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MALLIAVIN CALCULUS FOR BACKWARD STOCHASTIC
DIFFERENTIAL EQUATIONS AND APPLICATION TO NUMERICAL
SOLUTIONS

BY YAOZHONG HU!, DAVID NUALART? AND XIAOMING SONG
University of Kansas

In this paper we study backward stochastic differential equations with
general terminal value and general random generator. In particular, we do
not require the terminal value be given by a forward diffusion equation. The
randomness of the generator does not need to be from a forward equation,
either. Motivated from applications to numerical simulations, first we obtain
the LP-Holder continuity of the solution. Then we construct several numer-
ical approximation schemes for backward stochastic differential equations
and obtain the rate of convergence of the schemes based on the obtained L”-
Holder continuity results. The main tool is the Malliavin calculus.

1. Introduction. The backward stochastic differential equation (BSDE, for
short) we shall consider in this paper takes the following form:

T T
(1.1) Y,=s+f f(r,Yr,Zr)dr—/ Z,dW,, 0<i<T,
t t

where W = {W,}o<;<7 is a standard Brownian motion, &£ is the given terminal
value and f is the given (random) generator. To solve this equation is to find a
pair of adapted processes ¥ = {¥;}o<;<7 and Z = {Z;}o<;<r satisfying the above
equation (1.1).

Linear backward stochastic differential equations were first studied by Bismut
[3] in an attempt to solve some optimal stochastic control problem through the
method of maximum principle. The general nonlinear backward stochastic differ-
ential equations were first studied by Pardoux and Peng [15]. Since then there have
been extensive studies of this equation. We refer to the review paper by El Karoui,
Peng and Quenez [7], to the books of El Karoui and Mazliak [6] and of Ma and
Yong [12] and the references therein for more comprehensive presentation of the
theory.

A current important topic in the applications of BSDEs is the numerical ap-
proximation schemes. In most work on numerical simulations, a certain forward
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stochastic differential equation of the following form:

t t
(1.2) Xt=X0+/ b(r, X,,Y,)dr—i—/ o(r, X,)dW,
0 0

is needed. Usually it is assumed that the generator f in (1.1) depends on X, at the
timer: f(r,Yr, Z,) = f(r, X,, Y, Z,), where f(r,x,y,z) is a deterministic func-
tion of (r, x, ¥, z), and f is global Lipschitz in (x, y, z). If in addition the terminal
value £ is of the form & = h(X7), where & is a deterministic function, a so-called
four-step numerical scheme has been developed by Ma, Protter and Yong in [11].
A basic ingredient in this paper is that the solution {Y;}o<;<7 to the BSDE is of
the form Y; = u(¢, X;), where u(t, x) is determined by a quasi-linear partial dif-
ferential equation of parabolic type. Recently, Bouchard and Touzi [4] propose a
Monte-Carlo approach which may be more suitable for high-dimensional prob-
lems. Again in this forward-backward setting, if the generator f has a quadratic
growth in Z, a numerical approximation is developed by Imkeller and Dos Reis
[9] in which a truncation procedure is applied.

In the case where the terminal value & is a functional of the path of the forward
diffusion X, namely, & = g(X.), different approaches to construct numerical meth-
ods have been proposed. We refer to Bally [1] for a scheme with a random time
partition. In the work by Zhang [16], the L2-regularity of Z is obtained, which
allows one to use deterministic time partitions as well as to obtain the rate estimate
(see Bender and Denk [2], Gobet, Lemor and Warin [8] and Zhang [16] for differ-
ent algorithms). We should also mention the works by Briand, Delyon and Mémin
[5] and Ma et al. [10], where the Brownian motion is replaced by a scaled random
walk.

The purpose of the present paper is to construct numerical schemes for the gen-
eral BSDE (1.1), without assuming any particular form for the terminal value & and
generator f. This means that £ can be an arbitrary random variable, and f(r, y, )
can be an arbitrary F,.-measurable random variable (see Assumption 2.2 in Sec-
tion 2 for precise conditions on £ and f). The natural tool that we shall use is the
Malliavin calculus. We emphasize that the main difficulty in constructing a numer-
ical scheme for BSDEs is usually the approximation of the process Z. It is neces-
sary to obtain some regularity properties for the trajectories of this process Z. The
Malliavin calculus turns out to be a suitable tool to handle these problems because
the random variable Z; can be expressed in terms of the trace of the Malliavin
derivative of Y;, namely, Z; = D;Y;. This relationship was proved in the paper
by El Karoui, Peng and Quenez [7] and was used by these authors to obtain esti-
mates for the moments of Z;. We shall further exploit this identity to obtain the
LP-Holder continuity of the process Z, which is the critical ingredient for the rate
estimate of our numerical schemes.

Our first numerical scheme was inspired by the paper of Zhang [16], where the
author considers a class of BSDEs whose terminal value & takes the form g(X.),
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where X is a forward diffusion of the form (1.2), and g satisfies a Lipschitz con-
dition with respect to the L™ or L' norms (similar assumptions for f). The dis-
cretization scheme is based on the regularity of the process Z in the mean square
sense; that is, for any partition 1 = {0 =1y <t; <--- <t, = T}, one obtains

n-l lit1
(13) SE [0Z - 2, +12 - 24, Pldt < K,
i=0 i

14

where || = maxg<j<,—1(#+1 — i), and K is a constant independent of the parti-
tion 7.

We consider the case of a general terminal value & which is twice differentiable
in the sense of Malliavin calculus, and the first and second derivatives satisfy some
integrability conditions; we also made similar assumptions for the generator f (see
Assumption 2.2 in Section 2 for details). In this sense our framework extends that
of [13] and is also natural. In this framework, we are able to obtain an estimate of
the form

(1.4) E|Z, — Zs|P < K|t —s|P/?,

where K is a constant independent of s and ¢. Clearly, (1.4) with p =2 implies
(1.3). Moreover, (1.4) implies the existence of a y-Holder continuous version of
the process Z for any y < % — %. Notice that, up to now the path regularity of Z
has been studied only when the terminal value and the generator are functional of
a forward diffusion.

After establishing the regularity of Z, we consider different types of numerical
schemes. First we analyze a scheme similar to the one proposed in [16] [see (3.2)].

In this case we obtain a rate of convergence of the following type:

T
E sup |Y,—Y,”|2+/ E|Z, — Z7|?dt < K(|n| + E|§ — £7|%).
0<t<T 0

Notice that this result is stronger than that in [16] which can be stated as (when

§7=§)

T
sup E|Y, — Y;T|2+/ E|Z, — ZF|*dt < K|7|.
0<t<T 0

We also propose and study an “implicit” numerical scheme [see (4.1) in Sec-
tion 4 for the details]. For this scheme we obtain a much better result on the rate
of convergence,

T /2
E sup |Y; - Y;T|"+E(/ 1, —Z;’|2dt) < K(I7|”” + Ejg — £7|P),
0<r<T 0

where p > 1 depends on the assumptions imposed on the terminal value and the
coefficients.
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In both schemes, the integral of the process Z is used in each iteration, and for
this reason they are not completely discrete schemes. In order to implement the
scheme on computers, one must replace an integral of the form f,?“ Z7 ds by dis-
crete sums, and then the convergence of the obtained scheme is hardly guaranteed.
To avoid this discretization we propose a truly discrete numerical scheme using our
representation of Z; as the trace of the Malliavin derivative of Y; (see Section 5 for
details). For this new scheme, we obtain a rate of convergence result of the form

E max {|Y,, — Y|P +|Z, — ZT|P} < K|z |P/>~¢
0<i<n ! !

for any ¢ > 0. In fact, we have a slightly better rate of convergence (see Theo-
rem 5.2),
1 \?/2
E max {|Y, — Y7 |P +|Z, — ZF|P} < K|n|P/2—P/(210g(1/|ﬂ|)) (log _) )
0<i<n ! ! |7
However, this type of result on the rate of convergence applies only to some classes
of BSDEs, and thus this scheme remains to be further investigated.

In the computer realization of our schemes or any other schemes, an extremely
important procedure is to compute the conditional expectation of form E(Y |F;).
In this paper we shall not discuss this issue but only mention the papers [2, 4]
and [8].

The paper is organized as follows. In Section 2 we obtain a representation of
the martingale integrand Z in terms of the trace of the Malliavin derivative of Y,
and then we get the L”-Holder continuity of Z by using this representation. The
conditions that we assume on the terminal value £ and the generator f are also
specified in this section. Some examples of application are presented to explain
the validity of the conditions. Section 3 is devoted to the analysis of the approxi-
mation scheme similar to the one introduced in [16]. Under some differentiability
and integrability conditions in the sense of Malliavin calculus on & and the non-
linear coefficient f, we establish a better rate of convergence for this scheme. In
Section 4, we introduce an “implicit” scheme and obtain the rate of convergence in
the L? norm. A completely discrete scheme is proposed and analyzed in Section 5.

Throughout the paper for simplicity we consider only scalar BSDEs. The results
obtained in this paper can be easily extended to multi-dimensional BSDEs.

2. The Malliavin calculus for BSDEs.

2.1. Notations and preliminaries. Let W = {W;}o<;<7 be a one-dimensional
standard Brownian motion defined on some complete filtered probability space
(2, F, P, {Fi}o<i<1). We assume that {F; }o<;<7 is the filtration generated by the
Brownian motion and the P-null sets, and F = F7. We denote by P the progres-
sive o -field on the product space [0, T] x 2.

For any p > 1 we consider the following classes of processes:
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e M?P forany p > 2, denotes the class of square integrable random variables F
with a stochastic integral representation of the form

T
F=EF+[ w dW,,
0

where u is a progressively measurable process satisfying supy—, <7 E|u,|? < 0o.

o H J’;([O, T']) denotes the Banach space of all progressively measurable processes
¢:([0,T] x 2,P)— (R, B) with norm

T ) p/2\1/p
||¢||Hp=(ﬂ-z(/0 ] dt) ) o

° SJIQ([O, T]) denotes the Banach space of all the RCLL (right continuous with left
limits) adapted processes ¢ : ([0, T] x 2, P) — (R, B) with norm

1
lolse = (E sup_lgn1?)"”” <oc.
0<r<T

Next, we present some preliminaries on Malliavin calculus, and we refer the
reader to the book by Nualart [14] for more details.

