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We present a construction of a Lévy continuum random tree (CRT) as-
sociated with a super-critical continuous state branching process using the
so-called exploration process and a Girsanov theorem. We also extend the
pruning procedure to this super-critical case. Let ¥ be a critical branch-
ing mechanism. We set Y¥g(-) = ¥ (- +6) — ¥ (0). Let ©® = (0, +00) or
® =[O0, +00) be the set of values of 6 for which g is a conservative
branching mechanism. The pruning procedure allows to construct a decreas-
ing Lévy-CRT-valued Markov process (7g, 6 € ®), such that 7y has branch-
ing mechanism . It is sub-critical if & > 0 and super-critical if 6 < 0. We
then consider the explosion time A of the CRT: the smallest (negative) time
6 for which the continuous state branching process (CB) associated with 7y
has finite total mass (i.e., the length of the excursion of the exploration pro-
cess that codes the CRT is finite). We describe the law of A as well as the
distribution of the CRT just after this explosion time. The CRT just after ex-
plosion can be seen as a CRT conditioned not to be extinct which is pruned
with an independent intensity related to A. We also study the evolution of
the CRT-valued process after the explosion time. This extends results from
Aldous and Pitman on Galton—Watson trees. For the particular case of the
quadratic branching mechanism, we show that after explosion the total mass
of the CB behaves like the inverse of a stable subordinator with index 1/2.
This result is related to the size of the tagged fragment for the fragmentation
of Aldous’s CRT.

1. Introduction. Continuous state branching processes (CB in short) are non-
negative real valued Markov processes first introduced by Jirina [19] that satisfy a
branching property: the process (Z;,t > 0) is a CB if its law when starting from
x +x’ is equal to the law of the sum of two independent copies of Z starting respec-
tively from x and x’. The law of such a process is characterized by the so-called
branching mechanism v via its Laplace functionals. The branching mechanism
of a CB is given by

209) =&x+ﬁx2+/ m(dO)[e ™ — 14 rllj<yy],
(0,+00)

where @ € R, 8 > 0 and 7 is a Radon measure on (0, +00) such that f(o’%o)(l A
€*)m(dl) < +o00. The CB is said to be respectively sub-critical, critical, super-
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critical when ¥/(0) > 0, ¥/(0) =0 or ¥'(0) < 0. We will write (sub)critical for
critical or sub-critical. Notice that v is smooth and strictly convex if 8 > 0 or
T #0.

It is shown in [20] that all these CBs can be obtained as the limit of renor-
malized sequences of Galton—Watson processes. A genealogical tree is naturally
associated with a Galton—Watson process and the question of existence of such a
genealogical structure for CB arises naturally. This question has given birth to the
theory of continuum random trees (CRT), first introduced in the pioneer work of
Aldous [7-9]. A continuum random tree (called Lévy CRT) that codes the geneal-
ogy of a general (sub)critical branching process has been constructed in [22, 23]
and studied further in [16]. The main tool of this approach is the so-called explo-
ration process (ps,s € RT), where py is a measure on R™, which codes for the
CRT. For (sub)critical quadratic branching mechanism (v = 0), the measure p; is
just the Lebesgue measure over an interval [0, Hy], and the so-called height pro-
cess (Hy, s € R™) is a Brownian motion with drift reflected at 0. In [15], a CRT is
built for super-critical quadratic branching mechanism using the Girsanov theorem
for Brownian motion.

We propose here a construction for general super-critical Lévy tree, using the
exploration process, based on ideas from [15]. We first build the super-critical tree
up to a given level a. This tree can be coded by an exploration process, and its law
is absolutely continuous with respect to the law of a (sub)critical Lévy tree, whose
leaves above level a are removed. Moreover, this family of processes (indexed by
parameter a) satisfies a compatibility property, and hence there exists a projective
limit which can be seen as the law of the CRT associated with the super-critical
CB. This construction enables us to use most of the results known for (sub)critical
CRT. Notice that another construction of a Lévy CRT that does not make use of
the exploration process has been proposed in [18] as the limit, for the Gromov—
Hausdorff metric, of a sequence of discrete trees. This construction also holds in
the super-critical case but is not easy to use to derive properties for super-critical
CRT.

In a second time, we want to construct a “decreasing” tree-valued Markov pro-
cess. To begin with, if i is (sub)critical, for & > 0 we can construct, via the pruning
procedure of [5], from a Lévy CRT 7 associated with v, a sub-tree 7y associated
with the branching mechanism 1y defined by

VAz0 YoM =v¢ (A +0)—9(0).

By [1, 25], we can even construct a “decreasing” family of Lévy CRTs (7y, 0 > 0)
such that 7y is associated with vy for every 6 > 0.

In this paper, we consider a critical branching mechanism i and denote by ®
the set of real numbers 6 (including negative ones) for which g is a well-defined
conservative branching mechanism (see Section 5.3 for some examples). Notice
that ® = [0, +00) or (s, +00) for some Oy, € [—00, 0]. We then extend the
pruning procedure of [5] to super-critical branching mechanisms in order to define
a Lévy CRT-valued process (7y, 0 € ©) such that:
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e for every 6 € ©, the Lévy CRT 7y is associated with the branching mechanism
Vo,

e all the trees 7y, 8 € © have a common root;

e the tree-valued process (7y, 6 € ®) is decreasing in the sense that for 6 < 6, 7y
is a sub-tree of 7.

Let p? be the exploration process that codes for 75. We denote by N the excur-
sion measure of the process (p?, 6 € ©), that is under NV, each p? is the excursion
of an exploration process associated with ¥y. Let oy denote the length of this ex-
cursion. The quantity op corresponds also to the total mass of the CB associated
with the tree 7y. We say that the tree 7y is finite (under NY) if oy is finite (or
equivalently if the total mass of the associated CB is finite). By construction, we
have that the trees 7y for 6 > 0 are associated with (sub)critical branching mech-
anisms and hence are a.e. finite. On the other hand, the trees 7y for negative 6
are associated with super-critical branching mechanisms. We define the explosion
time

A =inf{0 € ©, 0y < +00}.
For 6 € ©, we define 6 as the unique nonnegative real number such that

(1) Y(0) =¥ ()

(notice that § = 6 if 0 > 0). If O ¢ O, we set O = limg 5, . We give the distri-
bution of A under N¥ (Theorem 6.5). In particular we have, for all 8 € [0, +00),

NY[A>0]=6 —6.

We also give the distribution of the trees after the explosion time (7, 6 > A) (The-
orem 6.7 and Corollary 8.2). Of particular interest is the distribution of the tree at
its explosion time, 74.

The pruning procedure can been viewed, from a discrete point of view, as a per-
colation on a Galton—Watson tree. This idea has been used in [11] (percolation on
branches) and in [4] (percolation on nodes) to construct tree-valued Markov pro-
cesses from a Galton—Watson tree. The CRT-valued Markov process constructed
here can be viewed as the continuous analog of the discrete models of [11] and [4]
(or maybe a mixture of both constructions). However, no link is actually pointed
out between the discrete and the continuous frameworks.

In [11] and [4], another representation of the process up to the explosion time
is also given in terms of the pruning of an infinite tree [a (sub)critical Galton—
Watson tree conditioned on nonextinction]. In the same spirit, we also construct
another tree-valued Markov process (7%, 6 > 0) associated with a critical branch-

ing mechanism . In the case of a.s. extinction (i.e., when [+°° Ipd(l;}) < 400),

1, is distributed as 7o conditioned to survival. The tree 7 is constructed via a
spinal decomposition along an infinite spine. Then we define the continuum-tree-
valued Markov process (7, 6 > 0) again by a pruning procedure. Let 6 € (6o, 0).
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We prove that under the excursion measure NV, given A = 0, the process (74,
u > 0) is distributed as the process (75:-14’ u > 0) (Theorem 8.1).

When the branching mechanism is quadratic, ¥ (1) = A?/2, some explicit com-
putations can be carried out. Let o) be the total mass of 7, and 7 = (19,6 > 0)
be the first passage process of a standard Brownian motion, that is a stable sub-
ordinator with index 1/2. We get (Proposition 9.1) that (o, 6 > 0) is distributed
as (1/tg,60 > 0) and that (o4+9,0 > 0) is distributed as (1/(V + 19),0 > 0) for
some random variable V independent of 7. Let us recall that the pruning procedure
of the tree can be used to construct some fragmentation processes (see [1, 6, 25])
and the process (og, 6 > 0), conditionally on o = 1, represents then the evolution
of a tagged fragment. We hence recover a well-known result of Aldous—Pitman
[10]: conditionally on o9 = 1, (0p, 8 > 0) is distributed as (1/(1 4+ 1g), 6 > 0) (see
Corollary 9.2).

The paper is organized as follows. In Section 2, we introduce an exponential
martingale of a CB and give a Girsanov formula for CBs. We recall in Section 3
the construction of a (sub)critical Lévy CRT via the exploration process and some
useful properties of this exploration process. Then we construct, in Section 4, the
super-critical Lévy CRT via a Girsanov theorem involving the same martingale as
in Section 2. We recall in Section 5 the pruning procedure for critical or sub-critical
CRTs and extend this procedure to super-critical CRTs. We construct in Section 6
the tree-valued process (7p, 6 € ©), or more precisely the family of exploration
processes (p?, 0 € ®) which codes for it. We also give the law of the explosion
time A and the law of the tree at this time. In Section 7, we construct an infinite
tree and the corresponding pruned sub-trees (7%, 6 > 0), which are given by a
spinal representation using exploration processes. We prove in Section 8 that the
process (7g+y,u > 0) is distributed as the process (7;7,,,u > 0) where U is a
positive random time independent of (7,0 > 0). We finally make the explicit
computations for the quadratic case in Section 9.

Notice that all the results in the following sections are stated using exploration
processes which code for the CRT, instead of the CRT directly. An informal de-
scription of the links between the CRT and the exploration process is given at the
end of Section 3.6.

2. Girsanov’s formula for continuous branching process.

2.1. Continuous branching process. Let i be a branching mechanism of a
CB: for A >0,

) YA =ar+ A%+ m(dO)[e™ — 14 rllp<yy],
(0,400)

where & € R, 8 > 0, and 7 is a Radon measure on (0, +00) such that f(0’+oo)(1 A
%) (dl) < +00. We shall say that i has parameter (&, 8, 7).
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We shall assume that B # 0 or 7 # 0. We have ¥(0) =0 and ¥/ (0") =& —
f(1’+oo) ¢ (de) € [—o0, +00). In particular, we have '(07) = —oo if and only if
f(17+oo) L (de) = +o0. We say that v is conservative if for all € > 0

3) [ du=too
o ey T

Notice that (3) is fulfilled if ¥/(0+) > —oo0, that is, if f(1’+oo) Irn(dl) < 4oo. If
Y is conservative, the CB associated with i does not explode in finite time a.s.
Let P;p be the law of a CB Z = (Z,, a > 0) started at x > 0 and with branching

mechanism ¢, and let E;C// be the corresponding expectation. The process Z is a
Feller process and thus has a cad-lag version. Let = (F,, a > 0) be the filtration
generated by Z completed the usual way. For every A > 0, for every a > 0, we
have

(4) E;Cﬁ [e—AZa] — e—xu(a,)\),

where function u is the unique nonnegative solution of
a
®)) u(a,)»)—i—/ Y(u(s,A))ds =A, A>0,a>0.
0

This equation is equivalent to

A dr
(6) / =a, A>0,a>0.
u(a.x) Y(r)

If (3) holds, then the process is conservative: a.s. for all a > 0, Z, < +00.

