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Abstract: We consider the problem of predictive density estimation for
normal models under Kullback-Leibler loss (KL loss) when the parame-
ter space is constrained to a convex set. More particularly, we assume that
X ~ Np(p,vaI) is observed and that we wish to estimate the density of Y ~
Np (1, vy I) under KL loss when g is restricted to the convex set C' C RP. We
show that the best unrestricted invariant predictive density estimator pg is
dominated by the Bayes estimator pr. associated to the uniform prior 7¢
on C. We also study so called plug-in estimators, giving conditions under
which domination of one estimator of the mean vector p over another under
the usual quadratic loss, translates into a domination result for certain cor-
responding plug-in density estimators under KL loss. Risk comparisons and
domination results are also made for comparisons of plug-in estimators and
Bayes predictive density estimators. Additionally, minimaxity and domina-
tion results are given for the cases where: (i) C'is a cone, and (ii) C is a ball.
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1. Introduction

We consider the problem of predictive density estimation for Gaussian models
under Kullback-Leibler loss (KL loss) when the parameter space is constrained
to a convex set. More precisely, let X|p ~ N, (g, v,1) and Y| ~ N, (1, vy 1) be
two independent random vectors having a normal distribution, with common
unknown mean g that we assume to be restricted to a convex set C' C RP.
The scale parameters v, and v, are assumed to be known and we denote by
p(z|p, vz) and p(y|u, vy) the conditional densities of X and Y.

Under the above restriction, we seek to determine efficient predictive density
estimators p(y|x) of the density p(y|u,vy), based on observing only X = z,
relative to the Kullback-Leibler loss

. p(ylu, vy)
L(p, p(y|z =/ p(ylp, vy) log ———==dy 1.1
( ( | )) RP ( | ’lJ) p(y|:17) ( )
and the associated Kullback-Leibler(KL) risk
Ricw(p08) = [ pleli, o)Ll plole)de (12)
P

This model was considered by George, Liang and Xu [6] when the mean
1 is is unrestricted, that is, u € RP. The reference density is the generalized
Bayes predictive density py(y|x) associated to the noninformative prior on R?,
m(u) = 1. Tts expression may be derived from a more general result due to
Aitchison (see [1]), as the conditional density of Y given X = z associated with
prior measure 7, and given by

S PWl1,vy) p(|p, 02) w(p0) dp
Pk = e el v2) mla) dp

(1.3)
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Komaki [10] noticed that expression (1.3) with m(x) = 1 reduces to

A 1 1y —z|?
pu(y|r) = ———7 exp {——7 ; (1.4)
(27 (vg + vy)]P/Q 2 vy + vy

and Murray [17] showed that py is best invariant with constant risk, under
translations and non singular linear transformations. For a location family, Ng
[18] extended this invariance property and Liang and Barron [12] proved that
Py is minimax.

In the normal case, George, Liang and Xu [6] gave a simple direct proof of
the minimaxity of pyy in (1.4) and showed, among other results, that py; can be
improved by Bayes predictive densities p, under superharmonic priors m and
for p > 3, thus adding to previous findings due to Komaki [10]. We refer to a
recent review of Bayesian predictive estimation by George and Xu [7] for further
exposition and description of recent research in this area.

We will make use of the following key representation for Bayesian estimators
given by George, Liang and Xu. Hereafter, we let W = (v, X +v,Y)/(vz + vy),
V= (Vg vy)/ (Vs + vy), and we let m.(W;v,) and m,(X;v,) be the marginal
densities of W and X respectively under prior 7.

Lemma 1.1. (/6] Lemma 2)

We have
me(Wivy) .

— ... PU
M (X3 02)
where py(-|X) is the Bayes estimator associated with the uniform prior on RP
given by (1.4).

It is also shown that, for any prior =, the difference between the KL risks of
pu(.|z) and the Bayesian predictive density p.(.|x) is given by

Pr(y|X) = (y[X), (1.5)

Rkt (1, pv) — RKL (s Pr) = Epu vy, [10g M (Wi 04)]— Epo, [log mz(X;v,)] (1.6)

where E, , stands for the expectation with respect to the normal distribution
NZ) (/1'7 UI)

George, Liang and Xu underlined the fact that there exists a parallel between
this predictive density estimation problem and the estimation of the mean vector
1 under quadratic loss || — p|® giving rise to the quadratic risk

R (s 1) = By [ = 1] (1.7)

More precisely, they show that the predictive density py plays a similar role as
the standard estimator X of p which is best invariant and minimax under the
quadratic risk (1.7), but inadmissible for p > 2.

Our findings here involve the elaboration and the use of similar connec-
tions between the risks R¢, and Rkr, to draw inferences regarding domination
and minimaxity for predictive density estimation problems when the mean u
is restricted to a convex set C. These findings parallel, and rely on several
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results applicable to estimating a bounded multivariate mean with risk Rq
([2, 5, 8, 14, 15, 20], among others). In Section 2, using a result of Brown,
George and Xu [3], our first result formalizes a link between the two risks Rkr,
and Rg,, the quantities involving Rk, being expressed as integrated quantities
involving R¢). This link is used to express the risk differences between Bayes
and plug-in estimators and between Bayes estimators as well.

