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Abstract. Random walks in random scenery are processes defined by Z, := ZZ:I Ex 44X, Where (X, k> 1) and (§y,y €
7% are two independent sequences of i.i.d. random variables with values in 74 and R respectively. We suppose that the distributions
of X and &y belong to the normal basin of attraction of stable distribution of index « € (0, 2] and B € (0, 2]. When d =1 and
o # 1, a functional limit theorem has been established in (Z. Wahrsch. Verw. Gebiete 50 (1979) 5-25) and a local limit theorem
in (Ann. Probab. To appear). In this paper, we establish the convergence in distribution and a local limit theorem when o = d (i.e.
a=d=1ora=d=2)and g € (0, 2]. Let us mention that functional limit theorems have been established in (Ann. Probab. 17
(1989) 108-115) and recently in (An asymptotic variance of the self-intersections of random walks. Preprint) in the particular case
when 8 =2 (respectively foro =d =2 and o =d = 1).

Résumé. Les promenades aléatoires en paysage aléatoire sont des processus définis par Z, := ZZ:] EX 4t X 00 (X, k> 1)
et(§y,y € Z4) sont deux suites indépendantes de variables aléatoires i.i.d. a valeurs dans 79 et R respectivement. Nous supposons
que les lois de X et &y appartiennent au domaine d’attraction normal de lois stables d’indice o € (0,2] et 8 € (0,2]. Quand d =1
et o # 1, un théoreme limite fonctionnel a été prouvé dans (Z. Wahrsch. Verw. Gebiete 50 (1979) 5-25) et un théoréeme limite local
dans (Ann. Probab. To appear). Dans ce papier, nous prouvons la convergence en loi et un théoreme limite local quand o = d (i.e.
a=d=1oua=d=2)et 8 € (0,2]. Mentionnons que des théorémes limites fonctionnels ont été établis dans (Ann. Probab.
17 (1989) 108-115) et récemment dans (An asymptotic variance of the self-intersections of random walks. Preprint) dans le cas
particulier ou 8 = 2 (respectivement pour ¢ =d =2 et =d = 1).

MSC: 60F05; 60G52
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1. Introduction

Random walks in random scenery (RWRS) are simple models of processes in disordered media with long-range
correlations. They have been used in a wide variety of models in physics to study anomalous dispersion in layered
random flows [20], diffusion with random sources, or spin depolarization in random fields (we refer the reader to Le
Doussal’s review paper [16] for a discussion of these models).

I This research was supported by the french ANR project MEMEMO?2.
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On the mathematical side, motivated by the construction of new self-similar processes with stationary increments,
Kesten and Spitzer [15] and Borodin [4,5] introduced RWRS in dimension one and proved functional limit theorems.
This study has been completed in many works, in particular in [3] and [10]. These processes are defined as follows. Let
§:=(¢y,ye Z%) and X := (Xy, k > 1) be two independent sequences of independent identically distributed random
variables taking values in R and Z¢ respectively. The sequence £ is called the random scenery. The sequence X is
the sequence of increments of the random walk (S,,n > 0) defined by Sy :=0 and S, := Z?:l X;, forn > 1. The
random walk in random scenery Z is then defined by

n—1
Zo:=0 and Vn>1, Z,:=)» &s.
k=0

Denoting by N, (y) the local time of the random walk S:
Nu(y) :=#k=0,....n—1: Sy =y},

it is straightforward to see that Z, can be rewritten as Z, = »_ y EyNu(y).
As in [15], the distribution of &y is assumed to belong to the normal domain of attraction of a strictly stable
distribution Sg of index B € (0, 2], with characteristic function ¢ given by

du) = e*lulﬂ(AlJriAz sgn(u))7 ueR,

where 0 < A| < o0 and |Af1A2| <|tan(wB/2)|. We will denote by ¢ the characteristic function of the &;’s. When
B > 1, this implies that E[£y] = 0. When 8 = 1, we will further assume the symmetry condition

Sup’E[é()Jl“ng;}]‘ < 4o00. (D)
>0

Under these conditions (for 8 € (0; 2]), there exists C¢ > 0 such that we have
Vi >0, P(g|>1)<Cet™F. )

Concerning the random walk, the distribution of X is assumed to belong to the normal basin of attraction of a stable
distribution S, with index « € (0, 2].

Then the following weak convergences hold in the space of cadlag real-valued functions defined on [0, co) and on
R respectively, endowed with the Skorohod J;-topology (see [2], Chapter 3):

(S 1)) 20 == (UD) 2

120,55

and

[nx]
1 L . d
<n /B k205k61> n?oo(Y(x))xzo, with e; = (1,0,...,0) € Z¢,
= x>0

where U and Y are two independent Lévy processes such that U(0) =0, Y (0) =0, U(1) has distribution S, Y (1)
has distribution Sg.

1.1. Functional limit theorem

Our first result is concerned with a limit theorem for (Z,;))>0. Intuitively speaking,

e when o < d, the random walk S, is transient, its range is of order n, and Z, has the same behaviour as a sum
of about n independent random variables with the same distribution as the variables &,. It was proved in [5] that
for B =2, n=VP(Zju)) >0 converges in distribution in the space D([0, o0)) of cadlag functions endowed with
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the Skorohod J;-topology, to a multiple of the process (¥;). The case 8 € (0, 2] was also mentioned in [15] (see
Remark 3). When 8 < 1 and the scenery is positive, a functional limit theorem in the space D([0, c0)) endowed
with the Skorohod M-topology, is proved in [1] or [13];

e when o > d (i.e. d =1 and 1 < @ < 2), the random walk S, is recurrent, its range is of order n'/¢, its local
times are of order n' =1/, so that Z, is of order n!~1/¢+1/(@#) n this situation, [4] and [15] proved a functional
limit theorem for n—(~1/e+1/ (“ﬂ))(Z[n,], t > 0) in the space C([0, c0)) of continuous functions endowed with the
uniform topology, the limiting process being a self-similar process, but not a stable one;

e when o =d (i.e. a =d =1 or o =d =2), S, is recurrent, its range is of order n/log(n), its local times are of
order log(n) so that Z, is of order n'/#log(n)#~1/P In this situation, a functional limit theorem in the space of
continuous functions was proved in [3] ford =«a =8 =2, and in [10] ford =« =1 and f =2.

1/a

Our first result gives a limit theorem for o« = d and for any value of 8 € (0; 2). We establish the convergence in the
sense of finite distributions, and prove that the convergence in distribution does not hold for the J;-topology when
B # 2 but that the convergence in distribution holds for the M1-topology when 8 # 1 (for technical reasons, our proof
does not apply when 8 = 1).

