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We consider a class of stochastic PDEs of Burgers type in spatial di-
mension 1, driven by space-time white noise. Even though it is well known
that these equations are well posed, it turns out that if one performs a spa-
tial discretization of the nonlinearity in the “wrong” way, then the sequence
of approximate equations does converge to a limit, but this limit exhibits an
additional correction term.

This correction term is proportional to the local quadratic cross-variation
(in space) of the gradient of the conserved quantity with the solution itself.
This can be understood as a consequence of the fact that for any fixed time,
the law of the solution is locally equivalent to Wiener measure, where space
plays the role of time. In this sense, the correction term is similar to the
usual It6—Stratonovich correction term that arises when one considers dif-
ferent temporal discretizations of stochastic ODEs.

1. Introduction. In this work, we give a rigorous analysis of the behavior of
stochastic Burgers equations in one spatial dimension under various approximation
schemes. It was recently argued in [12] that if the approximation scheme fails
to satisfy a certain symmetry condition, then one expects the approximations to
converge to a modified equation, with the appearance of an additional correction
term in the limit. This correction term is somewhat similar to the [t6—Stratonovich
correction that appears in the study of SDEs when one compares centred and one-
sided approximations. The present article provides a rigorous justification of the
results observed in [12], at least in the case where the nonlinearity of the equation
is of gradient type, and therefore the limiting equation is well posed in a classical
sense.

More precisely, we will consider in this work stochastic PDEs of the form

(1.1)  du(x,t)=v Bfu(x, 1)+ F(u(x,t)) + (VG)(u(x,t)) oxu(x,t) + &(x, 1),
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where u = u(x, t) is an R"-valued function, with x € [0, 2], ¢t > 0. In this equa-
tion, v > 0 is a positive constant, the functions F, G :R"* — R" are assumed to
be C3, and the stochastic forcing term & consists of independent space—time white
noises in each component of R". For the sake of simplicity, we endow this equa-
tion with periodic boundary conditions, but we do not expect this to alter our results
significantly.

Endowed with an initial condition ug € C([0,27]; R"), (1.1) is locally well
posed [9], provided that we rewrite the nonlinearity as d,G(#) and consider so-
lutions either in the weak or the mild form [7]. (Note that our noise term is not the
gradient of space—time white noise, as in [3]. Therefore, our solutions are actually
«a-Holder continuous functions for all o < %.) The aim of this article is to show
that this well-posedness is much less stable than one may imagine at first. Indeed,
if we set

Dju(x) _ ulx +¢e)— u(x),
e
and consider the family u, of solutions to the approximate equation
Oute = v 05ue + F(ue) + VG (ue) D ue + &,

then our main result, Theorem 1.6 below, implies that u, = u, where u is the
solution to (1.1), but with F replaced by

_ 1
(1.2) F(u)=F(u)— 4—AG(u),
v
where A is the usual Laplacian on R”.

REMARK 1.1. The correction term in (1.2) is reminiscent of the Wong—Zakai
correction [17], which arises if the driving Brownian motion in a stochastic ODE or
PDE is approximated by stochastic processes of bounded variation. This correction
term is due to the femporal roughness of the driving Brownian motion and does
not appear if the noise is additive.

Our correction term is a consequence of the spatial roughness of the solutions
and appears even though we consider SPDEs with additive noise. In fact, an ex-
plicit calculation allows to check that the local quadratic variation (in space) of
the solution u to (1.1) is precisely given by 1/(2v). Therefore, one can interpret
the correction term appearing in (1.2) as precisely being equal to —% times the
quadratic covariation between u and VG (u). Recall that this is exactly the correc-
tion term that appears when one switches between Itd6 and Stratonovich integral in
the usual setting of stochastic calculus. See also [12] for a heuristic argument for
computing the correction term.

REMARK 1.2. This correction term is a purely stochastic effect and is com-
pletely unrelated to the fact that our discretization scheme is not an upwind scheme
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(see [5, 15]). In the absence of noise, we would still have the regularizing property
from the nonvanishing viscosity, so that pretty much any “reasonable” numerical
scheme would converge to the correct solution.

If Dj is replaced by D, defined by D u(x) = (u(x) —u(x —¢))/¢, then a
similar result is true, but the sign in front of the correction term in (1.2) changes.
We will actually consider a much more general class of approximations to (1.1),
where we also allow both the linear operator 32 and the noise term £ to be re-
placed by approximate versions that are still translation-invariant, but modified at
the lengthscale ¢.

1.1. Statement of the main result. For ¢ > 0, we consider approximating
stochastic PDEs of the type

Oiue =vAgug + F(ue) + VG (ueg)Deutg + &

Since our system is invariant under spatial translations, it seems natural to restrict
ourselves to a class of approximations that enjoys the same property. Throughout
this article, we will therefore use approximate differential operators A, and D,,
as well as an approximate space—time white noise & given by their Fourier trans-
forms:

Acu(k) = —k* f(elkDi(k),  Deu(k) = ikg(sk)u(k),
£.(k) = h(elk|)E (k).

Several natural discretizations arising in numerical analysis are of this form (see
the examples below Theorem 1.6). We will make the following standing assump-
tions on these objects.

ASSUMPTION 1.3. The function f : [0, c0) — [0, +00] is twice differentiable
at 0 with £(0) =1 and f/(0) = 0. Furthermore, there exists g € (0, 1] such that
f(k)>gq forall k > 0.

If f(k) = +oo for some values of k, we use the convention exp(—too) = 0 for
every t > 0. In this case, the semigroup generated by A is not strongly continuous,
but this is of no consequence for our analysis.

ASSUMPTION 1.4. There exists a signed Borel measure u such that

[ €™ i = ikg k),
R
and such that

(1.3) nR)=0, Inl(R) < Oo,fRXM(dX) =1, fRIXI4|/aL|(dX) < 0.

In particular, we have (Dqu)(x) := éfR u(x +ey)u(dy).
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ASSUMPTION 1.5. The function % is bounded and such that A%/f is of
bounded variation. Furthermore, s is twice differentiable at the origin with
h(0) =1 and A'(0) =0.

Let u be the solution to the equation
(1.4) a,ﬁ=v8§ﬁ+ﬁ(ﬁ)+VG(ﬁ)8xﬁ+§.
In this equation,
F:=(F — AAG)
and A € R is a correction constant given by

def 1 (1 —cos(y)h?(t)
(15 A= —/R+ R 2f(1)

2wy

Note that a straightforward calculation shows that A is indeed well defined, as a
consequence of the fact that 42/f is bounded by assumption and that || has a
finite second moment.

Before we state our main result, note that the equation (1.4) is locally well posed
in L°°, see [2, 4, 6,9, 10]. As a consequence, it has a well-defined blow-up time T,
(possibly infinite) such that, almost surely, lim;_, ¢, || (¢)|| L = 400 on the event
{r« < oo}. With this notation, we are now ready to state the main result of this

paper.

u(dy)dt.

THEOREM 1.6. Let k > 0 and let u, and u have initial conditions as in Theo-
rem 2.2. There exists a sequence of stopping times T, satisfying limg_,o0 T = Ty in
probability, and such that

lim P(sup [lue (1) — @(0)]| = > e'/57) =0,
e—0

1<Te

REMARK 1.7. In order to avoid further technical complications, we consider
sequences of initial conditions that have the property that the initial condition for
ug “behaves like” the solution u.(¢) for positive times. In fact, the initial condition
for u, is a smooth perturbation of the stationary solution to the linearized equation
for u,. We refer to Section 2 for more details.

Before we proceed, we list some of the most common examples of discretiza-
tions that do fit our framework. For a, b > 0 with a + b > 0, it is natural to dis-
cretize the derivative operator by choosing

ba—b,
 a+b

This is also the discretization that was considered in [12]. As far as the discretiza-
tions of the noise and the Laplacian are concerned, there are at least three natural
choices.

W
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No discretization. This is the case f = h = 1 where only the nonlinearity is

discretized. With this choice, one can check that the correction factor is given by

_1la-b
A= 4v a+b-

Finite difference discretization. In this case, we divide the interval [0, 277 ] into
N equally sized intervals. For convenience, we assume that N is odd and we set

A _ 1 ) _27r
( su)(x)—g—z(u(x+e)+u(x—8)— u(x)), £=—

We furthermore identify a function u with the trigonometric polynomial of degree
(N — 1)/2 agreeing with u at the gridpoints. This corresponds to the choice

4 . 2
2 sin“(k/2), kel0,m),

+00, k € [, 00),

flk)= h =10 7).

The natural choice for the discretization of the derivative operator in this case is
to choose a and b to be integers, so that discretization takes place on the grid-
points. With this choice, it can be shown that the correction factor is identical to
that obtained in the previous case. Note however that this is not the case if the
discretization of the derivative operator is not adapted to the gridsize.

