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GIBBS POINT PROCESS APPROXIMATION: TOTAL VARIATION
BOUNDS USING STEIN’S METHOD'

BY DOMINIC SCHUHMACHER AND KASPAR STUCKI
University of Bern and University of Gottingen

We obtain upper bounds for the total variation distance between the dis-
tributions of two Gibbs point processes in a very general setting. Applications
are provided to various well-known processes and settings from spatial statis-
tics and statistical physics, including the comparison of two Lennard—Jones
processes, hard core approximation of an area interaction process and the
approximation of lattice processes by a continuous Gibbs process.

Our proof of the main results is based on Stein’s method. We construct an
explicit coupling between two spatial birth—death processes to obtain Stein
factors, and employ the Georgii—-Nguyen—Zessin equation for the total bound.

1. Introduction. Gibbs processes form one of the most important classes
of point processes in spatial statistics that may incorporate dependence between
the points [Mgller and Waagepetersen (2004), Chapter 6]. They are furthermore,
mainly in the special guise of pairwise interaction processes, one of the building
blocks of modern statistical physics [Ruelle (1969)].

Up to the somewhat technical condition of hereditarity (see Section 2), a Gibbs
process on a compact metric space X is simply a point process whose distribution
is absolutely continuous with respect to a “standard” Poisson process distribution.
It is thus a natural counterpart in the point process world to a real-valued ran-
dom variable that has a density with respect to some natural reference measure.
A notorious difficulty with Gibbs processes is that in most cases of interest their
densities can only be specified up to normalizing constants, which typically ren-
ders explicit calculations, for example, of the total variation distance between two
such processes, difficult.

In the current paper we give for the first time a comprehensive theorem about
upper bounds on the total variation distance between Gibbs process distributions in
a very general setting. These bounds provide natural rates of convergence in many
asymptotic settings, and include explicit constants, which are small if one of the
Gibbs processes is not too far away from a Poisson process.

For the important special case of bounding the distance between two pair-
wise interaction processes E; and E; on X C RP with densities proportional to
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B! [Tix,yjce ¢1(x — y) and B! [Tix,yjce 2(x — y), respectively, where ¢ and
¢> are pairwise interaction functions that are bounded by one (inhibitory case),

a consequence of our results is that there is an explicitly computable constant
C =C(B, ¢2) > 0 such that

(1) drv(Z(E1), Z(E2) <Cllgr — 2l

If we relax the condition that the pairwise interaction functions are bounded by
one and require suitable stability conditions for &1 and &, instead, we still obtain

(2) drv(ZL(E1), L(Er) <C©) o1 — 2l +¢,

where ¢ can be chosen arbitrarily small, causing a bigger C(¢). We give more
explicit examples for Strauss, bi-scale Strauss, and Lennard—Jones type processes
in Sections 3 and 4.

For our proof of the main results we develop Stein’s method for Gibbs process
approximation. Using the generator approach by Barbour (1988), we re-express the
total variation distance in terms of the infinitesimal generator of a spatial birth—
death process (SBDP) whose stationary distribution is one of the Gibbs process
distributions involved. An upper bound is then obtained by constructing an explicit
coupling of such SBDPs in order to obtain the so-called Stein factor and applying
the Georgii—-Nguyen—Zessin equation.

Previously Stein’s method has been applied very successfully for Poisson pro-
cess approximation; see Barbour and Brown (1992), Chen and Xia (2004) and
Schuhmacher (2009). Other notable developments in the domain of point process
approximation concentrate on compound Poisson process approximation [Barbour
and Mansson (2002)] and on approximation by certain point processes whose
points are i.i.d. given their total number [called polynomial birth—death proceses
by the authors; see Xia and Zhang (2012)]. In the latter article the authors give sub-
stantially improved bounds when replacing approximating Poisson or Compound
Poisson processes by their new processes. However, these new processes are by no
means flexible enough to approximate processes typically encountered in spatial
statistics, where truely local point interactions take place, such as mutual inhibition
up to a certain (nonnegligible) distance.

In Barbour and Chen (2005) the editors write in the preface: “Point process ap-
proximation, other than in the Poisson context, is largely unexplored.” This state-
ment still remains mostly true today, and the present paper makes a substantial
contribution in order to change this.

Apart from approaches by Stein’s method, the authors are not aware of any
publications that give bounds for a probability metric between Gibbs processes
in any generality. There is, however, related work by Mgller (1989) and Dai Pra
and Posta (2013), where convergence rates for distances between an SBDP and its
stationary point process distribution were considered.

The plan of the paper is as follows. We start out in Section 2 by giving the
necessary definitions and notation, including a somewhat longer introduction to
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Gibbs and pairwise interaction processes. Section 3 contains the main results.
While Section 3.1 treats the common case where the approximating Gibbs pro-
cess satisfies a stronger stability condition, Sections 3.2 and 3.3 lay out a strat-
egy and give concrete results under very general conditions. Simpler examples are
scattered throughout Section 3, while Section 4 looks at the three more involved
applications mentioned in the abstract. In Section 5 we discuss spatial birth—death
processes and present the coupling needed for obtaining the Stein factors, and in
Section 6 we develop Stein’s method for Gibbs process approximation and give
the proofs of the main results. The paper finishes by an Appendix that justifies the
reduction of our main proofs to a state space with diffuse reference measure «.

2. Prerequisites. Let (X, d) be a compact metric space, which serves as the
state space for all our point processes. We equip X with its Borel o-algebra B =
B(X). Let a # 0 be a fixed finite reference measure on (X', B). If X’ has a suitable
group structure, « is typically chosen to be the Haar measure. If X C RP, we
tacitly use Lebesgue measure and write |A| := Leb” (A). Also, unless specified
otherwise, we assume d to be the Euclidean metric in this case and write ap =
xP/2/T(D/2+ 1) for the volume of the unit ball.

Denote by (M, \) the space of finite counting measures (“point configura-
tions”) on X’ equipped with its canonical o-algebra; see Kallenberg (1986), Sec-
tion 1.1. For any & € 1 write |£| = £(X) for its total number of points. A point
process is simply a random element of 1.

For a finite measure A on X" recall that a point process IT is called a Poisson
process with intensity measure A if the point counts I1(A;), 1 <i < n, are inde-
pendent Po(A(A;))-distributed random variables for any n > 1 and any pairwise
disjoint sets Aq,..., A, € B. It is a well-known fact that such a Poisson process
may be constructed as I[1 = ZlN:1 dx,, where N is a Po(A(&X))-distributed random
variable, and X; are i.i.d. random elements of A" with distribution A(-) /A(X) that
are independent of N. We denote the Poisson process distribution with intensity
measure & by Po;. We will make extensive use of the fact that for IT ~ Po; and
any measurable function /4: 91— R we have

Eh(I) = [ﬁ 1(€)Poy (dE)

| -
—e (X)ICX:%)E/X.../Xh<;5xi>a(dx1)...a(dxk),

where we interpret the summand for kK = 0 as h(Q), writing @ for the empty
point configuration. Equation (3) is obtained by conditioning on the total num-
ber of points of I1. Note that a similar version may also be found in Mgller and
Waagepetersen (2004), Proposition 3.1(ii).

3)
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2.1. Gibbs processes. We give the definition of a Gibbs point process from
spatial statistics. Use the natural partial order on 91, by which & < 5 if and only if
£(A) <n(A) for every A € B. We call a function u: Yt — R hereditary if for any
&, n € N with & < n, we have that u(¢) = 0 implies u(n) = 0.

DEFINITION 1. A point process & on X is called a Gibbs process if it has
a hereditary density u with respect to Po;.

Gibbs processes form important models in spatial statistics. The specification
of a density allows us to model point interactions in a simple and intuitive way.
Under rather flexible conditions, for example, log-linearity in the parameters, for-
mal inference (partly based on numerical methods) is possible. See Mgller and
Waagepetersen (2004), Chapter 9.

It will be convenient to identify a Gibbs process by its conditional intensity.

DEFINITION 2. Let E be a Gibbs process with density u. We call the function
ACL) X x N — Ry,
u(§ +48x)

ug)

the conditional intensity (function) of E. For this definition we use the convention
that 0/0 = 0.

4 A(x|§) =

Note that other definitions of the conditional intensity in the literature may dif-
fer at pairs (x, &) with x € &. It is well known and with the help of equation (3),
straightforward to check that the conditional intensity is the ¢ ® .Z’(E)-almost ev-
erywhere unique product measurable function that satisfies the Georgii—-Nguyen—
Zessin equation

5) ]E(fX h(x, 8 — SX)E(dx)) = /XE(h(x, E)A(x|E))a(dx)

for every measurable /: X x 91— R.

A Gibbs process is usually specified via an unnormalized density # that is
shown to be Po;-integrable. Typically the integral and hence the normalized den-
sity u cannot be computed explicitly. On the other hand the conditional intensity
can be calculated simply as

iu(§ +6y)
u()

and has a nice intuitive interpretation as the infinitesimal probability that & pro-
duces a (further) point around x given it produces at least the point configuration &.

(6) AMx|§) =
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Also it determines the Gibbs process distribution completely, since an unnormal-
ized density & can be recovered recursively for increasingly large point configu-
rations by employing (6). We denote by Gibbs(A) the distribution of the Gibbs
process with conditional intensity A = A(-|).

The measure A given by A(A) =E(E(A)) for any A € B is called the intensity
measure of &, provided that it is finite. By equation (5) we have

A(A) :E(/X Tix € A}E(dx)) - /X]l{x € AJE(A(x]E))a(dx),

that is, A is absolutely continuous with respect to a. We call its density A(x) =
E(A(x|E)) the intensity (function) of E. We use notation A(-) and A(:|-) to distin-
guish the intensity and the conditional intensity if necessary.

In the main part of the paper we distinguish between the approximated Gibbs
process E with a general conditional intensity v, and the approximating Gibbs
process H, whose conditional intensity A will typically (except in Sections 3.2—4.1)

satisfy the stability condition

(S) sup | A(x|&)a(dx) < oo.
EemdX

Note that this condition follows from the local stability condition

AMx[E) <Y (x)

for an integrable function ¢*: X — R,. Local stability is satisfied for many
point process distributions traditionally used in spatial statistics. See Mgller and
Waagepetersen (2004), page 84ff.