In Section 3, various applications are given for restricted parameter spaces C'.
First, referring to Hartigan [8] who showed that the Bayes estimator of p with
respect to the uniform prior 7o on a convex set with a non-empty interior C
dominates X under the quadratic risk (1.7), we obtain, via two different paths,
a similar result for the domination of pr. over pr. We also show that our proof
of dominance for KL-loss implies dominance for quadratic, thus providing an
alternative proof of Hartigan’s result. Secondly, we turn our attention to plug-in
densities. When an estimator §; for p € C is dominated by a Bayes estimator
fix,v, associated to a prior 7, and to a scale factor v, we give conditions under
which the Bayes predictive density estimator p, dominates the plug-in density
estimator p1(X) ~ Np(81(X),vy I,). In the case when p = 1, we apply these
results to obtain improvements on the plug-in maximum likelihood estimator
ﬁmle(X) ~ Np(amle(X)’ Uy IP)'

In Section 4, we deal with the minimaxity of Bayes predictive density esti-
mators when p is restricted to a ball or to a cone. As a specific result, we show
that, when ||p]] < m, the boundary uniform Bayes estimator is minimax for risk
Rk whenever m < ¢(p)\/vw where co(p) is the constant given by Berry [2] and
Marchand and Perron [15]. When p belongs to a convex cone C' with non-empty
interior, we prove that the unrestricted predictive density estimator pyy in (1.4)
remains minimax (as it is when no restriction is assumed) for risk Rxy, when
p € C. This finding parallels the result of Tsukuma and Kubokawa [20] who
established that X is still minimax for estimating p under the restriction to a
polyhedral cone.

In Section 5 we expand on some additional considerations concerning plug-in
estimators. Section 6 contains concluding remarks, and Section A is an appendix
with details on some of the proofs.

2. Context and preliminary results

In this section, we expand upon a link between estimation under risks Ry
and risk Rkr,. The following lemma and theorem concern plug-in estimators
p1 ~ Np(61(X),v,I,) and Bayesian estimators p(-|X). Theorem 2.1 provides
a useful expression for a Rkp, risk difference in terms of integrated RZ) risk
differences.

Lemma 2.1. For a prior w, and a plug-in estimator py ~ Np(81(X),vyl,), we
have

(o) 3 Jog (B )| 5[ (R0 X) = Ryl )
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and

(b) EXY [log (%)] - %/ ! (R”z(u,él) Rg(u,X)) v,

,UQ
w

where py is, as above, the generalized Bayes estimator with respect to the flat
prior on RP.

Proof. Part (a) is taken from Brown, George, and Xu ([3], Theorem 1). For part
(b), since

v 1 v, Vg v,
~/v ERQm (Mv 61) dv = RQI (/1'7 51)(1/Uw - 1/U1) = ,R’Qm (Mv 61)/Uy )

w

and

Vg 1 Y 'uzl
/ — R (1, X) dv = p/ —dv = plog((vs +vy)/vy),

w w

we need to show that

Y|X) D Vg + v R (ws01)
EXY {10 (Lﬂ ST ( y) + . 2.1
*\n(VIX) 2%\, 20, =y
A direct expansion yields
Xy pu(Y]X)
= oe (75
_ Ex,y{ (Um +Uu) Y - 51 291 ||Y—X|2}
2(vy + vy)
P Uz + V), 1 P
= ~Bog (25 1 o EXY4Y -+ ¥ (16,00 -] - 5.
y
which indeed matches (2.1). O

Theorem 2.1. For a plug-in estimator py ~ Np(61(X),vyI,) and for Bayes
estimators pr and pp, we have

. . 1 [ 1 » » R
(a) Rir(i,p1) — Rir(p, pr) = 5/1, ) (RQ’ (1, 01) _RQ(Naﬂﬂ',v)) dv
and
. . 1 [ 1 » . » .
(b) Rir(p: prr) — Rir(ps pr) = 5/1) 2 (RG (s fimr ) = R (s fim ) v

w

Proof. Part (b) follows immediately from part (a) (or, alternatively, from (1.6)
and part (a) of Lemma 2.1). From the definition of the risk Rkr,, we have for (a):

Rt (1, 51) = Rict (1, z) = BXY [log (%)] |
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Upon applying (1.5), we obtain equivalently

W;vy)
A\ Aﬂ’ _ EX"Y 1 mﬂ'( y Yw
Rk, P1) — Rir (i, br) [Og <7mW(X;vm)
hu (Y[X)
+EXY [log (L( )}
p1(Y]X)
and the result now follows from Lemma 2.1. O

Note that Corollary 1 of Brown et al. [3] is an integrated version of (b).

We will make use of Theorem 2.1 to obtain dominance results applicable for
risk Rkr, by working inside the above integrals and relying on the associated
comparisons for the risks RY, v € (vy,v,). As an illustration, take 61(X) =
X, 7 to be the flat prior on RP. We have R (11,61) = pvg, firo(X) = X,
R 1y fir,v) = pv, and, from part (a) of Theorem 2.1:

. N p [ 1
Rku(p,p1) — Rku(u, pu) = 5/ (v —v)dv

P [ Uz Vg
= = |—-1 — -1
() ).

which is positive. The finding that py dominates py is not new of course (e.g.,
Aitchison [1]), but the objective here was rather to illustrate Theorem 2.1 above.