Let go be the largest root of {(g) = 0. Since ¥ (0) = 0, we have go > 0. If
Y is (sub)critical, since ¥ is strictly convex, we get that go = 0. If ¢ is super-
critical, if we denote by g* > 0 the only real number such that ¥'(¢g*) = 0, we
have g9 > ¢* > 0. See Lemma 2.4 for the interpretation of go.

If f is a function defined on [y, +00), then for 8 > y, we setfor A >y — 0

Jo) = f(O+21)— f(6).
If v is a measure on (0, +00), then for g € R, we set

(7 v (de) =e v (de).

REMARK 2.1. If 79 ((1, 4+00)) < 400 for some q < 0, then ¥ given by (2)
is well defined on [g, +00) and, for 0 € [g, +00), Yy is a branching mechanism
with parameter (& 4 286 + [ ;;7(d0)€(1 — %), B, 7). Notice that for all
6 > g, Yy is conservative. And, if the additional assumption

/ 0D (de) = / 06414 (d0) < +o00
(1,400) (1,400)

holds, then |(¥,)'(0+)| < +o00 and v, is conservative.
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2.2. Girsanov’s formula. Let Z = (Z,,a > 0) be a conservative CB with
branching mechanism ¢ given by (2) with 8 #~ 0 or w #£ 0, and let (F,, a > 0) be
its natural filtration. Let ¢ € R such that g > 0 or ¢ < 0 and f(1,+oo) el (de) <
+00. Then, thanks to Remark 2.1, ¥ (¢) and v, are well defined and v, is conser-

vative. Then we consider the process MYV = (Mf 1 a > 0) defined by

(8) MV = ed%—4Za=V(q) J§ Zs ds_

THEOREM 2.2.  Letq € Rsuchthatq >0o0rq <0and [ teliltm(de) <
+-00.

(i) The process MYV-4 is a F-martingale under wa.
(i1) Let a,x > 0. On F,, the probability measure Px]//q is absolutely continuous
with respect to P}p and
(7
dqu I]'_a — M;[/‘,q.

dP;Cﬁlfa

Before going into the proof of this theorem, we recall Proposition 2.1 from [2].
For p a positive measure on R, we set

) H(n) = sup{r € R; u([r, +00)) > 0},

the maximal element of its support. For a < 0, we set Z, =0.

PROPOSITION 2.3. Let u be a finite positive measure on R with support
bounded from above [i.e., H(1) is finite]. Then we have for all s € R, x > 0,

(10) E}C[’ [e* Jr ersl/«(d")] — efxw(s)’

where the function w is a measurable locally bounded nonnegative solution of the
equation

+00
“’(s”fs w<w(r>>dr=/[s w@dr), s<H@) and

,400)

(11)
w(s) =0, s> H(uw).

IfY'(07) > —oo orif wn({H(n)}) > 0, then (11) has a unique measurable locally
bounded nonnegative solution.

PROOF OF THEOREM 2.2.

First case. We consider ¢ > 0 such that y(g) > 0.

We have 0 < M;/"q < e?*, thus M¥9 is bounded. It is clear that M¥9 is F-
adapted.
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To check that M Y4 is a martingale, thanks to the Markov property, it is enough
to check that E}Cp[Mf’q] = E}Cﬁ [M&p’q] =1 for all a > 0 and all x > 0. Consider
the measure v, (dr) = q8,(dr) + ¥ (q)1j0,a1(r) dr, where §, is the Dirac mass at
point a. Notice that H(v;) = a and that v, ({H (v4)}) = g > 0. Hence, thanks to
Proposition 2.3, there exists a unique nonnegative solution w of (11) with = v,
and E}p[Mf’q] =e*wO=9) Ag q110,4] also solves (11) with u = v,, we deduce
that w = gljo4) and that EX[M;//’q] = 1. Thus, we get that MV is a bounded
martingale.

Let v be a nonnegative measure on R with support in [0, a] [i.e., H(v) < a].
Thanks to Proposition 2.3, we have that Ef[M;”’qe_fR Zrvdn] = e=xO)—q)
where v is the unique nonnegative solution of (11) with u =v + v,. As
M;ﬁ’qe_ JrZrvidr) < M},U’q, we deduce that e ¥ @(O—a) — E}f[M;”’qe_fR Zrv(dn] <
1, that is, v(0) > g. We set u = v — g1j¢ 4], and we deduce that u is nonnegative
and solves

u(s)+/+oolpq(u(r))dr=/[ . )v(dr), s <H() and

(12)
u(s) =0, s> H(®).

As ¥(g) > 0, we deduce from the convexity of ¥ that ¥, (0) = ¥'(¢) > 0. Thanks
to Proposition 2.3, we deduce that u is the unique nonnegative solution of (12) and

that e **(0) = E}f" [e~ /& @) In particular, we have that for all nonnegative
measure v on R with support in [0, a],

EV[MY9e faZrv@n] = BV [e= e Zrv@dn],

As e~ JRZr(dr) §g JFa-measurable, we deduce from the monotone class theorem
that for any nonnegative J,-measurable random variable W,

(13) EY [Wet*—4Za—V @ J§ Zrdr] — Y [w MV 4] = EVw.

This proves the second part of the theorem.

Second case. We consider ¢ > 0 such that ¥/ (g) < 0. Let us remark that this
only occurs when  is super-critical.

Recall that gg > ¢* > 0 are such that ¥ (gg) = 0 and ¥'(¢*) = 0. Notice that
1//[/1* (0) = ¥'(g*) =0, that is, ¥+ is critical. Let W be any nonnegative random
variable F,-measurable. From the first step, using (13) with ¢ = go, we get that

EY [Weds~0Za] = EO[W].

Thanks to (13) with v« instead of ¥ and (go — ¢*) > 0 instead of ¢, and using
that (V4+)gy—q* = ¥g,» We deduce that

Ef"* [We(qofq*)xf(qofq*)la*Iﬁq*(qrq*)fé’ Zy dr] _ Ei‘”q*)qow* (W] = Efqo (W],
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This implies that
EV[W]= E;C/fqo [We490%e90Za]
= E;p"* [We_"oxeqoza 0(00=4)x—(90~4") Za— Vg (q0—4") [ Zr d,]
= E;/fq* [We_‘f*”q"za—'ﬁq*(qo—q*)jal Zydr)
AS Yo+ (go — ¢%) = ¥ (q0) — ¥ (g*) = =¥ (q*) = Y+ (—q™), we finally obtain
14 EV[W] = V0" [We 0" ¥+4" Za—Vg (") § Zrdr]

If g < g*, as (V) (g —q) = Vg and 11/(’] (g* —q) =¥'(g*) =0, we deduce from
(14) with ¥ replaced by v, and ¢* by g* — ¢ that

(15) E;pfl (W] = Ef‘i* [We—(q*—Q)x-F(q*—LI)Za—1//q*(q—q*)fé’ Z, dr].

If ¢ > g*, formula (13) holds with v replaced by ¥4« and ¢ replaced by ¢ — g™,
which also yields equation (15).
Using (14), (15) and that ¥4+ (—g™) + ¥ (q) = ¥4+ (g — g™), we get that

BV [Wed*—4%a—V (@) J§ Zrdr]

= BV [We @ 0 Ha =) Zam Wy g b @) [ 2 dr)

(16)
—Eg/" [We™ @ ~0x "~ Za=Vyr (=4") [§ Zr dr]

=gV w.

Since this holds for any nonnegative JF,-measurable random variable W, this
proves (i) and (ii) of the theorem.

Third case. We consider g < 0 and assume that f(1,+oo) el (de) < +00. In
particular, ¥, is a conservative branching mechanism, thanks to Remark 2.1.

Let W be any nonnegative F,-measurable random variable. Using (13) if
VYy(—q) = 0 or (16) if ¥,(—g) < 0, with ¢ replaced by v, and g by —¢q, we
deduce that

BV [Wem 43420V (~) J§ Zdr] Z BV [,
This implies that
BV [W] = EY [Wet*—4ZatVe ) [§ Zrdr] = BV [Wedx—4Za=V @) [§ Zrdr],

Since this holds for any nonnegative JF,-measurable random variable W, this
proves (i) and (ii) of the theorem. [J

Finally, we recall some well-known facts on CB. Recall that g is the largest
root of ¥ (g) =0, go = 0 if ¥ is (sub)critical and that gg > 0 if ¥ is super-critical.
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We set
+0o0
(17) o= / 7. da.
0
For A > 0, we set
(18) vl =sup{r = 0; ¥ (r) = 1},

and we call o the total mass of the CB.

LEMMA 2.4. Assume that  is given by (2) with B # 0 or m # 0 and is con-
servative.
(i) Then P}Cp-a.s. Zoo = limy_s 400 Z4 exists, Zoo € {0, +00},
(19) PY(Zoo =0) =™,
{Zoo =0} = {0 < 400}, and we have, for A > 0,
(20) EV[e ] =eV '@,

(i1) Let g > 0 such that ¥ (q) > 0. Then, the probability measure P;’C”" is abso-
lutely continuous with respect to P;p with

Vg
P’ _ M,
dpY
where
(21) MY =" V@Y

(iii) If W is super-critical then, conditionally on {Z~ = 0}, Z is distributed
as PY0: for any nonnegative random variable measurable w.r.t. 6 (Z,,a > 0), we
have

v,
EV[W|Zo = 0] =E,°[W].

PROOF. For A > 0, we set N, = e *Zatxu(@.2) where y is the unique non-
negative solution of (6). Thanks to (4) and the Markov property, (N,,a > 0) is a
bounded martingale under P;C//. Hence, as a goes to infinity, it converges a.s. and
in L' to a limit, say Nuo. From (6), we get that lim,_, 4 o0 #(a, 1) = go. This im-
plies that Zo, = lim,_, 4, Z, exists a.s. in [0, +-oc]. Since E;C/f[Noo] =1, we get
E}p [e~*%>] = e~90* for all A > 0. This implies that P}p—a.s. Zso € {0, +00} and

19).
( ()Zlearly, we have {Z., = +00} C {0 = +o00}. For ¢ > 0 such that ¥ (¢g) > 0,
we get that (M;{f ! a > 0) is a bounded martingale under P}g’. Hence, as a goes to
infinity, it converges a.s. and in L' to a limit, say M;@‘f. We deduce that

(22) EV[e V915 _o] =e 9",
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Letting g decrease to go, we get that P;/f (0 <400, Zs =0)=e79* = P;// (Zoo =
0). This implies that P}CU a.s. {o = +00} C {Zso = +00}. We thus deduce that P}C”
a.s. {Zs = +00} = {0 = +0o0}. Notice also that (21) holds.

Notice that (22) readily implies (20). This proves Property (i) of the lemma and
(21).

Property (ii) is then a consequence of Theorem 2.2, Property (ii) and the con-
vergence in L' of the martingale (M;f 4 a4 > 0) towards Mo'po’q.

Property (iii) is a consequence of (ii) with ¢ = g¢ and (19). O

3. Lévy continuum random tree. We recall here the construction of the Lévy
continuum random tree (CRT) introduced in [22, 23] and developed later in [16]
for critical or sub-critical branching mechanism. We will emphasize on the height
process and the exploration process which are the key tools to handle this tree. The
results of this section are mainly extracted from [16], except for the next subsection
which is extracted from [21].