Theorem 1. Let B € (0; 2). We assume that the random walk is strongly aperiodic and that

(a) either d =2 and X is centered, square integrable with invertible variance matrix X and then we define A :=
24/det X

(b) ord=1 and (‘j,—”)n converges in distribution to a random variable with characteristic function given by t +—
exp(—alt|) with a > 0 and then we define A := a.

Then, the sequence of random variables

(G
nl/l9 log(n)(ﬂ_l)/ﬂ 1€[0.11/ n>2

converges in the sense of finite distributions to the process

; F(ﬂ+1))”’3 )
Y= —— Y .
( ' ((TEA)’S_l ® 1€[0,1]

For B < 2, the convergence does not hold in 'D([0, 1]) endowed with the Ji-topology, but when 8 # 1, the convergence
holds in D([0, 1]) endowed with the M1 -topology.

Remark 2. For d > a and B # 1, the same proof as in Theorem 1 shows that the sequence (n_l/ﬁZ[m], te[0,1])
converges in (D([0, 1], My) to the process (E[Nfofl 1YBY (1), t € [0, 1]), where N is the total number of visits to 0

of a two-sided random walk (S,,, n € Z) such that So = 0 and whose increments are distributed according to X (see
Remarks 6, 8,9, 11 below).

1.2. Local limit theorem

Our next results concern a local limit theorem for (Z,,),. The d = 1 case was treated in [7] for « € (0; 2] \ {1} and all
values of 8 € (0; 2]. Here, we complete this study by proving a local limit theorem for « =d =1 (and § € (0; 2]). By
a direct adaptation of the proof of this result, we also establish a local limit theorem for o« = d =2 (we just adapt the
definition of “peaks,” see Section 3.5). Let us notice that the same adaptation can be done from [7] (case a < 1) to get
local limit theorems for d > 2, @ < d and 8 € (0; 2].

We give two results corresponding respectively to the case when & is lattice and to the case when it is strongly
nonlattice. We denote by ¢ the characteristic function of &.

Theorem 3. Assume that &y takes its values in Z. Let dy > 1 be the integer such that {u: |@s ()| =1} = %I—Z)‘Z. Let

by :=nl/p (log(n))(ﬁ_l)/ﬁ. Under the previous assumptions on the random walk and on the scenery, fora = d € {1, 2},
for every B € (0, 2], and for every x € R,
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o ifP(n&y — |bpx] ¢ doZ) =1, then P(Z,, = |byx]) = 0;
o ifP(n&y — |bpx] € doZ) = 1, then

C(x)

n

P(Z, = [byx]) =do +o(b, )

uniformly in x € R, where C(-) is the density function of Y;.

When & is strongly nonlattice, we establish the weak convergence of b,[Pz, to the Lebesgue measure on R (in the
sense of compact supported function, see Definition 10.2 of [6]). More precisely we state the following result.

Theorem 4. Assume now that & is strongly nonlattice which means that

lim sup |¢g (u)| <1.

M—)OO

We still assume that « = d € {1, 2} and B € (0; 2]. Then, for every compactly supported continuous function g:R —
C, we have

lim sup|b,E[g(Z, — byx)] — C(x)/ g(t)dt
R

n»+oox€R

with b, :=nl/P (log(n))(ﬂ*l)/‘9 and where C(-) is the density function of )71.

2. Proof of the functional limit theorem

Before proving the theorem, we prove some technical lemmas. For any real number y > 0, any integer m > 1,
any 01,...,6, € R, any 1 =0 <, <--- < t,, we consider the sequences of random variables (L,(y)),>2 and
(L}, (y¥))n>2 defined by

Y
Ly(y)i=—"—"— n(logn)V 1 Z Ze N[ntl (x) — ntfl](x))
xezdli=1
and
Y m
Ly(y)=—->—- n(logn)y > Ze, Nin)(6) = Nin_y1 (x)) sgn(Zei(N[m,.nx)—NW,.1](x))>.
xezdli=1 i=1
Lemma 5. For any real number y > 0, any integer m > 1, any 01,...,0, e R, any tn =0 <1t; < --- < t,, the

following convergences hold P-almost surely

: Ly +1)
n—lirfooL"()/)_( A~ 1Z|Ql| (ti —ti-1) )
and
o DD
Jm L) = ,2:1 16:17 sgn(6;) (i — 1i-1). “)
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Proof. We fix an integer m > 1 and 2m real numbers 61, ...,6,,t1,...,t, such that 0 <# < --- < t, and we set

to := 0. To simplify notations, we write d; ,,(x) := N[;1(x) — N[n;_,1(x). Following the techniques developed in [8],
we first have to prove (3) and (4) for integer y: for every integer k > 1, P-almost surely, as n goes to infinity, we have

Fk+1) < o
n(logn)k 1 Z(Zlen(x)) —)ngi (ti —ti1). 5)

ezd
Let us assume (5) for a while, and let us end the proof of (3) and (4) for any positive real y. Given the random walk
S :=(Sy)n, let (Uy)n>1 be a sequence of random variables with values in 74, such that for all n, U, is a point chosen
uniformly in the range of the random walk up to time [nt,,], that is
P(U, =x|S) = [mmll{N[,,,m](x)zl},
with Ry :=#{y: Ni(y) > 0}. Moreover, let U’ be a random variable with values in {1, ..., m} and distribution

P(U =i)=(ti —ti-1)/tm

and let T be a random variable with exponential distribution with parameter one and independent of U’.
Then, for P-almost every realization of the random walk S, the sequence of random variables

( o= log(n)zed,nw >)

converges in distribution to the random variable W := 6y T . Indeed, the moment of order k of W,, given S is

E(Wy|S) = ﬂz Zed (x) k—
n(logn)k=1 o log(n) R([nty])’

i=1

Using (5) and the fact that ((logn)R, /n), converges almost surely to wA (see [11,17]), the moments E(W,f|S)
converges a.s. to E(WX) = '(k+1) p Qik (ti —t;—1)/tm. This proves the convergence of the conditional distribution
of (W,), given S to W, since the distribution of W is identified by its moments (thanks to the Carleman condition).
This ensures, in particular, the convergence in distribution of (|W,|?), and of (|W,|” sgn(W,)), (given S) to |W|¥
and |W|Y sgn(W) respectively (for every real number y > 0 and for P-almost every realization of the random walk
S). Since, conditional on S, any moment of |W,,| can be bounded from above by an integer moment, we deduce that,
for any y > 0, we have P-almost surely

nlirfooJE(|Wn|V |S)=E(IW]”) and nETooE“W"'V sgn(W,)|S) = E(IW|” sgn(W)),

which proves Lemma 5.
Let us prove (5). Let k > 1. According to Theorem 1 in [8] (proved for « = d =2, but also valid for « =d = 1; see
Appendix for additional comments on the proof of this theorem), we have

1 T(k+1
Viell,....m), "L+°°W Z din ()" ((A; l)(z —4i1), P-as. 6)
We define
2,1<91,...,9m):—Z(Zed,n(x)) ZZ(@) (din ()" (7)
xeZd xezd i=1
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According to (6), it is enough to prove that P-a.s., X, (61, ..., 6,) = o(n(log n)¥=1). We observe that X, (6, ..., 6,)
is the sum of the following terms

> ]"[ di; n(x)) ®)

xezd j=1
over all the k-tuple (iq,...,ix) €{1,..., m}k, with at least two distinct indices. We observe that
k
|2n(915 ’Gm)| Smax(|91|a s |9m|) En(la R 1)

But, we have

Sl D= Y (N @) = 303 (din ()
xezd xezd i=1
= > (N1 0)" Z Z di ()" = o(nlog(n)* 1),
xezZd i=1 xezd
according to (6). O

Remark 6. Case d > «.