Galerkin discretization. In this case, we approximate A and £ by only keeping
those Fourier modes that appear in the approximation by trigonometric polynomi-
als. This corresponds to the choice

1, k €[0,m),

foo,  kelroo), T HO™

rw=|

The correction factor A is then given by

_ cos(ma) +maSi(wa) — cos(wb) — wb Si(wb)

A
2m2v(a + b)

where Sit = [ % dx.

The rest of this paper is structured as follows. In Section 2, we introduce no-
tation, we give a refined formulation of the main result and present an outline of
the proof of the main result (Theorem 2.2). In Section 3, we prove several useful
bounds on the approximating semigroups and the approximations of the gradi-
ent. Section 4 is devoted to several estimates for stochastic convolutions, the most
crucial one being Proposition 4.6, which is responsible for the correction term ap-
pearing in the limiting equation. Most of the work is performed in Section 5, where
convergence of various approximating equations is proved.
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2. Proof of the main result. In order to shorten notation, we introduce the
semigroups S and S, defined as rescaled versions of the heat semigroup and its
approximation:

NG def e—t(l—vaﬁ)’ S. (1) défe—z(l—mg)’
where we define S, by Fourier analysis, that is,
Sou(k) = e UV ERD k)

making use of the convention e~ = 0.

Since we will always work with the mild formulation, it will be convenient to
have a notation for the convolution (in time) of a function with one of the semi-
groups. We will henceforth write

def

t
(S*xw)(t) = /0 St —s)w(s)ds.

Let (W (#)):cr be a two-sided cylindrical Wiener process on H aef L2([0,27],R")
(see [7, 10] for precise definitions) and let O, be the bounded operator on H de-
fined as a Fourier multiplier by

—

Qeu(k) = h(elk)u(k).

(We assume that it acts independently on each component.) Finally, we define the
H-valued processes ¥ and ¥ by

! N t
Ut = /_OO St —s5)dW(s)., T = f_oo Se(t — )0 dW(s),

so that, in the notation of the previous section, they are the stationary solutions to
the linear equations

WY =di— DY +&  {Y=VA — DY +&.

With this notation at hand, we can rewrite the equations for # and u, in the mild
form as

2.1) u(t)=SEvo+v@)+ S = (F(ﬁ) +VGu) axﬁ)(t),
(2.2) e (1) = Se (1)vo + Y () + Se * (F(ue) + VG (ue) Dette)(2).

REMARK 2.1. Note that we have used here a common initial condition vg for
the difference it — ¥ and uy — . As a consequence, the two equations do not
start with the same initial condition! However, as ¢ — 0, the initial condition of u,
converges to that of u. The reason for not starting with the same initial condition
is mostly of technical nature.
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It will be convenient to define for any 0 < y < x,
def def def
Uy SUA-T)y, Y Sy, Yf S ey — )Y
The expressions Jy, Y and 1%),( are defined analogously. Here I1y denotes the
projection onto the low-frequency components of the Fourier expansion, defined

by Myen = 1)<nen, Where e, (x) = (2r)~1/2¢in.
We set

(=9

ef ~ def ~

v=1u—1, V=1u, — Y.
In the proof, it will be convenient to work with the functions v and v defined by
VETHY =i—yy,  VET+T =ue— Ty
It follows from (2.1) and (2.2) that these functions satisfy the following equations:
23) V@) =SSO+ YT )+ Sx (F@ +9,) + 0 (G@" 4+ v,))) @),
V(1) = Se(Dvo + Y7 (1)
+ Se % (F@ 4 9,) + VG@ + U,)De (¥ + 1,))(0).

For large parts of this article, it will be convenient to work in the fractional
Sobolev space H* for some o > %, so that H* C L°°. Recall that H* denotes the
space of (equivalence classes of) functions u = ) jez Ukek on [0, 2] with uy € C,
for which

2.4)

lully :="" lul*(1 + k5 < o0.
keZ

Furthermore, we will need to use a high-frequency cut-off, which will smoothen
out the solutions at a scale X for some x > 1. It turns out that a reasonable choice
for these parameters is given by

(2.5) a:%, y:%, X:%,

and we will fix these values from now on. With this notation at hand, the following
theorem, which is essentially a more precise reformulation of Theorem 1.6, is a
more precise statement of our main result. Here and in the rest of the paper we
write [lu]| g to denote the norm of an element u in the fractional Sobolev space H p
for 8 € R.

THEOREM 2.2. Let k > 0 be an arbitrary (small) exponent and let vy € HP
forall B < % There exists a sequence of stopping times T, satisfying T, — Ty in
probability as € — 0, such that

(2.6) lim P(sup e () — ii(t)]| oo > sl/S—K) —0.
e—0

1<Ty
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In fact, we have the bounds

2.7) lim P(sup 197 (1) — 07 () llo > gl/g—K) =0,
e—0 1<t
(2.8) lim P(sup 19, (1) — ¥, (Dl L% > gl/Z—K) —0.
e—0 1<Tg

REMARK 2.3. We emphasize again that the initial conditions #(0) and u,(0)
are slightly different. In fact, one has u.(0) = u(0) + ¥ (0) — ¥ (0).

REMARK 2.4. The rate % is not optimal. By adjusting the parameters «, ¥
and x in an optimal way, and by sharpening some of the arguments in our proof,
one could achieve a slightly better rate. However, we do not believe that any rate
obtained in this way would reflect the true speed of convergence, so we keep with
the values (2.5) that yield simple fractions.

REMARK 2.5. From a technical point of view, the general methodology fol-
lowed in this section and the subsequent sections is inspired from [11], where
a somewhat similar phenomenon was investigated. Besides the structural differ-
ences in the equations considered here and in [11], the main technical difficulties
that need to be overcome for the present work are the following:

(1) In[11], it is possible to simply subtract the stochastic convolution i (or Jr)
and work with the equation for the remainder. Here, we instead subtract only the
highest Fourier modes of 1. The reason for this choice is that it entails that v¥ — i
as & — 0. This allows us to linearize the nonlinearity around v" in order to exhibit
the desired correction term. As a consequence, our a priori regularity estimates
are much worse than those in [11] and our convergence rates are worse. The main
reason why we need this complication is that our approximate derivative D, does
not satisfy the chain rule.

(2) All of our fixpoint arguments need to be performed in the fractional Sobolev
space H*, for some @ > % This is in contrast to [11] where some of the arguments
could be performed first in L°°, and then lifted to H* by a standard bootstrapping
argument. These bootstrapping arguments fail here, since the nonlinearity of our
approximating equation contains an approximate derivative, which gives rise to
correction terms which are not easy to control.

(3) In one crucial step where a Gaussian concentration inequality is employed
in [11], it was necessary that the stochastic convolutions belong to H® for some
o> % This is the case in [11] as a consequence of the extra regularizing effect
caused by a small fourth-order term present in the linear part. This additional reg-
ularizing effect is not always present in the current work. We therefore perform
another truncation in Fourier space, at very high frequencies. This is the purpose
of the exponent .
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Note also that Proposition 4.6 is the analogue of Proposition 4.1 in [11]. One dif-
ference is that we have a much cleaner separation of the probabilistic and the ana-
Iytical aspects of this result.

By a standard Picard fixed point argument (see, e.g., [10]) it can be shown that
(2.1) admits a unique mild solution u defined on a random time interval [0, T,].
Moreover, the spatial regularity of ¥ and u equals that of a Brownian path, in the
sense that v () and i(¢) are continuous and belong to H? for any g < % and any
t > 0, but not to H'/2. We shall take advantage of the fact that the process v is
much more regular. In fact, 9(r) € H? almost surely for any g < % and any ¢ > 0,
but one does not expect it to belong to H3/? in general. This follows immediately
from the mild formulation (2.1) combined with a standard bootstrapping argument.
It follows from these considerations that, for every fixed time horizon 7', the stop-
ping time

oK =T Adnf{r: [50) o V G0 > = K)

converges in probability to T, A T as K — oo. _
It will be shown in Section 4 that a number of functionals of ¢ and ¥ scale in
the following way:

ITE Ol S 727 gy @l Se7/>,
Iy Ol S 727 g @Ol S X7,
7 Olle Se7CTVDT POl ST,
197 () = 97 Ol S 7D 0,y () Se7' 7,
Oy () SeX 2%, A = B O)-a S'/27F,
where the quantities ©, and E, are defined by
O: ) déf/RyZ”lA)gy”||%2|M|(dY), Ee (u) déf/R %Z)\sy” ® Deyup(dy).