2.2. Pairwise interaction processes. A special type of Gibbs processes that are
noteworthy both for their relative simplicity and their abundant use in statistical
physics are the pairwise interaction processes. We treat distances between such
processes in detail in Sections 3 and 4.

DEFINITION 3. A Gibbs process E on &X' is called a pairwise interaction pro-
cess (PIP) if there exist § : X — R, and symmetric ¢ : X x X — R, such that B
has the unnormalized density

i =[] B ] e x)

1<i<n I<i<j<n

for any £ = Y""_, 8,; € 91. The normalizing constant is usually not analytically
computable. We then denote the distribution of E by PIP(8, ¢). The PIP is called
inhibitory if ¢ < 1. Itis called hard core with radius 6 > 0 if ¢(x, y) = 0 whenever
d(x,y) <é.
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The conditional intensity of & ~ PIP(8, ¢) is accordingly given by

n
Ax]§) =B [ ] ox, x).
i=1

For 1 to be integrable with respect to Poyp, it is by equation (3) necessary that
B is integrable. For inhibitory PIPs this is obviously also sufficient. The same holds
for hard core PIPs with bounded ¢, because by the compactness of X their total
number of points is almost surely bounded. For more general PIPs the situation
is not so simple; see Example 21 for a special case. We will then assume the
following conditions:

(RS) Ruelle stability. There exist a constant ¢* and an integrable function y*
such that (&) < c*[/'_, ¥*(x;) forevery £ =3"_, 8, € M.

(UB) Upper boundedness. There exists a constant C such that ¢ (x, y) < C for
all x,y e X.

(RC) Repulsion condition. There exist § > 0 and 0 < y <1 such that for all
x,y € X withd(x, y) <é we have p(x, y) <vy.

Note that (RS) is the form of Ruelle stability commonly used in spatial statis-
tics; see Mgller and Waagepetersen (2004). If we can choose ¥*(x) as 8(x) times
a constant, we get the classical definition by Ruelle (1969). In any case Ruelle
stability ensures that the unnormalized density # is integrable.

If we can write the interaction function as ¢(x, y) = e~ ") then (UB) is
equivalent to requiring that the potential V is bounded from below, which is a
commonly used condition in statistical physics; see, for example, Ruelle (1969).

Furthermore, we introduce notation for the inner and outer ranges of attractive
interaction.

(IR) Interaction ranges. Let § <r < R be constants such that for all x,y € X
withd(x, y) <r ord(x,y) > R we have ¢p(x, y) < 1.

Note that such constants always exist due to (RC) and the compactness of X.
Strictly speaking only inhibitory PIPs satisfy (S). However, for our purpose
it is actually enough to require finiteness of both the .Z(E)-esssup and the
£ (H)-esssup instead of the supremum in (S). This would also admit compar-
isons of arbitrary hard core PIPs. However, for the ease of presentation we deal
with hard core PIPs together with the more general PIPs in Sections 3.3 and 4.1.

2.3. Reduction to a diffuse reference measure . In the remainder of this pa-
per we will tacitly assume that the reference measure « is diffuse, that is, satisfies
a({x}) =0 for any x € X. This implies that the Po;-process and the correspond-
ing Gibbs processes are simple, that is, with probability one do not have multiple
points at a single location in space. It is then convenient to interpret a point pro-
cess as a random finite set and use set notation, which is commonly done is spatial
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statistics. Thus we may write, for example, & C 5 instead of & < 5, or in the density
of a PIP [[yeg B(x) [, yyce ¢(x, y) instead of [;<; <, B(xi) [Ti<i<j<n 9 (xi, Xj).

In addition to simplifying the notation considerably by making points identifi-
able by their location in space, assuming a diffuse « also reduces the differences
in various definitions of the conditional intensity A(x|£) for the case x € £ to an
o ® Poj-null set.

We show in the Appendix that our results in Section 3 carry over to the non-
diffuse case. Essentially this is seen by extending the state space X’ to X x [0, 1]
and considering o @ Leb|[o,1] as a new (always diffuse) reference measure. This is
based on an idea used in Chen and Xia (2004).

3. Total variation bounds between Gibbs process distributions.

3.1. Main results. Define Frvy as the set of all measurable functions f:91 —
[0, 1]. Then, for two point processes E and H, the total variation distance is de-
fined as

(7 drv(Z(8), ZH)) = sup [Ef(E)—EfH)|.
feFrv

By a simple approximation argument this is equivalent to

(8) drv(Z(E), ZH)) = :uj;\)[HP’(E € A)—PHe A)|.

Denote by || - || the total variation norm for signed measures on X'. Thus ||€ — || for
&, n € N is the total number of points appearing in one of the point configurations,
but not in the other.

Our main results are given as Theorems 4 and 8. The principal idea behind our
proofs is a suitable variant of Stein’s method, which we develop in Section 6. The
proofs themselves are deferred to Section 6 as well.

THEOREM 4. Let E ~ Gibbs(v) and H ~ Gibbs(A) be Gibbs processes. Sup-
pose that H satisfies (S). Then there is a finite constant c1(A) such that

©) drv(Z(E), ZH)) < Cl(K)/XEW(XIE) — A(x|E)|ee(dx).
More precisely, we have for any n* € N U {oo} that

e L

n*—1

8
i

(10)

—

1=
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where

e= sup [ [Ax]§) — Axlme(dx) < oo
1E—nl=1/%

and

c=c(n*)= sup |A(x]&) — A(x|n)|ee(dx) < oo.
E—nll=n* /X
If n* = oo, we interpret the long first summand in the upper bound as 0. For e =0
and/or ¢ = 0 the upper bound is to be understood in the limit sense.

REMARK 5. The term c;(A) has a special meaning in our proof and in the
theory of Stein’s method in general; for its definition see equation (53). It is usually
referred to as the (first) Stein factor.

REMARK 6 [Special cases for the bound on c¢1(A)]. (a) We often have a bound
for ¢ which does not depend on n*. In this case we choose n* = [c/¢e], which turns
out to be optimal.

(b) If £ < 1, we can choose n* = oo and obtain

1 1 1
ct(V) < +glog< )5 +8.
£ 1—¢ 1—¢

Conditions of the type ¢ < 1 are known in the statistical physics literature as “low
activity, high temperature” setting; see, for example, Kondratiev and Lytvynov
(2005).

(c) If H is a Poisson process, then A(x|€) = A(x) does not depend on &. We then
have ¢ =0, and obtain c; (1) = 1. Hence inequality (10) contains the bound on the
first Stein factor given in Lemma 2.2(i) of Barbour and Brown (1992) as a special
case.

REMARK 7. The assumption that E is a Gibbs process is used only in the
proof of Theorem 4 for invoking the Georgii—-Nguyen—Zessin equation, and is
of course not needed for bounding ci(A). The Georgii—-Nguyen—Zessin equa-
tion may be generalized by replacing the kernel v(x|&)a(dx) with the Papan-
gelou kernel v(dx|£) of E if the so-called condition (X) is satisfied, that is, if
P(E(A) =0|E|ac) > 0 a.s. for every A € B. See Kallenberg (1986), Section 13.2,
or Daley and Vere-Jones (2008), Section 15.6, for details.

We may therefore generalize Theorem 4 as follows. Let E be a point process
that satisfies condition (X) and has Papangelou kernel v, and let H ~ Gibbs(A)
satisfy condition (S). Then

drv(L(E), £ M) < ¢ WE|v(dx|E) — i(x| E)er(dx)

where c1 (1) is as above, and || - || is the total variation norm for signed measures
on X.

’
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For inhibitory PIPs we obtain the following theorem, which relates the total
variation distance to the L!-distance between the interaction functions.

THEOREM 8. Suppose that E ~ PIP(B, ¢1) and H ~ PIP(B, ¢2) are in-
hibitory. Let v(y) = E(v(y|E)) denote the intensity of E. Then

drv(Z(E), Z(H))
(1)
<c1(d) /X /X B (Me1(x, y) — @2(x, y)|a(dx)e(dy),

where c1(A) is bounded in inequality (10) with

c< / B(x)a(dx) and e=sup [ B(x)(1—@a(x,y))e(dx).
X yeXxX JX

In the case where X C RP, B is constant, and ¢;(x, y) = ¢;(x — y) depends only
on the difference, we obtain

(12) A (Z(@). 2) =aBE(E) [ o) - 20| dx.

Note that v(-) can usually not be calculated explicitly, but at least it can always
be bounded by B(-). In particular, inequality (12) implies inequality (1) in the
Introduction. Note that better bounds on a constant v have been obtained in Stucki
and Schuhmacher (2014).

REMARK 9. Our bounds on the total variation distance in Theorems 4 and 8
may be larger than one, in which case they give no new information. They are
small if one of the processes is not too far away from a Poisson process, and the
conditional intensities (or the pairwise interaction functions in the case of The-
orem 8) are close in an L'-sense. In what follows we are mainly interested in an
asymptotic setting, where, for example, the interaction function of a PIP converges
to the interaction function of another PIP.

If one of the processes is a Poisson process, we obtain both a slight improvement
and a very substantial generalization of the bounds in Brown and Greig (1994).

EXAMPLE 10. Let IT be a Poisson process with intensity function 8, and let
& ~ PIP(B, ¢) be inhibitory, denoting its intensity function by v. By Theorem 8
and Remark 6(c), we obtain

(13)  dry(Z(E), 2() < fX /X B (1 — g, y)e(dn)a(dy).

The special case where X = [0, 11P with torus convention, o is Lebesgue mea-
sure, and E is a stationary hard core process with constant § and ¢(x,y) =
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1{|]x — y|| > r} was considered in Barbour and Brown (1992) and Brown and
Greig (1994), except that these articles approximate by a Poisson process IT that
has the same intensity v as E. We obtain from (13) that

(14) div(Z(8), Z(M)) < pvapr? < apr?.

