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1. Introduction.

1.1. Historical background. The notion of heat kernel has a long history. The
oldest and the best-known heat kernel is the Gauss—Weierstrass function

1 e =y
Pt(X,y)ZWeXP(— a1 )
where ¢t > 0 and x, y € R", which is a fundamental solution of the heat equation
u
P

(1.1 Au,

where A is the Laplace operator in R”. A more general parabolic equation 2 =

at
Lu, where
"9 0
L pr— _— - _—
Z 3)6,' (a” (X) 3Xj>
i,j=1

is a uniformly elliptic operator with measurable coefficients a;; = a;;, has also a
positive fundamental solution p,(x, y), and the latter admits the Gaussian bounds

c x —yP?
(12) i) = S exp( )

where the sign =< means that both < and > are true, but the positive constants ¢
and C may be different for upper and lower bounds. The estimate (1.2) was proved
by Aronson [1] using the parabolic Harnack inequality of Moser [54].

The next chapter in the history of heat kernels was opened in differential geom-
etry. Consider the heat equation (1.1) on a Riemannian manifold M, where A is
now the Laplace—Beltrami operator on M. The heat kernel p;(x, y) is defined as
the minimal positive fundamental solution of (1.1), which always exists and is a
smooth nonnegative function of ¢, x, y; cf. [13, 28, 57]. The question of estimat-
ing the heat kernel on Riemannian manifolds was addressed by many authors (see,
e.g., [17, 28, 52, 59]). Apart from obvious analytic and geometric motivation, a
strong interest to heat kernel estimates persists in stochastic analysis because the
heat kernel coincides with the transition density of Brownian motion on M gener-
ated by the Laplace—Beltrami operator.

One of the most powerful estimates of heat kernels was proved by Li and
Yau [51]: if M is a complete Riemannian manifold of nonnegative Ricci curva-
ture, then

. cC d*(x,y)
(1.3) Pt(x»)’)/\mexp(— o )

where d(x, y) is the geodesic distance on M, and V (x, r) is the Riemannian vol-
ume of the geodesic ball B(x,r) ={y € M :d(x,y) < r}. Similar estimates were
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obtained by Gushchin with coauthors [38, 39] for certain unbounded domains in
R" with the Neumann boundary condition.

An interesting question is what minimal geometric assumptions imply (1.3).
The upper bound in (1.3) is know to be equivalent to a certain Faber—Krahn-type
inequality (see Section 3.3). The geometric background of the lower bound in (1.3)
is more complicated and is closely related to the Harnack inequalities. In fact, the
full estimate (1.3) is equivalent, on one hand, to the parabolic Harnack inequality
of Moser (see [18]), and, on the other hand, to the conjunction of the volume
doubling property and the Poincaré inequality (see [22, 55]). For a more detailed
account of heat kernel bounds on manifolds we refer the reader to the books and
surveys [13, 17, 25, 27, 28, 42, 57, 59].

New dimensions in the history of heat kernels were literally discovered in analy-
sis on fractals. Fractals are typically subsets of R" with certain self-similarity prop-
erties, like the Sierpinski gasket (SG) or the Sierpinski carpet (SC). One makes a
fractal into a metric measure space by choosing appropriately a metric d (e.g., the
extrinsic metric from the ambient R") and a measure p (usually the Hausdorff
measure). The next crucial step is introduction of a strongly local regular Dirichlet
form on a fractal, that is, an analogy of the Dirichlet integral [ |V f|?> on manifolds,
which is equivalent to construction of Brownian motion on the fractal in question;
cf. [20]. This step is highly nontrivial and its implementation depends on a partic-
ular class of fractals. On SG Brownian motion was constructed by Goldstein [21]
and Kusuoka [49], on SC, by Barlow and Bass [3]. Kigami [43, 44] introduced a
class of post-critically finite (p.c.f.) fractals, containing SG, and constructed the
Dirichlet form on such a fractal as a scaled limit of the discrete Dirichlet forms on
the graph approximations.

A strongly local regular Dirichlet form canonically leads to the notion of the
heat semigroup and the heat kernel, where the latter can be defined either as the
integral kernel of the heat semigroup or as the transition density of Brownian mo-
tion. Surprisingly enough, the Dirichlet forms on many families of fractals admit
continuous heat kernels that satisfy the sub-Gaussian estimates

C dPf(x, y)\'/B-D
(1.4) pi(x,y) < /P exp(—c(—) >,

t

where o > 0 and B > 1 are two parameters that come from the geometric proper-
ties of the underlying fractal. Estimate (1.4 ) was proved by Barlow and Perkins
[12] on SG, by Kumagai [48] on nested fractals, by Fitzsimmons, Hambly and
Kumagai [19] on affine nested fractals and by Barlow and Bass on SC [4] and
on generalized Sierpinski carpets [5] (see also [2, 7, 44, 47, 50]). In fact, « is the
Hausdorff dimension of the space, while g is a new quantity that is called the walk
dimension and that can be characterized either in terms of the exit time of Brow-
nian motion from balls or as the critical exponent of a family of Besov function
spaces on the fractal (cf. [2, 26, 29, 32]).
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1.2. Description of the results. 'The purpose of this paper is to find convenient
equivalent conditions for sub-Gaussian estimates of the heat kernels on abstract
metric measure spaces. Let (M, d) be a locally compact separable metric space,
w1 be a Radon measure on M with full support and (£, F) be a strongly local
regular Dirichlet form on M (see Section 2.1 for the details). We are interested in
the conditions that ensure the existence of the heat kernel p;(x, y) as a measurable
or continuous function of x, y, and the estimates of the following type

c d(x,
(1.5) p,(x,y)xmexp<—ctcb(c (xt y)>>,

where V(x,r) = u(B(x,r)) and R(t), ®(s) are some nonnegative increasing
functions on [0, co). For example, (1.3) has the form (1.5) with R(¢) = 4/t and
®(s) = s2, while (1.4) has the form (1.5) with R(t) = ¢!/# and ®(s) = s#/F=D
[assuming that® V (x, r) >~ r%, which, in fact, follows from (1.4)].

To describe the results of the paper, let us introduce some hypotheses. First,
we assume that the metric space (M, d) is unbounded and that all metric balls are
precompact? (although these assumptions are needed only for a part of the results).
Next, define the following conditions:

e the volume doubling property (VD): there is a constant C such that

(VD) V(ix,2r)<CV(x,r)

forallx e M and r > O;
o the elliptic Harnack inequality (H): there is a constant C such that, for any
nonnegative harmonic function # in any ball B(x,r) C M,

(H) esup u <C einf u,
B(x,r/2) B(x,r/2)
where esup and einf are the essential supremum and infimum, respectively, (see
Section 3.2 for more details);
o the estimate of the mean exit time (Er),

(EF) IExTB(x,r) >~ F(r),

where Tp(y ) 1s the first exist time from ball B(x,r) of the associated diffusion
process, started at the center x, and F(r) is a given function with a certain regu-
larity (see Section 3.3 for more details). A typical example is F(r) = r? for some
constant 8 > 1.

The conditions (H) + (VD) + (EF) are known to be true on p.c.f. fractals (see
[40, 44]) as well as on generalized Sierpinski carpets (see [5, 8]) so that our results

3The sign =~ means that the ratio of both sides is bounded between two positive constants.

4The precompactness of balls implies that (M, d) is a complete metric spaces. The following
partial converse is also true: if (M, d) is complete and the volume doubling property (VD) holds, then
all balls are precompact. However, since we do not always assume (VD), we make an independent
assumption of precompactness of the balls.
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apply to such fractals. Another situation where (H) + (VD) + (EF) are satisfied is
the setting of resistance forms introduced by Kigami [46]. A resistance form is a
specific Dirichlet form that corresponds to a strongly recurrent Brownian motion.
Kigami showed that, in the setting of resistance forms on self-similar sets, (VD)
alone implies (H) and (Ef) with F(r) = rP, for a suitable choice of a distance
function. Examples with more general functions F'(r) appear in [11] and [58].

Let us emphasize in this connection that our results do not depend on the recur-
rence or transience hypotheses and apply to both cases, which partly explains the
complexity of the proofs. A transient case occurs, for example, for some general-
ized Sierpinski carpets. Another point worth mentioning is that we do not assume
specific properties of the metric d such as being geodesic; the latter is quite a
common assumption in the fractal literature. This level of generality enables ap-
plications to resistance forms where the distance function is usually the resistance
metric that is not geodesic.

Our first main result, which is stated in Theorem 5.15 and which, in fact, is a
combination of Theorems 3.11, 4.2, 5.11, 5.14, says the following: if the hypothe-
ses (VD) + (H) + (EF) are satisfied, then the heat kernel p;(x, y) exists, is Holder
continuous in x, y and satisfies the following upper estimate:

C 1 d(x,y)
(UE) PKX,y)S-VE;TEIBSexp<—§t¢<c——7——>),

where R = F~! and

B(s) = K} 1
“y_iﬂ?_ka

and the near-diagonal lower estimate

(NLE) pi(x,y) > provided d(x, y) < nR(1),

_c
Vi(x,R())

where 7 > 0 is a small enough constant. Furthermore, assuming that (VD) holds a
priori, we have the equivalence’

(1.6) (UE)+ (NLE) < (H)+ (EF)
(Theorem 7.4).

SFor comparison, let us observe that, under the same standing assumptions, it was proved in [10]
that

(UE) + (NLE) < (PHIF),

where (PHIF) stands for the parabolic Harnack inequality for caloric functions. Hence, we see
that the “difference” between (PHI ) and (H) is the condition (E ), that in particular provides a
necessary space/time scaling for (PHI ).
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For example, if F(r) = rP for some B > 1, then R(r) = Y8 and ®(s) =
consts#/B=D Hence, (UE) and (NLE) become as follows:

C dP(x, y) 1/(8-1)
(1.7) pi(x,y) < m exp(—c<f) )
and
c ) U
pi(x,y) = Vix, /8 provided d(x, y) < nt'/8.

It is desirable to have a lower bound of p;(x, y) for all x, y that would match the
upper bound (1.7). However, such a lower bound fails in general. The reason for
that is the lack of chaining properties of the distance function, where by chaining
properties we loosely mean a possibility to connect any two points x, y € M by a
chain of balls of controllable radii so that the number of balls in this chain is also
under control. More precisely, this property can be stated in terms of the modified
distance d.(x, y) where ¢ > 0 is a parameter. The exact definition of d. is given in
Section 6.1, where it is also shown that

de(x,y) >~ eNg(x,y),

where N¢(x, y) is the smallest number of balls in a chain of balls of radii € con-
necting x and y. As ¢ goes to 0, d; (x, y) increases and can go to co or even become
equal to oo. If the distance function d is geodesic then d; = d, which corresponds
to the best possible chaining property. In general, the rate of growth of d.(x, y) as
& — 0 can be regarded as a quantitative description of the chaining properties of d.
For this part of our work, we assume that

F(e)
£

(1.8)

de(x,y)—>0 as e — 0,

which allows to define a function e(¢, x, y) from the identity
F(g)

(1.9) Tda(x,y)zt-

Our second main result states the following: if (1.8) and (VD) + (H) 4 (EF) are
satisfied, then

C dg(x,
(1.10) pt(x,y)xmexp<—ctcb<c (); ”))

(1.11)

S exp(—cNy),
V(x, R(1))

where ¢ = ¢(ct, x,y) (Theorem 6.5). For example, the above hypotheses and,

hence, the estimates (1.10) and (1.11) hold on connected p.c.f. fractals endowed

with resistance distance, where one has V (x, r) >~ r® and F(r) = r**! for some

constant . The estimate (1.11) on p.c.f. fractals was first proved by Hambly and



1218 A. GRIGOR’YAN AND A. TELCS

Kumagai [40]. In fact, we use the argument from [40] to verify our hypotheses (see
Remark 6.8).

Note that the dependence on ¢, x, y in the estimates (1.10) and (1.11) in very im-
plicit and is hidden in g(ct, x, y). One can loosely interpret the use of this function
in (1.10) and (1.11) as follows. In order to find a most probable path for Brownian
motion to go from x to y in time ¢, one determines the optimal size € = g(ct, x, y)
of balls and then the optimal chain of balls of radii & connecting x and y, and
this chain provides an optimal route between x and y. This phenomenon was dis-
covered by Hambly and Kumagai in the setting of p.c.f. fractals, where they used
instead of balls the construction cells of the fractal. As it follows from our results,
this phenomenon is generic and independent of self-similar structures.

If the distance function satisfies the chain condition d. < Cd, which is stronger
than (1.8), then one can replace in (1.10) d; by d and obtain (1.5) (Corollary 6.11).
In fact, in this case we have the equivalence

(1.12) (VD) + (H) +(EF) < (1.5)

(Corollary 7.6).

In the setting of random walks on infinite graphs, the equivalence (1.12) was
proved by the authors in [36, 37]. Of course, in this case all the conditions have to
be adjusted to the discrete setting.

For the sake of applications (cf., e.g, [8]), it is desirable to replace the proba-
bilistic condition (£ ) in all the above results by an analytic condition, namely, by
a certain estimate of the capacity between two concentric balls. This type of result
requires different techniques and will be treated elsewhere.

1.3. Structure of the paper and interconnection of the results. In Section 2 we
revise the basic properties of the heat semigroups and heat kernels and prove the
criterion for the existence of the heat kernel in terms of local ultracontractivity of
the heat semigroup (Theorem 2.12).

In Section 3 we prove two preparatory results:

(1) (VD) + (H) + (Er) = (FK) where (FK) stands for a certain Faber—
Krahn inequality, which provides a lower bound for the bottom eigenvalue in any
bounded open set 2 C M via its measure (Theorem 3.11). In turn, (FK) implies
the local ultracontractivity of the heat semigroup, which by Theorem 2.12 ensures
the existence of the heat kernel.

(2) (EF) implies the following estimate of the tail of the exit time from balls:

R
(1.13) Py(tp,r) <t) < Cexp(—t@(cT))

(Theorem 3.15).
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In Section 4 we prove the upper estimate of the heat kernel, more precisely, the
implication

(VD) + (FK) + (EF) = (UE)

(Theorem 4.2). The main difficulty lies already in the proof of the diagonal upper
bound

(DUE) pi(x, x) < VE RO
Using (FK), we obtain first some diagonal upper bound for the Dirichlet heat ker-
nels in balls, and then use Kigami’s iteration argument and (1.13) to pass to (DUE).
The latter argument is borrowed from [31]. The full upper estimate (UE) follows
from (DUE) and (1.13).

In Section 5 we prove the lower bounds of the heat kernel. The diagonal lower
bound

DLE X,X)> ———

(DLE) pi(x,x) = V. RO)

follows directly from (1.13) (Lemma 5.13). To obtain the near diagonal lower es-
timate (IVLE), one estimates from above the difference

(1.14) |pe(x, x) = pi(x, Y,
where y is close to x, which requires the following two ingredients:

(1) the oscillation inequalities that are consequences of the elliptic Harnack
inequality (H) (Lemma 5.2 and Proposition 5.3);
(2) the upper estimate of the time derivative 0; p;(x, y) (Corollary 5.7).

Combining them with (UE), one obtains an upper bound for (1.14), which to-
gether with (DLE) yields (NLE) (Theorem 5.14).

The same method gives also the Holder continuity of the heat kernel (Theo-
rem 5.11).

In Section 6 we prove two-sided estimates (1.10) and (1.11) (Theorem 6.5). For
the upper bound, we basically repeat the proof of (UE) by tracing the use of the
distance function d and replacing it by d. The lower bound for large d(x, y) is ob-
tained from (NVLE) by a standard chaining argument using the semigroup property
of the heat kernel and the chaining property of the distance function.