Finally, we expand on some definitions and notations with respect to convex
sets and cones in RP. A subset C' of R? will be called a (positively homogeneous)
cone if it is closed under positive scalar multiplication, i.e. «x € C' when x € C
and o > 0 (e.g., [19][ ]). In the above, C' is a cone with vertex the origin. More
generally, for such a C' and for any g € R?, the set Cy = C' + g is an affine cone
with vertex g, where we adopt hereafter the notation: for « € R, 8 € RP and
ACRP,aA+0={aa+0|ac A}.

3. Applications for restricted parameter spaces
3.1. Improving on py

For the problem of estimating, under risk RZQ’”, with p restricted to a convex
subset C' of R? with a non-empty interior, but otherwise arbitrary, Hartigan [8]
showed quite generally that the Bayes estimator with respect to a uniform prior
on C' dominates the estimator X. We obtain an analogous result here for the
predictive density estimation problem with risk Rkp,. A first proof follows from
Hartigan’s result and Theorem 2.1. A second proof with a much different flavor
circumvents the explicit use of Hartigan’s result and Theorem 2.1 and follows,
surprisingly, a more direct route to establishing the result. The second part of
this subsection parallels a result by Kubokawa [11] in providing a class of priors
for which we obtain Bayesian improvements to py in the univariate case with p
bounded to an interval.
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Theorem 3.1. Let C' C RP be convex set a with a non-empty interior, and let
o = Lo(u) be the noninformative prior restricted to C. Then pr. dominates
pu in (1.4) for risk Rkr, and p € C.

First proof. We apply part (b) of Theorem 2.1 with pr = pu, Dr = Dres
firo(X) = X for all v, and fir»(X) the Bayes estimator of u for Ry un-
der prior m¢. We infer from Hartigan [8] that R (i, finr,0) — RG (1, fir,w) > 0,
for all p € C, v > 0, with equality iff C' is a cone and p is its vertex. Making
use of this and Theorem 2.1, the result follows immediately. O

Second proof. Using the expression of the risk difference in (1.6), the risk dif-
ference between py and pr. equals

AR(:U) = RKL(IUHI;U) - RKL (,uvf)ﬂ'c)
= B0, logmg, (W;vy) — Epup, logma. (X;vg)

/Rpp(wm’”w)log Ucp(wl9,vw)d9] dw

_ /}Rp p(z|p, vy) log Ucp(:z:w,vz)d@] do

by expressing the marginals my.. Then, applying the successive changes of

VariableSZZ\/%(w—u),s:\/wa(ﬁ—w),ZZ\/%(x—u) ands:\/lvfz(H—x),

we obtain

ARp) = /Rp p(z]0,1) log (3.1)

fCl p(s]0,1)ds i
sz p(s]0,1)ds

where Cy = \/%{C —pt—zand Cy = \/%{C — p} — z. We need to prove that,

for any € C;AR(u) > 0. Let u € C. Clearly it suffices to show that, for any
z € RP, we have

1 1
m{c_ﬂ}_zccl—\/T_w

This is equivalent to showing that

Cy = {C—p}—=z. (3.2)

1 1
\/E{C—M}C E{C—M} (3.3)
Let ¢; € \/%{C — p}. Then there exists ¢ € C' such that ¢; = \/%(c—u). Hence
we can write ¢; = \/+_w(c’ — ), with ¢ = \/‘/gc—l- (1- \/‘/g),u As vy, < vy, the
last quantity is a convex combination of ¢ and u. Since ¢ € C, p € C and C' is
a convex then ¢ € C, which implies that (3.3) is satisfied.

Finally, since {C — u} is a convex set containing the origin, (3.3) is satisfied
with equality iff C' is a cone and p is its vertex which means that AR(u) > 0,
except when C' is a cone and p is its vertex. This completes the proof. O
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It is worth noting that this second proof of Theorem 3.1 and part (b) of
Theorem 2.1 guarantee that the domination of pr, over pry implies Hartigan’s
result, that is, the domination of fir. over X when C is convex with a non-
empty interior. Indeed, for any v, > 0 and v, > 0 fixed, the domination of p.
over py indicates that

1

Vg 1 » v .
E/U — (RO, X) = R (s fim.,0)) dv 20, (3.4)

w

for all v, > v, > 0. Hence, for any 0 < a < b, the integral on (a,b) of the
integrand term in (3.4) is non negative, which implies that this integrand term
is non negative almost everywhere. Finally, by continuity of this function in v,
it follows that R (1, X) — R§ (s fix,,0) > 0. Hence, our method provides an
independent proof of Hartigan’s result.

We now turn to the particular case where p = 1 and C' is a compact interval,
say [—m, m] without loss of generality. Kubokawa [11] obtained a class of priors
that lead to improvements on the minimum risk equivariant estimator X for
risk R¢). Here, in analogous manner as above, we give a parallel result for our
density estimation problem with risk Rky,.

Theorem 3.2. Let p =1 and u € [—m,m]. Let © be a prior with a symmetric
density supported on [—m,m], which is also increasing and logconcave on [0, m).
Then pr dominates py for risk Rxr and p € [—m,m].