The best bound in Brown and Greig (1994), namely inequality (12), says that under
a somewhat complicated additional condition on the parameters, we have

~ 1
(15) dTv(f(E),f(H)) < <1+2—D)U2(XDI‘D.

By a straightforward upper bound on 8 [see Brown and Greig (1994), inequal-
ity (11)] our result (14) may be bounded further to obtain

1
drv(Z(B), (1 < 2 b
v(Z(EB), Z( ))_l—vozDrDv apr

for r < 1/ (vaD)l/ D which holds without the additional condition and is an

asymptotic improvement over (15) by a factor of 2° /(2P + 1) as r — 0.

This suggests that for small r it is better to approximate & by IT than by I1, both
because we get a smaller bound and because the intensity of IT is known explicitly
from the parameters of E.

EXAMPLE 11. A PIP is called a Strauss process if its interaction function is
given by

_lv ifd(x,y) <R,
"’<x’y)_{1, ifd(x,y) > R

for some constants 0 <y <1 and R > 0. Let E and H be Strauss processes with
constant 8 and further parameters y;, R; and y», R, respectively, where R > R».
Denote by B(y, R) the closed ball in & with center at y and radius R. Then by
Theorem 8,

drv(Z(8), ZH))

(16) <cWE(IE])
X sug((l —yDa(B(y, R) \B(y, R2)) + ly1 — 2la(B(y, R2))),
ye

where c()) is bounded in inequality (10) with

e=B0—y) sugoc(IB%(y, Ry)) and ¢ < Ba(X).
ye
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3.2. Processes violating the stability condition (S). Many Gibbs processes
satisfy condition (S), but there are some important exceptions. In the present sub-
section we provide a technique for treating these exceptions. In Section 3.3 we
apply this technique to general PIPs.

We call an event A hereditary if the corresponding indicator function is heredi-
tary, that is, if n € A implies & € A for all subconfigurations & C 7.

Let A be a hereditary event such that P(H € A) > 0. Let Hy ~ Z(H|H € A).
For instance, if A = {n € 9:|n| < M} for some M € N; then Hy has the same
distribution as H conditioned on not having more than M points. In many cases
Hj, then satisfies (S), even if the original process H does not.

The following two lemmas are needed for reducing the problem of approximat-
ing by the process H to a problem of approximating by Hy.

LEMMA 12. The process Hy has hereditary density us(§) = u(§)1{§ €
A}/PP(H € A) with respect to Po| and conditional intensity A (x]&) = AM(x|&)1{&E +
8y € A}, where u and X denote the density and conditional intensity of H, respec-
tively.

PROOF. Note that for all measurable f : 91— R,

Ef(Ha) =E(f(H)|A)
_E(fH)1{He A}

PHe A)
u(@®)1{E € A)
/f(é) i PO

Furthermore, by the definition of the conditional intensity, equation (4),

L uaE 480 u(E+8)LE + 5 €A}
Il = = AT S AIOE b, € A),

where the last equality follows by the hereditarity of A. [

PROPOSITION 13. Let A be a hereditary event, and let Hy ~ £ (H|A). Then
(17) drv(Z(B), Z(H)) <drv(Z(E), Z(Hp)) +PH ¢ A).

PROOF. Note that
drv(ZHy), ZH))
= sup |P(He B|[He A) —P(H € B)|
BeN
PHe B,He A)

= su —PHeB,HeA)—P(He B,H¢ A)
pevl  P(HeA) ¢
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P(He B,He A)

:Iigff(]_P(HEA)) P(He A) —IP’(HEB,HgéA)‘
PHe B,He A)

< max(;lel/r\)/P(H ¢A) P(H< A) , ;leljli\)[P(H €B,H¢ A))

=PH¢ A)

and the triangle inequality yields the claim. [

COROLLARY 14. For hereditary events A and A’ we get
drv(ZL(B), ZH)) <drv(ZL(Ea), LHa))+P(E¢ A)+PH¢ A').

3.3. General pairwise interaction processes (PIP). For PIPs the following
hereditary event is very useful. Let k e N, § > 0 and

(18) Ax =& €9 sup£(B(r.5/2)) =k},
ye

that is, we require that the PIP has at most & points inside any closed ball with
radius §/2. If kK = 1, this is equivalent to the event that the PIP has a hard core
radius §.

LEMMA 15. Suppose that H ~ PIP(B, ¢) satisfies the conditions (RS), (UB),
(RC) and (IR) with the constants C, 8, y, r and R. Then

P(H ¢ Ay) =PIy € X:H(B(y, §/2)) = k + 1)

(19) (k(k+1))/2 pk
B
< S E(H|CHM),
(k + 1)!Ck
where Bs = supc y fB(y,a) Bx)a(dx).
PROOF. Note that by equation (3)
P(3y € X:H(B(y.8/2)) > k + 1)
X1
e = Y [ g )
n=k+1 n.Jx X
xu({xr, ..., xp)a(dx)) - -a(dx,),
where
8s.k+1(X1, -+, Xn)
Q) =13y e X, Hir,....ix1} Tl nkxiy, o X, €B(y, 8/2))
< > 1{3y € X, xip, ..., xip,, €B(y,8/2)}.

{it,onipgr1}C{l,...,n}
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For any permutation (i, ..., i,) of (1, ..., n) the density can be rewritten as
u({xts ) = (1‘[ Bxi,) )( I go(x,-,,x,-p)
1<j<l<k+1

k n
u({x,-k+1,...,x,-n})l_[ 1_[ P(xi;, Xi)).

j=11=k+2
Thus by (RC) and (UB) we obtain
u({xi, ..., )Ty e X, xip, ..., xi,, €B(,8/2)}

k
<l_[ ,B(x, ) (k;])u({xikﬂ’ X })Ck(n—k—l)

{3y e X, xip, ..., xi,, €B(,8/2)}

k
H (xi; ) D,y xi, )

X ]l{xil, cees Xig E]B(Xik+l,5)}’

where the last line follows by the triangle inequality. Thus in total from equa-
tion (20)

PH ¢ Ag)
—oc(X) Z
n= k+l
> / S A S
{i1s o1 }C{L, oo} BXipy 8 B9
x Ck(n_k_l)u({xikH, o xi Vee(dx,) - -a(dx,-k)oz(dxikﬂ) SCETS)
k
3 y kt+1)/2 Bk )
= (k+ DICkK
X n—k _
. ——ctn “/ / w({xests - XnY)oe(dxpqr) -+ oe(doxy)
WL (1= k! Y
= ———
n—k
(k(k+1))/2 gk
=Y R(HickM),
(k + 1)'Ck

by equation (3). U
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LEMMA 16. Consider the process Hy,, where H ~ PIP(B, ¢) satisfies the
conditions (RS), (UB), (RC) and (IR) with the constants C, 8, vy, r and R. Define
M = C"™ < oo with

mig= sup &(A(x,r, R)),
xeX,E€Ax

where A(x,r, R) =B(x, R) \ B(x,r). Then
Aa, (x]§) = A(x[E)1{E + bx € Ar} < B(x) M.

This means that the new process Hya, is locally stable and hence satisfies con-
dition (S).

In the Euclidean setting my < mk, where

cen (551
m=apD (( 5 +1 5 1 .

PROOF. By Lemma 12 and conditions (UB) and (IR) we see that A4, (x|§)
can be bounded by B(x)CEA®RI1(e 1§ € Ay} < B(x)C™, and my is finite,
since it can be bounded by k times the minimal number of balls with radius §/2
needed to cover A(x,r, R).

In the Euclidean case, consider a partition {Q; } lN: | of X' by cubes of edge length
8/+/D. Since the diameter of each cube is 8, one can cover each cube by a ball
with radius §/2. Furthermore, a cube can intersect A(x, r, R) if and only if it is
contained in A(x, r — 8, R + §). Thus the number of cubes intersecting A(x, r, R)
can be bounded by the volume of A(x,r — &, R 4 §) divided by the volume of a
cube, that is,

|[A(x,r — 8, R+ 6)] D/2<<R )D (r )D)
<apD —+1 —[=-1 =m.

ev  op/pp =% 5 5 "
Thus my <mk. O

The next theorem is a generalization of Theorem 8 that includes noninhibitory
PIPs.

THEOREM 17. Assume that E ~ PIP(8, ¢1) and H ~ PIP(B, ¢2). Further-
more, assume that they satisfy the conditions (RS), (UB), (RC) and (IR) with the
same constants C, 8, y,r and R. Let va, (y) =E(va,(y|E4,)) denote the intensity
of Ea,. Then we have for any k € N,

dry(L(E). Z(H)
(22) <l (WM /X /X BCa, ()] 1(x. y) — @2 (x, y)|ee(dx)a(dy)

y (kik+1)/2 g

L — )l (TS S (Tell
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where My is defined in Lemma 16, and c1(A) is given in inequality (10) with
c= M [ peoatan
X

and

g < My sup (/ B(x)|g2(x, y) — 1|a(dx) +/ ﬁ(x)oc(dX)>-
X\B(y,8) B(y,5)

yeX

Note that k € N can be chosen such that the two terms in (22) are best balanced.
There is also some freedom in the choice of § in (IR). In particular it is always
possible to choose a lower § at no cost for y, that is, the last term in (22) can
be made arbitrarily small by letting 6 — 0, which on the other hand leads to an
explosion of M.

REMARK 18. Usually the expectations in (22) are not easy to compute, but at
least Ruelle stability guarantees their finiteness. Let u be the density of E, let ¢*
be as in (RS), and write o (¥ *) = [ ¥ *(x)a(dx). Then for a constant ¢** > 0

0 kn *\1
E(|BICH3Y) < #rpmat@) 1T “w)
n=0

= c**Ckoz(tp*)eCk“(‘”*)_“(X) < 00.

n!

REMARK 19. If one is interested in a very specific Gibbs processes model,
then the estimates in Lemmas 15 and 16 may be improved. See, for instance, Sec-
tion 4.1, where we treat Lennard—Jones type processes.

By a slight adaptation in the proof of Theorem 8, we can get a nicer result for
hard core PIPs.

