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We consider multiclass feedforward queueing networks with first in first
out and priority service disciplines at the nodes, and class dependent de-
terministic routing between nodes. The random behavior of the network is
constructed from cumulative arrival and service time processes which are as-
sumed to satisfy an appropriate sample path large deviation principle. We
establish logarithmic asymptotics of large deviations for waiting time, idle
time, queue length, departure and sojourn-time processes in critical loading.
This transfers similar results from Puhalskii about single class queueing net-
works with feedback to multiclass feedforward queueing networks, and com-
plements diffusion approximation results from Peterson. An example with
renewal inter arrival and service time processes yields the rate function of a
reflected Brownian motion. The model directly captures stationary situations.

1. Introduction. A frequently considered asymptotic for analyzing the com-
plex behavior of queueing networks deals with the situation when the queues ap-
proach a critical load: Based on a functional central limit theorem for the driving
processes, the weak convergence of suitably normalized network behavior to re-
flected (fractional) Brownian motion can be proved [13, 17, 21, 29, 34]. Here we
speak of a reflected process when it is restricted to the positive orthant through
a Skorokhod map [9, 14]; see Remark 5 after Theorem 2 for a definition. This
heavy traffic convergence has been one motivation for a large number of publica-
tions about large deviations of reflected Gaussian processes [1, 20, 23, 25, 27, 28].
However, the weak convergence of queueing processes to a reflected Gaussian
process, is not appropriate for justifying a relation between large deviations of the
queueing processes and large deviations of the reflected Gaussian limit process:
Weak convergence focuses on expectations, whereas large deviations characterize
logarithmic tail asymptotics. In this work we partially fill this gap by providing
a framework for large deviation asymptotics of multiclass feedforward queueing
networks with first come first serve (fifo) and priority service disciplines at the
nodes in critical loading. Feedforward means that the nodes can be numbered in
such a way that the sequences of stations which are visited by customers have
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strictly increasing numbers. We consider deterministic class dependent routing of
customers between nodes.

In the setting of single class queueing networks such a framework has been
developed by Puhalskii [32]. There, a convergence toward critical loading is com-
bined with a moderate deviation principle for the centered input processes. In this
work a moderate deviation principle is regarded as a large deviation principle with
a scaling close to a functional central limit theorem such that the rate function
for the tail probabilities of a Gaussian process appears [6, 26, 35]. In this way
Puhalskii obtains the characterization of logarithmic tail asymptotics for the ap-
propriately scaled behavior of single class queueing networks when the queues
approach a critical load. The rate function in the examples of Puhalskii [32] also
appears in large deviation principles for reflected Brownian motion. Puhalskii’s
approach and its carryover to multiclass feedforward networks, presented here, is
able to take advantage of both the simplified heavy traffic model captured through
a Skorokhod map and the explicit rate function of a Gaussian process.

Puhalskii’s work addresses random routing and feedback between the queues
which is not permitted in our work where the feedforward structure allows for an
iterative propagation of certain properties through the queues of the network. In our
situation the difficulties come rather from the multiclass fifo service discipline. We
note that in technical applications (e.g., the analysis of broadband communication
networks) one is frequently faced with multiclass queueing networks where (at
least in large parts of the network) feedback is not relevant, but the mixture of fifo
and priority service disciplines.

The starting point for our results is a large deviation principle for the sequence
of centered input processes which characterize the exogenous arrival and service
times at the nodes. We then make use of the model for the behavior of multiclass
feedforward queueing networks developed in [21]. There, it has been shown that
close to a homogeneous critical load situation, this behavior can be approximated
through a multi-dimensional Skorokhod map. We use this pathwise heavy traffic
convergence to deduce sample path large deviation principles for the sequences
of idle-time, workload, queue length, departure and sojourn time processes of the
queueing network induced by the sequence of input processes. Besides the men-
tioned pathwise heavy traffic convergence, the proof of this result relies on a ver-
sion of the contraction principle provided in [31].

In order to obtain these results, the mean arrival and service rates must be cho-
sen in such a way that a critical load is approached at a certain speed at every node.
In addition, our heavy traffic condition requires that the mean rates in the sequence
of input processes grow to infinity. A moderate deviation principle can provide
the basis for satisfying this heavy traffic condition, since it scales time faster than
space. When our results are applied to input processes satisfying a moderate devi-
ation principle, the rate function of a multi-dimensional reflected Gaussian process
appears. This establishes a rigorous link between large deviations of the behavior
of heavily loaded queueing networks and those of reflected Gaussian processes.
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In this work we develop in detail this kind of relation for renewal arrival and
service time processes. Our example partially parallels one of Puhalskii [32] and
yields the rate function of a reflected Brownian motion which similarly appears in
the weak heavy traffic approximation of Peterson [29]. In a companion work [22]
we apply the results of this work to a two queue network with long-range depen-
dent traffic. There, large and moderate deviation principles and explicit logarithmic
tail asymptotics for the steady-state queue length at the second queue are obtained.

Our model captures the doubly infinite time interval. This permits us to treat di-
rectly steady-state situations. However, this feature requires the use of a topology
which is slightly stronger than the usually considered topology of uniform con-
vergence on compacts. In particular, the large deviation principle for the centered
input processes must be provided in this topology before the main results of this
work can be applied. By restricting the model to the positive time interval and by
having initially empty queues, such a strengthening can be avoided. In addition, the
considered model allows for mixtures of discrete customers and liquid inventory.

Our construction of the network behavior on the doubly infinite time interval
works without a definition of the state of the network, which is not obvious for
multiclass fifo queues containing discrete customers and fluid. Hence, we cannot
deal with networks starting from a fixed or random nonzero state at time 0. By
modifying the input processes on the negative time interval, one can force the net-
work into certain nonzero initial states, but a detailed treatment of nonzero initial
states goes beyond the scope of this work. We therefore refrain from claiming
uniqueness of the stationary network behavior and refer to [5] for results in this
direction.

An overview of this work is as follows: We recall necessary basic definitions and
facts in Section 2. We state the main result for a single multiclass queue in Sec-
tion 3. This result is extended to feedforward queueing networks in Section 4. We
develop an application to renewal arrival and service time processes in Section 5.
Appendix A establishes moderate deviation principles for renewal processes in
the topology considered here. Appendix B presents conditions for stationarity of
network behavior.

2. Preliminaries. A [0, oo]-valued lower semicontinuous function on a topo-
logical Hausdorff space is called rate function. A rate function is good if it
has compact level sets. A sequence (X)xen of random elements with values in
a measurable space (E, &) satisfies a large deviation principle with normaliz-
ing sequence (by)ren and rate function I in the Hausdorff topology 7 on E if
limg_, 5, by = 0o and for every measurable set A € &,

1
lim sup b—log P(XreA)< —xiengc I(x)

k—oo Dk

and

1
liminf — log P(Xy € A) > — inf I(x),
k—oo by x€A°
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where A€ (resp. A?) is the closure (resp. interior) of A in the topology 7, and P
is the underlying probability measure. For background on large deviations theory,
we refer to [7]. See also [12] for background on large deviations of queueing sys-
tems. In this work the random elements X are continuous time processes and the
space E contains their sample paths which are introduced next.

We let D be the set of functions d : R — R which are right continuous, possess
left-hand limits and have limits

d:= lim d@)/¢
——00

and
d:= lim d(r)/¢
—00

in R. On product function spaces these limits are taken componentwise. With {
(resp. C), we denote the subset of & consisting of nondecreasing (resp. continu-
ous) functions. We provide these (and further) function spaces with the o -algebras
generated by the family of one-dimensional projections, and topology induced by
the norm || - || given by

M jai = sup 1501

terR 1+ 7]
With the usual pointwise addition and scalar multiplication, the spaces &£ and C
become topological vector spaces. Product spaces are equipped with correspond-
ing product o-algebras and topologies. We shall mostly use bold face symbols for
elements of, or mappings into, function spaces.

