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Let (Y)rez be a stationary sequence on a probability space (€2, .4, P)
taking values in a standard Borel space Y. Consider the associated maximum
likelihood estimator with respect to a parametrized family of hidden Markov
models such that the law of the observations (Yy)rc7 is not assumed to be
described by any of the hidden Markov models of this family. In this paper
we investigate the consistency of this estimator in such misspecified models
under mild assumptions.

1. Introduction. An assumption underlying most of the classical theory of
maximum likelihood is that the “true” distribution of the observations is known
to lie within a specified parametric family of distributions. In many settings, it
is doubtful that this assumption is satisfied. It is therefore natural to investigate
the convergence of the maximum likelihood estimator (MLE) and to identify the
possible limit for misspecified models. Such questions have been mainly investi-
gated for models in which observations are independent; see [15, 29]. Much less is
known on the behavior of the MLE estimate for dependent observations; see [10]
and the references therein.

For independent observations, under mild additional technical conditions, the
MLE converges to the parameter which minimizes the relative entropy rate;
see [15]. The purpose of this paper is to show that such a result remains true when
the observations are from an ergodic process and for classes of parametric dis-
tributions associated to hidden Markov models (HMM). A HMM is a bivariate
stochastic process (Xg, Yi)k>0, where (X)r>0 is a Markov chain (often referred
to as the state sequence) in a state space X and, conditionally on (X )k>0, (Yk)k>0
is a sequence of independent random variables in a state space Y such that the con-
ditional distribution of Y; given the state sequence depends on X; only. The key
feature of HMMs is that the state sequence (Xj)r>0 is not observable, so that sta-
tistical inference has to be carried out by means of the observations (Yj)r>0 only.
Such problems are far from straightforward due to the fact that the observation
process (Yi)k>0 is generally a dependent, non-Markovian time series [despite that
the bivariate process (X, Yi)i>0 is itself a Markov chain].
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HMMs have been intensively used in many scientific disciplines including
econometrics [16, 23], biology [5], engineering [18], neurophysiology [11] and
the statistical inference is therefore of significant practical importance [4]. In all
these applications, misspecified models are the rule, so it is worthwhile to under-
stand the behavior of MLE under such regime.

This work extends previous results in this direction obtained by Mevel and Fi-
nesso [24], but which are restricted to discrete state-space Markov chains. Our
main result of consistency of the MLE in misspecified HMMs is derived under as-
sumptions which are quite weak, covering general state-space HMMs under con-
ditions which are much weaker than [9], where a strong mixing condition was
imposed on the transition kernels of the hidden chain. Therefore our results can
be applied to many models of practical interest, including the Gaussian linear state
space model, the discrete state-space HMM and more general nonlinear state-space
models.

The paper is organized as follows. In Section 2, we first introduce the setting
and notations that are used throughout the paper. In Section 3, we state our main
assumptions and results. In Section 4, our main result is used to establish consis-
tency in three general classes of models: linear-Gaussian state space models, finite
state models and nonlinear state space models of the vector ARCH type (this in-
cludes the stochastic volatility model and many other models of interest in time
series analysis and financial econometrics). Section 5 is devoted to the proof of
our main result.

Notation. Some notation pertaining to transition kernels is required. Let L be a
(possibly unnormalized) transition kernel on (X, X), that is, for any x € X, L(x, -)
is a finite measure on (X, X) and for any A € X, x — L(x, A) is measurable
function from (X, X) to ([0, 1], B([0, 1])). L acts on bounded functions f on X
and on o -finite positive measures p on (X, X') via

Lf(X)=5foé/L(x,dy)f(y), ML(A) =pLls é_/M(dX)L(X,z‘l)-

If L; and Ly are two transition kernels on (X, X), then L{L, is the transition
kernel on (X, X), given, for any x € Xand A € X by

Lle(x,A>=fL1<x,dy>Lz<y,A>.

2. Problem statement. We consider a parameterized family of HMMs with
parameter space ®, assumed to be a compact metric space. For each parameter
6 € O, the distribution of the HMM is specified by the transition kernel QY of the
Markov chain (X¢)k>0, and by the conditional distribution ge of the observation
Yy given the hidden state Xy, referred to as the likelihood of the observation.

For any m < n and any sequence {ai}rcz, denote aj, £ (ap, ...,ay), and for
any probability measure x on (X, X’), define the likelihood of the observations
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P 2 [ [ x @G TT Q" Gpo1,dxpg” (ipo ),

p=m+1

POy 2 P m) /P (0hT. m<p<n,

with the standard convention [[},_,, ap = 1 if m > n.

Let (2, F,P) be a probability space, and let (Y)rez be a stationary ergodic
stochastic process taking value in (Y, ))). We denote by Py the image probability
of P by (Yi)rez on the product space (YZ, Y®Z) and Ey the associated expecta-
tion. We stress that the distribution Py may or may not belong to the parametric
family of distributions specified by the transition kernels {(0?, ge), 0 € ®}. If Py
does not belong to G, the model is said to be misspecified.

If x is a probability measure (X, X), we define the maximum likelihood esti-
mator (MLE) associated to the initial distribution x by

(1) O éargmaxlnpi(Yé’_l).
0e®

The study of asymptotic properties of the MLE in HMMs was initiated in the
seminal work of Baum and Petrie [2, 26] in the 1960s. In these papers, the model
is assumed to be well specified, and the state space X and the observation space
Y were both presumed to be finite sets. More than two decades later, Leroux [22]
proved consistency for well-specified models in the case that X is a finite set, and
Y is a general state space. The consistency of the MLE in more general HMMs has
subsequently been investigated for well-specified models in a series of contribu-
tions [7, 9, 14, 20, 21] using different methods. A general consistency result for
HMMs has been developed in [8].

Though the consistency results above differ in the details of their proofs, all
proofs have a common thread which serves also as the starting point for this paper.
Denote by p)e( (Yy) the likelihood of the observations Y|y for the HMM with param-
eter f € ® and initial distribution x. The first step of the proof aims to establish
that for any 6 € ©, there is a constant £(6) such that

nli)ngon_l log pf( (Y(’;_l) = lim n~'E[log pz (Yé’_l)] ={(0), P-a.s.

Up to an additive constant, 8 — £(0) is the negated relative entropy rate between
the distribution of the observations and pi(-), respectively. When the model is
well-specified and 6 = 0, is the true value of the parameter, this convergence fol-
lows from the generalized Shannon—-Breiman—-McMillan theorem [1]; for misspec-
ified models or for well-specified models with 6 # 6, the existence of the limit is
far from obvious.

The second step of the proof aims to prove that the maximizer of the likelihood
6 n"'log pf( (Yy) converges P-a.s. to the maximizer of 6 > £(6), that is, to the



2700 R. DOUC AND E. MOULINES

minimizer of the relative entropy rate. Together, these two steps show that the MLE
is a natural estimator for the parameters which minimizes the relative entropy rate
in the parametric family {(Q?, g%), 6 € ©}.

Let us note that one could write the likelihood as

_ o1 _
n~"log pf (¥ 1)=;Zlogp§(Yleé‘ h,
k=0

where pf((Yleé‘_l) denotes the conditional density of Y; given Yé‘_l under the
misspecified model with parameter 6 (i.e., the one-step predictive density). If the
limit of pf( (Yk|Yé‘_l) — ng(ono) as k — oo can be shown to exist P-a.s. and
to be P-integrable, the convergence of the log-likelihood to the relative entropy
rate follows from the Birkhoff ergodic theorem, since the process {Yx}xcz is as-
sumed to be ergodic. This result provides an explicit representation of the relative
entropy rate £(0) as the expectation of the limit £(0) = E[log 7119, (Y° oo)]- The limit
n)(f(Y k ) might be interpreted as the conditional likelihood of Y} given the whole

past Y f;, but we must refrain ourselves of considering this quantity as a condi-
tional density.

Such an approach was used in [2] for finite state-space, and was later extended
by Douc, Moulines and Rydén [9] to general state-space, but under stringent tech-
nical conditions (uniform mixing of the Markov kernel, which more or less restricts
the validity of the results to compact state-spaces, leaving aside important models,
such as Linear Gaussian state-space models).

Alternatively, the predictive distribution pf( (Yk|Y(§<—1) can be expressed as a
component of the state of a measure-valued Markov chain; in this approach, the ex-
istence of the limiting relative entropy rate £(6), follows from the ergodic theorem
for Markov chains, provided that this Markov chain can be shown to be ergodic.
This approach was used in [7, 20, 21] and was later extended to misspecified mod-
els by White [24]. This technique is adequate for finite state-space Markov chains,
but does not extend easily to general state-space Markov chains; see [7].

