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MINKOWSKI CONTENT AND NATURAL PARAMETERIZATION
FOR THE SCHRAMM-LOEWNER EVOLUTION

BY GREGORY F. LAWLER! AND MOHAMMAD A. REZAEI
University of Chicago

We prove the existence and nontriviality of the d-dimensional 4 Min-
kowski content for the Schramm-Loewner evolution (SLE, ) with ¥ < 8 and
d=1+ % ‘We show that this is a multiple of the natural parameterization.

1. Introduction. A number of measures on paths or clusters on two-dimen-
sional lattices arising from critical statistical mechanical models are believed to
exhibit some kind of conformal invariance in the scaling limit. Schramm [13]
introduced a one-parameter family of such processes, now called the (chordal)
Schramm—Loewner evolution with parameter k (SLE, ) and showed that these give
the only possible limits for conformally invariant processes in simply connected
domains satisfying a certain “domain Markov property.” He defined the process
as a probability measure on curves from O to oo in H and then used conformal
invariance to define the process in other simply connected domains.

The definition of the process in H uses the half-plane Loewner equation. Sup-
pose y:(0,¢] — H is a curve with y(0) =0, and let y; = y (0, t]. Let H; denote
the unbounded component of H \ ;. We assume that y is noncrossing in the sense
that for all s < ¢, y[s, 00) C Hy, and y[s, t]N Hy is nonempty. Let g; : H, — H be
the unique conformal transformation with g;(z) — z = o(1) as z — oo. Then for
every a > 0, there exists a reparameterization of the curve such that the following
holds:

e For z € H, the map ¢ — g;(z) is a smooth flow and satisfies the Loewner differ-
ential equation

0:g1(2) = g0(z) =z,

a
81(2) = U; ’
where U; is a continuous function on R. This equation is valid up to a time
T, € (0, oc].

Under the reparameterization, the transformation g; satisfies

at
gz(Z):z+?+0(|z|_2), 7 —> 00.
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We say that the curve is parameterized by (half-plane) capacity. Schramm-defined
chordal SLE, to be the solution to the Loewner equation with a =2 and U; a
Brownian motion with variance parameter k. An equivalent definition (up to a
linear time change) is to choose U; to be a standard Brownian motion and a =
2/k. It has been shown that a number of discrete random models have SLE as the
scaling limit provided that the discrete models are parameterized using (half-plane)
capacity. Examples are loop-erased random walk for ¥ = 2 [7], Ising interfaces
for ¥k = 3 [16], harmonic explorer for x = 4 [14], percolation interfaces on the
triangular lattice for « = 6 [15] and uniform spanning trees for « = 8 [7].

If D is a simply connected domain with distinct boundary points wy, wy where
dD is nice in neighborhoods of wi, w», then chordal SLE, from w; to ws in D
is defined by taking the conformal image of SLE, in the upper half plane un-
der a transformation F :H — D with F(0) = w, F(00) = wy. The map F is not
unique, but scale invariance of SLE in H shows that the distribution on paths is in-
dependent of the choice. This can be considered as a measure on the curves F o y
with the induced parameterization or as a measure on curves modulo reparameter-
ization.

While the capacity parameterization is useful for analyzing the curve, it is not
the scaling limit of the “natural” parameterization of the discrete models. For ex-
ample, for loop-erased walks, it is natural to parameterize by the length of the
random walk. One can ask whether the curves parameterized by a normalized ver-
sion of this “natural length” converge to SLE with a different parameterization.
The Hausdorff dimension of the SLE paths [2] isd =1 + min{%, 1}. It was con-
jectured in [8] that the “natural length” of an SLE path might be given by the
d-dimensional Minkowski content defined as follows. Let

Conty(ys;r) = e’(z_d)Area{z :dist(z, 1) <e”"}.
Then the d-dimensional content is
Conty(y:) = lim Conty(y;;7),

provided that the limit exists. If x > 8, then d = 2, and the two-dimensional
Minkowski content is the same as the area and the limit clearly exists. If ¥ < 8, it
is not at all obvious that the limit exists and is positive for # > 0. The main goal of
this paper is to prove this.

Before stating the theorem, we will set some notational conventions for this
paper. Let 0 < k < 8 and let

2 1
a=Ze(l/4o00), d=l+s=14+—ec(l,2).
K 8 4a
Recall that y; = y (0, t] and we write y = vy = ¥ (0, 00) for the entire path of the
curve. The Green’s function for k < 8 is defined by

G(z) = lim e"®~DP(dist(z, y) <e™"}.
r—00
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This limit exists (see Section 2.3) and there exists ¢ = ¢, such that
G(z) = c[3z]??[sinarg z]** L.

Our definition of the Green’s function differs by a multiplicative constant from
that in other papers. If F': D — H is a conformal transformation with F(w;) =0,
F(wy) = 00, we define

2—d
Gp(z:wi, wp) =|F'(2)|"“G(F(2)).
There is also a two-point Green’s function (see Section 2.4)

2r2-d)p

G(z,w) = rlirgoe {dist(z, y) <e™ ", dist(w, y) <e"}.

If DCH, let
G(D) :/D G(z)dA(z), G*(D) :/D/D Gz,w)dA(z)dA(w),

where d A denotes integration with respect to area. We call y (¢) a double point for
the SLE, path if there exists s < ¢ such that y(¢) € dH;. If 0 < ¥ <4, the SLE
path has no double points while they exist for 4 < k¥ < 8.

THEOREM 1.1. If0 <k < 8 there exists B > 0, such that if y(t) is an SLE,
curve from 0 to oo in H parameterized by capacity, then with probability one, the
following holds:

e Foreveryt > 0, the Minkowski content
©; = Conty(y;) = lim Conty(yy; 1),

exists.
o The function t — Oy is strictly increasing and if s < t,

©; — Oy = Conty(y[s, t]) = Conty(y (s, 11N Hy).
e On every bounded interval 0, ty], ©; is Holder continuous of order f3.
Moreover, if D C H is a bounded domain with piecewise smooth boundary, then
E[Conty(y N D)] = G (D),
E[Conty(y N D)?] = G*(D),

and ift > 0,

E[Conty(y N D)|y;] = Conty(y, N D) + /D G, (z: (1), 00) dA().
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The proof will show that we can choose any 8 < agd/2 where

d K 1
< —minj 1 — ,—¢>0
P 2 { 2442k —84/8 4+« 2}
The theorem allows us to define SLE, with the natural parameterization by
letting

y(t)=y(o), o =inf{s: ©; =1t}.
Under this parameterization with probability one for all ¢,
Contgy(y;) =t.

If F:H — D with F(0) = w;, F(00) = w; is a conformal transformation, then
as in [4] the natural parameterization in D can be defined by saying that the time
to traverse F (y[s, t]) is

t
(1) / |F'(7(r))|" dr.

If pls, t] C H, we can see that this is the same as Conty[F o y[s, t]]. We expect
this to be true for all nice D. The only question is the intersection of the curve
with the boundary for 4 < k¥ < 8 with D having a nonsmooth boundary, perhaps
of large dimension.

As an example, let D be the unit disk D and let w; = 1, wy = —1. In this case,
the map F : H — I extends analytically to R and there is no problem establishing
that (1) equals Conty[F o y[s, t]]. Let y (¢) be the SLE, path in H with the capacity
parameterization, and let n(z) = F(y (¢)) which is an SLE, curve from 1 to —1
in D. Let ®; = Contg[7;]. In this case, ® is an integrable random variable with

E[Oso] =/DGD(z; 1,-1)dA(z) < 0.
Moreover,

E[Ox|n:] =0, + ¥,

where
v, = /D G, (z: (1), —1) dA(2).

Since M; := E[®4|n;] is a martingale, we can see that ®; is the unique increasing
process such that W, 4+ ®; is a martingale. This is a Doob—Meyer decomposition.

In [8], the natural parameterization was defined to be the unique process ©;
which makes W, + ©, a martingale. While this is a simple definition, it requires
moment bounds in order to make sure that the process exists (uniqueness is easy).
Indeed, it is not hard to see that M;(z) := Gp, (z; n(t), —1) is a local martingale,
and hence ¥, is an integral of positive local martingales. If W; were also a local
martingale, then no nontrivial ®; could exist.
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e In [8], it was shown that for x < 5.0, ..., the process ®, exists in H (the defini-
tion has to be modified slightly in H because W, as we have defined it above is
infinite—this is not very difficult). The necessary second moment bounds were
obtained using the reverse Loewner flow. It was shown that for this range of «,
there exists ag = ag(x) > 0 such that the function ¢ — ®; is Holder continuous
of order o for @ < ay.

e In [10], the natural parameterization was shown to exist for all x < 8. There
the necessary two-point estimates were obtained from estimates on the two-
point Green’s function [2, 9]. However, the estimates were not strong enough to
determine Holder continuity of the function ®;.

e In [4], a new proof was given for all ¥k < 8 combining ideas in [8, 10] with
known results about the Holder continuity of the Schramm—Loewner evolution
(with respect to the capacity parameterization). This established continuity and
Holder continuity of the natural parameterization for all «.

Let us discuss some conclusions that we can derive. If ®, = Cont;(y;), then
clearly Oy is increasing and measurable with respect to y;. The conditional distri-
bution of Conty[y (¢, 00)] given y; is the same as the distribution of the Minkowski
content for SLE from y (¢) to —1 in D;. In particular, using the fact that ®; — O, =
Conty(y (s, t] N Dy), we have

E[On — O, |y] = fD G () dA(),
where G, (z) = Gp, (z; y (1), —1). Therefore,
O + /D Gi(2)dA(2)

is a martingale. Uniqueness of the Doob—Meyer decomposition shows that our
®; must be the same as the natural parameterization as discussed in [4, 8, 10].
Using the Minkowski content as the definition, we immediately get independence
of domain as well as reversibility of the natural parameterization, that is, the time to
traverse y[s, t] is the same as the time to traverse the path in the reverse direction.
By independence of domain, we mean that if y is an SLE, curve in Hand D C H
with ¢ (0, 0o) C D, then the natural parameterization for y considered as an SLE
curve in D is the same as that for the SLE curve in H. While this is clearly a
property that we would expect from a “natural” parameterization, it is not at all
obvious using the definition in [8].