Note that all of these relations are of the form W{ (1) < &%~ for some expression
W¥? depending on & and some exponent «;. In the proof, it will be convenient to
impose this behavior by means of a hard constraint. For this purpose, we introduce
the stopping time X, which is defined for K > 0 by

(2.9) oK E oK Ninflr: 30 WE (1) > 6% F).

From now on, we will write Cx to denote a constant which may depend on K
(and T') and is allowed to change from line to line. Similarly, ¥ will be a positive
universal constant which is sufficiently small and whose value is allowed to change
from line to line. However, the final value of « is independent of ¢, K and T'.
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The remainder of this section is devoted to the proof of Theorem 2.2.

PROOF OF THEOREM 2.2. Most of the work in the proof consists of bounding
the difference between v¥ and vY in H “: This bound will be obtained in several
steps, using the intermediate processes vf;l), i=1,...,4, defined by

2.10a) v (1) = S()vo + ¥V (1) + S x (F(vV) + 8, G (vV)) (1),
(2.10b)  vP (1) = S()vo + ¥ (1) + S * (F(v?) 4+ DG (v/?)) (1),
(2.10c) v (1) = Se(Dvo + ¥V (1) + Se % (F(P) + D:G(vY)) (1),
v () = Se(vo + 97 (1)
+Se# (F(uf? +95) + VG + 95 De (0 + ) ().

At this stage, we stress that the main difficulty of the proof consists of showing

that v§3) and v§4) are close (see Proposition 5.5 below). Showing the smallness of

the remaining differences v,gj ) _ véj s relatively straightforward and follows
by applying standard SPDE techniques. The main ingredient in this part of the
proof is an estimate which compares the square of the approximate derivative of
%),( to the correction term, in a suitable Sobolev space of negative order. The esti-
mate is purely probabilistic and ultimately relies on the fact that the quantity that
we wish to control belongs to the second order Wiener chaos. It can be found in
Proposition 4.6, which we consider to be the core of the paper.

Recall the definition of the stopping time X given in (2.9). With this definition

def def
K as well as U,EO) = 37 and v§5> =

(2.10d)

def ~
at hand, we set rOK =1 vY, and we define
recursively a sequence of stopping times T }( with j =1,...,5by

(2.11) tf =1 Adnfle: o) =YV @), = K.

With this notation at hand, Propositions 5.1-5.7 state that, for all fixed values
K,k >0andevery j =1,...,5, one has

(2.12) lir%]P( sup vl (1) — v D), > 81/8,K) =0.
e—

K
<T:
! J

Combining all of these bounds, we conclude immediately that, for every fixed time
horizon T > 0 and every choice of values K and «, we have

lim IP’( sup |77 () — 87 () |la > gl/S—K) —0.
e—0 K

1<t

This is formally very close to (2.7), except that we still have the values 7, K >
0 appearing in our statement and consider the solutions only up to the stopping
time ‘L’SK .
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Since t, AT — 14 as T — oo and since we already argued that ‘[*K — T AT
as K — oo, the bound (2.7) follows if we are able to show that, for every fixed
choice of K and 7,

(2.13) lim P(cX £ ) =0.
e—>

Since the statement of our theorem is stronger, the smaller the value of x, we can
assume without loss of generality that ¥ < %. In this case, limg_.0&'/87% =0, so
that (2.12) and (2.11) together imply that

. K K y\_
ggI%)P(rj #7,.1)=0

for j =1,...,5, from which we conclude that lim,_, ¢ P(‘L'SK #* Ky =0.

In order to finish the proof of (2.7), it now suffices to show that lim,_, ¢ P(r X
tX) = 0. Fix an arbitrary 7 > 0 and « > 0. It then follows from Propositions 4.3,
4.4 and 4.5 that for each of the terms \Il‘;. appearing in (2.9), there exists a constant
C; > 0 such that

E sup \Il‘j-(t) ijg"‘j—K/Z,
t€[0.7T]

uniformly for all ¢ < 1. It then follows from Chebychev’s inequality that

P K £ 1'*K) < Z]P’( sup \Ili(t) > g“f"") < ZCja’(/z,
j t€[0,T] j

from which the claim follows.

Since (2.6) follows from (2.7) and (2.8), the proof of the theorem is complete if
we show that (2.8) holds. Since it follows from Proposition 4.3 and Chebychev’s
inequality that

lim P(sup 19, () — Yy ()| oo > gl/z_K> -0
e—0

t<T

for every T > O, this claim follows at once. [
3. Analytic tools.

3.1. Products and compositions of functions in Sobolev spaces. In this sub-
section, we collect some well-known bounds for products and compositions of
functions in Sobolev spaces. As is usual in the analysis literature, we use the no-
tation ® < W as a shorthand for “there exists a constant C such that & < CW.”
These estimates will be useful in order control the various terms that arise in the
Taylor expansion of the nonlinearity that will be performed in Section 5 below.

LEMMA 3.1. Letr,s,tZObesuchthatr/\s>tandr+s>%—I—t.
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(1) For f € H" and g € H*, we have fg € H' and

(3.1 I fglle S ANl
(2) For f € H and g € H™', we have fg € H™® and
(3.2) Ifgll—s S NANAlgll—

PROOF. This result is very well known. A proof of (3.1) can be found, for
example, in [10], Theorem 6.18, and (3.2) follows by duality. [

LEMMA 3.2. Lets e (%, 1). There exists C > 0 such that for any u € H® and
any G € C1(R"; R") satisfying
IGuller :=sup{|G(X)|+ VG (x)|:|x] < [lull e} < o0,
we have

G oulls < CllGullc1 (L + [lulls).

PROOF. Let 1; be the shift operator defined by t,u(x) :=u(x — h). It is well
known (see, e.g., [8] or, for functions defined on R”, [1], Theorem 7.47) that the
expression

e 2dr\ /2
(33) i+ ([ [ sup e = mat 2] )
0 |h|<t t
defines an equivalent norm on H*. The result then follows by inserting the esti-
mates

IGoul2 < IGoullr= < ClGullct,
[Gou—1p(Gou)llp2 < ClGullctllu — thull 12
into (3.3). U

3.2. Semigroup bounds. We will frequently use the fact that for « > g and
T > 0, there exists a constant C > 0 such that

(3.4) IS@ulle < Ct=@ P2 |u| 4

foranye € (0,1],7€[0,T]andu € H B Thisis a straightforward consequence of
standard analytic semigroup theory [10, 14]. Since the generator of S is selfadjoint
in all of the H?, it is also straightforward to prove (3.4) by hand. As a consequence,
we have:

LEMMA 3.3. Leta,B € R be suchthat 0 <o — S <2 and let T > 0. There
exists C > 0 such that for all t € [0, T] and u € C(]0, t]; Hﬂ) we have
t
/ St —s)u(s)ds
0

(3.5) < Ct!=@=P/2 sup Jlu(s)| .

o s€[0,¢]
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PROOF. It suffices to integrate the bound (3.4). [

The following bounds measure how well S, approximates S in these interpola-
tion spaces. The general philosophy is that every power of ¢ has to be paid with
one spatial derivative worth of regularity. This type of power-counting is a direct
consequence of the fact that the function f that measures how much A, differs
from 8)%, is evaluated at €|k| in the definition of A.. The precise bounds are the
following:

LEMMA 3.4. Let k €[0,2]. For T > 0 there exists C > 0 such that for any
tel0,T],eec(0,1],and u € HP?, we have
(3.6)  [1Se(u—SOulle < Ce*t™ PP ully (B <a+20),

(3.7) I1Seulle < Ct= @ P ullg  (B<a).

PROOF. We set f &ef f — 1 and assume v = 1 for notational simplicity, since
the case v # 1 is virtually identical. The assumptions on f imply that | f(en)| <
ce’n® whenever n < 8/¢ and § is some sufficiently small constant. Using the mean
value theorem and the fact that we can assume 6 < 1 without loss of generality, we
obtain for n < §/¢ and « € [0, 2],

lexp(—tn’ f(en)) — 1| < 2 A cte2n4)6”82"4 < C1</2 gk 2 pet8n?
< CsKtK/2n2K6c821(1+n2)_
Inserting this bound into the identity
(Se(Ou = SM)ey = (7T —1)e 11,
it then follows from (3.4) that
[T (Se(r) — S(0)u), < Ce*t“/2|S((1 — 8%c)t)ul

< Ce*t= @ POy 4,

(3.8) a+2k

provided that we choose § sufficiently small so that §%¢ < %, say.

