
The Annals of Applied Probability
2006, Vol. 16, No. 3, 1166–1189
DOI: 10.1214/105051606000000123
© Institute of Mathematical Statistics, 2006

MULTITYPE RANDOMIZED REED–FROST EPIDEMICS AND
EPIDEMICS UPON RANDOM GRAPHS

BY PETER NEAL

University of Manchester

We consider a multitype epidemic model which is a natural extension of
the randomized Reed–Frost epidemic model. The main result is the deriva-
tion of an asymptotic Gaussian limit theorem for the final size of the epi-
demic. The method of proof is simpler, and more direct, than is used for
similar results elsewhere in the epidemics literature. In particular, the results
are specialized to epidemics upon extensions of the Bernoulli random graph.

1. Introduction. The randomized Reed–Frost epidemic is a very general
model for homogeneously mixing SIR (susceptible → infective → removed) epi-
demic models; see [14] and [18]. That is, while infectious, an infective, i say, has
probability Vi of making an infectious contact with any given susceptible member
of the population. The random variables {Vi} are assumed to be independent and
identically distributed. Furthermore, the only transitions in state are: from suscep-
tible to infective, and from infective to removed. Since infectious contacts with
nonsusceptible individuals have no effect, we do not need to make assumptions
about the relationship between an infective and a nonsusceptible individual.

It is trivial to show that the generalized stochastic epidemic (see [5]), where
individuals have independent and identically distributed infectious lifetimes, and
while infectious make (potential) infectious contacts at the points of a homoge-
neous Poisson point process, is a special case of the randomized Reed–Frost epi-
demic. It was shown in [16] that by constructing the epidemic and random graph
in unison, the generalized stochastic epidemic upon a Bernoulli random graph also
satisfies the randomized Reed–Frost criterion.

The asymptotic and exact final size distribution of the randomized Reed–Frost
epidemic have been derived in [14] and [18], respectively. The aim of the current
work is to obtain the asymptotic final size distribution of a multitype randomized
Reed–Frost epidemic. (The exact final size distribution is given in [18].) A full
description of the multitype randomized Reed–Frost epidemic will be given in
Section 2. Throughout we shall take the final size of the epidemic to denote the
total number of initially susceptible individuals infected during the course of the
epidemic. The analysis of the asymptotic final size distribution involves a method
of proof which differs markedly from that given in [14]. We utilize an embedding

Received March 2005; revised December 2005.
AMS 2000 subject classifications. Primary 92D30; secondary 05C80.
Key words and phrases. Multitype epidemic models, random graphs, central limit theorems.

1166

http://www.imstat.org/aap/
http://dx.doi.org/10.1214/105051606000000123
http://www.imstat.org
http://www.ams.org/msc/


MULTITYPE RANDOMIZED REED–FROST EPIDEMICS 1167

argument based upon [19] and [21]; see also [6, 8–10]. In particular, our results
generalize those of [6], Section 4. Conventionally (see, e.g., [6]), an individual’s
type is determined deterministically. However, we also consider the case where
the allocation of individuals to type is random. Thus the model considered in [7] is
another special case.

The main motivation for the current work was extending the asymptotic results
of [16] to epidemics upon more general random graphs/population networks. Epi-
demics upon graphs have received considerable attention in recent years; see, for
example, [3, 4, 16, 17]. Only in [16] is a central limit theorem for the final size of
the epidemic considered. Thus in Section 7.3, we show that epidemics upon var-
ious extensions of the Bernoulli random graph satisfy the multitype randomized
Reed–Frost criterion, and therefore we obtain results which are considerably more
extensive than those in [16].

The paper is structured as follows. In Section 2 the multitype randomized Reed–
Frost epidemic is defined, and a construction of the epidemic process suitable for
analysis is given. In Section 3 a weak law of large numbers result is obtained for
the proportion of the initially susceptible population that are ultimately infected by
the epidemic. This is followed in Section 4 by a branching process approximation
to the epidemic. This is appropriate when the total number of initial infectives is
small. The main result is presented in Section 5, and is the derivation of an as-
ymptotic Gaussian limit for the final size of the epidemic. While the results proved
in Sections 3–5 are “standard” for epidemic processes, the method of proof, espe-
cially in Section 5, is novel. We present a simpler proof for deriving the asymptotic
Gaussian limit for the final size distribution. This proof is applicable for a wide
range of epidemic models. In particular, the approach taken in Section 5 can be
applied to the great circle model of [10] to extend the results therein. Throughout
Sections 3–5, it will be assumed that the allocation of individuals to types is deter-
ministic. Therefore in Section 6 we outline the (minor) modifications required to
consider random allocation of individuals to types. Finally in Section 7 the results
are specialized to the models of [6] and [7], and epidemics upon extensions of the
Bernoulli random graph.