In [22], the existence of the relative entropy rate is established by means of
Kingman’s subadditive ergodic theorem (the same approach is used indirectly
in [26], which invokes the Furstenberg—Kesten theory of random matrix products).
After some additional work, an explicit representation of the relative enropy rate
is again obtained. However, as is noted in [22], page 136, the latter is surprisingly
difficult, as Kingman’s ergodic theorem does not directly yield a representation of
the limit as an expectation.

For completeness, we note that a recent attempt [12] to prove consistency of
the MLE for general HMMs contains very serious problems in the proof [17] (not
addressed in [13]), and therefore fails to establish the claimed results.

In this paper, we prove consistency of the MLE for general HMMs in mis-
specified models under quite general assumptions. Our proof follows broadly the
original approach of Baum and Petrie [2] and Douc, Moulines and Rydén [9], but



MLE IN MISSPECIFIED HMMS 2701

relaxes the very restrictive technical conditions used in these works and extends
the analysis to misspecified models. The key technique to obtain this result is to
establish the exponential forgetting of the filtering distribution; this result is ob-
tained by using an original coupling technique originally introduced in [19] and
refined in [6].

3. Assumptions and main results. For any integer t > 1, § € ® and any se-
quence yé_l €Y, consider the unnormalized kernel LY y(’)_l) on (X, X) defined
for all xo € Xand A € X, by

t—1
@ L ). A) = / / [H gg(x,-,yi)Q9<xi,dxi+1>}nA<x,>.
i=0

Note that, for any > 1,0 € ©, xo € X, and y(’f1 ey,

3) L (v~ ") xo. %) = pf, (7).

where for x € X, s < ¢, p?(y!), the likelihood of the observation y’ starting from
state x, is a shorthand notation for pgx h).

DEFINITION 1. Let r be an integer. A set C € X is a r-local Doeblin set
with respect to the family {Q?, g%}sco, if there exist positive functions €Y —
RT, e :Y" — R* and a family of probability measures {A%(z)}9co ;cyr and of
positive functions {(pg(z)}ee@,zeyr such that for any 6 € ©, z € Y, )L%(z)(C) =1
and, forany Ae X, and x € C,

@ g @P ())& (2)(A) <L (2)(x, ANC) < ef ()92 (z) ()AL (2)(A).

This implies that for any measurable nonnegative function f on (X, X), x € C
andany z € Y,

€5 (D)L (2) ()AL () (Le f) < 8L (2) (e f) < € (2)9E (2) ()AL (2) (L f).

We require that the condition is satisfied for any 6 € ©®, but this is not a serious
restriction since ® is assumed to be compact.

REMARK 1. To illustrate this condition, consider the case r = 1. Assume that
for some set C, there exist positive constants €, eg and a family of probability
measures {kg}ge@ such that for any 6 € ©, A%(C) =1 and, for any A € X, and
xeC,

e () < Q%(x, ANC) < edAg(A).

Then, clearly Le(y)(x, A) = g9 (x,y) 07 (x, A) satisfies (4) where €c and eé are
positive constants. In this case C is a 1-local Doeblin set with respect to Q7 see
[6] and [19].
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REMARK 2. Local Doeblin sets share some similarities with 1-small set in the
theory of Markov chains over general state spaces; see [25], Chapter 5. Recall that
a set C is 1-small for the kernel Q7, 6 € © if there exists a probability measure
5\% and a constant €c > 0, such that X%(C) =1, and for all x € C and A € X,
0%(x,ANC) > ECX%(A N C). In particular, a local Doeblin set is 1-small with
€c = €; and 2L = A%. The main difference stems from the fact that we impose
both a lower and an upper bound, and we impose that the minorizing and the
majorizing measures are the same.

(A1) There exist an integer » > 1 and a set K € Y®" such that:

() PIYy ' eKl>2/3.
(i) For all n > 0, there exists a r-local Doeblin set C € X such that for all
6 € © and for all ys_l €K,

(5) sup pf (35~") <msup pl (v5 ') < o0
xpeC¢ XxpeX
and
€= r—1
©) inf 000 )
yS_IEK €c ()’0 )

where the functions eé“ and €5 are defined in Definition 1.
(iii) There exists a set D such that

— . 6yr—1
7 E[ln ng(f);relgL (Y5 ), D)] < 00.

(A2) (i) Forany 6 € ©, the function g% : (x, y) € X x Y > g?(x, y) is positive,
(ii) E[ln™ SUPgce SUP,ex g9 (x, Yo)] < o0.

(A3) There exists p € N such that for any x € X and n > p, P-a.s. the function
0 — pﬁ(Yg’) is continuous on ©.

REMARK 3. Assumption (A2) assumes that the conditional likelihood g9 is
positive. The case where g? can vanish typically requires different conditions; see
[3,27]. The second condition can be read as a generalized moment condition on Yy.
It is satisfied in many examples of interest.

REMARK 4. To check (A1)(iii), one may, for example, check that:

(i) infyepinfoco Q7 (x,D) > 0;
(ii) E[ln~ infyee infrep g% (x, Yo)] < o0.

This condition is satisfied if (x, 0) — g9 (x, y) is continuous and D is a compact
small set for all § € ©, there exists a probability measure v? such that v¥(D) = 1
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and a constant § > 0, such that, for all x e D and A € X, Qe(x, A) > 517 (A).
Note, however, that (A1)(iii) is far weaker than imposing that the set D is 1-small.
This is important to deal with examples for which the transition kernel Qg(x, 3
does not admit a density with respect to to some fixed dominating measure; see,
for example, Section 4.1.

REMARK 5. Assumption (A3) is in general the consequence of the continu-
ity of the kernel 6 — 0% (x, -) and of the function 6 — g9 (x, -), using classical
techniques to deal with integrals depending on a parameter.

REMARK 6. According to (3), bound (5) may also be rewritten in terms of the
kernel LY (yg_l) as

sup LY (y5~")(x0, X) < i sup L {y5 ") (xo, X) < oc.

xpeC¢ xpeX

The convergence of the relative entropy is achieved for initial distributions belong-
ing to a particular class of initial probability distributions. For the integer r and the
set D € X defined in (A1), let M(D, r) be the subset P (X, X) of probability mea-
sures on (X, X) satisfying

MO, 1) ={x e PX, X),
()
E[ln_ Oig(nge(Yé‘_l>]lD] <ooforall u € {1, ...,r}}.

PROPOSITION 1. Assume (Al) and (A2). Then:

(i) for any 6 € O, there exists a measurable function 713 :YZ" — R such that
for any probability measure y € M(D, r),

. — 0 .
P[ lim_pf (volv5y) =77 (r)] =15
moreover,
©) E[[lnmy (Y2)[] < oo;
(ii) for any 6 € © and any probability measure x € M(D, r),
. - -1
lim 7 "n pd (Y] 1) = £00). P-a.s.,

where £(0) £ E[lnz§ (Y° )]

THEOREM 2. Assume (A1)—(A3). Then, 6 +— £(0) is upper semi-continuous
and defining ®* C ® by ©* £ argmaxy g £(9), we have for any probability mea-
sure x € M(D,r),

lim d(6,.,,0%) =0, P-as.

n—oo
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REMARK 7. When the model is well specified, the law of the observations
belongs to the parametric family of distributions on which the maximization occurs
and is therefore associated to a specific parameter 6*. In this particular case, under
some appropriate assumptions, the set ®* is reduced to the singleton {8*}, and
the consistency result of the MLE in well specified models can then be written as
(see [8])

lim d(6,.,,6%) =0,  P-as.

n—oo

A simple sufficient condition can be proposed to ensure that y € M(D, r).

PROPOSITION 3. Assume there exist a sequence of sets D, € X, u € {0, ...,
r — 1}, such that (setting D, = D for notational convenience), for some 5 > 0,
(10) inf  inf Q%(x,_1,Dy) > 6, uefl,...,r},

Xu_1€Dy_1 0O
and

— . . 2}
(11) E[ln glgg)xlengug (x,Yo)] < 00 foruef0,...,r}.
Then, any initial distribution x on (X, X) satisfying x(Dg) > 0 belongs to
M(D,r).

REMARK 8. To check (11), we typically assume that, for any given y € Y,
the function (x,6) — g%(x, y) is continuous and that D; x © is a compact set,
i €{0,...,r —1}. This condition then translates into an assumption on some gen-
eralized moments of the process Y.

To check (10), the following lemma is useful.

LEMMA 4. Assume that X = R? for some integer d > 0 and that X is the
associated Borel o -field. Assume in addition that, for any open subset O € X, the
function (x,0) — 07 (x, O) is lower semi-continuous on the product space X x ©.
Then, for any 6 > 0 and any compact subset Do € X, there exists a sequence of
compact subsets D, u € {0, ..., r — 1} satisfying (10).