In this case, R,/n converges a.s. to p = P[Sk #£ 0 forany k > 1] (c¢f. [21]), and for all real number k > 0,
%erzd N,’j(x) converges a.s. to ]E[N!jg]] (see Remark 2 for a definition of Noo and the introduction of [15]
for a proof of this fact). Setting W, = 27:1 0;d;jn(Uy), it follows that for all integer k > 1 E[W,f|S] tends to
]EQ[(QU/NOO)]‘ 1, where Q is the probability on the random walk’s paths space, whose density w.r.t. the random walk’s
law P is given by dQ/dP = 1/(pNco). This leads to the following two facts: for any real number y > 0, any integer

m=>1,any0,...,0, e R,any to =0 < 1t] < --- < ty, the following convergences hold P-almost surely
14 m
-1
ninfoo n 21 Z}O i (Ning) = Niwsy1) | = E[N& ]21 10; 1Y (t; — ti—1) 9)
xeZ4li i=

and

lim - Z
n——+oon

xezZd

Z i (Nint;) — Nint;_y1)
i=1

14 m
sgn (Z 0i (Nint;1 — N[n[jl])>

i=1
m
-1
=E[NG]D 1617 sgn(®) (t — ti-). (10)
i=1
Lemma 7. Forany p >0,

sup N,(x) =o0(n") a.s.

xezd

Proof. See Lemma 2.5 in [3]. (]
Proof of Theorem 1. Convergence of the finite-dimensional distributions.

Let an integer m > 1 and 2m real numbers 61, ...,6,,,t,...,t suchthat 0 <#; <--- <, <1. We set 19 :=0,
Again, we use the notation d; , (x) := N[us;1(X) — Njns,_,1(x), and set

m
» _
by =n" (logm))*~"* 7= . > 0 (Zini) = Zingi_y)-
n .
i=
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We have to prove that

iz 1—[’" r+n\"
1Zy (t: — ;)P
E[e ]_)i_1¢(9l(tl tzfl) ((T[A)ﬂ_l> >7 (11)

as n goes to infinity. We observe that Z, = % erzd Zl’-"zl 0;d; n(x)&. Hence we have

7 T 6idin
e ] (Bt

xezd

Observe next that
loe (1) — exp(—1t1P (A1 +iAzsgn()))| < 11Ph(|t]) forallz e R,

with /& a continuous and monotone function on [0, +00) vanishing in 0. According to Lemma 7, P-almost surely, for
every n large enough, we have

D, = sup | > i 6idin (x)] -

sup, N, (x) <
x by -

m max (|6;]) 5
n

and so

‘]E[eiz" |S] _ 1_[ e_(|Z;'n:leidi,n(x)|ﬂ/bg)(A1+iA2 sgn(}_iL 6idi n(x)))

xezZd

m _0.b; B
M}z(&,). Hence, according to Lemmas 5 and 7, P-almost surely, we have

is less than ) ;4 "

lim E[eizn 5] = e~ (CB+D/ (@A) YT 16:1P (1 —1i-1) (A1+iA2 sgn(6))

n—-+00

which gives (11) thanks to the Lebesgue dominated convergence theorem.

Remark 8. Case d > «.
The proof is exactly the same with b, =n'/P.

Study of the tightness.
When 8 = 2, the sequence is known to be tight for the J; (so also M) topology (see [3]). For 8 < 2, we prove

that the sequence (Zlg—;”])ze[o;l] is not tight in (D([0, 1]), J1). To this aim, let (Z,(¢),t € [0, 1]) denote the linear
interpolation of (Z,, t € [0, 1]), i.e.

Zy(t) = Z[nt] + (I’ll - [nt])éS[m]o

Then, Ve > 0,
IP’[ SUp | Zu(t) — Zpu)| = eb,,] - P[&Ek IEs,| > ebn]
1€[0,1] i=0
=P[3x € {So. ..., Su—1} s.t. |&| = €by]
<E(#So. ... Su—1})P[lé0] = €by ]
n

<C
— log(n)

e_ﬂb;ﬂ =Ce P log(n)_ﬂ,
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Z[m]

where the last inequality comes from (2) and Theorem 6.9 of [17]. Therefore, if ((=;

)re[0:1])n>2 converges in dis-

tribution in (D([0, 1]), J1) to (Y,)te[o 1], the same is true for ((=f Zylt ))te[o 1)n>2 Wthh implies that (%4 Znlt )),e[o 1] con-

verges in distribution in C([0, 1]), and that the limiting process (Y,),E [0,1] is therefore continuous, Wthh is false as
soon as f8 < 2.

Ml-tighmessfor B> 1.

Set Z,(t) = b_ and let us prove the tightness of the sequence (Z,), in D([0, 1]) for the M;-topology when
B > 1. For any yi, y> and y;3 real, let us denote ||y, — [y1, y3]ll =inf;e[y,, 5 |¥2 — ¢]. For any function z = (z(#))¢[0,1]
in D([0, 1]), we define

0(z,8) = sup sup{[z(t2) — [2(), 2@)]|: ¢ = VOt < <1<+ AL},
t€l0,1]
From Skorohod criteria (see [22] or [23], Chapter 12) it is enough to prove that for every & > 0,

~ 1
lim limsupIP’|:a)(Zn, Z>> 8i| =0. (12)

k—+00 400

The proof is based on two distinct results: the first one by Louhichi and Rio in [19] where they prove that in the case of
a sum of associated random variables, the above M|-tightness criteria can be deduced from a maximal inequality for
the sum; the second one by Louhichi in [18] where a maximal inequality for the sum of associated random variables
without moment conditions (not necessarily stationary) is proved. Let us give the details. Since the sequence (&5, )x>0
is stationary, we have for every k > 3,