2. Description and construction of the epidemic process. Consider a closed
population divided into m types (or groups). Let a = (a1, a2, . . . , am) and N =
(N1,N2, . . . ,Nm) denote the total number of initial infectives and susceptibles,
respectively. [We shall take the statement that a group of individuals, S say, is
of size s = (s1, s2, . . . , sm), to be interpreted that S contains sk individuals of
type k (k = 1,2, . . . ,m).] For i = 1,2, . . . ,m, let Vi = (Vi,1,Vi,2, . . . , Vi,m) be
an m-dimensional random vector taking values on the m-dimensional unit cube
[0,1], where 0 and 1 denote the m-dimensional vectors all of whose compo-
nents are 0 and 1, respectively. [Throughout this paper, all vectors are row vectors,
and inequalities between vectors are to be interpreted componentwise, with u ≤ v
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(u < v), if for 1 ≤ i ≤ m, ui ≤ vi (and at least one of the inequalities is strict). Fur-
thermore, for any vectors u,v,w ∈ R

m, [u,v] = {w : u ≤ w ≤ v}.] The infectious
behaviors of all individuals are assumed to be independent. For i = 1,2, . . . ,m,
assign to each infective of type-i an independent infectivity random vector distrib-
uted according to Vi . Then for i = 1,2, . . . ,m, a type-i infective with infectiv-
ity random vector V(i,1) = (V(i,1),1,V(i,1),2, . . . , V(i,1),m) has probability V(i,1),k of
making, while infectious, an infectious contact with a given susceptible of type k,
independent of whether the individual makes any other infectious contacts or not.
This gives a natural multitype extension of the randomized Reed–Frost epidemic
described on page 270 of [14]. Clearly, the total number of individuals of each type
contacted by a given infective can be dependent. This is in contrast to [2], where a
multitype version of the Martin–Löf [14] model is considered.

For the asymptotic results derived in this paper, it will be convenient to consider
a sequence of epidemics {Eν} as ν → ∞. Consider fixed ν. We shall assume that
aν , Nν and Vν

i (1 ≤ i ≤ m) are dependent upon ν. Let Nν = Nν
1 +Nν

2 + · · ·+Nν
m,

with Nν → ∞ as ν → ∞. For i = 1,2, . . . ,m, let πν
i = Nν

i

Nν → πi > 0, and ζ ν
i =

aν
i

Nνπi
→ ζi ≥ 0 as ν → ∞. For i = 1,2, . . . ,m, label the initial infectives of type i,

individuals (i,−(aν
i − 1)), (i,−(aν

i − 2)), . . . , (i,0), and label the initial suscepti-
bles of type i, individuals (i,1), (i,2), . . . , (i,Nν

i ). Assign to the initial infectives
of type i, infectivity random vectors Vν

(i,1),Vν
(i,2), . . . ,Vν

(i,aν
i )

, and for initially sus-
ceptible individuals of type i infected during the course of the epidemic, assign
infectivity random vectors sequentially from Vν

(i,aν
i +1)

,Vν
(i,aν

i +2)
, . . . ,Vν

(i,aν
i +Nν

i )
.

For each ν ≥ 1, the epidemic process can be constructed on a generational ba-
sis by sampling suitably defined stopping times of a simple multivariate counting
process, Xν(·). The embedding of the epidemic processes (and in particular, its fi-
nal size distribution) into the Xν(·)-processes is based on the approach introduced
in [19]; see also [6, 9, 21].

For ν ≥ 1 and t ≥ 0, consider the first [tNν�] infectives with infectivity random
vectors,{

Vν
(1,1),Vν

(1,2), . . . ,Vν
(1,[t1Nνπ1]),Vν

(2,1),Vν
(2,2), . . . ,Vν

(m,[tmNνπm])
}
,

where � = diag(π1, π2, . . . , πm). Then for 1 ≤ i ≤ m, and 1 ≤ j ≤ Nν
i , let

χν
i,j (t) = 1, if individual (i, j) is infected when exposed to the first [tNν�] in-

fectives, and χν
i,j (t) = 0, otherwise. Hence for fixed 1 ≤ i ≤ m and t ≥ 0, the

{χν
i,j (t)} are identically distributed. For i = 1,2, . . . ,m, and t ≥ 0, let Xν

i (t) =∑Nν
i

j=1 χν
i,j (t), with Xν(t) = (Xν

1(t),Xν
2(t), . . . ,Xν

m(t)). Thus Xν(t) counts the to-
tal number of initial susceptibles that would be infected if each individual were
exposed to the first [tNν�] infectives.