4. Applications. In this section, we develop three classes of examples. In Sec-
tion 4.1 we consider linear Gaussian state space models. This is obviously a very
important model, which is used routinely to analyze time-series models. We ana-
lyze this model under assumptions which are very general and might serve to il-
lustrate the stated assumptions. In Section 4.2, we consider the classic case where
state space of the underlying Markov chain is a finite set. Finally, in Section 4.3,
we develop a general class of nonlinear state space models. In all these exam-
ples, we will find that the assumptions of Theorem 2 are satisfied under general
assumptions.
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4.1. Gaussian linear state space models. Gaussian linear state space models
form an important class of HMMs. In this setting, let X = R%, and Y = R% for
some integers and let ® be a compact parameter space. The model is specified by

(12) X1 = A9 Xk + RyUy,
(13) Yi = Bo Xk + So Vi,

where {(Ug, Vi)}k>0 is an i.1.d. sequence of Gaussian vectors with zero mean and
identity covariance matrix, independent of X¢. Here Uy is d,-dimensional, Vj is
dy-dimensional and the matrices Ag, Ry, By, Sy have the appropriate dimensions.

For any integer n, define Op ;, and Cy , the observability matrix and the control-
lability matrices

By
By Ag
2
(14) Op . 2| ByAy and Cop, £ [AZ_IRQAZ_ZRQ . Ry ]

By Ag_l
It is assumed in the sequel that for any 6 € ©, the following hold:

(L1) The pair [Ag, By] is observable, and the pair [Ag, Ry] is controllable; that
is, there exists an integer » such that, the observability matrix Opg , and the con-
trollability matrix Cg , are full rank.

(L2) The measurement noise covariance matrix Sy is full rank.

(L3) The functions 6 — Ay, 0 — Ry, 6 — By and 0 — Sy are continuous
on ©.

(L4) E[||Yo]%] < oo.

We now check the assumptions of Theorem 2.

The dimension d, of the state noise vector Uy is in many situations smaller
than the dimension d, of the state vector X and hence Ry’ Ry (where ' A is the
transpose of the matrix A) may be rank deficient.

Some additional notation is needed. For any positive matrix A and any vector z
of appropriate dimension, denote ||z ||124 ='zA~!z. Define for any integer n

(15) Fo.n="Do.n'Do.n+ So.n'So.n:
where ! denotes the transpose and
0 0 e 0
By Ry 0
Don=| ByAgRs BoRy . |,

BgAl ?Rg BgAl Ry --- BgRy
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Sy O .- 0
S@,né O Se

: .0

0 -~ 0 S

Under (L2), for any n > r, the matrix Fy , is positive definite. The likelihood of
the observations y(')’_1 € Y" starting from xg is given by

(16)  pl (v5™") = @m) 7" det™ 2 (Fp.n) exp(—5ll¥n—1 — Op.nxol%, )

where y,—1 ="["y0,"y1, ..., " yu—1], and Oy ,, is defined in (14).
Consider first (Al). Under (L1), the observability matrix Op , is full rank, we
have, for any compact subset K C Y”,

lim inf [ly,—1 — Ogrx0ll7, =00,
Ixoll =00 =T ek

showing that, for all > 0, we may choose a compact set C in such a way that (5) is
satisfied. It remains to prove that any compact set C is a r-local Doeblin satisfying
the condition (6). For any ys_l € Y1 and x¢ € X the measure LY (yg_l)(xo, )
is absolutely continuous with respect to the Lebesgue measure on X with Radon—
Nikodym denoted 29 y(’)_1 ) (x0, x;) given (up to an irrelevant multiplicative factor)

by
2
I:Yr—l:| _ |:09,r1|x0 )
Xr Ag Go,r ’
where the covariance matrix Gy , is given by

Dy, Sos
Go,r = |:C:,’r } ['Do,'Cor]+ [ 3 } ['Se,-'0].

The proof of (17) relies on the positivity of Gy , which requires further discussion.
By construction, the matrix Gy , is nonnegative. For any y,_; € Y" and x € X, the
equation

(17) £9<y5‘1>(xo,xr>ocdet—l/z(ge,»exp(—%

(3t x)00.s [ Y | = 1 Dayrs € 4 [ Sy | =0

implies that ||'Dg ,y,—1 + 'Co.,x||> =0 and ||'Sp.,y,_1]|> = 0. Since the matrix
Sp.r 1s full rank, this implies thaty,_; = 0. Since Cy_, is full-rank (the pair [Ag, Ry]
is controllable), this implies that x = 0. Therefore, the matrix Gy , is positive defi-
nite and, for any y,_1, the function

i [ [% I

Xr

2

gé’,r
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is continuous, and is therefore bounded on any compact subset of X x X. This
implies that every nonempty compact set C C R% is a r-local Doeblin set, with
AL() = ALeb() /2L (C) and

— (v 1) _ (4 Leb -1 : 01,r—1
(o) =(©) " jnf inf £y~ )0 xr).

dp =0 @) sup  sup €0y o, x).
6e€® (x0,x,)€CxC

Therefore, condition (6) is satisfied with any compact set K € Y"~!. It remains to
show (A1)(iii). Under (L1), L? (y(r)_l ) (x0, -) is absolutely continuous with respect
to the Lebesgue measure A" Therefore, for any set D,

inf inf LY(y/""(xo,D) > inf  inf  £7(y7 N(x0, x,)AP(D).
91€®x0€D (y() >(x0 )_9€®(X0,xr)eD><D (yO )(X() Xr) (D)

Take D to be any compact set with positive Lebesgue measure.

2
Yr—1 _ Oé,r
|: Xr ] [ Ag ]xo

< 2hanax (Go.,) {1Yr—1 17 + max [x1P[1 + Amnax ( O, Op. + A5 A7),

sup  sup
0€® (xg,x,)eDxD

g@,r

where Amax(A) is the largest eigenvalue of A. Under (L3), 6 = Amax(Gp,r) and
0 > Amax('Op., O, + ’AgAg) are bounded. Under (L4), E[||Yol/?] < oo, then
(A1)(iii) is satisfied for any compact set.

Consider now (A2). Under (L2), Sp is full rank, and choosing the reference
measure /. to be the Lebesgue measure on Y, we find that g (x, y) is a Gaussian
density for each x € X with covariance matrix Sp’Sg. We therefore have

sup sup g% (x, y) = 7)™ /% sup det_l/z(Sgth) < 00,
0e® xeX 0e®
so that (A2)(i) and (ii) are satisfied.

We finally check (A3). For any n > r, and x € X the function 6 pgo (yg_l) is
given by (16). Under (L3), the functions 6 — Oy , [where Oy , is the observabil-
ity matrix defined in (14)] and 6 — det™1/2 (Fo.n) [where Fy ,, is the covariance
matrix defined in (15)], are continuous on ® for any n > r. Thus, for any x € X,
0+ pg o ~1) is continuous for every n > r, showing (A3).

To conclude this discussion, we need to specify more explicitly the set M(D, r)
[see (8)] of possible initial distributions. Using Proposition 3, we have to check the
sufficient conditions (10) and (11). To check (10), we use Lemma 4. Note that, for
any open subset O,

0%(x,0) =E[1o(Agx + ReU)],

where the expectation is taken with respect to the standard normal random vari-
able U. Let {(x,,0,)},2, be any sequence converging to (x,6). By the Fatou
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lemma, using that function 1 is lower semi-continuous and that 6 > Ag is con-
tinuous under (L3), we have

liminf Q% (x,, 0) > E[lim inf1o(Ag, X + Ry, U)]
n—oo n—oo

> E[liminf 1o(Ag, x + Ry, U)] = 0°(x,0),
n—oo

showing that, for any open subset O, the function (x,6) 0?(x, 0) is lower
semi-continuous.
Assumption (L2) implies that, for all (x,y) e X x Y,

dy 1
Ingf(x,y) > ——ln(2n) = 5 inf Indet” 1/2(85" Sp)

. . t - 2 2
—[ng(gxmm(se s9)] il + sup | Box|]

where Amin(Sg’Sp) is the minimal eigenvalue of Sy’Sy. Therefore, under (L4),
(11) is satisfied because D,, is a compact set, u € {0, ..., r}.

We can therefore apply Theorem 2 to show that the MLE is consistent for
any initial measure y as soon as the process {Yi}xez is stationary ergodic and
E[|Yo[*] < oo.

4.2. Finite state models. One of the most widely used classes of HMMs is
obtained when the state-space is finite, that is, X = {1, ..., d} for some integer d,
Y is any Polish space and ® is a compact metric space. For each parameter 6 € ©,
the transition kernel QY is determined by the corresponding transition probability
matrix Qg, while the observation density g% is given as in the general setting of
this paper.

It is assumed in the sequel that:

(F1) There exists an integer r > 0, such that, infgce inf(y yexxx Qp (x, x") > 0.