Let H= L?([0, T]) be the separable Hilbert space of all square integrable real-
valued functions on the interval [0, T'] with scalar product denoted by (-, -)gg. The
norm of an element 2 € H will be denoted by ||| /g. For any & € H we put W (h) =
J h(t) dW,.

We denote by C°(R") the set of all infinitely continuously differentiable func-
tions g:R"” — R such that g and all of its partial derivatives have polynomial
growth. We make use of the notation 9; g = +% whenever g € C}(R").

Let S denote the class of smooth random varlables such that a random variable
F € S has the form

2.1 F=gW(h),..., W(hyp)),

where g belongs to C;O(]R”), hi,...,hyareinHandn > 1.
The Malliavin derivative of a smooth random variable F of the form (2.1) is the
H-valued random variable given by

F=Y 0;g(Why), ..., Whn)h;.
i=1

For any p > 1 we will denote the domain of D in L”(£2) by D"?, meaning that
D7 is the closure of the class of smooth random variables S with respect to the
norm

IF|li., = (E|F|” +E|DF|i)"7.

We can define the iteration of the operator D in such a way that for a smooth
random variable F, the iterated derivative D* F is a random variable with values
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in H®*. Then for every p > 1 and any natural number k > 1 we introduce the
seminorm on S defined by

k _ 1/p
IFllk,p = <E|F|P - ZEHDJFMI’;@,-) -
j=1

We will denote by ID*-? the completion of the family of smooth random variables
S with respect to the norm || - ||, p.

Let i be the Lebesgue measure on [0, T']. For any £k > 1 and F € DK-P the
derivative

is a measurable function on the product space [0, T1¥ x Q, which is defined a.e.
with respect to the measure u* x P.
We use ]L,Lll’p to denote the set of real-valued progressively measurable processes
u = {us}o<s<r such that:
(i) For almost all 7 € [0, T, u; € D"P.
(i) B((fy lue>d)P/ +(fg Jy |Dour>d6 d)?’?) < oo.

Notice that we can choose a progressively measurable version of the H-valued
process {Du;}o<i<T-

2.2. Estimates on the solutions of BSDEs. The generator f in the BSDE (1.1)
is a measurable function f: ([0, T] x QR xR xR, P® B® B) — (R, B), and the
terminal value & is an Fr-measurable random variable.

DEFINITION 2.1. A solution to the BSDE (1.1) is a pair of progressively mea-
surable processes (Y, Z) such that [OT |Z: 12 dt < o0, [OT | f(t, Yy, Z;)|dt < o0, as.
and

T T
Yz:§+/ f(r,Yr,Zr)dr—/ Z.dW,, 0<r<T.
t t

The next lemma provides a useful estimate on the solution to the BSDE (1.1).

LEMMA 2.2. Fixq > 2. Suppose that & € L1(R2), f(¢,0,0) € HJZ_([O, T)) and
f is uniformly Lipschitz in (y, z); namely, there exists a positive number L such
that u X P a.e.

[ f(t, y1,21) — f(t, 2. 22)| < L(Iy1 — y21 + 21 — 221)

forall y1,y, e Rand z1, 20 € R. Then there exists a unique solution pair (Y, Z) €
, X , to (1.1). Moreover, we have the following estimate for the
SL([0, T1) x HL(0, T]) to (1.1). M. have the followi ] h
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solution:

T q/2
E sup |Yt|q+E(/ |Zt|2dt)
0

0<t<T

< K<E|g|q +E</OT |f(t,0, 0)|2dt>q/2>,

where K is a constant depending only on L, q and T .

(2.2)

PROOF. The proof of the existence and uniqueness of the solution (Y, Z) can
be found in [7], Theorem 5.1, with the local martingale M = 0, since the filtration
here is the filtration generated by the Brownian motion W. Estimate (2.2) can be
easily obtained from Proposition 5.1 in [7] with (fl, gl = (f, &) and (fz, 52) =
0,0). O

As we will see later, for a given BSDE the process Z will be expressed in terms
of the Malliavin derivative of the solution Y, which will satisfy a linear BSDE
with random coefficients. To study the properties of Z we need to analyze a class
of linear BSDE:s.

Let {a/}o<s<7 and {B;}o</<7 be two progressively measurable processes. We
will make use of the following integrability conditions:

ASSUMPTION 2.1.

(H1) For any A > 0,

T
C,. ::Eexp(k/ (o | +ﬂ,2)dt) < 00.
0
(H2) Forany p > 1,

Kp:= sup E(lo|? +|B:]P) < o0.
O=t=T

Under condition (H1), we denote by {p;}o<:<r the solution of the linear stochas-
tic differential equation
{dpt=atptdt+ﬂtptdwt’ 0<t=<T,
po=1.
The following theorem is a critical tool for the proof of the main theorem in this
section, and it has also its own interest.

2.3)

THEOREM 2.3. Let g > p >2and let § € LY(Q) and f € HL([0, T]). As-
sume that {a;}o<i<T and {Bi}o<i<T are two progressively measurable processes
satisfying conditions (H1) and (H2) in Assumption 2.1. Suppose that the random
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variables &pr and fOT o1 f; dt belong to M>1, where {p:}o<t<T is the solution to
(2.3). Then the following linear BSDE,

24) Y, =¢ —|—/;T[oz,Yr +BrZr + frldr — ftTZrdWr, 0<t<T,
has a unique solution pair (Y, Z), and there is a constant K > 0 such that
(2.5) E|Y, — Y,|P < K|t —s|P/?

foralls,t €10, T].

We need the following lemma to prove the above result.

LEMMA 2.4. Let {a;}o<i<T and {B:}o<i<T be two progressively measurable
processes satisfying condition (H1) in Assumption 2.1, and {p;}o<:<1 be the solu-
tion of (2.3). Then, for any r € R we have

(2.6) E sup p; < o0.

0<t<T
PROOF. Lett € [0, T]. The solution to (2.3) can be written as

pt=exp{/0t(ots — %)ds%—/otﬁdes}.

For any real number r, we have

t 2 t
E sup p; =E sup exp{/O r(as—%>ds+r/0 ﬂdeS}

0<t<T 0<t<T

T 1 T
< E<exp{|r|/0 aslds + 5(r +r2)/0 ﬂfds}

t P2t
X sup exp{r/ Bs dWy — —/ ﬂfds}).
0<t<T 0 2 Jo

Then, fixing any p > 1 and using Holder’s inequality, we obtain

t pr2 t 1/p
2.7) E sup p/ §C<E sup exp{rp/ Bs AW — —/ ,Bszds}) ,
0<t<T 0<t<T 0 2 Jo

where

T q 5 T 5 1/q
C:(Eexp{qh’l/o |ozs|ds+§(|r|+r )/0 B a’s})

1 1 _
and;'i‘g—l
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Set M; = exp{r fot Bs dWy — % f(; ,352 ds}. Then {M,}o<;<r is a martingale due
to (H1). We can rewrite (2.7) into

1/
(2.8) E sup p[fC(E sup M,p) "
0<t<T 0<t<T

By Doob’s maximal inequality, we have

(2.9) E sup M} <c,EM?
0<t<T

for some constant ¢p > 0 depending only on p. Finally, choosing any y > 1,4 > 1
such that 1 T x =1 and applying again the Holder inequality yield

IEM?:E(exp{rp/o Bs d Wy ——p / Bs ds}
Xexp{ypT_prz/ ,des})
< (EeXp{rprTﬁdes —~ %yzpzrzf B; dS})W
X (Eexp{k(yp / B ds})lm
= (EexP{wpﬂfo IBS2 ds})l/A < 00.

Combining this inequality with (2.8) and (2.9) we complete the proof. [J

PROOF OF THEOREM 2.3. The existence and uniqueness is well known. We
are going to prove (2.5). Let t € [0, T']. Denote y; = p,‘l, where {ps}o</<r is the
solution to (2.3). Then {y;}o<:<7 satisfies the following linear stochastic differen-
tial equation:

{dyl‘:(_at+ﬂ[2)ytdt_,3tytdwta 0<t=<T,
v = 1.

For any 0 <s <t < T and any positive number » > 1, we have, using (H2), the
Holder inequality, the Burkholder—Davis—Gundy inequality and Lemma 2.4 ap-
plied to the process {y;}o</<T,

r

Ely, —ys|"=E

t t
f (—au+ﬂ3)yudu—/ BuVudW,

(2.10) <2 [IE

F/Z]

r t
+C,E 292 du
N

t
(—atu+B2)yu du

<C(t—s)"?,
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where C, is a constant depending only on r, and C is a constant depending on 7,
r and the constants appearing in conditions (H1) and (H2).
From (2.3), (2.4) and by It6’s formula, we obtain

d(Yip) =—pi frdt + (Bip Yy + pi Z) AW

Asa consequence,
1 g T
Q1) Y=o 'B(sor + [ porr| ) =B+ [ pusiar| ),

where we write po; , = p,_]pr =y prforany0<t<r<T.
Now, fix 0 <s <t <T.We have

T T p
811~ ¥ =E[E(sour + [ o sidr|7) —E(epr+ [ porsiar| )

< -1 [E|E(§P1,T|fz) —Eps.r1F)|

EE( [ presrar|s) ([ o srar|7)

=277 + ).

]

First we estimate /1. We have
Iy =E|EGp, 1| F) — EGps 1 Fo)|”
=E[EEpr,7|F) — EEps,7|F) + EGEps 11 F) — EEps. 7| F)|”
< 2" [E|EEp., 7|1 F) — EGps. 7| F)IP + EEEps, 7|1 F) — EGEps, 71 F)|"]
<277 EIg(or,7 — 05, 7)IP +E|EEps,7IF) — EEps,7IF)|7]
=2+ 1y).

Using the Holder inequality, Lemma 2.4 and the estimate (2.10) with r = qz%’ the
term I3 can be estimated as follows:

I < (BIE|9)P/9 (Bl py.7 — ps.p|P?/ @~ P) 4=/
< (E|g|9)P/4(Ely, — ys|2pq/(q—p))(q—p)/(24) (Ep%pq/(q—p))(q—p)/ﬂq)
<C|t —s|P/?

where C is a constant depending only on p, g, T, E|£|Y and the constants appear-
ing in conditions (H1) and (H2).