3.1. Real trees and their coding by a continuous function. Let us first define
what a real tree is.

DEFINITION 3.1. A metric space (7,d) is a real tree if the following two
properties hold for every vy, v, € 7:

(1) (unique geodesic) There is a unique isometric map fy, y, from [0, d(vy, v2)]
into 7 such that

forwu(0)=v1 and  fy, 4, (d(v1, v2)) = v2.

(ii) (no loop) If ¢ is a continuous injective map from [0, 1] into 7 such that
q(0) =vq and ¢g(1) = vy, we have

q([0, 1) = fu;,0, ([0, d (v1, v2)]).

A rooted real tree is a real tree (7, d) with a distinguished vertex vy called the
root.

Let (7, d) be a rooted real tree. The range of the mapping f,, ,, is denoted by
[[vi, va, ]| (this is the line between v and v; in the tree). In particular, for every
vertex v € 7, [[vg, v] is the path going from the root to v which we call the
ancestral line of vertex v. More generally, we say that a vertex v is an ancestor of a
vertex v’ if v € [[vg, V']]. If v, v' € 7, there is a unique a € 7 such that [[vg, v]| N
[vz, v']l = [vg, all. We call a the most recent common ancestor to v and v’. By
definition, the degree of a vertex v € 7 is the number of connected components
of T \ {v}. A vertex v is called a leaf if it has degree 1. Finally, we set A the
one-dimensional Hausdorff measure on 7.
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FIG. 1. A height process g and its associated real tree.

The coding of a compact real tree by a continuous function is now well known
and is a key tool for defining random real trees (see Figure 1). We consider a
continuous function g : [0, +00) — [0, +00) with compact support and such that
£(0) = 0. We also assume that g is not identically 0. For every 0 <s <1, we set

me(s,t) = inf g(u
g( ) " [s,t]g( )
and

de(s, 1) =g(s) +g(t) —2mg(s,1).

We then introduce the equivalence relation s ~ ¢ if and only if dg (s, ) = 0. Let 7,
be the quotient space [0, +00)/ ~. Itis easy to check that d, induces a distance on
7,. Moreover, (7, dg) is a compact real tree (see [17], Theorem 2.1). We say that
g is the height process of the tree 7.

In order to define a random tree, instead of taking a tree-valued random vari-
able (which implies defining a o-field on the set of real trees), it suffices to take a
continuous stochastic process for g. For instance, when g is a normalized Brown-
ian excursion, the associated real tree is Aldous’s CRT (up to a factor 2) [9]. We
present now how we can define a height process that codes a random real trees
describing the genealogy of a (sub)critical CB with branching mechanism . This
height process is defined via a Lévy process that we first introduce.

3.2. The underlying Lévy process. We assume that y» given by (2) is (sub)criti-
cal, that is,

(23) a:=y%'0)=a— / Lr(de) >0
(1,+00)
and that
24) B>0 or f L (dl) = +o0.
0,1

We consider a R-valued Lévy process X = (X;, ¢t > 0) with no negative jumps,
starting from 0 and with Laplace exponent i under the probability measure PV
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for A >0 EV[e *Xi] =V W), By assumption (24), X is of infinite variation PY-
a.s.

We introduce some processes related to X. Let J = {s > 0; X # X,_} be the
set of jump times of X. For s € J, we denote by

As = Xs - Xs—

the size of the jump of X at time s and Ay = 0 otherwise. Let I = (I, > 0) be
the infimum process of X,

It = inf XS7

0<s<t
and let S = (S;, t > 0) be the supremum process,

Sy = sup Xj.

0<s<t
We will also consider for every 0 < s <t the infimum of X over [s, ¢],

Its = inf X r.
S<r<t

The point O is regular for the Markov process X — I, and —1 is the local time of
X — I at 0 (see [12], Chapter VII). Let N ¥ be the associated excursion measure of
the process X — I away from 0. Let o = inf{¢ > 0; X; — I; = 0} be the length of the
excursion of X — I under N¥ [we shall see after Proposition 3.7 that the notation
o is consistent with (17)]. By assumption (24), we have Xg=1p =0 NY-ae.

Since X is of infinite variation, O is also regular for the Markov process S — X.
The local time, L = (L;,t > 0), of § — X at 0 will be normalized so that

EV[e n = et/
where Lt_1 =inf{s > 0; Ly > t} (see also [12] Theorem VII.4(ii)).
3.3. The height process and the Lévy CRT. For each t > 0, we consider the
reversed process at time ¢, X0 = ()2@, 0<s<rt)by
)?§t):Xt—X(t_s)_ if0<s <r,

and )A(t(l) = X;. The two processes (X§”, 0<s <t)and (X;,0 <s <r) have the
same law. Let S be the supremum process of X*) and L) be the local time at 0
of S® — X® with the same normalization as L.

DEFINITION 3.2 ([16], Definition 1.2.1). There exists a lower semi-continu-
ous modification of the process (LYt > 0). We denote by (H;, t > 0) this modi-
fication.
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We can also define this process H by approximation: it is a modification of the
process

1 t
(25) H; = llin)l(l;le‘/(; Lix, <154 ds
(see [16], Lemma 1.1.3). In general, H takes its values in [0, +00], but we have
that, a.s. for every ¢ > 0:

e H; < +oo forevery s <t such that X, <17;
° Hl‘ <+OOIfAXt >0

(see [16], Lemma 1.2.1).

We use this process to define a random real-tree that we call the ir-Lévy CRT
via the procedure described above. We will see that this CRT does represent the
genealogy of a ¥-CB.

3.4. The exploration process. The height process is not Markov in general.
But it is a very simple function of a measure-valued Markov process, the so-called
exploration process.

If E is alocally compact polish space, let B(E) [resp., B+ (E)] be the set of real-
valued measurable (resp., and nonnegative) functions defined on E endowed with
its Borel o-field, and let M(E) [resp., M r(E)] be the set of o-finite (resp., finite)
measures on E, endowed with the topology of vague (resp., weak) convergence.
For any measure ;t € M(E) and f € B, (E), we write

(. f) = /E FOOwdx).

The exploration process p = (o7, > 0) is a M (R )-valued process defined
as follows: for every f € BL(Ry), {(por, f) = f[o,z] ds I} f (Hy) (where dg I} denotes
the Lebesgue—Stieljes integral with respect to the nondecreasing map s +— 1), or
equivalently

(26) pdry =3 (15 = X;2)8,(dr) + Blio, s (r) dr.

O<s<t
Xs—<If
In particular, the total mass of p; is (o;, 1) = X; — I;.
Recall the definition (9) of H () for a measure p with compact support and set
by convention H (0) =0.

PROPOSITION 3.3 ([16], Lemma 1.2.2 and formula (1.12)). Almost surely, for
everyt > 0:

e H(p1) = Hy;
e o, =0ifandonly if H = 0;
o if py %0, then Supp p; = [0, H,];
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o P =pi- + AiSp,, where Ay =0ift ¢ J.

In the definition of the exploration process, as X starts from 0, we have pg =0
a.s. To state the Markov property of p, we must first define the process p started at
any initial measure u € M (R, ).

For a € [0, (i, 1)], we define the erased measure k, 1 by

kap([0,r]) = u([0, r) A ({u, 1) — @) for r > 0.

If a > (i, 1), we set k,u = 0. In other words, the measure k,u is the measure u
erased by a mass a backward from H ().

For v, u € M¢(R,), and u with compact support, we define the concatenation
(i, v] € My(Ry) of the two measures by

<[/’L’U]af>:</~’b’ f>+(vv f(H(M)+)>’ fEB-l-(R-I-)'

Finally, we set for every u € M ¢(R,) and every ¢ > 0, ,ot“ = [k, 1, pr]. We
say that (p!",t > 0) is the process p started at ,og = . Unless there is an ambi-
guity, we shall write p, for p/*. Unless it is stated otherwise, we assume that p is
started at 0.

PROPOSITION 3.4 ([16], Proposition 1.2.3). The process (p,t > 0) is a cad-
lag strong Markov process in M y(R,).

REMARK 3.5. From the construction of p, we get that a.s. p; = 0 if and only
if —I; > (po, 1) and X; — I; = 0. This implies that O is also a regular point for p.
Notice that NV is also the excursion measure of the process p away from 0, and
that o, the length of the excursion, is N¥ -a.e. equal to inf{r > 0; p; = 0}.

3.5. Notations. We consider the set D of cad-lag processes in M ¢(R}), en-
dowed with the Skorohod topology and the Borel o-field. In what follows, we
denote by p = (p;,t > 0) the canonical process on this set. We still denote by P¥
the probability measure on D such that the canonical process is distributed as the
exploration process associated with the branching mechanism v, and by NV the
corresponding excursion measure.

3.6. Local time of the height process. The local time of the height process is
defined through the next result.

PROPOSITION 3.6 ([16], Lemma 1.3.2 and Proposition 1.3.3). There exists
a jointly measurable process (L$,a > 0,s > 0) which is continuous and nonde-
creasing in the variable s such that:

e foreveryt >0, lim,_ supazOIE [sup,, le~ fo ta<H,<a+e}ydr — L¢|]=0
o foreveryt>0,lim;_osup,-, EY [sup,, |~ fo Liy—e<H,<aydr — L¢|]1=0
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° Pw-a.s.,for everyt >0, L? =—1;
e the occupation time formula holds: for any nonnegative measurable function g
onRy and any s >0, [g g(Hy)dr = [y 4o, 8(@) L da.

Let T, = inf{t > 0; I; < —x}. We have the following Ray—Knight theorem
which links the yr-Lévy CRT with the /-CB.

PROPOSITION 3.7 ([16], Theorem 1.4.1). The process (Lax,a > 0) is dis-

tributed under PV as Z under P}C[/ (i.e., is a CB with branching mechanism
starting at x).

Let ]P’x‘/’ be the distribution of (p;a7,,t > 0) under PY. We set Z, = L“Tx under
]P’}p and Z, = L¢_ under N¥ and (under ]P’f or N¥)

00
27 o(p) :/(; 1,0 dt.

The occupation time formula implies that

+00
(28) o(p) = fo Zoda,

which is consistent with notation (17). When there is no confusion, we shall write
o for o (p). We call o (p) the total mass of the CRT as it represents the total popu-
lation of the associated CB.

Exponential formula for the Poisson point process of jumps of the inverse sub-
ordinator of —/ gives (see also the beginning of Section 3.2.2. [16]) that for A > 0

(29) NV[1—e ™=y~ ).

We also recall Lemma 1.6 of [1].

LEMMA 3.8. Let 0 > 0. The excursion measure NY? is absolutely continuous
w.r.t. NV with density eV O : for any nonnegative measurable function F on the
space of excursions, we have

NY[F(p)] =NY[F(p)e V@],

We recall the Poisson representation of IP’}II based on the excursion measure NY.
Let (a;, Bi) iei be the excursion intervals of p away from 0. For everyi € I, ¢t > 0,
we set

~(i) _ i
Pt = P@i+nnp;

We deduce from Lemma 4.2.4 of [16] the following lemma.



1182 R. ABRAHAM AND J.-F. DELMAS

Pt

hi

E@Q\%@

FI1G. 2. The measure p; and the family (h;,1;);cT.