On the other hand, note that
(I = Tse) (Se (Dt — S(1))en = Lyny /ey (e 7™ TEW — 1)1 04D,
Recall that f(en) > g — 1 for all n, and that ¢ € (0, 1]. Then we can find a constant
C such that
lexp(—1n2 f(en)) — 1]e~" 141" < Ce=a(+n™)

Moreover, for any « > 0 we have 1{,|~s/¢) < |en/§|“. It thus follows, using (3.4)
again, that

[T = Tse) (Se (1) = S))u, < Ce[1S(gNullaric < Cet= @ PHI 2 up.

The bound (3.6) now follows by combining this inequality with (3.8). Inequality
(3.7) follows by combining the special case k = 0 with (3.4). U
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3.3. Estimates for the gradient term. In this section, we similarly show how
well the operator D, approximates d,. Again, the guiding principle is that every
power of ¢ “costs” the loss of one derivative. However, we are also going to use
the fact that D, is a bounded operator. In this case, we can gain up to one spatial
derivative with respect to the operator d,, but we have to “pay” with the same
number of inverse powers of ¢. The rigorous statement for the latter fact is the
following lemma.

LEMMA 3.5. Let B € R and a € [0, 1]. There exists C > 0 such that for all
ee€(0,11and u € HP the estimate

IDsut||p—o < Ce* Mullp

holds.

PROOF. Using the assumption that M := |u|(R) < 00, together with Jensen’s
inequality and Fubini’s theorem, we obtain

1 2
||D5M||i25;/(A|M(X+SY)||M|(dy)> dx

M 5 M?
= 5 [ [ e+ ey Plulay) dy = S ul.

On the other hand, assuming for the moment that u is smooth, we use the as-
sumption that «(R) = 0, and apply Jensen’s inequality and Minkowski’s integral
inequality to obtain

1 2
| Deul?, = 8—2/</RM(X+<9y)/L(dy)> dx

1 ey 2
2 (/R./o u'(x +2)dz M(dy)> dx
M ey 2
< 8—2//1{(/0 IM/(erz)Idz) || (dy) dx

M ey ) 12 \2
=S [ ([7(fwararas) az) i@
£ JR\JO
= M2 [ 3lal@y) < Clull}:
Using complex interpolation, it follows that || Deull;2 < C e u| for every o €
[0, 1]. The desired result then follows from the fact that D, commutes with every

Fourier multiplier. [J

The announced approximation result on the other hand is the following lemma.
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LEMMA 3.6. Let B € R and «a € [0, 1]. There exists C > O such that for all
ee€(0,1land u € HP the estimate

| Dett — dxullp—1-o < Ce“llullg

holds.

PROOF. In view of (1.3) we have, assuming for the moment that u is smooth,

1 £y w
(Dg—ax)u(x)zg/R/O)/o u”(x +z)dzdw u(dy).

Integrating against a test function ¢ and applying Fubini’s theorem, we arrive at

‘fw@XDy—%maﬂh

C &y rw
s—ff /|muwmmwmmmww
g JRJO 0

< C€||(ﬂ||2—ﬁ||u||ﬂ/R|)’|2|M|(d)’),
which implies that
[(De — 0x)ullp—2 < Cellullg.
On the other hand, Lemma 3.5 implies that
(Ds — dx)ullp—1 < Cllullg,

and the result then follows as before by interpolating between these estimates. [
As an immediate corollary of these bounds, we obtain the following useful fact.

COROLLARY 3.7. Let B €[0, 1). There exists C > 0 such that for ¢ € (0, 1],
ue HP, and G € C1(R") we have

ID:G () — 0G| -1 < CeP |Guller (1 + llullp).

where |G| 1 is defined as in Lemma 3.2.

PROOF. Using Lemmas 3.6 and 3.2, we obtain
ID:G ) — 9, Gw)ll-1 < CeP[Gw)lp < CePGullc1 (1 + ullp),

which is the stated claim. O
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4. Probabilistic tools. In this section, we prove some sharp estimates for cer-
tain expressions involving stochastic convolutions. Our main tool is the following
version of Kolmogorov’s continuity criterion, which follows immediately from the
one given, for example, in [16]. The reason why we state condition (4.1) in this
form, is that it is automatically satisfied (by hypercontractivity) for random fields
taking values in a Wiener chaos of fixed (finite) order.

LEMMA 4.1.  Let (¢(t)):e[0,1] be a Banach space-valued random field having
the property that for any q € (2, 0) there exists a constant K, > 0 such that

Ello) DV < K, (Elo@)|*)!/?,
(Ellp(s) — o9 < K, (Elo(s) — p0)]?)"?
forall s, t € [0, 1]". Furthermore, suppose that the estimate
Ellg(s) — o@))1* < Kols —1/°

holds for some Ko, 8 > 0 and all s,t € [0, 1]*. Then, for every p > O there exists
C > 0 such that

(4.1)

E sup [lp®)]” < C(Ko+El©)]?)">.
tel0,1]*

Throughout this subsection, we shall use 6 and §k for the Fourier coefficients
of ¢ and , so that

Y=Y e, YO =Y O(Der.

keZ keZ
With this notation at hand, we first state the following approximation bound, which

shows that we can again trade powers of k for powers of ¢, provided that we look
at the difference squared:

LEMMA 4.2. Fort >0,k € Z and ¢ € (0, 1], we have
(4.2) E|6 (1) — 6k (0)|* < C(k™2 A e*k?).

PROOF. We write again f = f — 1 and assume v = 1 for simplicity. The Itd
isometry then implies that

~ 00 _
El0c(t) — 0 (1)|* = C/ 672“1”‘2)(1 — h(g|k|)e*fk2f(8|kl))2dt
0

B C[ooe—2t(1+k2)(1 — IR kD)2 gy
0
4.3) %0 ;
b [T e D (1 el
0

e+ .
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Let § > 0 be a (small) constant to be determined later and consider first the term I;
with |ek| <. Sir_lce f is twice differentiable near the origin, we can find § small
enough so that | f (|ek])| < ceZk? for some ¢ > 0. Therefore, for z > 0,

(4.4) I1— e_tsz(8|k|)| < cteltecte ! < ct82k4ec‘32tk2,
so that
1] < Ce*k® /Ootze—Zt(l+k2)+2c82k2t dr.
0
If we ensure that § is small enough so that 2¢8% < 1, we obtain
|I1| < Ce*k® /0 T 2o gy < Ce*l2 < Ck™2 A e*k?),

where the last inequality follows from the fact that |ek| < & by assumption.
To treat the case |ek| > §, we use the fact that by assumption there exists g €
(0, 1] such that f > g, so that

k2 —tk2(g—1)\2 0 ogk?
T e (e Yol A
0 0

4.5)
<Ck2<Ck2Ae*D).

The bound on I, works in pretty much the same way, using the fact that the
assumptions on /4 imply that

1 —h(elk])| < C(1 A%k,

Using again the fact that f > g, we then obtain
o
h<C f e~ 29 (1 A g4ty dt < C(k2 A %K)
0
as required. [

We continue with a sequence of propositions, in which the estimates obtained
in the previous lemma are used to establish various bounds for stochastic convolu-
tions.

PROPOSITION 4.3. Let0 <y < x. Forx > 0and ¢ € (0, 1] we have

E sup (Y, ()l <Ce"/*™, K sup |9, (1)l < Ce?/>7,
tel0,7T] 1€[0,T]

E sup [0l <Ce”>7, B sup |1, (1) =y ()| < Ce'/>7F,
t€[0,7] 1€[0,T]
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PROOF. We start with the proof of the second estimate. Observe that O is
a complex one-dimensional stationary Ornstein—Uhlenbeck process with variance
h?/(2(1 + vk? f)) and characteristic time 1 4+ vk? f. This implies that

h*(elk|)

Y 2 -2
(4.6) E|6x (1)] = ST GID) <CAk™?)
and
(4.7) E|6i (1) — 6 (s)1> < Ch*(elk|)|t — s| < C|t —s|.

These bounds imply that, on the one hand,
El0 (t)ex (x) — O(s)ex (3)|* < CEIB (1) + CE|fi ()|* < C(1 Ak ™),
while on the other hand, one has
E|6k (Der (x) — i (s)ex (y)]?
< CE|Bi(1) — c(s))> + CK?|x — y|*ElBi(5)
<Clt—s|+Clx —y>.
Combining these inequalities we find that, for every « € [0, 2],
E|k (H)ex (x) — O()ex (0 < CA AR K2 (|t — 5| + x — y )2

Since the ;s are independent except for the reality condition O_x = 0:/(, we infer
that

El, (t,x) = ¥y (s, DIP < C Y Elfe(tex(x) — G(s)ex ()]
|k|>e~Y
<C(t=s|+lx =y Y Ak 2
lk|>e=Y
< Cel™ (|t — s+ [x — y|H)¥2.
Arguing similarly, we obtain
Ely,0,0*<C > EGOPF<C Y (1Ak?) <Ce.
|k|>e~7 |k|>e~Y

The result now follows by combining these two bounds with Lemma 4.1.
The proof of the first and third estimates being very similar, we do not reproduce
them here. In order to prove the last estimate, we use Lemma 4.2 to obtain

E|§k(l‘) _ Qk(t)|2 < C(k_2)3/4+K/4(84k2)1/4_K/4 < Cgl—Kk—l—K.