In order to estimate the term I4 we will make use of the condition £p7 € M4,
This condition implies that

T
gor = E(Epr) + /0 uy dW,y,
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where u is a progressively measurable process satisfying supy, <7 Elus|? < oo.
Therefore, by the Burkholder—Davis—Gundy inequality, we have

E[E¢Epr|F) — EEpr|Fo)l!
/t u?dr

t
/urdWr
S
t
< Cy(t — s)<q—2)/2E(f |uy|? dr)
S

< C,(t —5)?* sup Elu,9.
0<t<T

q q/2

=F <C,E

As a consequence, from the definition of /4 we have
Iy = E|ys[EEpr|F) — EEpr| Fo)l|”
< By 4= P) P E[EGpr|F) - EGprl F)|*)
< Clr—s|"2,

where C is a constant depending on p, g, T, supy-,<7 E[u;|? < 0o and the con-
stants appearing in conditions (H1) and (H2).
%)

The term /> can be decomposed as follows:
T T
12=E‘E(‘/t ,Ot,rfrdr‘f}> _E</ ,Os,rfrdr
S
. T T
<3P~ [E‘]E(/t Pt Jr d}”f}) - E(/t Ps.r fr d"’ﬁ)
T T P
+vEE([ purtar|7)=E( [ porsiar|7)
t S
T T P
+E'E</ ps,rfrdr‘f})_E(/ :Os,rfrdr fs) :|
N S

=377 Us + Is + ).
Let us first estimate the term Is. Suppose that p < p’ < ¢. Then, using (2.10) and
the Holder inequality, we can write

p

p

T T P
15=E‘E(/; pt,rfrdr’E>_E(/l ps,rfr“”“ﬁ)
T P T P
fE‘ft (Prr — Do) frdr =E(m—ys|”ft o fydr )
Lo / , T pyr/p
< (Bl - w0 g [ o gar ]
t
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T P'a/Q@q=p))yrla—r")/(P'9)
§C|t—s|p/2{IE<f przdr) }
t

T qa/2y\pr/a
<fe([ )|
t
<Clt —sI”1 f 15,

where C is a constant depending on p, p’, g, T and the constants appearing in
conditions (H1) and (H2).

Now we estimate . Suppose that p < p’ < g. We have, as in the estimate of
the term /s,

T T
s =E[E( [ pursiar|7) = B( [ porsrar|7)
t N
p P
el )

L /P pyp/pr
< [Ep; PP /(p —p)} p=p)/p {IE }

p

t t
<8/ [ pyofodr [ prtrar

t
/ or frdr
S

P yp/p
_ C{IEE }

t
/ or frdr
S

<Clt —s|PP|E sup pP¥/a=P) Pla—p"/(p'q)
0 T !
=I=<

I £ 115

=Clr —s|P/?,

where C is a constant depending on p, p’, g, T and the constants appearing in
conditions (H1) and (H2).
The fact that fOT or fr dr belongs to M4 implies that

T T T
/ prfrdr:E/ ,orfrdr+/ v dW,,
0 0 0

where {v;}o</<7 1S a progressively measurable process satisfying

sup E|v ]9 < oc.
0<t<T

Then, by the Burkholder—Davis—Gundy inequality we have

E‘E(f:prfr dr\ft) - E(fprfr ar|7.)
=]ET'E</OT or fr dﬂﬁ) —E(/OT or fr dr‘;ﬁ)
/st v, dW,

q

q

q
< Cy(t —5)7? sup Elv|’.
0<t<T

=E
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Finally, we estimate /7 as follows:

lrzEF(ﬂTmmﬂdﬂﬁ>—E(Kmeﬁdﬂfa
mI(E(ﬂTphﬁdﬂfQ-—E(ﬁrpnﬂdrfJ)

< {Eps—pq/(q—p)}(q—f’)/l’
qyr/q
=)

« {E‘E(Kp,frdr\ft) —]E([,o,frdr
< C{E‘E(/sTp,frdr];f,) —E(fsTp,f,dr ]—"s)

<Clr—s|?,
where C is a constant depending on p, ¢, T, supg<,;<7 E|vs|? and the constants
appearing in conditions (H1) and (H2).
As a consequence, we obtain for all 5,7 € [0, T']

p

p
=E

2.12)

q}p/q

E|Y, — Y|P < K|t —s|P/?,

where K is a constant independent of s and 7. [J

2.3. The Malliavin calculus for BSDEs. We return to the study of (1.1). The
main assumptions we make on the terminal value & and generator f are the fol-
lowing:

ASSUMPTION 2.2. Fix2<p<1{.

(i) &€ D24, and there exists L > 0, such that for all §, 6’ € [0, T,

(2.13) E|Do§ — Dy&|P < LI —0'|P/2,
(2.14) sup E|Dgél? < o0
0<6<T
and
(2.15) sup sup E|D,Dyé|? < oo.
0<6<T O0<u<T

(i) The generator f(¢,y,z) has continuous and uniformly bounded first-
and second-order partial derivatives with respect to y and z, and f(-,0,0) €
H([0.T)).

(iii)) Assume that & and f satisfy the above conditions (i) and (ii). Let (Y, Z)
be the unique solution to (1.1) with terminal value £ and generator f. For each
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(»,.2) e R xR, f(-,y,2), 9y f(-,y,2) and 9, f (-, y, z) belong to I[.,é’q, and the
Malliavin derivatives Df (-, y, z), D9y f (-, y,z) and Do, f (-, y, z) satisfy

T q/2
(2.16) sup E(/ |D9f(t,Yt,Zt)|2dt) < 00,
0<6<T 0
T q/2
(2.17) sup IE(/ |D98yf(t,Y,,Zt)|2dt) < 00,
0<6<T 0
T q/2
(2.18) sup IE(/ |D981f(t,Yt,Zt)|2dt> < 00,
0<0<T 0

and there exists L > 0 such that for any r € (0, T'], and forany 0 < 0,0’ <t <T
T p/2
(2.19) E(/ Do f(r, Yy, Zy) — Dy f (1 Yy, zr>|2dr) <Llo—0"">.
t

For each 6 € [0, T, and each pair of (y,z), Do f(-,y,2) € ]Lbll’q and it has contin-
uous partial derivatives with respect to y, z, which are denoted by d,Dg f (¢, y, 2)
and 0, Dy f (¢, v, z), and the Malliavin derivative D, Dy f (¢, v, z) satisfies

T q/2
(2.20) sup sup E(/ |DuDg f(t, Yy, Zt)lzdt) - o,
0<0<T O0<u<T Ovu

The following property is easy to check and we omit the proof.

REMARK 2.5. Conditions (2.17) and (2.18) imply

T q/2
sup E(/ |8yD9f(t,Yt,Zt)|2dt) <00
0

0<0<T
and
T q/2
sup E(/ |aZD9f(t,Y,,zt)|2dr) < 00,
0<0<T 0
respectively.

The following is the main result of this section.

THEOREM 2.6. Let Assumption 2.2 be satisfied.

(a) There exists a unique solution pair {(Yy, Z;)}o<t<t to the BSDE (1.1), and
Y,Z are in IL,ﬁll’q. A version of the Malliavin derivatives {(DgY;, Do Z:)}o<6.1<T Of
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the solution pair satisfies the following linear BSDE:
DY, = Dot + [ 10,501, 20Dy,
(2.21) 4+ 0, f(r, Yy, Z)DoZy + Dy f (r, Yy, Z,)]dr
—ftTDQZ,dW,, 0<60<t<T;

(222) DY, =0, DyZ, =0, 0<t<6O<T.

Moreover, {D;Y;}o<i<T defined by (2.21) gives a version of {Z;}o<i<T, namely,
ux P a.e.

(2.23) Z, = D,Y;.
(b) There exists a constant K > 0, such that, for all s, t € [0, T],
(2.24) E|Z, — Zs|P < K|t — s|P/>.

PROOF. Part (a): The proof of the existence and uniqueness of the solution
(Y,Z),and Y, Z € L}Z’z is similar to that of Proposition 5.3 in [7], and also the
fact that (DgY;, DgZ;) is given by (2.21) and (2.22). In Proposition 5.3 in [7] the
exponent ¢ is equal to 4, and one assumes that fOT Do f(-,7, Z)||§{2 df < oo,

which is a consequence of (2.16) and the fact that Y, Z € L},’Z.
Furthermore, from conditions (2.14) and (2.16) and the estimate in Lemma 2.2,
we obtain

T q/2
(2.25) sup {E sup |DgY;|? +E(f |D.9Zt|2dt> }<oo.
0<0<T o<t<T 0

Hence, by Proposition 1.5.5 in [14], Y and Z belong to ]Lgqu.

Part (b): Let 0 < s <t < T. In this proof, C > 0 will be a constant independent
of s and 7, and may vary from line to line.

By representation (2.23) we have

(2-26) Z; —Zsy= DY, — D;Y; = (Dth - DsYt) + (DsYt - DsYs)-
From Lemma 2.2 and equation (2.21) for § = s and 6" = ¢, respectively, we obtain,
using conditions (2.13) and (2.19),

T p/2
E|D,Y, — DsY,|? +E(/ |D,Z, — DSZ,|2dr>
t

< C[Ewts D&l
2.27)

T p/2
+E(/ \D, f(r, Yy, Z,) — Dy f(r, Yy, Zr>|2dr) ]
t

<Clt—s|P/>.
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Denote o, =9y f(u, Yy, Z,) and B, = 0, f (u, Yy, Z,) for all u € [0, T]. Then, by
Assumption 2.2(ii), the processes « and S satisfy conditions (H1) and (H2) in
Assumption 2.1, and from (2.21) we have for r € [s, T']

T T
DsyrzDngr/ [ozuDSYu+,BMDSZM+Dsf(u,Yu,Z,,)]du—/ DyZ, dW,.
r r

Next, we are going to use Theorem 2.3 to estimate E|DyY; — D;Y|”. Fix p’
p/
q-p
(2.14) and (2.16), it is obvious that Ds& € LY9(Q2) C L? (2) and Ds f(-,Y, Z) €
HI([0,T]) c H? ([0, T)) for any s € [0, T]. We are going to show that, for any

s €[0,T], pr Ds& and ff ouDs f(u,Y,, Z,)du are elements in Mz”’/, where

o ool [/ s+ [ (o 352 )

Forany 0 <0 <r < T, let us compute

with p < p’ < % (notice that p’ < % is equivalent to < 1). From conditions

,
Dy pr = pr{'/e [8yzf(”a Yu, Z)DgYy
+ azzf(ua Yu,ZW)DoZ, + Dgazf(u, Yu, Z,)1dW,
+8Zf(0,Y97Z9)

R

+/9 (Byyf(u, Yu, Zy) — ayzf(uv Yu, Zu)ﬁu)DGYu du
,

+/9 (Byz f (u, Yy, Zy) — 52 f (u, Yo, Zu)Bu) Do Z, du

+/0r(Deayf(u,Yu,zu)—ﬁubgazﬂu,n,zu))du}.