In Section 7 we prove the converse Theorem 7.4, which essentially consists of
the equivalence (1.6).

NOTATION 1. We use the letters C, ¢, C’, ¢’ etc. to denote positive constant
whose value is unimportant and can change at each occurrence. Note that the value
of such constants in the conclusions depend on the values of the constants in the
hypotheses (and, perhaps, on some other explicit parameters). In this sense, all our
results are quantitative.
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The relation f ~ g means that C~!g < f < Cg for some positive constant C
and for a specified range of the arguments of functions f and g. The relation f < g
means that both inequalities f < g and f > g hold but possibly with different
values of constants ¢, C that are involved in the expressions f and/or g.

2. Heat semigroups and heat kernels.

2.1. Basic setup. Throughout the paper, we assume that (M, d) is a locally
compact separable metric space, and u is a Radon measure on M with full support.
As usual, denote by L9 (M) where ¢ € [1, +00] the Lebesgue function space with
respect measure i, and by | - ||, the norm in L¢(M). The inner product in L3(M)
is denoted by (-, -). All functions on M are supposed to be real valued. Denote
by Co(M) the space of all continuous functions on M with compact supports,
equipped with the sup-norm.

Let (£, F) be Dirichlet form in L?(M). This means that F is a dense subspace
of L>(M), and E(f, g) is a bilinear, nonnegative definite, closed® form defined
for functions f, g € F, which satisfies, in addition, the Markovian property.” The
Dirichlet form (&, F) is called regular if F N Cyo(M) is dense both in F and in
Co(M). The Dirichlet form is called strongly local if £(f, g) = 0 for all functions
f> & € F such that g has a compact support and f = const in a neighborhood of
supp g. In this paper, we assume by default that (£, F) is a regular, strongly local
Dirichlet form. A general theory of Dirichlet forms can be found in [20].

Let £ be the generator of (£, F); that is, £ is a self-adjoint nonnegative definite
operator in L2(M) with the domain dom(L) that is a dense subset of F and such
that, for all f € dom(£) and g € F

E(f.8)=(Lf. 8).
The associated heat semigroup
Pr=eF,  1>0,

is a family of bounded self-adjoint operators in LZ(M). The Markovian properties
allow the extension of P; to a bounded operator in L9 (M), with the norm < 1, for
any g € [1, 4-00].

Denote by B(M) the class of all Borel functions on M, by B} the class of
bounded Borel functions, by B (M) the class of nonnegative Borel functions and
by BL9(M) the class of Borel functions that belong to LY (M).

The form (€, F) is called closed if F is a Hilbert space with respect to the following inner
product:

Ei(f.e)=E(f,9)+(f.8).

7The Markovian property (which could be also called the Beurling—Deny property) means that if
f € F, then also the function f: f+ A 1 belongs to F and S(f, f) <&(f, f).
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By [20], Theorem 7.2.1, for any local Dirichlet form, there exists a diffusion
process {{X;};>0, {Px}xem\np} With the initial point x outside some properly ex-
ceptional set® Ny C M, which is associated with the heat semigroup {P;} as fol-
lows: for any f € BLI(M), 1 <qg < oo,

2.1 E,f(X;) =P f(x) for p-a.a. x € M.
Consider the family of operators {P;};>¢ defined by
(22) P f (x) :=Ex f(Xy), x € M\ N,

for all functions f € B, (M) (if X, has a finite lifetime, then f is to be extended by
0 at the cemetery). The function P; f (x) is a bounded Borel function on M \ Njp.
It is convenient to extend it to all x € M by setting

(2.3) P f(x) =0, x € No,

so that P; can be considered as an operator in B, (M). Obviously, P; f > 0if f >0
and P;1 < 1. Moreover, the family {P;};>¢ satisfies the semigroup identity

PiPs = Prys.
Indeed, if x € M \ N, then we have by the Markov property, for any f € B,(M),

Pras f(x) =Ex (f (Xi45)) = Ex (Ex, (f (X)) =Ex (Ps f (X)) = Pr (Ps f)(x),
where we have used that X; € M \ Ny with P,-probability 1. If x € Ny, then we

have again

Prys f(x) =P (Ps f)(x),

because the both sides are 0.

By considering increasing sequences of bounded functions, one extends the def-
inition of P; f to all f € B4 (M) so that the defining identities (2.2) and (2.3) re-
main valid also for f € B, (M) [allowing value +oo for P; f(x)]. For a signed
function f € B(M), define P; f by

Prf(x) =Pi(fr)(x) = Pr(f-)(x),

provided at least one of the functions P;(f+), P;(f-) is finite. Obviously, identi-
ties (2.2), (2.3) are satisfied for such functions as well.
If follows from the comparison of (2.1) and (2.2) that, for all f € BLY(M),

Pif(x)=P f(x) for p-a.a. x € M.

8A set NV C M is called properly exceptional if it is Borel, u(N) =0 and
P, (X; € N for some t > 0) =0
for all x € M \ \V (see [20], page 134 and Theorem 4.1.1 on page 137).
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It particular, P f is finite almost everywhere.

The set of the above assumptions will be referred to as the basic hypotheses,
and they are assumed by default in all parts of this paper. Sometimes we need also
the following property.

DEFINITION 2.1. The Dirichlet form (&, F) is called conservative (or
stochastically complete) it P;1 =1 forall t > 0.

EXAMPLE 2.2. Let M be a connected Riemannian manifold, d be the
geodesic distance on M, p be the Riemannian volume. Define the Sobolev space
W!'={feL>(M):VfeL*(M),

where V f is the Riemannian gradient of f understood in the weak sense. For all
f.g € W!, one defines the energy form

E(frg) = /M<Vf, Ve)dp.

Let F be the closure of C;°(M) in W!. Then (£, F) is a regular strongly local
Dirichlet form in L%(M).

2.2. The heat kernel and the transition semigroup.

DEFINITION 2.3. The heat kernel (or the transition density) of the transition
semigroup {P;} is a function p;(x, y) defined forallt > Oand x,y € D := M\ N,
where N is a properly exceptional set containing A, and such that the following
properties are satisfied:

(1) for any ¢ > 0, the function p;(x, y) is measurable jointly in x, y;
(2) forall f e B,(M),t>0andx € D,

(2.4) Pufe) = [ pie ) 0V du):
(3) forallz > 0and x, y € D,

(2.5) pr(x,y) = pr(y, x);
(4) forallt,s > Oandx,y € D,

(2.6) prse) = [ piteDpiz ) du).

The set D is called the domain of the heat kernel.

Let us extend p;(x, y) to all x, y € M by setting p;(x, y) =0 if x or y is out-
side D. Then (2.5) and (2.6) hold for all x, y € M, and the domain of integration
in (2.4) and (2.6) can be extended to M. The existence of the heat kernel allows
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us to extend the definition of P; f to all measurable functions f by choosing a
Borel measurable version of f and noticing that the integral (2.4) does not change
if function f is changed on a set of measure 0.

It follows from (2.1) and (2.4) that, for any f € L*(M),

2.7 P f(x)= /M P, ) f(y)dp(y)

forall# > 0 and u-a.a. x € M. A measurable function p;(x, y) that satisfies (2.7) is
called the heat kernel of the semigroup P;. It is well known that the heat kernel of
P, satisfies (2.5) and (2.6) although for almost all x, y € M (see [31], Section 3.3).

Hence, the relation between the heat kernels of P; and P; is as follows: the for-
mer is defined as a pointwise function of x, y, while the latter is defined almost
everywhere, and the former is a pointwise realization of the latter, where the defin-
ing identities (2.4), (2.5), (2.7) must be satisfied pointwise. In this paper the heat
kernel is understood exclusively in the sense of Definition 2.3.

The existence of the heat kernel is not obvious at all and will be given a special
treatment. Those who are interested in the settings where the pointwise existence
of the heat kernel is known otherwise, can skip the rest of this section and go to
Section 3.

LEMMA 2.4. Let p; be the heat kernel of P;.

(@) The function p;(x,-) belongs to BL*(M) forallt >0and x € M.
(b) Forallt >0,x,y € M, we have p;(x,y) >0 and

2.8) [ pndn@ <1
Consequently, p;(x,-) € BL'(M).

(c) If q; is another heat kernel, then p; = q; in the common part of their do-
mains.

PROOF. (a) Set f = p;/2(x, -) and observe that, by (2.5) and (2.6),

(29) e = [ pipte dpa( ) diu =P f )
forall > 0 and x, y € D. Since P, > f is a Borel function, we obtain that p, (x, -)

is Borel. The latter is true also if x € N since in this case p;(x,-) = 0. Setting in
(2.9) x = y, we obtain

(2.10) /M Pt di = p(x, x) < oo,

whence p;2(x, ) € L2(M).
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(b) By (2.2), (2.3) we have P; f(x) > 0 for all r > 0, x € M provided f > 0.
Setting f = [p:(x, -)]—, we obtain

Oiﬂﬂﬂ=Aﬁﬂm%ﬁuwﬂdu=j&WMwﬁﬁm

whence it follows that [ p; (x, -)]— =0 a.e., thatis, p;(x, -) > 0 a.e. on M. It follows
from (2.9) that, for all x, y € M,

pi(x,y) = fM Pr2(x, ) pea(y,)du > 0.

Inequality (2.8) is trivial if x € N/, and if x € D then it follows from
/ pr(x,)dp=P1(x)=E;1<1.
M

(¢) Let D be the intersection of the domains of p; and ¢,. For all f € B (M)
and r > 0, x € D, we have

| mosdu=Pire = [ axfdu,
D D

Applying this identity to function f = p;(y, ) where y € D, and using (2.9), we
obtain

mew=A%u»m@»wL

Similarly, we have

quw=Lm@»%mowq
whence p;(x,y) =¢qx(x,y). O

Following [20], page 67, a sequence {F,};°, of subsets of M will be called a
regular nest if:

(1) each Fj, is closed;

(2) F, C Fy4y foralln>1;

(3) Cap(M \ F,;) — 0 as n — oo (see [20] for the definition of capacity);
(4) measure u|f, has full support in F;, (in the induced topology of F},).

DEFINITION 2.5. A set N C M is called truly exceptional if:

(1) N is properly exceptional;

(2) N > No;

(3) there is a regular nest {F,} in M such that M \ N = J;2; F, and that the
function P; f|r, is continuous for all f € BLI(M), t>0,andn e N.

The conditions under which a truly exceptional set exists, will be discussed later
on. Let us mention some important consequences of the existence of such a set.
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LEMMA 2.6. Let N be a truly exceptional set. If, for some f € BLY(M),
t > 0, and for an upper semicontinuous function ¢ : M — (—00, +00], the in-
equality

Pif(x) =e)

holds for p-a.a. x € M, then it is true for all x € M \ N. Similarly, if  : M —
[—o0, +00) is a lower semicontinuous function and

Pif(x) = ¥(x)
holds for u-a.a. x € M, then it is true for all x € M \ N.

PROOF. This proof is essentially the same as in [20], Theorem 2.1.2(ii). As-
sume that P; f (xg) > ¢(xo) for some xo € M \ N. By Definition 2.5, x( belongs to
one of the sets F;,. Since P, f|F, is continuous and, hence, (P; f — ¢)|F, is lower
semicontinuous, the condition (P f — ¢)(xp) > 0 implies that (P; f — ¢)(x) > 0
for all x in some open neighborhood U of xg in F},. Since measure p has full sup-
port in F,, we have u(U) > 0 so that P; f (x) > ¢(x) in a set of positive measure,
that contradicts the hypothesis.

The second claim follows from the first one with ¢ = —. [

Denote by esup, f the pu-essential supremum of a function f onaset A C M,
and by einf4 f—the p-essential infimum.

COROLLARY 2.7. Let N be a truly exceptional set. Then, for any f €
BL‘(M), t > 0, and an open set X C M,

2.11 = infP; f = inf P; f.
(2.11) esglp?%f ;1\1}37%]( and ein P f )}QNPff

PROOF. Function

esupP; f, xeX,
px)=41 X
+00, x¢X,
is upper semicontinuous. Since P; f(x) < ¢(x) for u-a.a. x € M, we conclude by
Lemma 2.6 that this inequality is true for all x € M \ N/, whence

sup P, f <esupP f.
X\ X

The opposite inequality follows trivially from the definition of the essential supre-
mum.

The second identity in (2.11) follows from the first one by changing f to — f.

g
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Note that if p,(x, y) is the heat kernel with domain D = M \ N/, then we have
by (2.6) that, forall x,ye D,0 < s <,

(2.12) pi(x,y) ="Ps f(x),

where f = p;—s(-, y). Hence, if N is truly exceptional, then the claims of Lem-
ma 2.6 and Corollary 2.7 apply to function p;(x, y) in place of P; f (x), with any
fixed y € D.

LEMMA 2.8. Let p;(x,y) be the heat kernel with the domain D = M \ N
such that N is a truly exceptional set. Let ¢ : D x D — [0, +00] be an upper
semicontinuous function and ¥ : D x D — [0, +00) be a lower semicontinuous
function. If, for some fixed t > 0, the following inequality:

(2.13) vx,y) <= pi(x,y) =ex,y)
holds for X w-almost all x,y € D, then (2.13) holds for all x,y € D.

This lemma is a generalization of [9], Lemma 2.2, and the proof follows the
argument in [9].

PROOF OF LEMMA 2.8. Consider the set
D' ={y € D: (2.13) holds for u-a.a. x € D}.

If y € D’ then applying Lemma 2.6 to the function p,(-, y), we obtain that (2.13)
holds for all x € D.

Now fix x € D. Since by Fubini’s theorem w(D \ D’) =0, (2.13) holds for p-
a.a. y € M. Applying Lemma 2.6 to the function p; (x, -), we conclude that (2.13)
holds for all y e D. [

COROLLARY 2.9. Under the hypotheses of Lemma 2.8, if X, Y are two open
subsets of M then

(2.14) esup p;(x,y) = sup p;(x,y)
xeX xeX\NV
yey yeY\N

and

2.15 inf ,y) = inf , V).

(2.15) einf pe(x,y) xel;?\ Npt(x y)
yeY yeV\\W

PROOF. This follows from Lemma 2.8 with functions

plx,y) = {

const, xeX,yeY,
+o00, otherwise,
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and

[ const, xeX,yeY,
Yx,y)= {(), otherwise. =

In conclusion of this section, let us state a result that ensures the existence of
the heat kernel outside a truly exceptional set.

THEOREM 2.10 ([6], Theorem 2.1). Assume that there is a positive left-
continuous function y (t) such that for all f € L' N L*(M) and t > 0,

(2.16) 1P flloo <y DI fl1-

Then the transition semigroup P; possesses the heat kernel p,(x, y) with domain
D = M\ N for some truly exceptional set N, and p;(x,y) <y (t) forall x,y € D
andt > 0.

If the semigroup { P} satisfies (2.16), then it is called ultracontractive (cf. [17]).
It was proved in [6] that the ultracontractivity implies the existence of a function
p:(x,y) that satisfies all the requirements of Definition 2.3 except for the joint
measurability in x, y. Let us prove the latter so that p;(x, y) is indeed the heat
kernel in our strict sense. Given that p;(x, y) satisfies conditions (2)—(4) of Defini-
tion 2.3, we see that the statement of Lemma 2.4 remains true because the proof of
that lemma does not use the joint measurability. In particular, for any ¢ > 0, x € D,
the function p;(x, -) is in L%(M). Also, the mapping x — p;(x, -) is weakly mea-
surable as a mapping from D to L?(M) because for any f € L?(M), the function
x = (pt.x, f) =P:f (x) is measurable. Since L%(M) is separable, by Pettis’s
measurability theorem (see [60], Chapter V, Section 4) the mapping x — p;(x, -)
is strongly measurable in L2(M). It follows that the function

par(x,y) = (pe(x,4), pe(y,+))

is jointly measurable in x, y € D as the composition of two strongly measurable
mappings D — L*(M) and a continuous mapping f, g — (f, g).

