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BIASED RANDOM WALK IN POSITIVE RANDOM
CONDUCTANCES ON 74

BY ALEXANDER FRIBERGH
CNRS and Université de Toulouse

We study the biased random walk in positive random conductances
on Z4. This walk is transient in the direction of the bias. Our main result
is that the random walk is ballistic if, and only if, the conductances have fi-
nite mean. Moreover, in the sub-ballistic regime we find the polynomial order
of the distance moved by the particle. This extends results obtained by Shen
[Ann. Appl. Probab. 12 (2002) 477-510], who proved positivity of the speed
in the uniformly elliptic setting.

1. Introduction. One of the most fundamental questions in random walks in
random media is understanding the long-term behavior of the random walk. This
topic has been intensively studied, and we refer the reader to [29] for a general sur-
vey of the field. An interesting feature of random walks in random environments
(RWRE) is that several models exhibit anomalous behaviors. One of the main rea-
sons for such behaviors is trapping, a phenomenon observed by physicists long ago
[19] and which is a central topic in RWRE. The importance of trapping in several
physical models (including RWRE) motivated the introduction of the Bouchaud
trap model (BTM). This is an idealized model that received a lot of mathematical
attention. A review of the main results can be found in [5], a survey which conjec-
tures that the type of results obtained in the BTM should extend to a wide variety
of models, including RWRE.

One very characteristic behavior associated to trapping is the existence of a
zero asymptotic speed for RWRE with directional transience. In the last few years,
several articles have analyzed such models from a trapping perspective, such as
[13] and [14] on Z and [2, 3] and [17] on trees. The results on the d-dimensional
lattice (with d > 2) are much more rare, since RWRE on Z¢ are harder to ana-
lyze. Among the most natural examples of directionally transient RWRE in Z¢ are
biased random walks in random conductances. So far, mathematically, only two
models of biased random walks in Z¢ have been studied from a trapping perspec-
tive: one is on a supercritical percolation cluster and the other is in environments
assumed to be uniformly elliptic. Before further discussing trapping issues, we
wish to mention that biased random walks in random environment also raise many
other interesting questions, such as the Einstein relation which has led to many
new developments, see [4, 16] and [21].
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In the case of biased random walks on a percolation cluster in 74 it was shown
in [6] (for d = 2) and in [26] that the walk is directionally transient and, more
interestingly, there exists a zero-speed regime. More recently in [15] a character-
ization of the zero-speed regime has been achieved. Those results confirmed the
predictions of the physicists that trapping occurs in the model; see [8] and [9].

In the case of a biased random walk in random conductances which are uni-
formly elliptic, it has been shown in [25] that the walk is directionally transient and
has always positive speed and verifies an annealed central limit theorem. These re-
sults are coherent with the conjecture that, a directionally transient random walk
in random environment which is uniformly elliptic, should have positive speed;
see [27]. Hence, trapping does not seem to appear under uniform ellipticity condi-
tions.

The results on those two models do not bring any understanding of the behavior
of the random walk in positive conductances that might be arbitrarily close to zero.
In such a model, we truly lose the uniform elliptic assumption, as opposed to the
biased random walk on the percolation cluster, where the walk is still uniformly
elliptic on the graph where the walk is restricted.

Our purpose in this paper is to understand the ballistic-regime of a biased ran-
dom walk in positive i.i.d. conductances and how trapping arises in such a model.

d

2. Model. We introduce P[] = be E@ ), where P, is the law of a positive
random variable c, € (0, 00). This measure gives a random environment usually
denoted w. .

In order to define the random walk, we introduce a bias £ = A£ of strength . > 0
and a direction ¢ which is in the unit sphere with respect to the Euclidian metric
of R, In an environment , we consider the Markov chain of law PY on 74 with
transition probabilities p®(x, y) for x, y € Z¢ defined by:

(1) Xo=x, P’-as.,

CU —_— Cw('x’.y)

@) PPy = wan

where x ~ y means that x and y are adjacent in 74 , and also we set
21 forallx ~yeZ?  “(x,y)=cf(lx, y1)e¥ "

This Markov chain is reversible with invariant measure given by

mO() =) (x, ).
y~x

The random variable ¢®(x, y) is called the conductance between x and y in the
configuration w. This comes from the links existing between reversible Markov
chains and electrical networks. We refer the reader to [10] and [23] for a further
background on this relation, which we will use extensively. Moreover for an edge
e=[x,yle E(Z%), we denote ¢®(e) = ¢®(x, y).

Finally the annealed law of the biased random walk will be the semi-direct
product P =P[-] x P[-].
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In the case where ¢, € (1/K, K) for some K < oo, the walk is uniformly ellip-
tic, and this model is the one previously studied in [25].

3. Results. First, we prove that the walk is directionally transient.

PROPOSITION 3.1. We have

limX,, - [ = 00, P-a.s.

This proposition is a consequence of Proposition 7.1.
Our main result is:

THEOREM 3.1. Ford > 2, we have

. Xn
lim— =v, P-a.s.,
n

where:
(1) if Ex[cs] < 00, then v - Z? 0;
(2) if Exl[cs] =00, then v=0.

In Pylcy>n] _

Moreover, if lim ===

—y withy <1, then
In X, -Z_

Inn

lim Y, P-a.s.

This theorem follows from Propositions 8.1, 9.1, Lemma 9.2 and Proposi-
tion 9.2.

This result proves that trapping phenomena may occur in an elliptic regime, that
is, when all transition probabilities are positive.

Let us rapidly discuss the different main ways the walk may be trapped (see
Figure 1):

(1) an edge with high conductance surrounded by normal conductances;
(2) anormal edge surrounded by very small conductances.

1 e<<1

FI1G. 1. The two main types of traps.
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Let us discuss how the first type of traps function. Assume that we have an edge
e of conductance c, (e) surrounded by edges of fixed conductances, say 1. A simple
computation shows that the walk will need a time of the order of c.(e) to leave the
endpoints of e. Hence, if the expectation of c, is infinite, then the annealed exit
time of the e is infinite. Heuristically, one edge is enough to trap the walk strongly.
This phenomenon is enough to explain the zero-speed regime.

At first glance it is surprising that, in Theorem 3.1, there is only a condition
on the tail of ¢, at infinity. Indeed, if the tail of c, at O is sufficiently big, more
precisely such that E[min;j—;  44-21 /cfki) ] = oo for cf,f) 1.1.d. chosen under P,
then the second type of traps are such that the annealed exit time of the central
edge is infinite. This condition does not appear in Theorem 3.1 because the walk
is unlikely to reach such an edge. Indeed, it needs to cross an edge with extremely
low conductance to enter the trap. This type of trapping is barely strong enough to
create a zero-speed regime (see Remark 9.1), nevertheless it forces us to be very
careful in our analysis of the model.

One may try to create traps similar to those encountered in the biased random
walk on the percolation cluster. In this model, if the bias is high enough, a long
dead-end in the direction of the drift can trap the walk strongly enough to force
zero-speed. In our context, we are not allowed to use zero conductances, but we
may use extremely low conductances, forcing the walk to exit the dead-end at the
same place it entered. Nevertheless, this type of trap is very inefficient. Indeed,
most edges forming a dead-end have to verify c.(e) < ¢ to be able to contain
the walk for a long period, and this for any fixed ¢ > 0. The probabilistic cost of
creating such a trap is way too high.

Hence, small conductances cannot create zero-speed, but high conductances
can. To conclude, we give an idealized version of the two most important types
of traps in this model,

X1 =Geom((1/cy) A1)

or
Xy = { Geom(c) A 1), with probability ¢, A 1,
0, else,
where ¢, is chosen according to the law Py, and ¢/, has the law of
max c¢®
i=1,...,4d—2

where ci’) are i.i.d. chosen under the law P, and independent of the geometric
random variables. Intuitively, one should be able to understand anything related
to trapping with biased random walks in an elliptic setting using those idealized
traps.

Before moving on, let us say a word about the central limit theorem, which is

known to hold in the uniformly elliptic case (see [25]), at least in the annealed
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setting. Using the idealized model we just described above, we are led to believe
that if the two following conditions hold:

(1) Py[1/ce > x] < x~1/4d=2=¢ for some ¢ > 0,
(2) Pylcy > x] <x~27¢ for some & > 0,

then an annealed central theorem should hold. These conditions should in some
weak sense be necessary as indicated in Remark 9.2. It is interesting to note that
even though the tail of 1/c, at 0 does not affect the law of large numbers, it is,
however, important for the central limit theorem. Although strongly related to the
estimates made in this article, the central limit theorem is not a directed conse-
quence of them, and due to the length of this paper, we choose not to pursue this
issue further.

Let us explain the organization of the paper. We begin by studying exit probabil-
ities of large boxes; the main point of Section 5 is to prove Theorem 5.1 which is a
property similar to Sznitman’s conditions (T') and (T'), ; see [27]. This property is
one of the key estimates for studying directionally transient RWRE. It allows us to
define regeneration times, similar to the ones introduced in [28], and study them;
this is done in Section 7. The construction of regeneration times in this model is
complicated by the fact that we lack any type of uniform ellipticity. This issue is
explained in more details and dealt with in Section 6. The law of large numbers
in the positive speed regime is obtained in Section 8. The zero-speed regime is
studied in Section 9. The next section is devoted to notations which will be used
throughout this paper.

4. Notations. Let us denote by (e;);=1.... 4 an orthonormal basis of 74 such
that ey - £ > ey - £ > --- > ¢4 - £ > 0; in particular we have e; - £ > l/ﬁ. The

set {*eq, ..., tes} will be denoted by v. Moreover, we complete f1 := £ into an
orthonormal basis (fi)1<j<q of R,
We set

HY()={xeZ%x - >k} and H (k)={xeZx £<k)
and
HYf=H"(x-£) and H; =H (x-{).

For any graph G, let us introduce dg (x, y) the graph distance in G between x
and y. Define for x € G and r > 0

Bg(x,r)={yeG;dg(x,y) <r}.

Given a set V of vertices of Z?, we denote by |V| its cardinality, by E(V) =
{[x,y]l € E(Z%); x, y € V} its edges and

aV={x¢V;yeVandx ~y}
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as well as
0pV ={lx,yl € E(Z%);x € Vand y ¢ V},

its borders.

Given a set E of edges of 74, we denote V(E) = {x € Z¢; x is an endpoint of
e € E} its vertices.

Denote for any L, L' > 1

B(L,L')={ze€Z%|z-f|<Land|z- fi| <L fori €[2.d]}
and
0*B(L,L')={z€dB(L,L);z-{>L}.

We introduce the following notation. For any set of vertices A of a certain graph
on which a random walk X, is defined, we denote

T4 =inf{n > 0; X,, € A}, T{ =inf{n > 1; X,, € A}
and
T =inf{n > 0; X, ¢ A}.

We will use a slight abuse of notation and write x instead of {x} when the set is a
point x.
This allows us to define the hitting time of “level” n by

An = TH+(n)'

Also, 8, will denote the time shift by n units of time.

Finally, we will use the notation P[A, B] to designated P[A N B], when we
are given a probability measure P and two sets A and B. Similarly given a ran-
dom variable X and an event A, we may use the notation E[X, A] to designate
E[X1{A}] when there is no confusion possible.

In this paper constants are denoted by ¢ € (0, oo) or C € (0, co) without empha-
sizing their dependence on d and the law P,. Moreover the value of those constants
may change from line to line.

5. Exit probability of large boxes. Our first goal is to obtain estimates on the
exit probabilities of large boxes, which will allow us to prove directional transience
and is key to analyzing this model. In particular, we aim at showing:

THEOREM 5.1. Fora >d+3

P[Typw,Le) # To+pL,1)] < Ce L.



3916 A. FRIBERGH

After this section « will be fixed, greater than d + 3.

We will adapt a strategy of proof used in [15]. For the most part, the technical
details and notations are simpler in our context. We will go over the parts of the
proof which can be simplified, but we will eventually refer the reader to [15] for
the conclusion of the proof which is exactly similar in both cases. The notations
have been chosen so that the reader can follow the needed proofs in [15] to the
word.

First, let us describe the strategy we will follow.

The fundamental idea is to partition the space into a good part where the walk
is well-behaved and a bad part consisting of small connected components where
we have very little control over the random walk.

The strategy is two-fold:

(1) We may study the behavior of the random walk at times where it is in the
good part of the space, in which it can easily be controlled. We will refer to this ob-
ject as the modified walk. We show that the modified walk behaves nicely, that is,
verifies Theorem 5.1. This is essentially achieved using a combination of spectral
gap estimates and the Carne—Varopoulos formula [7].

(2) We need to show that information on the exit probabilities for this modified
random walk allows us to derive interesting statements on the actual random walk.
This is a natural thing to expect, since the bad parts of the environment are small.

A more detailed discussion of the strategy of proof can be found at the beginning
of Section 7 in [15].

5.1. Bad areas. We say that an edge e is K-normal if c,(e) € [1/K, K], where
K will be taken to be very large in the sequel. If an edge is not K-normal, we
will say it is K-abnormal which occurs with arbitrarily small probability ¢(K) :=
P.lci ¢ [1/K, K]], since c, € (0, 00).

In relation to this, we will say that a vertex x is K-open if for all y ~ x the edge
[x, y] is K-normal. If a vertex is not K -open, we will say it is K -closed. By taking
K large enough, the probability that a vertex is K-open goes to 1. Finally a vertex
x € Z4 is K -good if there exists an infinite directed K -open path starting at x; that
is, we have {x = xq, x1, X2, x3, ...} with xog = x such that for all i > O:

(1) we have x2i41 — x2; = ey and x2;42 — x2i41 € {e1, ..., eq};
(2) x; is K-open.

If a vertex is not K-good, it is said to be K -bad. The key property of a good point
will be that there exists a open path (x;);>o such that x - (< X1 - ‘ <xp- [ <
X3 -Zf -+, and also this path verifies (x; — xo) - ZZ c(d)i.

To ease the notation, which will be used repeatedly throughout the article, we
will not always mention the K -dependences.
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The first of these results is stated in terms of the width of a subset A C Z9,
which we define to be
W(A) = -
(A) = lrga}d(r;lea}y e rymny el)
Let us denote BADg (x) the connected component of K-bad vertices contain-
ing x, in case x is good then BADg (x) = &

LEMMA 5.1.  There exists Ko such that, for any K > Ko and for any x € 72,
we have that the cluster BADg (x) is finite P,[-]-a.s. and

P,[W(BAD (x)) > n] < C exp(—& (K)n),

where £1(K) — 00 as K tends to infinity.