By the boundedness of the first- and second-order partial derivatives of f with
respect to y and z, (2.17), (2.18), (2.25), Lemma 2.4, the Holder inequality and the
Burkholder—Davis—Gundy inequality, it is easy to show that for any p” < g,

(2.28) sup E sup |D9pr|p”<oo.
0<60<T 6<r<T

By the Clark—Ocone—Haussman formula, we have

T
pr Dy = E(pr Dy) + /O E(Dy (o7 Ds£)|Fs) dWe
T
— E(pr Ds&) + /0 E(Dgpr Dsé + pr Dy DyE|Fo) dWe

T
— E(pr Dy&) + /O sl d Wy
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and

T
/ orDs f(r, Yy, Z)dr
s
T
:E/ orDs f(r, Y, Z,)dr
T T
+/(; E(DQ/ prDs f(r, Yy, Zr)dr‘}—O)dWG
s
T
:E/ orDs f(r, Y, Z,)dr
s

T T
+ [ B([ DepDes v 2
s
+/0rastf(r’ Yr, Z,)DyYy

+0r0;Ds f(r, Y, Z,) Do Z,

40 DuDF Y, Z))dr |y ) dWs

T T
:]E/ or Dy f (1, Y,,Zr)dr—i—/ vy dWp.
s 0
We claim that supyg <7 E|uy ”" < o0 and supg<g<7 Elvp 1”" < oo. In fact,

Eluj|” = E|E(Dgpr Ds& + pr Do DsE|Fp)|”
< 2P "N (E|Dppr DsE|P + El|pr Do DsE|P)
< 27N (BI Dy pr |19~ PO | D5 )P
4 (Epg’q/(q—p’))(q—p’)/q (E| Dy Dsg|q)p//Q)_
By (2.14), (2.15), (2.28) and Lemma 2.4, we have SUP(<<7 SUPg<g<T Eluglp/ <
00. On the other hand,
, T
Ejuj) = JE]E( [ 1DupeDs ¥, 2)
)

+ prastf(r’ Yi,Z,)DyY,
+ 070D f(r,Y,, Z,) Do Z,

/

)4
+ 0y DDy £, Y. zr>]dr]f9)

<4V g 4 4 T+ T,
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where
T 4
W=E|[ Dap.Dif Y, Z)dr|
N
T 4
JZZE/ ,Orastf(ra Y., Z,)DgY,dr|
N
T 4
J3=E / 0r0;Ds f(r, Yy, Z) Do Z, dr
N
and

4

p
Jy=E

T
/ p,DeDs f(r, Y, Z,) dr
S

For Ji, we have

)

T
/ D f(r, Y, Z,)dr

I fE( sup |Dgp,|”

0<r<T

(a—p"/q

q)p’/q

)(q—p’)/q

< (E sup |Dyp, |79/ 77"}

O<r<T

< (E

STP//2<E sup |Dgp,|P'4/@—P)

o<r<T

X (IE(/OT |Ds f(r, Yr, z,)|2dr>q/2>p//q.

T
/ Dsf(r’ Y., Z,)dr
s

For J,, we have

/

’ T )4
szE( sup |D9Yr|1’< sup p,/ 19, Dy f (r, Y,,z,)|dr> >
0<r<T 0<r<T s
'/
<(E sup |Dpy,17)" "
0<r<T
T P'a/(q—p)\ (a—p")/q
< (B s o [ 10, Dr 0 Z00ar ) )
S

0<r<T
p//q ’ , (q—2p/)/q
§<E sup |D9Y,|q) <E sup prpq/(q—Zp))
0<r<T 0<r<T

T g\ P'/q
x (E(/ 19, Dy f (1, Y,,Z,)|dr) )
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/ ! / " (g—2p)
<TV(E sup IDaYr|q>p/q<E sup p/ala=200) o

O<r<T 0<r<T

T q/2\ p'/q
x(E(/ |8stf(r,Y,,Z,)|2dr) ) .
0

Using a similar techniques as before, we obtain that

, T q/2\r'/q , N (@=2p/
J3<TP/? (E(/ |D9Zr|2dr> ) (E sup pPa/@=2p ))(q Pl
0

0<r<T

T q/2\ p'/q
x(E(/ |azDsf<r,Yr,zr>|2dr) )
0

and

’ / / ( - ,)/
J4§Tp/2(]E sup p;vq/(q—p))q P

o<r<T

T q/2\ P'/q
x(E([ |DeDsf(r,Yr,zr>|2dr) ) .
0

By (2.16), (2.17)-(2.20), (2.28) and Lemma 2.4, we obtain that

o
sup sup E|vylP < oo.
0<s<T 0<6<T

Therefore, pré and ]OT ouDs f(u, Yy, Z,) du belong to M2r
Thus by Theorem 2.3 with p < p/, there is a constant C(s) > 0, such that

E|DsY; — DyYs|P < C(s)|t — s|P/?

for all ¢ € [s, T']. Furthermore, taking into account the proof of the estimates I
(k=3,4,...,7) in the proof of Theorem 2.3, we can show that supg<s<7 C(s) =:
C < 00. Thus we have

(2.29) E|D,Y; — DsY|P < C|t — s|P/?

for all s, ¢t € [0, T]. Combining (2.29) with (2.26) and (2.27), we obtain that there
is a constant K > 0 independent of s and ¢, such that

E|Z; — Z|P < K|t —s|P/?
foralls,t €[0,T]. O
COROLLARY 2.7. Under the assumptions in Theorem 2.2, let (Y,Z) €

S;{-([O, T) x H}I_-([O, T]) be the unique solution pair to (1.1). If supy<, 7 E|Z;|7 <
00, then there exists a constant C, such that, for any s, t € [0, T],

(2.30) ElY; — Y|4 < Cl|t — 5|9/,
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PROOF. Without loss of generality we assume 0 <s <¢t <T.C > 01is a con-
stant independent of s and ¢, which may vary from line to line. Since

t t
Vo=Yot [ 0¥ z0dr— [ Zpaw,,
) N

we have, by the Lipschitz condition on f,

q
]E|Yt—Ys|q ZE

t t
/ f(r,Yr,Zr)dr—/ Z,dW,
S R

q
§2q_1<IE +E

)
t q/2 t q/2
<c,(i0-swe( [1revnzopar)+m( 1z par) )
S N
t q/2 t q/2
§C{|t—s|‘1/2[E(/ |Y,|2dr) +IE(/ |z,|2dr>
S S

+E</st | f(r, 0, 0)|2dr>q/21|

=519 sup E|Zr|‘f}

0<r<T

t t
/ £ Yy, Z))dr f Z, dW,
S )

<Clt —s]9/?.

The proof is complete. [J

REMARK 2.8. From Theorem 2.6 we know that {(DgY;, Do Z;)}o<o</<T sat-
isfies equation (2.21) and Z; = D;Y;, u x P a.e. Moreover, since (2.14) and (2.16)
hold, we can apply the estimate (2.2) in Lemma 2.2 to the linear BSDE (2.21) and
deduce supy-, -7 E|Z;|9 < co. Therefore, by Lemma 2.7, the process Y satisfies
the inequality (2.30). By Kolmogorov’s continuity criterion this implies that ¥ has
Holder continuous trajectories of order y for any y < % — %.

2.4. Examples. In this section we discuss three particular examples where As-
sumption 2.2 is satisfied.

EXAMPLE 2.9. Consider equation (1.1). Assume that:

(@) f(t,y,2):[0,T] x R x R — R is a deterministic function that has uni-
formly bounded first- and second-order partial derivatives with respect to y and z,
and [} f(t,0,0)%dr < oo.

(b) The terminal value & is a multiple stochastic integral of the form

(2.31) &= gty ..., ty)dWy ---dW,,,
0,71
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where n > 2 is an integer and g (1, ..., ;) is a symmetric function in LZ([O, T,
such that

sup / g(tt, .. tymr, W) dty -+ dty,_y < 00,
[O,T]"_l

0<u<T

sup / g(tls“'vtn—Zau’ U)del"'dtn—z <o,
[O’T]n—z

O0<u,v<T

and there exists a constant L > 0 such that for any u, v € [0, T']
/ Ig(tly"'vtn—lvu) _g(tlavtn—lav)|2dt1 dtn—l < L|M _U|.
[O,T]”’l
From (2.31), we know that
Dué‘:n/ gltr, .o sty ) dWy - -dW,; .
[O,T]”_l

The above assumption implies Assumption 2.2, and therefore, Z satisfies the
Holder continuity property (2.24).

EXAMPLE 2.10. Let Q = Co([0, 1]) equipped with the Borel o-field and
Wiener measure. Then, Q2 is a Banach space with supremum norm || - ||, and
W; = w(t) is the canonical Wiener process. Consider equation (1.1) on the inter-
val [0, 1]. Assume that:

(gl) f(t,y,2):[0,1] x R x R — R is a deterministic function that has uni-
formly bounded first- and second-order partial derivatives with respect to y and z,
and [ f(z,0,0)2dt < 0.

(g2) &€ = (W), where ¢ : Q2 — R is twice Fréchet differentiable, and the first-
and second-order Fréchet derivatives 8¢ and 8¢ satisfy

p(@)] + 18p(@) ]| + [8*p (@)l < C1exp{Callolll}

for all w €  and some constants C; > 0, C, > 0 and 0 < r < 2, where || - ||
denotes the operator norm (total variation norm).