~ 1
P|:w<Z,,, —) > 8i| < (k— 2)]P’[ sup H Zn, — 2y, an]” > ebn].
k 0<n) <ny<n3<1+|3n/k) '

Conditionally to the random walk S = (S;,),,>0, the sequence of random variables (§s, )x>0 is associated, therefore by
applying inequality (3) in [19], we have
2
- S) ] (13)

~ 1
P[w(Zn,—) >8:| §(k—2)]E|:IP’( max
k 0<j<1+[3n/k]

Now let us apply Lemma 1 in [18] to the random variables X = |§p| and X; = &g,,i > 0, conditionally to the random
walk. For any sequence of positive reals (bn)n, there exist some constant C > 0 depending on ¢ (the value of C may
change from line to line in the following inequalities) s.t.

eby (1+ 3n/k)) (1+ 3n/k))
S)—C{T (&6 <] + 5~ L0l yg1-5,)]

Ty P[l€0| > bu] + — > Gij(bn) |,
([ F D) o }

n0<i<j<l+|3n/k]

IP’< max Zj>
0<j<1+[3n/k]

where, in our setting, if we denote for v € R by g, the function (u A v) V (—v),
Gij(v) :=E[gy(&s)gv(Es,)IS] — E[gu(Es)IS]E[gv(Es)IS]
< E[gu(&s)?1S]1is5,=s,) = E[gu(E0)*|Lis,=s,)-

The same reasoning holds for the sequence (—£&s;);>0, which is also associated, then since the function g, is odd, we
deduce, by denoting [, := Z?; i 0 1{s;=s;}, the following maximal inequality

(1+13n/k)) (1 + [3n/k))
S} = C{ibn (631 615,11 + Bl g5,

3 bn\> .
(D) o g o)

eb,
]P’|: max |Z] > n
0<j<l+3n/k] 2
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Since for every x, y € RT, (x + y)? <2(x? + y?), we get

4
eb, 2
Elp 7. Zis <C Xi(n, k), 14
[(ogsrflffsn/u' =5 >}_ ; o -
where
(1+L3n/kJ)2 2
El(n,k)=b44 &1 (ol <bu]
n
(1+ [3n/k))> 2
Z(n, k) = b—zE[|50|1{|so|>En}] :

23<n,k>=(1+fﬂ> (Z) B[ 160l > 5a ],

( 1+(3n/k ) 2
S4(n, k) = %E[g,;n 0T
., ~)_ .
Note that E[£ 1, _j 1< 1E[|go|1“$0‘>b 1= w7 for B <1, and Elg; (60)*] = by ”. Therefore, by choosing
by = (log%)l/ , we deduce that fori=1,3,
limsup X;(n, k) =0, (15)
n—-400

and (recall that E(I,%) =0((n log(n))z)) for i =2, 4, there exist two constants C; > 0 s.t.
C
limsup X;(n, k) < — (16)
n——+00

Therefore, by combining (13), (14), (15) and (16), there exists some constant C > 0 s.t.

~ 1 C
limsupP|w| Z,, - )| >¢| < —
ntot [ ( " k) ] k

then (12) follows.

Remark 9. Cased >« and > 1. ~
It is easy to see that for d > o, IE(I,%) = 0n?). Taking b, = b, =n'/P the same proof leads to lim Sup,,_, o 2i (1,
k) < C;/k* for everyi € {1, ...,4}, and to the tightness in My-topology.

M -tightness for p < 1. ~ ~

For B <1,to get a control of the oscillation, we write £ = &} — £ to obtain the decomposition Z, = Z;* — Z,,

where Z*(t) Z[T”], and Z;' is the random walk in the random scenery (£, x € Z%):
n—1
=2 & =D &N,
k=0 xeZd

n
for any 6 > 0, a)(Z ,8) = a)(Zn ,8) = 0. Assume for a while that Zn’(l) and Zj(l) both converge in distribution
(this is false for § > 1 due to centering term). It follows that the processes Zn_ and Z;l" are tight in M1-topology. To
get the tightness of their difference Z,, we have then to prove that the limiting processes of Z; and Z,j do not have
common discontinuity points (see Corollary 12.7.1 in [23]). This is the case if these two processes are independent.
Therefore, all that remains to prove is the following lemma. O

Z . is defined in the same way as Z + using the negative part of the scenery. Since the processes Zn_ , Z,‘l“ are increasing,
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Lemma 10. Let an integer m > 1 and 3m real numbers 01, ...,0m, V1, ...y Vmstls .. sty Such that 0 <t <--- <
m < 1. We set to := 0. Then

n—o00

lim E|:exp( SO/ (ZEa) - ZFa-0) +vi(Zy @) - Zn_(tjl)))):|

1_[ (657 —1j-0"P)ga(v;t; —1-)'"P),

where ¢ and ¢ are characteristic functions of positive B-stable laws.
Proof. We use the notation
di,n(x) = N[nti](x) - N[nt,-_l](x), dy(x):= (dl,n(x)s cees dm,n(x))-

Observe that

m

D OH(ZF @) = ZF @-0) +vi(Zy ) = Z, (t5-1))) Zs (6: d () + £ (v dn(x))-
Jj=1 erd
Therefore

[exp(lz (ZFa) = ZFaj—0) +vi(Z, ) — Z; (tj-1) )’S]

j=1

- 11 E[exp< (§+<9 i(x» e <y;c;n<x)>)>‘s]

xezd

Note that for any real s, ¢, Il*][exp(i(té(;r + 58, )] = e+ (1) + @¢-(s) — 1. Since & is in the domain of attraction of
S, the tails of the variables §* and &~ satisfy P[§T > 7] < pP[|§]| > t], P[§~ > 1] < (1 — p)P[|§] > ] for some
p €0, 1]. Thus, £+ and £~ belong to the domain of attraction of positive stable laws with index 8 whose characteris-
tic functions are denoted by ¢4 and ¢_. Since 8 < 1, it follows (see Theorem 2, p. 448 in [12]) that nLﬂ 27:1 Sf con-

verges to a 8 stable random variable with characteristic function ¢.. Therefore, we get [@g+(¢) — ¢4 (1) < |t 1Bhy(t])
for some increasing continuous function /4 such that 4 (0) = 0. The analogous statement is true for ¢-. Hence, for
any real numbers s, ¢

@+ () + - (s) — 1 — ¢ (p—(s)|
< e+ 1) — ¢ )| + |@e— () — d— ()| + [ (¢ @) — 1) (- (5) — 1)
<|t1Phy(1tl) + Is1Ph_(1s]) + Cls|P|z]P.