We let Dy be the subset of O containing all functions d € D satisfying d =
d = 0. Clearly, if a function d € D satisfies d = d =: 8, then the centered function
d — éid is an element of Dy, where id:R — R, 7 > ¢ denotes the identity map
of R.

We recall that the composition o: (C x D) U (D x 4) — D, (¢,d) — cod
is continuous at elements in € x O and satisfies cod = cd and cod = ¢d (see
Lemma B.1 in [19]).

On the set Dgyp := {d € D:d > 0} we consider the “running supremum”
sup : Dgyp — Dsyp N 4 defined for d € Dyyp and 7 € R by

(supd)(#) := sup d(7).

T€]—00,t]

This mapping is continuous (see [11]), and satisfies supd = d and supd =
max{0, d}. (For a finite subset X of R, we let max K denote the maximum of
its elements.)
On the set Jjpy :={ce LN C:¢c> 0,¢ > 0} we define the “right continuous
inverse” -~ 1: Jiny = L for c € diyy and t € R by
e H@):= sup T

teR,c(r)<t
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Clearly, ¢ € iy implies coc ! =id < ¢ loc, Q =1/c and ¢! = 1/¢. Here
inequalities with vectors or functions are satisfied if they hold for every component
or argument.

For sets 8 and KX, we let 8% be a set of (column) vectors with indices in X and
components in §. In particular, 8¢ can be identified with 8{1+*! for k € N. For
ve 8% and k € X, we let v; € 8 be the component of v with index k € K.

3. Large deviations for a single multiclass queue. In this section we model
the behavior of a queueing node with infinite buffer capacity and multiple cus-
tomer classes. We state a large deviation principle for the behavior of the queueing
processes when the critical load 1 is approached, provided the input processes,
which characterize arrival and service times, satisfy an appropriate sample path
large deviation principle.

We let M be a finite set of customer classes. Two disjoint subsets # and /£
of the set M specify the high- and low-priority customer classes which are to be
served by the node. Customers of a class in M \ (F U L) do not have to visit the
considered node and leave immediately. Such classes are allowed in order to facil-
itate the extension to feedforward networks in the following Section 4. Customers
of a class in H (resp. L) receive high-priority (resp. low-priority) service. When-
ever a high-priority customer is present at the node, the service of low-priority cus-
tomers is interrupted, and the customers with high-priority are served using a fifo
service discipline, before service of low-priority customers is continued. Because
of this preemptive-resume priority service discipline, the high-priority customers
experience a service by the queueing node as if there were no low-priority cus-
tomers. Customers with a class in £ share the remaining service capacity of the
queueing node using a fifo service discipline. We assume that £ is nonempty. This
still permits modeling a pure fifo service discipline (without priorities) at the node
by letting ¢ be empty.

The external arrivals at the node are specified through elements a of 4. The
value of the jth component of such a nondecreasing arrival vector function a at
time ¢ is interpreted as the cumulative number of class j arrivals up to time ¢. This
means that a;(z) —a;(s) > 0 counts the number of arrivals of class j customers
during the time interval |s, t] for s <t € R and j € M. Here and in the follow-
ing cumulative number of customers can be fractional (in order to permit scaling
and to describe movements of fluid) and negative (in order to extend the cumu-
lative customer numbers to the infinite negative past). Since the components of a
are nondecreasing, there are no “negative” customers in the system. A jump in an
arrival function a; can be interpreted as the arrival of a discrete customer with a
size corresponding to the height of the jump, whereas a continuous increase corre-
sponds to a movement of fluid. The vectors a,a € Rf represent the asymptotical
arrival rates on the negative and positive time intervals, respectively.

The service time requirements of the cus;(o%ers needing service at the node are

U

determined through a vector function s € £: . For a customer class j € # U L,
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the value s;(b) specifies the cumulative number of served customers of class j
when the node dedicates the total cumulative busy time b € R uniquely to this

class of customers. In particular, the function s;l (resp. sfloa j) describes the
cumulative busy time required to serve the class j customers as a function of the
cumulative number of arrived class j customers (resp. cumulative elapsed time).

The continuity of s; implies that the service time for a strictly positive number of

1

class j customers is strictly positive. Jumps in the function S; correspond to a

service interruption for class j customers. The vectors s, § € ]R{f YL represent the
asymptotical potential service rates on the negative and positive time intervals.

In the following queueing model the vector function s only appears in terms of
the form sfloaj for j € M. Hence, only the values of s7! on the image {a;(¢):7 €

R} of a; are relevant for the behavior of the system. When the function a; for

j € H UL is piecewise constant, the sequence of jump sizes of the function s/Tloa j

can be interpreted as the service times required by the discrete customers modeled
through a;. The behavior of the strictly increasing function s7! between these
jumps is irrelevant as long as the image of a; does not change. In Section 5 we
will use these facts to model the vector functions a and s from sequences of inter-
arrival and service times.

Pairs (a, s) € 4M x iif\,u”c satisfying the stability condition

a:
2) =y
je%ﬂi §;
are called regular node primitives. The stability condition prevents overload during
the infinite past, but does not forbid overload during finite time intervals or the
infinite future. Given a regular node primitives pair (a, s), the cumulative idle time
development of the node after service of only high-priority customers is defined as

(3) U’ (a,s):= sup(id -y s;loaj> eld.

jedH
The (backlogged) workload behavior of high-priority customers (i.e., the time
needed to complete service of all high-priority customers which are currently at
the node) can be expressed as

4) V¥a,s):= s;'oa; —id+U"(as) e D.
je#H
For #€ = @ (pure fifo service discipline), we get U*(a,s) =id and V¥(a,s) = 0.
The remaining unused potential busy time of the node is dedicated to serving

low-priority customers. Therefore, the cumulative idle time development of the
node is defined by

(5) Y7 L(a,s) :=sup<U="’(a, SESY s}loaj> €.

jeL
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The (backlogged) workload behavior of low-priority customers is given by
(6) W L(a,s):= s7loa; —U¥(a,5) + Y *(a5) € D.
jeL
Lemma 2 of [21] shows that these definitions imply
V¥(a,s) >0,
v# (a,s) =0,

/R V#(a,s)(r)dU* (a,s)(t) =0,

W#(a,s) >0,
W (a,s) =0,

fR W La, s)(t) dY?L(a,s)(t) =0,

/ v#(a,s)()dY?L(a,s)(t) = 0.
R

Here du denotes the o -finite measure induced by a nondecreasing path u € { on R.
Conversely, this lemma also states that these properties in conjunction with equa-
tions (2), (4) and (6) imply equations (3) and (5). Hence, the definitions in equa-
tions (3) to (6) are justified by the nonidling service, the preemptive-resume pri-
ority structure of the service discipline, the wish for stability on the negative time
interval, and the interpretation of s;l oa; as the cumulative busy time required to
serve all arrivals of class j customers as a function of time.
Lemma 2 of [21] also establishes the hidden identities

Y‘”"‘C(a,s):sup<id— > s;loaj),

jeHUL

W L@ )+ V¥ @)= Y s;loa;—id+Y"%,s).
jeHUL

Next, we define the cumulative departures D#-L(a,s) € 4M at the node. The
jth component in this vector of functions describes the cumulative number of cus-
tomers of class j € M which depart from the node as a function of time. We define
it for t € R by

D7 (a,5)(1)

sup a;(1), if j € #,
T<EY pe s[loag(r)gzleﬂ s[loag(t)—V”(a,s)(t)
= sup a;(1), if j e L,

<Y per s[loag(r)gzlel s[loag(t)—W]f~=C(a,s)(1)
a;(1), otherwise.
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The conditions below the supremum in this definition assures that the workload
incorporated in high- or low-priority customers at the node reaches at least its cur-
rent workload. Due to partially served customers, it can exceed the current work-
load. Customers of each priority group leave in the order of their arrivals, and all
customers of one priority group arriving at the same time instant leave together.
Conversely, a larger or smaller number of departures would not be consistent with
this order of the departures within the priority groups, the requirement that served
customers must leave, or the definition of the workload behavior. In this way D#><
models fifo service discipline within the class of high- or low-priority customers.
Customers of classes which need not visit the node leave immediately.