(g3) If A denotes the signed measure on [0, 1] associated with §¢, there exists
aconstant L > O such thatforall0 <6 <6’ <1,

E|L((6,0')|P < L6 —06'|P/?
for some p > 2.

It is easy to show that Dg& = A((6, 1]) and D, Dg& = v((6, 1] x (u, 1]), where v
denotes the signed measure on [0, 1] x [0, 1] associated with (Szgo. From the above
assumptions and Fernique’s theorem, we can get Assumption 2.2, and therefore,
the Holder continuity property (2.24) of Z.
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EXAMPLE 2.11. Consider the following forward—backward stochastic differ-
ential equation (FBSDE for short):

t t
X,:X0+/ b(r, Xr)dr—i-/ o(r, X;)dW,,
(2.32) 0 0

T T T
Y,=<p</0 XZdr>+/ f(r,X,,Y,,Z,)dr—/ Z, dW,,
t t

where b, 0, ¢ and f are deterministic functions, and Xo € R.
We make the following assumptions:

(h1) b and o has uniformly bounded first- and second-order partial derivatives
with respect to x, and there is a constant L > 0, such that, for any s, € [0, T'],
x eR,

lo(t,x) —o(s,x)| < L|t —s|'/2.

(h2) supy<, <7 {1b(z,0)| + |o (7, 0)|} < o0.
(h3) ¢ is twice differentiable, and there exist a constant C > 0 and a positive

integer n such that
T T
o[ ) 00
0 0
where ||x |0 = sup{|x(#)|,0 <t < T} forany x € C([0, T']).
(h4) f(t,x,y,z) has continuous and uniformly bounded first- and second-
order partial derivatives with respect to x, y and z and fOT f(,0,0, 0)2 dt < 0.

T
w(/o X%dr)‘sc<1+nxnw>”,

Notice that in this example, ®(X) = ¢( fOT X tz dt) is not necessarily globally Lip-
schitz in X, and the results of [16] cannot be applied directly.

Under the above assumptions, (h1) and (h4), equation (2.32) has a unique so-
lution triple (X, Y, Z), and we have the following classical results: for any real
number r > 0, there exists a constant C > 0 such that

E sup |X,|" <oo,  E|X;— X" <C|t—s|"?
0<t<T

for any t,s € [0, T']. For any fixed (y,z) € R x R, we have Dy f (¢, X¢,y,2) =
ox f(t, X¢,y,2)Dg X;. Then, under all the assumptions in this example, by The-
orem 2.2.1 and Lemma 2.2.2 in [14] and the results listed above, we can verify
Assumption 2.2. Therefore, Z has the Holder continuity property (2.24).

Note that in the multidimensional case we do not require the matrix oo’ to be
invertible.

3. An explicit scheme for BSDEs. In the remaining part of this paper, we let
mn={0=1<t <---<t, =T} be a partition of the interval [0, T] and || =
maxo<j<p—1 |ti+1 — t;|. Denote A; =t;11 —1;,0<i <n—1.
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From (1.1), we know that, when ¢ € [#;, t;+1],

tit tit1
3.1 Y, =Y, +/ f(r, Y, Z,)dr —f Z, dW,.
t t

Comparing with the numerical schemes for forward stochastic differential equa-
tions, we could introduce a numerical scheme of the form

=",
1
Yti,n = [l+1 + f(tl+1 Y[H—l ’ tl+1)A / Zl " dWr’

telt, tiv1),i=n—1,n-2,...,0,

where €7 € L*(Q) is an approximation of the terminal condition &. This leads to
a backward recursive formula for the sequence { Yt,].’”, Ztli’”}ofifn. In fact, once
Y™ and Z1 ™ are defined, then we can find Y1 7 by

ti+1 +1
Yo T =B, + fti, YT 2D AN,

Liy12 tl+1

and { Zrl’” }t;<r<t;4, 18 determined by the stochastic integral representation of the
random variable

Ytlﬂ—Yln f(tH—l» 171 )A

i fit1 tit1? [1+l

Although {Zrl’” }1;<r<t;4, can be expressed explicitly by Clark—Ocone-Haussman
formula, its computation is a hard problem in practice. On the other hand, there
are difficulties in studying the convergence of the above scheme.

An alternative scheme is introduced in [16], where the approximating pairs
(Y™, Z7) are defined recursively by

Yy =¢", Zr =0,

1 Liyn
(3.2) Yﬂ - an+1 + f(ti+]’ Yf71'1+1 ’ E(A—/ Z;T dr‘FtH]))A
i+1 Jtiq1

L1
—/ Zrdw,, telti,tiv),i=n—1,n-2,...,0,
t

where, by convention, I[?J(A ff’:lz Z7dr|F.,) =0 wheni=n—1.In[16] the
following rate of convergence is proved for this approximation scheme, assuming
that the terminal value £ and the generator f are functionals of a forward diffusion

associated with the BSDE,

T
(3.3) max E|Y, — Y| +E/ |Z, — Z7)?dt < K|7|.
0<i<n 0
The main result of this section is the following, which on one hand improves
the above rate of convergence, and on the other hand extends terminal value £ and
generator f to more general situation.
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THEOREM 3.1. Consider the approximation scheme (3.2). Let Assumption 2.2
be satisfied, and let the partition 7w satisfy maxXo<j<p—1 Ai/Aiy+1 < L1, where Ly
is a constant. Assume that a constant Ly > O exists such that

(3.4) |f(t2,y,2) — f(t1,y,2)| < Lalta — 11|/

for all t;,tp € [0, T] and y,z € R. Then there are positive constants K and §,
independent of the partition 1, such that, if || < 8, then

T
35) E sup |Y,—Y,”|2+IE/O \Z, — 27 Pdt < K| + Bl — 7).

0<t<T

PROOF. In this proof, C > 0 will denote a constant independent of the par-
tition 7r, which may vary from line to line. Inequality (2.24) in Theorem 2.6(b)
yields the following estimate (Theorem 3.1 in [16]) with p = 2:

n—1 tiy 5 5
SE[02- 2P 12~ 2y Prdr < Clxl.
_O [1'

Using this estimate and following the same argument as the proof of Theorem 5.3
in [16], we can obtain the following result:

T
(3.6)  max E|Y, — v P +Ef0 \Z, — ZF)2dt < C(|| + E|E — E7?).

Denote
0, ifi =n;
77 — 1 tit1
(37) Zt,'_ E(—/ Z;Tdr']:,l>, lfl:n—l’n_z”o
i JY
Ift; <t <tiy1,i=n—1,n-2,...,0, then, by iteration, we have
~ lit1
YO =Y + [, Y] 20 DA —/t Zrdw,
(3.8)
" . T
—&+ Y SO Y 2D [ 27w,
k=i+1
Therefore,

n
Yzﬂ=E<§”+ > f(tk,YzZ,Z;Z)Ak—l‘f}), teltitiv).
k=i+1

We rewrite the BSDE (1.1) as follows:
T T
V=gt [ f0¥.Zdr— [ Zaw,
(3.9) ' '

" T
=§:+ Z f(tk7YtkaZtk)Ak—]_/ ZrdWr—f—R;T,
k=i+1 !
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where

T n
|R;T|:‘/ f(r7 Yr,Zr)dr_ Z f(tkvytk’zlk)Ak—l
t

k=i+1

-y f Lf (. Yoo Ze) — f (s Yy Zo)]dr — / £ Yo, Z,)dr

k=i+1

lit1
< Z/ Y Z) = fa Yo Zyldr + [ 1 ¥ 2

k=i+1

By Lemma 2.2 and the Lipschitz condition on f, we have

T p/2
E(/ f Y,,zr)ﬁdr) <00,
0

and hence,

0<i<n-—1

lit1 p
2 max ([0 z)0ar)
I
(3.10)

T /2
s|n|P/2E(f |f<r,Yr,zr>|2dr) .
0

Define a function {#(r)}o< <7 by

T, ifr=T,
tit1, ift; <r<tiy,i=n—1,...,0.

t(r)= {

By the Holder inequality, the boundedness of the first-order partial derivatives
of f,(3.4), (2.24), Remark 2.8 and (3.10), it is easy to see that

T p
E sup |Rf|p§2P‘1[E</O | f(r, Y,,Z,)—f(t(r),Yz(r),Zz(r))\dr>

0<t<T
tit1 p
+B max (["ire v zoiar) |
t

0<i<n—1

T
3.11) < (2T)”‘1E/0 [ Y, Ze) = f(t(r), Yerys Zony)|P dr

T p/2
+2r e ( [ p ey 2R ar )
0
<Clx |2,
where, by convention, Ry = 0. In particular, we obtain

(3.12) E sup |RT|><Cln|.
0<t<T
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To simplify the notation we denote
Y =Y, —Y], 82} =2, -7} forallr [0, T]

and

~

Zl=27,-2727 fori=nn—1,...,0.
Then, when #; <t < t;11, by (3.8) and (3.9) we can write

n
SYT = > [f(tr Yy Zo) — f (e, Y[ ZD)1 Ak
k=i+1

T
—/ 8ZT dW, + RT + 8¢7,
t

where 667 = & — £7 . Therefore, we obtain

(3.13) &Y =E( S Ut Yoo Zo) — f i Y] ZD 1 Aoy + RT +3s”\ﬁ).
k=i+1

Denote ﬁkf = ft, Yy, Zy) — f(tkf Y,’k", Z,”k). From equality (3.13) for #; <t <
tj4+1, where i < j <n — 1, and taking into account that §YJ = SYT =867, we

obtain

n
sup Y] < sup E( SO 1f7 1A+ sup |R;’|+|85”|]f,>.