This bound then replaces (4.6), and the rest of the proof is again analogous to the
proof of the second estimate. [
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PROPOSITION 4.4. Let ¢ > 0. For k > 0 and ¢ € (0, 1], we have

1
4.8) E sup [[¥5(0)lla < Cot@ 1/ (a o —),
1€[0.7T] 2

- 3
49) E sup [55() — pE (1)l < Ce>E@HIDw (a o ——).
t€l0,T]

PROOF. In view of the estimates
(4.10) Elox(0)* <Ck™2,  Elok(t) — 0(s)I> < Clt — s,
we obtain
ElvS @) —vio)lg <Clt—sl* Y A+kH* 1

lk|<e~¢
< C|t _ s|l(8—2§'(0{—1/2+K)
and
E[ly¢ (0)])2 < Ce=26@=1/2),

Inequality (4.8) thus follows from Lemma 4.1.

In order to prove (4.9), we argue similarly, but the estimates are slightly more
involved. Write 8 := 0 — 6 so that Y& — y¢ = > k|<e—¢ Skex. Using (4.7) and
(4.10), we have for s, t > 0,

E|8k (1) — 8k (s)[* < Clt — s].
Combining this bound with Lemma 4.2, we infer that for « € [0, %),
EI8k (1) — 8k()[* < Ck™ ) (*k>) 7|t — 5| = C&* 3 U> |1 — 5],
For « € (0, %a + %), we thus obtain
E[(W¢ — 5@ — @5 —yO)@IE < Clr — s > 1+ kA3
k|<e~t
<Clt— S|K84—§(2a+3)—8k
and similarly

E sup %) — yE @)l < Cet et =8k,
tel0,T]

The desired estimate (4.9) now follows from Lemma 4.1. [
PROPOSITION 4.5. Let ¢ > 0. For every k > 0 there exists C > 0 such that

E sup O(J (1)) < Ce™ 1 HE-DTx
t€l0,T]

for all & € (0, 1], where we wrote (¢ — 1) défO\/ ¢ -1.
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PROOF. As in the proof of Propositions 4.3 and 4.4, we shall apply Kol-
mogorov’s continuity criterion from Lemma 4.1, this time for L?-valued random
fields. It follows from (4.6) that

-~ L~ ~ ikey _ 112 _ -
E|Dey (e () = Fe )= Y | EIGk (1) — 0 ()
lk|>e—¢

— cos(key)
=€ Z T ek E

et
Note that, up to a factor ¢|y|, this sum can be interpreted as a Riemann sum for the
function H (t) déft_z(l — cos(?)). In fact, since H(z) <2(1 At72),

— cos(key)
ely! Z TP = elylHkey) <2 [ 7 (LAt ar
~, ~,

(4.11)
< C8(§_1)+.
It thus follows that
(4.12) E|| Dey (We (1) = ¥ (9)) |72 < Cley| e~
On the other hand, (4.6) and (4.7) imply that
El6k (1) = Oc(s)1> < C(1 AR e — 5|14,

and therefore

. - - ikey _ 12 N N
E|Dey(Fc ) ~ ) = Y B0 - AP
[k|>&—¢
(4.13) <Cley| 2|t —sIV* > (A

|k|>e—¢
< Cley| |t — 5|/
Combining (4.12) and (4.13), we find that
~ ~ ~ 2 1 _ 1\
E| Dey (Y (1) — ¥ ()] 72 < ley| ' ¥ [ — s[4 70C=DT,

Similarly, we obtain

E|lDey ¥ O3, = Y E|6k (0)[*

|k|>e—¢

— cos(key) _ v+
<C Z RN < Cley|~'e®=D",
|k|>e—¢

eikey -1 ‘2
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In view of Lemma 4.1, the latter two estimates imply that

.
E sup IIDgng(z)||L2<c|gy| 1= (1= = 1)

tel0,

Using this bound, the desired result for ®(W{ (t)) can be obtained easily, since

E sup O (1) =E sup IyI IIDeng(t)Ilelul(dy)
t€[0,T] t€[0,T]

IVPE sup || Deyte (D11, 11(dy)
R te[0,T]

et (l—i) (e —DF _
< Cem T UmOEDT y gdy)
< Ce 1K HI-0E=DT
The result now follows by rescaling «. [

The next and final result of this section involves the term which gives rise to the
correction term in the limiting equation. Before stating the result, we introduce the
notation

= def
y( ) = LDeyM ®Dsyu

ydef 1 h%(t)
A 5 ./l.Lr tzf(t)( — cos(yt)) dt

and
(1 — cos(eky))h?(ck)
2me(1 +vk2 f(ek))

NE Y ALE X

eV <k<e™X eV <k<e™X

Note that one has the identities
B0 = [ Blwn@y. A= [ Mu@n.  EEE)=AL
where the constant A is given by (1.5).

PROPOSITION 4.6. Leta > 2, y <5 and X > > . For e € (0, 1], we then have

E sup [[A—EBe(f} (1)l <Ce'>.
1€[0,T]

PROOF. The proofis an apphcatlon of Lemma 41withé=A—-E g(wy ). For
brevity, we shall write A := B, (wy )and AV := (wy ). We divide the proof into
several steps.
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Step 1. First, we claim that £(t) = A — A(¢) satisfies the condition (4.1) con-
cerning the equivalence of all g-moments.

To see this, note that %)} admits the representation J(t) = >, ak(t)ex where
each a4 (¢) is a Gaussian random vector in R". As a consequence, for every y € R,
each component of Ay — AY is a polynomial of Gaussian random variables of
degree at most two. It thus belongs to the direct sum of Wiener chaoses of order
< 2 and the same is true for A; — A, since each Wiener chaos is a closed subspace
of the space of square integrable random variables. The claim thus follows from
the well-known equivalence of moments for Hilbert space-valued Wiener chaos
(see, e.g., [13]).

Step 2. In this step, we estimate how well A3 approximates AY. Since |1 —
cosx| < C(1 A x?), we have the bound |Agk| < C(sy2 A (ek*)~1) for some con-
stant C. As an immediate consequence, we have the bound
(4.14) ‘AZ:—ZAZ’,( <Ce'"ry? 4 X7,

k>1

Define now the function

(1 — cos(yt))h?(t)
2eve2 f(r)

so that, since 42/ f is bounded by assumption, we obtain the bound

2
: gy
1AL — e®y(ek)| < Coa

(Dy(t) =

Combining this bound with (4.14), we have
‘Ag -3 sq)y(ek)‘ <Ce'"ryr4ex7h).
k>1

At this stage, we recall that for any function @ of bounded variation, one has the
approximation

S ek~ [ 0w di] <elllav.

k>1

where ||®| gy denotes the variation of ® over R, . Furthermore, for any pair @,
W, we have the bound

(4.15) [Py < [Pl ll¥lBY + WLl PllBY.
If we set W, () = (1 — cos(yt))/tz, we have

00 o |ytsinyt 4 2cos yt — 2|
19 ley = [ 1901di = [ - dt

<C| I3/OO<1A ! >dt<c2
= y 0 y2f2 =Ly
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Since ¥ (0) = y2 /2, a similar bound holds for its L°° norm, and we conclude from
(4.15) that

1Dy llBv < Cy*.
It follows immediately that we have the bound
(4.16) A — AV < C(e"T7y? 4 ey? + X7,

Step 3. We now use these bounds in order to obtain control over |A — A ||2_a for
a fixed time ¢ > 0 (which is often suppressed in the notation).
In order to shorten the notation, note that, we can write

~ h(elk
Jen= (elk)

nk(t)ex(x),
kez 2,/ 1+ vk f (e|k|)

where the n; are a sequence of i.i.d. C"-valued Ornstein—Uhlenbeck processes
with

E(ni(t) ® ne(s)) = E 8k —el,  EL =exp(—(1 + vk f(elk]))t]),

and satisfying the reality condition n_; = 1. Here, I denotes the identity matrix.
We will also use the notational shortcut

def
Al = () ® ne(0).

Set now

etkey — 1 h(elk|)

gk =
CV2 O T vkrelk)

as a shorthand. With all of this notation in place, it follows from the definition of
A? that

AW -NI= Y qfgt(A— & —eDerte.