PROOF. We call two vertices 2-connected if ||u — v||; = 2, so that we may
define BAD% (x) as the 2-connected component of bad vertices containing x.
Any element of BAD(x) is a neighbor of BAD% (x) so that W(BADg (x)) <
W(BAD% (x)) + 2.

Consider now the site percolation model on the even lattice Z4,, = {v €
Z4, vty is even} where y is even- open if and only if, in the original model, the
vertices y, y +e1 and y + e] + ¢; (i <d) are open. An edge [y, z] is even-open if,
and only if, y and z are even-open. This last model is a 4-dependent oriented bond
percolation model, which has a measure that we denote by P, orient-

Fix p’ close to 1. For K large enough, the probability that a vertex is K -open
can be made arbitrarily close to 1. This means that we can make the probability of
an edge being even-open arbitrarily close to 1, so, by Theorem 0.0 in [22], the law
P orient dominates an i.i.d. bond percolation with parameter p.

Let us introduce the outer edge-boundary 9z BAD% (x) of BAD% (x) in the
graph Zeven with the following notion of adjacency: x and y are ad]acent if
x—ye{£(e;Lej)withi#jandi, j <d}.

We describe how to do the proof for d = 2. We will assign an arrow to any edge
[y, z] € 3¢ BAD%(x), and assuming y € BAD% (x) and z ¢ BAD% (x), we set:

(D i ify—x=e —e;

Q) Noify—x=e; +e;

(3) /ity —x=—ei +e;

@ \,ify—x=—e; —es.

This boundary is represented dually in Figure 2. By an argument similar to that

of Durrett [11], page 1026, we see that n » + n\ = n_ + nx_, where n », for
example, is the number of edges labeled ' in 9z BAD% (x).

(1) Any X edge of 9 BAD% (x) has one endpoint, say y, which is bad, and
one, y + e| + ez, which is good. This implies that y is even-closed. Now, we will
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FIG. 2. The outer edge-boundary 9 BAD% (x) of BAD% (x) represented dually on the even lattice
when d = 2.

argue thatif nx_> n /2, then at least one sixth of the edges of 9z BAD% (x) are N\
edges, and hence even-closed. Indeed, since n » +n\ =n_ + nx_, we know that
ny + nx_= |d0g BAD%(x)|/2 and also, using our hypothesis, n 4+ nx_ =< 3n~_.
Those two inequalities imply that nx_> |0z BAD% (x)|/6. Hence, at least one sixth
of the edges of 0 BAD% (x) are even-closed.

(2) Otherwise, let us assume that n > 2nx . We may notice any , edge fol-
lowed (in the sense of the arrows) by an \( edge can be mapped in an injective
manner to an \_edge. This injection is indicated in Figure 2 (by considering the
bold edges). This injection, with n > 2n~_, means that at least half of the
edges are not followed by an ™\ edge. So, using thatn » +n\ =n_ +nx_, we see
that at least one sixth of the edges of dp BAD% (x) are , edges that are not fol-
lowed by an “\ edge. Consider such an  edge, and we can see that the endpoint y
of the ,/ edge which is inside BAD% (x) verifies that y 4- 2e; is not in BAD% (x).
Hence for any such /, there is one endpoint y which is bad and such that y 4 2e;
is good, and hence y is even-closed. Once again at least one sixth of the edges of
g BAD% (x) are even-closed.

This means that at least one sixth of the edges of 0g BAD% (x) are even-closed.
The outer boundary is a minimal cutset, as described in [1]. The number of such
boundaries of size n is bounded (by Corollary 9 in [1]) by exp(Cn). Hence, if p’
is close enough to 1, a counting argument allows us to obtain the desired exponen-
tial tail for W(BAD% (x)) under P, and hence under P, orien (Since the latter is
dominated by the former).

For general dimensions, we note that there exists ig € [2, d] such that a propor-
tion at least 1/d of the edges of 0z BAD% (x) are edges of the form [y, y +-¢;,] and
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[y, y =% e1] for some y € Z¢. We may then apply the previous reasoning in every
plane y + Zey + Ze;, containing edges of 3y BAD% (x) to show that at least a pro-
portion 1/6 of those edges are even-closed. Thus, at least a proportion 1/6d of the
edges of dp BAD% (x) verify the same property. By repeating the same counting
argument as in the previous paragraph we can infer the lemma. [J

Let us define BADg = |, 7 BADk (x) which is a union of finite sets. Also we
set GOODg = Z¢ \ BADg. We may notice that

5.1 for any x € BADg 0BADg (x) € GOODg,

since BADg (x) is a connected component of bad points.
In the sequel K will always be large enough so that BAD g (x) are finite for any
xeZq.

5.2. A graph transformation to seal off big traps. Given a certain configura-
tion w, we construct a graph wg (with conductances) such that the random walk
induced by recording only the steps of the original random walk in @ outside of
large traps has the same law as the random walk in wg.

We denote wg the graph obtained from w by the following transformation. The
vertices of wg are the vertices of GOODg, and the edges of wg are:

(D {[x,y],x,y € GOODg, with x ¢ 0BADg or y ¢ 0BADg} and have con-
ductance c“X ([x, y]) := c®([x, yD,
(2) {[x,y],x,y € dBADg} (including loops) which have conductance

¢ ([x, y]) :=7“(x) P’[X1 € BADg U9BADk, T;F = Tifp. |
= 7”(y) Py'[X1 € BADk UBADk, T," = Tygap, |-

the last equality being a consequence of reversibility and ensures symmetry for the
conductances.

We call the walk induced by X;, on GOODg, the walk Y, defined to be Y, =
X, where

+
po=Tcoopx and  pit+1 =T500p, ©0p;

where we recall that o 6; stands for the time shift by i units of time. This means that
pi+1 1s the first time (strictly) after p; when the walk is in GOODg. This means
that p; are the successive times when X, is in GOODg.

From [15], Proposition 7.2, we have the two following properties.

PROPOSITION 5.1. The reversible walk defined by the conductances wg ver-
ifies the two following properties:

(1) It is reversible with respect to T (-).
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(2) If started at x € wg, it has the same law as the walk induced by X, on
GOODg started at x.

Furthermore, we have:

LEMMA 5.2.  Forx,y € GOODg which are nearest neighbors in Z¢, we have
¢ ([x, yD) = c“(Ix, yD.

Hence, we may notice the following:

REMARK 5.1.  We may notice that for any x € GOODg, we have

c _ i _ i
?e leeina)[((x)SCKe 20x-L

and for any y € GOODg adjacent, in Z¢, to x

%e—zl)ﬁz S ca)K ([X, y]) S CKe—Z)\.X'Z‘

5.3. Spectral gap estimate in wg. The following arguments are heavily in-
spired from [26] and use spectral gap estimates. After showing that the spectral
gap in wg, we can deduce that the walk is likely to exit the box quickly in wg.
Finally, we need to argue that exiting the box quickly, we should exit it in the di-
rection of the drift. This allows us to obtain Theorem 5.1, once we have argued that
the exit probabilities in w and wg are strongly related. This paper only contains
the first step of this reasoning, the following ones being treated in [15].

For technical reasons, we introduce the notation

B(L,L“):{erd,—L <x-€<2L and Ix - fil < L* fori>2}.
Let us introduce the principal Dirichlet eigenvalue of I — P®Xin B(L, L%) N
WK

inf{SGOODK (f7 f)’ f\(B(L,L"‘)ﬂwK)C =0,

~ :1 ,
(52)  Awg(B(L, L)) = o Ml e =1
when B(L, L*) Nwg # &,
0, by convention when E(L, LY) Nwg =2,

where the Dirichlet form is defined for f, g € L?(“K) by
Ecoopg (f,8) = (f, (I — P¥)g) Lo

1
=2 X (O = F@)(E06) ~g0))e (Ix., y)).

X,y neighbors in wg

We have:

LEMMA 5.3. For w such that I§(L, LY Nwg # D, we have
Awg (B(L, L%)) > c(K)L™@HD,
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PROOF. From any vertex x € wg, which is a good point, there exists a directed
open path x = px(0), px(1), ..., px(lx) in wg_(which are neighbors in Z4) such
that p,(i) € B(L, L*) fori <[, and p,(l;) ¢ B(L, L%). This allows us to say that

(5.3) max n,wK ) —— <Cm XL(X). <
i<l ka([px(l + 1), px(@)]) i<le e (px(i))
where we used Lemma 5.2 and Remark 5.1. Moreover [, < CL.
We use a classical argument of Saloff-Coste [24], and we write for
||f||L2(nwK) =1

’

2
1= 200 (x) = Z[Z F(pxG+ 1) = f(ps <i))} Ty (X)

X

<=y, [Z(f(px(i 1) - f(pxa)))z]nw,( (x).

i

Now by (5.3), we obtain
1<C Y (f@ = f() cog (lx.y]) x max 3 L.

d
X,y neighbors in wg beE(Z )xewKﬂB(L,L“),bepx
where b € p, means that b = [p, (i), px(i + 1)] for some i. Using that:

(1) I, <CL for any x € wg,
(2) b =[x, y] € wk can only be crossed by paths “p,” if b € E(Z¢) and 7 €
Bya(x,CL),

we have

d+1
m;ix ) Z [, <CLYT
x€B(n,n%),bep,

and

L<CL Y (F@) = fO)) cur (Lx. YD)

X,y neighbors in wg

—0and | f],2

Since this is true for every f such that f, 3, ;« (k) =

Nk )€
1, we can use (5.2) to see

I\ (fi’(n,n“)) > L@+, O

We explained how to obtain Theorem 5.1 at the beginning of Section 5.3. The
proof of Theorem 5.1 is almost completely similar to the end of the proof of The-
orem 1.4 in [15]. The reader may read Sections 7.4, 7.5 and 7.6 of [15] for the
complete details.

To ease this task, the notations have been chosen so that only two minor changes
have to be made: in our case Ko, = Z% and Z = Q.
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The proof in [15] uses some reference to previous results, and for the reader’s
convenience we specify the correspondence. The following results in [15]:
Lemma 7.5, Proposition 7.2, Lemma 7.9 and the second part of Lemma 7.6 corre-
spond, respectively, to Lemma 5.1, Proposition 5.1, Lemma 5.3 and (5.1).

A final remark is that any inequality needed on 7 “X can be found in Remark 5.1.

6. Construction of K-open ladder points. A classical tool for analyzing di-
rectional transient RWRE is to use a regeneration structure [28]. We call ladder-
point a new maximum of the random walk in the direction ¢. The standard way of
constructing regeneration times is to consider successive ladder points and argue
that there is a positive probability of never backtracking again. Such a ladder point
creates a separation between the past and the future of the random walk leading to
interesting independence properties. We call this point a regeneration time.

A major issue in our case is that we do not have any type of uniform ellipticity.
Ladder points are conditioned parts of the environment and, at least intuitively, the
edge that led us to a ladder point should have uncharacteristically high conduc-
tance. Those high conductances (without uniform ellipticity) may strongly hinder
the walk from never backtracking and creating a regeneration time. In order to
adapt the classical construction we need, in some sense, to show that the environ-
ment seen from the particle at a ladder-point is relatively normal. To address this
problem, we will prove that we encounter open ladder-points and find tail estimates
on the location of the first open ladder-point.

We define the following random variable:

M) = inf{i > 0, X; is K-open and for j <i — 2, X < X,-_Q-Z
and X; = X,_1+e; = X;_2+ 2e;}
< o0.

This means at that point we have reached a new maximum of the trajectory (in the
direction £), made two steps in the direction e; and reaching and open site. This
definition is just slightly different than the first open ladder point; it is only for
technical reasons that we consider this definition.

Our goal for this section is to obtain properties on this random variable, namely
that it is finite and has arbitrarily high polynomial moments.

The dependence on K will be dropped outside of major statements and defini-
tions.

6.1. Preparatory lemmas. We need three preparatory lemmas before turn-
ing to the study of M) For this, we introduce the inner positive boundary of
B(n,n®)

81.+B(n, n®) = {x € B(n,n%), where x ~ y with y € 3" B(n, n%)}
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and the event
A(m) ={Tspw.ne) = Tyt p(yney)-

It follows from Theorem 5.1 that:

LEMMA 6.1. We have
P[A(n)] < Ce™“".

We say that a vertex x € B(n, n*) is K-n-closed if there exists a nearest neigh-
bor y ¢ H*(n) of x such that c*([x, y]) ¢ [1/K, K].

Let us denote K  (n) the K -n-closed connected component of x. This allows us
to introduce the event

(6.1) B(n) = {for all x € ;" B(n, n*), we have |[K,(n)| <Inn}.

It is convenient to set K ; (n) = {x} when K ,(n) is empty.

LEMMA 6.2. Forany M < oo, we can find Kq such that for any K > Ky
P[B(n)]<Cn ™M,

PROOF. Obviously, for any x € 97 B(n, n%)
K . (n) C CLOSEDg (x),

where CLOSEDk (x) is the connected component of K -closed point containing x.
Using Lemma 5.1 in [20], we may notice that there are at most an exponential
number of lattice animals. Hence, for any x € 37 B(n, n%)

P[|CLOSEDk (x)| = Inn] < Y C(Cie(K))* < Cn5%),

k>Inn

where & (K) tends to infinity K goes to infinity. The right-hand side can be made
lower than n~M for any M by choosing K large enough. The result follows from
a union bound. Ul

Next, we show a result which, in particular, implies that, if we are on the “posi-
tive boundary” (i.e., in the direction of the bias and where the largest conductances
are) of a finite connected subset of Z¢ surrounded by normal edges, then we have
some lower bound on the probability to exit that set through this positive side.

LEMMA 6.3. Take G # @ to be a finite connected subset of Z%. Assume that
each edge e of 7Z¢ is assigned a positive conductance c(e) and that there exist
c1>0,x€dG andy € G suchthat x ~ y and c([x, y]) > cic(e) forany e € IgG.
We have

Py[Ty <Tygl>= —|G| ",
y[x_ BG]_4d| |
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where Py is the law of the random walk in 74 started at y arising from the con-
ductances (c(e))eeE(Zd).