Note also that |{(0; d,,(x))| < m max(|6;|) N, (x). It follows that

‘E[ei(zf,ﬂﬁ(a,(z;(g) 2407 2 =25 @0 5] H¢ ( (6, dn(x)) >¢<(V,dn(x))>'
by

0,d, ,dy 0, dy s dn
(p§+<( b(X))>+¢s<<y b(X))>_1_¢+<( b(X)))d)((V b(x)>>‘

SONE@[ (mloIN; mlyINZ\ [ NE\
<C x h ) g (VIR RN
=Chre— "7, )7 n ) T\%,

n
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where N, = sup, N,(x) and ||#|| = max(]6;|). Using Lemmas 5 and 7, the above quantity tends to O almost surely.

Now, ¢4 and ¢_ get the same form as ¢ (with A>/A| = —tan(wr8/2)). And as in the proof of the convergence o the
finite-dimensional distributions, we get that almost surely

_ O:dp () 0;(t; —t;—)VPT(B+ 1)!/F
nllToon¢+< ) ﬂ¢+( (A B/ ‘

The same is true for [ ], c/),(W). |

Remark 11. Cased > o and B < 1.
The proof is exactly the same using (9) and (10).

3. Proof of the local limit theorem in the lattice case
3.1. The event §2,

Set

N} :=supN,(y) and R,:=#{y: N,(y)>0}.
y

We also define, for every n > 1,
n—1
V, = Z Nn(x)ﬁ.
i,j=0

Lemma 12. Foreveryn>1and 1 >y >0, set

20 =82,(y) = {R =

n
—  _and N* <n?}.
"= (oglog(ny /4 4 M =" }

Then, P(£2,)) =1 — o(brjl). Moreover, the following also holds on $2,:
(loglog(n))]/4 <N and V,=z=n'771=P+ 17)
Proof. We first prove that
—1/4 -1
IP’(Rn > n(loglog(n)) ) = o(bn ) (18)
Let us recall that for every a, b € N, we have
P(R, > a+b) <P(R, 2 a)P(R, > b). (19)

The proof is given for instance in [9]. We will moreover use the fact that E[R,] ~ cn(log(n))~' and Var(R,) =
O(n2 log’4(n)) (see [17]). Hence, for n large enough, there exists C > 0 such that we have

1/4 |\ Uog(n)(loglog(n))~1/2
p(R, > n <p(R, > n(loglog(n))
(loglog(n))!/4 log(n)

—-1/2
n(loglog(n))!/4 |\ U oglog(m) ="/
R, — E[R Temen
<| [ ]|_2{ log(n)
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IA

5Var(R )log (n) Llog(n)(loglog(n))fl/zJ
( 2(10g10g(n))1/2>

A

( n log (n)/ log (n)>Llog(n)(logbg(n))1/2J
n2/loglog(n)

Llog(n) (loglog(n) /2]
= ((log<n>>2>
= exp(— 1og(n)m(l - %)).
This ends the proof of (18).
Let us now prove that
P[N; > n?] = o(b])). (20)

We have

]P)(N’;k z ny) = Z]P(Nn(x) = n)/)
x
= ZP(TX <n; Nn(x) = I’ly), Where TX = 1nf{n > 1, s.t. Sn =x}’
<3 B(Tx <n)P(N,(0) > n?)
x

E[R,IP(Ty <n)" .

Hence, (20) follows now from E[R,,] ~ cn(log(n))’l, and from P(7Ty > n) ~ C/log(n).

Since n = Zy N, (y) < R,N;, we get that N, > RL,, > (loglog(n))'/* on £2,,.

To prove the lower bound for V,,, note that, for 8 > 1, V,, = Zy N, (y)ﬂ > Zy N,(y) =n.For 8 <1, on £2,, we
have

— 1— _
n=3 Na() =D NP NP < Vi (N7) TP < v P,

3.2. Scheme of the proof

It is easy to see (cf. the proof of Lemma 5 in [7]) that P(Z,, = |b,x]) =0 if P(n&y — |b,x] ¢ doZ) = 1, and that if
P(n&y — |bux] € doZ) =1,

d()/ it Lbax] [ i|
L= b MR N,
=)= | [T (M)

y

In view of Lemma 12, we have to estimate

do O i) [
— e nHE e (tN, (V) 1g, |dt.
21t —/do 1;[ S( n )

This is done in several steps presented in the following propositions.
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Proposition 13. Let y € (0,1/(B+ 1)) and § € (0, 1/(2p)) s.. y% <8 <1/B —y. Then, we have

do

270 J{jt1<n8 /b,}

| C
e—l[LbnxJ]E|:1:[ Ve (th (y))lﬂn} dr =do b(X)

+o(b, "),

n
uniformly in x € R.
Recall next that the characteristic function ¢ of the limit distribution of (n=1/8 Zzzl &ke, )n has the following form:
b (u) = el (A1+iAzsgn()
with0 < A} < oo and |A1_1A2| < |tan(mB/2)|. It follows that the characteristic function ¢z of & satisfies:
1 — @g(u) ~ |ulP(A; +iA2sgn(u)) whenu — 0. (21)

Therefore there exist constants g9 > 0 and o > 0 such that

max(|¢ w)|, |@s (w)|) < exp(—olul?) forall u e [—eg, &l (22)

Since ¢¢ (1) = g (—t) for every t > 0, the following propositions achieve the proof of Theorem 3:

Proposition 14. Let § and y be as in Proposition 13. Then there exists ¢ > 0 such that

gon~V .
/ E[n|‘pé(th(y))|19n]dt=0(e_" )-

a/bil

Proposition 15. There exists ¢ > 0 such that

/en/dOE[n\ws (th(y))llgn} ar = o).

on~Y
3.3. Proof of Proposition 13

Remember that V, =) 74 N,’? (z). We start by a preliminary lemma.

Lemma 16. (1) If § > 1. sup, E[(" 220" )11 < 400,
() If B < 1,Yp € N, sup, E[(LE0 )0y < 4 oo,

Proof. For 8 > 1, using Holder’s inequality with p = 8, we get

n=Y Nyx) <V, RV
X

which means that
nlog(n)f~1\ /=D _ log(m)R,
V, - n ’

But it is proved in [17], Eq. (7.a), that E[R,] = O(n/log(n)). The result follows.
The result is obvious for 8 = 1. For 8 < 1, Holder’s inequality with p =2 — 8 yields

n =Y NP/ (NP (1) < 1P (Z N2(x)
X

X

) (1-p)/2=B)
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and so

nlog(m#~! (Zx N%(x))l—ﬂ
V, nlog(n) '

It is therefore enough to prove that there exists ¢ > 0 such that

2
sup]E[exp(cM>} <00
n nlog(n)

Note that ) ", N,% (x)= Z;(l) N, (Sr). By Jensen’s inequality, we get thus

YL N2\ 1 N, (Sp)
E[exp(c nlog(n) ﬂ SE,;E[“‘)(C 1og<n>>]'

519

(23)

_ @
Observe now that N, (S;) = ZI;-:O I{Sk_sjz()} + 27:}(_’_1 I{Sj_skz()} = Ni4+1(0) + N’/l_k(()) — 1, where (N,Q(x), ne

N, x € Z%) is an independent copy of (N, (x),n e N, x € Z%). Hence,

2 2
nlog(n) log(n)

But, V¢ > 0,

P(N, (0) = tlog(n)) < P(Ty < n)l"1oe™1

and

E[exp(cfi’gii%)} <1+ /OOO cexp(ct) exp(—[1log(n) |P(Ty > n)) dr.