THEOREM 20. Let E ~ PIP(B1, ¢1) and H ~ PIP(B2, ¢2). Assume that both
processes have a hard core radius of 5 > 0, and satisfy (UB) and (IR). Then

oy VZE.Z00)
<1 (WM /X /X B @1 (v ¥) — 92 (x. y)|er(dx)a(dy).

PROOF OF THEOREM 17. We adapt the proof of Theorem 8 to compute a
bound for drv(Z(Eg4,), L (Ha,)). Let £ =37, 8,,. Since both ¢; and ¢ are
bounded by the same C,

Jj—1 n
(H <m<x,y,-))< I 1 wz(x,yi)>1{s+axeAk}
i=1 i=j+1

< CE(B(X’R)\B(X’r))]l{S + 68, € A} < C"™ = M.
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Thus
drv(Z(Ea,), £ Ha,))
24)
<l (WMy /X /X Ba, ]1(x. y) — g2 (x, )|er(dx)a(dy).

Since by Lemma 16 |4, (x]§) — Aa, (x|n)| < B(x)M) for all x € X and
&,n €N, we have ¢ < My [, B(x)a(dx). By Remark 41 the supremum in the for-
mula for & can be replaced by an essential supremum with respect to £ (E4,) +
Z(Ha,). This implies that it is enough to take the supremum only over &, € Ag.
Note thatif d(x, y) > 8, & + 0, € Ax and § + 8, € Ay, then also & + 6, + 8y € Ay.
Therefore, by using A(x|§ + 8y) = A(x]|&)¢@2(x, y), we obtain

o= sp [ i el = da 1))
EneAg, |E—nl=1/X

= s [ e+ 81 + 848y € Al
YEX E+dyeA JX

— M(x[§)1{& + 8y € Ag}la(dx)

< sup </ A(x|E)|@2(x, y) — 1|1{E + 8, + 8, € Axa(dx)
YEX E+8y €A \Y X\B(y,6)

+ fB oy PRI OTEE 81 45y < A
CAGIE)L(E + 5, € Ak}|oe(dx>>

<Mosup( [ pwleatn -~ tla@o+ [ peoaw)).
yeX \JX\B(y,8) B(y.8)
The claim now follows by applying Corollary 14 with A = A" = A and
Lemma 15. O

PROOF OF THEOREM 20. Since Z(E) = Z(E4,) and Z(H) = L H,,),
the statement follows from inequality (24). O

EXAMPLE 21. Let X C RP. A PIP is called a multi-scale Strauss process, if
its interaction function ¢ (x, y) depends only on ||x — y||, is piecewise constant and
takes only finitely many values. We restrict ourselves to bi-scale Strauss processes,
that is, the interaction function is given by

Vs if [x —yll <r,
px,y)=4C, ifr<|x—yl <R,
1, iflx—yl|l>R
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for some constants 0 <y <1, C >0 and 0 <r < R. To ensure (RS), we further-
more require that C <y~ /2™ with

R D
m=m(r,R;D)=aDDD/2<—+1> .
r

Note that m is the same as in Lemma 16 with § = r. (RS) then follows by
a criterion of Kondratiev, Pasurek and Rockner (2012), Section 2.3. The authors
use m as a bound on the maximal number of cubes with edge length §/+/D that
intersect the annulus A(0,r — &, R +§), as we did in Lemma 16.

To illustrate Theorem 17, let & and H be bi-scale Strauss processes with con-
stant 8, the same y, r, R, and with 1 < Cyg < Cg. The ingredients for computing
c1(A) are

e =apBCH(r? + (Cyu— 1)(RP? —=rP)) and c=pCcik x|
Since y < ngm, Theorem 17 yields
drv(Z(B), ZH)) < c;(WapBCEFE(1Ea,l)(Ce — Cr)(RP —rP)

aD:Bker C—mkz—(m+l)kE

. £,
k+1) =

=
@)

—~ ~kIE
(EICE* + H|C

4. Applications.

4.1. Lennard—Jones type processes. In this subsection let (X, &) be a compact
subset of R? equipped with Lebesgue measure. We say a PIP is of Lennard—Jones
type [see Ruelle (1969)], if its interaction function can be written as ¢(x, y) =
exp(—bV (|lx — y]|)), and the pair potential V satisfies the following conditions:

(1) There exist » < R and a ¢ > D such that
Vi(x) > |lx||® for [lx|| <,
V(x) > —lx]|™® for [x|| > R.

(2) V(x) > —M fora M > 0 and for all x > 0, that is, the interaction function ¢
is bounded from above by ¢?M.

The technique used in Section 3.3 stands and falls with a good estimate on the
term supg ¢y A 4, (x1§). The next lemma gives a neat replacement of Lemma 16 for
Lennard—Jones type processes.

LEMMA 22. Assume that H is a PIP of Lennard—Jones type with constants
0,7, R, M. Choose a positive § <r such that also 5 < R/2. Define
apD (ﬁ)D (R—8)P-! ))

o—D\ § ) (R—28)e!

(25) My = exp(bk(mM +
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where

) )
Then for all x € X and for all & € N we have

ra, (x]§) = B(x) M.

D D
m =m(r, R; ) :aDDD/2<(§ + 1) — (f — 1) )]l{r <R).

PROOF. Since ¢ < ¢’ we obtain analogously as in the proof of Lemma 16

and by using the translation invariance of V that

supx<x|s)sﬁ<x>supexp(bMé(A(x,r,R))—b )3 V(||y||))

EeAx §€A ye&,IylI=R

< B(x)e? MMk sup exp(—b > V(||y||)).

EeAy ye&,IylI=R

(26)

Let {Q;},czp denote the partition of RP into cubes of edge length §/+/D and

centre points 8/+/DZP. Since & € Ay, each cube contains at most k points. A cube
intersects B(0, R)¢ if and only if its center point is contained in B(0, R — §/2)°.
For x = (x1, ..., xp) € RP, denote ||x||max = max;=1,. . p |x;|. Thus

sup > =V(Iyl)

§€AL yeg,|y|=R

S —Q
@7) < Yk sw (\/—EIIXII>

7e7ZD lx—zllmax<1/2

lzI=vD(R/5—1/2)
§ \ ¢ Z )
=k< > sup  [lxl| .
ﬁ ZGZD ”X_Z”maxfl/z
lzl=~D(R/§—1/2)

Consider the function g(x) = (||x|| — /D). Since

: VD\™® _
nf ez (ll-") = swp el
e —zllmax<1/2 2 i —zllmax<1/2
the last sum in (27) can be bounded by an integral over the function g. For any
a >0 we get

0 00 D D—1
:aDD/ (r—x/B)_QrD_ldr:ozDD/ <r+«/_> rP=1=e gy
a a—~D

r
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<aDD< ? )D_I/OO rP=e=lqy
o a—\/ﬁ a—«/ﬁ

D( a )D—l 1 1
= .
PP\e=VD) o0-D(—- DD

In order to catch all cubes in (27), the integration must begin at a = ~/D(R/8 — 1),
which together with (26) yields the claim. [

We may also give a more explicit bound on P(H ¢ Ay) than inequality (19) in
the case of a Lennard—Jones type process.

LEMMA 23. Assume that H is a PIP of Lennard—Jones type with constants
o,r, R, M. Then for any § < min(r, R/2)

1
(28) P(H¢Ak)s( /X ﬂ(x)dx) > Bl (L))
j=k+1J°

where Bs is given in Lemma 15 and

L@):%&ﬂ-w—D<MaDDDﬂ«R+5fﬁ-@—wﬂﬁmr<R}

OlDDD/2+1 (R _ S)D_l )
0o—D (R—25e1)

which is positive for reasonably small §, since o > D.

PROOF. Let Zk = Ag \ Ak-1 for k > 2. The sets Zk, k > 2, are pairwise dis-
joint and M\ A; = Up2,, | Ax for all [ > 1. Then by (3)

P(H € Ay)
>0 1
29 =¥ _/ / 1{xr, ... ) €A
(29) e zl’l! N N {{x1 Xn) € k}
n=k
Xga,k(x17,xn)u({xl,,xn})dxldxn’
where g5 x has been defined in (21). For any permutation (iy, ...,i,) of (1,...,n)

the density can be rewritten in a similar way as in the proof of Lemma 15 as
u({xi, ..., xn})
k
= ( 1_[ q)(xijaxil))(l_[)"(xij|{xik+1s---yxin})>u({xik+1’---axi,,})'
l<j<I<k j=1

Since § < r, for all x, y with ||[x — y|| <38, we have ¢(x, y) < exp(—bs—¢). The
term gs r(x1, ..., x,) can be bounded as in (21), and by using Lemma 22 and the
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triangle inequality, we get
P(H € Ay)

o0
S b
<e e 2
B ,12 Z B(x;.5)  JB(x;.0)

wiyc{l,..n}

k—1

k
(H B(xi;) )Mku (XKigrs s Xiy}) dxiy - dx;,

kl</ ,B(JC)dx)Bg_leI"S_Q(IE)M,];eX|
Z (I’l _ k)' / f {xk-l—la .. xl’l}) d-xk+l d
—_———

n—k
— %(/ B(x) dx) Bé‘_le_”‘s_"('é) MF.
: X

For k > 2 we have (5) = (k%/2)(1 — 1/k) > k?/4. Thus Lemma 22 yields
exp(—bS‘Q(g))M,’j < exp(—bkzL(S)). The statement then follows by P(H ¢ A;) =
S PHeAy. O

Putting the pieces together as we did for the proof of Theorem 17 we obtain
the corresponding upper bound. For the sake of simplicity we formulate the fol-
lowing result for the special case of the classical Lennard—Jones process in three
dimensions, where the pair potential is of the form

wo=(5) - ()

for R > 0 and x € R3. In this case we can choose r = R and o = 6.