PROOF. We will be using comparisons to electrical networks, and we refer the
reader to Chapter 2 of [23] for further background on this topic.

Let us first notice that a walk started at y € G will reach dG before Z¢ \ (G U
0G), so this lemma is actually a result on a finite graph G U 9G.

To simplify the proof, we will consider the graph G where all edges emanating
from x that are not [x, y] will be assigned conductance 0, which corresponds to
reflecting the walk on those edges. It is plain to see that

(6.2) Py[Ty < Tygl = PVOIT, < Tygl,

where PyG Y9G s the law of the random walk started at y in the conductances of

the graph G U dG. ~ 3
Hence, it is enough to prove our statement in the finite graph G U 9G. We may
see that

(6.3) POYIGIT, < T, 1= u(y),

where u(-) is the voltage function verifying u(x) = 1 and u(z) =0for z € G \ {x}.
Let us denote i (-) the associate intensity. Since y is the only vertex adjacent to x
in G UG, we know that the current flowing into the circuit at x passes through
the edges [x, y], so

1
RGYUIG(x 3G \ {x})

=i([x, y]),

where R(zua(;(x’ aG \ {x}) is the effective conductance between x and aG \ {x}
in G U dG. By Ohm’s law, we may deduce that

r@9G (x, y
ROYG (x, 3G \ {x})

Now, since x is the only vertex adjacent to y, we can see by an electrical net-
quk rf:duction of resistances in series that RY9C (x, G \{x}) = rOY9G ([, yD+
ROVIGCNxY (3 3G \ {x}). This means that

ROV (y, 56 \ fx})
RGUIG\ (y, 9G \ {x}) +rGWG (L, y1)
_ (1 L e D >—‘

ROUIG\N (y,0G\ {x})/

We recall that Rayleigh’s monotonocity principle (see [23]) states that increas-
ing any value of the conductance of an edge (in particular merging two vertices)

u(x) — u(y) =r@99 ([x, y))i([x, yl) =

u(y) =
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increases any effective conductances. We consider the graph G UG \ {x} and
collapse all vertices G U dG \ {x, y} into one vertex &. This increases all effective
conductances. In this new graph, y is connected to § by at most |G U dG| edges of

conductances at least (1 /cl)cGUE’G([x, v]), by our assumptions on the graph. By
network reduction of conductances in parallel, this means

L _ c1 L
RGUGG\{X}()}, 3G\ {x}) > eruaG([X’ y])
The two last equations imply, with (6.3), that
GUIG €l -1
and with (6.2) this concludes the proof. [

6.2. Successive attempts to find an open ladder point. Let us denote B, :=
B(n,n*). We will show that an open ladder point can occur shortly after we exit a

box B;,.
Let us denote for k < n the events

(6.4) RE (k) = (M) > Typ,, +2).
We have:

LEMMA 6.4. Forany ey > 0and M < oo, we can find Ko = Ko(e1, M) large
enough such that the following holds: for any K > Kq and any k € [2, n],

P[RS (km)] < (1 = en™")P[RE) ((k = )] + Cn ™Y,

where the constants depend on K .

Essentially, our goal is to construct an open ladder-point. The idea of the proof
roughly goes as follows. If we exited B—1), without encountering an open ladder
point, then:

(1) We are likely to exit By, through the positive boundary.

(2) At this point, we look at the K-n-closed component [the corresponding
definition is above (6.1)] of that exit point. There is a positive probability that the
“positive” boundary of that set is open.

(3) If that is the case, Lemma 6.3 implies that there is a positive chance that we
exit through the “positive” side of that set, which is included in 3 By,.

The previous construction implies that we exit By, at an open point which is on
the positive boundary 8 By,. Hence that point is an open ladder point which can
be used to easily construct a point verifying the properties of MK).

In the end this means that for each new larger box encountered, By,
Bk+1)n, - - . , there is a positive chance to encounter an open ladder point through a
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procedure which is largely independent of what happened before in smaller boxes.
This will allow us to show that eventually we encountered a point with all the
properties of M &),

PROOF. We introduce the K -n-closed component of the exit point of B,
(6.5) Kn)=Kx,  (n)< By,
o Bn

where we recall that the notation K , (n) was defined above (6.1). In case Ty+ B, =

oo (i.e., we never reach the inner positive boundary of 53,,) we simply set K(n) = @
and 0/C(n) = @. This case typically does not occur.
We introduce the event

C(n) = {for all x € 3K (n) N'HT (n), the vertex x is open}
as well as the event
D(n) = {Takm) © 01,5, = Toxmynr+ () © 07,5, }
and the event
E(n) ={X1)50,,0)+2 = XTypg 00y +1 T €1 = X150, T 2€1
and X7, 5, ,0)+2> XT)p(, o) +1 are Open}.

Let us consider an event in A(n) N C(n) N D(n) N E(n). The situation is illus-
trated in Figure 3. It verifies all the following conditions:

B(n,n®)

S
XE)B(n,n“)

FI1G. 3. A way to find an open ladder point.
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(1) on A(n), we have Taan < Typ,, so that

TyBm.n) = Toxn) © 01y, 5
(2) on D(n), by (6.5), we have
Tok@m) ©013,5, = Tokmnt+(n) © 01y, 5,
and hence
TyB(n.n*) = ToxmynH+ ()
(3) on C(n), we have 0K (n) N H* (n) is open.
Hence,on A(n) NC(n) N D(n)N E(n), we see that XTEJB(n,nO‘) 1S a new maximum

of the trajectory in the direction £ which is open, X Tygner+1 = X Typene, €1 and
XTaB<n oy +2 = X750 ot 2e; is a K-open point. This means that

Am)NCm)NDn)NE[n) C{M <Typ, +2}.
We have
(6.6) P[R(kn)]
<P[R((k — )n), (A(kn) N C (kn) N D(kn) N E (kn))‘]
<P[A(kn)] +P[B(kn)] + -

(6.7) +P[R((k — Dn), A(kn), B(kn), C (kn)‘] +---
(6.8) +P[R((k — Dn), A(kn), B(kn), C (kn), D(kn)] + - -
(6.9) +P[R((k — D)n), A(kn), B(kn), C(kn), D(kn), E (kn)“],

which means that
P[R(kn)] —P[R((k — 1)n), A(kn), B(kn)]
(6.10) <P[A(kn)‘] 4+ P[B(kn)‘]
—P[R((k — 1)n), A(kn), B(kn), C(kn), D(kn), E (kn)].
The first term is controlled by Theorem 5.1,

(6.11) P[A(kn)“] < C exp(—ckn) < C exp(—cn)
and for any M < oo, by Lemma 6.2, we can choose K large enough such that
(6.12) P[B(kn) ] <n™M.

To finish the proof, we are going to control the terms in (6.7), (6.8) and (6.9)
which will allow us to evaluate (6.10).

Step 1: Control of the term in (6.7). We recall that KC(kn) was defined at (6.5).
For k <n,on A(kn) N B(kn), we see that

(6.13) K (kn)| < In(kn) <21nn
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and in particular,
P[R((k — 1)n), A(kn), B(kn), C (kn)‘]

= Y P[R((k— Dn), A(kn), B(kn), K(kn) = F, C (kn)‘]
FcZ4,|F|<2Inn

= > E[P®[R((k — 1)n), A(kn), B(kn), K(kn) = F]
FCZ4,|F|<2lnn

x 1{some x € dF N'HT (kn) is closed}].

We may now see that:

(1) on the one hand, the random variable P“[R((k — 1)n), A(kn), B(kn),
K (kn) = F] is measurable with respect to o {c.([x, y]), with x, y ¢ H:{k};

(2) on the other hand, the event {some x € 9 F N H ' (kn) is closed} is measur-
able with respect to o {c.([x, y]), with x € H:k}.

Hence, the random variables P®[R((k — 1)n), A(kn), B(kn), KC(kn) = F] and
1{some x € 9F N'H ' (kn) is closed} are P-independent. This yields

P[R((k — 1)n), A(kn), B(kn), C (kn)]

= Z IP’[R((k — l)n), A(kn), B(kn), K(kn) = F]
FCZ4,|F|<2lnn

x P[some x € 3F NH* (kn) is closed]

< Z P[R((k — l)n), A(kn), B(kn), K(kn) = F]
FCZ4,|F|<2Inn

x (1 —P[all x € 9F N'H™ (kn) are open]).
Now, we know by the Harris inequality [18] that for F € Z¢, with |F| <2Inn
P[all x € 3 F NH(kn) are open] > P[x is open]¢!F!
> (1 8(K))zdlnn

= p2dIn(—e(K).

where we recall that e(K) = Py[ci ¢ [1/K, K]].
For any ¢; > 0, by choosing K large enough, we can assume that 2d In(1 —
&(K)) = —e1. This means that the two previous equations imply that

P[R((k — 1)n), A(kn), B(kn), C (kn)‘]
< (1—=n"®)P[R((k — 1)n), A(kn), B(kn)],
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which means that for any &1 > 0, we have

n"'P[R((k — 1)n), A(kn), B(kn)]
(6.14)
<P[R((k — D)n), A(kn), B(kn), C (kn)].

Step 2: Control of the term in (6.8). We want to upper-bound P[R((k —
Dn), A(kn), B(kn), C(kn), D(kn)¢]. On A(kn)NB(kn)NC (kn), we have reached
the positive inner border of B,;, and we know that K(kn) is not too big and its
“positive border” is open. By applying Lemma 6.3, we have an estimate for the
probability of exiting KC(kn) through the positive border.

To start, we wish to decompose P[R((k — 1)n), A(kn), B(kn), C(kn), D(kn)]
according to all possible values of X Ty,B,, and KC(kn). For this, we notice that:

(I) on A(kn), we have X, . . € 81.+Bnk, and by the definition of KC(kn) [see
(65)1, X1, € Klhkn);
(2) moreover, on A(kn) N B(kn), we have (6.13).

Hence,
P[R((k — 1)n), A(kn), B(kn), C (kn), D (kn)‘]
< Z]P’ ((k — Dn), A(kn), B(kn),

X7, 5 =y K(kn) = F,C(kn), D(kn)‘].

where Zy’F stands for Zyea;ank ZFCZd,IFIEZInn,yeF'

Let us notice that, for a fixed w, the events R((k — 1)n), A(kn), B(kn),
(X1, 5 L= vy} and {(kn) = F} are P“-measurable with respect to {X;,i <
15,5, }- Thus, we may use the Markov property at Tj.5,, to see that

P[R((k — 1)n), A(kn), B(kn), C(kn), D (kn)‘]
(6.15) <ZE [P?[R((k — Dn), Atkn), B(kn), X7, 5 =y, K(kn) = F]

x PY[TyF < Typrog+(enyl1{x is open, for x € 9F NHT (kn)}].

We wish to apply Lemma 6.3, for this we will first prove that on {C(kn) = F}
and {x is open, for x € 9F N'HT (kn)} the set dg F is composed of normal edges.
Indeed:

(1) notice that the definition of KC(kn) at (6.5) [which is a K-(kn)-closed com-
ponent] implies that e is normal for all e € dg/C(kn) when e has no endpoint in
H* (kn);

(2) moreover, if for any x € 9 F N'H* (kn) the vertex x is open, then any edge
e € 3¢ F with one endpoint in H* (kn) is normal.
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Hence 0 F is a set made of normal edges only.
Now, for any y € F N 8i+l’5nk, there exists x € H ™ (kn) adjacent to y. Since

F Cank, we can see that for any z € 9 F U F we have (x — 2) - EZ —1 and (y —
z) - £ = —2. Using this, along with the fact that 0g F is made of normal edges, we
see with (2.1) and Remark 5.1 that

foralle e g F c®(e) < Kze%c‘”([x, yl).

We can apply Lemma 6.3 to F, and we see that if {(kn) = F} and
{x is open, for x € 3 F N'H T (kn)}, then we obtain

PP[Tyr < Tarrmm] < PYITor < Tel < (1 —c|FI7Y)
<(1- cln_ln),

since |F| <2lnn.
This turns (6.15) into

P[R((k — 1)n), A(kn), B(kn), C(kn), D (kn)‘]
< ZE [P?[R((k — 1)n), A(kn), B(kn), X1, ; =y, K(kn) = F]

x 1{x is open, for x € dF N'HT (kn)}]
x (1 —cln~1n)
<(1- clnnil)IP’[R((k — n), A(kn), B(kn), C (kn)],
which means that for some ¢ > 0, we have

cinn~'P[R((k — 1)n), A(kn), B(kn), C(kn)]
(6.16)
P[R((k — 1)n), A(kn), B(kn), C (kn), D(kn)].

Step 3: Control of the term in (6.9). On A(kn) N B(kn) N C(kn) N D(kn), we
know that X Tys,, € 07 By, is an open ladder point. Moreover, it is important to
notice that the event E (kn) has a positive probability of happening and does not
depend on what happened inside By,,. We introduce

R'((k — 1)n) = R((k — 1)n) N A(kn) N B(kn) N C (kn) N D (kn).

A vertex is said to be x-open if it is open in w, coinciding with w on all edges,
but those that are adjacent to x which are normal in w,. We see

P[R((k — l)n), A(kn), B(kn), C(kn), D(kn), E (kn)‘]
< Z R'((k — D)n), X1y, =X, x is open, E(kn)“]

x€dt B
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< > E[P°[R'((k—Dn), X1y, = x]1{x is open},
x€d+ By
(1{x + e or x + 2¢; is not x-open}
+ PP[X1 #x + e or X2 #x +2e]
x 1{x + ey, x + 2e; are x-open})].

On {x + ej,x + 2ey are x-open} N {x is open}, we see that PX[X; = x +
e1, X2 =x +2e;] > c > 0 by Remark 5.1.

P[R((k — l)n), A(kn), B(kn), C(kn), D(kn), E (kn)‘]
< Z R'((k — n), X175, = x|1{x is open},
x€dT B
(1{x 4 e or x + 2e; is not x-open}
+ (1 — )1{x + e, x + 2 are x-open})].