Another possible candidate for the “natural length” of an SLE curve might be
the d-dimensional Hausdorff measure. However, it has been proved [12] that this is
zero with probability one. It is unknown whether one can find a Hausdorff measure
with a different gauge function which would give a nontrivial quantity.
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1.1. Outline of the paper. Section 2 sets notation for the paper and reviews
previous work. We define the Minkowski content in Section 2.2 and derive some
simple properties. The Green’s function for chordal SLE, is reviewed in Sec-
tion 2.3. This is a normalized limit of the probability of getting near a point z.
We also discuss estimates in [9] concerning the probability that an SLE, path gets
close to two points. In the following subsection, we discuss some of the ideas used
to prove two-point estimates; in particular, some precise formulations are made of
the rough statement “after an SLE curve gets close to z it is unlikely to get close
again.” This section uses ideas from [6, 9].

The proof of the main result is in the remainder of the paper. Before going into
specifics, let us outline the basic idea of the proof. For ease, let us fix a square,
say I' =10, 1) +i[1,2) and consider y N I". Foreachz € I" and r > 0, let 7,(z) =
inf{r: |y (t) — z| < e~ "} and let J,(z) be " =9 times the indicator function of the
event {7,(z) < 0o}. Let T,(z) be the first time that the conformal radius of z in
H\ y (0, t] equals e™" +2 The Koebe (1 /4)-theorem implies that 7, (z) < t-(z). By
comparison with “two-sided radial” (SLE conditioned to go through z), one can
show that there exists ¢ such that P{7}(z) < oo} ~ c1G(z)e" @~ If r is large,
and we view the path y [0, T, (z)] near z, then locally it appears like a path with the
distribution of two-sided radial SLE. Using this, one can see that

P{J;(2) > 0|T;(2) <00} =p+o(l),  r— oo,
where p is independent of z, and using this in turn, we get a one-point estimate
@) E[J,(2)] = c1pG () +o(1).
If we fix § > 0, we can see similarly that there exists p’ such that
P{J,4+5(2) > 0|7, (z) < o0} = p’ + o(1), r — 00,

and by using (2), we see that p’ = 65(51—2),0. In other words, E[J,4+5(z) — J-(2)] =
o(1). The conditional distribution of J,45(z) — J»(z) given y[0, T, (z)] is deter-
mined (up to a small error) by the way the curve y looks near y (7} (z)), and this
latter distribution is understood through two-sided radial SLE,. If z, w are not very
close together and the SLE curve gets close to both z and w, we might hope (and,
indeed, this is what we show) that the local behavior of y near y (7, (z)) and near
y (T (w)) are almost independent. The upshot of this is that if we consider the
random variable

Vo= s - @] dAG),
then E[er] is small. We show that E[er] < ce P, from which we conclude that
Jim [ 1 (dAG)

exists as a limit in L? and with probability one.
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This outline is carried out in Section 3.1 assuming a moment bound, The-
orem 3.2 which is proved later. This establishes that with probability one
Conty[y NT'] exists for every dyadic square I'". Section 3.2 uses this to prove
the statements in Theorem 1.1, again leaving one fact for the last section.

The main estimates are proved in the final section. Section 4.2 analyzes the
one-point estimate, that is, the estimate for getting close to a single point z. See
Theorem 4.2. A key to the two-point estimate is to understand the one-point esti-
mate very well. For ease, we consider SLE in the disk between boundary points
and choose the origin to be the target point. Two-sided radial, which is an ex-
ample of what are sometimes called SLE(k, p) processes, describes chordal SLE
“conditioned to go through z.” It can be analyzed by a one-dimensional SDE. We
use this to study SLE conditioned to get near z. To do the two-point estimate, we
start in Section 2.4 by reviewing the basic idea that after one gets close to a point,
one tends not to return to it. This statement requires care to make precise. See
Lemmas 2.5 and 2.6. In the final section, we complete the proof giving a rigorous
version of the rough outline above.

2. Preliminaries.

2.1. Notations and distortion. We fix k < 8 and allow all constants to depend
implicitly on «. Recall thata = 2/k and d = 1+ g. If y is an SLE, curve from w;
to wy in a simply connected domain D, we write y; =y (0,¢t] ={y(s):0 < s <t}.

If n, j, k are integers, we write I',,(j, k) for the dyadic square

Ch(j, k)= [jz’", G+ 1)2’”) X i[kZ’”, (k+ 1)2’”).
Let
Q,={Tn(j,k):j€Z,k=>0}, Of ={IWw(j. k) € Q,:k >0},
o=Jao. o =9

nez nez

We will need the following simple distortion estimate.

LEMMA 2.1. There exists § > 0 such that if f:D — f(D) is a conformal

transformation with f(0) =0, | f'(0)| =X and |z] <6
lzlexp{—4lzl} < £~ (A2)| < Iz|exp{4]z]}.

PROOF. By scaling, we may assume that f/(0) = 1. The growth theorem (see,
e.g., [5], Theorem 3.23), states that for all |z| < 1,
|z |z|
— = =@ = T—3-
(1+1z))? | | (1 —z])?

Since (1 £ |z])"2 =1 F2|z| + O(|z|?) and exp{+4|z|} = 1 £ 4|z] + O(|z]?), we
get the lemma. [
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2.2. Minkowski content. The d-dimensional Minkowski content is one way
to “measure” the size of a d-dimensional fractal. We use the quotes because the
content is not technically a measure. Its definition is in some ways more natural
than d-dimensional Hausdorff measure; however, it has the disadvantage that it is
defined in terms of a limit that does not always exist. We will restrict our consid-
erationto 1 <d <2and V C C.

Let

Conty(V;r) =" D Arealz : dist(z, V) < e}

— ) / 1dist(z, V) < e~} dA().
C

Here, and throughout this paper, dA denotes integration with respect to two-
dimensional Lebesgue measure. The upper and lower d-dimensional Minkowski
contents are defined by

Cont:{(V; r) =supConty(V;s), Cont;;(V) = lim Contz{(V; r),
r—00

s>r
Cont,; (V; r) = inf Conty(V; s), Cont,; (V) = lim Cont, (V;r).
s>r r—00
The d-dimensional Minkowski content is defined if Cont;{(V) = Cont, (V) in
which case
Conty(V) = rll)rgo Conty(V;r).

The following simple lemma lists the basic properties of Minkowski content
that we will use.

LEMMA 2.2.

e If Conty(V), Conty (V') exist and dist(V, V') > 0, then Conty(V U V') exists
and

Conty(V U V') = Conty(V) + Contg (V).
e [fConty (V) exists, then
Conty(V) < Cont} (V U V') < Conty(V) + Cont} (V').

e Ifd > 1and D is a bounded domain whose boundary is a piecewise analytic
curve, then Conty (D) =0. If V C D, then

3) Conty(V) = lim &~ / 1{dist(z, V) < e~} dA),
r—> D

provided that either side exists.
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e Suppose Vi, Vs, ... are bounded sets for which Conty(V,,) is well defined. Let
V be a bounded set such that

lim [Cont (V' \ V,)) + Contj (V,y \ V)] =0.
Then Cont; (V) exists and
4) Conty (V) = lim Conty(V,).
n—oo

PROOF. We leave this to the reader. The last conclusion uses
Conty (Vy; r) — Conty(V, \ V;r) <Conty(V;r)
< Contg(Vy; r) 4+ Contg(V \ Vy; r). Il

2.3. Green’s function. The Green’s function for chordal SLE, is the normal-
ized probability that the path gets near a point z. By nature, it is defined up to a
multiplicative constant and we choose the constant in a way that will be conve-
nient for us. The precise definition uses the following theorem. If D is a simply
connected domain and z € D we let cradp(z) denote the conformal radius of z
in D, that is, if f:ID — D is a conformal transformation with f(0) = z, then

cradp(z) = | f'(0)].

THEOREM 2.3. For every k <8, there exists c=cdK),c=ck),a < oo
such that if w = e*% € 9D and y is a chordal SLE, path from 1 to w in D, then

P{crads(0) <e™ "} = c/[sin9]4a*1e’(d*2)[1 +0(e™)],
©) i Arein n1da—1 r(d—2
P{dist(0,dA) <e™"} = ¢[sin6]*~ o d= )[1 +0(e ).

Here, A denotes the connected component of D \ y containing the origin.
PROOF. For the first expression see, for example, [9]. The proof gives an ex-
plicit form for ¢’ but we will not need it. The second was proved in [4], but we

reprove it here in Theorem 4.2. This proof does not give an explicit expression for
the constant ¢. [

To be precise, let Pg denote the probability distribution on paths y = y[0, 00)

given by chordal SLE, from 1 to ¢?? in ID. Then there exist ¢/, ¢, «, ¢, depending
only on «, such that for all 6 and all » > 1/2,

"D Isin 01 Py [crad 4 (0) < e} — | < ce™,
"= D[sin 01! 4Py [dist(0, y) < e} — ¢&| < ce .

From the previously proven (5) and the Koebe (1/4)-theorem, we can easily de-
duce the following estimate which we will use before deriving Theorem 4.2.
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e If y is an SLE, path from 0 to co in H, J(z) > 1 and r > 0,

(6) P{dist(z, y) <e” "} < [%(z)]d_z[sin argz]* e =2,
We also use the following estimate, see [1].

e If x>0,

) P{dist(x,y) <e™"} <c[e /x]*7".