Now (23) follows then from the fact that 3C > 0 such that P(Ty > n) ~ C/log(n) for any integer n > 1.
The next step is

Lemma 17. Under the hypotheses of Proposition 13, we have
/ e 1 LbnxJE[{n e (th (y)) _ e 1P (A1+iAy sgn(0) Vi }19,1:| dr = O(bn_l),
(lt|=n® /bu} y

uniformly in x € R.
Proof. Let

En(t):=] Joe (tNa () — [ Jexp(—1t1P NS () (A1 +iAzsgn(0))).
y y
Since y + 6§ < ,3_1, we get, on £2, and if |7| < n‘sbn_1

|En()] <Y | (1 N2 (1)) — exp(—1t1P NE () (A1 +iAs sgn(t>))|exp<—a|r|ﬂ > ONF (z))

y Z#y

for n large enough. Observe next that (21) implies

g (u) — exp(—|ul? (A1 +iAzsgn()))| < [ulPh(lu]) forallu e R,
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with £ a continuous and monotone function on [0, 4-00) vanishing at 0. Therefore we get

|En0)| < 1t1Ph(n? P20 ") Y N () exp(—o|t|f‘ ZNf(z))

Y z#y

Now, according to (17) and since y < ﬁ < 7

7+(11_ﬂ)+ , if n is large enough, we have on £2,

D NP(z)=Va/2 forallyeZ.
z#y

By using this and the change of variables v = tan /P , we get
/ E[|E,()|1g,]dr < h(nV+5b;1)E[Vn_l/ﬁ]/ olf exp(—=a|vl? /2) dv = o(E[V, /]),
{It|<ndb;") R
which proves the result according to Lemma 16.

Finally Proposition 13 follows from the

Lemma 18. Under the hypotheses of Proposition 13, we have

Do il [l VoA idosen) g o 1y — gy EO)

+o(b, "),
27 {|[\§l’labn_l} . (ﬂ )

uniformly in x € R.

Proof. Set
I, = / ot Lbnx] =117 Vi (A1 +iA2 sgn(0) g4, — f e—it[b,,xj(p(tvnl/ﬂ) dr.
’ {Itl<nb;"} {It)<ndby ")
Since || byx| — byx| <1and § < (28)~", we have
I = / e 1V, P) dr + o (b7 ).
{ltl=ndb; )
Next, with the change of variable v =tb,,, we get:
/ e 0 eV, P dr = by Vi P £ (x Vi P b) — dx ),
{lt1=n®b; ")
where f is the density function of the distribution with characteristic function ¢ and where

Jx = / e—ivx¢(vbn—l an/ﬁ) dv.
{|v|=n?}

(24)

By Lemma 5 (applied withm =1, =61 =1,y =), (W, :=b, Vn_l/ﬁ),, converges almost surely, as n — 00,
to the constant I'(8 + 1)~ B(nA)!=1/B . Moreover, Lemma 16 ensures that the sequence (W,,n > 1) is uniformly

integrable, so actually the convergence holds in IL!. From which we conclude that
E[Waf W) =E[Wf@xW)]+o() =C(x)+o(l),

uniformly in x.
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In view of (24), it only remains to prove that E[J, 1, ] = o(1) uniformly in x. But this follows from the basic
inequality

E[|Jnx10,1] < / E[e~ Al Va/b 1 Jdv,
{lv|>n?}

and from the lower bound for V,, given in (17) and from the choice § > y (1 — 8)+/B. O
3.4. Proof of Proposition 14

Recall that on £2,,, N,,(y) <n?,forall y € 74 . Hence by (22),

gon~ 7

n y n

3 /by, 3 /by

With the change of variable s = tV,,l/ A , we get

80n’Van/"3
KnsE[Vn_l/ﬁ/ 1 exp(—asﬂ)dslgn}
n‘SV,,/ﬁb,Tl

1 +o0 P
< - exp(—os”)ds,
— pnl/B—y(1-B)+/B /na—y<1—ﬂ)+/ﬂ log(n)(1=B)/B p( )
which proves the proposition since § > y (1 — 8)+/B.
3.5. Proof of Proposition 15

We adapt the proof of [7], Proposition 10. We will see that the argument of “peaks” still works here. We endow Z¢
with the ordered structure given by the relation < defined by

(@1, ...,0q9) <(B1,...,Ba) <= Fie{l,....d},a; < Bi,Vj <i,a; =pj.
We consider Ct = (x1,...,x7) € (Zd \ {0})T for some positive integer 7' such that:

e x| +---+x7=0;
o foreveryi=1,...,T,P(X;=x;) > 0;
e there exists /1 € {1, ..., T} such that

— foreveryi=1,...,11,x; >0,

— foreveryi=11+1,...,T,x; <0.

Let us write C™ := (x7—;+1)i=1,....7. We define B := ZII'Z] x;. We observe that

p=P((X1,....X7)=C*)=P((X1,...,Xr)=C") > 0.

We notice that (X1, ..., X7) = CT corresponds to a trajectory visiting B only once before going back to the origin
at time 7' (and without visiting — B). Analogously, (X1, ..., X7) =C~ corresponds to a trajectory that goes down to
— B and comes back up to 0 (and without visiting B), and staying at a distance smaller than d /2 of the origin with
d:= ZiT=1 |x;| (where | - | is the absolute value if d = 1 and |(a, b)| = max(|a|, |b|) if d = 2). We introduce now the
event

np
Dn = {Cl’l > ﬁ}’

where

n
Cu :=#{k=0,..., L?J —1: (XkTH,...,X(kH)T):ci}.
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Since the sequences (X741, ..., Xx+1)7), for k > 0, are independent of each other, Chernoff’s inequality implies
that there exists ¢ > 0 such that

P(Dy) =1—o0(e™").

We introduce now the notion of “loop.” We say that there is a loop based on y at time n if S, = y and
Xn+1s s Xnyr) = C*. We will see (in Lemma 19 below) that, on £2,, N D,,, there is a large number of y € z4
on which are based a large number of loops. For any y € Z<, let

n
Cn(y) 1=#{k=0,---, {?J —1: Sir =y and (Xer1, ..., X n7T) =Ci},

be the number of loops based on y before time » (and at times which are multiple of 7'), and let

’

10g10g(n)1/4p}

Pn :Z#{yEZ: Cu(y) = AT

P | loops are based.