LEMMA 3.9. The point measure )
sure with intensity xNY (d ).

iei (3[)(1') (dw) is under Pf a Poisson mea-

To better understand the links between the Lévy CRT and the exploration pro-
cess, we can combine the Markov property with the other Poisson decomposition
of [16], Lemma 4.2.4. Informally speaking, the measure p; is a measure placed on
the ancestral line of the individual labelled ¢ which describes how the sub-trees “on
the right” of ¢ (i.e., containing individuals s > ¢) are grafted along that ancestral
line. More precisely, if we denote (7;);c7 the family of these subtrees and we set
h; the height where the subtree 7; branches from the ancestral line of ¢, then the
family (h;,Z;)iez given p; is distributed as the atoms of a Poisson measure with
intensity p;(dh)N V[dT] (see Figure 2).

As the measure NV is an infinite measure, we see that the branching points
along the ancestral line of ¢ are of two types (see [17], Theorem 4.6):

e binary nodes (i.e., vertex of degree 3) which are given by the regular part of p;,
e infinite nodes (i.e., vertex of infinite degree) which are given by the atomic part
of p;.

By the definition of p;, we see that these infinite nodes are associated with the
jumps of the Lévy process X. If such a node corresponds to a jump time s of X,
we call AX, the size of the node.

3.7. The dual process and representation formula. We shall need the
M (R4 )-valued process n = (1, t > 0) defined by

(30) mdr) =Y (Xy—1)8y,(dr) + Blio g,1(r) dr.

O<s<t
Xg_<If
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The process 7 is the dual process of p under NV (see Corollary 3.1.6 in [16]). It
represents how the trees “on the left” of ¢ branch along the ancestral line of ¢.

We recall the Poisson representation of (p, 1) under NY. Let N(dx dt¢du) be a
Poisson point measure on [0, +00)3 with intensity

dxﬁn(dﬁ)l[o’l](u) du.

For every a > 0, let us denote by MZ,// the law of the pair (4, v,) of measures on
R4 with finite mass defined by the following: for any f € B4 (R})

G (a, f) =/N(dxdﬁdu)l[o,a](X)Mff(X)+ﬂ/0a fx)dx,
(32 (va, f) =/N(dxd€du)1[o,a](X)€(1 —bt)f(X)Jrﬂfou fx)dx.

REMARK 3.10. In particular pu,(dr) + v,(dr) is defined as 1jo o) (r)d, W;,
where W is a subordinator with Laplace exponent ¥ — « where o = ¢/(0) is
defined by (23).

We finally set MY = ;7 dae~**M}, .

PROPOSITION 3.11 ([16], Proposition 3.1.3).  For every nonnegative measur-
able function F on My (R4)?,

N\ [T P = [0 @ran Foun),
0
where o = inf{s > 0; p; = 0} denotes the length of the excursion.

4. Super-critical Lévy continuum random tree. We shall construct a Lévy
CRT with super-critical branching mechanism using a Girsanov formula.
Let ¢ be a (sub)critical branching mechanism. The process Z = (Z,4,a > 0),

where Z, = L“X, is a CB with branching mechanism /. We have IP)}C”—a.s. Zoo =

limg— +00 Z4, = 0. We shall call x the initial mass of the &—CRT under IP’}//. For-
mula (28) readily implies the following Girsanov’s formula: for any nonnegative
measurable function F, and g > 0,

(33) EV[MP4F(p)] = EV[F (p)],

where M;/’o"’ is given by (21).

We will use a similar formula (with g < 0) to define the exploration process for
a super-critical Lévy CRT with branching mechanism . Because super-critical
branching process may have an infinite mass, we shall cut it at a given level to
construct the corresponding genealogical continuum random tree (see [15] when
w =0).
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For a > 0, let M‘} = M ([0, a]) be the set of nonnegative measures on [0, a],
and let D¢ be the set of cad-lag M?—Valued process defined on [0, 4-00) endowed
with the Skorohod topology. We now define a projection from D to D“. For p =
(o, t = 0) € D, we consider the time spent below level a up to time 7: I', 4 () =
13 L{H (ps)<a) ds and its right continuous inverse

-
B4 Cpa@)=inf{r >0;) o(r) >t} = inf{r > 0; / Vb p<ayds > t},

0
with the convention that inf @ = +o00. We define the projector 7, from D to D¢ by

(35) 7a(p) = (oc, )t = 0),
with the convention p4~ = 0. By construction we have the following compatibil-
ity relation: 7, o =, for 0 <a <b.

Let ¢ be a super-critical branching mechanism which we suppose to be con-
servative, that is, (3) holds. Recall ¢* is the unique (positive) root of ¥'(g) = 0.
In particular the branching mechanism v, is critical if ¢ = ¢* and sub-critical if
q>q*

We consider the filtration H = (H,, a > 0) where H, is the o-field generated
by the cad-lag process 7, (p) and the class of IP’;/fq* negligible sets. Thanks to the
second statement of Proposition 3.6, we get that Z is H-adapted. Furthermore the
proof of Theorem 1.4.1 in [16] yields that Z is a Markov process w.r.t. the filtra-
tion H. In particular the process M Vg =4" defined by (8) is thanks to Theorem 2.2

a H-martingale under ]P’;/fq* .

Let g > g*. We define the distribution P}f’a (resp., N¥¢) of the ¥-CRT cut at

level a with initial mass x, as the distribution of 7, (o) under M;,/f q’iqd]P’;/jq [resp.,

e4Zat V(@) [§ Zrdr gNVa): for any measurable nonnegative function F,
(36) EVCLF(p)] =Ex*[My" ™ F(rta (p)].
(37) NVALF (p)] = NV [et 7tV O I 247 F iy ()],
LEMMA 4.1. The distributions IP’;/W and NV-¢ do not depend on the choice of
q9=q"
PROOF. Let g > ¢g*. For any nonnegative measurable function F, we have
EYY (Mg~ F(1a(p)] = B! [e™ 0502tV J§ 2245 F ()],

As Yy = (Yy*)g—q*» we apply Girsanov’s formula (33) and the fact that MVa-a—a"
is a martingale to get

EV MY F (ma(0))]
— E;’[/‘I* [qu* 4—q e—qx+an+'/f(q)f5’ Zy dSF(T[a (,0))]

a
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— g [@— 0= @=a)Za V=) fy Zs ds g=ax+aZatV (@ Jy 2545 F (7, (p))]

— BV [em 0 Zam V@V @D Zds eV @) 25 ()]

—E M F (o).

Excursion theory then gives the result for the excursion measures. [

Let WV be the set of D-valued processes endowed with the o -field generated by
the coordinate applications.

PROPOSITION 4.2. Let (p%,a > 0) be the canonical process on W. There
exists a probability measure I_P’}C” (resp., an excursion measure N¥) on W, such
that, for every a > 0, the distribution of p* under I@’f (resp., NV) is Pf’a (resp.,
Nll/’a) and such that, for 0 <a <b

(38) 7a(p?) = p° I@’f—a.s. (resp., NV -a.e.).

PROOF. To prove the existence of such a projective limit, it is enough to check

the compatibility relation between IF’;/”b and P}f’a for every b > a > 0.
Let0<a <b. We get

EVPLF (ra (o)l = L (M)~ F(, 0 ()]
=B M) F (o)

—E MY Fra(p))]
=EV[F(p)],

where we used the compatibility relation of the projectors for the second equality
and the fact that M¥e> 9" is a ‘H-martingale for the third equality. We deduce that
v.b v.a
Py om, =Py .
This compatibility relation implies the existence of a projective limit P}p. The
result is similar for the excursion measure. [

Let us remark that the definitions of I_P’}C[f and NV are also valid for a (sub)critical
branching mechanism v, with the convention ¢* = 0. In particular, we get the
following corollary.

COROLLARY 4.3. If ¥ is (sub)critical, then the law of the process (1w, (p),
a > 0) under ]P’}p (resp., NY) is IP’}CU (resp., NY).

By construction the local time at level a of p” for b > a does not depend on
b, we denote by Z, its value. Property (ii) of Theorem 2.2 implies that Z = (Z,,
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a > 0) is under If”;// a CB with branching mechanism . Hence, the probability
measure IP’}C” can be seen as the law of the exploration process that codes the super-
critical CRT associated with .

We get the following direct consequence of Properties (i) and (ii) of Lemma 2.4
and of the theory of excursion measures.

COROLLARY 4.4. Let g > 0 such that ¥ (q) > 0. Then, the probability mea-
sure I@qu is absolutely continuous with respect to Ip’}p with

By

dPY

=ML = eqX—Wq)al{

o <+00}:

The measure N4 is absolutely continuous with respect to NV with
dNVa

— o V(o
aw ¢

o<+o0}-

If the total mass of Z, o = 0+°° Z,da, is finite, then p¢ is the projection of a
well-defined exploration process.

LEMMA 4.5. On{o < 400}, there exists p°>° € D such that p* = 7% (p*>°) for
all a > 0, ]?’;’f—a.s. or NV -g.e.

PROOF. It is enough to get the result under I@’f.

First we assume that i is (sub)critical. Proposition 3.6 implies that
[é 1{1(p,)<a) ds increases to t as a goes to infinity. Using (34), (35) and the right
continuity of p, we deduce that IP’}gf—a.s. forallz >0, limy_, 4 oo T4(0)r = pr.

Thanks to Corollary 4.3, we deduce that I@f -a.s. for all + > 0, p° =
limg— 10 T%(p), exists and that 77, (p*°) = p?.

The case ¥ super-critical is then a consequence of Corollary 4.4. [

Without confusion, we shall always write PY instead of P¥ and NV instead of
NY and call them the law or the excursion measure of the exploration process of
the CRT, whether 1 is super-critical or (sub)critical. And we shall write p for the
projective limit (p%, a > 0) on W, and make the identification p = p*° € D when
the latter exists, that is, when o defined by (28) is finite.

Recall v ! is given by (18). We now extend formula (29) for general branching
mechanism.

LEMMA 4.6. Let o be given by (28). We have, for A > 0,

EY[e ] = exp (—xNY[1 —e 2]y =~V '@,
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PROOF. Letg > g™. We have
EY [0 Zrdr) = E;/fq [M;/'q’_qe_’\fél Zpdr)
= e RV [e0Zat V@ =1) [§ Zrdr]
= e_qxe—xN‘”q [1 _eZatW@-2) [§ Zr dry
_ e~ xg—3N% [1—e?Zat¥ (@) J§ Zrdr

» e_xlefq [e1ZatV @ I Zrdr (| _ 0[5 Zrdry,

_ [ Zpdr
:E,'f’q[Mf‘f’ q]e—xN‘”[l—e 0 “rdr

_ i
where we used (36) for the first equality, (8) for the second, Lemma 3.9 for the
third, (37) for the fifth and (1) of Theorem 2.2 for the last. We then let a goes to
infinity to get the first equality of the lemma, and use (20) to get the second. [J

5. Pruning. We keep notations from Section 3. Recall that D is the set of
cad-lag M y(R)-valued process, and WV is the set of D-valued processes. Let
R= (,09, 6 > 0) be the canonical process on W.

Let i be a (sub)critical branching mechanism. The pruning procedure devel-
oped in [6] when r =0, [1] when 8 = 0 and in [5] or [25] for the general case,
yields a probability measure on W, Iﬁ’}/’, such that R is Markov and the law p?
under IP’}C” is IP’;/"’ for all & > 0. Furthermore p? codes for a sub-tree of ,09/ ifo >0
‘We recall the construction of P}/I in Section 5.1.