Proof. Since Kubokawa [11] showed that fir ,(X) dominates X for p € [—-m, m)]
for all v > 0 under the given assumptions on , the result follows directly from
Theorem 2.1 with p» = py. O

3.2. Improving on a maximum likelthood estimator

In this subsection, we give other direct implications of Theorem 2.1 and further
applications when the mean p is restricted to a ball centered at 0 of radius m.
As in the above Hartigan type result, we can borrow known or easy to derive
results for the analogous estimation problem with risk R¢,. However, in contrast,
we seek to dominate here the plug-in density based on the maximum likelihood
estimator for a univariate bounded normal mean, rather than the generalized
Bayes estimator pyr.

Corollary 3.1. Suppose that the Bayesian estimator fi., dominates a given
estimator 61 for pu € C, and for all v € (vy,v;) under risk Re,y. Suppose further
that either

(A) fw 5 (Ri (1,61) = R (u,81) ) dv = 0 for all p e C

(B) ’RQ(,LL,(Sl) increases in v for v € (Vy,v,), for all p € C.
Then pr(X) improves upon p1(X) ~ Np(01(X), vyIp) under risk Ry, for p € C.
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Proof. The proof is straightforward. First, (B) implies (A). Secondly, by virtue
of Theorem 2.1 and given our assumptions, we have

. . 1 /=1 _, » N
Rt (1)~ Ruc () = 5 [ 25 (Rolis00) = Riglpsfins) do
=1 .. »
+3 ’ E(RQ (1y01) — R& (1, 1) dv
> 0

O

Proceeding in analogous manner, we also have the following potentially useful
result which focusses on the risk behavior of the Bayes estimators fir ,,, for
U < U < Vg, instead of that of ;.

Corollary 3.2. Suppose that the Bayesian estimator fir ., dominales a given
estimator 61 for p € C under risk Rva Suppose further that either

(A) [o7 2= (R (s fix ) — RE (s fim ) dv > 0 for all p € C
or

(B’) R, fir,w) increases in v for v € (v, vz), for all p € C.
Then pr(X) improves upon p1(X) ~ Np(01(X), vylp) under risk Ry, for p € C.

We now turn to an application of Corollary 3.1 for a univariate normal mean
which is bounded to an interval, but, in view of making use of its condition (B),
we require the following preliminary result.

Lemma 3.1. For estimating a univariate normal mean p bounded to an interval
[a,b], the risk RE (ks Omie) increases in v € (0,00) for all p € [a,b], where
Omie(X) is the mazimum likelihood estimator of .

Proof. Let X ~ N(u,v) with a < pu < b, and let ¢(t) = (1/v27) e~*"/2 be the
standard normal density function. The maximum likelihood estimator of p is
given by

a if X<a
5mle(X) = a]l(_oo)a) (X) + X]]-[a,b] (X) + b]]-(b,oo)(X) = X if a<X<b.
b if X>0b

Let 0 = y/v. Then the risk of 6., at p, RZ)(% Omle), equals
R(Ma g, 6mle) = Eu |:(6mle (X) - /1')2}
a _ +oo —
—a—np [ lcﬁ(x “)dw+<b—u>2/ leﬁ(“"” “)dw
e O o b o o
b J—
[ @yt (”” “) da
“ o o
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(a—p)/o oo
=(a—p)? / o(y)dy + (b — p)* / o(y)dy

—0 (b-p)/o

) (b—p)/o )
+o / y-o(y)dy .
(a—p)/o

By differentiating under the integral sign with respect to o we obtain

%R(%Uﬁmle) _ —2a)3¢ (a;u) Lo ;2u)3¢<b—u>

g g

(b—p)/o h— )2 h— _b
+20’/ y2¢(y)dy + o2 ( 2#) b < ,u) H _
(a—p)/o g g g

(=)o
= 20 / y=o(y)dy
(a—p)/o

> 0,

after simplification. Hence R(u, 0, dmic) increases in o and we have the desired
result. [l

For risk R, p € [a,b], Marchand and Perron [14], as well as Casella and
Strawderman [4] (for dpy below), showed that:

e dpy(X) dominates ., (X) for (i) (b —a)/2 < /v;

e all Bayes estimators d,(X) with 7 a symmetric measure about (a + b)/2
supported on [a, b] dominate §,,;¢(X) for (ii) (b —a)/2 < c14/v;

e and d0py(X) dominates 0,0 (X) for (iii) (b —a)/2 < cay/v;

with ¢1 ~ 0.4837, ¢o ~ 0.5230, and where dpy(X) is the Bayes estimator with
respect to the two-point uniform prior on {—m, m}, dpy(X) is the Bayes es-
timator with respect to the uniform U(a,b) prior. For the density estimating
problem, we denote ppy(X), pru(X) as the corresponding Bayes estimators
for the boundary uniform and fully uniform priors respectively. In view of the
above dominance results for risk R, part (B) of Corollary 3.1, and Lemma

3.1, we now derive improvements on the plug-in maximum likelihood estimator
Prmte(X) ~ Np(0mie(X), vy lp).