2.3. Restricted heat semigroup and local ultracontractivity. Any open subset
Q of M can be considered as a metric measure space (2, d, ). Let us identify
L%(Q) as a subspace in L?(M) by extending functions outside €2 by 0. Define
F(2) as the closure of F N Cp(£2) in F so that F(L2) is a subspace of both F
and L%(Q2). Then (£, F(Q)) is a regular strongly local Dirichlet form in L3(S),
which is called the restriction of (£, F) to €. Let £ be the generator of the form
(&£, F(2)) and P,Q =e! EQ, t > 0, be the restricted heat semigroup.

Define the first exit time from 2 by

o =inf{t > 0: X; ¢ Q}.
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The diffusion process associated with the restricted Dirichlet form, can be canon-
ically obtained from {X;} by killing the latter outside €2, that is, by restricting the
life time of X; by g (see [20]). It follows that the transition operator 77,Q of the
killed diffusion is given by

(2.17) PLFx) =Ey(lyarg) f(X,))  forall x € Q\ Np,

for all f € B4 (£2). Then sz f is defined for f from other function classes in the
same way as P;. Also, extend PtQ f(x) to all x € Q by setting it to be 0 if x € Nj.

DEFINITION 2.11. We say that the semigroup P; is locally ultracontractive
if the restricted heat semigroup P,B is ultracontractive for any metric ball B of
(M, d).

THEOREM 2.12. Let the semigroup Py be locally ultracontractive. Then the
following is true.

(a) There exists a properly exceptional set N' C M such that, for any open
subset Q2 C M, the semigroup PtQ possesses the heat kernel th (x, y) with the
domain Q\ N.

(b) If Q2 C Q3 are open subsets of M , then p,Q' (x,y) < ptQz (x,y)forallt >0,
x,y€Q\N.

(©) If {Qu}72, is an increasing sequence of open subsets of M and Q = |y, S,
then ps* (x, y) — pR(x,y)ask — ooforallt>0,x,y€ Q\N.

(d) Set D =M\ N. Let o(x,y):D x D — [0,+00] be an upper semi-
continuous function such that, for some open set 2 C M and for some t > 0,

(2.18) P, y) < @(x, y)
for almost all x, y € Q. Then (2.18) holds forall x,y € Q\ N.

For simplicity of notation, set th (x, y) to be O for all x, y outside 2 (which,
however, does not mean the extension of the domain of p$?).

PROOF OF THEOREM 2.12. (a) Since the metric space (M, d) is separable,
there is a countable family of balls that form a base. Let U/ be the family of all
finite unions of such balls so that I/ is countable and any open set 2 C M can be
represented as an increasing union of sets of {/. Since any set U € U/ is contained
in a metric ball, the semigroup PV is dominated by P and, hence, is ultracon-
tractive. By Theorem 2.10, there is a truly exceptional set Ny C U such that the
PV has the heat kernel pY in the domain U \ Ny, . Since the family 2/ is countable,
the set

(2.19) N=J M

Ueld
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is properly exceptional.
Let us first show that if U;, U, are the sets from U/ and U; C U,, then

(2.20) plt e, y) < pP(x,y)  forallr>0,x,y € U\ N,
It follows from (2.17) that, for any f € By (Uy),
P Fx) <P f(x)  forallt >0andx € Uy,

that is,
2.21) [ pPwrdus [ ple s

U U,
Setting here f = PU1(y, ) where y € U; \ N, we obtain

Py (x, ) SfU P2, )l (v, ) ds.

1

Setting in (2.21) f = PtU2 (v, -), we obtain

[, P BP0 dn < pi .

1

Combining the above two lines gives (2.20).
Let 2 be any open subset of M and {U,};2 ; be an increasing sequence of sets
from U such that @ = (J;2 | U,. Let us set

(2.22) pfz(x,y):nli)rgoth”(x,y) forallt > 0and x,y € Q\N.

This limit exists (finite or infinite) by the monotonicity of the sequence { p,U "(x,y)}.
It follows from (2.17) that, for any f € B (€2),

PP fx)+ PEf(x)  forallr >0and x € Q\N.

By the monotone convergence theorem, we obtain

Py "f(X)=prtU"(x,y)f(y)du(y)—>fgpf?(x,y)f(y)du(y)

for all > 0 and x €  \ V. Comparing the above two lines, we obtain
P2 f(x) =f px, ) f(»)du(y)  forallz>0andx € Q\N.
Q

The symmetry of p,Q (x, y) is obvious from (2.22), and the semigroup property
of plQ follows from that of p,U " by the monotone convergence theorem. Note that
p*? does not depend on the choice of {U,} by the uniqueness of the heat kernel
(Lemma 2.4).

(b) For two arbitrary open sets 21 C 3 let {U,}72, and {W,}°° | be increasing
sequences of sets from I/ that exhaust 21 and 23, respectively. Set V,, = U,, U W,
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FIG. 1. Sets Uy, Wy, Vj.

so that V, € U and 27 is the increasing union of sets V,, (see Figure 1). Then
U, C V, and, hence, p’" < p,”, which implies as n — oo that p,Q' < p,Qz.

(c) Let {€2¢}2; be an increasing sequence of open sets whose union is €. Let
{U,Ek)}f;‘;1 be an increasing sequence of sets from U/ that exhausts Q. As in the
previous argument, we can replace U,gz) by Vn(z) = U,gl) U U,gz) so that U,gl) C Vn(z) .
Rename Vn(z) back to U,Ez), and assume in the sequel that U,El) C U,§2>. Similarly,
replace U,?) by U,El) U U,Ez) U U,§3) and assume in the sequel that U,52) C U,?).
Arguing by induction, we redefine the double sequence U,gk) in the way that it is
monotone increasing not only in » but also in k. Then we claim that

oo
Q= Jui.

m=1

Indeed, if x € 2, then x € 2} for some k and, hence, x € U,gk) for some n, which
implies x € Un(qm) for m = max(k, n). Finally, we have th > th’" and

(m)
Q Ii Un . Q
= lim < lim m.
P m—)oopt - m—>oop

whence it follows that

Q_ 1
Pt = fim p

(d) Let U € U be subset of Q. Then the semigroup PU is ultracontractive and
possesses the heat kernel th with the domain U \ Ny where Ny is a truly excep-
tional set as in part (a). Note that Ny C N Since pY < p$ in U \ NV, we obtain
by hypothesis that

pY(x,y) <p(x,y)

for almost all x, y € U. By Lemma 2.8, we conclude that this inequality is true for
all x, y € U \ V. Exhausting €2 be a sequence of subsets U € U/ and using (2.22),
we obtain (2.18). [
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3. Some preparatory results.

3.1. Green operator. A priori we assume here only the basic hypotheses. All
necessary additional assumptions are explicitly stated. The main result of this sec-
tion is Theorem 3.11.

Given an open set @ C M, define the Green operator G* first for all f € B, ()
by

(3.1) G%f(x)= /oo PLf(x)dt
0

for all x € M \ Ny, where we admit infinite values of the integral. If f € B(2) and
G| f| < oo, then G f is also defined by

Glf=GYf —GYf_.

LEMMA 3.1. We have, for any open Q2 C M and all [ € B4 (S2),

(32) 62 =E,( [ rxnar)
0

for any x € Q\ Ny. In particular,

(3.3) G (x) = E,1q.

PROOF. Indeed, integrating (2.17) in ¢, we obtain

G f(x) :/0 P2 (x)dt
-/ B (L <rg) (X)) dt

=Ex‘/0 (1{t<rg}f(Xl)) dt

:Ex(/om f(X,)dt).

Obviously, (3.3) follows from (3.2) for f =1. U

Denote by Apin(£2) the bottom of the spectrum of £ in L3(), that is,
0 ECf )
feF@\O) (f, )

For any open set 2 C M, we will consider the mean exit time E,tq from 2 as a
function of x €  \ Nj. Also, set

(3.5) E(Q) :=esupE,q.

xeR

(3.4) Amin(€2) := infspec L% =
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LEMMA 3.2. IfE(Q) < 00, then G is a bounded operator on Bp(R2), and it
uniquely extends to each of the spaces L>°(Q), L' (Q), L2(Q), with the following
norm estimates:

(3.6) IG | Lo 1o < E(R),
3.7) 1G 11 < E(Q),
(3.8) 1G]l 2o, 12 < E(R).
Moreover,

(3.9) Amin() 7! < E(Q),

and G is the inverse in L*>(2) to the operator L.

PROOF. It follows from (3.3) that
(3.10) 1G2 1l = E(Q),
which implies that for any f € B, (2),
1G® Flloo < E(Q@)I £lloc-

Hence, G* can be considered as a bounded operator in L° with the norm estimate
(3.6).

Estimate (3.7) follows from (3.6) by duality. Indeed, for any two functions
f, h € BL(R2), we have

(3.11) /Q(GQf)hd,u=/QfGthu,

which follows from (3.1) and the symmetry of PZQ. By linearity, (3.11) extends to
all f, h € Bp(R2). Then, for any f € Co(£2), we have
(G2 f)hdu
162l =  sup J2(GDRdR
heBy(Q)\{0} I1A1loo
Jo fGOhdp
heBy@\o3  I1hlloo

- IGhllsoll £ 111
T heBy(Q)\{0} 17100

<E®@Iflh,

whence it follows that G*? uniquely extends to a bounded operator in L! with the
norm estimate (3.7).

The estimate (3.8) [as well as a similar estimate for |G||Lr—rr for any p €
(1, 00)] follows from (3.6) and (3.7) by the Riesz—Thorin interpolation theorem.
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To prove (3.9), let us consider the following “cut-down” version of the Green
operator:

T
Gir=[ Pirar
0

where T € (0, +00). The same argument as above shows that G¥ can be consid-
ered as an operator in L? with the same norm bound
o ~
G722 < E(S2).

On the other hand, using the spectral resolution {Ej }; >0 of the generator £, we
obtain, for any f € Co(S2),

G%f:/OT(/OOOe—“dEkf)dr
:fow(/oTe—“dt)dEJ

(3.12) -
- /0 or () dE, f
= o1 (LD f,
where
T _ ,—Tx
ori=[ R
0 A

Since ¢r is a bounded function on [0, +00), the operator ¢r (L) is a bounded
operator in L2. By the spectral mapping theorem, we obtain

sup g7 (spec L?) = supspec g7 (L)
= llpr (L)l 2 12
=G5l 2o 12
<EQ).
On the other hand, since ¢7(A) is decreasing in A,
sup g (spec £2) = o1 (min(Q)),
whence
o1 (min(R)) < E(Q).
By letting T — oo and observing that g7 (1) — % we obtain
Amin() 7! < E(Q),

which in particular means that Apiy(€2) > 0. Consequently, the operator L% has
a bounded inverse. Passing in (3.12) to the limit as 7 — oo, we obtain G =
LH- O
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3.2. Harmonic functions and Harnack inequality. Let Q be an open subset
of M.

DEFINITION 3.3. We say that a function u € F is harmonic in Q if

Ew,v)=0 for any v € F ().

LEMMA 3.4. Let Q be an open subset of M such that E(Q) < 00, and let U
be an open subset of 2.

(@) Forany f € L*>(Q2\ U), the function G f is harmonic in U.

(b) Forany f € L*(Q), the function G f — GY f is harmonic in U.

REMARK 3.5. If f e L?>(Q), then GUY f is defined as the extension of
GY(f|y) to Q by setting it to be equal to 0in 2\ U.

PROOF OF LEMMA 3.4. (a) Setu = GQf. To prove that u# is harmonic in U,
we need to show that £(u, v) =0, for any v € F(U). Since by Lemma 3.2 G =
(L)~ we have u € dom(L%?). Therefore, by the definition of £,

Eu,v) = (L%, v) = (f,v) =0.

(b) Set u = G¥ f—GYf. Any function v € F(U) can be considered as an
element of F(£2) by setting it to be 0 in 2\ U. Then both u and v are in F(£2)
whence

Eu,v) =EG%f,v) —EGY f,v)

= ([ — (FL V)2
=0. Il

Denote by
Bx,r)y={yeM:d(x,y) <r}
the open metric ball of radius r > 0 centered at a point x € M, and set
Vx,r)=u(B(x,r)).

That p has full support implies V (x, r) > 0 whenever r > 0. Whenever we use the
function V (x, r), we always assume that

Vix,r)<oo forall x € M and r > 0.

For example, this condition is automatically satisfied if all balls are precompact.
However, we do not assume precompactness of all balls unless otherwise explicitly
stated.
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DEFINITION 3.6. We say that the elliptic Harnack inequality (H ) holds on M,
if there exist constants C > 1 and § € (0, 1) such that, for any ball B(x,r) in M
and for any function u € F that is nonnegative and harmonic B(x, r),

(H) esup u < C einf u.
B(x,8r) B(x,ér)

DEFINITION 3.7. We say that the volume doubling property (VD) holds if
there exists a constant C such that, forallx e M and r > 0

(VD) V(x,2r) <CV(x,r).

It is known that (VD) implies that, forall x, ye M and 0 <r < R,

(3.13) V(x,R) §C<R+d(x,y)>°‘
V(y,r) r

for some o > 0 (see [31]).

LEMMA~3.8. Assume that (VD) 4+ (H) hold. Let 2 be an open subset of M
such that E(Q2) < oo, and let B = B(x, r) be a ball contained in 2.

(a) For any nonnegative function ¢ € L'(Q\ B),

(3.14) esup G2 <C E@) lel.
B(x,5r) Vix,r)
(b) For and any nonnegative function ¢ € L' (),
CE(Q)
(3.15) esup (G% —GP¢) < gl
B(x,5r) Vix,r)

PROOF. (a) Since identity (3.14) survives monotone increasing limits of se-
quences of functions g, it suffices to prove (3.14) for any nonnegative function
¢ € L' N L*(Q\ B). Then, by Lemma 3.4, the function u = G®¢ is harmonic
in B(x,r). Since u > 0, we can use the Harnack inequality (H) in ball B, which
yields

esup u(x) <C elnf u<

< llully
B(x,8r) B(x, V( r)

(3.16) IGI i el

<
~Vix,r)
C()
_V()

el
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(b) Assume first that ¢ € L' N L2(Q). By Lemma 3.4, the function u =
G%p — GBy is harmonic in B(x,r). Since u > 0, applying for this function ar-
gument (3.16), we obtain (3.15). An arbitrary nonnegative function ¢ € L'() can
be represented as a sum in L' ()

0
0= w,
k=0

where ¢y := (¢ —k)y Al € L'N L% (). Applying (3.15) to each ¢; and summing
up, we obtain (3.15) for ¢. [

3.3. Faber—Krahn inequality and mean exit time. A classical theorem of Faber
and Krahn says that for any bounded open set 2 C R,

)Vmin(Q) > )Mmin(B),

where B is a ball in R” of the same volume as 2. If the radius of B is r, then
Amin(B) = r% where ¢ is a positive constant depending only on n, which implies
that

(3.17) Amin(2) > cu(2)~2/™;

cf. [13, 14]. We refer to lower estimates of Apnin(€2) via a function of w(€2) as
Faber—Krahn inequalities. A more general type of a Faber—Krahn inequality holds
on a complete n-dimensional Riemannian manifold M of nonnegative Ricci curva-
ture: for any bounded open set 2 C M and for any ball B of radius r containing €2,

c (1u(B) )“
3.18 Amin(2) > = ——— ) ,
(3.18) nin(2) > rz(mm
where v =2/n and ¢ = c(n) > 0 (see [22]). Note that (3.17) follows from (3.18)
(apart from the sharp value of the constant c¢) because in R"” we have u(B) =
constr”,
It was proved in [23] that, on any complete Riemannian manifold,

(3.18) < (VD) + (UE),

where (UE) is here the upper bound of the heat kernel in the Li—Yau estimate (1.3).
In Section 4 we will derive a general upper bound (UE) from a set of hypotheses
containing a suitable version of (3.18). In this section, we will deduce a Faber—
Krahn inequality from the main hypotheses.