If wy, wy are distinct boundary points of a simply connected domain D, let
Sp(z; wi, wy) denote the sine of the argument of z with respect to w1, wy, that is,
if F:D — H is a conformal transformation with F(w;) = 0, F(w,) = 00, then
Sp(z; wy, wp) = sin[arg F'(z)]. Note that Sp(z; wy, wy) is a conformal invariant
and cradp(z) is conformally covariant, cradsp)(f(z)) = |f "(z)| cradp(z). The
chordal Green’s function is defined by

®) Gp(z; wy, wy) = ¢eradp(2)?72Sp (z; wy, wa)* 1L,

Here, we choose the constant ¢ from Theorem 3.1; our definition differs from
the definition elsewhere (e.g., in [9]) by a multiplicative constant. Previously it
was defined so that Gp(z; 0, 00) = Ss(z)d_z[sinarg z]% 1 = [crad]HI(z)/2]d_2 X
Sp(z; 0, 00)*~1, The Green’s function satisfies the conformal covariance rule

Gp(zwi, wa) = | f' @G rpy(f @) fwr), f(wa)).

We choose the definition (8) so that we do not need to keep writing the constant ¢.
Theorem 2.3 extends immediately to other simply connected domains by confor-
mal invariance of SLE.

THEOREM 2.4. Ifk <8, y is a chordal SLE, path from w; to w; in a simply

connected domain D, then for z € D with dist(z, dD) > 2e™",
P{dist(z, ¥) < e "} = Gp(z; wi, wa)e" "D [1 4+ 0(e™")],

for some a > 0 which depends only on k.

Most of our computations will be in the upper half plane or in the disk. For
notational ease, we will write

G@)=Gn(z0,00),  G(z6)=Gp(z 1)
If V C H, we define

G(V)= /V G(2)dAG).

Note that if I' € @, and z is the center point of I", then
GI) =<2"2"G(2).

[If I' =T, (j, 0), this requires a simple estimate of an integral.]
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2.4. Two-point estimates. A basic principle in proving two-point estimates for
SLE is the idea that if a path gets very close to a point z and then gets away from z,
then it is unlikely to get even closer to z. While this is the heuristic, as just stated
the principle is not always valid. Since this idea is important in several of our
proofs, we will spend some time to formulate and prove a precise version. We are
expanding on ideas in [4, 6]. Let y be an SLE, curve from 0 to oo in H. As before,
if z e H, let

7 (2) = inf{t : |y(t) — z{ = efr}.

If 7, = 1, (z) < 00, let H = H;, denote the unbounded component of H \ y7, , let
B, = B, (r, z) denote the disk of radius e™*" containing z, and let B = B; denote
the disk of radius e™" about z. Let V,, = V,,(r, z) denote the connected component
of B, N H containing z. If u < 1, the intersection of 9V}, with H is a disjoint union
of open arcs in a3, each of whose endpoints is in d H. There is a unique such arc /,
that we denote by [, =1, (r, z), such that z is contained in the bounded component
of H\ . Simple connectedness of H is used to see that this arc is unique. However,
one may note the following facts:

e The bounded component of H \ [, does not need to be contained in B,,. Indeed,
we have no universal bound on the diameter of the bounded component.

e There may be other subarcs / of d/3,, N H such that z is in the bounded compo-
nent of H \ [. However, these arcs are not on dV,,.

ForO0 <u <1, let
o=o0y,(r,z) =inf{t > 7, :y(t) €l,}.

Then a correct, although still imprecise, version of our heuristic principle is: if
7, < 00, then after time o the path is unlikely to get closer to z. We will now be
more precise. Note that for fixed z, u, r, with probability one y (o) € [,. In this
case (which we now assume), [, \ {y (o)} consists of two crosscuts of H, that we
denote by I and [;*. If z € H,, which is always true if k <4, we let [} be the
crosscut such that z lies in the bounded component of H,, \ [ If 7, < oo, define
A=A(r,z,u)>1Dby
dist[z, Yol = e .

Let [ denote the connected subarc of 08, N H,, that separates z from infinity. (If
the intersection of y, with By is a single point, which we expect to be the case
with probability one, then [} is a circle with a single point deleted.) See Figure 1
for a figure showing illustrating these quantities.

Since we will use it in several proofs, we recall that if D is a domain and ', n?
are disjoint subarcs of 3 D, then the (Brownian) excursion measure between n', n?
is given by

Ep(n' ) = [ dud@ldzl,
n
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FI1G. 1. Quantities in Section 2.4.

where 9, denotes the inward normal derivative and ¢ = ¢, 2 is the harmonic
function on D with boundary value 1,2. The above expression assumes that n'

is smooth, but one can check that Ep(n', n?) is a conformal invariant and hence
can be defined for all domains. Also, Ep(n', 172) =E&p (nz, 771). See [5], Chapter 5,
for more details. When estimating excursion measures, we will use the following
estimate that follows from the strong Markov property. Suppose 7 is a crosscut
of D that separates n' from n%. Then

9) Ep(n',n?) < Epv(n',n) iggmz)-

If D is simply connected, so that (D,n',n?) is a conformal rectangle, and
Ep(n',n*) <1, then

(10) Ep(n', n?) = max 1 ()2 (2),

where ¢j = ¢p ,j. One can check this by verifying it for a rectangle [0, L] +
i[0, ] by direct computation and using conformal invariance.

LEMMA 2.5. There exists ¢ such that for all 0 <u <1,
P{dist[z, yool < distlz, Yo ll¥o } < ce?U=1r
where @ = (4a — 1)/2 > 0. In particular,

(11) P{dist[z, Yool < dist[z, Yo llyo } < ce®@ D"
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PROOF. Let g: H, — H be a conformal transformation with g(y (o)) =0,
g(00) = o0o. The image n = g o/} is a crosscut of H with one endpoint on the origin
and one on the real line which without loss of generality we will assume is on the
positive real line. The curve " = g o[} is a crosscut of H contained in the bounded
component of H \ n with positive endpoints x; < x. Let us consider the conformal
rectangle given by the component of H \ (n U n’) that contains both  and n’ on its
boundary and with 1, ’ as two of the boundary arcs of the rectangle. The excursion
measure between 1 and 1’ in this rectangle is the same as the excursion measure
between /;; and [} for the corresponding rectangle in H,; \ (/; U[}). The Beurling
estimate (see, e.g., [5], Theorem 3.76) implies that the latter is bounded above
by ce~*~""/2_Since 1 separates 1’ from the negative real line, we see that the
excursion measure between 1" and (—oo, 0] in the unbounded component of H \ n’
is bounded above by ce~*~*)"/2 By standard estimates of the Poisson kernel in H,
this shows that diam (') < ce*~7"/2x;  and hence by (7), the probability that an
SLE path hits it is O (e~ *—W@a=Dr/2y

The next lemma strengthens (11) for x < 4. We do not know if it is true for
4 < k < 8. Let B = Bj denote the disk of radius e™" about z.

LEMMA 2.6. If k <4, there exists ¢ such that if 0 <u <11,
(12) P{ylo,00) N B # @y, } < ce®™ 1,
where o« = (4a — 1)/2 > 0.

PROOF. Let V denote the unbounded component of H, \ B and note that
¥, 0 C V.Let L=0V N H, N 3B which is a disjoint (finite or countable) union
of open subarcs of 93, which we denote by L1, Lo, .... For each arc L}, either [}
or [;* disconnects L ; from infinity in H,, thatis, L; is in the bounded component
of H, \I* or the bounded component of H, \ I**. Write L = L' UL? where L', L?
are the unions of L ; over the subarcs of the first and second type, respectively. The
probability on the left-hand side of (12) is the probability that y[o, 00) N L # &.
Hence, it suffices to show that

o0

ZIP’{)/[G, 00) N Lj # Dlys} < ce®@Dr.

j=1
We will give this bound for the sum over L; of the first type; the sum over the
second type is done similarly.

Let R denote the bounded component of H, \ /;; which includes the L; of
the first type. Using the Beurling estimate, we can see that the excursion measure
between /* and L! in R\ L', Ervet Uy, LY, is 0(e“=V/2), We claim that a
stronger fact is true,

(13) ZER\Lj(l;k,Lj) fce(u_l)r/z,
J
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where we are summing over L; of the first type. Indeed, Ex\ 117y, L) is the (in-
tegral over /) of the normal derivative of the) probability that a Brownian motion
starting at z hits L' before leaving R. The sum on the left-hand side of (13) is
the (integral over ... of the) expected number of crosscuts L/ visited before leav-
ing R. However, using the strong Markov property and simple connectedness, we
can see that the probability starting on one of the crosscuts L ; of reaching another
before leaving R is at most 1/2, and hence the expected number of crosscuts hit
given one is hit is at most 2.
As in the previous proof, we use (7) to see that

4a—1
Y Plylo.oo)NL;j #2lys} <c Y Er,; (L5 L) .
1 )
The argument up to this point has not used the fact that k < 4. However, if k < 4,
we know that 4a — 1 > 1, and hence (13) gives

da—1
Y Err, (G L) < [Z Er\L; (I Lj)] < ce=br, .
! I

While we do not know if the last lemma holds for ¥ > 4, the next lemma will
suffice for our needs.

LEMMA 2.7. If4 <k < 8, there exist ¢ < oo, B > 0 such that if T, < oo and
0<uc<l,then

P{BN Hy # @yr,} < ceP D",

PROOF. Let ¢ = y(t,). Let g be a conformal transformation of H;, onto H
with g(£) =0, g(co) =o00. Letn=gol,,n’ = go[dB\ {¢}]. Then n is a crosscut
of H with one endpoint positive and one endpoint negative, and 1’ is a simple
loop rooted at the origin lying in the bounded component of H \ 1. By choosing a
multiple of g if necessary, we may assume that max{|w|:w € n'} = 1.

We claim that there exists ¢’ such that dist(0, n) > ¢’e!!="/2_To see this, let
R denote the component of H, \ (38 U [,) whose boundary contains both 93
and [,. Then using the Beurling estimate as in the previous lemma, we see that
Er(B,1,) < ce~“=1/2_ Therefore,

Eery (1) = O (e 7D,
But 7’ is a connected set containing the origin of radius 1. If v = dist(0, 1), then
by setting z = i /v in (10) we get the bound

Egry(n, ') = cv*.