5.1. Pruning of (sub)critical CRT. The main idea of the pruning procedure of
a tree coded by an exploration p is to put marks on a leaf ¢ (or a branch labeled
by ¢) and more precisely on the measure p;. There are two types of marks: the first
ones only lay on the nodes of the tree whereas the other ones lay on the skeleton of
the tree; each mark appears at a random time. At time 6, we remove all the vertex
of the initial tree that contains a mark on their lineage. In terms of exploration
processes, we get p? by a time change of the process p that skips all the times
t representing individuals that received a mark on their lineage by time 6. We
explain more precisely the pruning procedure.

5.1.1. Marks on the nodes. Let (X;,t > 0) be the Lévy process with branching
mechanism i and let p be the corresponding exploration process. Recall (Ag,
s € J) denotes the set of the sizes of jumps of X. Conditionally on X, we consider
a family

(Ts,s €J)
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of independent exponential random variables with respective parameter A;. We
define the M(Ri)—valued process M ®od) — (Mt(md), t >0) by

Mt(nod) (dl", dU) — Z 8Ts (dv)aHy (di’)
O<s=<t
Xs—<I}

For fixed 6 > 0, we will consider the M (R.)-valued process M,(md) (dr, [0,0))
whose atoms give the marked nodes: each node of infinite degree is marked inde-
pendently from the others with probability 1 — e~?%s, where A is the mass (i.e.,
the height of the jump) associated with the node.

REMARK 5.1. Although different from the measure process that defines the
marks on the nodes in [1] [formula (12)], this construction gives the same marks
(see Introduction of [1]).

REMARK 5.2. The time parameter introduced here allows us to construct a
coherent family of marks. Indeed, for 8’ > 6, the atoms of M,(md) (dr, [0, 0]) are
still atoms of Mt(md) (dr, [0, 6']). In other words, there are more and more marked
nodes as 6 increases, which allows us to construct a “decreasing” tree-valued pro-
cess in Section 5.1.3.

5.1.2. Marks on the skeleton. Let M%) = (M,(Ske),t > 0) be a Lévy snake
with lifetime H and spatial motion a Poisson point process with intensity

2ﬁ1{u>0} du.

(See [16] for the definition of a Lévy snake and [5] for the extension to a discon-
tinuous height process H; see also [25].)

In other words, M©k® s a M(]R%r)—valued process such that, conditionally on
the exploration process p:

e foreveryt >0, M}Ske) (dr, du) is a Poisson point measure with intensity

28110, 1,1(r) drly oy du;

e forevery 0 <t <t’, with H, , :=inf¢[, ;1] Hy, then:
— the measures Mt(Ske)(dr, du)lre[O,H,_,/] and M;,Ske)(dr, d”)lre[O,Hm/] are
equal;
— the random measures M,(Ske)(dr, du)lre[H[,[,, H,] and Mt(/Ske)(dr, du) x
1,¢ H, s.H,] are independent.
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5.1.3. Definition of the pruned processes. We define the mark process as
39) M(mark) — M(nod) + M(ske).

The process ((pr, M,(mark)), t > 0) is called the marked exploration process. It is

Markovian (see [25] for its properties). We denote by If”;// its law and by NV the
corresponding excursion measure.
For every 68 > 0 and ¢ > 0, we set

m'® = M™™ ([0, H,] x [0,0]).

The random variable m ;9) is the number of marks at time 6 that lay on the lineage
of the individual labeled by ¢. We will only consider the individuals without marks
on their lineage. Therefore, we set

o _ [ Q)
(40) A = / 1,0_gds and C;” =inf{r=0; A" =1},
0 s

its right-continuous inverse. Finally, we define p? = (,of,t > (), Mmark).6 —
(Mt(mark)ﬁ’ > 0) by

0
= 0)
p[ pct( )

Mt(mark),e([o, 1] x [0, q]) = Mér?eé;rk)([o’ hlx (0,9 + 9])

We shall use in Section 7 the pruning operator Ag defined on the marked explo-
ration process by

41) Aa(p, M(mark)) — (,09, M(mark),e)‘

Using the lack of memory of the exponential random variables and of properties
of Poisson point measure, it is easy to get

LEMMA 5.3. The process R = (,09, 0 > 0) is Markov.

The W-valued process R codes for a decreasing family of CRT, which we shall
call a i-family of pruned CRT. A direct application of Theorem 1.1 of [5] gives
the marginal distribution.

PROPOSITION 5.4. The marked exploration process (p?, M™&)-0y ynder
]P’}p (resp., NV) is distributed as (p, M ™)) ynder IP’XW (resp., NV?).

We shall now concentrate on the process R. Let I@’;// be the law of R, and NV be
the corresponding excursion measure.

We deduce the following compatibility relation from the Markov property of R
and Proposition 5.4.
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COROLLARY 5.5. Let 69 > 0. The law under I@’f (resp., NY) of the process
(09106 > 0) is B (resp., N¥0),

Let us now recall the special Markov property, Theorem 4.2 of [5], stated for
the present context. We fix 8 > (0. We want to describe the law of the excursions
of p “above” the marks, given the process “under” the marks. More precisely, we
define O as the interior of the set {s > 0, m§9) =0} and write O = ;¢ (o4, Bi).
For every i € I, we define the exploration process p) by: for every f € B (R,),
t >0,

o fl= [ T Ha)pasnng @)
o; >, TO0
We have the following theorem.

THEOREM 5.6 (Special Markov property). Let @ > 0, and let (Z¢,t > 0) be
the CSBP coded by p°. The point measure

> 8ty o) (dh, dp)

iel

under IP’}/I (or NV) conditionally given (,of ,t >0), is a Poisson point measure of
intensity

1{0,400) (W) Z dh(zﬂeNW (dp) + /(H )n(dr)(l —e_Q’)IP’}”(dM))

This theorem describes in fact the joint law of (p@, p(el)) for & < 0’ and hence
the transition probabilities of the process R and of the time-reversed process. In
terms of trees, by definition, the tree 7° ©) is obtained from the tree 7 by pruning
it with the pruning operator Ag_gy. Conversely, to get the tree 7 from the tree
T, we pick some individuals of the tree 7 @) according to a Poisson point
measure and add at these points either a Lévy tree associated with the branching
mechanism g (first part of the intensity of the Poisson measure), or an infinite
node of size r and trees distributed as P}p" (second part of the intensity of the
Poisson measure).

5.2. Pruning of super-critical CRT. 'We now use the same Girsanov techniques
of Section 4 to define a yr-family of pruned CRT when v is super-critical.

Let ¢ be a super-critical branching mechanism which we suppose to be con-
servative, that is, (3) holds. Recall ¢* is the unique (positive) root of ¥'(g) = 0.
In particular the branching mechanism 1, is critical if ¢ = ¢* and sub-critical if
q>q"

Let g >qg* Let R = (,09, 6 > 0) be the canonical process on W. We set Z =

(Lgo(po), a > 0) which is under I@}f" (dR) a CB with branching mechanism .
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The process Z is also well defined under the excursion measure NYq (dR). We
write 7,(R) = (JTu(pO), 6 > 0). Notice that given the marks (i.e., given M (nod)
and M%) we have 77,(p?) = (4(p))’.

Let a > 0. We define the distribution If”;//’” (resp., excursion measure N””’“) of
a Y-family of pruned CRT cut at level a with initial mass x, as the distribution

of m,(R) under My gple [resp., e9ZatV (@ [§ Zrdr qNVa): for any measurable
nonnegative function F, we have

PYeLF(R)] =PV MY F(ra(R))]
and
Nlﬁsa[p(p)] = NV [qua—H//(q)fél Zy drF(n’a (,0))]

Same arguments as for Lemma 4.1 give the following result.

LEMMA 5.7. The distributions Iﬁ’f’a and N+ do not depend on the choice of
q9=q"

_As in Section 4 (see Proposition 4.2) the families of measures (fP’}CU’a, x >0) and
(NV+@ g > 0) fulfill a compatibility relation. Hence there exists a projective limit
(R?, a > 0) defined on the space of VV-valued process such that:

e for every a > 0, R? is distributed as I@’f’”;
e foreverya < b, 74(R?) = R,

We write ]?’xw for the distribution of this projective limit and NY for the correspond-
ing excursion measure.

By construction the local time at level a of m, (p?) for b > a does not depend
on b, we denote by Z? its value. Proposition 5.4 and Property (ii) of Theorem 2.2

imply that Z¢ = (Ze a > 0) is under IP’;// a CB with branching mechanism vy
started at x. Following (28), we define oy = fo 29 da. And, when there is no
confusion, we write o for oy.

Following Corollaries 4.3, 4.4 and Lemma 4.5, we easily get the following the-
orem.

THEOREM 5.8. Let W be a conservative branching mechanism. Let (R?,
a > 0) be a W-valued process under IP)IC# (resp., NY).
(D) If v is (sub)critical, then (R%, a > 0) under I@’f is distributed as (7, (pe),
60>0),a>0) underIP’
(2) Let g > 0 such that v(q) > 0 Then, the probability measure ]P’ is abso-
lutely continuous with respect to ]P’ with
By

d@fzzﬂﬁ@qzewkww”1w<+wy
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The measure NV4 is absolutely continuous with respect to NY with
dNVq
dNV

. (3) On {0 < 400}, there exists R® € W such that R* = n*(R°) forall a > 0,

Py -a.s. or NY-q.e.

=e V@ 16 <400}

Without confusion, we shall always write PY instead of P¥Y and NV instead
of NV and call them the law or the excursion measure of Y -pruned family of
exploration processes, whether y is super-critical or (sub)critical. The yr-pruned
family of exploration processes codes for a {-pruned family of continuum random
sub-trees.

And we shall write (,09, 6 > 0) for the projective limit (R, a > 0), and identify
it with R® € V¥V when the latter exists, that is, when o defined by (28) is finite.
Notice that if oy is finite, then the exploration process p’ codes for a CRT with
finite mass.

5.3. Properties of the branching mechanism. Let ¢ be a branching mecha-
nism with parameter (o, 8, 7). Let ®” be the set of 6 € R such that

(42) f el (dl) < +o00.
(1,400)

We set 0, = inf ©’. Notice that we have either @ = [0, +00) or @' = (05, +00)
and that 6, < 0. Notice that ¥y exists for every 6 € ® and is conservative for
every 0 > 0. We set ® = {0 € ©’; ¥y is conservative}. Notice that ® C ©' C
O U {00}

For instance, we have the following examples of critical branching mecha-
nisms:

(i) quadratic case: ¥ (u) = fu’, ® = @' =R;

(ii) stable case: ¥ (u) = cu® witha € (1,2), ® =0’ =[0, +00);

(i) v () =w+e Hlogu+e H+e :®=0"=[—e"!, +00) [Notice that
Yo, (u) = ulog(u), Wéoo (0+) = —o0 and vy, is conservative.];

V) vw)=u—1+ ﬁ is associated with (&, B, m) where @ =2/e, 8 =0
and (d€) =e 1=y dl: ® = @' = (—1, +00).

For the end of this subsection, we assume that ¥ is CRITICAL and that 8 > 0
or m # 0. Remark that i is a one-to-one function from [0, 40c0) onto [0, +00),

and we denote by ¥~ its inverse function. For 6 < 0 such that 6 € ©®', we define
6 =y~ (y(0)), or, equivalently, 6 is the unique positive real number such that

(43) v (O) =9 (6).
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Since ¥ is continuous and strictly convex, if O, € @', we have

(44) Ono = gliig; 6.