THEOREM 24. Let E ~ PIP(B, ¢1) and H ~ PIP(B, ¢2) be classical Lennard—
Jones processes with interaction functions ¢;(x) = exp(—b; Vg, (x)) for i =1,2.
Let va, (y) = E(va, (y|Ea,)) denote the intensity of Ba,. Then we have for any
k € Nand § < min(R1, R2)/2 that

drv(Z (), Z(H))

(R — 8)?
SCl()L)CXP(bZk‘l?T[W)

(30)
></X/Xﬂ(X)vAk(y)M(llx—yll)—wz(llx—yll)|dxdy

o

| . .
+</X,3(x)dx) Z ?B({ l(e—]2h1L1(8)+e—12b2L2(8))’

j=k+1
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where

1 6 (Ri —8)*

fori=1,2. Note that v, may be bounded in a crude manner by

R — 8)2
va, (¥) < B() exp<b1k4n«/§83((1;14_2)8)5>‘

REMARK 25. Typically any endeavors to make the second summand in in-
equality (30) small make the exponential factor in the first summand quite large
so that the bounds are mainly useful in an asymptotic setting where the interaction
functions are very close. Note, however, that if Ry and R, are large, so that § may
be chosen quite a bit larger than 1 but still substantially smaller than R;, choosing
a large k results in a situation where the second summand is close to zero and the
exponential factor is close to one.

4.2. The hard core process as limit of area interaction processes. For simplic-
ity let again (X, ) be a compact subset of R” with Lebesgue measure. In this
subsection let B(x, R) always denote the closed ball in RP rather than in X. Let
H be a Strauss process with parameters R, By > 0 and yp = 0 (hard core case). Let
furthermore E := Eg, , be an area interaction process with parameters R/2, 8, y,
where y € (0, 1]. The unnormalized density of such a process is given by

aE) = IBISIV—I Uyee B(y,R/2)]
and the conditional intensity is therefore

v(x|E) = ﬁy—|B(x,R/2)\Uyeg B(y.R/2)I.

see Baddeley and van Lieshout (1995) for more details. The authors show that
ZL(Ep,y) — L (H) weakly as B, y — 0 in such a way that By~ ®R/DP _, g (it
is easily seen that the hard core process referred to by Baddeley and van Lieshout is
in fact the Strauss hard core process we use). We derive a rate for this convergence.
THEOREM 26. Let E and H be as above. Then
drv(Z(B), ZH))
< c1)(|By P RP” — o[ | X] + py P ROTRIE| (R, ),

where

Ip(R.y) = /B(O . B RDMEORD g < 26, DRP" log(y—27) /7.
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PROOF. For the difference between the conditional intensities we obtain

v(x|§) _ )»(X|E) — IBV_lB(x’R/Z)l - ,307 if dist(x, f) > R,
By B R/D\Uyes BO-R/DI if dist(x, £) <R,

where dist(x, A) =infycx [[x — y|| forany A C RP. Therefore
[1vx1) = acxle]

< [ 1By BRI o] ax
+ By ~epR/DP / - Y IBCR20Uee BOR/D! g
{x:dist(x,£)<R}

The last integral may be bounded further by

H y [BGR/DNBOR/2) g
B(0, R)

R
< ISIf y e R=IXD/22 g — |$|O!DDf yap(R=n)P /2P D=1 4,
B(0,R) )

By the substitution y = log(y *"‘D)(%)D this is equal to
—1/p 2 log(y ~“P)(R/2)P

e Yy(1/D)—1
D Jo Y

y 1/D\ D—1
x (R—2<7) ) dy
log(y —Pr)

D—1 —ap —l/Dl o —y . (1/D)—1
< 2l§lep DR™ ™ log(y ) " & ey dy

< 2l¢lap DRP log(y ) ~V/P,

§leep Dlog(y ~*P)

The last inequality holds since the integral is equal to I"'(1/D) and the functional
equality of the Gamma function yields (1/D)["(1/D) =T'(1 + 1/D) <1 for all
D > 1. The result follows now from Theorem 4. [

The next proposition shows that in the case gy ~*>®/ 2P — Bo the above rate
is sharp. Define X~® := {x e X:dist(x, X) > R} and choose R( such that
| (R0 > 0.

D
PROPOSITION 27. Let E and H be as above. Assume that By ~*>R/2™ = g,
and R < Rg. Then there exists a positive constant k such that

(31) drv(Z(8), ZH)) = «Ip(R,y).



GIBBS POINT PROCESS APPROXIMATION 1933
PROOF. Define A = {£ € 9:3{x,y} C & |lx — y|| < R}. Note that
P(H e A) =0. Hence
div(Z(B), Z(H))

= sup|P(E€B)—P(HeB)|>|P(EcA) —PHe A)|=P(E € A).
BeN

Denote by cg the normalizing constant of the density of E. Then
P(E € A)
>P(E€A,|El=2)

~ x|
e
—cg //ﬁz ~IBG1 R/DUBG2RIDI {3y — x|l < R} dixy dica
~ x|
et / / ~[B(x1,R/2)]
‘s B(xy, R)DX
« 3~ IBG2.R/DI, Bt R/DOBC2.R/D] gy iy
e’ ﬂ AR / Y VB R/DOBOR/D] g
B(0,R)

where we used that B denotes a ball in R? and the translation invariance of the
Lebesgue measure. Since y < 1, we have ug(§) < cg ,B(l)gl for all £ € 91. Inte-
grating with respect to Po; yields cg > exp(|X|(1 — Bo)). Thus one may choose
K= e_ﬁ0|X|,Bg|X(_R")|/2. 0

4.3. Discrete processes. Let (X, a) be a general space with a diffuse mea-
sure . Our aim is to compare Gibbs processes which live on a finite subset
A = A, = {yi}}_, of X with Gibbs processes on X. Let V = {V;}!_; be a
partition of X such that y; € V; for all i = 1,...,n. A natural choice is the
Voronoi tesselation, provided that e(dV;) =0 for all i=1,...,n. Define ry =
,,,,, n SUPycy, d(x, y;), the maximal radius of the cells in V Furthermore,
let (‘)TA N,) denote the space of point measures on A with its natural o -algebra,
which coincides with the power set of 1.

Define the reference measure «p on A by ap ({y;}) = a(V;) foralli =1,...,n
and let Pos denote the Poisson process distribution on A with intensity mea-
sure o p. The Gibbs point processes on A are then defined in the obvious way,
that is, as the point processes that have a hereditary density with respect to Poy .

Let Ex ~ Gibbs(u ) be a Gibbs process on A. Define a point process E¢y on X
in the following manner. Each point of &4 is replaced by a e (-)|y; /e (V;)-distribu-
ted point in the corresponding cell V;. More formally, if E4 =>_7"_; N;$y,, then

n N;
(32) Bu=)_) dus

i=1l=1
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where the U;; are all independent and U;; ~ a(-)|y, /ee(V;).

Define a function #: X — A which maps each point in X to its lattice point
in A, thatis, t(x) =y; if x € V; fori = 1,...,n. In the same spirit set ¢(§) =
t(erS Sx) = eré 5t(x) for every f eMN.

LEMMA 28. Let Ex ~ Gibbs(u ). Then the corresponding point process By
on X has density uy (§) = ua (t(€)) with respect to Poy.

PROOF. For ji,..., jn€Zy,setk=>"7"_, ji and
Ajin =15 €MEVD) = j1, .. EVi) = i}

( k )_ k!
Jiseocsdn) il !

for the multinomial coefficient, we have

Then, writing

:]P)(EA GAJI ]n)

.....

n
. k ; ;

e~ (X) k
o L el

x U#{r:ix, e Vit=ji,...,
#Hrix, € Vo} = juja(dxy) - a(dxy)

where E ~ Gibbs(up o1).

Note that the density u (¢(-)) is constant on any A j,
@(Vl) = ji,..., E(V,,) = jn, We may write Z as Y Zl]izléyﬂ, where the
U;; are all independent and U;; ~ a(-)|y;/a(V;). Thus, for every measurable
h:N— Ry we get E(h(Ep)|Aj,,...j,) = I[:?l(h(§)|Aj1 j»)» Which together with
equation (33) and the formula of total expectation yields the claim. [J]

.....

jn- Hence, given that

.....

Many Gibbs processes & on X with density u have a discrete analogon, which
is obtained by restricting the density to A and renormalizing, that is, by using the
unnormalized density i, = u|n, on 4, provided that it is o 5 -integrable. Some
special care is required when evaluating u at point configurations & € 91 that have
multi-points. For the continuous Gibbs process such & form a null set, whereas for
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the discrete analogon the values of it5 at such & become important. We avoid this
problem by assuming that u(£) = 0 for any & with multi-points, which leads to
discrete analoga E, that may be represented as collections of Bernoulli random
variables (/y)yea. Consequently Ey may have no more than one point in any
cell V;.

By Theorem 4 and Lemma 28 we immediately obtain the following proposition.

PROPOSITION 29. Suppose that E ~ Gibbs(v) satisfies (S). Let Ep be its
discrete analogon, and let Ey be given by (32). Then

(34) dTv(i”(EU),«i”(E))501(K)/XE|V(I(X)II(EU))—V(XIEU)|ct(dX).

Consider the special case where & ~ PIP(8, ¢) with a constant 8 and with ¢ < 1
(inhibitory case). Our process Z 4 is then an auto-logistic process in the terminol-
ogy of Besag (1974). In Besag, Milne and Zachary (1982) convergence of the
corresponding Eg-process density toward the E-process density is studied under
a continuity condition on ¢, without providing rates.

We have

vt E) =B [ et@).1(»)  as.
YEBU

Imitating the proof of Theorem 8, we obtain from Proposition 29 the following
result.

PROPOSITION 30. Let E ~ PIP(8, ¢) with constant B and ¢ < 1. Then

drv(Z(Eu), Z(8))
(35)

<C1(/\)E|uvlﬂsug lp(z(x), 1()) — p(x, y)|ee(dx).
ye

COROLLARY 31. Let E ~ PIP(B, ¢) with constant B and a ¢ < 1, that is,
Lipschitz continuous with constant L in both components. Then

(36) drv(Z(Ey), Z(B)) < 2c1(ME|Ey|BLa(X)ry.