The behavior of queue lengths can now be defined as the difference between
cumulative arrivals and departures

Q‘”"’C(a, S):=a— D”’”C(a, S) € DM,

Finally, the time at which an observer (e.g., an additional customer which does not
affect the behavior of the system) of class j € M entering the node at time f € R
leaves the node is

inf T, if j e #,
T>t, Df{‘”f (t)=ay(t) for every LeH
z;?f»f(a, $)(t) 1= inf T, if j e L,
T>t, D(‘?(’x (T)=ay(t) for every £eL
t, otherwise.

Hence, Zf(’”c(a, s) —id € DM represents the sojourn time of a class j observer at
the node as a function of its arrival time.

The model could be extended to incorporate more than two priorities; com-
pare [4]. Since high-priority customers vanish in the heavy traffic limit (see Re-
mark 4 after Theorem 1 below), we refrain from such an extension.

Similar pathwise models are frequently used to analyze the behavior of queue-
ing systems [4, 13]. The one presented here is special in that it unifies discrete
customer and fluid models. This is particularly useful in our context since sample
path large deviation scalings often lead to a focus on continuous functions (i.e., the
rate function is infinite for noncontinuous arguments) corresponding to movements
of fluid through the system, even when the cumulative arrival (and, hence, also
the departure) processes model discrete customers (i.e., they are concentrated on
piecewise constant functions).

Our model includes the infinite negative time interval which is particularly
advantageous in analyzing stationary behavior [11]. We refer to Lemma B.2 in
Appendix B for independence and stationary increments conditions which are suf-
ficient for a stationary behavior of the queue.

On the other hand, by restricting the elements of all considered function spaces
to the time interval R, and, furthermore, to those starting in 0, the model cap-
tures the behavior of the multiclass node when it starts empty at time 0. Clearly,
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in this modification, the supremum in the definitions of the mappings || - ||, sup,
and -~1 has to be restricted to nonnegative arguments, and condition (2) becomes
meaningless.

The full model with time interval R and its restriction starting empty at time
zero are intimately related: If (a, s) is a regular node primitives pair and r € R a
time where the associated queue is empty [i.e., WL (a,s)(t) = V#(a,s) (r)=0],
then, for every ¢’ > t, the supremum in the definitions of U (a, s)(t),
Y#-L(a,s)(r') and D' (a, s)(+') can be restricted to the finite interval [z, #'].
This observation implies that if (a, §) is a random node primitives pair satisfying
(a(0),8(0)) = 0 and the assumptions of Lemma B.2 (implying the stationarity of
the associated behavior of the queue), workload and queue length distributions in
the model restricted to the positive time interval, converge to the corresponding
stationary distributions as time increases to infinity. This property carries over to
the network case of Section 4.

Next, we specify a time-homogeneous critical load situation: For the remainder
of this section, we fix vectors o € Rf VL and a e Rj‘_‘ satisfying

o >0,
7 pt=Y"% >0
jedL gj
and
(8) Y o
jeseue 9

If we interpret « as vector of arrival rates and o as vector of service rates, the last
condition means that the node is critically loaded. Condition (7) is equivalent to
the existence of a j € £ with aj > 0.

In order to formulate the main theorem of this section, we define for functions
ac DM and s € DHVL satistying

S: v a.
©) )3 (i“—f - i) -0
jesqusr \%i%i  Oj

the functions

0 @s) =Y (S—fo(ﬁid> - ﬁ) €D,

jeH G] U] Uj
YL (a,s) = sup( » (ﬁo(ﬁid) - a—f)) cd
jesur N%i \Oj 9j

and

WHL(as) = (ﬁ - ﬂo<ﬂid)) +Y"L(a,s) e D.
jeHUL
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Furthermore, we let o € ]Rf be the vector with components

o P
of = p—jc, if j € £,
0, if je M\ L,

and eZ the vector in RM with e;c =1,if j € £, and e;c = 0, otherwise.

THEOREM 1. We let (ay)ren be a sequence of processes on IM and §i)ken a

sequence of processes on 1§1€VU°C. We assume that, for every k € N, there are vectors

ay € Rf and 0y, € Rf YL such that, with probability one,

(10) po= Yy <l

We assume that the sequence of centered regular node primitives processes
(& — auid, 8 — 6xid)gen
satisfies a sample path large deviation principle with normalizing sequence
(br)keN and good rate function I on the space i)(‘)M X JD()%U"C. We assume that 1
takes the value 0o whenever a component of its argument functions is not continu-

ous.
If there is a sequence (dy)xen in Ry and vectors @ € RM, & € R*YL wirh

(1) oo = lim d,
k— o0
(12) o= kl—i>nolo(&k — dyat),
(13) o= kl—i>nc}o(&k — dkO')
and
(14) 5= (ﬁﬂ _ ﬁ) ~ 0,
jexue N%i %0 Oj

the following 8 statements are valid with normalizing sequence (by)ieN:

1. The sequence (dyU* (ay, 8r) — di(1 — ﬁff)id)keN, where

AH ®k.j
Pr = Z or
jeH k,j

satisfies a large deviation principle on Do with good rate function

u— inf I1(@a,s),
ac DY 5e DL, 5=U# (a+aid §+5id)—p7id
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where
~J€._Z<Gjaj a,-)
po= S5 5. )
jeﬂ O'J(TJ O’J

2. The sequence (di V¥ (ag, $1)ken satisfies a large deviation principle on Dy
with good rate function

~ 0, ifv=0,
Vi :
00, otherwise.

3. The sequence (d Y7L (ay, 8;) — di (1 — pr)id)ren satisfies a large deviation

principle on Dy with good rate function

y— inf 1(a,s).
aeD 5eDffVL =YL (a+aid, 5+5id)—pid

4. The sequence (dir W2 LAy, $1)ken satisfies a large deviation principle on Dy

with good rate function

W > inf I(a,s).
ae DY 3eDfVL =W £ (a+aid,§+5id)

5. The sequence (D?0L (4, §¢) — axid)ken satisfies a large deviation principle on

JD()M with good rate function

d— _inf I(a,s).
ae DY 3 DfVL d=a—a L WH L (3-+did §+5id)

6. The sequence Q7L (ag, $¢)ken satisfies a large deviation principle on @5“

with good rate function
q— inf_ I(a,s).
ae DM 5e DL G=a L WL (a+aid §+51d)

7. The sequence (de‘””C(ﬁk, Sx) — diid) N satisfies a large deviation principle
on JD(‘)M with good rate function

Z— inf I(a,s).
ae DM 5e DI VL F=eL WL (a+aid §+5id)

8. The previous statements are also valid in combination: For instance, the se-
quence (dyW?OL @y, 81), Q7L (ay, 81))ren satisfies a large deviation princi-
ple on Dy x JD()M with good rate function

w,q) — inf I(a,s).
de D .se DV W=WHL@+aid 5+ 5id),
G=ofW*-LE +aid, § + 5id)
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The statements of the theorem remain valid when the elements in all underlying
function spaces are restricted to the time interval R and to those starting in 0,
and the definitions of the model are modified accordingly. [Hence, conditions (2)
and (9) become meaningless.] With this modification, the statements are also true
when conditions (10) and (14) are dropped, and/or the topology is changed to the
topology of uniform convergence on compacts.

Before giving the proof we remark:

REMARK 1. Limits (11) to (13) imply

lim — =aq,
k—o0 dy,

. Ok

Iim — =o,
k—o0 dy

lim px =1
k— 00

and

. , Ok, j —dkoj)aj — (ak,j —drotj)oj
lim di(1 — o) = lim Z (9% k7)) S (@, s kj)j:p.
k—o00 k—>ooj€ﬂu£ Ujak,j/dk
Hence, the asymptotic load at the queue on large time intervals must approach
the critical value 1 with a speed of order 1/dj as k — oo. This prerequisite is the
reason for speaking about large deviations “in critical loading” as in [32].