The epidemic process Eν can be constructed using the Xν(·)-processes as fol-
lows. Let generation 0 denote the initial infectives, and for k ≥ 1, let genera-
tion k denote those individuals infected by the infectives in generation k − 1.
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For k ≥ 1, let Tν
k denote the total number of initial susceptibles infected by

the infectives in generations 0 through to k − 1, inclusive. Therefore for k ≥ 0,
Tν

k+1 = Xν(T̄ν
k + ζ ν

k), where Tν
0 = 0, and for j ≥ 0, T̄ν

j = Tν
j (N

ν�)−1. Thus for
k ≥ 1,

T̄ν
k+1 = Xν(T̄ν

k + ζ ν
k)(N

ν�)−1.

Consequently, the above sequence stops at generation k∗, where k∗ = min{k :
T̄ν

k+1 = T̄ν
k}. Since Nν is finite, k∗ is well defined. Let Tν∞(= T̄ν∞(Nν�)) denote

the final size of the epidemic. Then T̄ν∞ = T̄ν
k∗ , and satisfies

T̄ν∞ = Xν(T̄ν∞ + ζ ν)(Nν�)−1.(2.1)

Finally in Section 6 we shall consider the case where for each ν ≥ 1, aν =
Nνζ ν and Nν = Nνπν are random vectors, with aν and Nν constant. The above
construction of the epidemic process can again be used with the assumption that

ζ ν p−→ ζ and πν p−→ π as ν → ∞.

3. Weak law of large numbers for the final size distribution. In this section
we shall consider the limiting distribution of T̄ν∞ as ν → ∞. In particular, we show
in Corollary 3.3 that

min{|T̄ν∞|, |T̄ν∞ − τ |} p−→ 0 as ν → ∞,

where τ is the solution of an appropriate deterministic model.
We shall begin by deriving τ . For 1 ≤ i, j, k ≤ m, let E[V ν

i,k] = µν
ik , and

let cov(V ν
i,j , V

ν
i,k) = λν

ijk . We shall require that for 1 ≤ i, k ≤ m, there exists
0 ≤ µik < ∞, such that Nνµν

ik → µik and Nνλν
ikk → 0 as ν → ∞.

For ν ≥ 1, let

Ṽν = {
Vν

(1,1),Vν
(1,2), . . . ,Vν

(1,aν
1+Nν

1 ),Vν
(2,1),Vν

(2,2), . . . ,Vν
(m,aν

m+Nν
m)

}
denote the infectivity random vectors of all individuals in the population. For ν ≥ 1
and 1 ≤ i ≤ m, let rν

i (t) = E[χν
i,1(t)] and rν

i (t|Ṽν) = E[χν
i,1(t)|Ṽν]. Let Ñν

i =
Nνπi (1 ≤ i ≤ m). Then for 1 ≤ i ≤ m,

rν
i (t|Ṽν) = E[χν

i,1(t)|Ṽν] = 1 −
m∏

k=1

[tkÑν
k ]∏

l=1

(
1 − V ν

(k,l),i

)

and

rν
i (t) = EṼν [rν

i (t|Ṽν)] = 1 −
m∏

k=1

(1 − µν
ki)

[tkÑν
k ].

For 1 ≤ i ≤ m and t ≥ 0, let ri(t) = 1 − exp(−∑m
k=1 tkπkµki). It is trivial to show

that for 1 ≤ i ≤ m and t ≥ 0, rν
i (t) → ri(t) as ν → ∞.



1170 P. NEAL

For ζ ≥ 0, let

T (ζ ) = {τ ≥ 0 :τ = r(τ + ζ )},
where r(t) = (r1(t), r2(t), . . . , rm(t)) (t ≥ 0). Let σ = 1 − τ . Then σ = (σ1, σ2,

. . . , σm) satisfies

σi = exp

(
−

m∑
k=1

πkµki(1 + ζk − σk)

)
(i = 1,2, . . . ,m).(3.1)

Equation (3.1) is identical to [20], equation (4) and [6], equation (2.2). Therefore
denoting the matrix with elements µki by M , it follows from [20], Lemma 1, that
if MT � is irreducible, and ζ > 0, then the equation (3.1) for σ , and hence, τ has
a unique solution in [0,1]. If ζ = 0, then τ = 0 is a solution of (3.1). Let R denote
the Perron–Frobenius eigenvalue of M�. Then for ζ = 0, there exists τ ∈ T (0)

such that τ > 0, if and only if R > 1. We shall let τ denote the nonzero solution of
τ = r(τ + ζ ) whenever such a solution exists (i.e., ζ > 0 or R > 1).

Before analyzing the Xν(·)-processes (Lemma 3.2), and hence T̄ν∞ (Corol-
lary 3.3), we develop two useful bounds for the covariances of {χν

i,j (·)}
(1 ≤ i ≤ m). The bound (3.3) will not be required until Section 5.