By conformal invariance, P{B N H, # @|y;, } is bounded above by the proba-
bility that an SLE, path starting at the origin has not separated the unit circle from
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infinity before it reaches the circle of radius ¢’e(!=*)"/2. Using scaling and the fact

that SLE, has double points, it is not hard to show that this is O (e#®~1") for
some 8. O

COROLLARY 2.8. Ifk < 8, there exists ¢ < oo and B > 0 such that if |z| >
e "% and 0 < u < 1, then if T, < 00,

P{y[o, 00) NB# @lyy, | < ceP“Dr,
]P{Tr < 00, y[o, 00) NB #+ @} < CG(Z)e(d_z)relg(u—l)r‘

The other estimates we need will deal with upper bounds for the probabilities
that the SLE curves gets close to two different points z, w. For the remainder of
this section, we assume that y is an SLE curve from O to oo in H. If z € H, we let

T (z) =inf{r:|y(t) —z| <e™"}.

LEMMA 2.9. There exists ¢ < oo suchthat if |z|, |lw| > e “ and |z—w| > e ¥,

then for0 <s <r,

(14) ]P{Ts+u(w) <00, Tr4y(2) < OO} < ce(s'”)(d_z),

(15) P{ts (W) < Tryu (2) < Trpu(w) < 00} < ce™ e,

where o = (4a — 1) /2.

PROOF. By scaling, it suffices to prove the lemma for u = 0. The first es-
timate is Theorem 2 in [9]. The second estimate follows from the ideas in [9],
Lemma 4.10, but we will redo the proof using some ideas from this section.
Throughout this proof, we let r, s, n be integers.

Let y = y1,(;) and let A = Ay . denote the y-measurable event

A= {Ts(w) <72 < Ts-l—l(w)}-
Letn >s+1 and let £ = E; , , be the event
E={t;(w) <75 (2) < tu(w) < 541(2) < 00}.
The hard work is to show that on the event A,

(16) P(E|y) < ce @0+ od=2n=s)

The estimate (14) shows that P(Ay,) < O(e?~2+9) and the one-point esti-
mate (6) shows that P{t,(z) < 00|A N E} < 0(e?=2®=7)) Hence, once we es-
tablish (16) we have

P{s(w) < () < Ty (W) < T41(2) < Tu(z) < 00} < ce @) 2d=2n,
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If we sum over s, we get

Pl (2) < T(w) < T741(2) < T (2) < 00} < ce™ 27",

and if we sum this over ' > r we get (15). We will prove (16). If r +s < 4, we
can estimate

P(Ely) < P{za(w) < ooy},

and use the one-point estimate; hence we may assume that r + s > 4. We let s, r
with s +r >4 and let T = 7, (w).

Let U? (resp., U") denote the disk of radius e~ "/2 [e7/?] centered at z [w].
Note that U* N UY = &. For each t > 7, and ¢ € {z, w}, let Vf denote the con-
nected component of H, N U°¢ that contains ¢. Let nf denote the unique crosscut
of H; that is contained in BVf NAU*® and separates z from w in H,. Let lf denote
the unique crosscut of H; contained in the circle of radius dist(¢, d Hy) about ¢
that separates z from w in H;. If there is a unique point in 0 H; at minimal distance
from ¢, then lf is a circle with one point removed. We will consider four cases.
Let H = H;,n =n%. Let o be the fist time ¢ greater than or equal to t such that z
lies in the unbounded component of H; \ n;.

Case 1: Let F1 = AN {o = t}. In this case, n separates w from y (t). Using
the Beurling estimate, we can see that the excursion measure between n and [
is O(e~"T9/4); the latter is a bound for the probability that a Brownian motion
starting on [’ reaches n without leaving H. The boundary estimate (7) states that
the probability an SLE in H starting at y (t) hits [} is O (e~*+9)) . Therefore, on
the event Fy,

P{zs11(w) < ooly} <ce @0,
and using the strong Markov property and the one point estimate (6), we see that
PIE N Fily] <P{t,(w) < ooly} < ce U+ pd=2)(n=s)

Case?2: Let F; =AN{t <o < t,(w)}. We write
n—1
Fy=|J Fsj.
j=s

where
Fi=FRn{ojw) <o <ojri(w)}

Since the domain H, is decreasing, in order for z to change from being in the
bounded component of Hy \ %, s’ <t to being in the unbounded component of
H; \ nf, the crosscut n; must be different from »{ for s < ¢. There are two ways
that the crosscut n; can change at time ; either y (¢) € n;_, or y(¢) ¢ n;_ but n;_
is not part of the boundary of V. In the latter case, the crosscut n;_ still separates
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z from infinity and b in H,. Also the crosscut n; separates z from n;_. Hence, in
the latter case z is in the bounded component of H; \ n; .

Therefore, we see that y (o) € n;_. One endpoint of the crosscut 13 is y (o)
and it separates w from infinity. On the event F> ;, the excursion measure between
[¥ and nZ in H, is bounded above by O (e~ "1t7)/2) Therefore, on the event P j,

P{z,(w) < oolys} < ce~ @) g=2=d)(n—j)
The one-point estimate shows that
P[F2.;1y] < P{t;(w) < ooy} < ce”®=DU=9),
Therefore,
PIENF jly] < ce 0] g=2=d)n—s)
and by summing over j =s,5 4+ 1,...,n — 1, we see that
PE N Faly] < ce~ @0+ gD 0=s).

Before proceeding with the next cases, let T’ = 7,(w), H = Hy/, and note that
on E \ (F1 U F,), we know that z is in the bounded component of H' \ n3,.

Case 3: Let F3 be the intersection of A N {t” < t34.1(z)} with the event that w
is contained in the unbounded component of H' \ n¥. (Note that this is a stronger
condition than saying that z is contained in the bounded component of H' \ 1%,.)
On the event F3, the crosscut n¥; separates [5, from y(z’) in H'. The excursion
measure between 3, and n} in H’ is bounded by O(e~+9/2) and using the
boundary exponent, we see that on the event F3,

P{tr41(z) < oo|t’} < ce” 9,

The one-point estimate implies that on A, P{t’ < oo|y} = O (e~ ?~9®=5)) and
hence

PIE N F3|y] < ce @0+~ C=dn=s),

Case 4: Let Fy be the intersection of [A \ (F1 U F2)] N {7t/ < 1341(z)} with
the event that w is contained in the bounded component of H' \ ). As noted
above, on the event Fy, z is in the bounded component of H' \ n%,. The excursion
measure between [, and 7, in H' is O(e™" /2, and as before this implies that on
the event Fy,

P{z,+1(z) < ooly'} <ce™,
and hence on the event A,

(17) PLE N Faly] < ce” " P[F4ly].
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Similar to case 2, let p be the first time ¢ > 7,(z) such that w is contained in the
bounded component of H; \ n;”, and let

Note that
(18)  Plrj(w) < p < tj1(w)ly] < Pfrj(w) < ooly} < ceV =2,

As before, we can see that the crosscut n:‘)’ separates lg’ from y (p) in H,. [Either
0 = 1,(2) or y(p) is an endpoint of ng.] Since the excursion measure between npw

and [ in H,, is O (e~ U~6/2)/2),
Pltj4+1(w) < o0ly,] < ceUa,
and using the one point estimate,
P[t" < ooly,] < ce DA =d=2)
Combining this with (18) and summing over s < j < n, we see that
P[Fyly] < ce %1790~
Finally, combining this with (17), we see that
PLE N F4ly] < ce " P[F4ly] < ce " H9)%en=5)d=2), O
Given this estimate one also shows that if J(z), I(w) > 1 with |z —w]| < 1, then
(19) P{7,(z) < 00, 7, (w) < 00} < ce® @D |z — w472,
Indeed, if p = inf{z: |y (¢) — z| < 2|z — w|}, then
P{p < oo} < clz —w[*™,
and by conformal invariance,
P{r,(z) < 00, 7, (w) < 00lp < o0} <[e™" /|z — w|]**™.
In [9], it was shown that the limit,

1%1110 ed_ZSd_ZIP’{cradH\y (z1) < ¢, cradm, (22) < 8},
&.

exists and defines a two-point Green’s function. In Section 4.2, we show how to
adapt this argument to show existence of

(20) G(z1,22) = 1%%80’—250’—2@{&“(@, y) < e, dist(z2, ) <8}
E.

In fact, we can write G(z1, 22) = 6(11 ,22) + G(Zz, Z1) where
G(z, w) = GRE*[G g, (w: z,00)],

and E* denotes expectation with respect to two-sided radial SLE, from 0 to z
stopped at

T =inf{t:y(t) = z}.

See Section 4.2 for a review of two-sided radial SLE.
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3. Existence of Minkowski content.

3.1. Main theorem. If I' € Q, as defined in Section 2.1, and y is an SLE,
curve from O to oo in H, let

Z(T') = Cont} (y NT;nlog?2),
h@ = 5@ <), LW = [ J@dAw.
\%
Note that if s > 0, then J, 1(z) < *®~9 J,(2).

THEOREM 3.1. Suppose k < 8 and y is an SLE, curve from 0 to oo in H.
Then the following holds for allT € Q.

o The limit
w() = lim J,.(I")
r—00
exists with probability one and in L?.
o With probability one,
(21) Contg(y NT') = u ().
o Let 0,I' ={z € H:dist(z, 0T") < 27"}. Then with probability one,

(22) nlgrolo Conty(y Na,I';nlog2) =0.
o The following moment relations holds:
(23) E[u(r)] = [ G@)dAG).
271
(24) E[u()?] = /F /F Gz, w)dAR) dAw),
(25) E[Z(I)?] < cc.

Since Q7 is countable, all the with probability one statements can be restated
as “with probability one, for all " € @, ....” The bulk of the work in proving the
theorem is to prove Theorem 3.2 below. Let 0 < § < 1/10. Since we want to take
a limit of J, as r — oo, we will look at

Q?,(Z) = Jr(Z) - ]r+8(z)
=@ D[1{r,(2) < o0} — * D 1{1,15(2) < 00}].