We fix from now on a function F: (0, c0) — (0, c0) that is a continuous in-
creasing bijection of (0, co) onto itself, such that, forall 0 < r < R,

(3.19) C —) < <c(=
r F(r) r




ESTIMATES OF HEAT KERNELS 1237

for some constants 1 < 8 < B/, C > 1. In the sequel we will use the inverse func-
tion R = F~!. It follows from (3.19) that

T\'#" R(T T\ /P
(3.20) c—l(—) < RI) < c(—)

t R(t) t
forallO<r<T.

DEFINITION 3.9. We say that the Faber—Krahn inequality (¥K) holds if, for
any ball B in M of radius r and any open set 2 C B,

c M(B)>”
FK )Mmin Q el AN
) ()2 F(F)(M(Q)

with some positive constants c, v.

DEFINITION 3.10. We say that the mean exit time estimate (£ r) holds if, for
all x e M\ Ny and r > 0,

(EF) C'F(r) <Eytpu.n < CF(r)
with some constant C > 1.

We denote by (Er<) and (Er>) the upper and lower bounds of E,7p )
in (EF), respectively.

THEOREM 3.11. The hypotheses (VD) + (H) + (Ef <) imply (FK).

PROOF. We have by (3.9) and (3.3)

(3.21) Amin(2) 7! < E(Q) = esup G¥1 .

xeQ
It will be convenient to rename R to R/2 and let the original ball B be B(z, R/2)
and Q2 C B(z, R/2). Fix a point x € Q so that 2 C B(x, R), consider a numerical
sequence Ry = 5kR, k=0,1,2,..., where § is the parameter from (H), and the
balls By = B(x, Ry). We have

n—1
GPlg < GP1g =) (GP — GPen)lg + GP1g,
k=0

where 7 is to be chosen (see Figure 2), whence

n—1
esup GY%g < Z esup(G B¢ — GB+1) 1 + esup GPrlq.

Bpi1 k=0 Br+2 By,
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Bo=B(x,R)

FI1G. 2. Balls By.

Setting V (r) = V (x, r) and using E(Bk) < F(Ry), we obtain, by Lemma 3.8,

CF(R
esup(GB" — GB"“)IQ < v ; K)
B2 (Ri)

n(£2).

Also, by (3.10),
esupGB1g <esupGPB'1=E(B,) < CF(R,).

n n

Hence, collecting together the previous lines, we obtain
esup G¥1 log<C Z F(Ry)
Byt V(R )

Choose any v € (0, 1) so that v < 8/«. Using (3.19), (3.13) and the monotonicity
of V(s), we obtain

"L F(Ry) F(R) L F(RY) (VR \"(V(R)\'™"
E()V(Rk) V(R) "V (R)" £ Z F(R) (V<Rk>> (V(Rk>)

u(2) + CF(Ry).

=0

CF(R) YYRNP R\

< vargrevar =) ()
VR)''VRY Z\R) \ Ry

—1
__ CF® ”Z(Sk(ﬁ )
VR)TV(R)Y &

. CF®
T V(R)'TVV(R)Y
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Now choose n from the condition
V(Rpy1) < n(2) < V(Ry),

and set r = R,,. We obtain then
F(R)

Q
Be(il:l(sli) G¥lg=<C V(r)l—”V(R)VM(Q) + CF(r)
(3.22)
CF(R)< Ve )) +CF(r)
V(R) '

Using again (3.13), (3.19) and av < B, we obtain

i =) =) =(7i)
<Cl—) <C|—= <C ,
F(R)y — \R/ = \R/ — \V(R)
which implies that the second term in (3.22) can be absorbed by the first one, thus
giving

V(r) 1(S)
G%og <CF(R ( ) <CF(R ( )
Ssup GFla = CRUO\ i) N7

Since the point x € 2 was arbitrary, covering €2 by a countable family of balls like
B(x, ér), we obtain

esup G IQ<CF(R)(€((R;>

which together with (3.21) finishes the proof. [J

3.4. Estimates of the exit time. Our main result in this section is Theorem 3.15
saying that the condition (£ r) implies a certain upper bound for the tail P, (tp <1t)
of the exit time from balls. The results of this type go back to Barlow [2], Theo-
rem 3.11. Here we give a self-contained proof in the present setting, which is based
on the ideas of [2]. An alternative analytic approach can be found in [31].

For any open set Q2 C M, set

(3.23) E(Q) = sup E,1q.
Q\No

LEMMA 3.12. For any open 2 C M such that E(Q) < oo, we have, for all
t>0andx € 2\ Ny,

E,(ta) t

(3.24) Pi(ta<t) <1-— T T
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FI1G. 3. Illustration to the proof of Lemma 3.12.

PROOF. Denote T = 1, and observe that
T<t+4+(r — t)l{rzt} =t+(to ®t)1{rzt}y

where ©; is the time shift of trajectories. Using the Markov property, we obtain,
for any x € Q \ N,

E,t <t+E, ((T o ®t)1{rzt}) =t +E, (EX, (T)l{rzt}),
whence

Ext <t+Py(t>1) sup Eyr=t+Pi(r> HE(Q)
yeQ\Ny

(see Figure 3), and (3.24) follows. [

LEMMA 3.13. Assume that the condition (EF) is satisfied. Then there are

constants ¢, 0 > 0 such that, for all x € M \ Ny, R > 0, and ) > %,

(3.25) Ey(e *™eR) <1 —e¢.
PROOF. Denoting B = B(x, R) and using Lemma 3.12, we have, for any
t>0,
Ey(e™"™) = Ex(e™" " Ly <n) + Eu (€7 Lry=n))

<P.(tg <t)+ e M

<1- @xrB L em
E(B) E(B)
The condition (EF) implies that

EB)= sup [E.tpur < sup E;tpi2r <CF(2R),
z€B(x,R)\ Ny zeM\Ny

whence

(3.26) E(B) < CE,t3.
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Using these two estimates of E (B), we obtain

1 Ct
Ec(e ?™)<l— —+—— +e M.
(e < C+F(R)+e

Setting ¢ = % and choosing t = & F(R), we obtain
E,(e ) <1—3c+¢e+e M.

If also e~ < ¢, then we obtain (3.25). Clearly, the former condition will be satis-
fied provided

. log(1/e) _ (C/S)log(l/e)’
- t F(R)

which finishes the proof. [J

LEMMA 3.14. Assume that the condition (EF) is satisfied. Then there exists

constant y > 0 such that, for all precompact balls B(x, R) with x € M \ Ny and
forall & >0,

(3.27) E, (e—m;(x,R)) <C exp(—y R(f/k) ),

where R = F~ 1.
PROOF. Rename the center x of the ball to z so that the letter x will be used to

denote a variable point. Fix some 0 < r < R to be specified later, and set n = [g].
Set also T = tp(; ),

u(x) =Ex(e™)

and
my= sup u,
B(z,kr)\N
where k =1, 2, ..., n. Note that all my are bounded by 1. Choose 0 < &’ < & where

¢ is the constant from Lemma 3.13, and let x; be a point in B(z, kr) \ N for which
(1 — &my < ux) < my.
Fix k <n — 1, observe that
B(xk,r) C B(z, (k+1)r) C B(z, R)
and consider the following function in B (x, r):

vk (x) = By (e74%),



1242 A. GRIGOR’YAN AND A. TELCS

o Bk

FI1G. 4.  Exit times from B(xy,r) and B(z, R).

where 1 = Tg(y,r) (see Figure 4). Since the ball B(x, r) is precompact, we have
Xy € B(xy, r) (while for noncompact balls the exit point could have been at the
cemetery).

Let us show that, for all x € B(xg, r) \ Mo,

(3.28) u(x) <uvg(x) sup u.
B(x,r)\No

Indeed, we have by the strong Markov property
u(x) =E (e ™) =F, (e—xfke_k(,_,k))
=E,(e ™ (e 0 0y,))
—E, (e—)»rkEer (€ *7))
=Ex(e ™ u(Xg))

<Ey(e ™) sup u,
B(xg,r)\No

which proves (3.28). It follows from (3.28) that

u(xp) < vp(xx)  sup U = V(X )mp41,
B(z.(k+1D)r)\Np

whence

(1 — & )my < ve(xi)mp1.
By Lemma 3.13, if

(3.29) A>
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then vg(xx) < 1 — &. Therefore, under hypothesis (3.29), we have
(I —&)ymyp < (1 — &)my1,

whence it follows by iteration that

1—g\"! R
(3.30) u(z) <mp < < ) my < Cexp(—c—),
1—¢ r

where in the last inequality we have used that n > § — 1 and c:=log 11%’“: > 0.
Condition (3.29) can be satisfied by choosing

(331) R(U)
. r=R|—).
A
This value of r is legitimate only if » < R, that is, if
(332) R> R(%)

If (3.32) is not fulfilled, then (3.27) is trivially satisfied by choosing the constant C
large enough. Assuming that (3.32) is satisfied and defining r by (3.31) we obtain
from (3.30) that

u(z) < Cexp(—c
whence (3.27) follows. [

R
R(O/M)’

THEOREM 3.15. Assume that (Ef) holds. Then, for any precompact ball
B(x, R) with x € M \ Ny and for any t > 0,

(3.33) Py(tpx,r) <t) < Cexp(—P (YR, 1)),

where y > 0 is the constant from Lemma 3.14 and

(3:34) O(R.1) = {5_ ! }
‘ P T FEO T

Changing the variable r in (3.34), we obtain the following equivalent definitions
of ®:
t

639 ewo=ming | =l mam )

where R = F~ L.

PROOF OF THEOREM 3.15. Denoting B = B(x, R) and using Lemma 3.14,
we obtain that, for any A > 0,

Po(tp <t) =P (e " > ™)

(3.36) < ME (eF)

R
< Cexp(—yR(l/)L) +At>.
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Taking the supremum in A and using (3.35), we obtain (3.33). [J

REMARK 3.16. It is clear from (3.34) that function ® (R, t) is increasing in
R and decreasing in ¢. Also, we have, for any constants a, b > 0,

R 1t
(3.37) ®(aR,bt) = abd><—, —>.
b a
In particular, it follows that
R R
(3.38) ®(R,1) =t<I>(7, 1) = th(?),
where
(3.39) B(s) 1= B(s. 1) {S : }
. = , 1) =supl- — .
’ B P )

Hence, (3.33) can be written also in the form

R
(3.40) Py(tx,r) <t) < Cexp(—tCD(y ?>)

Clearly, ®(0) = 0. Let us show that 0 < ®(s) < oo for all s > 0. Since

. s 1
lim (— — ) =0,
r—oo\ r F(r)

we see from (3.39) that @ (s) > 0. It follows from (3.19) and 8 > 1 that
r

(3.41) lim =o0 and lim
r—0 F(r) r—+oo F(r)

_r_

Given s > 0, choose r so big that + T <S$ [such r exists by the second condition
in (3.41)]. Then

s
d>(s)2;— o) >0

In order to prove that ®(s) < oo, it suffices to show that

) s 1
hm(—— )50
r—0\r F(r)

Indeed, if r is sufficiently small, then by the first condition in (3.41), # > s

whence 7 < ﬁr)
Another useful property of function @ (s) is the inequality
(3.42) d(as) = ad(s) foralls >0anda > 1.

Indeed, we have for any r > 0

as 1 <s 1 )
- >al - — ,
r F@r) — r F(r)

whence (3.42) follows by taking sup in r.
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EXAMPLE 3.17. If F(r) is differentiable then the supremum in (3.39) is at-
tained at the value of r that solves the equation
r2F'(r)
—— =3.
F2(r)

For example, F(r) = P then we obtain r = (g)l/(ﬁ_l) whence @ (s) = csf/(B-D
and

REN\ /B
q)(R,f):C<T> .

Consequently, (3.33) becomes
RBN\1/(B-D)
]Px(TB(x,R) < l‘) < CeXp(—C<T> )

EXAMPLE 3.18. Consider the following example of function F:

(3.43) F(r)= {rﬁl’ r<l,

P >,

where B1, B2 > 1. It is easy to see that (3.19) is satisfied with 8 = 1 A B> and
B’ = B1 Vv B2. Similarly to the previous example, one obtains that

sh/(Bi—=1) s>1,
sh2/(B2=1) s <1,

RBIN 1/(B1=D)
exp(—c(7> ), < R,
)=C

RB2\ 1/(B2=1)
exp(—c(T) ), t> R.

LEMMA 3.19. The function ® (R, t) satisfies the following inequality:

F(R\YE =D /F(R)\V/B-D

(3.44) D(s) {

so that (3.33) becomes

Py(tBx.R) <t

1
forall R,t > 0.

PROOF. By (3.34), we have, for any r > 0,

R t
O(R,t) > — — .
r F(r)
‘We claim that there exists » > 0 such that
t 1R

(3.46) o =37
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F(r)

Indeed, the function —= is continuous on (0, +00), tends to 0 as r — 0 and to co

as r — 00 so that @ takes all positive values, whence the claim follows. With
the value of r as in (3.46), we have

t
(3.47) ®(R, 1) > m

If » < R then using the left-hand side inequality of (3.19), we obtain

R >C<F(R))1//3

r ~ \F(@)

which together with (3.46) yields
B \1/(B-1)
Fry<cC <—> .
F(R)
Substituting into (3.47), we obtain

1/(B-1)
O(R,1) 20(@) .

Similarly, it » > R then using the right-hand side inequality in (3.19) we obtain

R >C<F(R))1/ﬂ/’

r = \F@r)

whence it follows that

F(R))l/(ﬂ/_l)
: O

D(R, 1) > c(

COROLLARY 3.20. Under the hypotheses of Theorem 3.15, we have, for any
x€M\Ny, R>0,1>0,

F(R)\V®#=D
(3.48) Py(tpi.r) <t) < Cexp(—c( ; ) )

PROOF. Indeed, if @ > 1, then (3.48) follows from Theorem 3.15, Lem-
ma 3.19 and (3.19). If Z8 < |, then (3.48) is trivial. O

4. Upper bounds of heat kernel. The following result will be used in the
proof of Theorem 4.2 below.

PROPOSITION 4.1 ([31], Lemma 5.5). Let U be an open subset of M, and
assume that, for any nonempty open set Q2 C U,

Amin(§2) > alL(Q)iv
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for some positive constants a, v. Then the semigroup {PtB } is ultracontractive with
the following estimate:

4.1) IPE flloo < Clay " | f11h
forany f € L'(B).

The next theorem provides pointwise upper bounds for the heat kernel.

THEOREM 4.2. If the conditions (VD) 4+ (FK) + (EF) are satisfied and all
balls are precompact then the heat kernel exists with the domain M \ N for some
properly exceptional set N, and satisfies the upper bound

C 1
UE V) < ———— ——®(cd(x,y),t
(UE) Pix. ) = g e =5 Pled(x ).
forallt >0and x,y € M\ N, where R = F~! and ® is defined by (3.34).