. . 1/4
be the number of sites y € Z on which at least a,, := L%

Lemma 19. On 2, N D, we have, p, > c'n'~" with ¢’ = p/(4T).

Proof. Note that C,(y) < N, forall y € Z4 . Thus on £2,, N D,, we have

e Y am+ Y

y€Z4:Cy(y)<an yeZ4:Cp(y)=ay

np
< Rua, + N;,kpn =< E +pnﬂy,
according to Lemma 12. This proves the lemma. ]

We have proved that, if # is large enough, the event £2, N D,, is contained in the event
Eni={pn= c’nl_y}.

Now, on &,, we consider (Y;);_; | m1-v) (With ¢ :=¢'/(2d) if d = 1 and with ¢ := ¢/ /2d* if d = 2) such that

,,,,,

e on each Y;, at least a,, loops are based; 3
o forevery i, j suchthati # j, we have |Y; — Y;| > d/2.

Foreveryi=1,..., Lc”nl_yj, let ti(l), el tl.(a”) be the a,, first times (which are multiples of 7') when a loop is based
on the site Y;. We also define N,‘L) (Y; + B) as the number of visits of S before time »n to Y; + B, which do not occur
during the time intervals [t,.(j ), tl.(j ) + T1], for j <a,.

Since our construction is basically the same as in [7], Section 2.8, the proof of the following lemma is exactly the

same as the proof of [7], Lemma 16, and we do not prove it again.

Lemma 20. Conditionally to the event &,, (N,(Y; + B) — N,? (Yi 4+ B))i>1 is a sequence of independent identically
distributed random variables with binomial distribution B(ay; %). Moreover this sequence is independent of (N,?(Y i+

B))i>1.
Let n be a real number such that y < n < (1 — y)/B (this is possible since y < 1/(8 + 1)). We define

Vn>1, d,:=n"".
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Letnow p :=sup{|es (u)|: d(u, 2—’JZ) > g0}. According to Formula (22) and since lim,,_, oo d,, = 0, for n large enough,
we have

27 B
|0 )| < PLaw,@n/do)Z)ze0) + exp(—ffd (M d—OZ> )hd(u,(zn/do)Z)«o}
< exp(—ad,f),

as soon as d(u, i—’;Z) > d,. Therefore, for n large enough,

B 27
[ [le:(tNu@)| < exp( —odf#1z: d( N, (). L)z dnt). (25)
0
Z
Then notice that
217
d(tN,,(z), —) >d, <= N,,(9)el:= U Iy, 26)
do
keZ

where forall k € Z,

L= 2k_n+@72(k+1)7c _d_,, '

dot t dot t

In particular R\ Z = UkeZ Ji., where for all k € Z,

2knt d, 2km d,
Jo=|———, —+—.
dot t dot t

Lemma 21. Under the hypotheses of Proposition 15, for everyi < |¢'n' =7 |, t € (eon™", /do) and n large enough,

1
IP’(N,,(Yi + B) € Z|&,, N,?(Y,- + B)) > 3 almost surely.
Assume for a moment that this lemma holds true and let us finish the proof of Proposition 15. Lemmas 20 and 21
ensure that conditionally to &, and ((N,?(Yi + B),i > 1), the events {N,(Y; + B) € I}, i > 1, are independent of each
other, and all happen with probability at least 1/3. Therefore, since £2, N D,, C &,, there exists ¢ > 0, such that

cn

1" l—y 71—y
P(fzn ND,. #{i: Ny(Yi + By e T} = — ) 5]1»(3,, < ) = ofexp(—cn! 7)),

where for all n > 1, B, has binomial distribution B(|.¢"n'~7 |; %).

But if #{z: N,(z) € I} > #, then by (25) and (26), there exists a constant ¢ > 0, such that
1_“(#5 (1N (2)| < exp(—cnlfyd’/f)
V4

which proves Proposition 15 since 1 —y — 8 > 0.
Proof of Lemma 21. First notice that by Lemma 20, for any H > 0,
P(N,(Y; + B) € Z|E,, N)(Y; + B) = H) =P(H + B, € T), 27

where B, is a random variable with binomial distribution B(ay; %). We will use the following result whose proof is
postponed.



524 FE. Castell, N. Guillotin-Plantard and F. Péne

Lemma 22. Under the hypotheses of Proposition 15, for every t € (eon™", mt/dy) and for n large enough, the follow-
ing holds:

(i) For any integer k such that all the elements of Iy — H are smaller than %,

P(By € Ik — H)) = P(By € (Jk — H)).

An

(i) For any integer k such that all the elements of I, — H are larger than =,

P(By € Uk — H)) = P(By € (g1 — H)).

Now call k¢ the largest integer satisfying the condition appearing in (i) and k; the smallest integer satisfying the
condition appearing in (ii). We have k1 = ko + 1 or k1 = kg + 2. According to Lemma 22, we have

P(H+pueD) =Y PH+B cl)+ Y PH+piel)

k<ko k>k
> Y PH+Bu i)+ Y PH+ By € i)
k=<ko k>ki

=PH + B ¢ 1) —P(H + B € Jig+1 U Ji)).

Hence,

1
P(H+B,€1) > 5[1 —P(H + By € Jig+1 YU Ji) -

The interval Jy, being of length 2d,, /¢, according to the uniform version of the local limit theorem for B, for every
t >¢gon~ ", we have

2d _
P(H + By € Ji,) < (—ﬁ + 1)a,, 12,
gon—Y

We conclude that P(H + B, € Ji,) = o(1). The same holds for P(H 4+ B,, € Ji,+1), so that for n large enough,

W[ —

1
PH+pBpel)> 5[1 —o()] =
Together with (27), this concludes the proof of Lemma 21. (|

Proof of Lemma 22. We only prove (i), since (ii) is similar. So let k be an integer such that all the elements of
I, — H are smaller than % Assume that (Jy — H) N Z contains at least one nonnegative integer (otherwise P(8, €
(Jx — H)) =0 and there is nothing to prove). Let z; denote the greatest integer in J;y — H, so that by our assumption

P(B, = zx) > 0 (remind that 0 < z; < %"). By monotonicity of the function z — P(8, = z), for z < “7", we get

2d,
P(Bn € Jx — H) < P(By = 20)#((Jx — H) N Z) < P(B, =Zk)’7 ” —‘

In the same way,

2 2d,
P(B € It — H) = P(By = z)#((x — H)NZ) = P(B, :Zk)LT; - J

Hence

|27t/ (dot) — 2dy /1]

P(Bnely —H) = 12d, /1]

P(B, € Jr — H).
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But t/(dpt) > 1 and lim,,_, 4o d,, = 0 by hypothesis. It follows immediately that for n large enough, we have 2d,, <
1/(2dp), and so

2n 2d, 37 o1 o 2d,
- > — | > 14+ —|>| — | > .
dot t |7 | 2dot | T 2dot | T | 2dot | T | ¢

This concludes the proof of the lemma. (]

4. Proof of the local limit theorem in the strongly nonlattice case

As in [7], the proof in the strongly nonlattice case is closely related to the proof in the lattice case. We assume here
that £ is strongly nonlattice. In that case, there exist &g > 0, 0 > 0 and p < 1 such that |ps ()| < p if |u] > g9 and
|z ()] < exp(—a|ulf) if |u] < g.