The random variable Qf (z) is normalized so that | Qf (2)| 1s of order 1 but E[ Qf (2]
is nearly zero. The main estimate shows that if r is large and z, w are not too close,
then Q,(z) and Q,(w) are almost independent.
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THEOREM 3.2. Suppose k < 8 and y is SLE, from 0 to oo in H. There exists
c<00,B >0suchthatif0 <8 <1/10, 3(z), I(w) > 1 and r >0, then

(26) E[0%2) Q% (w)] < ce ™|z — w|f 2.
We will not try to find the optimal ¢, 8 in our proof.

PROOF OF THEOREM 3.1 GIVEN THEOREM 3.2. By scaling, we may assume
thatI'=1[j,j+1) xilk,k+1)€e Qg with & > 1. Suppose that 0 < § < 1/10. Let
J, = J.(I') and

0, =0 = Q3T) = J, — Jyss =/F 03(2)dAG).

By integrating (26), we see that if » > 0, then IE[Q%] <ce P Let
n
Xa=Xo=Jo+ > 10jsl.
j=1

Then X,, converges in L? to a random variable X .. For each positive integer 7,
|Jus| < X oo, and hence

27 sup J, < 5C2=d) sup Jus < el/loXoo.
r>0 n

Also, if n <m,
|Jn8 - Jm8| =< Xoo - Xn-

Therefore, {J,5} is a Cauchy sequence in L? and has an L>-limit which we call J.
Ifré <s < (r 4+ 1)3, we similarly have

(28) E[(Js — Jr)’] =E[(Q}5"°)*] < ce P,

so we see that
lim E[(J; — Joo)?] < lim E[(J; — Jys)*] 4+ lim E[(J,5 — Joo)?] =0.
§—>00 §—>00 §—>00

Hence, J; — Joo in L?%; in particular, Jo, does not depend on §.
Chebyshev’s inequality shows that

& pn > E[Q2]
D P{IQus] 2 e P < 57 e < 00,

n=1 n=1

Hence, for each §, by the Borel-Cantelli lemma, with probability one for all n
sufficiently large,

|Jns — Jnt1ys] < 2e P14,
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This shows that with probability one, the sequence {J,s} is a Cauchy sequence,
and hence with probability one, for all § =27",

i s =
If né <r < (n+1)4, then
(29) AU Joins < Jp <D g,
from which we conclude that with probability one, for all § = 27",

¢@=2 j <liminf J, <limsup J, < ®®=D J.
r—o0 r—00

Since this holds for all §, J, = Jo.
Note that for r > 0,

E[J,] :/Fe(z‘d)’IP{r,(z) < o0}dA(z),

E[J2] = /F /F CDPlr,(2), 1, (w) < 00} dA(z) dA(w).

Since J, — Joo in L%, we know that
1 29_ 1 2
ElJsx] = rlgroloE[J’]’ E[J%] = rl_l)IgoE[Jr ].

Hence, (23) and (24) follow from Theorem 2.3 and (20). Indeed, the definition of
the Green’s function (including the choice of multiplicative constant) was made in
order for these equalities to hold.

Note that if nlog2 <r < (n + 1)log?2,

|Conty[y NT; 7] — J,(D)| < ¢Jntog2(8,T).

Using (6), we see that E[Conty(y N 9,1"; nlog?2)] < c Area(9,I") < c2™". Hence,
using the Markov inequality and the Borel-Cantelli lemma, we see that with
probability one for all n sufficiently large Conty(y N 9,I"; nlog2) < 27"/2. This
gives (22). Also,

Conty[y NT;nlog2] < Jyiog2
< Conty[y NI';nlog?2] 4 Conty(y N 9,1"; nlog?2).
This gives (21).
Given I € Qq, let I'1, ..., I'12 denote the twelve squares in Q; whose interior
does not intersect I but whose boundary does. Note that these squares are in Ql+.

Any point within distance 1/2 of y N I" is contained in ' Uy U--- U1, and
hence forr > 1,

Conty(y NIy r) < J (D) + J-(T') +--- + J-(T'12).
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This implies that
Cont; (y NT;0) < ¢+ sup[J, () + J(T1) +--- + J,(T12)]-

r>1
Since I'j € QF, the argument as in (27), we see that for each j,

sup J, (')
r>1

is square integrable. Hence, Cont:{(y NT'; 0) is square integrable which gives (25).
O

3.2. Natural length. By Theorem 3.1, with probability one we can define a
function on Q by

p(I') = Conty(y NT') = Conty(y Nint(I")) = Conty(y NT).
PROPOSITION 3.3. On this event, | extends to be a Borel measure.

PROOF. For each I' € QT and positive integer r, we can define a Borel mea-
sure i, by stating that the Radon—Nikodym derivative with respect to Lebesgue
measure is Jy(z). Since w,(I') — w(I") and I' is compact, for each subse-
quence {r}, there is a sub-subsequence {rj } that converges to a measure u' with
total mass ©(I'). By using a diagonalization argument, we can find a single sub-
subsequence such that the convergence holds for all ' € QT. By (22), we see
that u/(dT") = 0. Any open set U can be written as a countable union of squares
' € Q1 such that the interiors of the squares are disjoint. Hence, we can determine
w'(U) for any open set, and hence we can see that m’ = u is unique. [

We call u the (natural) occupation measure for the SLE curve y. If D is an
open set, then we can find D, € S increasing to D, and hence

E[u(D)]= [ 6@da@).  Eudy]= [

Dx

DG(z, w)dA(z)dA(w).

It is not immediately obvious, but we will now show that, with probability one, for
all0<s <t < o0,

(30 w(yls,11) = u(y: \ vs) = Conty(y [s, 1]).

The bulk of the work is in the following lemma. Recall that H; is the unbounded
component of H \ ys, and let

O Hs = {Z € ﬁs :dist(z, 0H;) < 2—n}

LEMMA 3.4. There exists a > 0 such that the following holds with probability
one.
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e For each ty, there exists ng < 0o such that if 0 <s <ty and n > ng, then
(31) Cont} (y[s,s +27"]) <27
o Suppose that 0 <s < t,and u > 0. Then

. + —
(32) lim Contj [y[s +u, 11N 3, H;] =0.

The limit (32) is immediate for ¥ < 4 since y[s + u, t] N d, Hy is empty if n
is large. Before proving the lemma, we will show how to deduce (30) from the
lemma. We approximate y[s, t] by intersections of y with finite unions of dyadic
squares. If s < ¢ and »n is a positive integer, let V, (s, ) denote the union of all
I € Q, satisfying I' C H; \ 9, Hy and y[s,t]NT # &. Let O, (s, 1) =y NV, (s, 1).
Note that O, (s, ) C y \ ys, butitis possible for y (¢, 00) N Oy (s, t) to be nonempty.
Note that if u > 0, then

On(s, )\ y[s,t1 Cylt, t +ul U (ylt +u,00) Ndy_1 Hy),
yIs, 11\ On(s, 1) Cyls, s +ulU [y (s +u, 00) N dy_2 Hy].

Here, we use the simple geometric facts that O, (s, 1) N H; C 8,_1H,, and that if
' € Q,, then either I' C H; \ 9, Hs or I" C 9,2 Hs. The lemma implies that

: + : - _
nll)ngo Conty [y[s, 11\ On(s, )] + nll)rgo Cont; [0, (s, 1)\ y[s, 1] =0.

Then (30) follows from (4). The remainder of this subsection will be devoted to
proving the lemma. There is some technical work involved here and are the basic
reasons why the lemma holds.

e For (31), we use the Holder continuity of an SLE path to say that that the diam-
eter of y[s, s +27"] is not very big. We also use moment estimates to show that
the Minkowski content is not very big on any set of small diameter.

e For (32), we use the fact that y[s + u, t] N 9, Hy consists of points of the curve
that are either near the real line or are nearly double points of the curve. We
estimate moments for the content of such paths.

We start by using the following lemma.

LEMMA 3.5. Let Z(T") be defined as before Theorem 3.1. There exists ¢ < o0
such that if T' € Q,T , then

E[Z(D)] <cGT),  E[Z()*]<c27"G(I).
PROOF. If T' € Qf, then I' = 2"T € QF with G(I') = 2" G(T'). Also, the

distribution of Z(I") is the same as that of 29" Z (F). Hence, we may assume that
Freof.
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If dist(0,T") < 10, then G(I') < 1 and we can use (25). Otherwise, let T be
the first time that dist(I", y (¢)) = 8. By (6), P{t < 0o} < G(I"), and by distortion
estimates we can see that

E[Z(D)|t <oo]<c¢,  E[Z(M)?|r <o0] <ec. O
COROLLARY 3.6. With probability one, if R < 0o, then for n sufficiently
large, I' € O, with dist(0, ") < R,
Z(') <n279/2,

PROOF. By Chebyshev’s inequality, if I" € Q,,,
P{Z(T) > n27"/?} < n=22"E[Z(I)?] < cn 2 G(I).
Hence, if V is any bounded set,

> X Hzmze Pz [ 6@dae <.

n=0TeQ, I'cV

The result follows from the Borel-Cantelli lemma. [

Note that
pH ={z e H:3(z) <27"}.
LEMMA 3.7. With probability one, if R < oo and u > 0, then for all n suffi-
ciently large
Cont (y N3, HN{|z] < R}) <u2™".
In particular, for each to, for all n sufficiently large,
Cont} (y[0, 1] N 8,H) < u2™".

PROOF. The argument is the same for all R; for ease, we let R = 1 and write
V, = 0,HN {|z] < 1}. We will first show that

e}
(33) > "P{Conty(y N Vy;nlog2) > 27"} < oo.

n=1

Since Vn C U|j|§2" Fn(], 0)’

Conty(y N Vy;nlog2) < Z Conty(y NT,(j,0); nlog2)
[jl=<2"

<6-2721207Dn 3 1y AT, (), 0) # o).
1jl<2n
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The estimate (7) implies that P{y N T, (j, 0) # @} < ¢j!~*¢. If we choose 8 with
1< B <d—(2—4a);, we can see that
E[Contg(y N Vy;nlog2)] < 27"
P{Conty(y N V,;nlog2) >27"} < 27 MB=D,

This gives (33), and by the Borel-Cantelli lemma with probability one for all n
sufficiently large,

Conty(y N Vy,;nlog2) <27".