7V <|k|,[f|<e™X
As a consequence, we have the identity

E[IAZT — A (1))12,

=Y A+ kD™D glqttqrgt™
keZ L,m
x Btr((Af j_p — 8k,0D) (AL, 4_ — Sk0D)),

where the second sum ranges over all £, m € Z for which ¢, k — £, m, k —m belong
to (¢77, e7X]. A straightforward case analysis allows to check that

417)  Etwr((Af ¢ — 80D (A}, 4 — S.0D)) = n8em +1°8¢k—m,

m,k—m
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so that

EIAL — A2, < CY L+ K™Y Il Plgs 42
keZ el

Note now that there exists a constant C such that the bound

1
Iq§|§Cf<|ylAm) < Ce=P/2 B2y 1-B/2

is valid for all e < 1, k € Z, y € R, and B € [0, 1]. It follows that there exists a
constant C > 0 such that we have the bound

gt 1 1qm gt 1 1gm
EIAYI — AV (t C Hel 't 1 _te! e |
14: DI, = Z et mpPe = Emzﬂ €1 |m]e
2 g DI e
|K|°‘+/3| |a+/3 - Y
,m>1

where we made the choice g = 1 to obtain the last bound, using the fact that
o> % by assumption. Combining this bound with (4.16), the constraints y < %
and x > > , and using the fact that u has finite fourth moment, we have

EIAT = ADIR, =C [ EIAY = 4* 012, ul@y)

< cfEqu — A2, 1ldy) + Ce
<Ce.

Step 4. Finally, we shall estimate E||A(t) — A(s)llz_a. Similarly to (4.17), this
involves the identity

Etr(Aek ZAmk m)_n8k0+(n81m+n 81 k— m)Eé g

km

As a consequence, we infer that

Diem(t, $) S Btr((Al = Af 1) Ab 4 — Ab i)
= 2(n8¢,m + 180 k—m)(1 — ELSETS ).
It thus follows that for any § € [0, 1],
Dyom (2, 5)
< CGtm +8eh-m)(1 A2+ v f(ell]) + vk —m)* f(elk —m])|t — 1)
< CGeum + Sek—m)lt — s (1 + €% f(ele)’ + (k —m)* f(elk —m])®).
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Using this bound, we obtain
E[AY (1) — AY ()12
=Y A+ kDY qlqt ™ a Gt " Diem (2. s)
,m

keZ
<> A+ Z|q€| g5 =42 (Dree(t, s) + Diox—e (2, 5))
keZ
<Clt—sPY A+ k»H™ "‘Zlqgl lgk—41?
keZ

x (142 f(ele)® + 1k — €1% f(elk — €])°).

Note that this expression is almost the same as in Step 3. Using the calculations
done there and taking into account that / and &/ f? are bounded functions, we infer
that

. 9517191
E[lA* (1) — A ()12, =Clt —sI° Y Wscn—sr‘slm%
t,m=>1

and therefore, using Jensen’s inequality (which can be applied since || has finite
mass), and Fubini’s theorem,

ElA®) — As)]2, = EH/R(Ay(t) — AY(9))p

< c/REuAym — AP, |1l dy)

< Celt —s|5/R|y3||u|<dy> < Celr —s]’,

which is the desired bound.
The result follows by combining these steps with Lemma 4.1. [J

5. Convergence of the approximations. This last section is devoted to the

convergence result itself. Recall that we are considering a number of intermediate

processes vé’ ) with j=1,...,4 defined in (2.10). This section is correspondingly

broken into five subsectlons w1th the jth subsection yielding a bound on || v(j )

éj D llo- To prove these bounds, we shall introduce in each step a stopping time
that forces the difference between the processes considered in that step to remain
bounded. We then show that this difference actually vanishes as ¢ — 0 with an
explicit rate. As a consequence, the process actually does not “see” the stopping

time with high probability.
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5.1. From vY to vél). Define

tf =K Ainflr <T: vP 1) -7 (1)], > K}

We shall show that for # < tg, the H*-norm of vél) () — vY (¢) is controlled by the

L*°-norm of ¥y, which is of order g¥/27% for any « > 0, as shown in Section 4.

The proof uses the mild formulations of the equations for vél) and vY () as well

as the regularizing properties of the semigroup S. Note that the next proposition
would still be true if we had replaced the H“-norm in the definition of th by the
L°°-norm. However, in the proof of Proposition 5.2 below it will be important to

have a bound on vél) in H*.
PROPOSITION 5.1. For k >0, we have
; (1) = 2—k\ _
EIEZ%P< sup [vP (1) — 37 ()], > €"/ K) =0.

t<tk

PROOF. Let0<s <t < t*. Ttfollows from (2.3) and (2.10a) that g, := vél) —
v” satisfies the equation

00 =50 =)0+ [ S =niot + o,
where
o) = F@" +0:) — F(0 + ),
02 =G +0:) — GW + ).
Lemma 3.3 yields the estimate

loe (M lle < ll0e($)la + C(t — T2 sup ||(0} + 8202 () |1

re(s,t)

< lloe®)lle + C(t — )72 sup ol ()|l + |02 ()| Lo
re(s,t)

Since v”, ¢, and ¥, are bounded in L°°-norm for r < rlk, and F, G are C3, it
follows that

lod (Ml + lo2(r) |l < Cx lloe (r) | Lo + CrllYy (M) lLee,
from which we infer that

loe®)lla < ll0e($)lle + Ck (t — )72 sup (llos ()l Lo + 19y (1) |l 1o0).

re(s,t)
Choose dg > 0 so small that C%(Sg_a)/z < %, and set for k > 0,

= sup{[|os (1) lo : 7 € [kSg A TE, (k 4+ Ddx A&}
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Taking into account that H* C L°°, we obtain the inequality
1 1
T+l <1+ =tk + 5 osup ([, ()] L,
2 2 tef0.1]

which reduces to

Fea1 <2rk+ sup [y, (0]l poe.
t€[0,T]

Combined with the estimate

ro<2 sup |y (X)L,

rSSK/\‘[lK

which can be derived similarly, it then follows that

sup [lee(Dlla = sup  rx = Cg sup |[|Yry (OllLe,
te[0,7f] 0<k<T/8g 1€[0,T]

which together with Proposition 4.3 implies the desired result. [

5.2. From vél) to véz).

time

For the purpose of this section, we define the stopping

f =K Ainflr <T: 0P () - v, = K}
as well as the exponent

~ def y 2
= 1— —_ = -,
o= ( y)a+2 3

PROPOSITION 5.2.  For k > 0, we have

. 2 1 oa—
SI%IP’( sug{”vé ') —v V@), > & ") =0.

1<)

@ _ M

PROOF. Let0<s <t < 1* and note that g, := v; satisfies

0:(t) = S(1 — 5)0s(s) + /st S(t —r)og(r)dr,
where
oe = F(v?) = F) + D (G + 0¢)) — 8, G (V).
From the definition of rzK , we know that vél) and g, are bounded in L*° by a con-
stant depending on K. Moreover, we have the bound llvél) lg < Cge~V@1/2—x,
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Using these facts together with Corollary 3.7 we obtain, for r < ‘EZK ,
loell-1 < | F () = F")] 1o
+ (D = 3G (V)| + D (G + ) = GvV))]
< Cillosllze + Cre®(1+ v [,) + [G (0 +00) = G(oV) ] 1o
< Ck (" +loellL),
hence

loe ) lla < o) lle + Ct — )72 sup loe(r)]|-1

re(s,t)

< Jloe()lla + Cx (t — )12 sup (%7 + oe(r) || 10).

re(s,t)

Arguing as in the proof of Proposition 5.1, it follows that

sup  [[ge()]le < Cxe® ™",
1€[0,7X]

which immediately yields the desired result. [J

5.3. From véz) to v§3). Define

fo=f Ainflt <T: P 1) =P )], > K}
In this case, the singularity (1 — s)~%/2 which arises in the proof below, pre-
vents us from arguing as in Proposition 5.1. We nevertheless have the following
proposition.

PROPOSITION 5.3. For k > 0, we have

lim p( sup [0 @) —vP 0], > 8“) =0,

t<t!
where the exponent ¢ is given by
def
(LEnG-a)A2-y@+3) =1

REMARK 5.4. The exponent ¢ arises by collecting the bounds (5.2), (5.3),
and (5.5).

PROOF OF PROPOSITION 5.3. Let0 <s <t < t*. It follows from (2.10b) and
(2.10c) that g, := vg(3) — véz) satisfies

0 (1) = Se(t = $)0¢ (5) + (Se (t —5) — St — ) (s5)
+ Ri(s,t) + Ra(s, 1),

(5.1)
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where

def

Ri(s, 1) = (7 (1) — Y7 (1)) — (Se(t — )PV (5) — St — )Y (5))

and

Rals, 1) = / (et — ) — S — )(FPP) + DG (1)) dr

+ / t St = r)(FP ) = Fu@(r))

+ D:G (v () — DG (P (1)) dr.