REMARK 2. The requirement (14) is not as restrictive as it might appear since
conditions (10) to (13) imply 5 > 0.

REMARK 3. The mappings U#, YL and WH-L appearing in the expres-
sions of the rate functions for the network behavior have a much simpler struc-
ture than the network mappings (particularly the mapping D?*-< incorporating
the queueing discipline). They consist mainly of linear combinations of the argu-
ment functions and the sup-mapping. This reflects the fact that the behavior of the
queueing node simplifies close to a time-homogeneous critical load; compare [21].

REMARK 4. In statement 8 of the theorem the rate function for workload and
queue length behavior is only finite when the ith component of the queue length
behavior is ozl?c times the workload behavior. In this case, high-priority customers
do not experience a delay. An analogous state space collapse is well known from
heavy traffic convergence in distribution [29].
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PROOF. We first prove statement 4. Under the assumptions of the theorem, we

define for every k € N the mapping Fy : JD(‘)M X ;’D(‘)% VL D by

- a+ diid s+ 6;id
Fr(a,s) ::a’kW‘%"’C( £ ) k ),
di di
if a € DY and § € DJIVL are such that a + dxid € 4M and § + 6¢id € L77L.

Otherwise, we set

Fi(a,3) := WHL(@ + aid, § + Gid).
Conditions (10) and (14) ensure that the mapping Fy is well defined.
We let a € i)(‘)M and S € J)(‘)”U"C with 7(a,s) < co. Hence, a € CM and § €

C7YL because I (a, §) would be infinite if a component of a or § were not contin-

uous. If (ax)ieN is a sequence of functions in @6’" converging to a and (S )keN i

a sequence of functions in i)(‘)% YL converging to §, then

(15) lim Fi(ag, §¢) = WL (@ + aid, s + 5id).
k—o00

This is true if a; + axid € 4™ and §; + 64id € 1i‘ffvu°c for every k € N because of
the following: In this case we set, for k € N,

ay + aid
ap=———
d.
and
Sk + orid
Sp = ————,
di

and thus obtain a sequence of regular node primitives (ag, Sx)ren Which satisfies

lim di(ay — oid) = lim (8 + (% — drer)id) = a + aid
k— 00 k— 00
and
lim di(sy — oid) = lim (§k + (o — de)id) =§+ oid,
k— 00 k—00

because of conditions (12) and (13). Thus, this sequence satisfies the prerequisites
of Theorem 4 in [21] and we obtain

lim Fy (&g, $¢) = lim dW?0L(ag, sp) = WL (@ + aid, § + 5id).
k—o00 k— 00

If ag +ax ¢ IM or §; + 6 ¢ li‘ffVUf for some k € N, we still obtain the conver-

gence (15) since WL is continuous.

We can therefore apply the version of the contraction principle of [31] (see Re-
marks 2 and 3 after Theorem 2.1 therein) in order to conclude that the sequence
Fi(ar — qxid, 8¢ — oyid) satisfies a sample path large deviation principle with the
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normalizing sequence (by)xen and the good rate function given in statement 4.
Statement 4 now follows from the fact that, for every k € N, we have, with proba-
bility one,
A eta A ar § A a
Fi (A — &id, § — 64id) = WL (—", —") = WL (., §1).
di dx

In the last equation we used the property of the mapping W#£ that for every
regular node primitives tuple (a, s) and value & > 0, we have

W L(ga, £5) = WHL(a,s).

The proofs of the other large deviation principles are analogous. However, in
certain cases the previous invariance must be replaced by the positive homogeneity
as exemplified by the equation

D7 L(ga, £s) = £ D L(a, s).

This distinction is responsible for the fact that in statements 5, 6 and 8 the factor di
disappears.

When the model is restricted to the time interval R and to functions starting
at 0, the proofs are completely analog and do not make use of conditions (10)
and (14). Compare Remarks 5 and 6 after Theorem 1 in [21]. In this situation the
behavior of the queue on the time interval [0, ¢] for + > 0 depends only on the
cumulative arrivals until time ¢ and the cumulative number of served customers
up to the cumulative busy time ¢. This permits us to transfer the statements to the
topology of uniform convergence on compacts and completes the proof. [

4. Large deviations for feedforward networks. In this section we consider
n € N queues numbered from 1 to n with fifo and priority service disciplines.
Therefore, several symbols from the previous section receive an additional index i
specifying the queue with which they are associated. Each customer of the network
belongs to a class of the finite set of customer classes M. For every queue i €
{1, ..., n}, disjoint subsets #; and .L; of M specify the classes of customers which
must visit the ith queue. Before leaving the network, the customers of class j € M
have to visit all queues i <n with j € #; U L; in increasing order. Because of this
last requirement, our model only captures feedforward networks.

Customers of a class in J¢; receive high-priority and customers of a class in J/£;
low-priority service at queue i < n. In particular, the priority group to which a
customer class belongs can change from station to station. When high-priority
customers are present at a queue, the service of low-priority customers is inter-
rupted and then resumed when no high-priority customers require service. Among
the customers of one priority group the service time is shared in fifo order. We
assume that £; is nonempty for every i < n. By having #; = @ for some or all
nodes i < n, one can model stations or networks with a pure fifo service discipline.
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As for the single node, external arrivals at the network are specified through
elements a of ™. The service time requirements of the customers at the queues

they have to visit are determined through vectors of functions s; € gravh o

mv

Sy € li'ij“C". For every queue i < n and customer class j € #; U L;, the value
of the component s; ; at b specifies the cumulative number of class j customers
which is served by queue i when it dedicates the cumulative busy time b to this
class of customers.

In order to be able to construct the behavior of the queueing network for given
cumulative arrival function vector a and service time function vectors sy, ..., Sy,
we have to guarantee that the queues have not been overloaded during the infinite

past. This amounts to requiring the stability condition

a:

(16) > <1 fori=1,...,n.

. S;

jeH;UL; =1J

. . M HUL]
An (n + 1)-tuple of function vectors (a, sy, ...,s,) withae 4™, s; e d; .77, ...,
Sn € ifrﬁ’u"C” satisfying this condition is called a regular network primitives tuple.
For such a regular network primitives tuple (a, sy, ..., s,), we define
Do(a,sy,...,sy):=a

and, inductively, fori =1, ...,n,

Ui(a,si,...,s,) = UM (Di_1(a,s1,....80),8),

Vi(a,si,...,s,) =V (Di—1(a,s1,...,81),8i),

Yi(a,sq,...,s,;) =Y Li (Di—1(a,81,...,82),8i),

Wi(a,si,...,s,) = Widi (Di—1(a, 81, ...,8,),Si),

D;(a,si,...,s,) :==D%L(D;_i(a,sq,...,8,),8),

Qi(a,sq,...,s,) = Q%L (Di—1(a,s1,...,8,),Si)
and

Zi@a,sy,...,s,) =27 (D (a,s1,...,8.),8).

These mappings specify the behavior of the ith node in the network analogously as
in the single queue case. Again the model contains stationary (see Appendix B) and
initially empty queueing networks (by restricting the functions in the underlying
function spaces to the time interval R and to those starting in 0, and modify-
ing the definitions of the model accordingly) as special cases. In the latter case
condition (16) becomes meaningless.
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We let vectors o € Rf, o] € Rf‘u"cl, e, 0y € RJF”U"C” be given which satisfy,
for every i <n,
o; >0,
o
(17) pf=3Y —L>0
jed; O
and
o
(18) Y.
jeHUL; Gi’j

When « is interpreted as the exogenous arrival rate of class j € #; UL; customers
and o; ; as the service rate of class j customers at queue i < n, the last condition
says that node i is critically loaded.