It follows that for n sufficiently large, if m > n,
Conty(y N Vy;mlog2) <27 + Conty(y N (Vy \ Vin); mlog2),

and hence

Contl(y NV,) < 22~ qup Contg(y N (V,, \ Vin); mlog2),

m>n

where the supremum on the right is restricted to integers m. Let .4, denote the set
of all squares of the form I';(j, 1),[, j € Z, that intersect V,. These squares are
disjoint and
Contg(y N (Vi \ Vin); mlog?2) < Z Z().
reA,

Hence,

Contf (y NVy) <2274 Y Z(D).
reA,

By Lemma 3.5,
Y E[ZI)]<c Y GI) <cG(Vy).
'eA, reA,
As above, we find 8 > 1 such that G(V,) < ¢27"8  and hence
P{zz—d Yz = u2_"} < u—lz”E[zz—d > Z(F)]
l"eAn 1—‘G-An
< cu~12n1=P)

Hence, by the Borel-Cantelli lemma, with probability one, for all n sufficiently
large and all m > n,

2274 N Z(D) w2
IeA, O

The next proposition establishes the Holder continuity of the function #
Cont;(y (0, t]) and completes the proof of (31).
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PROPOSITION 3.8. There exists o > 0 such that with probability one for every
t < oo for all n sufficiently large and all s <,

Cont;L (y[s,s+27"]) <27"*.

PROOF. It is known [3, 11] that for x # 8, the SLE, curve is Holder con-
tinuous with respect to the capacity parameterization. That is to say, there exists
B = B« > 0 such that with probability one, if # < oo, then for n sufficiently large,
andall0 <s <t¢,

diam(y[s,s +27"]) <27,

Let m be the largest integer less than Sn. Then y[s, s 4 27"] is contained in the
union of four rectangles I'y, ..., 'y € Q,,. For n sufficiently large, if I'; € Qj,;,
then Corollary 3.6 implies that Cont;i" Tjny)=< m2~4m/2 1f [je,\ Q:[, then
Lemma 3.7 implies that Cont:[(F_,-) < ¢27™. The result follows for « < 8d /2. [

In the remainder of this section, we prove (32) which is

nl_i)ngOCOntj[y[s +u, 11N, Hy] =0.

LetU=Uj;={x+iy: —2k < x <2k y > 2_j}. Using Lemma 3.7 and com-
pactness of y[t,u], we see that it suffices to prove that with probability one for
every s < u and all positive integers j, k,

(34) Jlim Cont [y [u, 00) N 3, Hs VUi ] = 0.

It suffices to consider rational s, u, and hence we need to show that for fixed
s, u, j, k, (34) holds with probability one. By scaling, it suffices to prove this for
Jj = 0 which we now assume. So we have

U:Uo,k:{x—i—iy:—Zkfx<2k,yzl}.

We fix integer k > 0 and allow constants to depend on k. We only consider n >
k+4.Let U =Upy, and let Q,(U) denote the set of I' € O, with I' C U. Note
that G(T') < 272" if T € Q, (V).

We will now define a quantity Z(T) for I' € Q that is an upper bound for the
Minkowski content of the intersection of the path with I “after it has gotten close
to the square and then gotten away from the square.” To be precise, suppose that
I' € Q, with center point z, and define the following quantities:

o & = £(I) is the first time 7 such that [z — y (£)| = 27" 3. If & < oo, let ! =[(I")
denote a subarc of the circle of radius 27"/ about z such that z is in the bounded
component of Hg, \ /. See Section 2.4 where a particular such arc / was selected.
To be specific, we will make that choice here.

o & =& (I) is the first time ¢ > & such that y (1) € 1.

o & = £3(I) is the first time ¢ > & such that |z — y (£)| = 27"
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FI1G. 2. The quantities in Proposition 3.8 in the case &3 < &.

o & =&4(I) is the first time # > & such that |z — y (r)| = 27"+
We think of time &4 as the time of the “second return” to the (neighborhood of the)

square, see Figure 2.

LEMMA 3.9. There exists ng such that ifn > ng, I' € Q,, ' NU # &, and
&1 <s,then & < u.

PROOF. The curve y is parameterized so that hcap(y[sy, s2]) = a(sy — s1)
where hcap is the half-plane capacity which can be defined by

1 iy
heap(V) = lim_yE™[3(Br)],
where B; is a standard Brownian motion and 7 = ty = inf{t: B, e RU V}. In
particular, if V| C Vs,

heap(V) —heap(Vi) < lim yEV[S(By)im<n], 7 =7y

Since the half-plane capacity is monotone,

heap(y [0, &1) < heap(y [0, &1U1).

Using the Beurling estimate and the fact that I' N U # &, we can see that if V| =
V(O, 51]9 V2 = )/(0, S]] N l, then

Jim YEV[3(By)i vz < m] < lim yP (1 < 71} < cdiam[l]'?

<274,
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If ng is chosen sufficiently large, then the right-hand side is less than u — s and
hence & — & <u—s. O

We let E(I') be the event {§; < &3 <& < &4 < oo}, Ex(I") the event {§; <
& <& =& <ool,and E(T") = E{(I") U E»(T") = {&4 < oo}. We define Z(T") as
follows:

2(F) =0 on the complement of E(I"),
Z() = 20rtHe=d) on the event E1(I"),
2(F) = Cont;r(F Ny;nlog2) on the event E»(I").

Take ng as in the previous lemma and recall that U = Uy = {x +iy: 2k <x<
2k y > 1}. The definition is such that the following holds:

o Ifm>ngandI" € Q,, with ' N U £ &, then on the event E(I"),
Conty[y[u, 00) NT;mlog2] < Z().

e Ifm>n>npandI' € Q, with ' N U # &, then on the event E,(T"),
Conty[y[u, 00) NT; mlog2] < Z(I).

We will use the following fact which states that once one gets close to z and
then leaves, one is unlikely to return. It is a quantitative expression of the fact that
the double points of SLE, curve have strictly smaller fractal dimension than the
curve itself. It is an immediate corollary of Corollary 2.8.

LEMMA 3.10. There exist ¢, B such that if ' € O, with ' C {J(z) > 1}, then
P[E()] < c2"@=2)—1B,
Arguing as in the proof of Lemma 3.5, we have on the event E»(I"),
E[Z()|yg,] < c2"C9.
Then we see that
E[Z(D)|&(T) < o0] < 2",
E[Z()] < P{£1(I') < oo}E[Z(I)|&1(T) < 00] < G ()27,
Let
—~ —~~ oo —~~
Zn=Z,U)=>_ > Z{D).
m=nleQ,,I'cU

Then E[Z,] < 277", and hence using the Borel-Cantelli lemma, with probability
one for all n sufficiently large, Z,, < 2-Pn/2 Ty establish (34), it therefore suffices
to show that there exists ¢ such that for n > ng,

Cont [(¥ \ [yu UduHs]) NU] < cZy.
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To show this it suffices to show for all integers m > n
Conty[(y \ [yu UdnHs]) NU; mlog2] < cZy.

For each m > n > ng, will cover y \ [y, U 9,H] by squares I" € Q; with
n < j <m. We will choose all squares I' € Q,, that intersect Hy; and are within
distance 27"%2 of 9 H,. This includes squares that intersect d Hy. However, for
n < j < m, we only choose squares whose distance from o H; is comparable
to2=/.In particular, these squares do not intersect d Hs.

To be precise, let s < u and assume that n > ng. For fixed n < m, let A = A . »
denote the set of I' € Q;(U), j =n, ..., m, that satisfy 27+l < dist(I", 0 Hy) <
2743, Let C = Cy,, denote the set of I' € Q,(U) that satisfy dist(I', d Hy) <
2742 We claim that for each m, the squares in AUC cover U N3, Hy. To see this,
suppose that z € U N 9, Hy. Then dist(z, dH,) < 27" If dist(z, d Hy) < 2712,
then the unique " € Q,,(U) containing z is in C. If dist(z, dHy) > 27"+ find j
such that 2772 < dist(z, dH,) <27/73. Let I be the unique square in Q;(U)
that contains z and note that 2=/*! < dist(T", 9, Hy) < 2~/ 13,

If ' € AUC, then & < s. Since n > ng, by Lemma 3.9 & < u. Hence,
ylu,00) NT C y[&4,00). If T € A with y[u,00) NT # &, then & < & which
means that the event E»(I") has occurred. If I' € C and y[u,00) N T # &, we
know that E(I") has occurred. Either way, we see that

Conty[y[u, 00) NT; mlog2] < Z,(T).

4. Proof of Theorem 3.2. Throughout this section, 0 < § < 1/10, but con-
stants are independent of §.

4.1. Some reductions. Suppose I(z), I(w) > 1, and let J,(z), O, (2) = Qf(z)
as in Section 3.1. Since Q,(2) @, (w) =0 if 7,(z) = 00 or 7, (w) = 00, in order to
prove (26) it suffices by symmetry to prove that
(35) E[Q,(2) Qr(w); 7(2) < T(w) < 00] < ce™ P |z —w|f 7.

By (19), we know that if |z — w| <e™",
E[Q,(2) Qr(w)] < ce® @~ DP{1,(2) < 00, 7, (w) < 00}
<clz—wl??
E ClZ _ wl(d—l)—Ze—ur.

Hence, it suffices to find # > 0 and ¢, B such that (35) holds for |z — w| > e™*". Let
o be as in (15), and suppose that s > 0. Choose u > QO with u[2(2 —d) + o] < as/2.
Then if |z — w| =™,

E[Q,(2) Or(w); Tgr(w) < 7(2) < T (W) < 00|

< Cezraid)P{tsr(w) =< Tr(Z) =< Tr(w) < OO}
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2r(2—d
=ce 7 )]P){Tsr—ur+ur(w) < Tr—urtur(2) < Tr—ur+ur (W) < OO}

< cle(Z—d)eZ(r—ur)(d—Z)e—ot(sr—ur)

< Ceru[2(2—d)+a]e—asr < Ce—asr/2

From this, we see that in order to prove (35) it suffices to prove the following. There
existu > 0,5 >0, 8 > 0, c < oo such that if J(z), I(w) >1and [z —w|>e ",
then

(36) E[Qr(2)Qr(w); 7 (2) < Tor(w) < T (w) < 00] <ce Pz —w|f2,

This is what we will establish in this section.