We use here the notations of Section 3 with the hypotheses on y, and § of Proposition 13. According to Lemma I'V-5
of [14], it is enough to prove that

lim sup|buE[A(Z, — byx)] — C(x)(0)| =0 (28)
n—)ooxER

for any positive, Lebesgue-integrable and continuous real function /& with continuously differentiable and compactly

supported Fourier transform (let us notice that such functions exist, take for example hg(u) := f ,:’_Jr; /;(Siti’)4 dr). Let
h be such a function. By Fourier inverse transform, we have

b E[(Zy — bux)] = ;’—; fR e_i”b"x]E[ [ e (uNn(x))}ﬁ(u)du.
xezd

Since / is L', we can restrict our study to the event £2, of Lemma 12. The part of the integral corresponding to
lu| <n’b; ! is treated exactly as in Proposition 13. The only change is that we have to check that

lim bn/ E[e 1" 1g ] sup  |h(u) — h(0)|du =0,
n Mlul<n®by )

lu|<ndb;!

which is obviously true since hisa Lipschitz function.

Now, since /1 is bounded, the part corresponding to n‘sbn_ ' < |u| < eon™7 is treated as in the proof of Proposition 14
(since it only uses the behavior of @¢ around 0, which is the same).

Finally, it remains to prove that

lim b / IE|: g (uN, (x) lgni|
100" Jijujzeqn) 1:[ s (4 ()

We note that, if [u| > egn~" and x € Z?, we have

|it(u)| du = 0. (29)

|0z (uN2 (x))| < exp(—o |ulP NJ () L, 01260} + 011N, (0)12e0)
< exp(—oefn P NP (0)) L1, o)1<e0) + 01N, (0)[=e0)-

For n large enough, p < exp(—aeg n~vB ). Therefore, if n is large enough, then for all x and u such that N, (x) > 1
and |u| > gon~7, we have

e (uN, ()| < exp(—asgn_yﬁ).

Hence,

‘]E[H% (uNn(x))lgn:|

X

< E[exp(—asgn_VﬁRn)l_Qn] < exp(—o—ggnl_y(l""ﬁ)).
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Therefore, since y (1 + §) < 1 and his compactly supported, we have

lim b / IE|: g (UN, (x) l_qni|
100" Jijujzeqn-) 1:[ s (4 ()

This concludes the proof of Theorem 4.

()| du = 0.

Appendix: Complement to Cerny’s paper

There is a missing argument in the proof of (6) in [8]. It concerns the control of the term

Av= Y (PSmtmy =0) = P(Sp,4im, =0)) I1 P(Sw; =0),
(mo,....mok—1)EM,, ie{l,....2k—1}\{u,v}
where k > 2,1 <u <k —1 and v = u + k are fixed integers and M,, := {(mo, ..., moy—1) € N mg+---+mop_; <

n; Vi ¢ {u, v}, m; > 1}. In order to obtain (6), it is necessary to prove that
An =0(n*(Inn)*~*).

In [8], this estimate is proved using Karamata’s Tauberian theorem. However, it is not clear that the sequence A, is
monotone.

To be complete, let us explain how this can be solved thanks to the argument used in [10] by Deligiannidis and
Utev to prove their Theorem 2.2.

Summing over my, ..., my_1, My41, ..., M2—1, and using the fact that P(S, =0) = O(n"), we have

|Au| < O(n(Inn)*~2)B,

with
v—1
Bii= Y [PSmtm, =0 = PSmyttm, =0)| ] P(Sm; =0),
(my,....my)EMy, i=u+1
and M,; ={(my,...,my) € Nk+I. my+---+my<nm;Vi=u+1,...,v—1,m; > 1}. Summing over m,, m,, we
get
n=34{m; k-1
B, = > Y. (WAHD[PESy =0 =Py i1, =0 [[P(Sy =0)
(1,1 EMg_1 n N=0 i=1
with Mk_l,n ={(my,...,mp—1) € (N\ {O})k’lz mip + --- +mg_y; < n}. Now from the assumptions on the random

walk, there exists o > O such that, for every ¢ € [—, n]d (d=1,2) and every j € N, we have |¢x, (t)| < e_""‘d and
1 —(px, )| < 2+0) min(j|t|d, 1). Therefore, we have

k—1 n—Zf:_f mi
1 k=1,

N ] mj —m, 7
(m1,.comg—1) €M1, M=1 N=0

k—
"*Zizll mj

<0(1) > ( ]"[ lmi> > (N+1>JN<kXEmi)

N=0 i=1
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with
nv/d
Iy (x) ::/ e N min(tx, 1) dr.
0

‘We observe that Jy < 1t+/d and that, for every N > 1 and every x € N, we have

—No/x 1 No
X _ .—No/x € _
N = g (1= Vo) = ——Naf(—x ) (30)

where f(y) = %(1 —e ) 4e Y. Since f(y) x1fory«1,and f(y) < % for y >> 1, there exists a constant C such
that f(y) < Cg(y), where g(y) :=1j0,11(y) + %Jl[lﬁoo[(y). Hence, we have for 1 < x <n,

n—x n—x NO_
Y N+ DIy < 0<1><1 + g(?))

N=0 N=1

X no/x
50(1)<1+—/ g(y)dy)
o Jo

< O(1)<x +xlog(g)).

B, <O(1) 3 (ﬁ ml) <l§m>[l+ln<2%fml>}

i=1 i=1

=0(1)§ > ( ﬁ %)[1+ln<ﬁ>]

j=1j#i i=

=01y,

with

|
[}

I

I
N

(1) ()

- (O) = [ree(7)]

y = k-2
(n1,.ccmy—2)EMy_p, N=1 =

=) i—imi+l
k—2 1 1
> (1_[ _)n/ (=Inx + 1) dx = O(n(Inn)*2).
mi 0

i=1""

Il
=

(my,....mg—1)EMy—1 5

[\S)

IA

(mi,....mg—2)EMk—2
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