(F2) There exists a set M C Y such that infycp infyem 1nfx€xg (x,y) >0 and
SUPpec@ SUP, e SUP,ex 87 (X, y) < 00.

(F3) For any 6 € O, the function g% : (x, y) e X x Y g%(x, y) is positive and

I[E[anr sup sup g (x, Yo)] < 00.
0e® xeX

(F4) E[ln~ infyee infrex g7 (x, Yo)] < 00.
(F5) 6 — Qp and 6 — gp(x, y) are continuous for any x € X, y € Y.

Consider first (Al). We set C = X. Slnce CC =, (5)1is tr1V1ally satisfied. Un-
der (F1), equation (4) is satisfied with qox( )(x) =12 =d" Zl _19i,and

=d f inf f f P (x, x'),
ﬂ | juf nf " 0xo i) = fof  inf (o)
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d—1
& [yo " 1=d [] supsupg’(x.y) x sup  sup ~ Qj(x. ).
i—0 0€O® xeX 0e® (x,x")eXxX

Hence, the state space X is a r-local Doeblin set. Assumption (F2) implies that (6)
is satisfied with K = M". Now, note that for all u € {1, ..., r} and yg_l ey,

u—1
: . 0r,u—1 . . 0
19 e ir067) = T jnf b
Using the previous inequality with u = r and noting that (F4) implies that
E[In~ infgce inf,ex ge (x, Yo)] < oo, we see that equation (7) is satisfied with
D = X. The same argument for any u# € 1,...,r shows that all the probability
measures on (X, X) belong to the set M (X, r), defined in (8).

Assumption (A2) is a direct consequence of (F3). Finally, we note that the con-
tinuity of 6 — OQp and 6 — gy (x, y) yield immediately that 6 — pﬁ(yg) is a con-
tinuous function for every n > 0 and y; € Y™ +1 | establishing (A3).

We can therefore apply Theorem 2 under (F1)—(F5) to show that the MLE is
consistent for any initial measure x as soon as the process {Yi}rcz is stationary
ergodic.

4.3. Nonlinear state space models. In this section, we consider a class of non-
linear state space models. Let X = RY, Y =R! and X and ) be the associated
Borel o-fields. Let ® be a compact metric space. For each § € ® and each x € X,
the Markov kernel Qg (x, -) has a density gg(x,-) with respect to the Lebesgue
measure on X.

For example, (Xx)x>0 may be defined through the nonlinear recursion

Xk =To(Xk—1) + Zo(Xx—1) &k,

where ({x)k>1 1s an i.i.d. sequence of d-dimensional random vectors which are as-
sumed to possess a density p, with respect to the Lebesgue measure aleb on RY,
and Tp:RY — R4, 55 RY — R4*4 gre given (measurable) matrix-valued func-
tions such that for each 8 € ® and x € X, Xy (x) is full-rank. Such a model for
(Xk)k>0 1s sometimes known as a vector ARCH model, and covers many models
of interest in time series analysis and financial econometrics. We let the refer-
ence measure . be the Lebesgue measure on R, and define the observed process
(Yr)k>0 by means of a given observation density ge (x,y).

We now introduce the basic assumptions of this section.

(NL1) The function (x, x’, 9) — qe(x, x') is a positive continuous function on
X x X x ©. In addition, supycg SUP(y yexxx q%(x,x") < .

(NL2) For any compact subset K C Y, and 6 € ®,

lim su 8'(x. ) =
x| —>00 yeK SUpP,ex 87 (X', y)
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(NL3) For each (x, y) € X — Y, the function 6 gg (x, y) is positive and con-
tinuous on ®. Moreover,

E[anr sup sup g (x, Yo)] < 00.
0e® xeX

(NL4) There exists a compact subset D C Y such that

_ . . 2]
E[ln 912(3 ;relgg (x, Yo)] < 0.
We have made no attempt at generality here: for sake of example, we have chosen a
set of conditions under which the assumptions of Theorem 2 are easily verified. Of
course, the applicability of Theorem 2 extends far beyond the simple assumptions
imposed in this section.

REMARK 9. Nonetheless, the present assumptions already cover a broad class
of nonlinear models. Consider, for example, the stochastic volatility model [16]

{ Xiy1 = Qo X + 09k,

(19) Y = Bo exp(Xi/2)ex,

where (¢, &;) are i.i.d. Gaussian random variables in R? with zero mean and iden-
tity covariance matrix, 8y > 0, og > 0 for every 6 € ©, and the functions 0 — ¢y,
0 +— o0y, and 6 > By are continuous. Then, assumptions (NL1)—(NL4) are satisfied
as noted by Douc et al. [8], Remark 10.

Under (NL1), every compact set C C X = R? with AL€(C) > 0 is a 1-small set
and therefore a local Doeblin with A% (-) = AL®(-NC) /AL (C), ¢ (yo) = AL<P(C)
and

ec = inf inf  ¢%(x,x),
€ = geo (raheoxc | (x. x')
ed=sup sup ¢(x,x)).
0e® (x,x")eCxC
Under (NL1) and (NL2), (5) and (6) are satisfied with r = 1; equation (7) follows
from (NL1) and (NL4). Thus assumption (A1) holds.

Assumption (A2) follows directly from (NL3). To establish (A3), it suffices
to note that, under (NL1), for any (x, x’) € X x X, 6 — ¢?(x, x") is continuous,
under (NL3), for any (x,y) e X x VY, 0 g9 (x,y) is continuous and for any
n €N, supgce sup,ex [ lr—o g% (x, Y1) < 0o, P-a.s. The bounded convergence the-
orem shows that, P-a.s. the function 6 — pf(Yé’) is continuous.

Finally, under (NL1)—-(NL4) according to Theorem 2 and Proposition 3 the MLE
is consistent for any initial measure x such that xy (D) > 0.
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5. Proofs of Proposition 1 and Theorem 2.

5.1. Block decomposition. The first step of the proof consists of splitting the
observations into blocks of size r where r is defined in (A1). More precisely, we
will first show the equivalent of Proposition 1 and Theorem 2 with ¥; replaced by

Z; 2 Yl.(riH) =1 With this notation,

0, .ar = argmaxIn pX(Y(g” 1) = arg max In pX(Zg h.
0ec® 0ec®

In the following, GX,W is called the block maximum likelihood estimator (denoted
hereafter as the block MLE) associated to the observations Zy, ..., Z,_1.

5.1.1. Forgetting of the initial distribution for the block conditional likelihood.
Denote, for i € Z,
(20) =yt ey,

Then, the likelihood p)g( (zo~ 1Y may be rewritten as

QD ph@EET) =P ") = XL (z0) - L (za—1)1x = x L (2 1x,

where LY (z)~ h = Lo (yy ™ 1y is defined in (2).
For any sequence {z; }120 e ZN where Z £ Y”, any probability measures x and

x' on (X, X) and any measurable nonnegative functions f and i from X to R,
define

AY N = L2 ) (L (2~ )
— (L ) (L) ).

LetX=XxXand ¥ =X Q®X.For P a (possibly unnormalized) kernel on (X, X),
we denote by P the transition kernel on (X, X) defined, for any (x, x’) € X and A,
A e X, by

(23) P[(x,x"),Ax A'l=P(x,A)P(x',A).

If x and x’ are two probability measures on (X, X') and f, g are real valued mea-
surable functions on (X, X), define for A € X and w = (w, w’) € X,

@) x®x B = [ [ @ @)a( ). f @R = Furg(w).
With the notation introduced above, (22) can be rewritten as follows:
n—1
89 s = [ [ x @ 1 @i (1'[ L (2)) (i, dw,-+1>)
i=0

X{f®h—=h® f}(n).

The following proposition extends [6], Proposition 12.

(22)

(25
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PROPOSITION 5. Assume (Al). Let 0 <y~ <y < 1. Then, for any n > 0,
there exists p € (0, 1) such that, for any sequence (z;)i>0 € ZN satisfying

n—1

(26) n 'Y k() =max(1—y~, (1+y7)/2)
i=0

forany B € (y—, vy ™), any nonnegative bounded functions f and h, any probability
measures y and x' on (X, X) and any 6 € O,
0 —1
|Ax,x/(zg >(f’h)|

< oI O G e M) L)+ (L) L )

n ann(}/*ﬂ)J/Z[n LY (z;) (., X){io} | floolft|oo-
i=0

PROOF. Letn > (_) According to (A1), there exists a set C C Y such that (5)
and (6) hold. Denote C £ C x C and for z = y(r)_l, set (ﬁg(z) = <pg (2) ® ‘Pg (z) and
1&(z) £ g (2) ® g (z) where ¢ (z) and _Ag (z) are defined in Definition 1. For any
measurable nonnegative function f on (X, X), 6 € ® and x € C,

(€5 (2)) @ () (®)A% () (1 f)
< 8L (2) (1 f) < (€2 ()L () @AE(2) (1a ).