REMARK 4.3. As it follows from Theorem 3.11, the hypotheses (VD) +
(FK) 4+ (EF) here can be replaced by (VD) + (H) + (EF). Also, using (3.38),
one can write (UE) in the form

C 1 d(x,

ne< 7 C ({422
V(x,R@®)) 2 t

as it was stated in the Introduction.

REMARK 4.4. A version of Theorem 4.2 was proved by Kigami [45] under
additional assumptions that the heat kernel is a priori continuous and ultracontrac-
tive, and using instead of (FK) a local Nash inequality. In the case F(r) = r#,
another version of Theorem 4.2 was proved in [31], where the upper bound (UE)
was understood for almost all x, y. The proof below uses a combination of tech-
niques from [31] and [45].

EXAMPLE 4.5. If function F(r) is given by (3.43) as in Example 3.18, then
d(s) is given by (3.44) and (UE) becomes

iy 1/(B1—1)
o)) e
pi(x,y) <

= Vix, R(1)) LB 1/(Ba=1)
GXP(—C<7) ) t>r,

where r =d(x, y).

PROOF OF THEOREM 4.2. The hypothesis (FK) can be stated as follows: for
any ball B = B(x,r) where x € M and r > 0, and for any nonempty open set
2 C B, we have

(4.2) Amin(2) > a(B)u ()",
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where

4.3) a(B) = %uw)”

and v, ¢ are positive constants. Hence, (FK) implies by Proposition 4.1 that

4.4 pB 0 < ———rr.
( ) ” t f”Ll—)L = (G(B)l)l/v
In particular, the semigroup { P} is ultracontractive and { P} is locally ultracon-
tractive. By Theorem 2.12, there exists a properly exceptional set N'C M (con-
taining \Vp) such that, for any open subset & C M, the semigroup PS possesses
the heat kernel p$*(x, y) with the domain € \ V. Fix this set A/ for what follows.
By Theorem 2.10, (4.3) and (4.4) imply the following estimate:

C C (Fir\"
(4.5) PP y) < = ()

@Bn  wB\ ¢
for any ball B of radius r, and forall > 0, x, y € B\ N.
Our next step is to prove the on-diagonal estimate

(DUE) pr(x,x) < m

for all x € M \ NV and t > 0. To understand the difficulties, let us first consider a
particular case when the volume function satisfies the following estimate:

(4.6) V(x,R)~ F(R)'"

for all x € M and R > 0, where v is the exponent in (FK) [e.g., (4.6) holds, if
V(x,R)~R% F(R)=RP and v = B/a]. In this case, the value F(R) in (FK)
cancels our, and we obtain

4.7) Amin(€2) > cp ()77

Hence, by Proposition 4.1, the semigroup {F;} is ultracontractive, and by Theo-
rem 2.10 we obtain the estimate

(4.8) pi(x,x) < Ct™ 1V
forall x € M \ NV and 7 > 0. Observing that
V(x, R(t) =~ F(ReH =1/,

we see that (4.8) is equivalent to (DUE). Although this argument works only under
restriction (4.6), it has an advantage that it can be localized as follows. Assuming
that (4.6) is satisfied for all R < Ry with some fixed constant Ry, (4.7) is satisfied
for all open sets €2 with a bounded value of 1£(2), and (EF) is satisfied for all balls
with a bounded value of the radius, one can prove in the same way that (4.8) is true
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for t < ty for some 79 > 0. The proof below does not allow such a localization in
the general case.

In the general case, without the hypotheses (4.6), the heat semigroup {FP;} is
not necessarily ultracontractive, which requires other tools for obtaining (DUE).
In the case of Riemannian manifolds, one can obtain (DUE) from (FK) using a
certain mean value inequality (see [15, 25]) but this method heavily relies on a
specific property of the distance function that |Vd| < 1, which is not available in
our generality. We will use Kigami’s iteration argument that allows us to obtain
(DUE) from (4.5) using, in addition, the hypothesis (Er). This argument is pre-
sented in an abstract form in [31], Lemma 5.6, that says the following. Assume
that the following two conditions are satisfied:

(1) for any ball B = B(x,r),
4.9) esup p/’ < Wi(x,r),
B

where function W, (x, 7) satisfies certain conditions?;

(2) forall x e M\ Ny, t >0, and r > (1),
(4.10) Py(zp <1) <e,
where ¢ > 0 is a sufficiently small'”
tion on (0, +00) such that

constant and ¢ is a positive increasing func-

dt
4.11) /go(t)— < Q.
0 t
Then the heat kernel on M satisfies the estimate
(4.12) esup pr < CW¥;(x, 0(1)).
B(x,(1))
Obviously, (4.5) implies (4.9) with the function
C F 1/v
(4.13) W, (x,r) = ( (r)) .
Vx,r) t

By Corollary 3.20, (EF) implies (3.48), which means that (4.10) is satisfied pro-
vided Ct < F(r) for a sufficiently large constant C; hence, the function ¢(¢) can
be chosen as follows:

@(1) =R(C1),

9Function W, (x, r) should be monotone decreasing in ¢ and should satisfy the following doubling
condition: if » <7’ <2r and ¢/ > ¢/2, then

Wy (x, 1) < KW (x,7)

for some constant K. This is obviously satisfied for the function ¥ given by (4.13).
10More precisely, this means that ¢ < ﬁ where K is the constant from the conditions for W.
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FIG. 5. Illustration to (4.14).

which clearly satisfies (4.11) [indeed, by (3.20), we have R(r) < Ct'/F for all
0 <t <1, whence (4.11) follows].
By (4.12), we obtain
C
V(x,R())’

C
< < <
B(ejcfgg))pt < CV¥;(x, R(Cr)) = VoL REC) =
where we have also used (3.20) and (3.13). By Theorem 2.12(d), we can replace
here esup p; by sup p; outside N/, whence (DUE) follows.

Now we prove the full upper estimate (UE). Fix two disjoint open subsets U, V
of M and use the following inequality proved in [9], Lemma 2.1: for all functions
f’ g€ B-I— (M)’

(P f.g) < (E-(I{TUET/Z}PT—TUf(XTU))’ g)

+ (E (l{fvft/Z}Pt—Tvg(XTv))’ f)

(4.14)

(see Figure 5).
Assume in addition that f € BL'(V) and g € BL'(U). Then, under the condi-
tion Ty <t/2, we have

Prry f (Xey) = fv P e DO = S

almost surely, where
4.15) S:= sup sup ps(u,v).
1/2<s<t ycU\N
veV\N

Here we have used that X, € U \ V' almost surely, which is due to the fact that
{X,} is a diffusion and the set N is properly exceptional. It follows that

(E.(Lir<i/Pre f(X2)). ) < SI £ /U P, (m < %)g(X)du(X)
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Estimating similarly the second term in (4.14), we obtain from (4.14)

f f PG ) F (g () dpn(x) dpe(y)
UuJv

<S P < ! d

< I|f||1/U x(m_i)gu) w(x)

+Slglh [ Py(rv < %)f(y) du(y).

By [31], Lemma 3.4, we conclude that, for u-a.a. x € V and y € U,

2

A slightly different inequality (i.e., also enough for our purposes) was proved
in [33]. For the case of heat kernels on Riemannian manifolds, (4.16) was proved
in [35], Lemma 3.3.

By Theorem 3.15, we have

t t
(4.16) pi(x,y) <SPy (‘L’V < 5) + SPy (‘L’U < —).

4.17) Py(tBx.r) <t) < Cexp(—P(YR, 1))
forallx e M\ N and ¢, R > 0. Let

Ve={xeV:dx,V° > R).
Then, for any x € Vg \ N/, we obtain by (4.17)

t
P, <TV < 5) <Py(tpx.r) <1) < Cexp(—P(y R, 1)).

Using a similar estimate for y € Ug, we obtain from (4.16) that, for pu-a.a. x € Vg
and y € Ug,

(4.18) pi(x,y) <CSexp(=P(yR,1)).

Since the right-hand side here is a constant in x,y, we conclude by Theo-
rem 2.12(d) that (4.18) holds for all x € Vg \ N and y € Ug \ NV.
Now fix two distinct points x, y € M \ NV, set

(4.19) R=1d(x,y)

and observe that the balls V = B(x,2R) and U = B(y,2R) are disjoint. Since
x € Vg and y € Ug, we conclude that (4.18) is satisfied for these points x, y with
the above value of R. Let us estimate the quantity S defined by (4.15). Using the
semigroup property and (DUE), we obtain, for all u,v e M \ N,
C
(v,v) < :

YV, R(s)V (v, R(s))

ps(u, v) S/ps(u,u)ps
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Observe that by (3.13), forall z € M,

V(. R(s)) d(x,2)\°
V. R()) SC(H R(s) ) '

Applying this forz =u € Uandz=v e Vsothatd(x,u) <2R and d(x, v) <6R,
and substituting to the above estimate of p,(u, v) we obtain

o sy (1)
s(u,v) < .
P VL RGN\ | R(s)
Using that s € [¢/2, t] as well as (3.20) and (3.13), we obtain

(4.20)

C R \*“
s < (14 5 ) -
V(x, R(t)) R(1)
which together with (4.18) yields

C R \“
@) P =y (1 + Rm) exp(~D(y R, 1)).
On the other hand, we have by (3.35)
R t R
D(R,1) :sup{— — —} >——1,
>0l R(E)  §) 7 R@)

where we have chosen & = ¢. Using the elementary estimate
1
1 +z < —exp(az), z2>0,0<a =<1,
a
and its consequence

2
242z< " exp(az),

we obtain
P SN %exp(ﬁcb(yk, z)),
R(t) a y
whence
(4.22) <1 n i>a < (E)a exp(ﬂcp(yle, z)).
R@)) ~ \a y
Choosing a small enough and substituting this estimate to (4.21), we obtain (UE).

O

REMARK 4.6. Itis desirable to have a localized version of Theorem 4.2 when
the hypotheses are assumed for balls of bounded radii and the conclusions are
proved for a bounded range of time. As was already mentioned in the proof,
Kigami’s argument requires the ultracontractivity of P,B for all balls, and (EF)
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should also be satisfied for all balls, because, loosely speaking, one deals with the
estimate of ptB kel p,B ¥ for an exhausting sequence of balls { By} (see [31] or [45]).
As we will see in Section 7.2, the hypotheses (VD) + (H) + (EF) for all balls im-
ply that the space (M, d) is unbounded. Note that all other arguments used in this

paper do admit localization.
S. Lower bounds of heat kernel.

5.1. Oscillation inequalities. The Harnack inequality (H) is a standing as-
sumption in this subsection. The main result is Proposition 5.3 that is heavily based
on the oscillation inequality of Lemma 5.2. The latter is considered as a standard
consequence of (H), but we still provide a full proof to emphasize the use of the
precompactness of balls.

LEMMA 5.1. Let B be a precompact ball of radius r in M. If u € F is har-
monic in B, and if u > a in B for some real constant a, then

5.1 esup(u —a) < Ceinf(u — a),
SB §B

where C and § are the same constants as in (H).

PROOF. Let ¢ be a cutoff function of B in M, that is, ¥ € F N Co(M) and
¥ =1 in an open neighborhood of B. The function v = u — ays belongs to F
and is equal to u — a in B. Let us show that v is harmonic in B. Indeed, for any
¢ € F(B), we have

(5.2) E, )= —ay,9)=Eu,9) —al(y,¢) =0,

because £(u, ¢) = 0 by the harmonicity of u in B, and £(¥, ¢) = 0 by the strong
locality as i = 1 in a neighborhood of supp ¢. Applying (H) to v, we obtain (5.1).
O

For any function f on any set S C M, define the essential oscillation of f in S
by
eosc f =esup f — einf f.
N S N

The following statement is well known for functions in R” (see, e.g., [53] and [56],
Lemma 2.3.2).

LEMMA 5.2. There exists 0 > 0 such that, for any precompact ball B(x,r) C
M, for any nonnegative harmonic function u in B(x,r),and any 0 < p <r,

0
(5.3) €eosc u < 2(2) €0sC U,
B(x,p) r B(x,r)

where 0 is a positive constant that depends on the constants in (H).
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PROOF. Fix x € M, and write for simplicity B, = B(x, r). Consider first the
case when p = ér [where § is a parameter from (H)] and set

a=esupu, b =einfu
B, r
and
a =esupu, b’ =einfu.
B, B,

Clearly, b < b’ <a’ <a.ByLemma 5.1, we have
5.4) esup(u — b) < Ceinf(u — b),
B, By
that is,
a —b<C®b —b).
Similarly, applying Lemma 5.1 to function —u, we obtain

esup(a — u) < Ceinf(a — u),
B, B,

whence
a—b <C(a—d).
Adding up the two inequalities yields
(a—b)+ @ —b)<Cla—b)—C@ —b",

whence
/ / —1
a — b S (a - b)7
C+1
that is,
(5.5 egsc u <yeoscu,
8r r
where y 1= g—;i < 1. For an arbitrary p < r, find a nonnegative integer k such that
sk < p =< skr.

Iterating (5.5), we obtain

eoscu <eoscu < ykeoscu < yl(’g(r/p)l‘)g(l/‘s)_l eoscu
B

B, Bk, r By
1/p (log(1/y))/(log(1/8))
= —<—> €oscu.
y \r B,

Note that the constant C in (5.4) can be assumed to be big enough, say C > 3. Then
y > 1/2 and (5.3) follows from the previous line with 6 = (log(1/y))/(log(1/4)).
g
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PROPOSITION 5.3. Let 2 be an open subset of M such that E(Q) < 00. Fixa
function f € Byp(R2), and set u = G f . Then, for any precompact ball B(x,r) C
and all p € (0, r],

6
(5.6) eosc u <2FE(x,r) esup | f] +4<£> esup |ul,
B(x,p) B(x,r) r B(x,r)
where 0 is the same constant as in Lemma 5.2 and

E(x,r) = E(B(x,r)).

PROOF. Write for simplicity B, := B(x, r). Let us first prove that if f > 0,
then

6
(5.7 eoscu < E(x,r) esup f +2<£> esupu.
By B, r ,
By Lemma 3.2, we have for the function v = G? f that

eoscv <esupv < E(x,r) esup f.
By B, B,

The function w := u — v is harmonic in B, by Lemma 3.4 and nonnegative by
Theorem 2.12(b). By Lemma 5.2, we obtain

o\’ p\°
€0sc w 52(—) €0SC W 52(—) esupu.
B, r - r B,

Since u = v + w, (5.7) follows by adding up the two previous lines.
For a signed function f, write f = f4 — f_ and set

u:= GQfJr and u:= GQf_.
Then u and u are nonnegative and u = u — u, whence it follows that
eoscu = eosc(u — u) < eoscu + eoscu.
Applying (5.7) separately to u and u# and adding up the inequalities, we ob-
tain (5.6). O

5.2. Time derivative. In this section, we assume only the basic hypotheses. If
fe L?(M), then, for any ¢ > 0, the function u, = P; f is in dom(£) and satisfies
the heat equation

(58) 8[1/![ + Lu = 0,

where 9,u; is the strong derivative in L2(M) of the mapping ¢ — u,; cf. [30]
and [28], Section 4.3. The argument in the next lemma is well known in the context
of the semigroup theory (see [16, 17]), and we reproduce it here for the sake of
completeness.
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LEMMA 5.4. Forany f € L*(M) and all 0 < s < t, we have

1
(5.9) 19rell2 = -

— S

||MS ||27

where u; =P; f.