Recalling the definition of v at the beginning of Section 4, we may also see that
{R'((k — Dn), XTaB,,k = x, x is open} is measurable with respect to o{c.(e), e €
E(B,k) ore = [x,x + €'] with ¢’ € v}, whereas {x + e], x + 2e; are x-open} is
measurable with respect to o {cx(e), e ¢ E(B,;) and e # [x, x + €'] with ¢’ € v}.
So these random variables are independent, which yields

P[R((k — 1)n), A(kn), B(kn), C(kn), D(kn), E (kn)‘]
<P[R'((k — 1)n)](P[x + €] or x + 3 is not x-open]
+ (1 —¢)P[x + e, x + e are x-open])
<(1- c)]P’[R((k — 1)n), A(kn), B(kn), C(kn), D(kn)],

since P[x + e1, x 4 e3 are x-open] > 0. This means that there exists ¢ > 0 such
that

cP[R((k — 1)n), A(kn), B(kn), C(kn), D(kn)]

(6.17)
P[R((k — 1)n), A(kn), B(kn), C(kn), D(kn), E (kn)].

Step 4: Conclusion. For any €1 > 0, we see using (6.11), (6.12), (6.14), (6.16),
(6.17) (which are valid K chosen larger than some K¢ depending only on M < 00)
and (6.10), that we have for any k € [2, n]

P[R(kn)] <P[R((k — Dn)](1 —clnn~'n=1) 4 Cn™M,

which implies the result. [

We now prove the following:
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LEMMA 6.5. For any M, there exists Ko such that, for any K > Ky,
P[X vk - £ > n] < C(K)n™™.
PROOF. For any M < oo, by Lemma 6.4, there exists Ko such that, for any
K > K such that
P[R(nk)] < (1 —cn V2)P[R(n(k — 1))] +n~M.
By a simple induction, this means that for
P[R(n?)] < (1 —cn™1/2)" 4 n=MF1 < 0 =M+1,

Recalling the definition of R(n) at (6.4), we see by the Borel-Cantelli lemma
that M) < oo,
Also this implies that

P[XM(K) . Z> n? + 2] < op—M+1
and
PLX px) ES n] < Cn_(M+1)/2,
which proves the lemma, since M is arbitrary. [
6.3. Consequence of our estimates on M. A natural consequence of the pre-
vious estimate is that the successive open ladder points cannot be too distant, and

this is what we aim at showing next in a form that will be useful for us in the
sequel. Let us introduce the ladder times

(6.18) Wo=0 and Wiy =inf{n>0,X,-£> Xy, - £}.
We introduce the event
M®) (n) = [for k with Wy, < A,

(6.19) ) )
we have XM(K)09wk+Wk 4 — XWk < n1/2}'

LEMMA 6.6. For any M < oo, there exists Ko such that, for any K > Ko we
have

PME )] < cn™™.
PROOF. We introduce the event
Mj(n) = {fork < j — 1, we have XM<K)09Wk+Wk - Xw, l< n1/2}

and the event

Nj (1) = (X g0y +w,; €= Xw; - > n'/ and Xy, € B(n.n%)).
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On M®) ()N {TyBm.n*) = Ty+B(n,n)}, since all Xy, are different necessarily,
we have k < Cn?4 for any k such that Wy < A,,. Moreover there exists a k < A,
such that Ni(n) holds. By decomposing along the smallest such &, we see that

andol

P[M(n)°] < Y P[Mi(n), Ni(n), Tygmne) = To+ ponne))]

k=1
(6.20)

+ exp(—cn)

by Theorem 5.1.
Now, we see that on {M;(n), N;j(n), Tygmu.ne) = To+pmn.n*)} We have Xw,; €
B(n,n%), so by a simple union bound argument,

P[M;(n), Nj(n), Tsm.ne) = To+ Bn.ne)]

= Z IP)[}(Wj :x’XM(K)OQWj-FWj 'K—X'Z>n1/2]
xeB(n,n%)

< Y E[PC[Xym-€—x-€=n'?]

a xeB((n,n%) a
<|B(n.n®)[PME) = n!/?]

by Markov’s property at W; and translation invariance of the environment. Hence,
by the two last equations, Lemma 6.5 and using (6.20), we may see that

P[M ()] <n M. O

7. Regeneration times. The aim of this section is to define regeneration times
and prove some standard properties on them. These properties are summed up in
Section 7.6. .

The idea is to find a maximum of the trajectory, in the direction £ from which
the random \xialk will never backtrack, that is, go to a point with lower scalar
product with £. Essentially, we would like to call regeneration time the first time
that such a situation occurs. For technical reasons it is convenient for us to consider
only the maxima which are also K -open points (or more precisely points verifying
the properties of M). This is the only difference from the standard definitions of
regeneration times.

We define the time it takes for the walk to go back beyond (with respect to the
scalar product with £) its starting point

D = inf{n > 0 such that X,, - £ < X - £}.
Also we introduce the maximum (in the direction Z) of the trajectory before D

M:suan-Z.

n<D
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We define the configuration dependent stopping times S, k > 0 and the levels
My, k>0,

-

So =0, Mo=Xop-£ and

b fork >0 Sk+1 :M(K)OQTH+(Mk) + Trt )
where

(7.2) My = sup{X,, - € with 0 <m < Ry}

with

Ry =D o0s, + Sk.

In words, Ry is the time it takes to go back beyond Xg,, M) is the maximum
of the trajectory before Ry, and Si is the first time we see an open ladder point
(more precisely a point verifying the properties of MK)) after getting past Mj.

These definitions imply that if S; 41 < oo, then

-

(7.3) X5, £—Xs - £>2e-£>

i+1

ST

Finally we define the basic regeneration time
(7.4) 71 =Sy with N = inf{k > 1 with S; < oo and M} = oco}.

Let us give some intuition about those definitions. Assume Sy is constructed;
it is, by definition, an open-point ladder point. We will show that at such a point
there is a lower bounded chance of never backtracking again. If the walks never
backtrack again (then Ry = oo and thus M} = co), we have created a point sepa-
rating the past and the future of the random walk: a regeneration point called 7.
This finishes the procedure.

In case a regeneration time is not created, the future of the random walk and the
environment ahead of us may be conditioned by the fact that the walk will eventu-
ally backtrack: a conditioning limited to the conductances of the edges adjacent to
the trajectory of the walk before it backtracks and the trajectory of the walk itself
before backtracking.

In our definitions we introduced a random variable My chosen large enough
so that all the edges we just described have one endpoint in ‘H™ (M} ). Hence the
environment in (M) and the walk after it reaches this set are largely uncondi-
tioned. After reaching that set, we have the opportunity to construct another open
ladder point (for a walk free of any constraints from its past) by considering the
first open ladder point after entering H ' (My). This is how we define Si.; and
from there we start over the procedure until we find a regeneration time.
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7.1. Control the variables M. We want to show that the random variables M,
in (7.2) cannot be too big. For this we prove the following lemma:

LEMMA 7.1. We have

PIM >n| D < oo] < Cexp(—cn).

PROOF. We have
P[2* <M <2k
< P[Typak pary 7 Ty+ p(ak pek]
+P[XT, e, € a7t B(2k, 2%,
Tr ) © 07, bty < Trriany 001, o]

and by a union bound on the 2%¥ possible positions of X T, and using trans-

; . . + B(Zk ,2(11()
1at10n 1mvariance arguments,

k
P[Zk <M < 2k+l] < zakP[TaB(zkﬁ»l’za(k«H)) #* T3+B(2k+l’2a(k+l))] +e @)

as a consequence of Theorem 5.1.
Hence, using Theorem 5.1, again

P2k < M < 2k+1] < 2%k @)

and since M < oo on D < 00, we see that

1 k k1 -

k,2k>n O
Recalling the definition of M at (7.2), we introduce the event
(7.5)  S(n) ={fori with S; <A, and M; < oo, M; — X, f< nl/Z}.

Let us prove the following lemma:

LEMMA 7.2. We have

P[S()°] < exp(—n'"?).
PROOF. By (7.3), we know that card{i; S; < A,} <n. So, we see that

P[S(n)] < P[Tp.ne) # Ty+ B(n,n)]
+3 Y PM; - Xs, - €> 02 M <00, X, =x],

i<nxeBn,n%)

(7.6)
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where the first term can be controlled by Theorem 5.1.
Now, we may see that

P[M; — X5, - £ >n'"?, M; < 00, X5, = x|
(1.7 )
51[”[ sup (X, —x)-£> '/ M; < 00, Xs; :x].
nfDoQSi—i-S,-

If M; < oo, we have D o6, 4+ S; < oo, hence

]P’[ sup (X, —x) -Zan/Z,M,- <00, X :x]
nSDOQSi'i'Si
(7.8)

51@[ sup (Xy—x)-£>n'2 Dobs, + S <00, Xs. =x].
HSD095i+Si

Recalling that X5, is a maximum in the direction ¢ of the past trajectory, we can
use Markov’s property at the time S; to see that

]P’[ sup  (Xp _x).Zan/Z,Doesi + S <00, X, =x]
nfDo@sl.JrS,'

(7.9) <E[P¢[sup X, - £2>n'2, D < 00|

n<D

< P[sup X, €>n'/? | D < oo] < Cexp(—cnl/z),
n<D
where we used translation invariance and Lemma 7.1. The result follows from
putting together (7.6), (7.7), (7.8) and (7.9). U

7.2. Exponential tails for backtracking. As a result of Theorem 5.1, we know
that the walk is exponentially unlikely to backtrack a lot. This can be seen as fol-
lows, and given a large n, it is extremely likely to exit B(2",2%") through the pos-
itive side. Centering at that exit point a box of size B(2"*!, 24"+ we are again
very likely to exit through the positive side. Applying this reasoning recursively,
we see that we are unlikely to reach H ™ (—2").

LEMMA 7.3.  We have for any n,

P[Ty-(—p) < o0] < Cexp(—cn).

PROOF. Fix n > 0. For this proof, we will use the event
A(n) ={Typr 20y = Ty+ pan ey }-
For any k > n, let us denote By (2k+1 pk+Dery {z € 78,7 =Xr

aB(2k 2ka) +y
with y € B(2k*1, 2(k+Da)} "and we introduce the event

C (k) ={Ty+ gy (ak+1 o410y © QTBB(Zk,Zk"‘) = Ty gy (2k+1 pk+Dary © QTaB(zk,zka)}'



BIASED RANDOM WALK IN POSITIVE RANDOM CONDUCTANCES ON 74 3937

A simple induction shows that on (;¢(,,. ) C (k) NA(n), we have {Ty-(_on_1) >
Tpm m2emy}, and hence we see that

(7.10) () Ck) N A(n) € (Ty- (1) = 00}
k>n
Denote for m > n,
D(n,m)=C(k)NCm)° N ( N A(n)),
n<k<m
so that using (7.10), we see
C
{Th-(—ony <00} C (ﬂ Ck)n A(n)) C U D(n,m)U A(n)°,

k>n m>n

which implies

P[Ty-(—2n) < 00l <P[AM) ]+ Y P[D(n,m)]

m>n

<exp(—c2") + Y P[D(n,m)]

m>n

(7.11)

by Theorem 5.1.

We may notice that on D(n, m), we have {Tygom momey = Ty+p@om mame)} [nOte
that is different from A(m)]. Hence, when using Markov’s property at Ty gm mome)
the random walk is located in 9+ B(2"™, m2"%), so

P[D(n, m)]
=< Z E[Pw[XTBB(zm,mzma) :)C]

x€dt B(2m m2ma)
X P;)[Tx+33(2m+l’2(m+l)a) # Tx+3+3(2m+l’2(m+l)a)]]

S Cma'zdmoz

X max E|[PP[T, o 550om+1 ometyay Z Tyt g+ goom+1 pmtay]
e X e, [Py pmtt pomtvey 7 Ty gt gomtt pomtne)]]

< CdedmaP[A(m + 1)¢] < Cexp(—c2™)

by translation invariance and Theorem 5.1.
The lemma follows from the previous and (7.11). U

7.3. Uniformly bounded chance of never backtracking at open points. We re-
call that v was defined at the beginning of Section 4. We denote C = {x > 0}",
which is seen as the configuration, that is, values of conductances, adjacent to a
point. For any a € C, we define the environment ¢ on the edges of Z4 to be the
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environment which has the same conductances as in w except on edges adjacent
to x, and on these edges the conductances are given by the configuration a, that is,
cfg ([x,x +e]) =al(e) for any e € v.

We say that a € C is K-open if a(e) € [1/K, K] for any e € v. In the sequel,
we will use the notation max,ec open t0 designate the maximum taken over all
configurations a € C that are open.

LEMMA 7.4. We have
E[ max P[D < 0o] |0 is good] < 1.

aeC open

This result is natural. Indeed, by following the directed open path we can bring
the random walk far in the direction of the bias with a positive probability inde-
pendent of the environment, and after this point it will be unlikely by Lemma 7.3
to backtrack past your starting point. This means that there is always a positive
escape probability from a good point.

PROOF. Fix n > 0. On the event that {0 is good}, we denote P (i) a directed
path starting at O where all points are open. We denote L+, 4oy = inf{i, P(i) €
07 B(n,n%)}. Now, we see that if the two following conditions are verified:

(1) X, = P(l) fori < L8+B(n,n°‘)’
(2) Ty-@) 0 O1p,

bl

3+B(n,na)) B

then D = oo.
We can see that if {0 is good}, then L+ p(, no) < Cn, so that
min  P[X; = P(i) fori < Ly+pgnne)] = «kS"

aeC open

by Remark 5.1.
In particular, we have

E[ min  PY[D = o0] | 0is good]

aeC open

> E[ min ng [Xl = P(Z) fori < La-#B(n’na)]

aeC open
X ng [T-(ny =00] | 0is ood]
P(L3+B(n.n°‘)) H™@ g

Cn . wfy )

= E[ min_ P T~y = 00] | 0is ood].

=% aeC lopen P(L3+B(n,n01))[ H=(©2) 110is g

Moreover, since we will not use the edges adjacent to O to know if we hit H™ (2),
we see that

& _ _ pw —
PP(L8+B(n,n“))[TH7(2) B OO] - P’P(LB+B(11,;1°‘))[TH7(2) o OO]’
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so that for any n

E[ min P“’S[D =o00]|0is good]

aeC open
C .
=Ko nE[P;?U(LﬁB(mW))[TH—(z) =00] | 0 is good].
Now,
E[Pg(L3+B(Ma))[TH—(z) < 00]|0is good]

< P[O is gOOd]ilE[Pr;)U(La+B(n noz))[THi(z) < OO]]
< CP[Ty-(—nt2) < 00],

where we use translation invariance.
Now, by Lemma 7.3, we see that the previous quantity is less than 1/2 for
n > no. Hence combining the last two equations,

E[ min P [D = o0] |0 s good] > (1/2)x"™ > 0,

aeC open
which implies the result. [
7.4. Number of trials before finding an open ladder point which is a regenera-

tion time.  Let us introduce the collection of edges with maximum scalar product
with £

5={eevsuchthate-£7=el -E}
and
(7.12)  By={ec E(Zd), e =[—ey, f —e1] with f any unit vector of £}.