Define the unnormalized kernel L?0(z) and L1 (z) on (X, X') as follows: for all
xeXand A e X,

27)

(28) L2002 (%, A) £ 15(%) (€5 (2)) @ (2) ()AL (2)(C N A),
(29) LN z)(x, A) 2 L (2) (%, A) — L9 (2) (&, A).

Equation (27) implies that, for all X € C, and any measurable nonnegative func-
tion f,

0 < 8L (2)(1g./) < re()8:L7 (2) (15 /),
where rc(z) £ 1 — (€5 (2)/€d (z))?. It then follows
5L 2) ()
=1 (®)8: L (2) 1 f) + 1 (0)8: L (2) (Mg f) + L (0)8: L (2) (f)
<re(@1g@8:L? () (1g f) + L5 (@)L’ (2) (Lge ) + Lge ()L () (f)
< 8L (2)(re(z)"e@e f).

(30)
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Note that A?(,x/ (zg_l)(f, h) may be decomposed as

A TN = Y Ai’fff (28~ f b,

= efo, 1y
where

-1
0.1y

n—1
A = [ [ xe x’(dw6)<1joie~’f (2i) (i, dwi+1)><1><wn>

with ® £ f ® h — h ® f. First assume that there exists an index i € {0,...,n — 1}
such that #; = 0. Then

n—1

0.1

ALY (TN ) = x @ X/ (L0 zo) - L1z 1) (1g x 3 (z1)))
x (€5 (2) A& (z1) (LELY 1 (zj41) - - LO01 (2, 1) D).
By symmetry,
AL (zi) (LgL? 1 (zi 1) - - L9 (z,_1) ) = 0,
|

showing that Ai’f;j (zg_l)(f, h) =0 exceptif foralli € {0,....,n — 1}, ¢, = 1.
Therefore,

AY Az = x ® X/ (L0 zp) -+ L (2, 1) ).
This implies, using (30), that
A% (20 )

<x®x' (L9 Nzo) - - LN z,—1) | D)

(31) |
n— — -
<[+ [xe x/(d%)(l‘[ L7 zi) iy, dwi+1)(rc<zi>)ﬂcxc(“’"“”+”>
i=0
X |P[(wp).
Note that
n—1 e o
(32) H (rC(Zl.))]]‘Cxé(wia@i+l) < Qgi:()l ﬂéxé(wi’wiJrl)]lK(Zi)’
i=0

1

where oc £ sup,ckc(z) < 1 under (Al). For any sequence z; = such that

n~! YT Ak (zi) = (1= y7), we have Y0~ 1e(z) <ny ™, so that

n—1
3 ke (@) < |ny~ .

i=0
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Moreover, we have

n—1
Z 1ge(wi, wiy1)1k(zi)
i=0
n—1 n—1
=D g, Wi, wig1) — Y Lg, (Wi, wig1) ke (2:)
i=0 i=0
(33) -
> Ng ,(0p) — ) T (z)
i=0

> Ng, (@) — |ny~ ],

where, for any set A € X, NA’n(u')’g) = Z?:_Ol 14 a(wi, w;4+1). By combining (32)
and (33) and using that [n8]| — |[ny~ ] > [n(B — ¥~ )], we therefore obtain, for
any e (y, 1],

n—1 o B
34 []lroG)tee™ ) <ol $7V 4 a{Ng , (w]) < LnBl}.
i=0

For any sequence ' € X" and any A € X, denote

n—1
M, (057") = 3 1aGn).
i=0
Using [6], Lemma 17, for any sequence wy satisfying Ng , (wg) < [n8] which is
equivalent to Né’n(zbg) < |nB] —1, we have Mg, (11)871) < (|nB]+n)/2, so that

on—lnp)

(5 Nea(@G) <nBl = Mee,(W5) zan = —;

In words, either the number of consecutive visits to the set C at most [nB], or the
number of visits to the complementary of the set C is larger than a,,. Plugging (35)
into (34) and combining it with (31) yields

A% Azl <08 P x © 1 (K 4z0) - - L {zum1) | D)
—1
+ 21 floolhlooT (2571,

where

n—1
ry @2 / : --/x ® x'(dwo) [ | L ¢zi) (i, dwir1)L{ Mg, (65 ~") = an}.
i=0
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We finally have to bound this last term. First rewrite Ff( X (zg_l) as follows:

n—1
_ _ e .
ro @ h= (I ||L9<Zi>(‘,X)|C2>O>/X ® x'(diig) (yi=o Tee (WD)

Zz Y(w;, dw; 1) B _n—1
(l_[ ]lcc(w,)]lK(z,)|L9< i)('»x)%o ﬂ{MC”,n(wO )Zan}‘

Note that (26) implies that 37— 1x(z;) > (n + [ny*])/2. Then, for any y* > g,
the inequality Mg , (W ~1y > 4, implies that

n—1 n—1 + +
Z ]]-(_;C()Ei):u-K(Zi) > Z :H-Cc(-xl Z ]]-KL (Zl) > |_ ny J LnﬁJ > L”(V ﬁ)J ,

i=0 i=0 2
showing that
(nZim0 Lo GOIKCDY 1 M, (70) > @y} < gt TR,

The proof follows noting that, for any w = (w, w’) € X and z € Y”, (3) and (5)
imply

e <“’>1K<Z>|L9< JCR, e WO @03, T T

/j 2) (W, dwi1) L% (z) (w, X)L (z) (', X) -

LEMMA 6. Let (Ukez, (Vidkez, Wi)kez be stationary sequences such that
E[In" Up] < oo, E[ln" Vp] < oo, E[In" Wo] < oo.

Then, for all n, p in (0, 1) such that —Inn > E[In* Vy|, there exists a P-a.s. finite
random variable D and a constant ¢ € (0, 1) such that for all k > 1,m > 0,

k—1
karm +nk+mw_m< 1_[ %)Uk SQk+mD, ]P)-Cl.s.

i=—m

PROOF. Let a € (0, 1) such that E[In* V] < —lna < —Inn, and let & > 0
such that (n/a) V p <& < 1. Then

k—1

i=—m

= [(g)Hm&m + (%)Hm(&m wm)(Ak]:[1 (ViO‘)>(5‘kUk)i|

l=—m
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with

D21+ (sup o?’”W_m) (sup 12[ (Vl-a)> (suplﬁ(v,-a)) (supo?kUk).

m=>0 mZOi:_m k>1 i=1 k>1

We now show that D is P-a.s. finite. First note that combining the bound
E[InT Uy < oo] with Lemma 7 (stated and proved below), we obtain that the ran-
dom variable sup;. ;& Uy is P-a.s. finite; in the same way, sup,,-o@" W, is
IP-a.s. finite. Moreover, since E[In* V] < oo, Birkoff’s ergodic theorem ensures
that

1 k=l
1 Z InTV; >0 E[InT V] < —Ine, P-a.s.

i=1

By taking the exponential function in the previous limit, we obtain that

]ﬁ(V‘a) <expy(k—1) Lki%ln* Vi+lna | —k 0 P-a.s
1 — k— 1 P l — 00 ’ O

i=I

so that sup; -, ]_[f-:]] (Vi) is P-a.s. finite. Following the same arguments,

0
sup [] (Vi)

m=0;__,

is IP-a.s. finite. Finally D is P-a.s. finite. The proof is complete. [

LEMMA 7. Let {Zi}kez be a sequence of nonnegative random variables on a
probability space (2, A, P) having the same marginal distribution, that is, for any
k € Z and any measurable nonnegative function f,E[f(Zy)] =E[f(Zo)].

(i) Assume that E[(In Zo)™] < 0. Then, for all B € (0, 1), SUPg =0 ﬂka < 00,
P-a.s.

(ii) Assume that E[|In Zo|] < 0o. Then, for all B € (0, 1), sup;cz X1 Zi < 00
and infy. ¢y, ﬂ_‘“Zk > 0, P-a.s.

PROOF. Let B € (0, 1). Since
}P’[,Bka > 1] = IP’[ln Zy/(=InB) > k] = ]P’[ln Zo/(=InB) > k],
it follows that

Y P[*Zi > 1]=) P[InZy/(~InB) > k] <E[(In Zo)*]/(~In B) < oc.

k=0 k=0

The proof of (i) is completed by using the Borel-Cantelli lemma. Now, (ii) can be
easily derived by noting that if E[|In Zg|] < oo, then one may use twice (i), first by
replacing Z; by Z_; and then by replacing Z; by 1/Z;. U
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PROPOSITION 8. Assume (A1) and (A2). There exist a constant k € (0, 1), an
integer-valued random variable K satisfying Py[K < oo] = 1 such that, for any
initial distributions y, x' € M(D, r) [where M(D, r) is defined in (8)],

sup sup sup "0 |In p% (21251 — In p%, (241 25| < o,

0e® k=K m=>0
(36) P
-a.s.,
sup sup sup k (m+k)|lnp (zk|Z%,)) - IHPX(ZHZk L)l <o,
0e® k>K m>0
37 p
-a.s.,
sup SupK_m|lIlP§(ZO|Z:1) 1HPX(ZO|me D)l < oo,
0e®m=>0
(38) P
-a.s.