Notice that in this case O is finite. If O ¢ O, we define 0o using (44).

LEMMA 5.9.  Let  be CRITICAL with parameters (&, B, 7) such that B > 0
orw #0. If O & O then O = +00.

PROOF. We assume that 0, ¢ ©'. It is enough to check that limy 10 V(0) =
+00 to get Oy = +00.

WEe first consider the case 85, = —o0. Since ¥'(0) = 0 and v is strictly convex,
we get that limg g, ¥ (0) = +o00.

If 6o > —00, then using that (42) does not hold for 6, and monotone conver-
gence theorem, we get that limg |9, ¥ (0) = +o00. [

6. A tree-valued process. Let ¥y be a branching mechanism. We assume
oo < 0. We write R, = (p¥ 4,y > 0).

We deduce from Corollary 5.5 that the families of measures (P¥,0 € ®) and
(NV 0 € ©) satisfy the following compatibility property: if 8’ < 6, 8’ € ©, the
process Rg_g under PYer (resp., NV¥o') is distributed as R under P¥¢ (resp., Nvo),

Hence, there exists a projective limit R = (p¥, y € ©) such that, for every
0 € O, the process (p9+”, y > 0) is distributed as (pY, y > 0) under PY¢. We de-
note by P¥ the distribution of the projective limit R, and by N the corresponding
excursion measure. We still write Rg for (0?17, y > 0) for all 6 € ©.

The process R = (p?, 0 € ©) is Markovian, thanks to Lemma 5.3. It codes for
a tree-valued Markov process, which evolves according to a pruning procedure. At
time 6, p? has distribution P¥¢. Recall oy is the mass of the CRT coded by p?. It
is not difficult to check that ¥ = (0p, 6 € ®) is a nonincreasing Markov process
taking values in [0, +o00] and we shall consider a version of R such that the process
¥ is cad-lag. From the continuity of i, we deduce that the Laplace transform of
op given in Lemma 4.6 is continuous, and thus the process X is continuous in
probability.

See [24] for the distribution of the decreasing rearrangement of the jumps of
(09,6 > 0) in the case of stable trees. We deduce from the pruning procedure
that a.s. limg_, ;o0 09 = 0. Notice that by considering the time returned process
(07,6 < 6s), we get a Markovian family of exploration processes coding for a
family of increasing CRTs.

REMARK 6.1. Recall ¢g* is the unique root of ¥'(¢) = 0 and that v+ is criti-
cal. Using a shift on 6 by ¢*, that is replacing ¥ by v+, one sees that it is enough,
when studying R, to assume that v is critical.



1194 R. ABRAHAM AND J.-F. DELMAS

LEMMA 6.2. Let ¥ be a critical branching mechanism with parameter
(o, B, ). For any 6 € ©, and any nonnegative measurable function F defined
on the state space of Ro, we have

45) NY[F(R)1ipy<c0y] = NY[F (Ro) g <c0y] = NY[F(Ro)e™ ¥ @],

PROOF. The first equality is just the “compatibility property” stated at the
beginning of this section.

For 6 > 0, the second equality is a direct consequence of (ii) from Theorem 5.8.

For 6 < 0,letg =6 —6. Notice that Y5 (q) = ¥ (0) —¥(q) = 0 and (V)4 = V5.
We deduce from (ii) of Theorem 5.8 that

NY[F (Ro)] = N"*[F (Ro)1{op<co} ]
Since § > 0 and U(0) = w(é), we get from (2) of Theorem 5.8 that
NYi[F(Ro)] = NY[F(Ro)e V@] = NY[F (Ro)e ¥ @],
This ends the proof. [J

We deduce directly from this lemma the following result on the conditional
distribution of the exploration process knowing the total mass of the CRT.

COROLLARY 6.3. Let { be a branching mechanism with parameter (o, 8, )
such that (42) holds. The distribution of (,09+V, y > 0) conditionally on {og = r}
does not depend on 6 € ©.

From this point forward, we assume that ¥ is CRITICAL and that 6, < 0. The
first assumption is not restrictive thanks to Remark 6.1.

Notice that p? codes for a critical (resp., sub-critical, resp., super-critical) CRT
if 6 =0 (resp., 8 > 0, resp., 6 < 0). In particular, we have oy < 400 a.s.if 6 > 0.

We consider the explosion time

A=inf{f € ®, oy < 00},

with the convention that inf & = 6. In particular, we have A <0 P}// -a.s. and NV -
a.e. Moreover, since the process (0p, 0 € ®) is cad-lag, we have, on {A > 05},
op = +oo for every 6 < A and oy < +o0 for every 6 > A. For the time reversed
process, A is the random time at which the tree gets an infinite mass.

We first give a lemma on the conditional distribution of o .

LEMMA 6.4. Letqg € ®,q <6. We have, for > >0,
NV [e294| p0] = e ~o0 Vo (Vg (1)

and NV [0, < +oop?] =eV0 @D where § =y~ (Y (9)).
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PROOF. Let X > 0and F be a nonnegative measurable function defined on W.
We write ZJ for the local time at level a of the exploration process p?. Using (17),
we have

(46) NY[e ™ F(p)] = lim NY[e760 % 4 F(pf)],
We set
I, =NV[e i Z1drp(pfy),
Let G (774(p?)) = EV [F(0?)|74(0?)]. We have, with ' =6 — g > 0,
I =NV [e 0 204 Gy (0%))]

= NVa[e ™0 224" G (, (p”))]

— NV [e=9Z0-W@+D J§ 20dr G (. (50 ))]

NV [e—ng’/—(l//(q)ﬂ) 1§ 28 dr—Jg KR zZfl ah G (7 )],

where for the first equality we conditioned with respect to o (7, (p?)), used Gir-
sanov’s formula for the third equality and Theorem 5.6 for the last equality with

K= zﬁg’Nw[l _ e~ Za—n—(@)+1) Jahz, dr]

- m(du)(1 — e "RV [1 — e4Zan=W@+D) ot z, ary,
(0,+00) u

We set
IE;Z’ — 2’39’N1ﬂ [e—qzafh—lﬂ(Q)fél*h Zr dr(l —e 1§z, a'r)]

+ o )n(du)(l — 6_9/“)}3;” [e—qzafh—vf(q)f(?”‘ Zedr(q _ s ary.
, T OO

Using again Theorem 5.6 and Girsanov’s formula, we get

Ly = NV eV @ 20 R 002 1 )

= NV e B i 200 G (i, 1))
47) ~

=NV [em B KIHD 20 G (7, ()]

— NV e J§ (K40 Z], th(pe)]‘
Notice also that, thanks to Girsanov’s formula,

K =280'NVa[1 — e " 2rry

+ 7 (du) (e — e BV — e M Zrdry
(0,4-00)
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— 2ﬂ9/N1//[1 _ e—)\.fgih Z,{I dr]

n 7 (du)(e~ 1" — e"PMEV[] — et " 2 dr),
(0,400)

Using Lemma 4.6, we get

lim K¢ =280'NV[1 —e *%] + w(du)(e " — e ")EV[1 — e 1]
a—>oQ (O,—|—OO)

=YY, (W) — vy (¥, ' ()
=Yo(¥, ' (V) — A
We deduce from (46) and (47) that
NY[e=4% F(p%)] = NV [e V0 )7 (o)),
Letting then A go down to 0, we deduce, with g = ¥ ~!(y(¢)), that
NY L5, <400} F (p7)] = NV [e V01~ D% F (p9)]. O

The next theorem gives the distribution of the explosion time A under the mea-
sure N¥. Recall the definition of 6 in (43) and (44).

THEOREM 6.5. We have, for all 6 € [0, +00),

(48) NY[A>0]1=0—-06
and
w _ _ O’ l‘fQOO ¢ ®/7
NPIA = 0o0] = { 400,  iffs €@

PROOF. We have for all 6 > 6
NY[A > 0] = N¥[og = +00]
=N"[0 = +o0]
= }%NW [1—e*]
= lim ;' (1)
=5 ' (0),
where we used (4.6) for the fourth equality. We get, for ¢ > 0,

Vo) =0 = Y@+0)=y0) < t+60=0,

and thus v, 1) =6 — 6, which gives the first part of the theorem for 6 > 6.
Making 6 decrease to 0, gives the result for 0.
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For the second part of the theorem, we apply the second assertion of Lemma 6.4
with & = 0. We have, for every g <0,
NV [0, < +oo|p] =e V@0,
Then we have
NY[A = 0|p] = NV [Vq > oo, 04 < +00|p]

= lim NY[o, < +00|p]

q— 000

— lim e—°V@-

q— b0
:{0, ) if 0o ¢ @, )
e Vo0 ifg €@, with ¥ (B — Ooo) < +00,

where the last equality is a consequence of Lemma 5.9. Then integrating with
respect to p gives the theorem. [

REMARK 6.6. Since ¥ ! is smooth, we deduce that the mapping ¢ — § is
differentiable with

dg _ ¥'(q)

dg  ¥'(q)
Thus, when 65, ¢ ®, we have that the law of A under N has a density with respect
to the Lebesgue measure on R given by

1{re<900,0>}<1

~ z/ﬂ(r))
W)/
THEOREM 6.7. (i) Let 6 € (6o, 0). Under NV, conditionally on {A = 0}, we
have for any nonnegative measurable function F
(49) NY[F(RA)IA=0]=y'@NY[F(Ro)oge™ " ?],
and the law of o 4 is given by the following: for . > 0
' (6)

NV [e 4|4 =0] = — .
YT A+ ¥(0)))

In particular, we have
N[04 < o0|A=0]=1.
(i1) If 6 € ®, we have for any nonnegative measurable function F
(50) NY [F(RA)1{a=6.,)] = N2 [F(Ro)].
In particular, the law of o4 on the event {A = 0} is given by

NY[(1— e acn )] = ¥ (A + ¥ (00)) — s
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PROOF. Let F be a nonnegative measurable function defined on the state
space of Rg. Using Lemma 6.4, we get for every 0, < g <0 <0,

NY[F(Ro)1a>g)] =NV [F(Ro)Ljg,=1o0}]
=NY[F(Ro)N"[og = +00|p"]]
=NV[F(Rg)(1 — e Ve@=0)]

— NY[F(Rg)(1 — e~V E+a-0—¥@)y].
Thus, we get that the mapping

g~ NY[F(Ro)l{a=g)]
is differentiable if it is finite. As dg/dq = ¥'(q)/¥'(§), we get

d
—NY[F(Ro) 114~
a7 [F(Ro)l{a=q)]

d ]
=y'(G—q+ 9)(% - 1>NW [F(Ro)oge 0¥ @—4a+0)—v )

=y (G—q+0) v'(9) __w/(q)N'ﬁe [F(RO)G()C—UO(I//(Q—Q-i-@)—'ﬁ(@))]‘
v'(q)
Finally, using that o is right continuous, we have

NY[F(R4), A € df] d
29 :_E( I”[F(730)1{A>q}])|

= (¥ (@) — ¥ (®))NY[F(R0)001 (<400} -
We deduce from Lemma 6.2 that

N [F (Ro)oolioy<too)] ~ NY[F(Ro)ope ™ 0]
N%[00l{og<too)] ~ NV[oge™¥@00]

q=0

NV[F(RAIA=6]=

This proves (49) but for the normalizing constant. It also implies that

NVo[ge™7]

NV[e *4|A=0]= ,
NVe [(71{0<+oo}]

Notice that 1//9_l )=y~ +yv®) -0 forr >0. We get from Lemma 4.6 that,
forr >0,

1
YT+ y0))

In particular, we deduce the value of the normalizing constant,

NY [o0e ¥ @70] = N¥ [0 115 <100} ] = 1/¥/ (D).