Imagining the bias is oriented to the right, the set of edges to the “left” of x is
defined to be

(7.13)  LY:={ly,z1€E(Z%),y - £<x-Landz-L<x-£}UB,,
and the edges to the “right” are
(7.14) R :={ly,z1€ E(Z),y - £>x-Lorz-£>x-L}UDB.

We recall that N was defined at (7.4). Since each time we arrive at a new Sj, we
are at an open-ladder point with unspoiled environment ahead of us, there will be a
positive chance of being a good point and never backtracking, which would create
a regeneration time. This means that N should be similar to a geometric random
variables. Here, we will only prove that N has exponential tails.

LEMMA 7.5. We have

P[N > n] < exp(—cn).
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PROOF. We introduce the event
C (n) := {for all k < n such that S; < oo, we have D o S; + S; < o0},
which verifies
(7.15) {N >n} < C(n).

Because of the way our regeneration times are constructed, we can see that
C(n) is P®-measurable with respect to o { X} with k < §,11}; see the discussion
below (7.4). Using Markov’s property at S;,+1,

P[C(n+ 1] < > E[P“[Xs,,, =x,C(n)]P[D < oo
xezd
< XEXZ; [Pe[Xs,, =2, Cm)] max P[D < ool

where we used the fact that Xg,
(1) P“[Xs

n+1

is open. Furthermore:
= x, C(n)] is measurable with respect to o {c,(e) with e € L},
(2) maxg open Pf) *[D < oo] is measurable with respect to o {c.(e) with e ¢ L, }.

So we have P-independence between the random variables in (1) and in (2).
Hence

P[C(n+1)]
< P[C(n)]P[ang)%écn P (D < o0

[C(n)](P[x is not good] + E[l{x is good} max PY[D < oo]])

aeC open

[C(n)]( P[0 is good](l — [ max PY[D < oo]|0is good]))

aeC open

where we used translation invariance. Furthermore, we can use Lemma 7.4 to see
that

P[C(i+ 1] < —oP[Cm)]<---< (1 -0,
hence, the result by (7.15). O

7.5. Tails of regeneration times. We have all the tools necessary to show that
the first regeneration time does not occur too far away from the origin.

THEOREM 7.1. For any M < oo, there exists Ko such that, for any K > K

(K)

we have T, < 00, P-a.s. and

PIX - £=nl<C(Mn~M
1
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PROOF. Recalling definitions (7.1) and (6.18), we may see that {7+, k >
0} € {Wy, k = 0}. This means that on M (n), defined at (6.19),

for k such that Sy < A, we have Xg,_, - XTH+<Mk) L<n'?
Moreover, on S(n) [defined at (7.5)], we have
for k such that S; < A,, and M} < o0 we have M — X, -25 n'/?,

Noticing that XTH+(Mk) v < My + 1, we may see that, on S(n) N M (n)

XSM-Z—XS,(-Z§2n1/2+1

for any k with Sy < A, and My < co. By induction, this means that if k < n1/2/3,
Sk < A, and M < oo, then

XSk+1.Z§k(2n1/2+1)<n and  Siy1 < Ay,

and the second part following from the fact that X, , is a new maximum for the
random walk in the direction €. In particular, if N < n'/2/3, then we can apply the
previous equation to k = N — 1. Recalling (7.4) we see that, if {N < nl/? /3} and
M (n) N S(n), then for n large enough,

Xy €< (n'?/3)2n'? +1) < n.
Thus
P[Xy, - £ >n] <P[N >n'?/3] + P[M ()] + P[S(n)‘]
< exp(—cnl/z) +2n M <3,™M

by Lemmas 7.2, 6.6 and 7.5. This completes the proof. [
7.6. Fundamental property of regeneration times. We are going to define the
sequence 7o ;=0 < 1] <Tp <--- < T; < --- of successive regeneration times. Us-

ing a slight abuse of notation by viewing 7x(-, -) as a function of a walk and an
environment, we can define previous sequence via the following procedure:

(7.16) Tes1 =71+ % (Xepe — Xej 0+ X7)). k=0,

meaning that the k 4+ 1th regeneration time is the kth regeneration time after the
first one.
We set

Gr = a{rl, oo T (Xgam)m=0; cx(e) with e € L5 }
Let us introduce for any x € 74,

ay = (cx(lx —e1, x —e1 +€]) e = (cx(€)) 5. € [1/K, KT%,
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recalling notation from (7.12). Fora € [1/K, K 1€, we set

Pl =58,((cs([x —er,x —er +e),ce) ® ®dP(c4(e)),

/;GE(Zd)\BX
where ® denotes the product of measures. We introduce the associated annealed
measure

P¢ =P x P”.

In words, P{ denotes the annealed measure for the walk started at x but where
the conductances of the edges in 5, are fixed and given by a. We will use the
notation ¢ (resp., P) for I’ (resp., Py).

We may notice that Theorem 7.1, can easily be generalized to become:

THEOREM 7.2. For any M < oo, there exists Ko such that, for any K > Ky,
we have TI(K) < o0, Pg-as. forae[1/K, K¢ and

max PYX k) -€£>=n]<Cn M.
ac[l/K K€ 0

Similarly, we can turn Theorem 5.1 into:

THEOREM 7.3. Fora >d +3,

max _P[Typr,1e) # Torpr.1ey] < Ce b
ae[1/K,K]¢

The fundamental properties of regeneration times are that:

(1) the past and the future of the random walk that has arrived X, are only
linked by the conductances of the edges in a Xo 5
(2) the law of the future of the random walk has the same law as a random walk

under ]P’gxr" [-] D= o0].

We recall that RY was defined at (7.14). Let us state a theorem corresponding
to the previous heuristic.

THEOREM 7.4. Let us fix K large enough. Let f, g, hy be bounded functions
which are measurable with respect to o{X,:n > 0}, o{cs(e),e € RO} and Gy,
respectively. Then for a € [1/K, K1,

a T,
E[f (Xoes. — Xg)g 0 1x, hi] = B [iEy ™ [ fg | D = o0]].

A similar theorem was proved in [25] (as Theorems 3.3 and 3.5). In our con-
text, the random variables studied (1, D etc.) are defined differently from the
corresponding ones in [25]. Nevertheless, our notation was chosen so that we may



BIASED RANDOM WALK IN POSITIVE RANDOM CONDUCTANCES ON Z4 3943

prove Theorem 7.4 simply by following word for word the proofs of Theorems
3.3 and 3.5 in [25]. The reader should start reading after Remark 3.2 in [25] to
have all necessary notation. To avoid any possible confusion we point out that
in [25], the measures PP, Py o, and P correspond, respectively, to the environment,
the quenched random walk and the annealed measure and that @ (b) denotes the
conductances of an edge b.

We bring the reader’s attention to the fact that we have not proved yet that
T, < 00, P-a.s. (or P*-a.s. for any a € [1/K, K]g). We only know this for k = 1.
This is enough to prove Theorem 7.4 for k = 1. Using Theorem 7.4 for k =1 and
Theorem 7.2, we may show that t; < oo, P-a.s. (or P?-a.s. forany a € [1/K, K1%)
and thereafter obtain Theorem 7.4 for kK = 2. Hence, we may proceed by induction
to prove Theorem 7.4 alongside the following result.

PROPOSITION 7.1. Let us fix K large enough. For any k > 1, we have r,fK) <
oo P-a.s. (or P4-a.s. for any a € [1/K, K1%).

We see that this implies Proposition 3.1, which states directional transience in
the direction ¢ for the random walk.
As in [25], we may notice that a consequence of Theorem 7.4 is:

PROPOSITION 7.2. Let
I:=Nx2zx[1/K,K]®

with its canonical product o -algebra, and let y; = (ji, zi,ai) el,i>0.Forac
[1/K, K1¢ and G C T measurable let also

Ri(a; G) :=P4[(z(", X w0, axffzq) €G|D=o0].

Then under P the I -valued random variables (with tg = 0),
K._ (7. 7. A.-— (+&) (K) .
(7.17) Y5 =i, Zi A)) = (1) — 1 ,Xri(f]) - Xri(K)’aTi(fl)), i>0,
define a Markov chain on the state space I, which has transition kernel
P[Yi11€G | Yo=)0,....Y; =yl = Rk(a'; G)

and initial distribution

]&K(G) = ]P’[(‘L'I(K), Xrl(K),ClX (K)) € G].
B

Similarly, on the state space [1/K, K1, the random variables

(7.18) Ai=ax . k=0,

Titl
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also define a Markov chain under P. With a € [1/K, K¢ and B C [1/K, K¢
measurable, its transition kernel is

Ri (a; B) :=Pflax , € B| D=00]= > Rg(a; (j.z, B))
! jeN,zezd

and the initial distribution is

(7.19) Ak (B):=Play , € B]=Ak((j.2. B)).

Now let us quote Lemma 3.7 and Theorem 3.8 from [25], which essentially
states that the environment seen at regeneration times converges exponentially fast
to some measure Vg .

THEOREM 7.5. There exists a unique invariant distribution v for the transi-
tion kernel Ry . It verifies

sup  [RE(a:) = vk ()] o <Ce™™,  m=0,
ac[l/K,K1¢
where || - ||var denotes the total variation distance.

Further, this probability measure vk is invariant with respect to the transition
kernel R; that is, vk Rx = vk, and the Markov chain (Ay)i>0, defined in (7.18)
with transition kernel Rg and initial distribution vk on the state space [1/K, K ]g
is ergodic. Moreover, the initial distribution Ak () given in (7.19) is absolutely
continuous with respect to vg (-).

THEOREM 7.6. The distribution vk := vk R K 1S the unique invariant distri-
bution for the transition kernel Rk . It verifies

sup [RE(@;) — Dk ()| g < Ce™™, m =0,
ac[1/M, M€

With initial distribution equal Vi, the Markov chain (Yi)k>o defined in (7.17)

is ergodic. Moreover, the law of the Markov chain (Yix+1)k>0 under P is absolutely
continuous with respect to the law of the chain with initial distribution v .

The proofs in [25] carry over to our context simply, once we have shown the
following Doeblin condition: there exists ¢ > 0 such that for any a € [1/K, K¢
and B C [1/K, K¢, we have

Rk (a,B)>c®¢Plc, € B |y €[1/K, K]].

Before proceeding to the proof of this condition we need to introduce one nota-
tion. A vertex x € Z is called open-good if x is good in a configuration ¢ where
a is open (the corresponding notations were introduced above Lemma 7.4). Note
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that we do not need to specify the value of the conductances of the edges since the
event {x is good} is measurable with respect to the event {y is open} for y € Vi
To prove this condition, we only need to describe an event where ax ., € B and
T

D = oo which has a P-probability comparable to ®<P[cs € B | cx € [1/K, K]].
The event we will consider is X| = e, Xo = 2¢; (with e; and 2e; being open) and
regenerating at time 2. In terms of equations this translates into

RK(a; B) =]P)8[aXz1 €B | D =OO]
1

=—FEPJ € B, D =o0]]|.
P4[D = oo] [P, 1
The previous equation implies, using Remark 5.1,

Rk (a; B) ZCEa[P(()D[Xl =e1, Xp =2ey, Dob,=00]...
ax, € B,0 and e are open and 2e; is good]

> c1<3E"[P2“;1 [D = 0], aze, € B,0 and e; is open and 2e; is good]

. o7
> cx&E“ [an(}lljleln PZe? [D = 00], aze, € B, 0, ey, 2e; are open

and 2e; is open—good]
and seeing that:

(1) ming gpen Pzaé(; [D = oo] and {2¢; is open-good} are measurable with respect

to o {c«([y, z]) with (y — 2eq) - ¢>0and z#£2e1};
(2) {aze, € B,0, ey, 2e are open} is measurable with respect to o {c«([y, z])
with (y —e1) - £ <0 or 2¢; =z}, and

hence they are P-independent so that
. a . wf _ . )
Rk (a; B) > cE I:an(}%)lgn P2e1 [D = o0], 2e; is open good]

x Pglaze, € B, 0, e, 2e; are open]

> cPglaze, € B; 0, e1, 2e; are open]

by Lemma 7.4 (since {2e; is good} C {2e; is open-good}). Now by simple combi-
natorics we see that

Rk(a;B)>c®gPlci € Bles€[1/K, K],

which is the Doeblin condition we were looking for.
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8. Positive speed regime. Our aim for this section is to show:

THEOREM 8.1. If Ei[cs] < 00, we have

max E“[Anl{o € GOODK}] <C(K)n
ac[1/K, K€

for any K > K for some Ky.

Used in combination with the existence of a law of large numbers provided by
the existence of a regeneration structure, this will allow us to prove the positivity of
the speed if E.[c.] < 00. Let us enumerate the key points for proving the previous
result:

(1) The number of visits to a good point is bounded; see Lemma 8.1. This limits
the expected number of entries in a trap to, roughly, the size of its border.

(2) The time spent during one visit to a trap is linked to the size of the trap and
the conductances in that trap; see Lemma 8.3. It is already known by Lemma 5.1
that the size of traps is extremely small, so we will be able to neglect the effect
from the size of traps.

(3) The conductances in traps are, relatively, similar to usual conductances. In
particular, they do not have infinite expectation and cannot force zero-speed; see
Lemma 8.4.

This reasoning allows us to say that, essentially, A, should be of the same order
as the number of sites visited before A, (i.e., of order n), since there is no local
trapping. More precisely, we get an upper-bound of E[A,] in terms of the num-
ber of the probability of reaching a point during the first regeneration time; see
Lemma 8.6. The last step of the proof is to estimate the probability that we reach
x during the first regeneration time; see Lemma 8.7.