Corollary 3.3. For estimating py (-|p; vy) under risk Rgp, with p = 1,u €
[a, 0],

(a) ppu(X) dominates ppie(X) for (i) (b—a)/2 < \/Uy;

(b) all Bayes estimators p-(X), with m a symmetric measure about (a + b)/2
supported on [a,b], dominate ppie(X) for (ii) (b—a)/2 < c1y/Vw ;

(¢) pru(X) dominates ppie(X) for (iii) (b—a)/2 < coy/Vs -

The Bayesian estimators p,(X), ppy(X) and pry(X) may be evaluated di-
rectly by computing the predictive density p(-|z) as in (1.3), or via (1.5). For



182 D. Foudrinier et al.

instance, in the case of the two-point uniform prior on {—m,m}, we obtain
the predictive density ppy(X) as being the density of a mixture of the two
normal distributions N(—m,v,) and N(m,v,) with respective weights w(z) =
(1+e2me/v=)=1 and 1 — w(zx).

3.8. Bayesian improvements on the plug-in Np(xz,v,I,) estimator
under a constraint

Here is an instructive example in relationship with Corollaries 3.1 and 3.2. Con-
sider normal priors 7, ~ N,(0,7]) and the corresponding Bayes estimators
fir. v(x) = 7/(7 + v)x under squared error loss. Now, for cases where p is
constrained to the ball B,, = {u € R? : ||u|]| < m}, one may verify that aX
dominates X under risk RY iff a € [(m* — pv)/(m* + pv), 1), which tells us
that fir.,(X) lowers the risk of §;(X) on By, iff 7 > (m?/2p) — v/2. Since,
R (1, X) = pu is increasing in v, part (B) of Corollary 3.1 tells us that pr, (X)
lowers the risk Rir, of the plug-in N, (X, v,I,) whenever 7 > (m?/2p) —v/2 for
all v € (vy,v;), that is

m2 vy,

T> 2 5 - (3.5)
So sufficiently large prior variances lead here to improvements, with the dom-
inance for 7 — oo interpretable as the dominance of py on B,, for all m > 0,
which is of course already known.

Alternatively, in view of applying Corollary 3.2, we begin with the weaker
condition 7 > (m?/2p) — v, /2 for fix, ,», (X) to dominate d;(X) = X under risk
RZ; However, turning to condition (B’), we observe that the quadratic risk of
fir, (X)), given by RY (1, fix.w) = gz PV + gy Ill1?, is only increasing in
v € (Vy,vy) for all u € By, (or p € RP) iff R(0, fir,) is increasing in v for all
v € (Vy,vs), or equivalently 7 > v,. We hence obtain 7 > max(v,, (m?/2p) —
vy /2) as an alternative sufficient condition to (3.5), and the improved sufficient

condition
(m? oy, m? v,
T>mn| — — —,max | vy, — — — ,
2p 2 2p 2

for pr, (X) to dominate the plug-in N,(X,v,I,) under risk Rxy, with p € B,,.
Finally, we point out that yet a stronger result can be arrived at by working
with condition (A’) of Corollary 3.2.

4. Minimax results

In this section, we derive minimaxity results for cases where p is restricted.
First, we fully exploit Section 2’s relationships between the risks Rx1, and Rq,
as well as known minimaxity results for cases where the mean is restricted to a
ball. Secondly, we establish that the estimator py remains minimax when the
mean i is restricted to a cone yielding a general result analogous to Tsukuma
and Kubokawa’s result [20] under squared error loss.
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4.1. Minimaxity when the mean is restricted to a ball

Here is a general framework which we will seek to apply in cases where the mean
1 is restricted to a ball of radius m centered around the origin.

Theorem 4.1. Consider our general problems of estimating p with risk R¢) and

the density py (-|u, vy) with risk Rk, where u € C' C RP. Suppose there exists a

prior measure m and a subset Cy of C such that m*(Co) = 1; R (1, flrs v) = R

for pp € Co; and sup,ccARY (Ks firs v)} = Ry for all v € (vy,vs). Then pr- is

manimazx for risk Ry among all Bayesian estimators that have constant risk
o on Coh.

Remark 4.1. Note that these assumptions imply that, for all v € (vy,v,),
flz= » is minimax under RZ) and 7* is least favorable.

Proof of Theorem 4.1. For any 7’ such that Ro (-, firs ») is constant on C, there
exists po € Cp (independent of v) such that R (po, fir,w) > Ry for all v €
(U, vz), since R, is the Bayes risk associated with 7*. Now, making use of
Theorem 2.1 with p,» = py and the constant Rky, risk of prr, we obtain indeed
for any Bayes estimator p,/,

sup Rir (i, Prr) = Rkwn(po, bar)

pnel

1
’U2

. L[ v .
= Rxwu(po,pv) + 5/ (R& (10, finr 0) — pv) dv

w

Y
D
=~
I

X 1 [ 1 o
(u,pU)+—/ — (sup{RQ (ks fix=v)} — pv ) dv
2 v U7 pec

w

1 (%1 R
5/ 2 (Ré(ﬂvﬂﬂ'*,v) —pv) dv}

w

Y
w
o)
ko)
—
X
=
=
=
]
=
J’_

O

As an example, consider a constraint to a ball where p € C' = {u € R : ||u|| <
m}. For this problem, Bayes estimators form a complete class and a minimax
estimator can be found among orthogonally invariant estimators. Since such
estimators have constant risk on spheres where ||u|| = A, a minimax estimator
can be found among orthogonally invariant Bayes estimators, or equivalently
among Bayes estimators with spherically symmetric priors ([9]). Now take Cy =
{p e C:|p| =m} and 7* to be the uniform prior measure on Cy. As studied in
Berry [2], Marchand and Perron [15], or Casella and Strawderman [4] (p = 1),