PROOF. Proof of (36). It follows from (21) that, for any integer (m, k) € N

and any sequence z¥

XL (%) >(L9 (z)1x)
XL (24,1 (1)
Since, for any a, b > 0, In(a) — In(b) < (a — b)/b, definition (22) implies that

PY(akl2%,)) =

In p)e( (zx Iz]ij,,l) —In pi/(zk Izli;f)
A9 (N Mz 1, 1x)
XLQ{ )(]lx) X xLO(Z N0 (i) 1x)

Let 0 <y~ <y < 1. By Proposition 5, for any n > 0 and 8 € (y~, y ™) there
exists o € (0, 1) such that, for any sequence z’i;} satisfying

(39)

k—1
(40) m+k)~" Y 1k(z) = max(1 -y, (1+y7)/2),
we have
A8 (S () 1x, 1x)
XL <z_m Y(Ax) x x'L8 (5, (1x)
@1) - Qa<m+k>[1 N xLf <z;m1><L9 (zk)1x) X x/LG (25 )(]lx)]
xLO (5N (1x0) x /L2 (25,0 (L9 (i) 1)

+ 2nh(m+k) Cm,k ,
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where a(n) = |n(B —y )], b(n) = [n(y* — B)]/2 and
H,k_lm L7 (2i) (-, X 1%

XLO( N (@50 x /L0 (255 (L0 (i) 1x)

Moreover, by (22),

42) Cui 2 IL7 () (-, X) | o

XL (25 Mz 10 x 5 'L (25 ()
XL (25,1 (130 % X’LQ( ) (L (2)1x)
AY (5 W ) Ix, 1x)
= +1
XL (25, )(Jlx) 'L (L8 (zk) 1)
Plugging this identity into (41) and then using (39) yields

@) In pf( (z&1251) —1n pi/(zklz'i;,l)
< 2(1 _ Qa(m+k))—l[Qa(m+k) + 77b(m—i—k)cm k]-

For any sequence Zli;}, we have

k—1
XLQ(Z]i;:)(ﬂX) > x(D) l_[ [;IGIELQ(ZN(X»D)}’

1=—m

(44)
k
x LN (L (2)1x) = X' (D) . I {QQBLG (zi)(x, D)}'

Il=—m

Exchanging x and X/ in (43) allows us to obtain an upper bound for |In pf( (zk|

e 1) In pi,(zk|z )| More precisely, for any sequence z_ satlsfylng (40),
we have

sup|In P O (212", ) —In pi,(zklzli;,lﬂ

0e®
(45) S 2(1 _ Qa(m-l-k))*l

- pbm+k) [ k=l

X alm ,
Q +X(D)X(D)|:n( 2 :| Zk}
where, forz € Y,

suppee 1LY (2) (-, X) oo
infpce infyep L8 (z)(x, D)

(46) D, =

Assume that E[In*(Dz,)] < oo, and set n small enough so that E[InT(Dg,)] <
—Inn. By Lemma 6, there exists a P-a.s. finite random variable C, and a constant
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k € (0, 1) such that, forall k > 1, m >0,

) { _— b m+k) [k 1 .
S T U | | (D, i| }SCK ", P-a.s.
K
1 — galm+h) x(D)x'(D) j=—m !

It remains to show that E[ln+(DZO)] < oo. Since for any a,b > 0, In*(a/b) <
In"(a) +1n"(b),

@7)  InT(D,) <InT (sup]Lf’ ). X)) )—i—ln‘(@igg) gggﬁ(z)(x,a)).

Since, for any z = y; ' € Y, supyeg L (2) (- X)loo < [17Z0 SUPgee 187+ i) loos
(A1)(iii) and (A2) imply that E[In* (D 7,)] < oo. Finally, according to (45),

gsug|ln pi (Z|1 2%, —1In pi,(ZklZ’i;JH < k™K, P-as.,
€

provided that
k—1

48) m+kb 'Y 1k(Z)zmax(1—y~,(1+y")/2),  Pas.

j=—m
It thus remains to show the existence of a IP-a.s. finite random variable K such that
for any k > K and any m > 0, (48) holds P-a.s. Under (A1)(i), 1 — P[Zy € K] <
2IP[Z( € K] — 1. Then, choose 7, y~, y* and 7 such that
(49) 1-P[ZoeKl<y <y <yt <yt <2P[ZyeK] - 1.

By construction (1 + y7)/2 < Py[Zp € K] and 1 — 3~ < P[Zy € K]. Since
(Zi)kez 1s stationary and ergodic, the Birkhoff ergodic theorem ensures that there
exists a IP-a.s. finite random variable B such that for any k > B and m > B, P-a.s.,

1 ~ 4 k—l
(50) max(1- 77 =20 ) <k Y 1@,
i=0

1477 -
(51) max<1—;7—, +2y ><m—‘ > 1k(Z).

i=—m
Set Kt 2 B(1+y1)/(7T—y1).If m > Band k > K™, then using that K+ > B,
P-a.s.,
Yol 1k(Z) kA 47H)24md+77)/2
k+m k+m
Now, if0<m < Bandk > KT,
Sl Ik(Zi) Yy Ik(Z) _ka+ph2
k+m - k+m k+m
KTt(1+y%)/2
K++ B

=(1+7M)/2>(1+y"))2.

=(1+y")/2
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Similarly, setting K~ = B(1 — y~)/(y~ — y ), we obtain, for all m > 0 and all
k> K~ that, P-a.s.,

k—1
(O N
k+m
The proof of (36) is now completed by setting K = K+ Vv K.

Proof of (37). Note that
p)g( (Zk|Z]i;11_1) = Pi/(ZHZIi;})
with x"(A) = x (L% (z—m—1)1a)/x (L¥ (z_m—1)1x). Since
L x@mn)lx) _D:,
x'0)  x@Lz_pm-1)Ip) = x(DO)’
where D, is defined in (46), (45) writes

sup [In pi (zx25,) = In P)Q( (zk |Z]i;11_1)|
9cO

< 2(1 _ Qa(m+k))—1

D, [] (p:)*D,

j=—m

b(m+k) k—1
% Qa(m-i—k)+ n )
[x(D)]?

And the rest of the proof of (37) follows the same lines as (36) and is omitted for
brevity.

Proof of (38). Noting that, when k = 0, equation (48) follows immediately
from (51), the proof of (38) follows the same lines as the proof of (37) and is
omitted for brevity. [l

COROLLARY 9 (Corollary of Proposition 8). Assume (Al) and (A2). For any
0 € O, there exists a measurable function ng :Z%" — R such that for any proba-

bility measure y satisfying x (D) € M(D, r) [where M(D, r) is defined in (8)],

(52) Py[ lim pf(ZolZ2)) =75(20)] =1.

In the sequel, we denote pe(ZolZ:Cl,o) = ng(Z(loo) and for n > 0, pO(Z(’)’l
Z23) 2Tl oo (ZL o).

5.1.2. Consistency of the block MLE.

PROPOSITION 10. Assume (Al) and (A2). Then:
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(i) Forany6 € ©,
(53) E[|In p°(Zo12Z3)|] < oo

(ii) For any probability measure y € M(D,r) [where M(D,r) is defined
in (8)],

limsup sup|n ™" In p, (2§~ Y —ntmp®(za~t1zZL)| =0, P-a.s.

n—->o0 fe®E
(iii) For any 6 € O, and for any probability measure x € M(D, r),
Jlim n llnpx (Z5~ N =E[Inp®(zolz=L)]. P-a.s.

PROOF. Proof of (i). It follows from (52) that, P-a.s.,
_
54 p'(Z0l2=5) = Jim_ py(Z0lZ,) < IL(Zo) (. X < T 18" C, Yol

Then, (A2) shows that
E[In* p?(Zo1ZZL)] < E[InT LY (Zo) (-, X)| . ] < ©.