We shall need the vector a;‘c € RM for i <n, which is defined by

&j

—=, if j € L£;,
(19) af; =1 pff ’
0, if j € M\ L;.
Furthermore, we define the strictly lower triangular matrix G € R"*" by
L
Qp .
L Z = ifh <i,
(20) Gin=1 . 22 o,
0, otherwise.

The triangularity of the matrix G is a consequence of the feedforward structure of
the modeled network.

Close to the “critical” linear network primitives tuple («id, oyid, ..., o,id), the
behavior of the network simplifies [21]. In order to model the simplified behavior
we introduce fori =1, ..., n the D-valued mappings X;, W;, U; and the {-valued
mapping Y; by setting

Xi(a,sl,...,sn) = Z (a_f —Mo <Ol]_ld)>’

jeH UL Oi,j  Oij 0i,j

i—1
Yi(a,si,....sn) :=SUP<—Xi(a, StoooaSn)+ Y Gi,hwi(a»sl,---,sn)>,
h=1
Wi(a7sla »Sn) :=Xi(a9sla aS}’l)
i—1 B B
=Y GiaWn(@,si,....s0) + Yi(@si,....s0),
h=1

Ui@si,....sn) ==y (SZ_JO(

01,]

. j— £ W
Oljld) a; +1210lh’jWh(a,Sl,...,Sn)>
0i,j Oi,j  h=1 Oi,j
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These mappings are well defined for argument function vectors a € DM, s; €
D0VL s, e DHYL satisfying

S; i o a; .
21 Z (#—j — —j> >0 for every i <n.
jestuL; \Oii Oij Oij

THEOREM 2. We let (ay)ren be a sequence of cumulative arrival processes
in IM and (Sk.i)keN a sequence of cumulative service time processes in JHILi
for every i < n. We assume that, for every k € N, there are vectors Qi € Rf,

Ok.1 € Rflu"cl, ey Ok € Rf"u"c” such that, almost surely,

G = 4 = 4y,
5k,i=Sk,i=§k,i>0 fori=1,...,n,
. Q. j .

(22) Pri= . o<1 fori=1,...,n.

jestuL; Ok
We assume that the sequence of centered regular network primitives tuples
( — Guid, 8 1 — 6 1id, ..., 8¢y — Ok nid)ken

satisfies a large deviation principle with normalizing sequence (by)reN and good
rate function I on ;’O(‘)M X ;’Dg{ L x JD(')% "L We assume that this rate
function takes the value oo whenever a component of its argument functions is not
continuous.

If there is a sequence (dy)ren in Ry and vectors & € RM, 61 e R*0YL1

6p € RIILn with

o0 = lim dk,
k— 00

o = lim (&k — dkoc),
k—o00
6; = lim (6x,; — dyoi) fori=1,...,n,
k—o0
. ;i O a; .
(23) i = Z (ﬂ—]——]>>0 fori=1,...,n,
jeHL; \Oii Cij Oij
the following 8 statements are valid with normalizing sequence (by)xeN:

1. For every i < n, the sequence (dU;(ag,Sk.1,.--,Skn) — di(l — ﬁ,fﬁ)id)keN,
where

N Ok, j
Pk,i = Z o i
jes; Tkij
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1910
satisfies a large deviation principle on Do with good rate function
u— inf I(@,sq,...,S,),
ae i)éM,ﬁl € @gﬁuxl, ., B ei)(‘);("u"c”,
i=U;@+aid, §; +65id, ..., 5, + &,id) — 57¢id
where

g ._ Oij & _ 4
Pt =2 o o o)

jes; \Obi 0i,j  Oij

.+ Sk.n))keN satisfies a large de-

2. Forevery i <n, the sequence (diV;(a, Sk 1,
viation principle on Do with good rate function
- 0 ifv=0
Vi ’ f .’
00, otherwise.
3. Foreveryi <n, the sequence (drYi(ak,Sk 1, - -, 8k.n) — dc(1 — pr)id)gen sat-
isfies a large deviation principle on Dgy with good rate function
y inf I(a,sq,...,Sy).
de DPL5 e 1V, L5, e oA,
y=Y;@+aid,§; +41id, ..., 8, + 6,id) — 5;id
.+ Sk.n))keN satisfies a large

4. For every i < n, the sequence (dxWi;(ag, S 1,
deviation principle on Dgy with good rate function

W= inf I(@,sy,...,8,).
ae D5 e@gelu£1, ...,§ne$gf”u°c”,
Sy + Gid)

Ww=W,;(@+aid,§; +461id, ...,
. Sk.n) — Qid) e satisfies a large

5. Foreveryi <n,the sequence (D;(ax, S 1,
deviation principle on ;’D(‘)M with good rate function

d— inf I(a,sy,...,S,).
ae i)(')M,él e ;Z)(‘)%]U"Cl, ... 8p € i)gf”u°6”,
d=a-ofW,;@a+aid.§ +6yid, ..., 5, + 6,id)
6. For every i < n, the sequence (Q;(ax, S 1, - - -, Sk.n))keN Satisfies a large devi-
ation principle on !O(‘)M with good rate function
q— inf I(a,sq,...,Sy).
%]u.,c]w.’gne@gfnuxn’ Ty

ae DM 5 €D
a=ofW;@+aid, 5 +6yid, ... §, + G,id)
.+ 8k.n) — diid)ren satisfies a

7. For every i <n, the sequence (diZ;(a, Sk 1,
large deviation principle on 3)(‘)’% with good rate function
Z— inf I(a,8q,...,8,).
ae :DéM,él € éngﬁU”C‘, N = ;Dg{"uL’,
i=eLfW;(@+aid, §; +61id, ..., 5, + 6,id)

,,,,,
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8. The previous statements are also valid in combination: For instance, for every
i,h <n, the sequence

(dkWi@k, 8,15 - Sk.n), Qr(@k, 81,14 - -+ 8k.n)) ey
satisfies a large deviation principle on Do X JD(‘)M with good rate function

(W, q) — inf I(@@,sy,...,8,).
ae :D()M,El ei)gﬁuxl, o 8n € .,‘Dg{"u”c”,
W=W,;@+aid,§; +67id, ..., 8 + 6yid),
a=af W) (a+aid,§; +61id, ..., §, + 64id)

The statements of the theorem remain valid when the elements of all underlying
function spaces are restricted to the time interval Ry and to those starting in 0,
and the definitions of the model are modified accordingly. [Hence, conditions (16)
and (21) become meaningless.] With this modification, the statements are also true
when conditions (22) and (23) are dropped, and/or the topology is changed to the
topology of uniform convergence on compacts.

The remarks on Theorem 1 similarly apply to each queue individually. We make
the following additional remarks concerning this theorem:

REMARK 5. We say that a pair (w,y) € D" x I" solves the Skorokhod prob-
lem for the vector z € D" and the matrix R € R"*" (on the time interval R) when
the following conditions are met for every component i < n: w; >0, w; =0,
Wi =2; + Y p_; Rinyn, and [ w; (1) dy;(t) = 0; compare [9, 14, 20].

Here we define the matrix R as the inverse of the matrix / + G, where [ is the
n x n-identity matrix. Due to the feedforward structure of the queueing networks
considered in this work, the matrix R is triangular and the matrix consisting of the
absolute values of the entries of the matrix I — R has spectral radius 0. Hence,
Theorem 6 in [20] states that, for every z in the set

R:={zeD": (I+G)z <0}

(with the usual definition of a matrix-vector product), the Skorokhod problem for z
and R has a unique solution which depends continuously on z € . We denote the
map from z € R to the vector of functions w € D" in the unique solution (w,y)
of the Skorokhod problem for z and R with ®. Such a solution map is called a
Skorokhod or reflection map. ~ _

By Lemma 1 of [21], we have W(a, sy, ...,s,) = ®(RX(a, sy, ..., s,)) for all

ac DM, s; e DML s, € DHYLn satisfying condition (22). Under the as-
sumptions of the theorem, we therefore obtain that the sequence of n-dimensional
processes (dx W(ax, Sk.1, - - -, Sk.n) ke satisfies a sample path large deviation prin-
ciple in £ with good rate function
W inf I@,sq,...,S,).
561)6“,51 e!l)(')%'u“f', e S eJ)g["UL’,

W= (RX(a + &id, §; 4+ 61id, ..., §, + 5,id))
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In this light the rate function for the sequence of n-dimensional workload processes
in the theorem can be looked upon as a “reflected” rate function in the sense that
it is derived from the original rate function through a reflection map. Similarly,
one can represent the rate function for queue length and sojourn time processes as
“reflected” rate functions.