4.2. One-point estimate. As is often the case, an important step in getting a
two-point estimate is to get a sharp one-point estimate with good control on the
error terms. Much of the necessary analysis has been done for SLE, and we review
some of the methods here.

We will consider chordal SLE, from 1 to w = ¢ in the unit disk D, and we
will study how close the path gets to the origin. We parameterize the SLE, path y
using the radial parameterization. To be specific, we let D; denote the component
of D\ y; containing the origin and g; : D; — D the unique conformal transforma-
tion with g;(0) =0, g;(y(¢)) = 1. The radial parameterization is defined so that
lg;(0)] = ¢’. The total lifetime of the curve in this parameterization, T, is finite
with probability one. (If ¥ > 4, T is not the time that the curve reaches w, but
rather the time at which the curve disconnects the origin from w. Although the
SLE curves continues after this time, the domain D, does not change so we do not
need to consider the path after time 7'.) We write w; = 210 — g:(w). The path y;,
and hence the transformations g;, are determined by 65,0 <s <¢.If t > T, then
g+ = gr- We let Py, Ey denote probabilities and expectations given by chordal
SLE, from 1 to ¢*?. The angle 6; satisfies a simple one-dimensional SDE. Its
form is a little nicer if we consider a linear time change. If ét = 64, then é, satis-
fies the “radial Bessel equation”

dbd, = (1 — 2a)coté, dt + dB;,

where B; is a standard Brownian motion. This equation is valid until the time
T =T/2a at which 07 =0r € {0, }.
The Koebe (1/4)-theorem and Schwarz lemma implies that for0 <z < T,

(37) e 71024 < dist[0, y,] < e

2i

Let S; = Sp, (0; w, y(¢)) = Sp(0; wy, 1) = siné,. Itd’s formula shows that
M, = 1{T > 1}e! @D gha1
is a local martingale; more precisely, M\t = M»,; satisfies

dM, = (4a — 1)[cotb,1M, d B,, t<T.
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In fact, M; is a continuous martingale with P{M7 =0} = 1. -
Let D, denote the open disk of radius e™" about the origin with closure D, and

1, = inf{t : dist[0, y;] = ¢ "} = inf{t: ¥ (t) € D, }.
Note that (37) implies that
r—2<r—logd<rt <r.

The measure obtained by tilting by the martingale M, is called two-sided radial
SLE, (from 0 to €*% in D going through the origin stopped when it reaches the
origin). We will write P*, E* for probabilities and expectations with respect to this
measure. These measures depend on the initial angle 6 and we will write P}, E if
we wish to make this explicit. The quantity E} is defined by saying that if X is a
random variable that depends only on y;, then

Ef(X) = My '"Eg[XM,] = [sin6]' "' CDE [ X ST > 1}],
or equivalently,
(38) Eg[X1{T > t}] = " [sin0]* ' E[ X 5! ~4].
The Girsanov theorem shows that under the measure E;‘,
(39) db, = 2a cotb, dt +dW;,

where, as before, ét = 0y4; and W; is a standard Brownian motion with respect to
the tilted measure. This equation has an invariant probability density

T
$O) = Cl sin01",  Cyp= / sin* 0 do.
0

Moreover, the rate of convergence to equilibrium is exponential (see, e.g., [10],
Section 2.1.1). To be more explicit, there exists & > 0 such that if ¢;(0; 6p) is the
density at time ¢ given initial condition 6y, then

(40) $:(0:60) = d(O)[1+ O(e™")].

Implicit in this formulation is the fact that for every #y > 0 there exists C = C(¢p) <
oo such that if £ > 19, C ™' (8) < ¢,(0; 6p) < Ch(H).
If we apply this to (38) with X =1, we get

Po{T > t} = c,e " P [sin01*'[1 + O(e™")],
where

g
Ca :f [sin0]' "¢ (0)do = 2C; .
0

In particular, we see that for r > 1/10,

Po{T > 1,} = [sin0]*le@=2r
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andifr >3,0<s <1/10,and T > r — 2, conformal invariance implies that

Po{T > tr45 # Dlyr—2} = ]P)Gr,z{y Ngr—2(Dy45) # Q}
= [sin@,_o]* L.

We can also phrase this in terms of the quasi-stationary distribution for 6;. Let
v(0) = % sin 6. Under the measure P, the random variable 6,1{T > ¢} has an atom
at 0 and has a density v, (0) for 0 < 6 < & satisfying

P{T >t} = /On Y, (0)d6.

The results of the previous paragraph show that i is a quasi-stationary density in
the sense that if ¢g = ¥, then

¥i(6) ="y 6).
Moreover, if ¥, (6; 6p) denotes the density assuming initial condition 6y,
Y165 60) =P {T >t} ()[1+ O(e™')]
(41)
=’ Y @O)[1 + 0(e7'Y)].

We write [Py, for probabilities assuming the initial density yr. We can see

Py{T > r}=e"472.

PROPOSITION 4.1. There exists 0 < ¢; < 0o such that

Py {t, < 00} =c1e" @ P[1 4 0(e™)].

PrROOF. Ifr >0,u > 2, thensince 7, >r — 2,
Pyltrqu <00} =Py {T > r}Py{t,4u < oo|T > r}.
The conformal Markov property implies that if 7 > r, then
Py {tr4u < 00lyr} =Py, {¥[0, 00) N gy (Dr4u) # 21},

where 6, started according to ¥. By Lemma 2.1, there exists ug such that if u > uy,
then on the event T > r, if |z]| = e "X,

e “exp{—4e™"} <|gr(2)| <e"exp{de™"}.
Combining the last two expressions, we see thatif r > 0 and u > ug, thenif T > r,

42) Py, {Ty14e—n < 00} <Py, {)/[0’ 00) N gr(Dyr4y) # @}
< Pp, {ty—ge—u < 00}.
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Since  is the quasi-stationary density, the conditional density on 6, given T > r
is ¢. Therefore,

¢ UIPy {7 4eu < 00} < Py (Tr4u < 00} <€ TPy {7, _go-u < 00}.

If we replace r with s = r —5e™* and u with v = u+5e™%, we get for u sufficiently
large so that e™" > (4/5)e™“,

Py {tr4u < 00} =Py {t54y < 00}
< es(d_z)IP’w{rv_%w < 00}
< es(d_z)]P’w{ru < o0}
=" 7DPy (7, < oo)[1 + O(e™)].
We get a bound in the other direction by choosing s = r +5e™* and v = r = ¢ ",
Hence,

Py {tr4u < 00} =" 7Py {1, < 0o}[1 + O(e™)],

where the error term is bounded uniformly independent of r. If we define L, =
log[e” Q“”]Pﬂp{t, < 00}], then the above expression can be written as

sup|L, — Ly|=0(e™"),

r=u
which implies that the limit Lo, = lim,— o L, € (—00, 00) exists, and |L, —
Loo| = O(e™™). The proposition follows with ¢; = el>~. [0
THEOREM 4.2. There exists 0 < ¢ < o0 and B > 0, such that

(43) Po{t, < oo} = ¢[sin0]* 1" =D 1+ 0(e™P)].

PROOF. Asin (42),
Pg, {T, 140+ < 00} <Py, {¥[0, 00) N g, (D) # B} <Py {T,_gp—r < 00}.
By Proposition 4.1, if ¢ is the invariant distribution,
Py (T 40—+ <00} =c1e" [T+ 0(e™)].
Combining this with (41), we see that
Po{t2, < 00} =Po{T > r}Pg{12 < 00|T >r}
- clc*ezr(d_z)[l + 0(e™)]. O

With this theorem we could define the chordal Green’s function on D by
Gp(0; 1, e%%) = ¢[sing]* 1,
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and define it for other simply connected domains by
—d .
Gp(z;wi, w2) = | f' (@) Gp(0; 1,*?),
where f:D — D is a conformal transformation with f(z) =0, f(w1) =1,
f(ws) = e In fact,

Gp(z; w1, w) = écradp(2)?2Sp (z; wi, wp)* =1

PROPOSITION 4.3. Let O < k < 8. There exists ¢ < 00, > 0 such that the
Jfollowing is true. Suppose that D is a simply connected domain and y is a chordal
SLE, path from wy to wy in D. Suppose that z € D, R = dist(z,0D) and G =
Gp(z; wi, w2). Thenife™" < R/2,

|Gl @ DPdist(y,2) <e”"} — 1] < c[e”"/R]".
In particular, there exists ¢ < oo such that if 0 <r < s, then

[P{dist(y,z) <e™"} — e“ = DPdist(y, z) < e~*}|
(44)
< c[e_r/R]z_d+a.

PROOF. Without loss of generality, we assume z = 0, and by scaling we
may assume that R = 1. Let F: D — D be the conformal transformation with
F(0) =0, F(w)) = 1, F(wy) = €*? where sinf = Sp(z; wy, wy). The Schwarz
lemma and Koebe (1/4)-theorem imply that 1/4 < |F’(0)| < 1. Note that G =
C|F’ (O)|2_d[sin o141, Proposition 2.1 implies that there exists universal ry such
that if r > rg,

|F'(0)] Izl exp{—4Izl} <|F(2)| < |F'(0)|1z| expfalzl}.
Therefore, by conformal invariance, if ¢ = —log |F’(0)]
Pg{t,4e-r4q <00} <Pldist(y,z) <e™"} <Pg{t,_4p-r4q < 00}.
But (43) tells us that
Po{T, 440714 < 00} = E[sin@]* L TDU=D[] 4 O (e77)]
= Ge(r+q)(d_2)[1 +O0(e™)]. O
With these results, we can follow the proof in [9], Section 3, which proves the
corresponding result with distance replaced by conformal radius, to conclude (20).