PROOF. Note that by the triangle inequality,
lo(t (), 1(») — o(x, )]
<o), 1(y) =@t @), y)| +|e(r(x),y) =&, y)| <2Lry. O

EXAMPLE 32. Let Z be a Strauss process, that is, ¢ (x, y) = y =R} for
ay €l[0,1]. Write A(y, R, Ry)) ={x e X: R| <d(x,y) < Rz} Forx ¢ A(y, R —
2ry, R + 2ry), we have

yll{d(l(X)J(y))iR} _ yll{d(x,y)SR} =0
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and for x € A(y, R —2ry, R + 2r,) the modulus of the above difference is at most
(1 — y). Hence by Proposition 30,

- drv(Z(Ey), Z(8))
<ci(WE|Ey|B( —y) suga(A(y, R —2ry, R+2ry)).
ye

In the Euclidean case we get a linear rate in ry, since € (A(y, R —2ry, R+2ry)) <
4apD(R +2ry)P=1ry.

REMARK 33. By combining the techniques of Corollary 31 and Example 32,
we obtain linear rates in ry for any inhibitory interaction function ¢ that is piece-
wise Lipschitz continuous.

To compute the distance between = and its discrete analogon E, we need an-
other distance than the total variation. This is because P(E C A) =P(|E| = 0)
and thus dyv(Z(Ea), Z(E)) > 1 — P(|E| = 0), whereas one would like to have
a distance that vanishes as ry — 0. We use the following Wasserstein metric;
see Barbour and Brown (1992), Section 3, for details. Let § = }7_,; 8, and
n =i, 8y,. Define a metric d on 9 by

1, if n #m,

dig,p=11 . & . .
1€, m ;grélsri ;mm(d(xi, Yo(i))s 1), ifn=m,

where S, denotes the permutation group of order n. Denote by F, the set of
functions f:91 — [0, 1] such that | f(§) — f(n)| <di(,n) for all £, n € N. Our
Wasserstein distance is then defined by

(38) &(Z(8), Z(H)) = sup [Ef(E) — Ef (H)|.
feFr
We obtain the following theorem.

THEOREM 34. Suppose that E ~ Gibbs(v) satisfies (S). Let B be the dis-
crete analogon. Then

(39) A (Z(En), Z(B)) Srv+C1(A)/XE|V(I(X)It(EU)) —v(x|By)|e(dx).

PROOF. We have
dr(ZL(Bn), Z(B)) <dr(ZL(Ep), Z(Ev)) + da(ZL(By), Z(B)).
For the first summand we obtain by the Lipschitz continuity of f € F, that

sup |[Ef(En) —Ef(Ep)| <Edi(Ea, Ey) <rv,
fer



GIBBS POINT PROCESS APPROXIMATION 1937

where we used that the distance between any point in E s and its replacement point
in Ey is at most ry .

Since > C JFrv, the Wasserstein distance is always bounded by the total varia-
tion distance. The second summand above may therefore be bounded according to
Proposition 29, which yields the claim. [J

5. Couplings of spatial birth—death processes. Let b(-|-),d(:|-): X x9N —
R4+ be measurable functions such that b(§) = [b(x|&)a(dx) < oo for every
£ €M, and set d(§) = Y ¢ d(x[§) and a(§) = b(§) + d(&). A spatial birth—
death process (SBDP) (Z(t));>o with birth rate b and death rate d is a pure-jump
Markov process on 91 that can be described as follows: given it is in state & €
and a(§) > 0 it stays there for an Exp(a(§))-distributed time, after which a point is
added to £ (“birth”) with probability 15(5 )/a(&) or deleted from & with probability
c?(é) /a(&) (“death”). If a birth occurs, the new point is positioned according to the
density b(x|&)/b(£). If a death occurs, the point x € & is omitted with probability
d(x|§)/c7(§). In the case a(§) = 0 the SBDP is absorbed in &, that is, stays there
indefinitely. Preston (1975) and Mgller and Waagepetersen (2004), Chapter 11 and
Appendix G, give more formal definitions of general SBDP and a wealth of other
results, including conditions to assure that the SBDP is nonexplosive, that is, that
with probability 1 only finitely many jumps can occur in any bounded time inter-
val. Denote by (Z¢(#));>0 the process with deterministic starting configuration &,
that is, Z¢ (0) =§.

We concentrate here on the case, where b(x|&) := A(x|€) and d(x|€) = 1 (“unit
per-capita death rate”) and where condition (S) holds. Thus we obtain a nonexplo-
sive SBDP that is time-reversible with respect to Gibbs(A) and converges in distri-
bution to Gibbs(A) [see Mgller and Waagepetersen (2004), Propositions G.2-G.4].
Time-reversibility with respect to Gibbs(X) means that if Z(0) ~ Gibbs(1), we
have that (Z(¢)):cj0,77 and (Z(T — t)):¢0,7) have the same distribution for any
T > 0. Since condition (S) holds, we may also characterize the SBDP with birth
rate A and unit per-capita death rate as the unique Markov process with infinitesi-
mal generator

Ah(g) = / [h(E +8,) — h(E) ] (x|E)a(dx)
(40) .
+ fX[h(s —8,) — h(&)]E(dx)

for all bounded measurable h: X — R; see Ethier and Kurtz (1986), Sec-
tions 4.2 and 4.11, Problem 5. The domain Z(A) of A is the set of all measurable
functions % for which the right-hand side above is well definied. Z(.A) contains at
least all the functions & for which supg oy ye v 1A(§ + 8x) — h(§)] is finite.

In what follows we construct a coupling (Z¢(?), Z,(t));>0 of two SBDPs with
identical birth rate A started at individual configurations &, n € 1. We introduce
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the notation

Amax (X[§, 1) = max(k(x|§), )»(xlﬂ)), )_\max(s’ n = /:Y)\max(xlgs ma(dx),

Amin(x]€, 1) = min(A(x]&), A(x|n)), Amin (€, 1) = /x Amin(x|&, Ma(dx).

Define (Z¢, Z,)) as a pure-jump Markov process with right-continuous paths,

holding intervals Dy, D», ..., start time Tp := 0, and jump times 7; := 2{21 D,
for all j > 1. Given Z¢(T;—1) = &', Z,(T;—1) = n’ the distribution of the next
jump is described by the following random variables, which are assumed to be
independent of one another unless specified otherwise. Let

Dj ~Exp(imax (€', 1) + €' U7']),
G~ Bernoulli<_ Amax (&', 71) )
Amax (', 1)) + 18" Un/|
o~ )\max('lslv 77/)
/ )_‘max(sls n) ’
U; ~ Unif(E' Un),

AMY|E
Be Y~ Bernoulli(i/)/),
' )\max(leg 1)

A1) )
)Mmax(YjI‘i:/, n) ’
where B: ; and B, ; are maximally coupled given Y, that is,
)\min(Yj|‘i:/» n')
)Mmax(Yj 1€, 1) ‘
If Gj =1, set Zg(Tj) = Zg(Tj_l) + Bg?jayj and Zn(Tj) = Z,,(Tj_l) + Bn,j(SYj'
If Gj = 0, set Zg(Tj) = Zg(Tj_l) - Il{Uj € Zg(Tj_l)}SUj and Zn(Tj) =
Zy(Tj—) —1{U; € Zn(Tj—l)}SUj-

In the special case where A(x|§) does not depend on the configuration &, that is,
the time-reversible distribution is the Poisson distribution with intensity function A,
our construction reduces to the coupling used in Barbour and Brown (1992).

By jlY;~ Bernoulli(

P(B:,j =By, =1]Y;) =

PROPOSITION 35. Both components Zg, Z,, of the coupling are SBDPs with
generator (40).

PROOF. Since by condition (S) the rate a(£,n) = Amax(&, 1) + |& U n| is
bounded by ¢ + | U n|, for a constant ¢ > 0, we get

P(D; > 1) =1—a(&, nt+ O(t?),
P(Dy <t, Dy + Dy > 1) =a(&, nt + O(r?)
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and
P(Dy + Dy <1) = 0(r?)
as t — 0. Thus for a bounded function A
Eh(Z: (1))
=t (Amax (&, 1) +1E Unl)
x (Eh(£ + B8y, )P(Gy = 1) + Eh(& — 1{U; € £}6u,)P(G1 =0))
+ (1= 1 (kmax &, 1) + 1§ Un])) (&) + O(1?).

Since
)_\max(g,n)
P(Gi=1)=1—-P(G;=0)== ,
(Gr=D == wEm+Eun]
we obtain
! Eh(Ze (1)) — h(§)
im
t—0 t

= )_\max(%_a ﬂ)E(h(‘; + Bg}:’IBY]) - h(f))
+ 16 UnlE(r (€ — L{U1 € §}du,) — h(8))

- A(YIE) Amax (Y1§, 1)
= Amax(§, h dy) —h =
G ”)/X[ EH0) MO0 S € 1)

(& Un)(du)
1§ Unl

= fX[h(S +8y) — h(&) A (y1&)ee(dy) + fX[h(S —84) — h(§)]&(du)
= Ah(§). O

a(dy)

+ISU77|/X[h(E—Jl{MEE}Su)—h(S)]

Define the coupling time as T = 1¢, = inf{r > 0: Z: () = Z,(¢)}. In order to
investigate the coupling time, it is convenient to use the stopping times 79 = 0,
T =inf{t > 11 : Ze(t) — Z,)(t) # Zg(th—1) — Zy(tr—1)}. These times are the
times when something interesting happens, that is, one of the noncommon points
of Z¢ and Z,; dies or there is a birth in just one of the processes.

