v,,(y))(5 + (1 ) §)|qn(y)|/(2|qn(y)})

+ ( o %)|in()’)|/(2|q”1(y)|)) -

1 —v,(y)
Next, for n = 2,

(1 -y >)( "’ZEV)' + g (y)lﬁl(y)>

8
< (1= ) (5 +max{2l200§ _;(y)—%)l,

1 ! 1
2(1—v3<y>_2>}

5 1 ! 1
+ma"{"’l(”| (1—v1<y>_§> ’(1—v1<y>

1

2

1707

)



1708 M. SASADA

and for any even number n > 4,

(1= vy ))( 4 a0l |qn1(y)|ﬁn1<y))

Bn(y)
< (1= )5+ max{ 2l (ﬁ _ %)_1,
(=)

()
2\1+2v1(y)  2/1)
To complete the proof, we will show that

{2| ()|2< 1 1)1 1( 1 1)}
max 2l ———=—-5) 57— —5

1 —v3(y) 2 2\1—wv3(y) 2

1( 1 1)

<_ 7__5

“2\1-wn@) 2

max{| ( )|2<¥_1>_1 (¥_1>}<l<;_1>
T =0 2 U=—wo 217 2\i—wg) 2

and for any even number n > 4,
5 1 N1 1 1
max{2le, )P (7 -3) 55— -3))
L—vpi(y) 2 2\l =vppi(y) 2
1( 1 1)
<sl——3)
T2\l = (y) 2
- {2| ( )|2( 1 1) 1 1( 1 1)}
X - T~ 5) o5\t 5
DINT 000 2) 2\ 2ma() 2
1< 1 1>
<—|——=).
“2\1—n.() 2

Note that for any even number n > 2, 1— Un(y) % > % and odd number n > 3,
1 1 1 1
<7

=) — 2 < 2 and 1~ Vl( 5T 2= Namely, we only need to show that

4g2(n) < ) ) <1_v2(y) %)

2“““’( ) <1—V2()/) %>

CJ\I'—‘



SG FOR STOCHASTIC ENERGY EXCHANGE MODEL 1709

4 2 1 1 —1< 1 1
an(v) (1 — Va1 (y) 5) - (1 —uu(y) 5)’

A 5 1 1 —1< 1 1
[gn-1)| (l—vn—l(y) _5) - (1—vn(y) _5)

for any even number n > 4. We can rewrite these inequalities as

214 )] _ 1+ @)
L=l = 1=’
S+ L+ |G
811 o S T ol
21+ 1] _ T+ @)
Tl )] = 1= oI’
214 )] _ L+ )l
L= o1 ()] = 1= [va ()]

16]g2(y)|

16{9n(y)|

16|gn—1(y)|

Combing the fact that |g,(y)|? is decreasing in n > 2 and |v,(y)] is also de-
creasing in n, we only need to prove that

21+ i)l _ T+ ()l
L=~ 1 =)l

16l <1, 8lai()|

and for any even number n > 4,

21+t )] _ 1+ ()]
[= vt O~ T= vl

16/g3 ()|

. 2 Gr+DhHEe+y) Gy+DQ+y) _  3y*+7y+2
Since 921" = 55355, 49207D < 6@y F90+D — 16672 18745)
equality holds. The second inequality is rewritten as

the first in-

oy(y +1) B 2y - 5y +3
By + DBy +2)2By +3) Gy +DGBy+2)2 24@y +1)

}611()/)|2:

and since the coefficients of the polynomial
5y +3)(3y +2)* — 48y

are all positive, it is satisfied for any y > 0.
Finally, by the same argument of the proof of Lemma A.16, to prove the last
inequality we only need to show that

L+ ()1 —=[vi(y)]
L= v 1T+ [vi(y)

16|g3(»)|* <
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and it follows from the fact
32 1 Sy +3

16]g3(»)|* < 16]g3(0)|* = 105 73 “3Gy+ 1)

_ I+ va()| 1= |vi(y)l
1= v 1+ i)l O

PROOF OF PROPOSITION A.3 FOR y < % Define {8, (y)} as (A.20). Then,

for sufficiently large n € N, 8, (y) = 1. Therefore,
lgn(¥)|
Bn(y)

<timsup((1 =1, (3 + )] + 1)) ) = 3 <1

n—>00 2

holds. Then, to show Proposition A.3, we only need to show that with this 8, (y),

lgn (¥)I
Bn(y)

for all n > 1. Then, since for any y < 5 Zandn>1, pn(y) < 2, the proof is com-
plete with Lemma A.17. [

limsup<(1 — v (y)) <Pn()/) +—+ |6]n—1()/)|/3n—1(3/)>)

n—oo

(1- vn(y))<pn(y) +—=+ |qn—1(y)1ﬁn—1(y)> <1
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