We proceed to give the details associated with the previous outline. First, we
notice:

LEMMA 8.1. For any x € GOODg (w), we have

E? [Z 1{X; =x}:| <C(K) < o0.

i=0
PROOF. We see that
1 7% (x)

E?|:§)1{Xi :X}i| = P)?)[Tx—i- =OO] = Co(x <—>OO)’

where C®(x <> 00) is the effective conductance between x and infinity in w. Since
x € GOODg, we can upper-bound 7 (x) using Remark 5.1, and we may use
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Rayleigh’s monotonicity principle (see [23]) to see that

COx < 00) = — 3 c®(py) > cexp(hx - D),
K “
i>0
where (p;)i>0 is a directed path of open points starting at x. This yields the result.
O

8.1. Time spent in traps. For x € dBAD(w), we define BAD} (K) = {x} U
Uy~x BADk (y) the union of all bad areas adjacent to x. Following Lemma 5.1 is:

LEMMA 8.2. For x € 9BAD(w), we have that BAD}.(K) is finite P-a.s. for K
large enough and

P,[W(BADS (K)) > n] < C exp(—£& (K)n),

where £1(K) — 00 as K tends to infinity.

By a slightly subtle use of the mean return time formula we are able to obtain
the following:

LEMMA 8.3. For any x € 0BAD(w) we have that

E;U[TgOOD(w)]SC(K)exp(?)x\aBAD;(w)!)(l+ 3 c*w(e)).
ecE(BADS)

PROOF. The first remark to be made is that since x € 90BAD(w) C GOOD(w),
all y ~ x, then c.([x, y]) € [1/K, K].

We introduce the notation BAD}*(K) = BAD (K) \ {x}.

Let us consider the finite network obtained by taking BAD}*(w) U dBAD (w)
and merging all points of dBAD®(w) (which contains x) to one point §. We de-
note wg the resulting graph which is obviously finite by Lemma 8.2 and con-
nected, since the different connected components BADg () (x ~ y) are connected
through x. We may apply the mean return formula at § (see [23] exercise 2.33) to
obtain that

A XecE(w) €@ 2ecrmapy) c(e) + 1 (8)

ws [+

where 7 (8) = > ccs, BADY (k) € (©)-
We know that § was formed by merging only good (hence open) points. Hence,
for y a neighbor of § in ws, we have, by Remark 5.1,

8.1 2. mi -£) < ([8. y]) < Cexp(2n ),
8.1 CeXp( yealgr}xlllal;s(a)y )—C (1.1 = eXp( yeag}fgis(f”y )
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so that we know that

cexp(2A  max . (7
p( y€dBADS (8) Y )
(8.2)

SJT‘”‘S((S)5C}8BAD§S(w)|exp(2A max y-Z).
y€dBADS (8)

Using (8.2), we get
c(e)

for e € E(BADY) p——r < Ccyle),
which means that
(8.3) EP[TF]<C ) cule)+C.
ecE(BADY)

The transition probabilities of the random walk in ws at any point different from
8 are the same as that of the walk in w. This implies that

E§)3 [T8+] = Z P(S(I)B[Xl = y]E;‘)[TaBAD?]

y~8
= ) P*[X1 = Y1EV[TypaDs ]
y€BADSS, y~3BADY
(8.4) v )
> max P(S [Xl = y]Ey [TaBADSS]
yEBADS, y~3dBAD} x
= mln . P(Swg [Xl = y] maX ) E;)[TaBADSS]-
y€BADSS, y~3BADY y€BADS, y~3BADS x
Moreover by (8.1) and (8.2), we have
@5 exp(2A min syl
POX) = y] = c”([3, yD > p( yedBADS Y - £) _
T8 (8) |0BADS (w)| exp(2A maxyeypaps ¥ - )

and, since BADS® U dBAD?’ is connected, we have

max y-f{— min y-f§|8BAD§f(a))

’

y€IBADY (3) y€dBADS®

so that
min PP [X) = y] > c|dBAD® ()| ! exp(—21|dBAD® (w))).
VEBADS,y~3BADY (X1 =y]z¢] v (@) p(—24] v (@)])

This, with (8.3) and (8.4), and considering the fact that I BADS® € GOOD yields

max E®[T, < Cexp(31|0BADS (w (1 + cy(e )

This implies that

E;;’[Tgoomw)]g1+Cexp(3x}aBADi(w)|)(1+ > c*(e)>. .
¢cE(BADS)
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8.2. Conductances in traps. Let us understand, partially, how the conduc-
tances in traps are conditioned.

LEMMA 8.4. Fix a €[1/K, KI¢. Take n > 0 and K > 1, F C E(Z%) such
that0 ¢ V(F),and e € F. If E[cs] < 00, then
E“ [I{E(BAD;(K)) = F}Pw[TV(F) < An]c*(e)]
< C(K)E*[1{E(BAD}(K)) = F} P°[Tyr) < Au]].

Iflimhlp*h[]%‘;w = —y with y < 1, then for any & > 0 we have

E“[1{E(BADS (K)) = Fcx(e)Y %] < C(K)E[1{ E(BADS (K)) = F}].
Let us recall that abnormal edges were defined in the beginning of Section 5.1.
We introduce the notation w® to signify that for ¢’ € E(Z%) \ {e},
1{¢’ is abnormal} (»**") = 1{e’ is abnormal}(w)
and

1{e is abnormal}(w®*") = 1.

PROOF. First, let us notice that if there exists M such that P%[c, < M] =1,
then we may obtain the first part of the lemma with C = M. We will now assume
that P4[c, > M] > 0 for any M.

Take F C E(Z%) such that x € F and 0 ¢ F. For any e € F, let us notice that
on the event {c.(e) > K}, e is abnormal which means that E(BAD} (w® ")) =
E(BAD; (w)). This means that

E°[1{E(BADS) = F} P°[Ty(r) < Anlcs(e)]
< KE‘[1{E(BAD) = F} P°[Ty(r) < Ay]]
+E9cy(e)1{e,(e) > K)1{E(BADS) = F} P[Ty(r) < Anl]
85) =KE1{E(BADS) = F}P®[Ty(r) < Aul]
+ E[ci(e)1{cs(e) > K}1{E(BADS (o ™)) = F} P[Ty (r) < Anl]
< KE[1{E(BAD}) = F} P°[Ty (py < Ay]]
+ E%[cx(e)1{ E(BAD} (0 ™)) = F} P®[Tv (ry < Aul].

Using the fact that c.(e) is independent of {E(BAD}(w®®")) = F} and
P®[Tyr) < A,]since 0 ¢ V(F) and e € F. Hence

(8 6) Ea[c*(e)l{E(BADfC (a)e an)) = F}Pw[TV(F) < An]]
' < E9[c, () JE*[1{ E(BADS (° ™)) = F} P°[Ty(r) < Anl].
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We can use this same independence property again to write
E‘[{E(BAD; (0 ")) = F}P°[Ty (r) < Anl]
1
<
T Pcu(e) > K|
8.7 x E[1{cs(e) > K}1{E(BAD} (0 *")) = F} P°[Ty (r) < Ayl]
1
<
T Pcu(e) > K|
1
<
~ Plcs(e) > K|

Putting together (8.5), (8.6) and (8.7) proves the first part of the result. The
second part can be handled using exactly the same techniques. [

E[1{cs(e) > K}1{E(BADS) = F} P°[Ty(r) < Ay]]

Ea[l{E(BADi) = F}Pw[TV(F) < An]]

8.3. Correlations of hitting probabilities of traps and their shape. 'We have:

LEMMA 8.5. Fixac[1/K, K¢ and x € Z%. Take n > 0 and F C E(Z%), for
K large enough, we have

E“[1{E(BADS.(K)) = F} P°[Ty(r) < Ay]]
=< Cexp(k\BV(F)])P“[E(BAD;) = F]Pa[TBz?i(x,ﬂBV(F)l) < Apl,

where ng (x,r) is the ball of center x and radius r in Z% for the infinity norm

Il Moo

PROOF. First, we introduce the set of vertices
32 F — (7 ¢ F where z=y +e¢; +e; withy € F and i <d},

which implies that 32°°/BAD? (K) is composed of good points.

Then we set 8eg§gedF to be the set of edges {[z, z + e1], [z + €1,z + e1 + ¢;] with

z+e1+e; € 92°°4F andi < d}. Those definitions ensure that {E(BAD}(K))=F}

is measurable with respect to the conductances of the edges adjacent to F, the

edges in aegggj F and the events {y is good} for y € 32°°dF. These notations are

illustrated in Figure 4.

We extend the notion of x-open in the following manner: for any set A of edges,
we say that a point y is A-open in w, if y is open in the environment coinciding
with w on all edges of A and where all other edges are open.

Let us notice that if E(BAD}(K)) = F, and then we have the two following
events:

(1) E(BAD}(K)) contains at least F, and this can be determined by the con-

ductances of the edges adjacent to y € F' and the edges in aegggj F;
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. agood F

“ " go0d paths
o Er

FI1G. 4. The event C  depends only on what happens inside the dotted box E(B%'j (x, 310V (F)])).
In this picture the direction of ey is down.

(2) all vertices of 98°°4F are connected with an E (B%ﬁ (x,3|0V(F)|))-open
directed path with even length to 8+Bgﬁ (x,3|10V(F)]):={z € ng(x, 310V (F)]),
with (z — x) - e; =3|dV (F)|}. We denote by EFr the endpoints of these paths in
8+B2‘j,(x, 310V (F)]).

We denote by Cr the event which is the intersection of the two previous events.
The key properties of this definition are that:

(1) Cfr is measurable with respect to the conductances of the edges in
E (B%?, (x, 3]0V (F)])), which meant that it is P-independent of

Pw[TB;l(x,3|aV(F)|) < Ayl

(2) on CF, if the points in Efr are E(B%‘j(x,SlaV(F)l))c-good, then all
points in 98°°4F are good, and since E (BAD}.(K)) contains at least ', we have
E(BADS(K))=F.

Hence
Ea[l{E(BAD;(K)) = F}Pw[TV(p) < An]]
< Ea[I{CF}Pw[TB;l(leBV(F)I) < Ay]
=Pa[CF]P“[TB;,(x,maV(F)D <Ayl
Moreover, since E r can be injected into 92°°4F, we see that |Ep| < [92°°4F| <

C(d)|0V (F)|. Now, using the FKG inequality (see [18]) in the first line and the
fact that { Er = E} and {the points in E are E(B%f, (x,3|0V(F)|))¢-good} are P?-
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independent in the second, we obtain

P[0 is good] €DV Eparcp

< > P/[Ep=E, Cr]

ECZA,|E|<C(d)[0V (F)|

x P“[points in E are E(B2(x, 3|0V (F)])) -good]

< Z P‘[Er = E, Cp, points in E

ECZ4,|E|<C(d)|3V (F)]

are E(B%Z (x,3[aV(F)|))-good]

< > P‘[Er = E, E(BAD(K)) = F]

ECZ4,|E|<C(d)[3V (F)|
=P*[E(BAD}(K)) = F]|.

For K large enough, we have P[0 is K-good]C@IPVIII > exp(—A|dV (F)|),
and hence using two previous equation, we see that

Ea[l{E(BADi(K)) = F}Pa)[Tv(p) < A”]]
< CeXp()\.{BV(F)DPa[E(BADi) = F]PG[TB%(X73‘3V(F)|) <A,]l. O

8.4. Proof of Theorem 8.1. We are now getting to the pivotal point in the proof
where we control A, in terms of the expected number of sites encountered be-
fore A,,.

LEMMA 8.6. There exists Ko such that, for any K > Kq, we have

max E[A,1{0 e GOODg}] < C(K) max E“[N,],
ac[1/K, K€ ae[1/K, K€

where N, = |{x € Z¢ such that Ty < A,}| is the number of sites reached be-
fore A,,.

PROOF. Step 1: Decompose A, into the time spent in traps and outside of
traps. If 0 e GOOD(w), then a walk started at O can only be in a vertex of BAD(w)
between visits to IBAD(w). Hence, on {0 € GOOD(w)},

Ail Ail

Yo D UXi=xi< Y Y UXi =x}Tdoop 0 -

xeBAD(w) i=0 x€dBAD(w) i=0
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Hence, on {0 € GOOD(w)}, since 74 is partitioned into two parts GOOD(w)
and BAD(w) we have

Ap
Ap< Y 31X =x)

xezd i=0
Ay Ay
(8.8) < > Y iXi=xl+ Y D 1Xi=x}
xeGOOD(w) i=0 xeBAD(w) i=0
An A"
< > YUXi=xi+ Y D UXi=x}TGo0pw) © bi-
xeGOOD(w) i=0 x€dBAD(w) i=0

Hence, on {0 € GOOD(w)},

00
Ay < Z 1{Tx§An}Zl{Xl:x}
xeGOOD(w) i=0
(8.9)

o
+ Y NI =AY X =x}Tdoop) © 0
x€IBAD(w) i=0

Step 2: Reduce the problem to hitting probabilities and time of excursions
in traps. We can use Markov’s property to say that for any x € Z%, on {0 €
GOOD(w)}

E® [I{Tx < A} ) 1{X; =x}} = PO[Tc < AWlEY| D 1X; =x}]

i=0 Li=0

and

N -
E® [I{Tx < A} Y X =X} TG00p () © b
i=0 .

o0
= P°[T, < A,]EY {Z X = ¥} 300D © 0,-].
i=0

This implies, using (8.9), that on {0 € GOOD(w)}

E°[A ]S ) PW[szAn]E;’[ZI{Xi:x}}

x€GOOD(w) i=0

o0
+ ) PUT: < A,,]E)‘;’{Z X = ¥} 00D oe,}.
x€IBAD(w) i=0
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Now we have

max [E“[A,1{0 € GOODg}]
ac[1/K, K€

<C max [E“[ > P‘”[Tngn]E;’[Zl{X,-:x}H

£
ac[1/K K] xeGOOD(w) i=0

(8.10) + max E“|1{0 ¢ BAD}
ac[1/K, K¢

X Z Pw[Tx =< An]
x€dBAD(w)

o0

x E¢ [Z UXi =¥} 300D © 9,-]“.
i=0

So that, using Lemma 8.1,

max E[A,1{0 € GOODg}]
ac[1/K, K€

§C|: max E“[Z I{Tfon}]

&
ael1/K.K] -

+  max Ea[ Y. PUT =AM
aell/K,K]€ x€IBAD(w)

o0
X E;"[ZI{X,- = ¥} TG00D(w) Oei:H:|'

i=0

Let us focus, for now, on the second term which is the more difficult to upper-
bound. It corresponds to the time spent in the traps we encounter in the first regen-
eration time. By Markov’s property at x € dBAD(w),

o0
EY {Z 1{Xi = x)TGo0p(w) © 9!’]

i=0
00

=Z X = EL [TGo0p )]
.11

- ( O[1{X; = x}]) E[TG00D(w)]

<CEY[ GOOD(w)]
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where we used Lemma 8.1. Hence

max E¢ [1{0 ¢BAD} > PU[Tx <A,
acll/K.K1¢ x€dBAD(w)

o0
x E¢ [Z X = ¥} 500D © 9,-“

i=0

<C max gE“[l{OgéBAD} Y. PO < AEY [goon(a»]}

a€[l/K.K] x€IBAD(w)
8.12) <C max Z E“[1{x € 9BAD()}1{0 ¢ BAD)
aell/K, K]5

x P?[Ty < AplEY [TG_'_OOD(w)]]

<C max Z E[1{x € dBAD(w)}1{0 ¢ BAD}
ae[1/K K€ ,
X€EZ
x P[Taap; < AnlEY[TGoon ) ]):
where we used that for x € dBAD(w), we have x € BAD}, by definition.