Let us call the event that a noncommon point dies a “good death” and the event
that only one process has a birth a “bad birth.” Assume that there are » noncommon
points in £ and 7, that is, || — n|| = n, where || - || denotes the total variation norm
for signed measures. Define the event A, = {|| Z¢(71) — Z;(t1)|| =n — 1} and the
filtration F; = o ((Z¢(s), Zy(s)); s < t). Note that by construction (Z¢, Z,)) has
the strong Markov property; see, for example, Kallenberg (2002), Theorem 12.14.
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An easy calculation then gives us the following probabilities:
P(“good death” at time 7| F7,_,)
_ I Ze(Tj—1) — Zn(Ti—D |
Amax(Ze(Tj—1), Zy(Tj—1)) + | Ze(Tj—1) U Z(Tj—1)|’
P(“bad birth” at time T} | Fr;_, )

max(Zé(T] 1) Z (T] 1)) mln(ZS(Tj 1) Z (Tj l))
Amax(Ze (Tj—1), Zy(Tj—1) + | Ze (Tj—1) U Zp(Tj—1)|

LEMMA 36. The probability of the event A, is bounded from below as

1 -1
@) P(A) > (1 o LS i) - (x|n’)|a(dx)) 0.
'—/|l=n

PROOF. We argue in terms of the discrete time Markov chains (Z¢(T})) jez,
and (Z,(T})) ez, and refer to them as the jump chains of our SBDPs. Define
the N-valued random variable J by 71(w) = Tj(w) (@) as the index of the first
interesting jump. Then

P(A,) = mez P(AulJ = j, Ze(Tj—1) =&, Zy(Tj—1) =1)
j=1
xP(J =j,Z:(Tj—1) €dg', Z,(Tj—1) €dn’)
Z/ (|1 Ze(T)) = Z(T))| =n — 1]

|Ze(Ti) — Zy(T)) | =n, Vi< j—1,
|Ze(Tj) — Z,(T)| € {n — 1,n + 1},
Ze(Ti—) =&, Zy(Tj—1) =17)
xP(J =j, Ze(Tj—1) €dE', Z,(Tj-1) € dn)

n

2:: fﬁz n—+ ()\max(g/ n')— Xmin(g/’ n))

xP(J =j, Ze(Tj—1) €dg’, Z,(Tj—1) € dn)

- = |
n+ Amax(Ze(Ty-1), Zy(Tj-1)) — Amin(Ze(Ty-1), Zy(Tj-1)))

n
>

S n+ SUP|e/—y||=n ()_\max(‘i:/a n)— )_\min(‘i:/7 n)) ‘




GIBBS POINT PROCESS APPROXIMATION 1941

The claim follows since
Amax (&, 1) — Amin(€, ) = fXP»(XIé) — A(x|n)|ee(dx),

which is uniformly bounded in £ and 5 by condition (S). U

THEOREM 37.  For all configurations &, n the coupling time t¢ ,, is integrable.
In particular if & and n differ in only one point, we have for any n* € N U {oo},

Et:, < (n* 1),(8>"*—1 ' /01 = id
T, n — 1)\ - —as
&n = c c 5 n*l' 0 S .

(42) ’:”*
&
§ T
where
£= sup [A(x|€) — A(x|n)|ee(dx)
IE—nll=1JX
and

c=c(n*)= sup IA(x]€) — A(x|m)|ee(dx)
IE—=nll=n* /X

with the interpretations detailed in Theorem 4. The constants € and c are finite by
condition (S).

The following lemma treats the case n* = 1 and will be useful for the proof of
Theorem 37.

LEMMA 38. For all configurations &, n the coupling time t¢  is integrable.
In particular if &€ and n differ in only one point, we have

e —1 ce’ —1
(43) Ete., < + / ds.
C 0 S

where ¢ = SUPg pet [1A(x|&) — A(x|n)|ee(dx), which is finite by (S).

PROOF. Let p, = (1 +c¢/n)~!, n > 1. Construct a new pure-jump Markov
process (Y (¢))s=0 on Z by the following rule. Given Y (¢) is in state n € Z., after
an exponentially distributed time with mean 1/n, it jumps to n — 1 with probability
pn and to n + 1 with probability 1 — p,. Define stopping times 7, = inf{t > 0:
Y, (t) =0} for all n > 0, where (Y,,(¢));>0 denotes the process started at n.

We show that 7¢ , is stochastically dominated by 7,, and therefore Etz ,, < ET,.
Denote by X = || Z¢ — Z, || the process counting the noncommon points, and define
a new jump process Y’ by the following construction. Set Y’ (0) = X (0). If X and
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Y’ are on the same level, say n, they move together. If X jumps, then Y’ jumps with
probability p, to n — 1 and with probability 1 — p, to n + 1. Since P(A,) > p,,
the jumps can be coupled such that Y’ stays above X. If they are separated, let
Y’ behave like Y until they meet again. Thus we have Y'(r) > X (¢) for all # > 0,
and hence t¢ , is stochastically dominated by 7, = inf{r > 0: Y, (t) = 0}, where
(Y, (t))¢>0 denotes the process Y’ started at n.

Note that Y’ has the same transition probabilities as Y, but its holding times
are sometimes those of X. Since the processes Zg and Z; have unit per-capita
death rates, each of their noncommon points dies independently after a standard
exponentially distributed time. If there are n such points, the minimum of these
times is exponentially distributed with mean 1/n. Hence the holding times of X
at n, and therefore also all of the holding times of Y’ at n, may be coupled with
exponentially distributed random variables with mean 1/n that are almost surely
larger or equal. This yields a coupling of ¥’ and Y with exactly matched jump
chains where Y is just a slower version of Y. Hence 7, is stochastically dominated
by 7.

Define now e, = E7,, n > 0. Then, by conditioning on the next jump in the
Y -chain, we obtain

1 1
e, = (en_1 + ;)pn + <en+1 + r_z)(l — Pn)
(44) |
=€n—1pPn +en+1(1 - pn) + ;

If c=0, we have ¢, =e,—1 + 1/n=73""_,1/i, in particular e; = 1. For ¢ > 0,
define a, = e, — e;,—1, n > 1, assuming that the e, are finite. Then p, = (1 +
c/n)~! yields

n 1

1
(45) apyl = —Qp — — — — foralln > 1.
c c n

Since e = 0, the starting point is a; = e;. The general solution of (45) is given by

s ¢t c (n—1!
(46) a,,:Zii(H _)+C —
i=o [ k=o(n + k) n+1i c

for an arbitrary constant C € R.

A result in Grimmett and Stirzaker (2001) [Exercise 6, page 265] states that
the sequence of expected return times is the smallest nonnegative solution of (44),
which yields that the e, are in fact finite and given by setting C = 0. We obtain for
all n > 1 that

n
(47) én :Zan <na; =nej
i=1
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and

ad ct c e — 1 cesS —1
= = _— 1 = d.
asa Z%1+n( +1+i) c '*A P

i=0

Note that e; converges to 1 for ¢ going to 0. [

PROOF OF THEOREM 37. Let & and n be point configurations differing in n
points, that is, they can be written as

k n
E=C+) 8, and n=0+4+ ) by,

i=1 i=k+1

where 0 <k <n, yy, ..., y, are the noncommon points of £ and n, and ¢ =& N 7.

Then
k
j=1

_j:%l[x(x

By the triangle inequality we obtain

A(x]&) — A(x|n)| =

J Jj—1
C+ Zayi) —A(x c+ Zayi)}
i=1 i=1

£

i=k+1

¢+ XJ: 5%) —k(x

i=k+1

sup [ (x]&) — A(x|m)|e(dx)
lg—nll=nJX

<n sup |A(x]&) — A(x|n)|ee(dx) = ne.
IE—nl=1/X

Thus by Lemma 36 we have P(4,) > (1 +¢&)~! for n > 1 and P(4,) > (1 +
c/n)~! for n > n*. Assume ¢ > 0, ¢ > 0 and n* € N. Replace the jump-down
probabilities p, of Y in the proof of Lemma 38 by the above bounds. We then
obtain for the differences a, = e,, — e,—1 of the expected return times to zero the
recursion equations

1 1+e¢
apt1 = —ay — , forl <n <n*,
£ ne
(48) L1
n
apy1=—ap — — — —, for n > n*.
C C n

The differences for larger n must still be the same. Hence the proof of Lemma 38

gives
ad c! c
an = Z - (1 + )
iZ0 [Tkeo(n + k) n+i
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for all n > n*. The second recursion equation in (48) is best solved backwards,
which yields the solution
k 8/(71‘
ap g =elap +(1+8) ) —
i= 1

forall 1 <k <n*— 1. Thus

*
-1 n—z

] i 1
49) e=aj=&"'y —© (1+ < ) e Z
=0 Mo (n* + k) n* 4+ i =

which can be rewritten as (42). A

Letting n* — oo in the inequality Ez¢ , < e, we obtain Et¢ ;, < HE X2 zl
if ¢ < 1 irrespective of ¢, which justifies setting the long first summand in (42)
to zero. Analogously as in the proof of Lemma 38 we get for ¢ = 0 (which im-
plies ¢ = 0) that ¢; = 1, and for ¢ > 0, ¢ = 0 that a,» = 1/n*, which justifies the
interpretation of the upper bound in (42) in the limit sense.

If ¢ does not depend on n*, we choose n* such that (1 +¢&)~! > (1 4+¢/n)~!
forn <n*and (1 +¢)~' < (1 +c¢/n)~! for n > n*. This is obviously the optimal
choice and leads to n* = [¢/e]. U

ARl
—1

One can also couple SBDPs with random starting configurations. It is conve-
nient to use notation of the form Zz also if E is a point process with the obvious
meaning that (Zg(t));>o is an SBDP with generator (40) and Z(0) = E almost
surely. Since this may lead to confusing notation when dealing with two processes,
we always distinguish the processes by adding a prime, thus writing (Zz(¢)) and
(Z/é (t)) for point processes & and E

PROPOSITION 39. Assume that & and E are Gibbs processes satisfying (S).
Consider the coupling (Zz(t), Zé(r)), t > 0. Then the coupling time tg 3 =
inf{r > 0: Zg(t) = Z% (1)} is integrable.

PROOF. The Georgii—-Nguyen—Zessin equation and condition (S) yield

E|E| :IE/ 1E(dx) :E/ V(x| B)a(dx) < oo,
x x
where v is the conditional intensity of Z, and analogously E|E| < co. Then (47)
implies
(E(eyzip 5121 1E]) < e1E(E] +|E]) < oo. O

In particular the coupling time 7¢ y for (nonrandom) & € 1 and H is integrable.



GIBBS POINT PROCESS APPROXIMATION 1945

6. Stein’s method for Gibbs process approximation. Stein’s method, origi-
nally conceived for normal approximation [Stein (1972)], has evolved over the last
forty years to become an important tool in many areas of probability theory and
for a wide range of approximating distributions. See Barbour and Chen (2005) for
an overview.