Ipsp(mlzll/v) ma
Iy a1 (mllz][/v) 2]
where Ix(-) is the modified Bessel function of order k, and fi« ,(X) is unique
minimax for risk R¢, with sup,ec ARG (K flrr 0)} = SUP e, ARG (1, firw)} =
R, iff m < ¢p(p)y/v. Hence, to satisfy the assumptions of Theorem 4.1, we
require simply m < ¢y(p)+/v for all v € (vy,,v,), which yields the following.

the corresponding Bayes estimator is given by jiz« ,(x) =
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Corollary 4.1. For estimating the density p(-|u, vy) with the constraint ||p|] <
m, the boundary uniform Bayes estimator pr~ is minimaz for risk R k1, whenever
m < co(p)y/Vuw, where co(p) is the constant defined and evaluated by Berry [2],
and Marchand and Perron [15].

We conclude this subsection by pointing out that, as at the end of Section 3.2,
Prr may be evaluated directly as in (1.3), or by using (1.5), and that Marchand
and Perron [15] provide various properties of ¢o(p), including the lower bound:

VP < co(p)-

4.2. Minimazxity of py when the mean is restricted to a cone

In this section, we deal with the minimaxity of py in (1.4) when the mean p is
restricted to a cone. We point out that another potential and related approach
to the problem is given by the recent work of Marchand and Strawderman [16].

Theorem 4.2. Let C' be a convexr cone, with non-empty interior. Then the
unrestricted predictive density estimator py in (1.4) is minimax under the KL
loss (1.1), when p is restricted to C.

Proof. Let r be the constant risk of pyy. We will show that r is a limit of Bayes
risks of a sequence of Bayes predictive densities pr, (y|z) with respect to a se-
quence of proper priors 7 lying in C. Let C,, = CN By, = {c € C |||c|| < k}
where Bj, denotes the ball of radius k centered at 0. By the positive homogeneity
of C', we can express C}, as

kCy = {kC | cE Cl} (41)

Consider, as a sequence of proper priors, the uniform distributions on the convex
sets C}, that is,

™) = ey hes 09 = gy ies (4.

where A is the Lebesgue measure on RP.
Using (4.2) and the expression of the risk difference in (1.6), the difference
of Bayes risks between pyy and py, is

r—1r(Tg, Pry,) = /Rp Rk (P, 1) — RiL (Pry» )] i (1) dpe

1
= m o [E‘M7'Uw [log mr, (W5 vy)] _Eu;vz[bg Mo, (X, vz)]]dpe

(4.3)

Now, using the second expression of 7 (4) in (4.2) and expressing the marginal

My, in the bracketed term in (4.3), we have

r = (s ) = ﬁ (L (v k) — L(vg, )] (4.4)
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where

1
L(v, k) E/c E,. [log/c p(Z|a,v)da] du
k k

_ % 5 Mpp(zm,mog {/Ckp(zm,v)da] dz} du.  (45)

Then with the changes of variables s = %(a —z), 2 =
L(v, k) becomes

L(vk) = %/C Mpp(zm,v)log l/LCksz(sm,nds] dz] dp

(=), and =

S

N
1
=— /p(z’|0,1)10g / p(s]0,1)ds| dz"| du (4.6)
Kk C RP %Ckfﬁ,ufz’

:/ / p(z|0,1)10g/ p(s|0,1)dsdz| dr. (4.7)
C RP %Cl—%r—z

v

It remains to show that the limit of L(v,k) = L*(k/y/v) when k goes to
infinity exists and hence does not depend on v, which will imply that limy_,c (r—
(T, Pry,)) = 0. Let Ay, = %{C’l —r}. As the interior of C' is non-empty, for
any interior point r of C1, there exists a ball B, in R? of radius € > 0, centered
at 0, such that

B.cCy—r.
Then it follows that
R? D liminf Ay, DO liminf B x . = R? (4.8)
k— o0 k— o0 v

and hence

lim p(s]0,1)ds = 1. (4.9)

k—o0 L g M

Vo Vo

Now the convexity of C', and hence of C, allows, according to Lemma A.1, to
apply the Lebesgue dominated convergence theorem to the expression in (4.7).
Thus we obtain limy_o L(k,v) = 0 for any fixed v. Therefore limy_o (1 —
(7K, P, )) = 0, which establishes the minimaxity of py. ! O

As an immediate consequence of Theorem 3.1 and Theorem 4.2, we have the
following corollary.

Corollary 4.2. Let C C RP be a convex cone with non-empty interior, and let
mo = 1 (p) be the flat prior restricted to C'. Then pr. is minimaz for risk Ry,
and p € C.

INote that we implicitly use the fact that the boundary of Cy is negligible with respect to
the Lebesgue measure as a boundary of a convex subset in RP (cf. [13]).
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Note that Theorem 4.2 holds also for affine convex cones with non-empty
interiors. Indeed, it suffices to consider the sequence of proper priors 7 (p) =
ﬁ 1c, (1 — g). More generally, we can generalize Theorem 4.2 to cones which
are not necessarily convex. The proof is analogous to the one of Theorem 4.2
and is relegated to the appendix.