We shall first prove a bound on R (s, ¢). Using both inequalities from Lem-
ma 3.4, we obtain

[(Set — )P (s) — St — )Y ()],
<[ Set =)@V () =¥ )], + [ (Set =) = St —=))¥? ()],
<Cl@ ) = ¥Y )|, + CeX NP () latas

and therefore
IR (s, Dlla < (WY @) — ¥ )], + C| (@Y () —vY ()],

+CX Y () |lat2-

It thus follows from Proposition 4.4 that
(5.2) E sup [Ri(s,N)lla < Ce?77 @27,
5,1€[0,T]
We shall now prove a bound on R(s, ¢). For this purpose, we note that the

definitions of the various stopping times imply that vf;z) (t) is bounded in H*-norm
by CxeV@~1/2=¢_Using this fact, together with Lemmas 3.4, 3.5 and 3.2, we
obtain

f t(Sg(t —r) =St =) (FOP @)+ DG () dr

o

t
<o [ PP M) + DGO, dr
N

< Ce(t =)™ sup (|F(P )], + G0 M)],)

rels,t]

< Cxe(t =) (14 sup [vP()],)

rels,t]

< Cxe*(t =) (14 sup (o2 )], + lles()]))

rels,t]

< Cge¥ (1 —5)1790/2,
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Furthermore, taking into account the L°°-bounds on véz) and o, enforced by the
stopping times, Lemma 3.5 implies that

/ t St —r)(FP ) = Fu@ () + D:G(wS () — DG (v (r))) dr

o

<C@t—s5)1772 sup |F(P ) = FP))

re(s,t)
+D:G(vP () — DG )| _,
<Ct -9 sup (|FP ") — FuP )] 1~

re(s,t)
+ G ) =GP M) 1)
<Ck(t—$)""2 sup [lop(r)ll .

re(s,t)

It thus follows that

(53)  IRa(s, Dlla = Ci (6 =)™ (57 4 sup Jloe(r)lzoe),

re(s,t)

where we gave the constant a name, since it will be reused below.
Choose 8k € (0, 1) sufficiently small so that C} (8% "% 4+8%/*) < 1. Fork > 0
put €y ;== kég A r3K, and for k > 1 set

rk = sup{lloe () lla:t € [lr_1, €xs1]}-

Our next aim is to find a bound for ;. Observe that, when s = 0, (5.1) simplifies
to

(5.4) 06 (1) = (Se (1) — S(1)vo + (¥ (1) — ¥ (1)) + R2(0, 1)

with R, defined as previously. Using Lemma 3.4 and the definition of 7X, we
obtain

(5.5) |(Se(2) = S(®)vo], < Ce¥* ™ lvgllzjp—i < Cxe>**7.

Since t <28k and C8% *’* < 1, it follows from (5.3) and (5.4) that

~ 1 -~
r = Cxe? T 4 sup (0 =9 (Ol + 5 ).
1€[0,T] 2

hence, by definition of K,

(56) r < CK8(3/2—05)/\(2—]/((X+3/2))/\58—K — CK(S,{'—K’

where ¢ is defined as in the statement of the result.
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Next, we shall prove a recursive bound for r;. Note that the nonnegativity of the
function f in the definition of S implies that
[1Se(t = 5)0:($)la = lQe(5) |-

Furthermore, by Lemma 3.4 and the fact that ||v§2) le < Cyge V@ 1/D=K pefore
time r3K , we have

[(Se(t —5) =S¢ =)@ ©), < Ce*(t =)™ [uP )],
< Ck(t — )28,
Combining these bounds with (5.1) and (5.3), we find that
los(lla < lloe(®)lla + Cx (t — )™ 2* ™ + | R1(s. )
+ C (6 =) 72 (7 4 sup e (r)la)-

re(s,t)
Taking k > 1,5 = €x_1,and t € [€y, £x42], it then follows, since |t —s| € [k, 35k ]
and C}{S(l_“)/z < %, that
loella < lloe(Ck—Dlla + Cx e + IIR1 (Ch—1, Dlla + 5% + Tris1.

Taking the supremum over ¢ € [{, £r4+2], we obtain

N 1
Fiel <+ Cge® 4+ sup [Ri(s, Dlla + =7r+1,
5,1€[0,T] 2

hence

(5.7) i1 <2+ Cxe¥ 2 sup  |R1(s,0)|la.
s,t€[0,T]

It readily follows from (5.6) and (5.7) that

sup floe@lla=sup e <Cx(e5 +e5 4 sup IRi(s,Dlla),
rel0,7X] 1<k<[T/dk] 5,6€[0,T]

hence the result follows in view of the bound on R (s, ¢). O
5.4. From v§3) to v§4). Define
X = ninflr <T: P (1) - v§3)(t)||a > K}.

PROPOSITION 5.5. For k > 0, we have
tim P( sup [v@0) = v ()], > £57) =0,
E—> K

1<t}

-2 (ool )%

where
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REMARK 5.6. Similarly to above, the exponent £ arises from the bounds
(5.9)—(5.14).

PROOF OF PROPOSITION 5.5. Let0 <s <t < t*. It follows from (2.10d) and
(2.10c) that g, := v(4) — v§ ) satisfies

0:(1) = 5.t =)0 () + [ St - oy dr,
where
oe = F(v® + 1}5) — F(u®)
+VG® + 1) D (v + ¥)) — DG (uS) + AAG(vY).

The definition of D, together with (1.3), implies that for any function u the fol-
lowing identity holds:

DG (u)(x)
= VG (u(x))Deu(x)

(5.8) +/ —DZG(M(X))[D yit(x), Deyu(x)]u(dy)

+/RgZy3/01/OI/OS D3G((1 — ryu(x) + ru(x +ey))

X [Deyu(x), Deyu(x), Deyu(x)]dr ds dt ju(dy),

where the operator D, is defined by taking p := 81 — 8¢ in the definition of D,
that is, Dou(x) = e Y (u(x + &) — u(x)). As a consequence, we may write

o = Fu® +9%) = F(0) + De(G(v (4)+WX) G(vY))
+(AAG(P) — AW®, u®) -
= Fl® +3%) - F®) + De(G(v <4>+$5)—G<vé3>>>
— AP, @) =240, F1) + (AAG(ED) — AT, T1) - B

where we have used

2
A, w)(x) & / %DZG(ug“)(x))[ﬁsyvm,5gyw<x)]u<dy),

1 pt ps
B(x) déf/‘sz)ﬁ/ / / D3G((1 —ru®(x) + rul® (x + ey))
R 0o JOo JO
X [Deyt® (x), Deyu® (x),
Deyu® (x)]dr ds dt u(dy)
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and u(4) = (4) + IZJ)/(
Our next aim is to prove the estimates (5.9)—(5.14) below in order to bound
lloell-1.

First term. Since v {5,, and o, are bounded in L* by definition of 14 ,
follows that

|F@® +97) = FoP)| -y < CIF (o +95) — F(of” — o) 1
(5.9) < Cx (I e + lloell )
< Ck ("™ +lloclla).

Second term. We use Lemma 3.5 and the fact that v Wy and g, are bounded
in L by definition of r4 , to estimate

[D: (G +9) = G-, = €GP + ) = G0 — o) | 1
(5.10) < Cx (Il + lloell )
< Ck ("7 +lloclla).

Third and fourth term. First, we note that for arbitrary functions v, w, one has
IA@, w)ll-1 = ClAQ@, w1 < Ce|D*G ()] Lo vO: (1) O (w).
Since ||u(4)(t)||Loo <Cg fort < rf, we have
|D°Gu®)] - < Ck.

Furthermore, we observe that ||v§4) lo < Cge V@ 1/2=¢ before time tf . Using
this bound together with Lemma 3.5 and (1.3), we estimate

(@) f V| Deyv® 2ol dy)
< Ck fR Yley P |2 |l (dy)

< Cx /R V2ley 2@ Dg=2r@=1/2=2¢| ()

S Cngol—z—K .