PROOF. Let {E,},>0 be spectral resolution in L?(M) of the operator L. Then
we have

&9
U = eitﬁf :/ e dE, f,
0

o0
Bty = —Le~'E f = f (—n)e ™ dE, f,
0

whence
2 o 2
||ut||2=fO =2 4| Ex f 12,
o
1,013 = /0 322 4| E; £
Since
)LZE—ZI)L — ()Le—(t—s))x)ze—Zs)u < 1 —25A
we obtain
181,13 < /°<’e—2“cl||zw||2 = ¥nuqn%,
~(t—s)2Jo (t—s)2""

which was to be proved. [
In the rest of this section, assume that p, (x, y) is the heat kernel with domain D.

COROLLARY 5.5. For any t > 0 and y € D, the function t — p;(-,y) is
strongly differentiable in L*(M) and, for all 0 <s < t,

1
10: p: (-, W) 2 < :\/pzs(y, y).

PROOF. Setting f = p.(-, y) for some ¢ > 0 and using (2.12), we obtain that
the function

ur="Pif = pr+e(:,y)
satisfies (5.9), that is,

1 1
10 Prae, W2 < :”ps+£('7 Nl2= :\/PZ(H@)()’, y).
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Renaming ¢ + ¢ by ¢ and s + ¢ by s, we finish the proof. [

Set
p;(-xv y) = a2‘172‘(x’ )’),
where the strong derivative 0, is taken with respect to the first variable x. Hence,
forany y € D and 7 > 0, p;(x, y) is an L?-function of x.
LEMMA 5.6. Forall0 <s <t andy € D, we have
(5.10) P, ¥) =Psp_s (-, y).
PROOF. Indeed, we have by (2.12)
PG y) =Pspr—s(-, y).

Since P is a bounded operator in L2, it commutes with the operator d; of strong
derivation. Applying the latter to the both sides of the above identity, we ob-
tain (5.10). O

COROLLARY 5.7. Forallt >0,y e D and pi-a.a. x € D,

2
(5.11) 002 (e 1 = 2 Puja e 1) pea (3., 3).

PROOF. By Lemma 5.6, we have, forall y € D and p-a.a. x € D,

pr(x,y) = (ps(x,), pi_s (- ),
whence by Corollary 5.5,

1
1Py e, W] = P, D2l py—y G )2 < ﬁ/pzs(x,X)pzr(y, y)

forany 0 <r <t —s. Choosing s = r =t /4, we finish the proof of (5.11). [J
REMARK 5.8. It follows easily from the identity
pi(x, y) = (ps(x, ), pr—s (-, ¥)),

that the function ¢t — p;(x, y) is differentiable for all fixed x, y € D and

0
Epl‘(x’ y) = (ps(xs ')’ alpl‘—s(" )’)) = (Ps(xa ')9 Qt—s(', )7))

Arguing as in the previous proof, we obtain

J— X, — X, X s

for all t > 0 and x, y € D. However, for applications we need estimate (5.11) for
the strong derivative 0; p; rather than for the partial derivative % p:(x,y).
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LEMMA 5.9. If Q is an open subset of M and ifE(Q) < 00, then, forallt > 0
and 7 € M, the function u, := p$(-, 7) satisfies in (0, +00) x Q the equation

G (0uy) +u, =0.

PROOF. By Lemma 3.2, the Green operator G is a bounded operator in
L?(S2), and G* is the inverse operator to L. Since the function u; satisfies the
equation d;u; + L%u, =0, applying G proves the claim. [J

5.3. The Holder continuity. In this subsection we use the hypotheses (VD) +
(H) 4+ (EF<). As it follows from Theorem 3.11 and Proposition 4.1, under these
hypotheses the heat semigroup {P;} is locally ultracontractive. Hence, by Theo-
rem 2.12, for any open set 2 C M, the heat kernel th exists with the domain
Q\ N where N C M is a fixed properly exceptional set; cf. the beginning of the
proof of Theorem 4.2.

LEMMA 5.10. Let the hypotheses (VD) + (H) + (EF <) be satisfied, and let
Q be an open subset of M. Fixt > 0,0 < p <R(t), and set
(5.12) r=(R@F p")/ P+,

where B is the exponent from (3.19), and 0 is the constant from Lemma 5.2. Fix
also a point x € Q\ N and assume that the ball B(x,r) is precompact, and its
closure is contained in 2. Then

o)
P Q
(5.13) osc  p(x, )5c(—) su O, ¥),
yeB(x,p)\Np’ Y R(1) yeB(x,I:)\Npt/z >
where ® = ﬁﬂ% and C depends on the constants in (Er<) and (3.19).

PROOF. By construction in the proof of Theorem 2.12, the heat kernel th
is obtained as a monotone increasing limit of th " as n — oo where {U,} is an
exhaustion of €2 by sets U, that are finite union of balls from a countable base and
the convergence is pointwise in &\ \/. Suppose for a moment that we have proved

(5.13) for U, instead of €2, that is,

Uy
sup  p;"(x,y)
yEB(x,p)\N
(5.14)

0]

. p U

< inf Un (x,y)+ C(—) su (¥, y)
)’EB(x,p)\Npt Y R(1) yeB(x,IZ)\Npt/z »

[note that if n is large enough, then B(x,r) € U,]. Replacing on the right-hand

side of (5.14) p,U " by a larger value th and letting n — oo on the left-hand side,
we obtain (5.13).
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To prove (5.14), rename for simplicity U, into U and recall that, by construction
in the proof of Theorem 2.12, the domain of th is U \ Ny where Ny is a truly
exceptional set in U, that is contained in N. It follows from Corollary 2.7, that,
forany x e U \

sup pl(x,y)= esup p(x,y)
yeB(x,0)\N yeB(x,p)

and a similar identity for inf and einf. Hence, it suffices to prove that
U P\’
eosc p,(x,y) < C(—) A,
veBGr.p) R(1)

where

A= sup  plH(y.y).
yeB(x,r)\N

Set
u() =pYx,y) and f()=dplx,y),

where 9, is the strong derivative in L2(U) with respect to the variable y. Applying
Corollary 5.7 to the heat kernel th , we obtain, for n-a.a. y € B(x, r),

2 2
F O = 2Pl G0y y) < ZA.

By Lemma 5.9, we have u = —GY f. Since forall y € B(x,r) \ N

u(y) < \/p,%(x, )p(y.y) <A
and p <r, we obtain by Proposition 5.3 and (E <) that

6
eosc u <2FE(x,r) esup | f] +4(£) esup |u|
B(x,p) B(x,r) r B(x,r)

A P 0
<CF(r)— +4<—) A.
t r
Since r < R(t), we have by (3.19)

F(r) < C(%)ﬂF(R(t)) - c(%)ﬁr,

whence it follows that

r \*? P o
eoscqu(( ) +(—) )A
B(x,p) R() r

Note that this inequality is true for any r such that B(x,r) € U and p <r < R(¢).
Choosing r = (R(t)? p?)1/B+9)  we obtain (5.13). O
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THEOREM 5.11. Let the hypotheses (VD) + (H) + (EF) be satisfied. Then,
for any open set Q C M, the heat kernel th (x,y) is Holder continuous in x and

yin Q\N.

PROOF. Fix x € Q\ N, t > 0, and choose p > 0 so small that B(x,r) €
where r = r(t, p) is defined by (5.12). Using Theorem 4.2, (VD), and (3.19), we
obtain that, for any y € B(x,r) \ N,

Q =
Pip(y,y) = pipp(y,y) < VO R@)
_ C  Vx,R®)
~ VL, RM®) VI, R@))

C d(x, y)\“
1
= V<x,7z(t>>< TR0 )

C
= X7/ N
T Vix,R(@))
where we have used that d(x, y) <r <'R(t). Therefore, by Lemma 5.10,
Q)
P C
5.15 0sc R(x,y) < ( ) .
619 vl OV = 20) Ve ro)
In particular, if y € Q \ NV is close enough to x, then we have
d(x, y))@ C
Q _oQ <
|pt (x$x) p[ (xvy)|—< R(t) V(X’R(t))v

which means that pf2 (x, ) is Holder continuous in Q\ N. O

COROLLARY 5.12. Let the hypotheses (VD) + (H) + (EF) be satisfied, and
let B(x, R) be a precompact ball, such that x € M \ N. Then for all p and t, such
that

(5.16) 0<p <RI <R,

and for all y € B(x, p) \ N, the following estimate holds:

p >® C

R()) V(x,R@)

17 |pEOR e x) = pPER ()| < (

PROOF. Set Q2 = B(x, R). Then the condition B(x, r) € 2 from the previous
proof is satisfied because r < R(¢) < R by (5.12) and (5.16). Hence, (5.17) follows
from (5.15). O
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5.4. Proof of the lower bounds.

LEMMA 5.13. Assume that (VD) + (E ) are satisfied. Then there exists € > 0
such that, for all precompact balls B(x, R) with x € M \ N and for all 0 <t <
eF(R),

c
5.18 B(x.R) X,X) > ———.
(5.18) P ( )_V(x,R(t))
PROOF. Choose r from the condition t = ¢ F'(r) which implies R > r and,
hence, p,B xR > ptB Grr), Hence, it suffices to prove that
B(x,r) > ¢
PO E Ry

Setting B = B(x, r), we have by (2.17)
| PP drm) =PI =Fi <) =1~ Pu(ep <1,
B\N

By Corollary 3.20, we obtain
F(r)

1/(B'=1) )
Pr(tp <1) < Cexp(—c( ) ) = Cexp(_cg—l/(ﬁ —1))’

whence it follows that, for small enough € € (0, 1),

1
/ pE, yyduy) = ~.
B 2

Therefore,

pBx) = fB P )

1 B 2
> E(fmpt (x,y)du(y))

1/4
= X7/ . . N
~ V(x, R(t/e)

where we have used that » = R(¢/¢). Finally, using (3.20) and (3.13) we obtain
(5.18). O

THEOREM 5.14. Assume that the hypotheses (VD)4 (H )+ (EF) are satisfied,
and all metric balls in (M, d) are precompact. Then there exist €, n > 0 such that

B(x,R) c
(5.19) D: (x,y) > VE RO

forallR>0,0<t <eF(R)and x,y € M\ N, provided
(5.20) d(x,y) <nR(1)
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B(x,R)

FI1G. 6. Illustration to Theorem 5.14.

(see Figure 6). Consequently, the following inequality:

C
(NLE) pr(x,y) > m

holds for all t > 0 and x,y € M\ N satisfying (5.20).

PROOF. Obviously, (NVLE) follows from (5.19) by letting R — oo, so that it
suffices to prove (5.19). Let p and ¢ be such that

O<p<nR(() and t<eF(R),

where ¢ € (0, 1) is the constant from Lemma 5.13, and 5 € (0, 1) is to be de-
fined below. Then the hypotheses of Lemma 5.13 and Corollary 5.12 are satisfied.
Writing for simplicity B = B(x, R), we obtain by (5.19) and (5.17) that, for any
y€B(x,p)\ N,

P, y) = pB e, x) — IpEx, x) — pB(x, y)|

- c ( P )® C
TV, R@)  \R@)/ V(x,R(@))
PG
. c=Cn”
~V(x,R@)
Choosing 7 sufficiently small, we obtain (5.19). O

Combining Theorems 4.2, 5.11 and 5.14, we obtain the main result:
THEOREM 5.15. If the hypotheses (VD) + (H) + (EF) are satisfied and all

metric balls are precompact, then the heat kernel exists, is Holder continuous in
x, v, and satisfies (UE) and (NLE).



ESTIMATES OF HEAT KERNELS 1263

EXAMPLE 5.16. Under the hypotheses of Theorem 5.15, assume that the vol-
ume function V (x, r) satisfies the uniform estimate

Vix,r)~r®

with some « > 0, and function F be as follows:

Bi
(5.21) F(r)= {:ﬁzz ' ; }
where 81 > B> > 1. Then
1
RO={om, 131
and the heat kernel satisfies the estimate
PAEI) P {’W“ r=1
Vi, R(t) /P, 1>1
It follows that
(5.22) pi(x,y) < Ci=*/F

for any 8 from the interval > < B8 < ;. Let us verify that the following upper
bound fails:

1/(B=1)
(5.23) i) = Cm% exp - (a) )

where r = d(x, y). Indeed, by (NLE) we have

pi(x,y) = m

provided r < nR(r). Assuming that < 1 and setting » = nR(t) = nt'/#1 we ob-
tain!!

(5.24) pi(x,y) =

while it follows from (5.23) that

ta/ﬂ1

(525) pt(_x y) ( C(fﬁ/ﬂl_l)l/(ﬂ_l))‘

Since B/B1 < 1, the exponent of ¢ under the exponential is negative so that the
right-hand side of (5.25) becomes as + — 0 much smaller than that of (5.24), which
is a contradiction.

HThe existence of a couple x, y with a prescribed distance r = d(x, y) can be guaranteed, provided
the space (M, d) is connected.
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Another way to see a contradiction is to observe that (5.23) implies (Ef) with
function F (r) >~ rP (cf. [31, 45]), which is incompatible with (Er) with function
(5.21) [although this argument requires the conservativeness of (£, F)].

The conclusion is that in general (5.22) does not imply (5.23). For comparison,
let us note that if B =2 and the underlying space is a Riemannian manifold, then
(5.22) does imply (5.23); cf. [24].

6. Matching upper and lower bounds.
6.1. Distance d..
DEFINITION 6.1. We say that a sequence {xi}fvzo of points in M is an e-chain
between points x, y € M if
X0 =X, xy=y and d(x;,xi—1)<¢€ foralli=1,2,...,N.
One can view an ¢-chain as a sequence of chained balls { B; }lN: o of radii ¢, that

connect x and y; that is, the center of By is x, the center of By is y, and the center
of B; is contained in B;_j forany i =1,..., N (see Figure 7).

DEFINITION 6.2. For any ¢ > 0 and all x, y € M, define

N
(6.1) ds(x,y) = inf > d(xi, xi1),

x;} is e-chain “ 1
1=

where the infimum is taken over all e-chains {x; }lN: o between x, y with arbitrary N.

It is obvious that d. (x, y) is a decreasing left-continuous function of ¢ and

(6.2) de(x,y) >d(x,y).
Furthermore,
(6.3) e>dx,y) = do(x,y)=d(x,y).

It is clear that d; is an extended metric in the sense that d, satisfies all the axioms
of a metric except for finiteness. If an ¢-chain exists for any two points x, y, then
d¢(x,y) < 00, and hence d; is a true metric.

FI1G. 7. An e-chain connecting x and y.
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LEMMA 6.3. If0 <d:(x,y) < oo for some x,y € M and ¢ > 0, then there
exists an e-chain {x,-}lN: o between x, y such that

dg(x,y)-‘

(6.4) N < 9’7
€

Here [-] stands for the least integer upper bound of the argument. It follows
from (6.1) by the triangle inequality that always

N > lrds(-xa y)—‘
- &

Hence, denoting by N.(x, y) the minimal value of N for which there exists an ¢
chain {xi}f\’: o between x and y, we obtain

(6.5) Ne(x,y) ~ ’7@—‘

The number N, (x, y) can be also viewed as the minimal number in a sequence of
chained balls of radii & connecting x and y.