Theorem 4.3. Suppose C' is a finite disjoint union of (affine) convex cones, in
the sense that the restriction is given by

C=UL, (C"+g) (4.10)

where C1, ..., C™ are convex cones with non-empty interiors, and g1, ..., gn are
n fized points in RP where, for any i # j,

A(CT+g:) N (C9 +g5)) =0. (4.11)

Then py is still minimazx when u is restricted to C.

5. Plug-in estimators: Some additional considerations

We now expand on a general phenomenon concerning plug-in estimators and
how they can be improved upon within the class of normal density estima-
tors. Below, we set Gp,(c) = (1 — 1)m —logc for ¢ > 1,m > 1, and we let
co(m) denote the root of Gy,(c) that lies in (m,o0). It is easy to show that
G (c) is positive for ¢ € (1,m], is maximized on (1,00) at ¢ = m, and does
indeed have a single root on (m,o0). As above, we denote Ry (u,d) as the risk
By, [10(X) = p]]?].

Theorem 5.1. Suppose §(X) is an estimator of p, p € C, such that inf,cc

R (1,0) > 0. Consider the estimator p. ~ Np(8(X),cv,I,) and the plug-in
version p1 ~ Np(8(X),vyI,). We then have the following.

(a) For any given u, the optimal value of ¢ is

R (s, 0)
Yy

and p. improves upon p1 iff ¢ € (1,co(m(p)));
(b) For p € C, p. dominates p1 iff ¢ € (1,co(infecm(p))) or ¢ = co(infuece
m(p)) with m(-) not constant on C.

Proof. We have

5 ; (Y3 X
RKL(IMPI) _RKL(u,pc) = EXY |:10g(p E i):|
B O B )
B\ “@ro,) P TV SO 2,
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_ P xy [(L=1/c) _ 2
= 2logc-i-E 2, Y —a(X)]|

(=loge+ (1 —1/c)m(n)),

[N

since EXV[|[Y — 0(X)|1?) = EXV(|Y = pf?] + BXY([lp = (X)) = puy +
RZ; (i1, 6). The result then follows from the above expression, the properties of
Gm(-) and ¢o, and since m(p) > inf,ccm(p) > 1 for all p € C. O

Remark 5.1. In the setup of part (b) of Theorem 5.1, it may be easily derived
from a similar analysis to the one above that, among estimators p., those with
c € [inf,ec m(p), sup,ec m(p)] form a complete subclass, while the estimators
pe with ¢ € [inf,,ccm(n), co(inf,ec m(p))] form a complete subclass among
those that dominate p; .

Example 5.1. Take 6(X) = aX with 0 <a <1, C =RP. Since E, ,, [||laX —

2] _ 2 2,1 _ a’pua+(1—a)’p'p
2] = a2pva+ (1—a)?4e s, we have m(y) = 1+ 22vetl=as's
=1+ aQZ—f. Part (b) of Theorem 5.1 tells us that p; is dominated by p. under

Rir iff ¢ € (1,¢0(1 + a*2)] (with ¢o(1 + a?2) > 1+ a?2=). For the specific

Vy
case a = 1, the optimal value of ¢ reduces to 1 +

and inf,,crr m(p)

2z regardless of u, yielding

Vy

the optimal choice pyy va ~ N, (X, (vg + vy)I,) and recovering its well known
vy

optimality property among the estimators p. ~ N, (X, cv,I,).

Example 5.2. Take the James-Stein estimator 6(X) = (1 — %)X for
p > 3 and C = RP. §(X) is minimax with inf,ere R¢y (1,0) = 2v, and
SUp,crp R”Qm (4,0) = pv,. Both Theorem 5.1 and Remark 5.1 then be applied

2;’2 and sup,,cg, m(p) =1+ +=. Notice that, here and

for any case where p € RP, the supremum value of m(u) is bounded below by
1 + 2=, since the supremum risk of any estimator §(X) surpasses the minimax
Y

with inf,crr m(p) =1+

risk which is pv, and, hence, the estimator py; va ~ N,(d(X), (vy + vy)I,) is
vy ©

admissible among the estimators p. regardless of 6(X). This provides an inter-

esting extension of its outright optimality among the p.’s when §(X) = X.

Theorem 5.1 and Remark 5.1 encompass the general phenomenon that plug-
in estimators N,(d(X), v,I,) can generally be improved upon by inflating the
variance by a certain explicit factor, regardless of the efficiency (or inefficiency)
of §(X) for estimating pu. Moreover, the prescribed range of inflation is directly
proportional to the risk Rg” (u,9), for all §, and p. Alternatively, estimators
Pe for which §(X) is inadmissible for estimating p (e.g., Example 5.2) can be
improved upon as follows.

Theorem 5.2. Let ¢ > 0, u € C, and 61(X) and 62(X) be two estimators of
p based on X. Then, the plug-in estimator py ~ N, (02(X),cv,I,) dominates
the plug-in estimator p1 ~ Np(01(X), cvyl,) under Ry for u € C iff d2(X)
dominates 51(X) as an estimator of p, for p € C.
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Proof. The result follows directly with the decomposition

Rict.(p,p2) = Ric(ppr) = B [log (%ﬂ

pXY [II52(X) —pl? = 116:(X) —ullz] '

2cuvy

O

6. Conclusion

In [6], George et al. put forth an interesting parallel between minimax conditions
for estimating a multivariate normal mean vector under quadratic risks R, and
minimax conditions for a predictive density estimator under Kullback-Leibler
risk Rkr,. Similar connections with regards to admissibility were also developed
by Brown et al. ([3]). In this paper, we obtain similar connections for dominance
and minimaxity results when the mean is restricted to a convex set or to a cone.
For instance, in the case where the mean is restricted to a convex set C, we
prove domination of the Bayes predictive density estimator pr. with respect
to the uniform prior mo over the generalized Bayes predictive density py (y|x)
associated with the flat prior on R”.