NV [gre 7] = %NW[I — e = (g () =
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We also get

V')

NY[e 444 = 0] = .
e A== T G v

This ends the proof of the first part.
For the second part of the theorem, we consider the case 6, € ®. Let us first
remark that, since the process (og, 6 € ®) is continuous in probability, we have

{A =0} = {0p,, <+00}.
We then apply Girsanov’s formula (45) twice to get
NY[F(Ra)ja=0,)] = NY [F (Ro,) Lo, <+00}]
=NV [F(Rp)e™ V=)o)
=NV [F(Rp)e™V #=)0]
=NV [F(Réoo)l{ﬁgoo <+00}]
= NVix[F(Ro)],

where we used for the last equality that o < +00 NV-a.e. and (45).
For F(R) =1 — e, we obtain

NI = e %) 1{azp,)] = NV [1 — 0]
=v; )
=9 (A4 ¥ (O0)) — Oo. O

We deduce the next corollary from (49).

COROLLARY 6.8. Let 05 < 0 < 0. The distribution of R4 = (0217, y > 0)
conditionally on {o4 =r, A =0} does not depend on 6.

7. Pruning of an infinite tree. We want here to define an infinite tree via
a spinal description of this tree. What we call a spinal description of a tree is a
representation of the tree where a particular branch is considered (the spine) and
the subtrees that are grafted along that branch are then described. The usual, well-
known spinal descriptions of a CRT are Bismut decomposition (see [17]) where the
spine is picked “at random” among all the possible branches, and Williams decom-
position (see [3]) where the spine is chosen to be the highest branch of the tree. We
describe next the Bismut decomposition and show how such a decomposition can
uniquely define a tree. Then we define the infinite tree by such a decomposition.
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7.1. Bismut decomposition of a Lévy tree. Let i be a (sub)critical branching
mechanism. Recall the definition of the mark process M™% of Section 5.1.3.
For a marked exploration process (p, M™¥) recall that 7 is defined by (30) and
notice that (9 —)—, Mgn_la,rk),t € [0,0]) is distributed as (p, M™aX)) under the
excursion measure thanks to Corollary 3.1.6 in [16] and definition of M (mark)

We recall that the family of pruned exploration processes R = (p?,0 > 0) is
constructed from the exploration process p (which is equal to 0?) and the measure-
valued process M (Mak)

Let T > 0. We define under N¥ the processes (T, M (mark). 7=y and
(p<T, Mmak), <T by the following: for every ¢ > 0,

( Ta’ Mt(mark),Ta) _ (

(mark)
o O(T+1)A0 > M(TH)M),

(0T M T = (1 _pyv0, MOS0,

where p is the canonical exploration process and 7 its dual process.

Bismut decomposition describes in terms of Poisson point processes the former
processes when 7' is “uniformly distributed” on [0, o].

First we must extend the definition of the measure MY (du, dv) of (31) and (32)
to get the marks into account. Let

N(dx,dt,du) = Z‘S(xi,&-,ui)(dx’ del,du)
iel
be a Poisson point measure with intensity
dxtm (dﬁ)l[Q 1] (M) du.
Conditionally on V, let (T;, i € I) be a family of independent exponential random
variables of respective parameter ¢;. Finally, let N'(dk,db) = 3 jed 8k;.bj)(dk,

db) be an independent Poisson point measure on [0, +00)? with intensity 28dk db.
We then define the spine (u,, V4, m,) Which are three measures given by

ta(dx) =Y 1j0.a)(xi)uilidy, (dx) + 110,41 (x) Bdx,

iel

Ve (dx) = Z 10,a1(xi) (1 — u; )€ 8y, (dx) + 10,q1(x) Bd x,

iel
ma(dx,dq) = 1j0.a)(x))8x, (dx)S1,(dq) + Y 1j0.a1(k;)Sk; (dx)8p, (dq).
iel jeJ

We denote by M;p the law of the triple (ug4,vq, mg), and we set MY =
it dae=y' O

Let us denote by Pg:; the law of the pair (p, M™M@X)) starting from (u, m)
where p is an exploration process associated with i and stopped when it first
reaches 0. It is easy to adapt Lemma 3.4 of [17] to get the following theorem.
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THEOREM 7.1 (Bismut decomposition). For every nonnegative measurable
functionals F and G,

Nl/f I:/(T dSF(pSH’ M(mark),s»)G(pks’ M(mark),es)]
(51) 0
=/M‘”(du,du, dm)EY» [FIEY *[G].

Informally speaking, the latter theorem describes a spinal decomposition of the
tree. We first pick an individual s “uniformly.” The height of that individual is
“distributed” as dae~¥ 4, Then, conditionally on that height, the measures p;,
ns and mg have law M}f’ . Eventually, conditionally on those measures, the marked
exploration processes on the right and on the left (reversed in time for that one) of
the individual s are independent and distributed as marked exploration processes
started respectively from (py, my) and (s, my), stopped when they first reach 0.

Let us now state the Poisson representation of the probability measure Pg:;.
Let («;, Bi)ier be the excursion intervals of the total mass process ({pr, 1), ¢ > 0)
above its minimum under ]P’z,’;;. Let (U;, i € I) be a family of independent random
variables, independent of p and uniformly distributed on [0, 1]. For every i € I,
we set x; = Hy,. Then we define u; by

b { po; {xi D) /({xi}),  if p({xi}) > 0,
U if u({x;}) =0.

Finally, we define the measure-valued process p’ by the following: for every ¢ > 0
and every f € By (Ry),

i f) = / £ = 2Pty g, (@),
(xi,+00)

and we define the measure valued-process M (Mark).i

t > andevery f € B+(R3L),

by the following: for every

(mark),i . / (mark)
M = x—xi,0O)M; (dx,do).
( t f> (xi,+00) x R4 a i0) (et +t)/\ﬂl( )

It is easy to adapt Lemma 4.2.4 from [16] to get the following proposition.

PROPOSITION 7.2.  The point measure Y icy 8y, u; i mmak)iy is under IP’;’fj:,

a Poisson point measure with intensity

Ui, p

(dx) duljo 11w)NY (dp, d M ™)),
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7.2. Reconstruction of the exploration process from a spinal decomposition.
Conversely, given the spinal decomposition of Bismut theorem, we reconstruct the
initial exploration process, but we must add the time indices of the excursions at
the node (which in the previous Section are called u;). We shall also add the mark
process [see its definition (39)].

Let © and v be two finite measures such that Suppu = Suppv = [0, H]
and m a point measure on [0, H] x Ry. Let {(p, M™Mak.i) j ¢ Jg} and
{(p', M™aK).iy i e J1} be two families of marked exploration processes (see Sec-
tion 5.1.3). Let {(x;, u;), i € J; U Jg} be a family of nonnegative real numbers. The
measures 1 and v must be seen as the measures o~ and p; * of Theorem 7.1, the
x;’s are the heights of the branching points along the chosen branch, the p’’s are
the exploration processes that arise from the decomposition of the processes p*~
and p % above their minimum and the u;’s are additional features that order the
excursions that are attached at the same level. The measure m and the processes
M ™ark).i will allow us to reconstruct the mark process.

For every i € J, U J, we set o' the length of the process p’. We define

(52) Le=)Y o', Lg=) o and L=Ly+La.
ielg ieJy

The variable £ represents the total length of the excursion whereas L, plays the
same role as s in the left-hand side of Theorem 7.1. For every i € Jg, we set

= Y o ¥ o
JE€Jg,xj<x; Jj€Jg,xj=x; and u;>u;
and, for every i € J;, we set

ti=£g+ Z ol + Z o/,

J€Ja,xj>x; J€Ja,xj=x; and u;>u;

which is the time of the beginning of the excursion p'.
For every ¢ > 0, we define the measure p; by

p;_ i (xi +dx) + ((dx) 10,5 () + @iv({xi}) + p({xi )8y, (dx),
ifr <Lyt <t <t 40,

uw, ift =L,

Py_pi (i dx) + ()1 jo,5) () + i ({x: D)8y, (@),
ifLy <t <Lt <t<t +o',

0, ift> L.

We also define the mark process M ™2™ (dx, dv) by

Mt(?firk)’i(xi +dx,dv) +m(dx, dv)ljg (x),
ift<LgorLy<t<L,t <t<t 4o,

m, ift=_L,,

0, ifr > L.

pi(dx) =
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We say that the process (p, MMy = ((p;, M™™)), ¢ > 0) is the marked explo-
ration process associated with the family

g = (M, U7 m’ (xi9 uia (pl7 M(mark)’i)ai € Jg)’
(i uis (o, M) e Jy).

From Bismut decomposition, Theorem 7.1, Proposition 7.2 and the construction
of the mark process, Section 5.1.3, we get the following reconstruction corollary.

(53)

COROLLARY 7.3. Let {r be a (sub)critical branching mechanism. Let (i1, v,
m) be distributed according to MY. Let Dicdy Suiuy, pf My and
Yicds Sexiu;, ol Mma.iy be conditionally on (w, v, m) independent Poisson point
measures with respective intensity

w(dx)10.11(u) duN¥ (dp, d M ™)
and
v(dx)1j0,17(uw) duNY (dp, d M ™),

Then the marked exploration process associated with the family G given by (53) is
distributed as (p, M ™)) ynder NY [od (p, M)].

REMARK 7.4. If we start with an exploration process p, pick s at random
(conditionally on p) on [0, o], then the decomposition of p*~ and p* as excur-
sions above their minimum gives a family G. The exploration process p associated
with G given by the previous construction is not p. Indeed, each excursion of p
“on the left” of s is time-reversed with respect to those of p. However, the trees
coded by p and o are the same.

We can also reconstruct the pruned exploration process by pruning G. Let 6 > 0.
We define the lowest mark lying on the spine as

(54) &o = sup{x; m([0, x] x [0,6]) = 0}.
We set u? = uljog,), v = vljg), m?(dx,dq) = m(dx,0 + dq)l g (x), for
selg.dyJ! ={i e Js;xi <&} and

55 Go = (y,g, v m?, (xi, u;, Ag(pi, M(mark)’i), i€ J;),
(xisui, Ao (p', M1)€ JF)),

where the pruning operator Ag is defined in (41).
PROPOSITION 7.5.  Under the hypothesis of Corollary 7.3, let (p?, M(Mak).0)

be the marked exploration process associated with the family Gy given by (55). The
process (,09, 6 > 0) is distributed as R under NY [o0dR].

PROOF. Let us remark that, by construction, (p?, M™a).0) = Ay(p,
M@k The proposition now follows from Corollary 7.3. [
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7.3. The infinite tree and its pruning. Let ¢ be a critical branching mecha-
nism.

We build a marked continuum random tree associated with the branching mech-
anism i using a spine decomposition with an infinite spine. Intuitively, if the CRT
dies in finite time (which corresponds to the case H continuous) this infinite CRT
can be seen as the CRT conditioned to nonextinction.