PROOF OF LEMMA 6.3. If d.(x,y) < ¢, then also d(x, y) < ¢, and hence
{x, y}is an e-chain with N = 1. Assume d,(x, y) > ¢, and let {x;}_, be a e-chain
between x, y, such that

(6.6) D d(xi,xi—1) < 2de(x, y),

i=1
which exists by hypothesis. Set r; = d(x;, x;—1). Then (6.6) implies

4d, (x,
#i:ri>e/2} < 78()6 y)’
£

whence

4d. (x,
#{i:r; <8/2}ZH—M.
&

Ifn> 9[@1, thenn > 9 and n > 9@, whence it follows that

5Sn n+1
#{i:r 2 — .
{i:ri<e/2}> 5 > >
Hence, there is an index i such that both r;_; and r; are smaller than /2. This im-
plies that d(x;_1, x;+1) < € so that by removing the point x; from the chain we still
have an e-chain. Continuing this way, we finally obtain an e-chain satisfying (6.4).
]
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6.2. Two-sided estimates of the heat kernel. 1If x # y, then it follows from
(6.2) and (3.19) that

F(g)

(6.7) de(x,y) = 00 as & — 00.

In this section, we make an additional assumption that, for all x, y € M,
F(e)

(6.8) de(x,y)—>0 as ¢ — 0.

In particular, (6.8) implies the finiteness of d; for all & > 0. Define the function
&(t, x, y) as follows:

F(e)
£

(6.9) s(t,x,y)=sup{8>0: dg(x,y)ft}.

If x =y, then &(¢, x, x) = oco. If x # y, then it follows from (6.8) and (6.7) that
O<e(t,x,y) <oo.

LEMMA 6.4. If(6.8) is satisfied, then the function €(t, x, y) satisfies the iden-
tity
F
(6.10) ﬁde(x, y) =t
e
for all distinct x,y € M and t > 0.

PROOF. Since the function F(¢) is continuous and d.(x, y) is left-continuous
in &, we have

F(e
Qdﬁ (x,y)=t.
e
Assume from the contrary that
F(e)

d&(-xv y) < tv

and note that, for any ¢’ > ¢, we have by definition of ¢ that
F /
(6.11) &dg/(x, y) >t.
€
On the other hand, d./ (x, y) < d.(x, y) and
F(e')  F(e)
9

- ase > e+.
g e

Hence,
/
F(e) _F(

lim sup de(x,y) <t,

/
g—et €

which contradicts (6.11). [
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THEOREM 6.5. Let all metric balls be precompact. Let the hypotheses (VD) +
(EF) + (H) and (6.8) be satisfied, and let €(t,x,y) be the function from (6.9).
Then, forall x,y € M\ N and t > 0, we have

C
(6.12) pr(x,y) < mexp(—cd)(cdg(x,y),t)),

where ¢ = e(kt,x,y) and k = 8 for the upper bound in (6.12) while « is a small
enough positive constant for the lower bound.

The proof of Theorem 6.5 is preceded by a lemma.
LEMMA 6.6. For all distinct x,y € M and t > 0, we have

6.13) B(eds (x, y), 1) < @

5 CD(CdS('x’ )7), t)a
where e = ¢e(t,x,y).
PROOF. Let us first show that, for all ¢ > 0 and some ¢ € (0, 1),

e 1 e
(6.14) cp(c—) < < ¢<2 )
F(e) F(¢) F(e)
By (3.39), we have, for all r > 0,

< 2¢e ) - 2¢e 1

F(s)) — F(e)r F(r)

Choosing » = ¢ we obtain the right-hand side inequality in (6.14). By (3.39), the
left-hand side inequality in (6.14) is equivalent to

ce 1
— < for all r > 0,
Fe)yr F@r) ™ F(e)
that is, to
Fe) ey,
F(r) r
If r > ¢, then this is trivially satisfied provided ¢ < 1. If r < ¢, then by (3.19) we
have
F(g) <8 )ﬂ £
>c| — >c—,
Fir)y \r) — r
which proves the previous inequality and, hence, (6.14).

Putting in (6.14) ¢ = (¢, x, y) and using Fie) _ dg()tf,y)

Lemma 6.4, we obtain

q)(Cdg();,y)) _de(x.y) 5 q><2d8(x’y)>,

- et t

, which is true by




1268 A. GRIGOR’YAN AND A. TELCS
whence (6.13) follows. [J

PROOF OF THEOREM 6.5. If x =y, then d.(x,y) =0, and (6.12) follows
from Theorems 4.2 and 5.14. Assume in the sequel that x # y. Let us first prove
the lower bound in (6.12), that is,

(6.15) pi(x,y) = exp(—CP(Cds(x, y), 1)).

c
Vi(x,R())
By Theorem 5.14, we have

c
(NLE) pi(x,y) > m
provided

(6.16) d(x,y) <nR(1)

for some 1 > 0. Set ¢ = e(«t, x, y) where « € (0, 1) will be chosen later.
Consider first the case ¢ > d¢(x, y). By (6.13), we have

D (cdg(x,y),kt) < 1.
Applying (3.45) with R = cd,(x, y), we obtain
F(cds(x,y)) < Ckt,
whence by (3.20)
de(x,y) < ¢ 'R(Crt) < nR(1),

provided « is small enough. Since d(x,y) < d:(x,y), we see that the condition
(6.16) is satisfied and, hence, (6.15) follows from (NLE).
Assume now that ¢ < d¢(x, y). By Lemma 6.3, there is an e-chain {xi}fvzl con-
necting x and y and such that
de(x,y)

(6.17) N~ .
€

By (2.6), we have

pt(x,y)Z/ / PN (X, 21 pryn(21,22) -+
M Ju

X pt/N@EN-1,Y)dz1 -+ dZn—1
(6.18)

2/ / pt/N(ZO,Zl)pt/N(ZleQ)“'
B By-1

X pr/N@N-1,2ZN)dz1 - -dZn—1,

where zo = x, zy =y, B; = B(x;, ¢). We will estimate p;/n (2, zi+1) from below
by means of (NLE). For that, we need to verify the condition

d(zi, zi+1) <nR(t/N).



ESTIMATES OF HEAT KERNELS 1269

By (6.10), we have
F(g) kKt

e de(x,y)
It follows from (6.19) and (6.17) that

(6.19)

Fe) Kt
&) ~ —,
N

82R<K—t>.
N

Clearly, if « is small enough, then

whence by (3.20)

(6.20) e < %z(%)

Since in (6.18) z; € B(x;, ¢) and d(x;, xj+1) < ¢, it follows from (6.20) that
d(zi,zi+1) <3¢ <nR(t/N).
Hence, by (VLE) and (3.13),
c c c
Zi+1) = > > .
V(zi, R(t/N)) = V(xi, R(t/N)) — V(xi,¢)
Therefore, (6.18) implies

PN (Zi,

N—-1

pi(x,y) > V(xi,e)

c c
V(x,R(t/N)) 11:[1 V(xi,e)
N
>
“ V(x,R(/N))
- exp(—CN)
— Vx, R@)
_ exp(=C(d:(x, ))/e)
B V(x, R(1))

By Lemma 6.6, we have
de(x, y)
e

6.21)

<®(Cd.(x,y),kt) = K@(%dg(x, y), t).

Substituting into (6.21), we obtain (6.15).

To prove the upper bound in (6.12), we basically repeat the proof of Theorem 4.2
with d being replaced by d; for an appropriate ¢. Fix some & > 0 and denote by
B (x, r) the ball in the metric d;. It follows from (6.3) that

(6.22) B.(x,r)=B(x,r) forall r <e,



1270 A. GRIGOR’YAN AND A. TELCS

which allows to modify Lemma 3.14 as follows: for all x € M \ Ny and R > 0
(6.23) E, (e *"BeR) < C exp<—c§),

provided the values of parameters r and A satisfy the conditions

(6.24) O<r<e and A>

TF(r)

Indeed, (6.23) is analogous to estimate (3.30) from the proof of Lemma 3.14 for
d-balls, which was proved using A > % To repeat the proof for the metric d,
we need the precompactness of d.-balls, that follows from (6.2), and the condition
(EF) for d¢-balls of radii < r, that follows from (6.22), provided r < ¢.

Consequently, the statement of Theorem 3.15 is modified as follows: for all
xeM\Nypand R, t >0,

(6.25) Py(tB,(x,r) <t) < Cexp(—c®:(cR, 1)),
where
(6.26) ®,(R. 1) {R ! }
. ,1) = s —— .
‘ 0<I;I;8 r F(r)

Indeed, arguing as in (3.36) and using (6.23) we obtain that, under the assumptions
of (6.24),

R
Py(tB,(x.r) <t) < Cexp(—c— + At).
r

Setting here . = o/ F (r) yields
(6.27) Py ( <1 <C <—(—— t))
. (T ex .
Be(x,R) p ¢ , F(r)

Finally, minimizing the right-hand side of (6.27) in r < ¢, we obtain (6.25).
Let us show that if

t<lF(s)

(6.28) < R,
£
then
(6.29) O(R, 1) <2P.(R,1).
We have
{ R t } R

supy — — < —,

r>elrl F(}’) &
whereas

{R t } R t R 1R 1R
> — — )
&

R T FOI T Fe T

O<r<e
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It follows that

O(R. 1) {R t }<2 {R t }
1) =supf — — <2 sup }—— —1,
r>oL7 F(r) O<r<el T F(r)

which proves (6.29). Hence, we can rewrite (6.25) in the form
(6.30) Py (tB,(x.R) < 1) < Cexp(—c®@(cR, 1)),

provided the relation (6.28) between ¢, ¢, R is satisfied.

As in the last part of the proof of Theorem 4.2, we apply (6.30) with R =
%dg (x,y) for fixed x, y € M \ N. Note that in (4.20) d(x, z) can be replaced by
a larger value d.(x, z). The rest of the argument goes through unchanged, and we
obtain

c
(6.31) pr(x,y) < WCXP(—C‘D(C’%(X, ), 1)),
provided

(6.32) t < %F(S) de(x, y).

By (6.10), condition (6.32) can be satisfied by setting ¢ = ¢(8¢, x, y). [

COROLLARY 6.7. Under the hypotheses of Theorem 6.5, we have

_ c _ de(x,y)
(6.33) pt(x’y)A7V(x,R(t))eXp<c - )

(6.34) exp(—cNe(x, ),

_ C
TV (x, R@))

where ¢ = e(kt,x,y) and k is a large enough constant for the upper bound and a
small enough positive constant for the lower bound.

PROOF. The lower bound in (6.33) follows from (6.21), while the upper bound
follows from (6.31) and

de(x,y)
£

5 CD(CdS('xv )’)’Kt) =Kq)<£d8(-x9 )’)»t)»
K

provided « is chosen large enough to ensure C/k < ¢ where c is the constant from
(6.31). Estimate (6.34) follows then from (6.5). [

REMARK 6.8. A good example to illustrate Theorem 6.5 and Corollary 6.7
is the class of post critically finite (p.c.f.) fractals, where the heat kernel estimate
(6.34) was proved by Hambly and Kumagai [40]. Without going into the details
of [40], let us mention that d(x, y) is the resistance metric on such a fractal M,
and p is the Hausdorff measure of M of dimension « := dimy M. One has in this
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setting V (x, r) >~ r%, in particular, (VD) is satisfied. Hambly and Kumagai proved
that (Ef) is satisfied with F(r) = r? where B =a + 1; cf. [40], Theorem 3.8.
Condition (6.8) follows from the estimate

(6.35) Ne(x, y) < C(d(’;’ y))y,

proved in [40], Lemma 3.3, with y = 8/2, as (6.35) implies that
F(e)

ds(x,y)§C8ﬂNg(x,y)§Cd(x,y)Vs/3_V—>0 as e — 0.

The Harnack inequality (H) on p.c.f. fractals was proved by Kigami [44]. Hence,
Corollary 6.7 applies and gives on unbounded p.c.f. fractals estimate (6.34). The
same estimate was proved in [40], Theorem 1.1, for bounded p.c.f. fractals using a
different method.

Note that (VD) implies (6.35) with y = « [where a comes from (3.13)], pro-
vided all balls in M are connected. Indeed, (VD) implies by the classical ball cov-
ering argument that any ball of radius r can be covered by at most C (%) balls
of radii ¢ € (0, r). Consequently, any point y € B(x,r) can be connected to x
by a chain of e-balls containing at most C (g)“ balls. Taking r >~ d(x, y) we ob-
tain (6.35) with y = «. Therefore, hypothesis (6.8) is satisfied automatically for
F(r)=rP with 8 > a.

Estimate (6.34) means that the diffusion process goes from x to y in time ¢ in
the following way. The process first “computes” the value'? of ¢ as a function of
t,x,y, then “detects” a shortest chain of e-balls connecting x and y and finally
goes along that chain (see Figure 8).

This phenomenon was first observed by Hambly and Kumagai on p.c.f. fractals,
but it seems to be generic. Hence, to obtain matching upper and lower bounds,
one needs, in addition to the usual hypotheses, also the information encoded in
the function N, (x, y), namely, the graph distance between x and y on any e-net
approximation of M.

6.3. Chain condition. The statement of Theorem 6.5 can be simplified if the
metric space (M, d) possesses an additional property as follows.

12por example, in the above setting, when (6.35) is satisfied with y < B, we obtain from (6.10)

8ﬂ<d(): y))” .

¢ \GB-Y
>c|l —— .
= (d(x,y)y)

&P Ng >~ t whence

and
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F1G. 8. Two shortest chains of e-balls for two distinct values of € provide different routes for the
diffusion from x to y for two distinct values of time t.

DEFINITION 6.9. We say that a metric space (M, d) satisfies the chain condi-
tion if there exists a constant C > 1 such that, for any positive integer n and for all
X,y € M, there is a sequence {xi}}_ of points in M such that xo = x, x, = y and

d(x,y)

dxg_1,xx) <C forallk=1,...,n.

For example, any geodesic metric satisfies the chain condition.

LEMMA 6.10. If (M, d) satisfies the chain condition, then d. < Cd for any
e>0.

PROOF. Indeed, fix ¢ > 0 and two distinct points x, y € M, and choose n so

big that C @ < e. Let {x;}{_, be a sequence from the chain condition. Then it
is also an e-chain, whence

de(x,y) <> d(xp—1,xx) < Cd(x,y),
k=1

which was to be proved. [
COROLLARY 6.11. Let the metric space (M, d) satisfy the chain condition,

and let all metric balls be precompact. If the hypotheses (VD) + (Ef) + (H) are
satisfied, then, for all x,y e M\ N and t > 0,

. ¢ B d(x,y)
(6.36) pr(x,y) =< VRO exp( ctCID(c " )),

where ®(s) is defined by (3.39).

PROOF. Since by Lemma 6.10 d. < Cd, condition (6.8) is obviously satisfied.
Since d; >~ d, we can replace in (6.12) d; by d, which together with (3.38) yields
(6.36). O
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REMARK 6.12. Obviously, estimate (6.36) (should it be true) implies (UE).
We claim that (6.36) implies also (NLE); moreover, the parameter n in (NLE) can
be chosen to be arbitrarily large, say n > 1. Indeed, we need to show that if

d(x,y) =nR(@),

where 7 is a (large) given constant, then

d ’
th(c (xt y)) < const,

which amounts to

6.37) <I>(n@) < CotnSt,

where we have renamed c7 to 5. Indeed, by (3.39) we have

o0 =l ¢l

so that (6.37) is equivalent to

R(t t
1 ()<—+const.

6.38
(©39 RE) ~ &

If £ <t, then by (3.20)
R(1) (t)l/ﬁ
— - <C| - .
RE) — \&

If the ratio é is large enough then, using 1/8 < 1, we obtain that

C( t )Uﬁ - t

77 o = >

§ £

whence (6.38) follows. If é is bounded by a constant, say é < C’ (which includes

also the case & > r), then by (3.20)

nR@) _ R(C'E)
=1
R(&) R(&)

whence (6.37) follows again.