Step 3: Estimate the time spent during an excursion in a trap by its size. Using
Lemma 8.3,

E“[1{0 ¢ BAD}1{x € 9BAD (@)} P*[Tpap: < AnlEY[Tdoop(e ]
< CE° [1{0 ¢ BAD}1{x € dBAD(w))

x P*[Tgaps < An]exp(31|dBAD (w)|)

(8.13) x<1+ > c*(e))]

¢cE(BADS)

< ) Cexp(Brav(F))
FCE(Z4)
xeV(F),0¢V(F)

x Y E[1{E(BAD}) = F}1{x € 9BAD(w)}
ecF
x PC[Tyry < An](l + c*(e))]
Now by Lemma 8.4 (applied in the case E.[c4] < c0) and Lemma 8.5,
E‘[1{E(BAD}) = F} P°[Ty(r) < Anlc«(e)]
(8.14) < CE‘[1{E(BAD}) = F}P“[Tyr) < An]]
< Cexp(A|dV (F)|)P‘[E(BAD}) = F|P* [TBoo @3V < Anl,
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so using (8.13), we have
E“[1{0 ¢ BAD}1{x € 8BAD(a))}P“’[TBAD; < An]E;)[TCjLOOD(w)]]

<C > exp(4A|dV(F)|)P‘[E(BAD}) = F|
FCE(Z9)

eV (F),0¢V (F)
(8.15) *

X PG[TB;;(xﬁlaV(F)l) < Ayl

=C ) _exp(41k)P*[|9BAD| = k]IP"’[TB;I 3k < Anl,
k>0

where we sum over the sets F' of same size in the last line.

Step 4: Conclusion. When x ¢ 0BAD we use the notation BAD] = 0BAD} =
{x}. Using (8.12), (8.15) and (8.10) we obtain

max E‘[A,1{0 € GOODg}]
ac[1/K,K1¢

<C max [Z P“[Tgaps < Anl
ac[l/K. K€L, !

+ > E“[exp(41[0BAD} |) P [Tgaps < An]]}

xeZ4

8.16) <C max _ > Eexp(41|dBAD}|)P“[Tpaps < Anl]
ae[1/K,K]5xezd *

=C  max exp(d2k)P[|9BADS | = k]P/[ T (1 36) < Anl
QE[I/K’K]ExGXZ:dg(:) P [| x| ] B2 (x.3k) n

<C max max exp (4P 19BADS | = k
a ae[l/K,K]fxezd[g(:)[ PURKIP[| | =k]

x (Z PUUT (x.30) < An])ﬂ-

xezd
Now, we can use the fact that ]P’“[TB;,(xsk) <Ay < ZyeBzfl(xJk) PATy < Ayl
so that erZd ]P)a[TBzfl(x,?ak) < An] = de erzd Pa[Tx < An] = deEa[Nn]-

This means that

max E[A,1{0 € GOODk}]
ac[1/K, K€

(8.17) <C max max[z k¢ exp(4Ak)P“[|8BAD§C| = k]]
a€[l/K K€ xezd =0
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X max E4[N,]
(ae[l/K,K]5 " )

<C max maxE%[exp(5A1|0BAD}|)] max E“[N,].
ae[l/K K€ xezd ae[l/K K€
The random variables BAD] are measurable with respect to the events
{yisopen} for y € Z¢. The expectation is that E* conditions only one such ran-
dom variable, so

max max _E“[exp(51]dBAD}|)] < ; max E[exp(51|dBAD; |)]
xeZd ae1/K, K€ P[0 is open] xezd
by translation invariance, and using Lemma 8.2 the right-hand side is finite for K
large enough. This and the two last equations complete the proof. [

Let us estimate P4[T, < rl(K)].
LEMMA 8.7. Take x € Z¢, and then for any M < 0o, there exists K¢ such that
forany K > Ky,

max PT, < 7/®] < Clx M.
ac[1/K,K1€

PROOF. Denote by x the smallest integer so that {X;,i € [0, 71]} C B(x, x%).
First let us notice that

max Py > k]
ac[1/K, K€

(8.18) < max PYX, -€>k]
ac[1/K, K€

+ max PUX, - f<k max max|(X;—X)-f|>k]
acll/K.K1 [ k Ofi,jsnle[z,d]}( i X filz ]

We can upper-bound the first term as follows:

max P[X k) -€>k]<Ck M
ae[1/K, K€ B
for any M by choosing K large enough by Theorem 7.2.
The second term can be upper-bounded with the following reasoning: on the
event that X, - £ < k and max x| maxo<j,, j,<7 |(Xj, — Xj,) - fjl = k%, X, does
not exit the box B(k, k%) through 3% B(k, k%), this means

max ]P’a[Xr] - <k, max max|(Xj—X,~)-f[2k“|]
ac[1/K, K€ 0<i,j<tl€[2,d]
< max _PUTyppie) # To+psey < ce™*
a€[l/K K¢
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by Theorem 7.3.
This turns (8.18) into

(8.19) max Py >k]<Ck M
a€[l/K K¢

for any M for K large enough.
Now assume that {7y < 71} then x > ||x ||<1>éa. Hence, by the previous equation
max  P[T, <71l < Cllx |77,
ac[1/K,K1¢

which proves the lemma, since « is fixed and M is arbitrary. [
We can now prove Theorem 8.1.

PROOF. Let us introduce Nr,- the number of different sites seen between 7;_
and 7; for any i > 1. By Theorem 7.4 and choosing K > Ky so that we may apply
Lemma 8.7 with M > 2d, we can see that for i > 1

max E“[I\N]n] < Z max PT, <711 | D =00]
ae[l/K,K1¢ vezd ae[1/K, K¢

<Y ClxIM* <c,
xeZd

where C does not depend on i > 1. A similar inequality holds for i = 0.
Since A, <1, =37 ;(t; — 7i—1), we see that N,, <> 7, er. which means
that
n

max E4[N,] < max IE“[]\?,[] <Cn.

ae[l/K,K1¢ i—1 a<ll/K,K1¢
Then, using Lemma 8.6, we can prove Theorem 8.1. [

8.5. Law of large numbers. We can use exactly the same type of proof as in
[25] to obtain:

PROPOSITION 8.1. If E.[ci] < 00, then there exists Ko such that for any
K > Ky we have
X, XX 0]

— >

= P-a.s. withv - £ > 0,
n ENk [ %]

where
Mkl]= / vi (da)P4l- | D=o00] and EMF[]:= / vg (da)E[- | D = 0],

where vk is the unique invariant distribution on [1/K, K ¢ given in Theorem 7.5.
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Let us explain quickly where this result comes from. The regeneration structure
will allow us to obtain a law of large numbers for X, /n — v and A, /n — Coo. By
a standard inversion argument we will see that v - £ = 1/C. Then Theorem 8.1
will imply that C, cannot be infinite which means that X, /n cannot go to 0.

PROOF. We will now follow the strategy of proof of Theorem 5.1 in [25] to
obtain the result.

First, we notice that by (8.19), we have IEHHXT1 |1 < oo.

Recalling the notations of Proposition 7.2, we know that Y. l.K with initial dis-
tribution ¥ is stationary and ergodic and that the law of (YiK )i>1 under P is abso-
lutely continuous with respect to the law with initial distribution v. Therefore using
Birkhoff’s ergodic theorem (page 341 of [12]) we obtain that for any f € L'(I", D),

1 n
- f(Yk) —>n—00 fd\’}, P-a.s.
Py /

Applying the previous formula to the functions f(y) = j and f(y) = x where
y={(J,z,a) € I', we obtain P-a.s.

1
(o) = o) e [ B D= oc]v(da) = ETF )]

and

X x—X (K))_>naoo‘/Ea[X & | D =oolv(da) =E"K[X_x].
n—1 = 3 | T

Moreover recalling that, by Proposition 7.1, we have tl(K) < 00, P-a.s. we actu-

ally see that P-a.s.
1 K 1
;‘E},EK) —> 11— 00 EHx ['El( )] and ;ergk) — 100 EHx [XTI(K)].
Now, we may introduce k;, a nondecreasing sequence going to infinity such that

Ty, <n < T4,,,. By dividing this equation by k, we see that the previous estimate

implies that P-a.s.
ky 1
—_ - — .
n o EMk[e(™)]
Furthermore, we observe that P-a.s.
Xo _ Xu, |, Xo— X,

n n n

which in view of the two previous equations implies that P-a.s.

I
Xo, Xu, ke R E K[Xrl(m]
n - kn n n— oo EHK[TI(K)] k)
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where the right-hand side is always well defined (even if EM[7;] = 00), since
EMx[|1x LK) |1 € (0, 00). The last assertion follows from Theorem 7.2 and the fact
1

that Xy, - £ > 2//d.
Moreover we have P-a.s.
| X — X, | < Tkt = Tk _ Tt kn+1 1, ky

= - —=— 0.
n - n kn+1 n ky n nee
The three last equations imply that P-a.s.
X EMx
(8.20) lim 27—y = Xnl
n—oo p EIN [T1]

even in the case where EM[7] = oc.
We introduce k), a nondecreasing sequence going to infinity such that T <
Ap < tg +1. This means that

Xe, £<Xp, L<Xg, L

Tk;l
and in particular,

X -an—i—l and X,k,H-Ezn.

Ty
Dividing the left equation by 7/ and the right one by 7x/ .1 we can take the limit
as n goes to infinity using (8.20), which yields P-a.s.

EM[X,, € EN[X,, - €
limsup —— < = X0 g i > & X0
n—>o00 Tk 41 E' 7] n—00 T4 EN[7]

Now, we see that

~ W w1 k,+ 1wk,

n k41 on g n
n k;, I k;,
—(E [n]+o(1>)(;+o(1>) B[]+ o(1))

T/
kn+l

n

/

k
_ (—” +o(1))o<1>,
n

where the right-hand side goes to zero because k;, < n (since A, < 7,), so that the
two previous equations imply that
n  EMXg £

lim =
n—00 s Ef[z]

Recalling the definition of the sequence k;,, this implies P-a.s.

A, EH
(8.21) lim =2 = A,
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even in the case where EM[1] = oc.

If Ei[cs] < 00, then Theorem 8.1 (and the fact that {0 € GOODg} has posi-
tive probability) imply that the almost sure limit in (8.21) cannot be infinite. This
means that E'[7] < co. Since X 7 > 2/ V/d, this means that (8.20) implies that
v-£>0. O

REMARK 8.1. Interestingly, we do not know of any direct way of showing
that EN[7;] < oo.

9. Zero-speed regime.

9.1. Characterization of the zero-speed regime. We set A to be the set of ver-
tices: 0, ey, e]  ¢;, 2e1 £ ¢;, 2e1 £ 2¢;, 3e1 £ 2e¢;, 3e1 + ¢;, 4e; £ ¢;, for all
i €[2,d], 5e;1, 6e; and the events

={any x € Ais 6e;-open} and B = {6e; is good},

where we recall that a vertex is called x-open if it is open in wy coinciding with o
on all edges, but those that are adjacent to x which are normal in wy.
Note that A and B are independent and independent of c.([2ey, 3e1]).

LEMMA 9.1. If Ei[ci] = 00, then minaeWK,K]g E%t1 | D = 00] = 0.

The typical configuration that will slow the walk down is depicted in Figure 5:
the walk is likely to reach the edge [2e;, 3e1] and then stay there for a long time.
More precisely, we will consider the following chain of events on A N B:

(1) X1 =e1,Xy=2e1, X3 =e1, X4 =2e1, which forces 71 to be after time 4.

(2) From there we go back and forth on [2e7, 3¢;], the quenched expected time
spent on this edge is of order c.([2e1, 3e1]). With the previous point, this implies
that t; is larger than the time spent on [2e1, 3e1] and so has, in some sense, an
infinite annealed expectation.

(3) After leaving the edge [2e1, 3e1] the walk goes to 6e; before reaching any
point of A and from there never backtracks.

In the series of events described above, we have that D = 0o, and in some sense,
we have 11 has infinite expectation. Moreover, under the quenched measure all the
three events described are independent.

PROOF. We have
9.1) E‘n|D=oc]> E“[I{D = oo}rl] > IE“[I{A, B}1{D = oo}rl].

We may notice that on A N B, if:

(1) X1 =e1,X2=2e1, X3 =eq, X4 =2¢ (hence 71 > 4),
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B [261, 361]

661

FI1G. 5. The typical configurations slowing the walk down. All the edges depicted are normal and
the bold one has unusually high conductance.

(2) Tge, o b1,

74\ (2¢] 3e1 )
(3) Dobr, = o,

oty = To(a\0) © T4, 5, 5, 10080

then we have D = 00 and 71 > T74\(p,, 3¢,} © 04. Now, we aim at estimating the
three different events and 774\ (5, 3.} © 04, Which will allow us to give a lower-
bound in (9.1).

On AN B, we see, by Remark 5.1, that we have

9.2) PO[X| =e1, X2 =2e1, X3 =e1, X4 =2e1] > &
and moreover on A N B

;
9.3) Py, [Tee, © T\ (20, 30y 004 = ToaN0) © O, 5, 0041 = Ko

which follows from Remark 5.1 and the fact that, on A N B, for any neighbor of
2e; or 3eq, there exists an open nearest-neighbor path of length at most 7 in A\ {0}
to 6ej.