An essential use is made of an explicit link between a collection of risks
R”Q and the Kullback-Leibler risk Rxr,. It allows us to create settings where a
Bayesian predictive density estimator p, dominates a plug-in density estimator
p1(X) ~ Np(01(X), vy I,). Examples including improvements on the plug-in
maximum likelihood estimator ppyie(X) ~ Np(dmie(X), vy I,) are derived when
the dimension p is 1.

Minimaxity results are also obtained when the mean is restricted to a ball as
we derive conditions for which the boundary uniform Bayes estimator is minimax
for risk Rky. Also, when the restricted parameter space is a convex cone C' with
non-empty interior, we prove that the unrestricted predictive density estimator
Py remains minimax (as it is when no restriction is assumed).

Appendix A: Appendix

We expand first here on a technical lemma useful in the proof of Theorem 4.2,
and we conclude with a proof of Theorem 4.3. For convenience, we denote by
@(s) the normal density p(s|0,1).

Let Cy C Bj be a convex set in RP with non-empty interior. For ¢ > 0, write

L*(t) = /C1 » o(2)log [/tcrtr_?(s)ds} dz dr
= [ a2 e

with

g:(r,2) = log { /t o ¢(s)ds} . (A.1)
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[e]
We showed in the proof of Theorem 4.2 that, for any z € RP and for any r € C,
the interior of Cy, we have lim;_, o g+(r, 2z) = 0, implying lim; o, L*(t) = 0 as
long as dominated convergence can be applied. We now justify this.

Lemma A.1. The function |g(-,-)| given in (A.1) is bounded by an integrable
Sfunction.

Proof. Let 0 < t; < to. Then, similarly to (3.3) in the proof of Theorem 3.1, we
can see that t1(Cy — r) C t2(Cy — 7). Hence g4(r, 2) is non decreasing in ¢ > 0,
for any z € RP and any r € C}.

We have |g¢(r, z)| < |g1(r, )| for all t > 1 since ¢;(r, z) < 0. By applying the
Jensen inequality to the logarithmic function, we obtain

lg1(r,2)| = —log{)\(Cl—r—z)/c_ B m¢(s)d5}
< loaA ()= [ s lomo(s)ds

= —logA(Ch)+ ! / [|S”2 + Blog(%’)} ds.
)\(Cl) Ci—r—z 2 2
Using the inequality
lla+b+cl> < 3(llall® + 6] + [le])

for any a, b, c in RP| it follows that, for any s € Cy —r — z, thatiss = ¢y —r—2
with ¢; € Cf,

sl < 3 (el + I7l1* + 1121%) < 32+ [I2]1%)

and hence
gi(rz)] < 2 1og(2w)_1ogx(cl)+;/ <3+3||z|2) i
2 )\(Cl) C1—T‘—z 2
_ P 3 5
=5 log(27) —log A (C1) + 3+ 5 l2]]= .
Therefore

6@t 2 dlr )< [ ola) B 1ow2m —tog (€1 43+ S 112 a2
C1 xXRP C1 xRP
=X\(C1) [g log2m —log A (C1) + 3+ 37]9]

<00

Proof of Theorem 4.5. Define for k > 1, and i = 1,...,n, C} =k C} where

Ci={ceC||c| <1}.
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Then define

Ck = Uiy (Ci +9i) = Uy (KCY +g4) -
Note that A(Ck) = kPA(C1) and, for any k1 < ko, we have Ck, C Cj,. Using
the sequence of proper priors 7 (1) = k%ﬁ]lck (1), we have, as in the proof
of Theorem 4.2,

. 1 S i i
T —1(Tk,y Dry,) = ZL (Vw, k) — L' (v, k)

with, fori =1,...n,

; 1
L'(v,k) = ﬁ/i-{-gi . ¢(z) log [/lck—lu—z (b(s)ds] dzdpu

VTR
1 n
= E/ (2)log Z/l L ) ¢(s)ds| dzdp
rtgi JRP =17 mC e~ mn—z
thanks to (4.6). Then
Li(v, k) > L'(v, k) (A.2)
where
i 1
L'(v, k) = | o(2)log _ o(s)ds| dzdp
i4g: JRP Ot e ez

- ip/ ¢(z) log l/ ¢(s)ds] dzdy',
k . RP %Ci—%u’—z

by the change of variables p = u’ + g;.

Note that the expression of L’(v, k) corresponds to the expression of L(v, k) in
(4.6) which has been shown to satisfy limy,_, L(v, k) = 0. Hence limy,_,o L (v, k) =
0 and from (A.2) we get limg_,o, L (v, k) > 0. Since L(v, k) < 0, it follows that
limg 00 L (v, k) = 0. Therefore limg_, o (r — r(mk, Pr,,)) = 0, which completes
the proof. O
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