We need to replace Lemma 2.16 of [9], with the corresponding result for the dis-
tance. The necessary lemma, written in the notation of this paper, is the following.

LEMMA 4.4. There exista > 0, c < 0o suchthatif 0 <s <u <1 andr >3,
]P)G{Tr <00, Y (Tur, ) € ]D)sr} = C[Sin9]4u—ler(d—2)e—atr’

where t = min{l —u, u — s}.
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PROOF. A corresponding result was proved for two-sided radial SLE, in [6].
In particular, there exist ¢, o such that

Pz{y(fur» ) Dsr} = Ceot(s—u)r‘
In particular, since t > r — 2,
P;{V(Turv r=2)¢ ]D)sr} =< Cea(sfu)r'

Using the definition of the measure P; we see that this implies that

E@[[Siner—2]1_4a§ T>r—=2,y(ur—2)¢ Dsr]

5 C[Sin9]461—167‘((1—2)80{(5—14)1"

However, if T >r — 2, P{t, < oo|y,—2} =< [sin6,_»]*—1. Hence,
45)  Polt, <00, ¥ (tur, 7 —2) ¢ Dy} < c[sing]*~1er(@=2) g5 —ir,
On the event E :={T >r — 2, y(ty,r —2) C Dy,}, topological considerations
(see [6], Lemma 2.3) imply that there is a unique subarc [ of 0D, N D,_3 such
that removal of / disconnects O from 9D, in D, _». The point y (r —2) may be in [
or in either of the connected components of D,_» \ /. In any of these cases, if 0 =

inf{ft >r—2:y@1) € l_}, then the event E N {1, < 00, ¥ (Tyur, Tr) € Dy, } is contained
in the event £ N {o < 17, < oo}. Asin (11), on the event E N {0 < 00,0 < 7,},

P{t, < o0|ys} < ce®=Dr,
Hence,
]P)Q{Tr <00, ¥ (tur, ) € Dy, ¥ (tyr, ¥ —2) C Dsr}

46) = ]P)O(E)]P)O{Tr <00, Y (Tur, ) € Dsr|E}
<Po{T >r — Z}IPO{I;’ <00, ¥ (Tur, Tr) € ]Dsr|E}
< C[Sin9]4a—ler(a'—2)eotr(u—l)‘

The lemma follows from (45) and (46). [

The proof of (20) follows that in [9], Section 3. We will not give all the details,
but we sketch the argument using the notation of this paper. We need to prove the
existence of the limit

G(z,w)= lim_ 2D S C=P( (7), To(w) < o0).

PROPOSITION 4.5. For every z, w € H,

lim e @D C=DPplr (7) < 15(w) < 00} = G()E*[G gy (w; 7, 00)],

r,§—>00

where E* denotes expectation with respect to two-sided radial SLE to 7.
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PROOF (SKETCH). Let 1, = 7, (z). Arguing as in (15), we see that

Hli_r)noo er(z_d)es(z_d)]P’{rs/z(w) <1 < 175(w) < oo} =0.

Also, by (15) and Proposition 4.3,

lim " @ DPlr, < 7;np(w)} = lim "@PP(r, < 00} = G(2).
r,s—>00 r—00

By Proposition 4.3, there exists « such that if 7 < 7,2 (w),
P{zo(w) < o0lyr, } =G, (wiy (1), 00)[1+ O(e*)].
Therefore,

lim er(z_d)es(z_d)G(z)_I]P’{tr < 1753(w) < o0}
r,§— 00

= r}i_r)nooE[GHrr (w; ¥ (t), 00) H{zr < 152(w)} T, < 00].
Hence, we need to show that the right-hand side equals E*[G g, (w; z, 00)].
We assume that the curve has the radial parameterization heading to z. We use
Lemma 4.4 to see that as r, s — o0,

E[Gu,, (w: y (1), 00)1{t, < 752(w)}|7, < 00]
~E[GH,,(w; y(/2),00) {7, < 75/2(w)} |7, < oC]
~E[GH, ), (w; ¥ (r/2), 00)P{T, < T3 p(w)lyy2}lTr < 0].

We now use Proposition 4.3 to see that the weighting by P{z, < 75,2(w)|y;/2}
is the same up to small error as weighting by G, ,(z; ¥ (s/2), 00) which is the
weighting which defines two-sided SLE going to z. The arguments for justifying
this are the same whether one uses conformal radius or 7, as the stopping time, so
the proof in [9], Section 3, works here. [

REMARK. The same method shows that we can define n-point Green’s func-
tion and we expect that

E[@(D)"]=fDnG(ZI,...,zn>dA<m>---dA<zn).

At the moment, we cannot prove it because we have no upper bound for
G(z1,---52n).

4.3. Proof of (36). We will now prove (36) for an appropriate 0 < u < 1/4
that we will define below. We assume that J(z), J(w) > 1 and |z — w| > e~ /4. It
suffices to prove the result for r > 4, and hence |7 — w| > e~ (r=2/2,

Let 0 < g < 1/8 be a parameter that we will choose later. Let 7, = 7,(z), H =
Hfr(z),l3/4 = 13/4(1”, Z), A= )\.(F,Z, 3/4),Bu = Bu(r, Z), Vu = Vu(l”, Z) be as in
Section 2.4. Recall that we are assuming that |z — w| > e™" /2 and hence w & B1)2.
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Let 7, (z, w) be the indicator function of the event that 7, < 7,,(w) and w is in the
unbounded component of H \ /3,4 and let 7, (z, w) be the indicator function of the
event that w is in the bounded component of H \ [3/4.

We consider two cases. First, suppose that J,(z, w) = 1. Then w, z are both in
the bounded component of H \ /3/4. Since w ¢ By 2, there is a unique subarc !
of 9V3/4 N H such that z, w are in different components of H \ !’. Since w is in
the bounded component of H \ /34, U'#13 /4. In particular, z is in the unbounded
component of H \ I’. The Beurling estimate implies that the probability that a
Brownian motion starting at w reaches I’ without leaving H is bounded above by
ce” /8. Hence, Sz (w) < ce~"/8 and, therefore,

P{t.(w) < o0lyg, } <cGu(w; y(t), oo)er(d_z)

< S, () dist(w, y, )% 42

< ce P dist(w, yy,)? 2”472,
where p = (4a — 1) /8 > 0. We know from (15) that
P{dist(w, y;,) < e’, 7, < 00} < clw — 7|92 @72 5@,
By summing over positive integers s < r, we get
P{z, < 7, (w) < 00, Jp(z,w) = 1} < crjw — |97 2> @ Demrr,
In particular, if |z — w| > e ™, where u = p/[3(2 — d)],
P{7,(2) < T-(w) < 00, Jp(z, w) = 1} < ce® @72 e7P7/2,
which implies that if |z — w| > e™*",

E[0/(2) Or (W) T (z, w)] < ce P72,

For the remainder, we will assume that Z,(z, w) = 1. Let 0 = 03,4(r — 2, 2) as
in Section 2.4. Let Q,(z) be the analogue of Q,(z) for the curve stopped at time o,

0,z) =" @1, (z) <o} =P D1fr,,5) < a}].

To establish our estimate, we will show that

(47) [E[0/(2) Qr ()T (z, w)]| < ce™P",
and
(48) E[|0,(2) — 0r(2)]|Qr (W) |Z (z, w)] < ce ™",

which together imply that
IE[Q:(2) Or (W) T, (z, w)]| < ce™#".

To prove (47), note that since Q,(z)Ir (z, w) is Yy measurable,

E[Q,(2) Qr (w) I (z, w)] = E[ 0, (2)Z, (z, w)E(Q, (w)]ys)],
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and hence,
B[O+ (2) 0r(W)T, (2, w)]| < E[| 02| (z. w)[E(Qr (w)l¥5)]].
We appeal to (44) to see that
E(Q, (w)lye)| < ce® [/ dist(w, dHy)]* ™"
<cexp{[@Q—d) + (¢ — D2 —d +a)]r}.
In particular, if g is chosen sufficiently small so that g(2 —d) <o (1 —¢q)/2,
[E(Q, (w)lye)| < ce™/?,
and hence
B[O/ () Qr ()T, (z, w)]| < ce " */*E[| 0, ()| Z, (2, w)]
< ce—ra/Zer(Z—d)IP;[Ir Gz w)] < ce T2

For (48), we observe that if Q,(z) # Qr (2), then dist(z, y) < dist(z, Ys). In
other words,

E[|0,(2) = 0r@)||Qr (w)|Z,(z, w)]
< ce”CDPIT, (z, w) = 1,dist(z, y) < dist(z, y), T (w) < 00}.

We know that P{Z, (z, w) = 1} < ce’@=2) Hence, it suffices to show that we can
find g, B > 0 and ¢ < oo such that that on the event {Z, (z, w) = 1},

P{p < 00, 7 (w) < 0lys} < ce" G DB
where p =inf{t > o : |y (t) — z| = dist(z, ¥ )}. For every integer k with gr + 1 <
k < r — 1, we consider the event

Er ={u(w) < p < tp1(w) < 7 (w) < 00}.
We claim that there exists ¢, @ such that on the event {Z, (z, w) = 1}
(49) P(Exlys) < ce® D= Dremer,
Indeed, recall that on the event on the event {Z,(z, w) = 1}, dist(w, dH;) > e™7".
If we use P to denote conditional probabilities given y,, then

@{tk(w) < oo} < ced=2k=qr)

Iﬁ’{p < ool (w) < oo} < ce™,

Iﬁ{rr(w) < oot (w) < p < Thg1(w) < 00} < celd=2=k)

By summing (49) over k, and then choosing ¢ sufficiently small, we see that
I?’{,o <00, T (w) < oo} < cre@=Da=—Dr—ar o o r(d=2),~ar/2

At the end, we want to thank the referees for very careful reading of the earlier
draft of the paper and making many useful comments on that.
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