Z,'EIET l‘ifl‘fT k=i+1 0<r<T

The above conditional expectation is a martingale if it is considered as a process
indexed by ¢ € [#;, T]. Thus, using Doob’s maximal inequality, we obtain

2
n
E sup [8Y7]P<E sup [E( > IfF 1A+ sup |Rf|+|as”|]ft)}

L <t<T i <t<T k—it1 O0=<r=T

2

n

sCE( > ST 1A-1+ sup |R;’|+|65”|>
k=i+1 O<r=T

,, 2
SC{E< > IJZ’,ZIAk—1) +E sup |R7|2+E|3$”|2}-
k=i+1 O<r<T
From (3.12), we deduce
n 2
E sup |5Y,”|2§C!E( > |f;k’|Ak_1> +E|8§”|2+|n|}.

i<t=T k=i+1
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Using the Lipschitz condition on f, we obtain

E sup |8Y,”|2§C{(T—t,~)2E sup  [8Y|?

t;<t<T i+1<k<n
2
(3.14) +IE( Z |z | Ak 1) +E|Z, A2 1}
k=i+1
+ C(EISE™)? + |)).
Notice that
2 n-l 1 [t 2
Z Zi1Ac ) =E( 20 \Zy— | EZIIF) du| Ak
k=i+1 k=i+1 k Jt
n—1 2
Ak_] Tk+1
sE( > X E(|Z, —Z;’||}“,k)du>
k=i+1 ki
2 n—l Tit1 2
<LiE| ) E(1Zy — ZT || Fy) du
k=i+17%
(3.15)

) n-1 Tk+1 2
<2L{E( Y E(Zy — ZullFy) du

k=i+1"%

2
+E( 5 / E(|zu—z;f||f,k)du) }

k=i+1
=2L3(I1 + D).

Now the Minkowski and the Holder inequalities yield

n—1 fes1 5 1/2 12 2
n<ge( Y {f (E(1Zy, — ZulIF) du} Al
k

k=i+1

<(T—1) Z / E(E(1Zy, — ZullFy))d
k=i+1
(3.16)

it ’
<(T-1t) ) E|Zy — Zu|” du
k=i+1""

Tk
<C(T —1) Z / e = uldu < Clx).

k=i+1
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In a similar way and by (3.6), we obtain

173

n—1
+1
L=(T-t) Y E|Z, — Z"|* du

k=i+1"%
(3.17) T
=(T—1)| REI8ZT)?du<Clx|.
Lit1
On the other hand,
(3.18) E(Z] An-1)? =E|Z, P A1 * < Cl |,

From (3.14)—(3.18), we have
E sup [8Y7*<C\(T —#)°E sup [8Y]|?

4 <t<T i+1<k=<n

(3.19) )
+ CEISE7 |7 + |z ]),

where C; and C, are two positive constants independent of the partition 7.

We can find a constant 8 > 0 independent of the partition 7, such that C;(38) <
% and T > 26. Denote [ = [%] ([x] means the greatest integer no larger than x).
Then / > 1 is an integer independent of the partition 7. If || < §, then for the
partition 7 we can choose n — 1 > i; > ip > --- > i; > 0, such that, T — 25 €
(tiy—1. 1,1, T —48 € (ti—1. tiy], ..., T — 281 € [0, t;] (withz_; =0).

For simplicity, we denote #;, = T and #;,,, = 0. Each interval [t,-_/. Lo ki j], j=
0,1,...,/, has length less than 34, that is, |t,-j — tl-j+1| < 38. On each interval
[t,-j+l , tij], j=0,1,...,1, we consider the recursive formula (3.2), and (3.19) be-
comes

E sup [8YP<Ci(ti; —t4;,,)°E  sup |8Y]?
fij g SISt ij1tl<k<i
(3.20)
+ C2EISYT 2+ ).

Using (3.20), we can obtain inductively

E sup [8Y7)?

e
lijr =11

< Cilti; =t )’E - sup [SYEP + Co(BISY]T P+ )

ijr1+1<k<i;

< Cilty; —tiy,)* - Caltyy — 1) *EISY]T |
+ CoEIY] > +|m)
J

X (1 + Cl(tij - tij+1)2 + Cl(tij - tij+1)2Cl (tij - tij+1+1)2
(3.21) + o Crlti; — 1, ) Crlty; =ty 01)7 - Cr(ty — 1i;21)%)
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NTE T T2
< (C1(38))HE[SY] |
Lj
+ CLBISY] [+ |7 )
J

X (14 C1(38)* + (C1(38)%)% + - - - 4 (C1(38)%)1i7ii+1)

)
1 —C;1(36)2

<EI8Y] |+ 2Co(BI8Y] [* + |7 |)
J J

<ElsY] |*+ (EI8Y] >+ |])
J J

= (2C2 + DEISY > +2Ca|7.
J
By recurrence, we obtain

E sup [8Y)?

lij SISt

< Cy+ D/TRISE™ > + Calm|(1 4+ QCa + 1) +--- 4+ 2C2 + 1))
(3.22)
< QCr 4+ D)TEISE™ > + Colm|(1 + 2C2 + 1) +--- + (2C2 + 1))

32C; + it
< f(EI(S%‘”IZ + |7]).

, we obtain

1+1
Therefore, taking C = %

E sup [8Y7|* < [max E sup [8Y7|?<C(w|+E|E —&7).

<j<] . .
0<t<T =J= t,jHStSt,j

Combining the above estimate with (3.6), we know that there exists a constant
K > 0 independent of the partition 7, such that

T
E sup |y,_y;f|2+1a/0 |Z, — Z7 |*dt < K(|7| + E|§ — 7 %).

0<t<T O

REMARK 3.2. The numerical scheme introduced before, as other similar
schemes, involves the computation of conditional expectations with respect to the
o-field F;,_,. To implement this scheme in practice we need to approximate these
conditional expectations. Some work has been done to solve this problem, and we
refer the reader to the references [2, 4] and [8].

4. An implicit scheme for BSDEs. In this section, we propose an implicit
numerical scheme for the BSDE (1.1). Define the approximating pairs (Y™, Z™)
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recursively by
Y[ =¢§",

1
@1 Y7 =Y + f(tm, Yy

Lit1® AL
i+1 Ai 4

+1 Lit1
7 dr)A,- - [ zraw,
t

Z‘E[t,‘,ti_H),i:n—1,n—2,...,0,

where the partition 7w and A;,i =n — 1,...,0, are defined in Section 3, and &7
is an approximation of the terminal value &. In this recursive formula (4.1), on
each subinterval [#;,f;+1),i =n — 1,...,0, the nonlinear “generator” f contains

the information of Z” on the same interval. In this sense, this formula is different
from formula (3.2), and (4.1) is an equation for {(Y;", Z[")};,<t<s,.,- When ||
is sufficiently small, the existence and uniqueness of the solution to the above
equation can be established. In fact, equation (4.1) is of the following form:

b b
42) Y =§+g</ Zrdr> —/ Z,dW,, tela,bl]land0<a<b<T.
a t
For the BSDE (4.2), we have the following theorem.

THEOREM 4.1. Let0<a <b <T and p > 2. Let & be Fp-measurable and
& € LP(RQ). If there exists a constant L > 0 such that g: (Q xR, F, @ B) — (R, B)
satisfies

lg(z1) — g(z2)| < L|z1 — 22|

for all z1,z2 € R and g(0) € LP(2), then there is a constant §(p,L) > 0,
such that, when b — a < §(p, L), equation (4.2) has a unique solution (Y,Z) €
S%(la, b)) x HY([a,b)).

PROOF. We shall use the fixed point theorem for the mapping from H ]’;([a, b))
into H jﬁ_([a, b]) which maps z to Z, where (Y, Z) is the solution of the following
BSDE:

b b
(4.3) Y,=s+g(/ zrdr)—/t Z,dW,,  tela,bl.

In fact, by the martingale representation theorem, there exist a progressively mea-
surable process Z = {Z;},<s<p such that Efab th dt < oo and

S+g</abzrdr):E(Hg(/abZrdr)

By the integrability properties of &, g(0) and z, one can show that Z € H Jﬁ([a, b]).
Define Y; = E(¢ —i—g(f: zrdr)|F;), t € la, b]. Then (Y, Z) satisfies equation (4.3).

b
]—'a) +/ Z,dw,.
a
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Notice that Y is a martingale. Then by the Lipschitz condition on g, the inte-
grability of &, g(0) and z, and Doob’s maximal inequality, we can prove that
Y € S%(la, b)).

Let z!, z2 be two elements in the Banach space H};([a, b]), and let (Yl, Zl),
(Y2, Zz) be the associated solutions, that is,

. b . b
Y,’:§+g</ z’rdr)—/; ZldW,,  ielabli=1,2.
a

Denote

y=v!—y2 Z=2z'-7% 7=z —7%
Then

i} b b b _
(4.4) Y,=g(/ z}dr)—g</ zfdr)_ 7, aw,
a a t

forall ¢ € [a, b]. So

(o[ 0) ([ )0

for all ¢ € [a, b]. Thus by Doob’s maximal inequality, we have

sl [ tar) ([ #0r))

p

_ p
E sup |Y;|” =FE sup

a<t<b a<t<b

b b
5CE‘g</ z}dr)—g(f z%dr>
b b p
/ z,ldr—/ Z2dr
a a

b /2
sC(b—a)P/ZE(f |zr|2dr> ,
a

where C > 0 is a generic constant depending on L and p, which may vary from
line to line. From (4.4), it is easy to see

4.5)
<CE

_ _ r_
Yt=Ya+/ Z - dW,
a

for all ¢ € [a, b]. Therefore, by the Burkholder—Davis—Gundy inequality and (4.5),

we have
b _ p/2 r_ p
E(/ |Zr|2dr) <CE sup / Z,dW,
a a<t<blva
(4.6) < C[ElYl” +E sup |¥,I”]
a<t<b

b p/2
<Ch- a)p/2E</ |z,|2dr> ,
a
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that is,
1 ZNar < C1(b —a) 2] o,

where C is a positive constant depending only on L and p.

Take 6(p, L) =1/ C2 It is obvious that the mapping is a contraction when
b—a<dé(p,L), and hence there exists a unique solution (¥, Z) € Sf([a b]) x
HZ(la, b]) to the BSDE (4.2). O

Now we begin to study the convergence of the scheme (4.1).

THEOREM 4.2. Let Assumption 2.2 be satisfied, and let T be any partition.
Assume that £ € LP(RQ) and there exists a constant L1 > 0 such that, for all
tl’ t2 G [O’ T]’

|f(t2, y,2) — f(t1,,2)| < Lilta — 11]'/.