We now show that E[In™ pe(Zo|Z:éo)] < oo by establishing that E[In p?(Zy
z :éo)] > —o00. For that purpose, introduce the sequence

m
0 2m™1 Y [In*|L? (Zo) (-, X)| o — In p(Zo1Z2}))-
=1

By (54), the sequence (L%)mzo is nonnegative and the Fatou lemma implies that

(55) liminfE[Lf,] > E[liminf L{, ]
By definition,
0 +.0

liminfE[L,,] = E[ln IL7(Z0) (-, X) | ]

(56) m
—limsupm™" " E[ln p% (Z|ZZ})]

and

E[llmmee] E[In LY (Zo) (-, X)| ]

m—00

(57

m
- IE[limsupm_1 Z lnpf( (ZOIZ:C})i|.
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Since (Yi)xez is stationary, for any £ € N, E[In p% (Zo|ZZ})] = Elln p% (Z¢| Z§™")]
showing that

m

(58) m~' Y E[np% (ZolZ2Z})] = IZElan(Znge Nl
=1 =1

The Cesaro mean convergence lemma implies that, P-a.s.,
m
(59) lim supm_1 Z In pi (ZO|Z:£}) = Zlim In pi (ZO|Z:£}) =1In pg(Zo|Z:éo).
m— 00 /=1 — 00
Combining (55), (56), (57), (58) and (59) yields to
E[In p®(ZolZZ4,)]

m

(60) > limsupm ™ ZE[IHP;Q( (Z€|Zg_1)]

= limsup{E[m'In pz (28] —m™'E[In pi (Zp)]} > —o0,

m— 00

where the last bound follows from (A1)(iii) and the minorization
m
0 : 4
In p% (Z5') = In x (D) + ,-Ezo: In inf L”(Z;)(x, D).

The proof of (i) follows.

Proof of (ii). According to Proposition 8 (36), there exists a random variable C
satisfying Py[C < oo] = 1 such that for all k > K and m > 0,

9su8|lnp§ (Ze1 25,1 =i pf(zel 25, ) < Ceftm P,
€
which implies that
esug|ln Po(Zelzg ™" = p? (Zil Z50) | < ek /(1 — k), Peass.
€

The proof of (ii) follows from the obvious decomposition

n—1

n ' pf(zg ) =n7"Y I pl(ZilZ§") + 07 In pf(20),
k=1
(61)
n—1
nnp®(Zg7Z2) =07 Y0 Inp®(ZklZEL).
k=0

The proof of (iii) follows from (53) and (61) using the Birkhoff theorem; see, for
example, [28], Theorem 1.14. [J
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PROPOSITION 11. Assume (A1)—(A3). Let x be a probability measure such
that x € M(D, r) [where M(D, r) is defined in (8)].

(i) For any 6y € ® and any p > 0,

1
limsup sup —lnpi (Zg_l) < E[ sup In pG(ZOIZ:éO)], P-a.s.
n—>00 geB(6).p) 1 0eB(6o.p)

(i1) The function 6 — E[In p9 (Z0|Z:cl,o)] is upper semi-continuous.
(iii) For any compact set B C ©, the sequence (Supgcg ,ll In pf( (Zg -1 )n=0 con-
verges P-a.s. and

1
lim sup —In p)e( (Z(')’_l) = supE[In p? (Zo|Z=1)], P-a.s.
(S0

=gz n
PROOF.  Proof of (i). Proposition 10(ii) shows that

1
limsup sup —lnp)@((Z(')’_l)
n—o00 963(90”0)7’1
(62)
1 n—1

<limsup— Y sup Inp?(Z;|Z)), P-a.s.
n—oo N i:OQEB(QO,P)
By (54), for any 8y € ® and p > 0,

Inp®(201ZZ3) < sup Inp®(Z0Z23)
0eB(6,p)
(63)

r—1

<Y suplnt|g(. YD)y,  Pas.,
i=0 0e®

which shows using (53) and (A2) that
EH sup lnpe(Zo|Z:éo)H < 00.
0eB(6o.p)
The Birkhoff theorem therefore implies

n—1
limsup — sup Inp?(z;|1z2'7))
n—oo N 2968(9070) ' o0
(64)
= E[ sup In pe(ZO|Z:éo)], P-ass.,
0€B(6,p)

which completes the proof of (i).
Proof of (ii). First note that

(65) sup E[lnp9 (ZolZ:éo)] < E[ sup Inp? (ZO|Z:éO)].
0€B(0,p) 0€B(0,p0)
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Now, since under (A3), for any m > p, P-a.s., the function 6 — In pf((ZolZ:,L)

is continuous, then P-a.s., the function 6 + In p9 (ZOIZ:éO) is continuous as a
uniform limit of continuous functions. Using (63),

r—1

Z supIn®|g(-, ¥;)|.,— sup In p?(zo12=L) >0,

i—00€® 0eB(6o,p)

the monotone convergence theorem therefore implies that

limE[ sup lnpe(Zo|Z:éo)]:E[lim sup lan(Z0|Z:éo)]

PO LoeB8y,p) P10 6B, p)
(66) ) 1
=E[ln p*(Zo1Z=1)].

Combining (65) and (66) shows that

lim sup E[lnp?(Zo|Z=L)] <E[lnp®(Zo|Z=L)].
PY06eB 6o, p)

Proof of (iii). By taking the limit of both sides of (i) with respect to p | O,
(66) shows that for any 6y € ©,

1
67)  limlimsup sup —1Inp%(Z4~") <E[lnp*(Zo|ZZ1,)]. P-a.s.
10 n—oo 0eB(6.p) 1

Therefore, for any § > 0 and 6y € E, there exists pg, > 0 such that
1
limsup sup —In pi (8~ <E[ln p%(Zo|2ZL)] + 6, P-a.s.
n—>00 9eB(6y,pe,) "t

Since E is compact, by extracting a finite covering, the latter inequality shows that
1
lim sup sup — In p)e( (Zg_l) < sup E[In p%(Zo|2=1)] + 3, P-a.s.
n—>o00 gegn HoeE

Since § is arbitrary, we therefore have

1
(68) limsup sup —In p% (2§ ™") < sup E[In p?(Zo|ZZ1)].
n—>o00 gez N OB
Now, since for any 6y € B,
1 1
sup —In p? (Z2~1) > Z1n p(z21).
gggn px(O )_l’l px(() )

Proposition 10(iii) yields

1
liminfsup —In p%(2§~") > E[ln p*(Zo|2ZL)].  P-as.

n—oo fem n
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0o being arbitrary in &, we finally obtain

. 1 _ -
liminfsup —In p5(2§7") = sup E[In p®(Zo|ZZL)]. P-a.s.

ISR OB

Combining this inequality with (68) completes the proof. [J

THEOREM 12. Assume (A1)—(A3). Then, for any probability measure x €
M(D,r),

lim d(@y.r, 05) =0,  P-as.,

n—oo

where ®% C © is defined by O} £ argmax,g E[ln p? (Zo| ZZ2)1.

PROOF. By Proposition 11(ii) the function 6 — E[In p? (ZO|Z:éO)] is upper
semi-continuous. Therefore the set ®} is compact as a closed subset of a the com-
pact set © so that for any § > 0, E; = {0 € ©;d (0, ©}) > 6} is also a compact
set. In addition, as a upper semi-continuous function, 6 > E[In p?(Zo|Z=})] re-
stricted to Ejs attains its maximum which implies that
sup E[In p” (ZolZ~4)] = max E[In p” (Zo|Z)] < Efln p” (Zol Z75,) ).

S}

OeEs

where 6* is any point in ®. Combining this with Proposition 10(iii) yields

1 «
lim sup —In p)e((Z(')’_l) <E[Inp? (Zo1Z=1)], P-a.s.

n—)OOGGE(S n

Using that

1 0* (n—1 0* -1
Jlim . Inp, (Zy~") =E[lnp” (ZolZZ4,)], P-a.s.
we finally obtain that P-a.s., QAX,” € E; finitely many times. The proof is complete.
O

5.2. Proofs of Proposition 1 and Theorem 2. We have now all the tools for
obtaining the consistency of the MLE as a byproduct of the results obtained for the
block MLE. We first state and prove the forgetting of the initial distribution for the
predictive filter.

LEMMA 13. Assume (Al). Let 0 <y~ <y < 1. Then, for all n > 0, there
exists py € (0, 1) such that, for all sequence (z;);>0 satisfying

n—1
(69) n'y 1k(zi) = max(1—y~, (1+y7)/2),
i=0
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all B € (y~,y™), all measurable function f, all probability measures x and x'
and all 9 € O,

‘XL"(ZS_IV XL f

xLO(z8 iy x/LO(zfix

n(y*=p)l/2 [n=1
Sy 2
<2{pnFrIl 4 [1D2 |10
! x@)x'®) | g

where D, is defined in (46).