REMARK 6. When the rate function / in this theorem stems from a moderate
deviation principle, it is usually also the rate function in a large deviation principle
for the tail probabilities of a Gaussian process. In view of the previous remark and
of the fact that the reflection map is positively homogeneous [i.e., ®(cz) = cD(z)
for every ¢ > 0 and z € R], the rate function for the sequence of n-dimensional
workload processes in this case is also the rate function in a large deviation prin-
ciple for the tail probabilities of an n-dimensional reflected Gaussian process.
Similar statements hold for the queue length and sojourn time processes. In this
sense our work can rigorously justify the analysis of large deviations of reflected
Gaussian processes [1, 20, 23, 25, 27, 28] as a means to analyzing logarithmic
tail asymptotics of the behavior of queueing systems in critical loading. Compare
Section 5 for an example with renewal and [22] for an example with long-range
dependent input processes.

REMARK 7. This theorem parallels the convergence of the queueing processes
in distribution to reflected (fractional) Brownian motion in heavy traffic, when the
sequence of random network primitives tuples satisfies a functional (fractional)
central limit theorem [21, 29].

REMARK 8. Statement 7 of Theorem 2 reveals the validity of the “snapshot
principle” [34] in large deviation asymptotics. Namely, the rate function for the
sojourn time behavior is only finite, when at every time point the sojourn time of
an observer arriving at this time is a specific linear combination of the workload of
the nodes at this time.

PROOF OF THEOREM 2. This is analogous to the proof of Theorem 1, but
using Theorem 5 of [21] instead of Theorem 4 of [21]. Due to the feedforward
structure of the network, one can also prove this theorem by iteratively applying
Theorem 1. [

5. Example: renewal input processes. In this section we show how Theo-
rem 2 can be applied in a case where the inter arrival and service times of the
customers of each class form independent and identically distributed sequences of
random variables. We partially parallel Theorem 4.1(c) of [32], but since we aim
for the stationary case, and the theory of sample path large deviations in the topol-
ogy || - || is less developed, we need stronger conditions. We show that the obtained
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rate function is in fact the rate function in a large deviation principle for scaled re-
flected Brownian motion. When attention is restricted to the positive time interval
and initially empty queues, one can use analogous conditions as in Theorem 4.1(c)
of [32] and mimic the development of this section in order to obtain large devia-
tion principles for the queueing behavior in the topology of uniform convergence
on compacts.

Given a sequence (Xj)pez of strictly positive, identically distributed and in-
dependent random variables with finite mean, we define the linearly interpolated
partial sums (lips) process X!P* = (X!iPS(¢)), g by setting, for h € Z,

0, ifh =0,

h
sy > X, if h > 0,
(24) X" (h) :={ m=1

—h
- Xiem,  ifh<O,
m=1

and linearly interpolating these values between subsequent integer time points.
Through the law of large numbers we get X''PS € @ N ¢ and X"PS = Xlips = E (X)),
with probability one. By modifying the underlying probability space on a zero-set,
we can and will assume without loss of generality that these properties are satisfied
for all sample paths of linearly interpolated partial sums processes in this work.

Clearly, the time shifted process X!PS(- + 4) — X!PS (/1) has the same distribution
as X''PS for every h € Z. Furthermore, the process (X'"%)~1 is a renewal process
having a jump at time 0 and being linearly interpolated between subsequent jump
times.

For x € R, we let |x]| be the largest integer & € Z with h < x. If N is an uni-
formly distributed random variable on [0, 1[ independent of (X},)jez, the process X
on { defined by %(¢) := | (X""PS — NX{)~71(r)| for t € R is a renewal process with
stationary increments [i.e., the distribution of X(- +¢) — X(¢) is the same as the one
of X for every ¢ € R]; see Exercise 1.2.2 in [3].

In the following we shall use these observations to define arrival and service
time processes from sequences of random variables. We scale time of the kth input
process by the factor k and its state by 1/./bik, where (by)ien is a sequence of
positive numbers satisfying

b
(25) lim X =0
k—o00 k
and
b
(26) lim —% — o0
k— 00 logk

We first specify the sequence of renewal arrival processes: For every k € N and
J € M, welet (Ag, j,n)nez be a sequence of identically distributed strictly positive
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random variables having finite second moments. For every k € N and j € M, we
let Ny, ; be a random variable which is uniformly distributed on [0, 1[. We assume
that for every fixed k € N the random variables in the set {Ag j:j € M,h €
ZYU{Ny,j: j € M} are independent. We define the process a on IM by setting,
forje Mandt eR,

. 1 lips 1

A (1) = —— (A" — Ny j Ak kt)].

k,j (@) WL( k.j K, j Ak j,1) " (kt)]

Hence, the process a; ; specifies discrete arrivals of class j customers with size
1/+/brk having independent inter arrival times distributed as Ay j 1/k. We define,

forkeNand j € M,
A k 1
Qp,ji=— =7
“T N\ by E(Ar 1)

For every k € N, the process a; has stationary increments and satisfies

&k = ék = gk-

Second, we specify service time processes: For every k e N, i <n and j €
H;i U L, we let (Sk,i,j,n)nez be a sequence of identically distributed strictly posi-
tive random variables having finite second moments. We assume that, for every
fixed k € N, the random variables in the set {Sx; jn:i <n,je€ H; UL, h €
2y U{Ag jn:] € M,h € Z} U {Ny j: j € M} are independent. We define the
HULi by setting, for j € J6 U L; and f € R,

process S ; on {; ¢

) I dips
Sk, (1) = ﬁ@}j}’; D7k,

The service time process §; ; ; specifies independent service times distributed as
the random variable Sy ; ; 1/k for discrete class j € J; U £; customers of size
1/4/bik at queue i. We note that the linear interpolation involved in the definition
of 8¢ ; j does not disrupt this interpretation, since in the definitions of the behavior
of the queueing network the process i ; ; does not appear outside terms of the

form §,;ll.,joﬁk,j.
We define, fork € N, i <n and j € #; U L;,

. k 1
Oki,j =il 7 o <
"\ by E(Ski )

For every k € N, and i < n, the process S ; satisfies

Ok,i = S i = Sk,i-
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The load generated by the sequence of input processes must approach a critical
load as k increases. This is captured by assuming the conditions

(27) lim E(Arj1)=a;'  forjeM,
k—00 e J
(28) lim E(Sg;j1)=o0;;  fori<nandje UL,
k— o0 e ]
where o € Rf, o] € Rf‘u£', ..., 0p € ]Rf"u"c” are “critical rates” vectors with

strictly positive components and satisfy conditions (17) and (18). In order to reach
the critical load at a specific speed, we additionally assume that there are vectors
a eRM, &) e RMYL 5, e R¥YLn satisfying

k 1
(29) &j: lim —(7—%) for j € M,
k—oo\ by E(Ak,j,l)

- .|k 1 . :
(30) O-i’j:kllfgo E(m_o’l’]) fOflEnand]e]&UoCi.

Next, we define a rate function for the sequence of input processes. We assume

that there exist vectors u € R, v; € Rflu’cl, ce, U € Rf”u°c” with
lim Var(Ag 1) = u? for j € M,
k—o00 J
lim Var(Sg; 1) = vizj fori <mand j € #; UL;.
k—o00 ’

We define the good rate function 78" : Dy — R U {oo} for x € Dy by

2
00, otherwise.