K

Moreover, by definition of the stopping time t* we have

®8(1’;})/() =< ®8(lzy) < CK&‘_I_K,
Putting everything together, we obtain

(5.11) ”A( (4) (4))”_1 S Cng&fleK
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and
G.12) A, )], < Crei 122,

Fifth term. Finally, we estimate AAG(U§3)) — A(xzf,(,%)f). By definition
of rsK, we have ||1z)),( lo < Cxe x@=1/2=¢ pefore time ‘L'4K. Since ||v§4)||a <
CreV@=1/2=K a5 observed before, we thus have

Juf?, = e,
Furthermore, since o > %, there exists a constant C > 0 such that we have the
bound

[AAG(u®) = AWF FD|_, = [e(D*CuP) (AL = B (FN))]
< C|D*Gu) | NAT — Ec(F) | —a-

Since the stopping time tX enforces that ||A] — ES(%)})H_(X < Cke'/?, we infer
that

< Cgel/2x@=1/9-«

[AAG () — AW 9],

@ _ 0

Since u; = 0 + ¥, we have by definition of 7%,

|AGWH — AG(WD)|_, < |AGwH — AGOLD) ]~

[
< Cxlloelli= + Cx 1 ¥ |l o
< Ckllgella + Cxe?7".

Putting these bounds together, we obtain

[AAG(e) = AW VD],

(5.13) 1/2—x(@—1/2)—k v/2—«
SCK(g +¢ +||Q£||a)-

Sixth term. To estimate B, we use the fact that ||u§4) ®)||pe <Ck fort < r4K ,
so that one has the bound

1Bl <Cx / /R 6293 Beyu™® ()1l (dy) dx.

We will split this expression into two parts, using the fact that u§4) = 1;,),( + v£4).

First, using the fact that @(%),() < Cgel=* before time r4K by definition of the
stopping time X, we find that

f]R 2y* | Dey ¥t () Pl (dy) dx

<205 [ [ 31Dy (0 Plul(dy) d

=26l 11O ()) < Cxe [P} Il < Cge? P73
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Second, using the fact that H 176 1.3 Lemma 3.5 and the fact that ||v§4) lo <

Cre V@=1/D=k e obtain
[ 3
f /R £2)3| Doy v™® (o) |1l (dy) dx
=~ 3
< ce? [ yPIDa ] slul(ay)

_ _ 3
< €02 [ |yt Py o
< Ce3d-3/2-3¢
It thus follows that
(5.14) 1Bl 1 < Cxe?/?™3 4 Cyed@1/273¢,
Combining inequalities (5.9)—(5.13), we find that

sup [loe(r)|-1 < Ck (87//2—316 4 g¥-1/2-2
re(s,t)

el 22 g up gu(r)la ).

re(s,t)

and the result now follows as in Proposition 5.2. [J

“

5.5. Fromvg "’ to v”. Define

o = ainfle < T (0 -0 0], = K}

PROPOSITION 5.7. For k > 0, we have

_ N 4 1/2x—1/2—
tim B sup [ @)~ o 0)], > £/ 712%) =0,

1<}

PROOF. Let0<s <t < t* It follows from (2.4) and (2.10d) that g, :=v¥ —

v§4) satisfies

0= | Se(t = os(r)dr,
where
0e = VG +¥,)De (¥ + V)
—VG@ + ¥} —0)De(¥" + ¥ — 0e)
+F@ + ) — FQ" + ¥ — o).
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In order to estimate o, we use (5.8) to write

0: = DeG(W” + V) = DeG@ + ) —0c)

- /R ; (D>G(us) — D*G(u™®))[ Deytte, Deytcln(dy)
-, 8; D2G(u®)[Dey (e +u®), Doy (e —u¥)]u(dy)

- 32(Ra(uea ug) — R (u£74)v u§4)))
+F@ +9,) — FA + ¥/ — 0.)
=:0g1+ -+ 0gs,

where u, :=v" + wy, ul: (4) + %),( and

1 pt ps
R.(u', u®)(x) ::/ 82y3/ / / D3G((1 —ru ) +ru'(x +¢ey))
R o Jo Jo
X [Deyu?, Deyu®, Deyu1dr ds dt du(y).
We shall now estimate o; 1, ..., 0¢ 5 individually.
First term. First, we observe that v7, 1;7, 1;,, and o, are bounded in L°° before

time 1'5 Using Lemma 3.5, the embedding H* C L°°, and the definition of the
stopping time to bound || llfx || Loo, We obtain

loe1ll-1=|De(GA” + ) = GA + ¥ — 00))|_,
< CIGE +9y) — GO + ¥ X — 00) 1
(5.15) N
< Cx 1y Iz + lloe o)
< Cr(e**™ 4 lo¢lla)-

Second term. Using Lemma 3.5 and the fact that gV @1/t 137 |, is
bounded before time tSK, we estimate

0.(07) = fR V21 Dey 12|l (dy)
<Cx /R V2ley 2@V 12 1l (dy)

< Cx /R V2leyPa D=2 @122 (g

S CKSZ(){*Z*K ,



A SPATIAL VERSION OF THE ITO-STRATONOVICH CORRECTION 1711

and by the definition of the stopping time X,

~ 11—
O (Yy) < Cge™ "~
As a consequence,

(5.16)  Op(ue) <2(O(T) + Op () < Cx (e27727¢ f g7 1K) < g717x,

Note that |lug||r and ||u§4)|| 1~ are bounded before time tSK . Using that L' C
H~!, we obtain

loeall—1 < lloe2lln <& D*Gue) — D*G ()] o O (1)

< Cxe > Jue —u®|
(5.17) L _
=< Ckxe " (logllroe + 1Yy llLoe)

< Cxe (e lle +&*27).
Third term. By Lemma 3.5, we have

©c(0s) = fR 321 Deyoe Pl (dy)
(5.18)

<c /R V2 1ey PV 0 1l (dy) < Ce 2] 0g 2.

Observe that u, + u£4) =297 — . + 1;), + %}f and u, — u§4) = 1;)( + o.. Taking
into account that

e 0.(d,), 0.0, 2Oy, ol

are all bounded before time tSK , we obtain

Oc (e +ul?) < C(O: (V) + Ocle) + O, (V) + O (V)

(5.19) .
< CK(SZQ—Z—K +82a—1 + 8_1_K) < CKE_I_K
and
Oc(ue —ulP) < C(O: (V) + Oc(0s))
(5.20)

< Cxe’ 727 4 Ce¥ 72| 0¢ |12

Using that ||uf;4) [z < Ck before time 1:5K , we obtain

106311 < 10e.3ll1 < €| D2G®)] o0y O (1t + 1) O (e — uP)

< Cg (eX/271/27260 4 @7 12760 1),
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Fourth term. We shall show that
(5.21) loe.all-1 < Ck (e~ lgella + e*/271/27%€).

First, we use the L°°-bound on u §4) enforced by the stopping time, to obtain the
pointwise bound

|Re(ue, ue) — Re(ue, ul®)|
<Cg /RgZy3(|58yu8|2 + |58yu8||ﬁgyu§4)‘ " ‘5syu§4)\2)
x| Dey e — ™) lal(@y)
<Cg /Rsy2(|55yus| + | Deyu® ()| Doy (1t — u®)|Il(dy).

In view of (5.20) it thus follows that
” Re(ug,ue) — R (MS’ u£4)) HL1

= Cxe [ 32| (1Deyte] + | Deyu]) Dy (s = ) bl (@)

= CKS/;zyZ(||58y”e||L2 + ||5ey”¢(s4) “LZ)HBSy(ue - “24))||L2|M|(d)’)

< Cie (O ) + O, () O (ue — ul).

Using (5.16), (5.18), and the definition of the stopping time to bound ®, (IZX), we
find that

O (e) + Op (u?) < C(O (ue) + Oc(0e) + O: ()
< Cple™ 7% 42072 4 gx1-ky < g=l—x
Using (5.20), we thus obtain
(522) | Re(ute, us) = Re(ute, ul?)| 1 < Cx (7271272 4 647127 g o).
Furthermore, taking into account that

Ug — Uy, " || oo =LK NXLOO OellLe) = Cg (e Oslla)s
I D w0 < Cx 1Tyl + lloelle) < Cx (X7 + [l 0ella)
we have by (5.16),

| Re (e, ul®) = Re(ul®, ul®) .

= ke e = [ 1Dy Ll
(5.23) < Celus —u®] fR V| Deyu® |2 e dy)

= Crelue —ul] 1 07 (u®)

< Cx (eX*73 4 7% 0¢ |la).
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The claim follows by adding (5.22) and (5.23) and using the embedding L' C
H™L

Fifth term. As in the first step, we have
loeall-1 = I1F@ + ) — FQ¥ + ¥ — 06) -1
(5.24) < Cx (1l + locll =)
< Cr (™ + lloella)-
Combining the five estimates, we obtain

loe(lle < Ct — )72 sup |loe(r)]| -1

re(s,t)

< C(t =) sup (720 (r)llq + X/>71/272).

re(s,t)

The result now follows as in the proof of Proposition 5.1. [
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