Let

Ndx,dl,du) =" 8 0;.un(dx, de, du)
iel
be a Poisson point measure with intensity

dx e (de) Lo, 1 (u) du.

Conditionally on NV, let (7;,i € I) be a family of independent exponential random
variables of respective parameter ¢;. Finally, let N (dk,db) =) jed Sk j,bj)(dk,
db) be an independent Poisson point measure on [0, +-00)? with intensity 28dk db.
We define the following random measures:

WH(dx) =) uilidy, (dx) + Bdx,

iel
vi(dx) =) (1 —up)tidy, (dx) + pdx,
iel
m*(dx,dq) =) 8x,(dx)87,(dq) + )_ 8;(dx)8p,(dq).
iel jeJ

The measure (u*, v*, m*) corresponds to the the measure (uq, vq, my) of Sec-
tion 7.1 but for an infinite spine. Let

D Scapr oy AN D T8 i, prmak

i€lg ieJy

be conditionally on (u*, v*, m*) independent Poisson point measures with inten-
sity

V¥ (dx)1j0,11(u) duNY (dp, d M ™)
and

w*(dx)1o,1(u) duNY (dp, d M ™)),
We set

g* — (M*’ v*’m*’ (xi» u;, (/Oi, M(mark),i)’l- c Jg)’ (xi» u;, (pi, M(mark),i)’l- c Jd)),
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which describes the decomposition of an infinite marked tree as marked sub-trees
that are attached along its infinite spine. Let 6 > 0. Following the end of Sec-
tion 7.2, we now extend the pruning procedure to this infinite tree by letting G; be
constructed from G* as Gy given by (55) from G given by (53)

£F = supfo; m* ([0, x] x [0,0]) =0},  J{ ={ieJs;xi <&}
for 6 € {g, d},
M*,O — N*I[O,ég‘)v 1)*’9 — U*I[O,E;‘)’

m*?(dx,dq) =m*(dx,0 + dg) 1y g (x),
gg — (M*,G, U*,O, m*,G, (xi» u;, Ay (pi, M(mark),i),l- c Jg)’

(xio i, Ag(p', MM i e J7)).

We have the following lemma.

LEMMA 7.6. Let 6 > 0. The probability distribution of the spine (u*?, ve?,
m*?) is ' (O)MVe .

PROOF. As v is critical, we deduce from (23) that
V' (0) =2B6 + f (1 —e em(do).
(0,400)
We deduce from the theory of marked Poisson point measures that
NO(dx,de,du) =" 1(1,50)8x;,0,.up) (dx, AL, du)
iel

is a Poisson point measure with intensity a’x@e_“n(dﬁ)l[oy];)(u) du. Since & is
independent of N\ ¢ we deduce that, conditionally on &;, (u*", ve? m*?) is dis-

tributed according to Mgff . Notice then that &; is the minimum of 7 = inf{x;; T; <
0

0,i €l}and T, =infl{k;; b; <0, j € J}, which are two independent exponential
random variables, which are also independent of A’?. The exponential distribution
of T1 has parameter f(o, Jroo)(1 — e ¢ (de), and the exponential distribution
of T» has parameter 286. Thus &; has an exponential distribution with parameter
Y’ (0), which gives the result. [J

Let (p?*, M™ak).0.%) be the marked exploration process associated with Gs.
We set Rj = (0%*9*, ¢ > 0) and denote by EY its law. The next proposition tells
us that R} under EY is, up to a normalizing constant, the size biased “distribution”
of Ry under NV

PROPOSITION 7.7. Let i be a critical branching mechanism. For every pos-
itive measurable functional F and every 6 > 0, we have

¥/ (0)NY [0 F (Rg)] = EV[F(R})].
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PROOF. Let F be a positive measurable functional. As R is constructed from
(p, M (mark)y “there exists a positive measurable functional G such that

F(R)=G(p, M™™),
Moreover, there exists another positive functional G such that, for every s > 0,
Glp, M) = (o, MR5=) (o5, o)),
Then by Bismut decomposition, we have
V' (O)NY [0g F(Ro)]
=/ ON" [0 F(R)]

— W/(Q)ng |:‘/(; dSG((,OS_), M(mark),s—>)’ (p<—s’ M(mark),<—s))j|

= [ V'@ @p, dv, amyEls; @ BLIGL

Then we conclude using Lemma 7.6 and the fact that NV (dp, M ™2%)) is the
distribution of Ag(p, M™%y under N¥ (dp, dM ™2k O

8. Distribution identity. Let i/ be a critical branching mechanism with pa-
rameter (o, B, w). We assume that 6, < 0. Recall R = (Ry, 8 € ®) is defined in
Section 6 and R} in Section 7.3.

THEOREM 8.1. Let 0 € (B0, 0). Conditionally on {A = 6}, R 4 is distributed
as RE.
6

PROOF. Let F be a nonnegative measurable function defined on VV. We have,
for 6 <0,
NY[F(Ra)|IA=0]= ¢ (@NY[F(Ro)ooe V@]
= ' (ONY7[00F (Ro)]
=¥/ (ON"[05F (Rp)]
=EY[F(R))],

where we used (49) for the first equality, Girsanov’s formula (45) (with 6 replaced
by 0) for the second, the invariance of the distribution of R by the shift for the
third and Proposition 7.7 for the last. [

If u € (0, 0), let it be the unique negative real number such that

u=u.

We deduce from Theorem 6.5 and Remark 6.6 the following corollary.
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COROLLARY 8.2. Let us suppose that 0 ¢ ©.
Let U be a positive “random” variable with (nonnegative) “density” w.r.t., the
Lebesgue measure given by

Y/ (r)
(1 - —W(;))l{re(o,ém»-
Assume that U is independent of G*. Then R 4 is distributed under NV as Ry

This corollary can be viewed as a continuous analog of Proposition 26 of [11].

9. The quadratic case. We consider ¥ (1) = BA? for some g > 0. We have
® = ®" =R (see the definition in Section 5.3) and ¥y (1) = ﬂ()\2 + 2601). Recall
0 is defined by (1). So we have 6 = |6|. From Theorem 6.5, we get NY[A>0]=
0—60= 2|0 for 8 < 0 and NY[A > 0] =0 for 6 > 0. Thus under NV, the ex-
plosion time A is distributed as 2 times the Lebesgue measure on (—oo, 0). We
deduce from Theorem 6.7 the Laplace transform of the total mass of the CRT be-
fore explosion: for A > 0,

NY[e 4|4 =0] = —“%2.
VA + BO?

In particular the distribution of o4 conditionally on {A = 6} is the gamma distri-
bution with parameter (862, 1/2).

Very similar computations as those in the proof of Theorem 6.7 yield that for
alls,r>0,0 <0, A, k>0

NV [e_)\UA+.s_KUA+s+t |A=0]

B VB0 +5)? Bt + /A + B(16] + 5)?
i+ BUOI+ 57 \/:c + (/B2 +a+ B(6] +9)2)?

We denote by o the total mass or length (see definition (52) of £) of the pruned
infinite tree G;. Notice that, thanks to Proposition 7.7, o has the size biased dis-
tribution of oy (the total mass of the CRT with branching mechanism ) under
NY. More precisely, we have for any nonnegative measurable function, for 6 > 0,

(57) 280N [0y F (0p14.9 = 01 =EV[F(07,,.q = 0)].

As the process ¥ = (09,6 € R) is Markov, we get that X* = (0,0 > 0) is
Markov. Notice that a.s. oj = 400. Direct computations or using (56) and Theo-
rem 8.1 yield that for all 6, g, A, x >0

B -8 s \/ﬁ \/ﬁqz + \/)\ + B62 |
Jr+ o2 \/x +(/Ba? + \J3+ p62)?

(56)
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Let T = (19,6 > 0) be the first passage process of a standard Brownian motion
(By,u > 0): 79 = inf{u > 0, B, > 0}. It is a stable subordinator with index 1/2,
and more precisely with no drift, no killing and Lévy measure (27x%)~1/?2dx on
(0, 00): for A > 0, E[e 2] = e~0V2:_ The distribution of Ty has density

0 —02/2x
o e 150}

We get the following result.

PROPOSITION 9.1. We have:

e under EV, (2609*, 6 > 0) is distributed as (1/tg,6 > 0);
o under NV, 2Boare,0 > 0) is distributed as (1/(V + 19),0 > 0) where V is
independent of T and its “distribution” has density w.r.t. the Lebesgue measure

given by /2/(mv)1{y=0).

The proof of this result is postponed to the end of this section.
Notice that (45) implies that for 6 > 0,

NY[F (04,9 = 0)e V@] =NV [F (0446, q = 0)].

In particular, we deduce from this, (57) and the fact that t is a process with in-
dependent and stationary increments the following result (notice that the size bias
effect vanish, as we condition by o9 = 1).

COROLLARY 9.2. Let B = 1/2. Conditionally on oy = 1, we have that
(09,6 > 0) is under the excursion measure NV distributed as (1 /(14 19),6 >0).

We thus recover a well-known result from Aldous and Pitman [10] on the size
process of a tagged fragment for a self-similar fragmentation (see [14]) with index
1/2, no erosion and binary dislocation measure v defined on pairs (s1, s3) such
that s1 > s> >0and 51 + 52 =1 by

v(s; €dx) = (27'rx3(1 - x)3)_1/21{x>1/2} dx,

which correspond to the fragmentation of the CRT (see also the end of [6, 13] or
[24]).

PROOF OF PROPOSITION 9.1. Let A, «, 0, g be positive. As we did not find
any reference for the computation of

[ = E[e ™ */T+q],

we shall give it here. Using that 7 is a subordinator, we have

[ = B[/ o+,
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where 7’ is an independent copy of . We set p = +/2A + 62 and J = 271%1. We
get

Jeon P09 [ rr—if )02 20—q2 2y AX DY
0 2w JRZ (xy)3/2
dxdy
(xy)3/2
— pq eszu/(lJru)fzupz/Zfzqz/Z @
R2 Ju
u+1 du
Ry 02p2/2+u(p?/2+ %2+ 1) +4%/2 Vu
u+1 du
Ry 2 +u(l+y2+1) +y2 Ju’
where we used the change of variable zu = 1/x and z = 1/y for the third equality,

k' =2k /p*and y = q/p for the last. Let a, b such that a +b =1 + y* + «’ and
ab = y?. Notice that

— oK/t =p* /2547 /2y
RY

=pPq

u+1 _a—1 1 +l—b 1
w4+ u(l+y2+x)+y2 a—but+a a—-bu+b
Then we get

J—» a—1 du 42 1-— du
— b Ry Ju(u+a) Ya—b R, /u(u+b)
_> 1 <a—1+l—b> du
Ve e\ T ) e Vuwr

) vab+1 1
= T

4 Vab Ja+ b

1

=2 )/+

Ja+yree

Therefore, we obtain

6 y+1 6 q++v6%+2a
P JA+y2 i VO ot (g + VT 20)?

We deduce that the two processes, (2,309*, 6 >0) and (1/79, 0 > 0), have the same
two-dimensional marginals. Since they are Markov processes, they have the same
distribution. This proves the first part of the theorem.

Let U be a positive “random” variable whose “distribution” given by 2 times
the Lebesgue measure on (0, +0c) which is independent of t. The “distribution”

1
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of V =ty has density w.r.t. the Lebesgue measure given by /2/(mwv)1{y~0;. The
second part is then a direct consequence of Corollary 8.2. [J
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