A milestone in the evolution of Stein’s method was the discovery in Barbour
(1988) that a natural Stein equation may often be set up by choosing as a right-hand
side the infinitesimal generator of a Markov process whose stationary distribution
is the approximating distribution of interest. Many important developments stem
from this so-called generator approach to Stein’s method, and several of them
concern point process approximation, such as Barbour and Brown (1992), Barbour
and Mansson (2002), Schuhmacher (2009) or Xia and Zhang (2012).

In this section we develop the generator approach for Gibbs process approxi-
mation. Let H ~ Gibbs()) be our approximating Gibbs processes satisfying (S).
Define the generator

<w>Am&=£ﬂ®+mrw@muwmuw+AM@—aww@mwm

for all 2: 9t — R in its domain Z(A). In Section 5 we noted that A is the generator
of a spatial birth—death process Z with stationary distribution Gibbs(A), and that
its domain contains at least all functions # with bounded first differences.

For any measurable f:97 — R set up the so-called Stein equation formally as

(51 f(€) —EfH) =Ahr).

A first goal is to find a function & = h s that satisfies this equation. By analogy to
the Poisson process case, a natural candidate is given by

(52) hf(é):—_/ooo[Ef(Zg(t))—Ef(H)]dt.

The following lemma shows that % ¢ is indeed a solution to equation (51) if
feFry.

LEMMA 40. Assume that f is bounded and H satisfies (S). Then hy is well
defined, that is, the integral exists for all £ € ‘N, and it is a solution to (51).

PROOF. We use the coupling (Z¢, Zy;) from Section 5, where Zj; is started in
the random configuration H, as explained at the end of that section. Since .Z (H) is
the stationary measure of the SBDP Z, we have E f (H) = E f (Zy;(¢)) forall r > 0.
Thus

/(;OO|]Ef(Zg(t)) —Ef(H)|dr = /(;OOE\f(Zg(I)) — F(Zy®)| 1t zen >t} dt

o0
swﬂmﬁ P(teq > 1)dt

= 2| fllooE(rz,1) < 00
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by Proposition 39. Hence £y is well defined. The Markov property of the SBDP
implies ,,2”(2/2E (S)(t)) =2 (Z(t +5)). Thus by the substitution v =1+

1
S (Ehyp(Zs(9) —hs(8)
1

- _(_ /OOO]E[f(Zs(t +5)) = f(D)]dt + /OOOE[f(Zs(O) - f<H>]df)

N

1 s
_ ;fo E[f(Zs () — f(H)]dv.
By condition (S) we have P(Zg(v) # &) = O(v) and since f is bounded,
Ef(Z¢(v)) = f(§) + O(v), which implies
1 K
;/0 Ef(Ze(v))dv = f(&) + O(s).
Thus

1
Ahf(f)=sli_1)1(1);(Ehf(Z$(S))—hf(g))=f(§)_Ef(H)- O

Define then the Stein factor as

(53) ci(A)= sup  sup |hy(E+8) —hp(E)l.
feFry xeX,EeM

We are now ready to give proofs for the results in Section 3.1.

PROOF OF THEOREM 4. By the Stein equation (51)
drv(Z(B), £H) = sup |[Ef(E)—Ef(H)|= sup [EAh(E)],

feFrv feFrv

where h 7 is the Stein solution given in (52). Then the Georgii-Nguyen—Zessin
equation (5) yields

IEAR (E)|

_ ‘E[X[hf(a +80) — hy (B) M| Ber(dx)

+EfX[hf(a —8,) — h(B)]E(dx)

(54)
=& [ 1@+ 80— h (201D - vix|D)adx)

= s @ —hyo] [ EvED - ae@le@
EneM,[E—nll=1 X

<c1(d) /XE|v(x|E) — Mx|E)|a(dx).
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Consider the coupling (Zgys,(¢), Z£(t)):>0 in the sense of Section 5. Then by
equation (52)

\hp(E+80) —hp(®)] = ‘E fo [f(Ze+s, (1) = f(Ze )] U{Te 15,6 > 1} dt
< sup |£(€) — £ / P(teys, ¢ > 1)dt <Eters, ¢,
E,neN 0

where we used that 0 < f < 1. The upper bound on ¢ (A) follows now from The-
orem 37. [

REMARK 41. In the proof above the sup; ,cot £—,)=1 could actually be re-
placed by an essential supremum with respect to .Z(E) + .2 (H). This can be seen
as follows. Let N € \ be a null set with respect to both .Z(E) and . (H). With-
out loss of generality we may set the densities of E and H to zero on N. By the
hereditarity of the densities we have

[ (E+8y) — hp(E)](A(x]E) — v(x|E))
=[hf(E+68x) —hs(B)]H{E + 8, € N, E € N}(A(x|E) — v(x|E)),
whence it follows that the first inequality of (54) holds also for the essential supre-
mum.
A consequence of this replacement is that it suffices to take the essential supre-

mum with respect to .Z(E) + £ (H) for the computation of the constants ¢ and ¢
in Theorem 4.

PROOF OF THEOREM 8. Let v and A denote the conditional intensities of &
and H. Then for § =7 | §,, € 91 we have

V(x[E) = A(x[E)
- ﬂ(x)(]_[ 016e.y) — [ eatcr. y))

yeé yeé

n J n
=/s<x>z((ml<x,yi>)( I wz(x,yi)>
j=1\\i=1

i=j+1

j-1 n
- <H 1(x, yi)) (]_[ @ (x, yi)))
i=1 i=j

n j—1 n
= B(x) Z((%(x, yj) — ¢a(x, yj))(l_[ o1(x, yi)) ( [T e2(x, yi)))-
i1

j=1 i=j+1
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Therefore it follows by Theorem 4, ¢; < 1 for i = 1, 2 and Campbell’s formula
[see Daley and Vere-Jones (2008), Section 9.5] that

dv(Z(E), ZH) < c1<A>E< [ [ pwlerce » - e y)|a<dx>s<dy>)

— (v /X /X B |01 (x. y) — @2 (x, y)|ee(dx)a(dy).

Regarding the bound on c¢i(A) we have for all x,y € X and & € 91 that
Ax|E +8y) = A(x|§)g2(x, y) and A(x|§) < B(x), with equality if § = &. Thus
by Theorem 37,

e= sup | [1Cxl8) (el er(dx)
I5—nll=1

= sup |A(x|5;‘ +8y) — A(x|§)|a(dx)
yeX,EeN

= sup A(x|8)|@2(x, y) — 1]ee(dx)
yEX EEMIX

=sup [ B(x)(1 —@ax,y))a(dx).
yexJX
Furthermore, |A(x|§) — A(x|n)| < B(x) for all x € A and for all &, n € . Thus
c < [yB(X)a(dx). O

APPENDIX: THE CASE OF A NONDIFFUSE REFERENCE MEASURE «

In the main part we restrict ourselves to a diffuse reference measure o; see
Section 2.3. This appendix shows that our results remain true for general o (always
finite).

Suppose that « is not diffuse. Consider then instead of A’ the extended space
X=X x [0, 1] and equip it with the pseudometric d((x u),(y,u))=d(x,y).In
the main part the metric d serves the double purpose of inducing the o -algebra on
X and allowing us to define balls when it comes to more detailed considerations
of conditional intensities. For the first purpose, which does not require an explicit
metric, we just use the product topology on X'; for the second purpose we use the
pseudometric d. Note that the topology induced by d is coarser than the product
topology, so there are no measurability problems. Define & = o ® Leb|jo.17, and
denote by Po, the distribution of the Poisson process with intensity measure &.
Note that & is always a diffuse measure, and that a 1561 -process is simple, that is,
almost surely free of multi-points.

Transform a point process & = ZlNzl dx; on X into a point process E
on X by randomizing its points in the new coordinate. More precisely let E=
SN 8x;.u» where Uy, Ua, ... are ii.d. Leb|jo,1}-distributed random variables
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that are independent of E. Following Kallenberg (1986), we refer to E as the uni-
Jorm_randomization of &. Writing 91 for the space of finite counting measures
on X, we introduce the projection Tx:N— N, JT/Y(Z[ 180 ) = Doy 8,
Note that the image measure of P01 under Ty i8S Po LT Xl =Po;. If Eisa Glbbs
process with density u with respect to Pop, then a short calculation shows that & is
a Gibbs process with density

uzE) =u(rx () for any & € N
with respect to Po. _
Hence the conditional intensity of = is given by

u(mx (&) +8) ~
u(mxy()) (xlmx ©))

Let fTV be the class of measurable functions I N — [0, 1] for which f ("g‘ )=
f (17) whenever 7y (i;‘ ) = (7). Furthermore, let A be the generator of an SBDP
on N with birth rate A (- |-) and unit per-capita death rate. Note that

)= sup sup |hyE+8x) —hpE)|=ci(}).
feFrv ieX Eent

(e, w)|E) =

Then for any two-point processes E and H on X we can show by slightly adapt-
ing the proof of Theorem 4 that

drv(Z(E), Z(H) = sup [Ef(E) —Ef(H)]
feFrv
= sup |E,th(§)|
feFrv

551(1)/)?E|a((x,u)|§)—i((x,u)@)\&(d(x,u))
~ l ~ ~
zal(x)fxfo Efv(xlwx(E)) — (x| (B))| duedx)

= cl(x)/XIE|v(x|E) — (x| B)|ee(dx),

where for the last equality the two expectations are the same by the transformation
theorem.

The upper bound for ¢{(A) = ¢; (5\) in inequality (10) can be obtained analo-
gously as before by bounding the expected coupling time between two SBDPs with
generator A whose starting configuration differs in only one point. The expected
coupling time will not be larger than before, because we may match the additional
components u € [0, 1] of any new born points perfectly in the two processes.

For the more general statement in Remark 7 to hold, we have to replace condi-
tion (X) by condition (X’); see Kallenberg (1986), Section 13.2.
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For the other results in Section 3, which are essentially corollaries of Theorem 4,
it is easy to verify that we did not use the fact that « is diffuse, in particular not
that £, n € 91 are multi-point free, except for notational purposes.

Acknowledgements. We thank the referees for their pertinent comments,
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