Then, there are two positive constants § and K independent of the partition T,
such that, when || < §, we have

T /2
E sup |Y,—Yf|f’+]E</ |Zt—Zf|2dt) < K(x|P? + Elg — £7|P).
0<t<T 0

PrROOF. If || < 8(p, L), where 8(p, L) is the constant in Theorem 4.1, then
Theorem 4.1 guarantees the existence and uniqueness of (Y™, Z™). Denote, for
i=n—1,n-2,...,0,

~ 1 lit1 -
ZfH = 7/ Zr dr.
! Liv1 — I Jy

Notice that { Z;’ , Yi=n—1.n—2,....0 here is different from that in Section 3. Then

.....

Y =Y, + Y, lz+1’ lz+1)A

tit1
lit]

—/ ZTdW,,  i=n—1,n-2,...,0.
li

Recursively, we obtain

n
YP ="+ Y f. Y. Z]) A
k=i+1

T
- Zrdw,, i=n—1,n-2,...,0.
17
Denote
ST =£ - &7, Y =Y, —Y[, 82T =272, —-77, tel0,T],
and
ZT=272,-727, i=n—1,..,0.
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Ifrelt,tiv1),i=n—1,n—-2,...,0, then by iteration, we have

n
6Y[n = 8-‘;‘_” + Z [f(tk» Yl‘k5 Zlk) - f(tkv Y[Za ZZ)]A](—I
k=i+1
4.7)

T
— | 8ZFdw, +RF,

1

where Rf" is exactly the same as that in Section 3.
Denote ftf = f(t, Yy, Zy) — f(t, YtjkT, Z;Z) Then for ¢t € [t;,t;41),i =n —
1,n—2,...,0, we have

n
(4.8) SY™ :E(&S” + Y A+ Rf‘}"t).
k=i+1

From equality (4.8) for7; <t <41, wherei < j <n—1, and taking into account
that §Y7 =8 = 867, we obtain

n
sup (87| < sup E( S IFF A1+ sup |Ri’|+|as”|\ft).

i <t<T L<t<T  \p—jt1 0<r<T

The above conditional expectation is a martingale if it is considered as a process
indexed by ¢ for ¢ € [¢#;, T']. Using Doob’s maximal inequality, (3.11), and the Lip-
schitz condition on f, we have

E sup [8Y]|P

t<t<T

n p
<E sup [E< D ST 1A+ sup IR;T|+|8§”I‘E>]

i <t<T k=i+1 0=<r<T

n p
< CE( ST A1+ sup |RF|+ |8§n|>
k=i+1 O=r=T

n p
<C E( Z |fzf|Ak—1> +E sup |Rf|p+E|3§”|p]
k=i+1 O0<r=<T

n p n )4
<C E( > |6Y;;|Ak_1) +E< > |2;;|Ak_1) +|n|P/2+E|85”|P}

k=i+1 k=i+1

<C{(T —t)PE sup |8Y; |7
i+1<k<n

n p
+E< > |Z;;|Ak_1) +|n|P/2+E|65”|P},

k=i+1
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where, and in the following, C > 0 denotes a generic constant independent of the
partition 7 and may vary from line to line. On the other hand, we have, by the
Holder continuity of Z given by (2.24),

n p
E( > |Z§£|Ak—1)
k=i+1

(-

Ag—1 Jiyy

Z"dr

P
Ak—l)

n t n t p
<B( X [ 1zy-zdar+ Y [ 1z - 271ar

k=it1" %=1 k=it1" k=

T p
<C|n|P/* + 2P1E(/ \Z, — z;f|dr)

174

T p/2
<l 420\ — 1) RE( [ 12, - 27 Par)

ti
T p/2
=C|m|P/? +27 (T — tl-)”/ZIE(f |3zf|2dr) .
1
Hence, we obtain

E sup |8Y]|P

i <t<T

SCI{(T—ti)pE sup |8y, |7
i+1<k<n

T p/2
+(T — z,-)P/Zﬂ«:(/ |5z;’|2dr)
1

| |P? +JE|6§”|P},

4.9)

where C is a constant independent of the partition 7v. By the Burkholder—Davis—
Gundy inequality, we have

T p/2 T P
(4.10) E(/ |62;’|2dr) <cpE 8§ZT dw,
ti t
From (4.7), we obtain
T noo
(4.11) ft SZT dW, =8E™ + Y fil A1+ R — Y]

i k=i+1
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Thus, from (4.10) and (4.11), we obtain

T p/2
IE(/ |3z;’|2dr)
.

n
=< CP{E Z fz],:Ak—l

k=i+1

P
+EISE™ |7 + E|RT|? + EISY]|P 1.

Similar to (4.9), we have

T p/2
E(/ |82f|2dr>
I

ECz{(T—ti)pE D AL
i+1<k<n

T p/2
+(T—t,-)p/2E(/ |827|2dr> +|n|p/2+IE|8$”|p},
.

where C; is a constant independent of the partition 7.
If Co(T —1;)P/* < %, then we have

T p/2
IE(/ |82f|2dr) <2Cy(T —t;))PE sup |8Y,|"
1 i+1<k<n
(4.12)
+2C, (|7 |P/* + EISE™|P).

Substituting (4.12) into (4.9), we have
E sup |8Y]|P

ti<t<T

< C1(142C(T —t)P*)(T —t;)PE  sup |8Y,,|P
i+1<k<n

+ C1(142Co(T — 1t)P?) (|7 |P/? + EISE™|P)

<2C((T —t)’E sup [8Y, |7 +2C1(|x|"/* + E[5€™|P).
i+1<k<n

(4.13)

We can find a positive constant § < §(p, L) independent of the partition , such
that,

(4.14) Cr(38)P/* < 1,
(4.15) 2C1(38)” < 4

and 7 > 2§. Denote [ = [2—7:3]. Then [ > 1 is an integer independent of the parti-
tion . If || < §, then for the partition = we can choose n — 1 > i| > ip > --- >
iy >0, such that, T — 26 € (tjj—1.t;,1, T — 46 € (ti,—1,t;,],.... T =281 € [0, ;]
(with z_y = 0). For simplicity, we denote t;; = T and t;,, = 0. Each interval
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[t,-jH,t,'j],j =0,1,...,/, has length less than 3§, that is, |t,-j — tinl < 36§. On
[# 1o b ], we consider the recursive formula (4.1). Then (4.13)—(4.15) yield

E sup [8Y]|P

li; SISl

<2C1(t;; —ti, )PE - sup  [8¥, [P +2C1 (x| + EISY] |P)
ij+]+1§/<§ij J
(4.16)
<2Ci(38)PE  sup  |8Y,|P +2C (| |P/> + E|5YT |P)
Lj

ijp1+1<k<i;

1
<= sup [8Y, [P +2C1(|7 PP+ EISY] ).
J

ijy1+1<k<ij
As in the proof of (3.21) and (3.22), we have
E sup [8Y]|” < (4C, + DESY] |P +4C|x|P/?
J

liHlEtElij
and
3(4C; + 1)+l
E sup |6Y;’|”sL(Ews”ﬂﬂnwﬂ).
fij SISt 2

Therefore, we obtain

E sup [8Y/|” < max E sup [§Y]|P

0<r<T O=j=l 4, <i<n;
4.17)
_3¢ai+ INax

- 2
On [tijﬂ, ti;1, ] = 0,1,...,1, based on the recursive formula (4.1) and (4.17), in-
equality (4.12) becomes

l,'j 2 p/2
IE( f 827 | dr)
lij

<2Ca(ti; —ti, )PE - sup  [8¥y [P +2C (1w |P2 + EISET|P)

lj+]+1§/<§ij

(E|SE™|P + |7|P/?).

<2C2(38)PE  sup  |8Y, |7 +2Ca(Im|P/? + E|SET|P)

ij+|+1§k§ij

=

E  sup |8, |P +2Cy(| [P/ + E|SE™|P)

ijp1+1<k<ij

(3(4C1 + it

N —

IA

+2cz)(|n|P/2+E|6s”|P>.
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Thus
T p/2
E(/ |az;’|2dz>
0
l t. P/2
:E(Z/ ! |az;’|2dt>
j=0 lijyy
(4.18)

l l‘,'j p/2
< (4 1P ZE(] |az;’|2dt>
j=0 lijyy

<3(401 + it
4

<+ 1P +2C2)(|ﬂ|p/2 +EISE7|P).

Combining (4.17) and (4.18), we know that there exists a constant

(3(4C1 + !
2

K=+ 1)~ +4C2)

independent of the partition 7, such that

T p/2
E sup |Yt—Yt’T|”+IE</ |z,—z;f|2dz)
0

0<t<T

< K(|7|P/? + E|g — £7|P). O

REMARK 4.3. The advantages of this implicit numerical scheme are:

(i) we can obtain the rate of convergence in L? sense;
(i1) the partition & can be arbitrary (|r| should be small enough) without as-
suming maxo<j<p—1 Ai/Aj+1 < Lj.

5. A new discrete scheme. For all the numerical schemes considered in Sec-
tions 3 and 4, one needs to evaluate processes {Z] }o<;<7 With continuous index ¢.
In this section, we use the representation of Z in terms of the Malliavin derivative
of Y to derive a completely discrete scheme.

From (2.21), {DyY:}o<o<:<T can be represented as

T
5.1 DGYZZE(pt,TDG'g"i_/ pt,rDGf(r’ Yr’Zr)dr‘Ff)’
t
where
r r 1
(5.2) Ptr = exp{/ Bs dWj +/ <Ols - 5/33) ds}
t t

with ag = 0y, f (s, Ys, Zg) and B = 0, f (s, Y5, Z;).
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Using that Z; = D;Y;, u x P a.e., from (1.1), (5.1) and (5.2), we propose the
following numerical scheme. We define recursively

Y[]; ZS’ Ztn _DTS
Yo =R, + [, Y] 20 DAF),
(5.3)
n—1
_E<pf+1 0 Di§ + Z'Ot-H et D (et Y fk+1)Ak“7:tt)
k=i
i=n—1,n-2,...,0,
wherep,’l,”ti=1,i=0,1,...,n,andf0r0§i<j§n,
Tkt 1 S
Prri; = €Xp Z/ O f(r, Y], Z])dW,
5.4

JFZ/UC+1 (8yf<r VI 2D — 310 f VL 2] ) }

An alternative expression for p;’ l is given by the following formula:

j—1

IOZ,tj :exp:Zazf(tk’yljz’zn)(wtk+1 Wlk)
k=i

(5.5) ’

Jj—1 1
+Z<8yf(tkatZaZn) E[azf(tkayzz’zﬂ)] > }
k=i

However, we will only consider the scheme (5.3) with p;i” l given by (5.4).
We make the following assumptions:

(G1) f(t,y,z) is deterministic, which implies Dy f (¢, y,z) =0
(G2) f(t,y,z) is linear with respect to y and z; namely, there are three func-
tions g(t), h(t) and f;(¢) such that

ft,y,2)=g®)y+h®t)z+ fi1(t).