PROOF. By Proposition 5,
AR VA & U e N
xLO(zg ix 'L (zf )ix

_ 1Ay & DA
XL (26 Ix x x'L8 (26~ ") ix

T2 L2 (zi) (X012

< 2'0Ln(f3—)/_)]| loo + ZnLn(V+—/5)J/2 | £ loos
Tlee XL (26 ") Ix x /L8 (zg ") ix Tlee
where we have used that
XL S KGN
— (o, 0k}
xLO(zg ix XL (zp ") ix
The proof follows by noting that (44) implies that
Moo (0B, [T D]
xLO (Y 1y x L0z 1)1k = x(D)x'(D) O

PROOF OF PROPOSITION 1. Proof of (i). Let x a probability measure such
that x (D) > 0. The first step of the proof consists of using the forgetting prop-
erty obtained in Lemma 13 to show that P-a.s., the sequence (p)@((Y0|Y__£1))g20
converges. Denote for any ¢t € {1, ..., r},

XL (yZmr =14

0
X ,z(A) = o .
" xLO (yZmr =iy

Then, write for any m > 0,7 € {1,...,r} and any y° e Ymr+i+l

(2] L@ -1 6
0 ~1 0 ~1 Xom L7220 (€7 (5 y0))
P 3olyZmr—s) = P20 (volzZ,,) = - .
R X6 L0 (221 ) (1x)
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Let 0 <y~ < y' < 1. Lemma 13 shows that for any r € {1,...,r} and n > 0,
there exists p € (0, 1) such that, if

—1
m~' Y Ik(z) = max(1—y~, (1+y1)/2),

i=—m

then for all B € (y —, y+), and 0 € O,

1P (30ly =) = Py (0ly )]

- ~1
an(y B)1/2

D. o,
[T @) )ggglg 4 50|

< z(me(By‘)J e
X @)x(@) 12

-1
—y +_

j=—m

where

D', = max !
1=1,...r—1 infpce Xm ,(D)X(D)
(D_,))m=0 is a stationary sequence. Using the same argument as in the proof
of (47), the condition x € M(D, r) [defined in (8)], we have E[In™ D" ml] < 00.
By choosing y* and y ~ such that Py[Zy € K] > max(1 — y—, (1 +yT)/2) and
by applying Lemma 6, it follows that there exist o, € (0,1) and a [P-a.s. finite
random variable C, such that for any £ > 1,

’pZ(YOW__el)—Pi(Y0|Y__gl_1)\ SCXQf(, P-a.s.

Similarly, for any probability measure x such that x'(D) > 0, there exist 0, ,’ €
(0, 1) and a P-a.s. finite random variable C, , such that for any ¢ > 0,

|p)9( (YO|Y—_£) pX (Y0|Y )| =< CX X/QX X P-a.s.

This implies that for any probability measure y satisfying x (D) > 0, the sequence
(pX (Y0|Y_g ))¢>0 converges P-a.s. and that the limit denoted by p (Yo|YZ oo) does
not depend on x. Then, by stationarity of (¥;)¢cz, we obtain that for all K > 0 and
0e?,

hm Py (Ylek N =p? (v |Yk- ), P-as.,

which shows the first part of (i). To complete the proof of (i), it remains to prove
that]E[llnp (Yk|YkOO)|] < 00. Since pX(Yk|Y ) <Sup,ex & ?(x, Yi), we have

In* pf (VilYA5)) < In* supg” (v, Y,

xeX
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which shows, under (A2), that
(70) E[ln™ p? (i Y*21)] < 0.
This allows us to define E[In p (Ylekoo )] as
E[ln p? (Y| YD) ] = E[In* p? (Vi YA2))] - E[ln™ p? (Ve YEL)],

so that E[ln™ p (YkIYkoo)] < 0o provided that we have shown E[lan(Ykl
_oo)] > —00. By stationarity of (Yy)rez,

rE[In p° (YolY=5o)] = r{E[In* p° (Yol Y=5)] = E[In™ p” (Yol Y=50)]}
(71) = E|:Zln YHY";})} - E[rf In~ pe(Yk|Y£;})]
k=0
=E[i lan(YuYfg.})},

k=0

where the last equality follows by applying E(A — B) = E(A) — E(B) for nonneg-
ative random variables A, B such that [E(A) < oco. Now, note that

r—1 r—1
[T (alYEd) =TT lim_ p§ (val¥5,)) = lim l_[p (Yl YA
k=0 k=0
- “ly— . _
= lim_p§(¥g~'1Yo,) = lim_pf(ZolZ=,,)
= p"(Z012Z3).

By plugging this expression into (71) and using E[|In pf( (Z0|Z:C1>O)|] < o0 (see
Proposition 10), we finally obtain

(72) rE[In p? (Yo|Y—L)] =E[In p® (20| 2=L)] > —oo,
which completes the proof of (i).

Proof of (ii). Let x be a probability measure such that x (D) > 0 and let ¢ €
{0, ..., r — 1}. Then, for any m > 0,

m~! lnp)g( (Z81+1) <m™! lnp)g( (Y + m~'Int A,

(73)
<m 'In p)g( (Zg) + m'Int B, +m ' Int A,,;,
where
+1 1
Ay 2 supsup ply (VTN Bu 2 supsup pf (Yart).

fe® X fe® X
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Note that (A ¢ )m>0 and (B, ;)m>0 are stationary. Moreover, using (A2), it can be
easily checked that

E[ln* A ] < o0, E[In" By,,] < oo.

Then, Lemma 7 may apply and for any g € (0, 1), there exist [P-a.s. finite random
variables A, B such that for all m > 0,

Am,t =< A,B_m, Bm,t < B,B_m, ]P—a.s.
so that, P-a.s.,

0< limsupm_1 In™ Ap <—Ing,
m—0oQ

0< lirnsupm_1 In™ By <—Ing.
m—0oQ

By letting 8 1 1,

(74)  lim m'Int A,,,; =0, lim m~'In* B, , =0, P-a.s.
m—0o0 m—0o0

Now, note that (A ;)m>0 and (B, :)m=>0 do not depend on 6 € ® so that (74)
together with (73) yields

(75) limsup supm ™" |In p, (7" *") — In p%, (2§")| =0, P-a.s.

m—->o0 fe®

Since ¢ is chosen arbitrarily in {0, ...,r — 1}, we finally obtain using Proposi-
tion 10(ii),

nlirgon_l In p)g( (Y =r" mliﬁmoom_1 lnpf( (Zg")
=r"'E[In p? (Zo1Z=1))]
=E[np’(YolY=L)],  P-as,

which completes the proof of Proposition 1. [

PROOF OF THEOREM 2. By Proposition 11(ii) and (72), the function 6
£(0) is upper semi-continuous. Moreover, (72) also implies

©* = argmax E[In p? (Yo|Y=1)] = argmax E[In p? (20| 2=1.)] = ©;.
6c® 6c®

Now let #in {0, ...,r — 1} and recall that Z}' = Y(’)"r_l. Theorem 12 together with
(75) shows that

(76) lim d(0y s, ©) =0,  P-as.

n—oo

The proof of Theorem 2 is then complete since ¢ is arbitrary in {0, ..., —1}. U
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PROOF OF PROPOSITION 3. Under these two conditions, for any u €
{1,...,r},and 6 € O,

xL(ye "o

u—1 u
> (1‘[ inf gﬂ(x,-,yi)) [+ [ x@otoe) [T10,, Gim @ Gimtdx)

=0 €7 i=1

u—1
> inf g%(x;, yi) | x (Do)8".
> (,ont'lngg (x,,y,)>x< 0) -

PROOF OF LEMMA 4. The proof proceeds by induction on u € {1,...,r}.
Assume that D,,_1 is a compact subset; we show that there exists a compact set D,
such that infy, ep, , infyeo QF (xu—1,Dy) > 6.

Let (x,0) €D,—1 x ® and set § <8’ < 1. Since X =R? is a complete sepa-
rable metric space and X is the associated Borel o-field, there exists a sequence
Bf’g, Bg’e, ..., of open balls of radius 1 covering X. Choose N, g large enough
so that Q9 (x,04,9) > 8, where Oy g = Uifo ; Bix’e. Since for any open set O the

function (x',0’) —~ 0% (x', 0) is lower semi-continuous, there exists a neighbor-
hood V¢ (for the product topology on X x ©), such that for all (x,0’) € Vx g,
Qe/(x/, Oy.9) = 4. Since Oy p is totally bounded its closure, denoted Ky g, is a
compact subset, which satisfies, for any (x', 8’) € V, ¢ that Q% (x, K, ¢) > 6.

Then, U(xvg)eDle@ Vy .0 1s a covering of D,_1 x ®. Since the set D,_; x ®
is compact, we may extract a finite subcover D,_j x ® € | J/_, V. 4,. Take D, =
UL, Ky,.6,- As a finite union of compact sets, D, is a compact set, which satisfies,
for all (x,0) € Dy_ x ©, 0%(x,D,) > 8. This completes the proof. [J
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