Here x denotes a derivative of an absolutely continuous function x € Dy. This
rate function is well known from Schilder’s theorem [8] dealing with logarithmic
tail asymptotics of Brownian motion. We let 1°"*%2 be the good rate function on
DM x JD(‘)%IUMI X oo X :D()%"UM” given by

" ()2
t
[Brovn(x) . — l / xX@) dt, if x(0) =0, and x is absolutely continuous,
’ R

3 yBrown (3 3 yBrown g
o y ol (aj) n o>.1 (Si,j)
Irenewal(a’ S$1h..ns Sn) — Z J - + Z Z 1,] 5 )
jeM u; i=1 jeH;UL; Vi

Here we set x/0:=0, if x =0, and x/0 := oo, if x € R\ {0}, in order to cap-
ture the case where some of the limiting variances are zero. We can now apply
Corollaries A.2 and A.3 of Appendix A in order to get the following:

COROLLARY 3. [fthere exists § > 0 and ¢ > 0 such that, for every k € N and
y S [_8’ S]a

log E (exp(y(Ar,j1 — E(Ar ;1)) <cy*  for je M,
log E (exp(y(Sk,i,j,1 — E(Sk,i,j,1)))) < cy2 fori<nand je ¥ UL;,
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the sequence

(& — id, 81 — 6x 1id, ..., 8 — Gk pid)gen
satisfies a sample path large deviation principle on DM x DIOVE L«
pie p 8 p D 0 0

i)(‘)% nILn yith good rate function I""*¥ and normalizing sequence (by)en.

If for a k € N the stability condition (22) is satisfied, the random net-
work primitives tuple (ak, Sk 1,-..,Sk.n) is regular, and the queueing processes
Ui, 8,1, -5 8k,0)s Vi@, Sk1, -5 8k0), Yi(Ak, 81,5 8k,0), Wiag, 81,
cey §I<,n), Di(ﬁk, §/<,1, cee §k,n), Q,‘(ﬁk, §k,1, cey §I<,n) and Z,‘(ﬁk, §k,1, cey §I<,n) are
well defined for every queue i < n. From Lemma B.2 of Appendix B, we deduce
that the processes V(a, §k,l e §k,n), W(ag, §k,1, ceey §k,n), Q(ay, §k,1 e §k,n)
and Z(a, S 1, - - ., Sk.n) — id are jointly stationary.

COROLLARY 4. [f, for every k € N, conditions (22) and (23), and the
assumptions of Corollary 3 are satisfied, the prerequisites and consequences of
Theorem 2 are valid with I := I""V4 and dj, := 'k /by for k € N.

Clearly, independent exponentially or deterministically distributed inter-arrival
and service times with mean values satisfying conditions (22), (23), (27), (28),
(29) and (30) constitute a possible choice through which the assumptions of the
previous two corollaries are satisfied.

For a positive semidefinite covariance matrix V € R"*" and a vector b € R",
we define the good rate function Iy : Dy — R U {oc} by

x(HTVv=1x@
/ X" V7 x(@0) dt, if x is absolutely continuous
I‘];rown (X) = R 2
and x(0) =0,
o, otherwise.

Here x(¢) is the vector of derivatives of the absolutely continuous function x € D"
at time t € R, and x(r)7 its transpose. If the matrix V is degenerate, the expres-
sion x(1)T V_ly'((t)/Z in this definition must be understood as SUP R (ny((t) —
yT'Vy/2); compare Remark 4.1 in [32]. We note that if B is an n-dimensional
Brownian motion with stationary increments on the time interval R, passing
through O at time 0, having covariance matrix V at time 1, and possessing drift
0, the sequence (ﬁ //br )ken satisfies a large deviation principle with normalizing
sequence (by)ren good rate function / grown on Dy [8].
Here we define V := RURT , where R is the transpose of the matrix R and
u?
> ——L—.  ifi#h,
_ ) je@tuLontuLy) ¥ %1i%h.i
Uin:= 2 2

us V.o
Jj i,j ] e
E ( 5+ —% ), ifi =h.

jesiuL; ¥ ij
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Furthermore, we set Z‘ := Rp, where the vector p > 0 has been defined in (22).
Then Remark 5 after Theorem 2 together with the contraction principle [7] and
simple algebraic calculations yields that, under the assumptions of Corollary 4,
the sequence (dxW(ax, Sk.1, - ., Sk.n))keN satisfies a sample path large deviation
principle on £ with normalizing sequence (by)ken and good rate function

W > inf  I§OY(3).
Ze D}, W= (Z—(id)

The contraction principle shows that this rate function is also the rate func-
tion in the large deviation pr1n01p1e for the sequence of stationary reflected
Brownian motions (CID(B/\/_/( — §1d))k€N with normalizing sequence (by)reN.
In particular, results concerning the rate function of reflected Brownian mo-
tion [2, 10, 15, 16, 18, 24] might be applied to obtain statements about the asymp-
totic behavior of tail probabilities of multiclass feedforward queueing networks in
heavy traffic.

APPENDIX A: MODERATE DEVIATIONS FOR RENEWAL
PROCESSES

Here we consider for every k € N a sequence (X n)nez of independent and
identically distributed strictly positive random variables with finite second mo-
ments. We derive moderate deviation principles for certain sequences of renewal
processes constructed from these random variables in the topology || - ||, from
known moderate deviation principles for partial sums processes in the topology
of uniform convergence on compacts ([33], Lemma 6.1).

LEMMA A.1. Ifthere are values & > 0 and X > 0 such that
lim E(Xg1)=§,
k—o00
lim Var(Xy 1) =X
k— 00
and constants ¢ > 0 and § > 0 such that, for every y € [—6§, 5] and k € N,

Ak(y) :=log E(y(Xx.1 — E(Xk.1))) < cy?,

then for every sequence (by)reN of positive numbers satisfying (25) and (26), the
centered and scaled sequence of linearly interpolated partial sums processes

(X}jps(k-) - E(Xk,l)id(k‘))
brk keN

satisfies a sample path large deviation principle on Dy with good rate function
1B /532 and normalizing sequence (by)gen.
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PROOF. We define for k € N the piecewise constant partial sums (pcps)
process XECPS by setting XECPS () = X}sps(LtJ) for t € R. Under the assumptions

of the lemma, Example 7.2 of [30] yields that the sequence of processes
(XECPS(k-) - E(xk,1>id(k-)>
v/ bk keN

satisfies a sample path large deviation principle on Dy with good rate function
Brown / 2 and normalizing sequence (bg)ienN in the topology of uniform conver-
gence on compacts.

For every ¢ > 0 and 7 > 0, we have, for all k € N with &bk >

2supen E(Xk 1),

P( sup X > 8)
—kt—1<h<kt+1 v/ brk

< 2kt + 2)P(Xk71 > Sx/bkk)
< (2kt +2) P(exp(8(Xk.1 — E(Xk.1)) — 8ev/bik))
< (2kt 4 2) exp(c8* — 8ey/bik).

Hence, for every ¢ > 0,

lips peps
1 X (k) - X kt
limsup—logP( sup X, (k1) i k0l >s)
k— 00 bk te[—r,7] \/bkk

: 1 Xi,h
< lim sup — log P< sup — > 8)
k—oo Dk —kr—1<h<kt+1 v/ bik

, log(2kt +2) + ¢8? k
< limsup -6,/ — | =—o0.
k— 00 by by

This implies by Theorem 4.2.13 in [7] that the sequence of processes

<X£ps(k-) - E(Xk,l)id(k'))
Vbirk keN

also satisfies a sample path large deviation principle on £y with good rate function
1Bo%n /%32 and normalizing sequence (by)xen in the topology of uniform conver-
gence on compacts.