< const,

7. Consequences of heat kernel bounds.

7.1. Harmonic function and the Dirichlet problem. We assume only basic hy-
potheses in this subsection. Moreover, we use neither the locality of (£, F) nor
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the existence of the process {X;}. We state and prove some basic properties of the
Dirichlet problem in the abstract setting, that will be used in the proof of Theo-
rem 7.4.

Fix an open set Q2 C M such that Anpin (2) > 0, and consider the following weak
Dirichlet problem in €2: given a function f € F, find a function u € F such that

(7.1) { u is harmonic in €,

u = f mod F(2),
where the second condition is a weak boundary condition and means that u — f €
F(2).

LEMMA 7.1. (a) For any f € F, problem (7.1) has a unique solution u.
(b) If u solves (7.1) and w € F is another function such that w = f mod F(£2),
then £(u) < E(w). Moreover, the identity £(u) = E(w) holds if and only if u = w.

PROOF. (a) The condition Apiy(€2) > 0 implies that

E(p) = E@) + lol3

for all ¢ € F(2). Hence, F(£2) is a Hilbert space also with respect to the inner
product £(p, ¥). The harmonicity of « in (7.1) means that

(7.2) Ew,p)=0 for all ¢ € F(R2).
Equivalently, this means for the function v = f — u that
(7.3) EWw,p)=E(f, p) for all p € F ().

Since E£(f, ¢) < E(f)/?E(p)!/?, the functional ¢ — E(f, ¢) is a bounded linear
functional in F(£2), and equation (7.3) has a unique solution v € F(£2) by the
Riesz representation theorem. Then # = f — v is a unique solution of (7.1).

(b) Setting ¢ = w — u and noticing that ¢ € F(£2), we obtain using (7.2)

EW)=Eu+¢)=EW) +2Ew, ) +E(@) =EwW) + E(p).

Hence, £(u) < £(w), and the equality is attained when & (¢) = 0, that is, when
¢=0. 0O

In what follows, denote by R the resolvent operator of (7.1), that is, u = Rf.
Obviously, R is a linear operator in F. Since by Lemma 7.1 E(Rf) < £(f), we
see that the norm of the operator R in JF is bounded by 1.

LEMMA 7.2. (a)lf f <g,then Rf < Rg.Inparticular,if f >0, then Rf > 0.

O IfO< f<l1,thenalso0<Rf <1.

(©) If { fu};2 is an increasing sequence from F and f, % f as n — o0, then
Rf, = Rf a.e.in Q as n — oo.
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PROOF. (a) The function u = Rf — Rg is harmonic in B and satisfies the
boundary condition # < 0 mod F(£2). By [30], Lemma 4.4, the latter condition
implies u4 € F(£2). Substituting ¢ = u into (7.2), we obtain £(u, u1) = 0. On
the other hand, by [30], Lemma 4.3, £(u, uy) > £(uy), whence it follows that
E(uy) =0 and, hence, u; = 0. Consequently, u <0 and Rf < Rg.

(b) Set u = Rf and w =u A 1 so that u, w € F and E(w) < E(u). Setting
o =u— fand Yy =w — f, we see that ¢ € F(Q), ¥ € F and ¢ < ¢. By [30],
Lemma 4.4, we conclude that ¥ € F(£2). On the other hand, we have _ = ¢_ €
F(2) whence ¥ € F(2). It follows that w = f mod F(2). By Lemma 7.1 we
conclude that £(u) < £(w). Since the opposite inequality is true by the definition
of a Dirichlet form, we see that £(w) = £(u). It follows from Lemma 7.1 that
w = u, which implies u < 1.

(c) Since R is a bounded operator in F, we see that R f;, i_; Rf asn — oo. It fol-

LX(Q .
lows that also Rf, - Rf. Then there is a subsequence of {Rf,} that converges

to Rf almost everywhere in 2. Finally, since the sequence {Rf,} is monotone in-
creasing, the entire sequence {Rf,} also converges to Rf almost everywhere in 2.
g

7.2. Some consequences of the main hypotheses. The next lemma states useful
consequences of the main hypotheses and motivates the statement of Theorem 7.4
below. It is also used in the proof of Corollary 7.5.

LEMMA 7.3. Let all metric balls be precompact. Then the following implica-
tions are true:

(a) (H) implies that the metric space (M, d) is connected,
(b) (EF) implies that the Dirichlet form (&€, F) is conservative;
(¢c) (EF) implies that diam M = oo.

PROOF. (a) Assume that (M, d) is disconnected, and let €2 be a nonempty
open subset of M such that Q€ is also nonempty and open. There is a big enough
ball B C M such that the intersections of § B both with 2 and Q€ are nonempty,
where § is the parameter from (H). Since B N K is a compact set, there is a cutoff
function u of BN Q in Q; thatis, u € FN Co(R) and u =1 in a neighborhood
of BN Q. Obviously, u = 0 in Q€. We claim that u is harmonic in B. Indeed, for
every function v € F N Co(B), we have uv € F N Co(B N ) and

Ew,v) =EWw,uv) + Eu,v—uv).

Since supp(uv) C B N Q and, hence, u = 1 in a neighborhood of supp(uv), we
obtain by the strong locality of (£, F) that £(u, uv) = 0. Since

supp(v(1 —u)) CBN (BN =BNQ°
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and u = 0 in Q°, it follows that £(u, v — uv) = 0. Hence E(u,v) =0 and u is a
nonnegative harmonic function in B. However, the function u does not satisfy (H)
because u takes in § B the values 1 and O.

(b) By Corollary 3.20, (EF) implies that

F(R)\ /=D
Py(tpe,p) <t) < Cexp(—c( ; ) )

for any x € M \ Ny, R > 0, t > 0. Using this estimate and (2.17), we obtain
Px) = PPOP1(x)

= Px(fB(x,R) > t)

F(R)\/#' =D
Zl—Cexp(—c( ; ) )

As R — oo, we see that P;1(x) > 1, which proves the stochastic completeness.
(¢) If diam M = R < oo, then M = Bp, so that the exit time from Bg is oo and
(Ep<) fails. O

7.3. The converse theorem. In the next statement, we use weaker versions of
(UE) and (NLE) that will be denoted by (UEyeak) and (NLEyeax). Namely, in each
of these conditions we assume that the heat kernel exists as a measurable integral
kernel of the heat semigroup {P;} and satisfies the estimates (UE) and (NLE) for
all ¢+ > 0 and for almost all x, y € M. Note that unlike the conditions (UFE) and
(NLE), their weak versions do not use the diffusion process {X;}.

THEOREM 7.4. Assume that all metric balls are precompact and diam M =
00. Then the following sets of conditions are equivalent:

(1) (VD)+ (H)+ (EF);
(i) (VD) + (UE) + (NLE), and the heat kernel is Holder continuous outside a
properly exceptional set,;
(ii1) (VD) + (UEweak) + (NLEweak)-

Note that, by Lemma 7.3, (i) implies that diam M = oco. However, neither of
conditions (ii) or (iii) implies that M is unbounded because (ii) is satisfied on any
compact Riemannian manifold.

PROOF OF THEOREM 7.4. The implication (i) = (ii) is contained in Theo-
rem 5.15, and the implication (ii) = (iii) is trivial. In what follows we prove the
implication (iii) = (i).

Assuming (iii), let us first show that M is connected. Indeed, let M split into a
disjoint union of two nonempty open sets €21 and €2;. By the continuity of the paths
of {X;}, we have p;(x, y) =0forall > 0and x € 21\ N, y € 2\ N, whereas by
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(NLE) we have p;(x, y) > 0 whenever t > ntd(x, v). This contradictions proves
the connectedness of M. By [31], Corollary 5.3, (VD), the connectedness, and
the unboundedness of M imply the reverse volume doubling (RVD); that is, the
following inequality holds:

V(x, R) R\Y
(RVD) Vx,r) ZC<7> ’

which holds for all x € M, 0 < r < R, with some positive constants ¢, &’. By [31],
Theorem 2.2 and Section 6.4 (see also [45]), (VD) 4 (RVD) + (UEyeak) imply
(Ep=<).

Let us now prove (Ef>), that is,

(7.4) /OOO PEER [ (x)dt > cF(R)

for all x € M \ V and R > 0, where N\ is a properly exceptional set. It suffices to
prove that there is a constant { > 0 such that, for any ball B = B(xg, R),

o0
(7.5) / PBldt>cF(R)  ae.in¢B.
0
Indeed, the function
0
u=/ PE1dt = GB1
0

is quasi-continuous by [20], Theorem 4.2.3. By [31], Proposition 6.1, if u(x) > a
for almost all x € 2, where a is a constant and €2 is an open set, then u#(x) > a for
all x € Q \ V where N\ is a properly exceptional set. Hence, (7.5) implies that

(7.6) /OOOP,BI(x)dt >cF(R) forallx e(B\N

for some properly exceptional set N' = Np. Taking the union of such sets Np
where B varies over a countable family S of all balls with rational radii and whose
centers form a dense subset of M, we obtain a properly exceptional set A/ such
that (7.6) holds for any ball B € S. Approximating any ball B from inside by balls
of the family S, we obtain (7.6) for all balls, which implies (7.4).

Now let us prove (7.5). By the comparison principle of [31], Proposition 4.7 (see
also [30], Lemma 4.18), we have, for any nonnegative function f € L*N L*°(B),

(7.7) Pf(x)<PPfx)+ sup esup Pf(y)
se€(0,t] yeB\(1/2)B

I3Note that (RVD) is essential for (E <) (see [31], Theorem 2.2). In fact, it was shown in [31] and
[45] that (VD) + (RVD) + (UEy,eax) imply also (E g>) provided the Dirichlet form is conservative.
In our setting the conservativeness of the Dirichlet form can also be proved but a direct proof of
(E p>) is shorter.
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for almost all x € B. Let ¢ be a small positive constant to be specified below, and
set f = 1;p. It follows from (NLEyeax) and (3.13) that

C

(7.8) R N )

provided 0 < ¢ < g F(R). The initial value of ¢ is given by the condition (NLEyeak)
but we are going to further reduce this value of ¢ in the course of the proof. Assume
that ¢ varies in the following interval:

1
fora.a.x,z e B<x0, EHR(I)>’

(7.9) JeF(R) <t <eF(R).
The left-hand side inequality in (7.9) implies by (3.19) that
1\ /8
(7.10) R < C(—) R().
€
Chose ¢ from the identity
N 1
(7.11) {C(—) ==7n
€ 2

so that (7.10) implies
B(x0, £ R) C B(xo, 5nR(1)).
Integrating (7.8) over B(xg, ¢ R) and using (VD) and (7.11), we obtain
P f(x)= /
B(x0,¢ R
_ V(xo, ER)
~ Vixo, R(2))
>ct”

=g/

)pt(x, z)dp(z)

(7.12)

for almost all x € B(xg, ¢ R). On the other hand, for almost all y € B \ %B , We
have by (UEweak) and Lemma 3.19

P =

B(x0,¢

c Ve R (_C(F(m)”(ﬂ’—‘))
=TVORE) T s ’

where we have used that d(y,z) >~ R and s <t < F(R). Using (3.13) and (3.19)
we obtain

ps(y,2)du(z)
R)

V(x0, R) <C< R )“<C/<F(R))°‘/’3
Vy.R(s) ~ \R(s)/ — s '
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Finally, it follows from (7.9) and s < ¢ that @ > é whence

(7.13) P f(y) < C<£>a/ﬂ exp(_c<1>1/<ﬂ/—1>)

&
for almostall y € B\ %B. Combining (7.7), (7.12) and (7.13), we obtain, for almost
all x € B(xg, ¢ R),

PEf(x)= P f(x)— sup esupPsf
s€(0,t] B\K

1\%/P 1\ /B =D
el o))
€ €

> Lrears

provided ¢ is chosen small enough. The path t — PJB f is a continuous path in
L?(B) and, hence, can be integrated in 7. It follows from the previous inequality
that

00 eF(R)

/ PB1dr 3/ PB fdt > ce®’PTIF(R),
0 (1/2)eF(R)

which finishes the proof of (Er>).

We are left to prove that (iii) = (H). By [10], Theorem 3.1 (see also [18] and
[41], Theorem 5.3), (VD) 4+ (UEweax) + (NLEyeqx) imply the parabolic Harnack
inequality for bounded caloric function and, hence, the Harnack inequality (H ) for
bounded harmonic functions (note that this result uses the precompactness of the
balls). We still have to obtain (H) for all nonnegative harmonic functions. Note
that by [31], Theorem 2.1,

(VD) + (RVD) + (UEweak) = (FK).

In particular, for any ball B, we have Anpin(B) > 0. Given a function u € F that
is nonnegative and harmonic in a ball B C M, set f, =u A n for any n € N, and
denote by u,, the solution of the Dirichlet problem

{ u, is harmonic in B,
u, = f, mod F(B);
cf. Section 7.1. Since 0 < f,, < n, we have also 0 < u,, < n. Since the sequence
{ f»} increases and f, % u (cf. [20], Theorem 1.4.2), it follows by Lemma 7.2 that

u, — u almost everywhere in B. Each function u,, is bounded and, hence, satisfies
the Harnack inequality in B, that is,
esupu, < Ceinfu,.
SB 6B
Replacing in the right-hand side u,, by a larger function u and passing to the limit
in the left-hand side as n — oo, we obtain the same inequality for u, which was to
be proved. [J
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COROLLARY 7.5. Assume that all metric balls are precompact, diam M = oo,
and the Dirichlet form (£, F) is conservative. Then the following sets of conditions
are equivalent:

(i) (VD) + (H) + (UEweax);
(ii) (VD) + (UE)+ (NLE).

PROOF. In the view of Theorem 7.4, it suffices to prove that (i) = (Ef). By
Lemma 7.3, (H) implies the connectedness of M. By [31], Corollary 5.3, (VD) =
(RVD) provided M is connected and unbounded, which is the case now. By [31],
Theorem 2.2, the conservativeness and (VD) 4+ (RVD) 4 (UEyeax) imply (Ef). [

Many equivalent conditions for (UEyeax) were proved in [31] under the stand-
ing assumptions (VD) + (RVD) and the conservativeness of (£, F). Of course, each
of these conditions can replace (UEyeax) in the statement of Corollary 7.5.

COROLLARY 7.6. Assume that all metric balls are precompact, diam M = oo,
and (M, d) satisfies the chain condition. Then the following two sets of conditions
are equivalent:

(1) (VD)+(H)+ (EF);
(i1) The heat kernel exists and satisfies the two-sided estimate (6.36).

PROOF. The implication (i) = (ii) is contained in Corollary 6.11. Let us
prove the implication (ii) = (i). Estimate (6.36) implies (UE) as well as (NLE)
with any value of 5, in particular, n > 1; cf. Remark 6.12. By [34], Lemma 4.1,
(NLE) with n > 1 implies (VD). Finally, by Theorem 7.4, we obtain (H) + (EF).

]

APPENDIX: LIST OF CONDITIONS

We briefly list the lettered conditions used in this paper with references to the
appropriate places in the main body.

(H) esupp, sryu < Ceinfp(x sr)u (Section 3.2);
(VD) V(x,2r) <CV(x,r) (Section 3.2);
(EF) Extp(x,r) = F(r) (Section 3.3);

(FK) hnin () = 775 (453)" (Section 3.3);

(UE) pi(x,Y) < gy SXP(—3 P (cd(x, y), 1)) (Section 4);
(NLE) pi(x,y)> W provided d(x, y) < nR(t) (Section 5.4);

(RVD) F&R) > c(£)e" (Section 7.2).
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