Assume that g, 2 are bounded and f; € L2([O, T1). Moreover, there exists a con-
stant L, > 0, such that, for all ¢, #, € [0, T'],

1g(t2) — g(t)| + |h(12) — h(t)| + | f1(t2) — f1(t1)| < L|ta — t1]"/2.

(G3) Esupy<g<7 |Doé|" <00, forall r > 1.
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Notice that (G1) and (G2) imply (ii) and (iii) in Assumption 2.2.

REMARK 5.1.  We propose condition (G1) in order to simplify {ZZ},-:”_L.“,O
in formula (5.3). In fact, there are some difficulties in generalizing the condi-
tion (G)s, especially (G1), to a forward—backward stochastic differential equation
(FBSDE, for short) case.

If we consider a FBSDE

t t
X,:XO—}—/ b(r,Xr)dr—i—/ o, X;)dW,,
0 0
T T
V=gt [ 10XV Zpdr— [ zaw,,
t t
where X € R, and the functions b, o, f are deterministic, then under some appro-

priate conditions [e.g., (h1)—(h4) in Example 2.11] Z;l? fori=n—1,...,0in(5.3)
is of the form

Z;lt = E<pg+l sIn Dtié

n—1
g s b s s
+ Z Prirtp O f (s Xy Yo Zy, DD X5 Ak’}—’z)’
k=i

where (X™,Y™,Z™) is a certain numerical scheme for (X, Y, Z). It is hard to
guarantee the existence and the convergence of Malliavin derivative of X, and
therefore, the convergence of Z” is difficult to derive.

THEOREM 5.2. Let Assumption 2.2(i) and assumptions (G1)-(G3) be satis-
fied. Then there are positive constants K and § independent of the partition T,
such that, when || < § we have

1 \7/2
E max {|Y, — Yt{f|P +1Z, — Z;T|P} < K|n|p/2_p/(21°g(l/|”|))<10g _) )
0<i<n ! ! |77

PROOF. In the proof, C > 0 will denote a constant independent of the parti-
tion 7, which may vary from line to line. Under the assumption (G1), we can see
that

(5.6) Z;,-T :E(PZH,:"Dt,fU’-n)’ i=n—1n-2,...,0.
Denote, fori=n—1,n—2,...,0,

828 =Z,—ZF,  8YI =Y, —Y].
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Since |e* —e¥| < (e* + e¢”)|x — y|, we deduce, foralli=n—1,n—2,...,0,
|BZZ| = |E(pti,tnDtiS|f}i) - E(pg+l,tnDli§|fvti)‘
<E(lpy, — OF., 1, /1Dl F2)

< E(|Dzis|<pti,fn 0T )

T T 1 T
hr)dW, + | g(rdr -3 h(r)*dr

t t; t
Tk+1
_ Z/ h(r) dW, — Zf 2(r)dr
k=i+1 k=i+1
1 n 1
—|— / h(r)>dr ‘.7-",1>
k i+1 Tk

E(|Dt,~§|(/)ti,t,, + sz,-TH,zn)

Lyl Lit1
<[ ()l dr
ti 1
1 rli+1
+- h(r)zdr}‘}}i)
2 Jy
From (G2), we have
|Dli$|p1¥+1,tn
Tit1 T )
< |Dy&|exp h(r)dW + Z f g(r)dr—— h(r)*dr
Tit1 k=i+1 tit1
§C1< sup IDeél)( sup eXP{/ h(r)dWr}),
0<6<T 0<t<T t

where C1 > 0 is a constant independent of the partition 7.
In the same way, we obtain

| D& pr 1, < Cl( sup |D9§|)( sup exp{/tTh(r)dWrD.

0<6<T 0<t<T
Thusfori=n—-1,n-2,...,0,

T
|az;j|§2c1E<( sup |D9$|)( sup exp{/l h(r)dW,})

0<0<T 0<t<T

A

Lyl

1 [li+1
gldr+3 [ h(r)Zdr}\ﬂ)

t i
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SZC]E(< sup |D9§|)( sup exp{/tTh(r)dW,})

0<0<T 0<t<T

Tk+1 Ti+1
x[ sup f h(r)dW,|+ sup lg(r)|dr
0<k<n—11J1 0<k<n—1J1
1 k1 2
+ - sup / h(r) dr]’]—}l.).
2 o<k<n—1Jn

The right-hand side of the above inequality is a martingale as a process indexed by
i=n—1,n-2,...,0.

Let n; = exp{— fot h(u) dW,}. Then, n; satisfies the following linear stochastic
differential equation:

{dm = —h(t)n, dW, + Sh(t)*n.dt,
no=1.
By (G1), (G2), the Holder inequality and Lemma 2.4, it is easy to show that, for

any r > 0,
T r
E( sup exp{/ h(u)quD
0<t<T t
T r
:E(exp{/ h(u)qu} sup exp{—/th(u)qu})
0 0<t<T 0
T 1/2
(5.7) < (Eexp{Zr/ h(u)quD
0
t 1/2
X (IE sup exp{—Zr/ h(u)quD
0<t<T 0

T 1/2
:exp{rz/ h(u)%ir}(E sup n?’) < 00.
0 0<t<T

For any p’ € (p, %), by Doob’s maximal inequality and the Holder inequality, (G3)
and (5.7), we have

E sup [8Z7 |7

0<i<n

§CIE(( sup IDeél)p( sup eXP{/tTh(r)dWr}Y

0<0<T 0<t<T

k1
/ h(r)dWw,
t

k

x[ sup
0<k<n—1
Ty 1 Tk+1 ) p
4+ sup |g(r)|dr+§ sup h(r) a’r})

0<k<n—1Y1 O<k<n—1Y1%
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pr'/(P'=p)
gc[ﬂz(( sup |Dyk|)
0<0<T

T PP (P’ —p)\ 1P —p)/ P’
X ( sup exp{f h(r)dW,}) )}
0<t<T t

Tk+1 Tk+1
x |E( sup /
0<k<n—11Y1k

+
sup lg(r)dr
0<k<n—1Y1

p'qp/p
+1 sup h(r)2dr> ]
2 g<k<n—171

2pp’/(p/—p)]p /Q(p'=p))

< C[IE(OESIQJETIDeSI)

T 2pp'/(p'=p)q P/ (P —p))
X [E( sup exp{/ h(r)dW,}) }
t

0<t<T
tht1 P, tet1 P,
X [E sup / +E sup (/ |g(r)|dr)
0<k<n—11J1 O<k<n—1\Yik

fea1 5 ppr/r
+E sup (/ h(r) dr) ]
0<k<n—1 \YIk
—C[I; + L+ ;177

For any r > 1, by the Holder inequality we can obtain

p’r}l/r

p/
< {E sup

Tet1
L=E sup / h(r)dWw,
I 0<k<n—1

0<k<n-—1
»'r 1/r
- .

For any centered Gaussian variable X, and any y > 1, we know that
EIX|" < C7y"2EIXP)Y/2,

Tre+1
/ h(r)dW,
Tk

Tk+1
h(r)dW,

where C is a constant independent of . Thus, we can see that
-, ) n—1 tirl p'r/2 L/r ) /
I < (CP SVIOLMEDY (/ h(r)zdr) ) < CrP2g|P/271r,
i=0 \li
Take r = %' Assume || is small enough; then we have

1 \P/2
I < Clx|P/2 p/(zlog<1/|n|>>(log| |> .
T
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It is easy to see that

/

Tk+1 p ,
L=E sup (f |g<r>|dr) <Clx P
1

0<k<n-—1 k

and

/

Tk+1 ) p ,
IL=E sup (/ h(r) dr) <Clm|P.
1

0<k<n—1 k
Consequently, we obtain
2 2log(1 1 2/2
(5.8) E sup [8Z] |7 < C|x|P/2-p/Glox /'”'>>(1og—> :
0<i<n |7 |

Applying recursively the scheme given by (5.3), we obtain

n
Y,’j:E(ng 3 f(tk,YtZ,Z,”k)Ak_l‘Ei) i=n—1,n—2,...,0.
k=i+1

Therefore, fori =n—-1,n—-2,...,0,

n
18Y7| < E( SO f s Yo Zo) — £, Y7 Z)| Ao + |RT | + I8$”I‘Ft,~>,
k=i+1

where R} is exactly the same as in Section 3 and §§" =& — & = 0. In fact, we
keep the term §&” to indicate the role it plays as the terminal value.
For j=n—1,n—2,...,i, we have

n
|8Yt7]1| S E( Z |f(tk7 Yl‘ka Ztk) - f(tk’ Y;I-:v Z;Z)|Ak—1
k=i+1

+ sup |RY|+ |8E”|‘}",j>.
0<t<T

By Doob’s maximal inequality and (5.8), we obtain

TP
E sup |8Y,j|

i<j<n

n p
SCE< Z |f(tk’Ylk’Zlk) _f(tkv Y[:’Z[nk)|Ak—l)

k=i+1
+ C(|m P> + E[SE™|P)

n p n p
fC{E( Z |Ytk_Y[7Z|Ak—l) +E< Z |Ztk_Z;Z|Ak—l) }

k=i+1 k=i+1
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+ C(| P> + EI5E™|P)
<Cy(T —t;)’E  sup 1Yy — Ytjkr|p
i+1<k<n

2
L (|,,|p/2—p/(2log<1/|n|>> (log L)p L Ese |p)
|7 | ’

where C; and Cj3 are constants independent of the partition .
We can obtain the estimate for Emaxo<;<,|Y; — Yt’f |” by using similar argu-
ments to analyze (4.13) in Theorem 4.2 to get the estimate for Esupy,-7|Y; —

ed)
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