Next, we strengthen this large deviation principle to the topology induced by the
norm || - ||. According to Theorem 18 in [20], one can reach this goal by showing
that, for every ¢, v > 0, there exists a T > 0 such that

( IXPPS (k) — E(Xp 1)kt | )
Su >Ee) << —V.
lr>7 t</brk

1
lim sup o log P

k—oo Uk
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We choose ¢,v > 0. A Chernoff type estimate gives, for every # € N and y €
[0, 2¢4],

h
P( Y (Xem — E(Xk1)) > hy)
m=1

h
< Eem(%( > (Xem — E(Xi1) — h)/))

m=1

h 2
h
< EeXp(% > (Xkm — E(Xk,1) — Z—VC)
m=1

y hV2> ( hyz)
= WAy | — ) —— ) < ——).
exp< k <2c> 2c ) — exp 4c
Similarly, one obtains, for every 4 € N and y € [0, 2¢4],

: 2
h
10gP< > (Xem — E(Xk,D) < —hy) < _%.
m=1

Thus, we get, for every t € N and k € N with e/by/k < 2¢$,

P<sup IXPS (k) — E(Xp 1)kt | N 8)
>1
b
> he —k>
k

t/bik
< i 2€xp(—hbk82) . 26xp(—rbk82/(4c))

<> P( > (Xem — E(Xi.1)
m=1

h=kt

h
i dck ) 1 —exp(—bre?/(4ck))’

This implies that, for € N with t > 4cv/e?,

( IXP (kt) — E(Xg1)kt| )
> &

sup

1
lim sup — log P
P BT P N

k—oo Uk

<l < 762 log(l—exp(—ezbk/(4ck))))
<limsup{ ——— —
k— 00 4c by
_ (10g(4ck/(82bk))>
=—v+limsuyp| ———— | =—
k— 00 by

Here we have used the assumptions (25) and (26). A similar bound holds on the
negative time interval which yields the envisaged strengthening through the prin-
ciple of the largest term. [
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We define the process X by Xy (¢) := (X}jps)_l(kt) for t € R. Analogously to

Lemma 2.4 in [32], we get the following:

COROLLARY A.2. Under the assumptions of Lemma A.1, the sequence of
processes

(ﬁk — E(Xk,l)—‘kid)
v bk keN

satisfies a sample path large deviation principle on Do with good rate function

§3I Brown / 2 and normalizing sequence (by)jeN.

For k € N, we let N; be a random variable which is independent of the se-
quence (Xi n)nez and uniformly distributed on [0, 1], and define the process
X (1) := L(X}jps — NXg.1) " (kt). Clearly, we have | — &¢| < 1, which yields
by exponential equivalence [7]

COROLLARY A.3. Under the assumptions of Lemma A.l, the sequence of
processes

(i}( — E(Xk,l)—lkid>
v bik keN

satisfies a sample path large deviation principle on Do with good rate function
531 Brown / 2 and normalizing sequence (by)jeN.

APPENDIX B: STATIONARITY OF NETWORK BEHAVIOR

In this section we state independence and stationary increments conditions for
random regular network primitives which imply the stationarity of the workload
and queue length processes.

We first investigate the behavior of a single queueing node under time shifts.
For ¢ € R and a function d € D, we let O.d € D be the time shifted function
defined by (®.d)(¢) := d(t + ¢) for every ¢t € R. Furthermore, we set E.d :=
®.d —d(c), which implies (E.d)(0) =0 for every ¢ € R and d € £. We use these
shift mappings on product function spaces by applying them componentwise. For
instance, if c e R"”, d € D" and i < n, we let the ith component of E.d € D" be
defined by (E.d); := E,d;.

LEMMA B.1. If(a,s) € 4M x Jl;ffvu"c is a regular node primitives pair and
teR,

. _ - 1
Ba(r)(s h= (Es-10anS) >

Ei(s oa)=(asf1oa(t)s) o(Era),
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H Him o =
0, V™ (a,s) = V*(Ea, Eg-1,5(9)
H,L HoL(m o=
O, WL (a,5) = W (Ea, By10n(8),
H.L _OH L= o =
0:Q (a,8)=Q (“fa’ C“s—loa(t)s)’

O:(Z"*(a,s) —id) = Z" (8,2, Bg-1,5()5) — id

I

and

2D % (a,s) =D L (Bia, Bg-1.5(5) + Q0L (Era, Bg-109(9)(0).

PROOF. Under the assumptions of the lemma, the first two lines in the display
follow from the fact that, for every b, c € R and d € {;,y, we have (©.d — b)*l =
Op(d~1) — ¢. Next, one obtains the third and fourth line of the display by using the
equation ®.(supd) — b = sup(®.d — b), which is valid for every d € Dsyp and
c,beR. For je Jfand c,t € R, we calculate

—(0.Q7*(a,5)) (1) =D “(a,8)(t +¢) —a;(t +0)

- sup aj(r)—a;+c)
T<t+¢, D peg s[loag ()<Y ey s[loag (t+c)—V#(a,s)(t+c)

= sup (Bcaj)(t —o)
T—c=t, Y pe s (Be(s] M oap)) (t—0) <X pe ¢ (Be(sy Hoag)) (1) — OV (a,8) (1)

— (Eca;)(1)

H,L (= — =
=D/ (B, Bytog(0)8) (1) — (Eca))(1)

H,L (= —
= _Qj (C‘Cav LT‘s*]oa(c)s) .

This implies the fifth equation for components j € #. The remaining equations
follow along similar transformations which are omitted. [

We use these shift properties to identify situations where the behavior of the
feedforward network is stationary.

HUL

LEMMA B.2. Weler (a,81,...,8,) € IM x Ly X oo X li‘ieyu"c” be a ran-

dom regular network primitives tuple satisfying the following four conditions:

1. The process a is independent of §; for every i <n.

2. The processes §; j fori <n and j € #; U L; are independent.

3. The process a has stationary increments, that is, the process E;a has the same
distribution for every t € R.

4. Foreveryi <nand j € #; UL;, the process §l_ jl has stationary increments for
time shifts with values from the image of a;, which means that the distribution

of the process Ea(ﬁg}) is the same for every a € {a;(t): t € R} C R.
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Then the processes V1(a,81,...,8,), ..., Va(a,81,...,8,), Wi(a,81,...,8,), ...,
W}’l(ﬁsgl’ a§H)7Q1(ﬁa§17 ~--’§}’l)a~~"Q}’l(ﬁ5§1’ "~a§n)7andzl(57§1’ ,§n)_
id, ..., Z,(,81,...,8,) —id are jointly stationary, that is, their common distrib-

ution is invariant under the shift ®; for every t € R.

PROOF. The conditions of the lemma together with the second equation of
Lemma B.1 imply that the distribution of the pair (E,a, Eéqoﬁ( t)sl) does not de-
1

pend on 7 € R. Hence, the joint stationarity of the processes Vi(a,S$i,...,$8,),

Wi(a,S8,...,8,), Qi(a,81,...,8,) and Z;(a, Sy, ...,S,) — id follows from the

third to sixth equation of lemma B.1 and the definitions of these processes.
Setting d; =D, a,81,...,8,) =D*-L1(4, §)), the last equation of Lemma B. 1

yields that the distribution of the triple (E;a, Eﬁfloﬁl (t)§1, E:d;) does not depend

on ¢ € R. Clearly, the image of (A11, j 1s a subset of the image of a; for every j € M.

In view of the independence conditions 1 and 2, the process d is independent of
the processes Sy, ..., §,. In particular, by Assumption 4, the distribution of the
quadruple (E;a, E§]_1oﬁl(t)§1, g.d;, Egz—loal(t)§2) does not depend on r € R. Re-
peating the reasoning of the first paragraph simultaneously for the first two queues,
one therefore obtains the joint stationarity of the considered queueing processes of
queues 1 and 2.

Iterating the scheme of the second paragraph through the remaining queues
yields the statement of the lemma. [J
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