Using Remark 5.1 again, we may see that on A N B, we have Pzaél [X1#3e1] <
C/c«([2e1,3e1]) and Pz, [ X1 # 2e1] < C/c«([2e1, 3e1]). This implies that

(94) P2a;| [TZd\{261,3e1} > I’l] > (1 - C/C*([zel, 361]))n,
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SO

(95) E%I[Tzd\{zelﬁel}] > CC*([2€1, 361]).

Using the series of events below (9.1) and Markov’s property (at times 4,
TZd\{zelﬁel} o 04 and Tg,, ) along with (9.5), (9.2) and (9.3) we may see

E9[1{A, B}Y1{D = o0o}7|]
(96) > CEa [I{A, B}Eg)el [TZd\{2€1,361}]P60:31 [D = OO]]
> cE“[1{A, B}cx([2e1, 381])P6“é] [D = o0]],

which is a consequence of the estimates of the events defined after (9.1).
We may now notice that 1{A}, c.([2e1, 3e1]) and 1{B}P6“;1[D = o0] are P¢-
independent, so that

E“[1{A, B}1{D = oo}t1] = P[A]E"[c«([2e1, 361])]E"[1{B}P6“;1 [D = o0]].

We have minae[l/K’K]g P4[A] = ¢ > 0, E%cy([2¢1,3e1])] = E[ck([2e1,
3e1])] = 00, and by translation invariance

E‘[1{B}Pg,,[D = oco]] = E[1{0 is good} P“[D = oc]] > 0
by Lemma 7.4 and the fact that P[0 is good] > 0. This means that
E“[1{A, B}c.([2e1, 361])P6"21[D = 00]] = o0.
Hence, by (9.1) and (9.6), we have

min  E%[t; | D =00] = 00.
aell/K.K1€ O

REMARK 9.1. Using a reasoning similar to the previous proof but using a
normal edge surrounded by edges with small conductances (see Figure 1), we may
show that if P,[1/c, > x] > cIn(x) ¢ for any ¢ > 0, then

E()[Tl In(t1)? | D= OO] =00

for any ¢ > 0. Essentially, without any assumption on the tail of ¢, at 0, we cannot
expect any stronger integrability of regeneration times than the first moment being
finite.

REMARK 9.2. Using a reasoning similar to the previous proof and a modified
version using a normal edge surrounded by edges with 4d — 2 small conductances
(see Figure 1), we may show that

if Pu[l/cy > x]>x" V=28 or P [c, > x] > x2F¢ for some ¢ > 0,
then
Eo[z | D = o0] = oo,

which is a strong indication that the annealed central limit theorem does not hold.
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The previous lemma implies:
PROPOSITION 9.1. If Ey[cy] = 00, then lim X, /n = 0 P-a.s.

PrROOF. By Lemma 9.1, we see that

EM[11] =00,
and then (8.20) implies that
. Xn 4
L 0

9.2. Lower-bound on the polynomial order of A,,. The trap described in Fig-
ure 5 is the most efficient when conductances have heavy tails. Actually, be-
fore A,, the walk will typically have encountered such a trap associated with a
high conductances of roughly n!/” which, just on it’s own, will be responsible for
a sharp lower bound on A,,.

LEMMA 9.2. If—limmp*h[%;m =y < 1, we have
In A,

Inn

liminf >1/y, P-a.s.

PROOF. Using Theorem 7.2,

max E4X _«x -Z] < 00,
ac[1/K,K1€ b

which implies
9.7) EN[X,, - £] < oo.

Because of Theorem 7.6 and (9.7), we may Birkhoff’s ergodic theorem
(page 341 in [12]) to see that

Xy — X)L .
Ky, = Xe) - € — oo EN[X:, - £] < 00.
n

This implies that with probability going to 1, we have X, - € < cn for ¢ >

IEH[Xtl . Z]. Hence, for ¢ < I/IEH[X,l -E], we have X . < n with probability
going to 1, which means that for a small ¢ > 0,

Plte, < Ayl — 1.
Using (9.4) and a reasoning similar to the proof of Lemma 9.1,

min _P{[t; >n| D =00] > cE[(1 — C/ci([2e1, 3e1]))"]
ac[1/K, K€

> cPy[c = n'T%1] > cn~(rAHeD)
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for any ¢1 > 0.

Notice that if ¢, = Zfi?l(‘fiﬂ — 1) <n'/Y=¢, then Tiy] — T < nl/v=¢ for
any i < cn — 1. This and the previous two equations imply that for any ¢ > 0 we
have

cn—1
P[A, <n'/77¢] < P[ Y (g1 —m) < nl/“} +o(1)
i=1
cn—1

<o(l)+ 1_[ max Pg[tl <cen'/7¢ | D =0]
—p a<[l/K, K1€

<o(l)+ (1 — Cn*(l/)/*€)y(1+el))cn—2

by Theorem 7.4 and Lemma 7.4, for any 1 > 0.
Then taking €1 > 0 small enough such that (% —&)y(1 +¢€1) < 1, we see that

P[A, < nl/)’_g] — 0.

This being true for all € > 0, we have the lemma. [

9.3. Upper-bound on the polynomzal order of A,. Given a realization of an

environment » and a walk, GOOD’K [resp., BAD (x)] denotes the set of good
vertices (resp., the bad cluster of x) in the configuration @' where all edges of
L£Xx [defined at (7.13)] are considered to be normal, and all other have the same
state as in w.

Let us introduce, for i > 0, f (X)

={j> GOOD, or; with j <141 0or X; €

BAD (X¢;,,)} Let us explain rapidly why we introduce the definition ;. These
random variables will approximate 7,1 — 7;, but they also have the following
properties:

(1) we can estimate the time of an excursion in a trap, but not the time to exit a
trap. With the previous definition of 7;, we will only need to consider excursions
in traps.

(2) A simple inductance can be used to see that we can upper-bound t,, by
(Tcoop o 71 + 11) + 71 + - + T». This is ultimately what allows us to upper-
bound A,,.

In exchange for these advantages, we lose any independence properties between
all 7;. This will not be a major issue, as we will see Proposition 9.2. Even though
this may seem surprising at first sight, we recall that we are working with y < 1,
which means that we are working in the heavy tailed regime. Hence, the limiting
behavior is determined by what happens in only one trap and thus, at least heuris-
tically, correlations should not be important.
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On the bright side, the random variables 7; are measurable with respect to
0{Xnty; — Xy, :n >0} and o{cy(e), e € R X }, which is well suited for an ap-
plication of Theorem 7.4. This theorem, will allow us, loosely speaking, to say
that 7; (for i > 1) is distributed like 7 under the law P“*% . This is why we seek to
prove the following.

In Py[ciy>n] _

LEMMA 9.3. Assume that — lim e

ists Ko such that, for any K > Ky,

=y < 1. For any ¢ > 0, there ex-

max PY[ éK) >n|D=00]<C(K)n~ "9,
ac[1/K,K1€

We will follow the ideas of Lemma 8.6 to prove it.

PROOF. To simplify the notations, we will do the proof for P. In a similar
fashion, we could do it for any P for a € [1/K, K]¢. We may also notice that on
the event { D = oo}, we have that:

(D) T~ OODO = TGoODg »
2) BAD’ (X¢,) CBAD(X<,),

which means that 7 is smaller than the random variable T := {j > Tcoop, With
J <711 or X; € BAD(Xy,)}. Hence, to prove our theorem it will be enough to prove
that

max _P[7, (K)o n] < C(Kn=r=9,
ac[1/K, K€
In this proof, we will point out the K dependence of constants, since the proof

requires us to be careful with this dependence.
Fix ¢ > 0. We have

0 < Z 1T, <7} + Z ZI{T <t} {X; = x}Tg, GOOD(w) ©

x€GOOD(w) x€dBAD(w) i=1

b

Recalling the definition of x at the beginning of the proof of Lemma 8.7, we
see that

E“[1{x =n"}7o]

< > |:1{xeGOOD(a))}

xeB(n¢,nC¢)

+ 1{x € 9BAD(w)} E“)|:ZI{X =x) GOOD(w)oe,ﬂ.
i=1
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Using Markov’s property and Lemma 8.1 [just as in (8.11)], we obtain
E“[1{x <n")7o]
<C(K) > [1{x eGOOD(w)}

xeBné,n€e)
+1{x € 3BAD(@)} E¥ [ Tdo0D(w) ]
and now, since y < 1, we have
E°[U{y =n*}7 "]
< E“[1{x =n*}To]""
<CK)| Y [1{x €GOOD(w)}
xeB(n¢,nc¢)
y—e
+1{x e 8BAD(w)}E§f[T§OOD(w)]]} .
We may now apply Lemma 8.3,
E°[Uy =n*}7 "]
<C(K)| Y. 1{xeGOOD(w)}

xeB(n¢,nCe)

y—¢
+1{x e 8BAD(60)}E§)[TG+OOD(0))]:|

<C(K)| Y 1{x eGOOD(w)}

xeB(nt,nC¢)

+ Y 1{x € IBAD(w)}

xeBne,n€e)
x exp(31|0BADS. (w)|)
y—¢
X (l + Z c*(e)>]
ecE(BADS (w))

<C(K)n® max 1{x € 9BAD(w)}|E(BAD: (w))|"

xeB(n®,nC¢)

x exp(3yA|dBAD; (w)|)

X (1 +  max c*(e)yfg)
€ E(BADS (w))
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<C(K)n“ Y 1{x € IBAD(w)}exp(41|dBAD} (w)))

xeB(n¢,n€e)
X (1 + Z C*(e)y—e)’
ecE(BADS (»))

where we used that | E(BADS.(w))| < C|dBAD; (w) 9.
Now, averaging over the environment, we get

E[1{x =n"}75 "]
< C(K)nCSE[l{O € GOOD(w)}

x Y 1{x € IBAD(w)} exp(41|dBAD} (w)|)

xeB(nt,nCe)
(14 ¥ a@)]
e E(BADS ()
so using a reasoning similar to (8.13) (based on Lemma 8.4) yields
E[1{x <n®}75 "]/ (C(K)n ")

< ¥ E[exp(4A|aBAD§(w>|)<1+ ) C*(e)H)]

xeB(n#,nce) ec E(BAD} (w))
<C(K) Y E[|dBAD} ()|’ exp(41[dBADS (w)])],
xeB(n¢,nC¢)

where we used that | E(BAD} (w))| < C|d0BAD}, (w)|4.
We may see that Lemma 8.2 implies that for K large enough,

E[{BBADfC(w)|dexp(4k|8BADfY (w)])] < C(K) < o0,
which means that for any ¢ > 0,
E[1{x < ng}?g_g] < C(K)n®e.
From this, using Chebyshev’s inequality, we get
P[x <n®,To>n]=P[1{x <n®|To > n]
<= IE[1y < n}T ]
<C(K)n~v=9pCe,

For any £ > 0, we may apply the previous equality for a small ¢ (which depends
only on y and C but not on K) to obtain

P[x <n®,To>n] < C(K)n~ 7=V,
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Now, using (8.19), we can choose K large enough such that
P[x >nf] < cn !,

and the previous two equations imply that for any &; > O there exists K large
enough, we obtain

]P’[?(()K) >n] <P[x >n°]+P[x < ns,?(()K) >n] < C(K)n~r=2v,

which proves the lemma. [l

The random variables 7; verify

n
9.8) Ap <70 < (Tgoop o T1 +T1) + Y T
i=1
since, by (7.3), we necessarily have X‘L’(K) -e] >n.
This means that the previous lemma will allow us to give a sharp upper bound
on A,.

PROPOSITION 9.2.  [flim ML= — —y yyith y < 1, then
n 1
lim sup <, P-a.s.
Inn y

PROOF. Fix M > 1. We know, by Lemma 9.3 and Theorem 7.4, that there
exists K large enough such that fori <M + 1,

E[card{1 < j <n, f;K) > ni/ (M1

RN

1<j<n

<n max P%> n!/MY) | D = 0]
a€[l/K K¢

< Cnn~@/MA=1/M) _ 0, (1=i/M)+2/M
where we used Lemma 7.4. Hence by Markov’s inequality for any L,

—2M
< C(M)n 1=V A=i/M)+(1/y+2-L)/M

p[card{l <j=n, 7505 i/} > Lnl/y+L/M—<i+1)/(My>}
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Fix L > 1/y + 3 (which does not depend on M). We denote the event
B(n,i, M)

= {card{l <j<n, f;K) e (n/ M) D/ M)y

> Lnl/wL/M(Hl)/(My)},
=M

and we get that for any fixed M andi < M
(9.9) P[B(n,i, M)] < Cn= /M = o(1),

since y < 1.
In the same way, by Lemma 9.3 and Theorem 7.4, we get that

B(n, M +1,M) = {card{1 < j <n, #©) > nMTD/M0)} > 1},
verifies
P[B(n,M +1,M)] <n~® =o0(1).
This means that, denoting B(z, M) = 4! B(n, i, M), we have
P[B(n, M)] = o(1).
Now, on B(n, M)¢, we can give an upper bound for A, by using (9.8)

M
. 1 .
Ap < (Toop o 1 + 1) + Zn<’+1)/(M7’)(—ZMnl/V+L/M_(’+1)/(MV>)
i=0

1
M y+L/m

= (T
(Tcoopot1 +11) + M

It follows that A, < (Tgoop o T1 + 1) + n'/YTL/M on B(n, M)¢, and hence,
since (Tgoop © T1 + T1) < 00, we have

In A
on B(n, M)¢ 111 "< 1)y +L/M.
nn

Hence we have proved that for any M > 1, by (9.9)

. InA,
lim sup
Inn

<l/y+L/M, P-a.s.,

and letting M go to infinity, we get the result (we recall that L does not depend
on M). [
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9.4. The polynomial order of the distance of the random walk from the origin.

By Proposition 9.2 and Lemma 9.2 we see that if —lim mp*lg%n] =y <1, we

have

. InA,
lim

=1/y, P-a.s.,

which implies, using a classical inversion argument similar to the one used in the
proof of Theorem 1.3 in Section 5 of [15], we see that

In X;, -Z_

Inn

lim v, P-a.s.
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