LEMMA 3.1. For 1 ≤ i ≤ m, 1 ≤ j < l ≤ Nν
i and for all t,u ≥ 0,

0 ≤ cov
(
χν

i,j (t),χ
ν
i,l(u)

) ≤
m∑

k=1

(tk ∧ uk)Ñ
ν
k λν

kii(3.2)

and ∣∣ cov
(
χν

i,j (t) − χν
i,j (u),χν

i,l(t) − χν
i,l(u)

)∣∣
≤ 6

{
m∑

k=1

([(tk ∨ uk)Ñ
ν
k ] − [(tk ∧ uk)Ñ

ν
k ])µν

ki

}{
m∑

k=1

(tk ∧ uk)Ñ
ν
k λν

kii

}
(3.3)

+ 2
m∑

k=1

([(tk ∨ uk)Ñ
ν
k ] − [(tk ∧ uk)Ñ

ν
k ])λν

kii.

PROOF. Fix t,u ≥ 0. Let v = (t1 ∧ u1, t2 ∧ u2, . . . , tm ∧ um) and w = (t1 ∨
u1, t2 ∨ u2, . . . , tm ∨ um). For 1 ≤ i ≤ m and 1 ≤ j < l ≤ Nν

i ,

cov
(
χν

i,j (t),χ
ν
i,l(u)

) = cov
(
1 − χν

i,j (t),1 − χν
i,l(u)

)
with

E[{1 − χν
i,j (t)}{1 − χν

i,l(u)}]

=
m∏

k=1

{[vkÑ
ν
k ]∏

l=1

E
[(

1 − V ν
(k,l),i

)2] [wkÑ
ν
k ]∏

l=[vkÑ
ν
k ]+1

E
[
1 − V ν

(k,l),i

]}
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and
∏b

l=a(·) = 1 if a > b.
Therefore after some straightforward algebra, we have that

cov
(
χν

i,j (t),χ
ν
i,l(u)

)

=
{

m∏
k=1

(1 − µν
ki)

[wkÑ
ν
k ]−[vkÑ

ν
k ]

}
(3.4)

×
(

m∏
k=1

{(1 − µν
ki)

2 + λν
kii}[vkÑ

ν
k ] −

m∏
k=1

{(1 − µν
ki)

2}[vkÑ
ν
k ]

)
.

It follows trivially from (3.4) that cov(χν
i,j (t),χ

ν
i,l(u)) ≥ 0. Since all the products

in (3.4) are less than or equal to 1, we have that

cov
(
χν

i,j (t),χ
ν
i,l(u)

)
(3.5)

≤
m∑

k=1

[vkÑ
ν
k ]{(1 − µν

ki)
2 + λν

kii − (1 − µν
ki)

2} =
m∑

k=1

[vkÑ
ν
k ]λν

kii.

Hence (3.2) is proved.
Straightforward algebraic manipulation of (3.4) gives

cov
(
χν

i,j (t),χ
ν
i,l(t)

) − cov
(
χν

i,j (t),χ
ν
i,l(u)

)

=
(

m∏
k=1

{(1 − µν
ki)

2 + λν
kii}[tkÑ

ν
k ]−[vkÑ

ν
k ] −

m∏
k=1

(1 − µν
ki)

[wkÑ
ν
k ]−[vkÑ

ν
k ]

)

× cov
(
χν

i,j (v),χν
i,l(v)

)
(3.6)

+
{

m∏
k=1

(1 − µν
ki)

2[vkÑ
ν
k ]

}

×
(

m∏
k=1

{(1 − µν
ki)

2 + λν
kii}[tkÑ

ν
k ]−[vkÑ

ν
k ]

−
m∏

k=1

{(1 − µν
ki)

2}[tkÑν
k ]−[vkÑ

ν
k ]

)
.

By arguments identical to those used in (3.5),∣∣∣∣∣
m∏

k=1

{(1 − µν
ki)

2 + λν
kii}[tkÑ

ν
k ]−[vkÑ

ν
k ] −

m∏
k=1

(1 − µν
ki)

[wkÑ
ν
k ]−[vkÑ

ν
k ]

∣∣∣∣∣
≤

∣∣∣∣∣
m∏

k=1

{(1 − µν
ki)

2}[tkÑν
k ]−[vkÑ

ν
k ] − 1

∣∣∣∣∣(3.7)
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+
∣∣∣∣∣1 −

m∏
k=1

(1 − µν
ki)

[wkÑ
ν
k ]−[vkÑ

ν
k ]

∣∣∣∣∣
≤ 2

m∑
k=1

{[tkÑν
k ] − [vkÑ

ν
k ]}µν

ki +
m∑

k=1

{[wkÑ
ν
k ] − [vkÑ

ν
k ]}µν

ki.

A similar inequality exists for the latter term on the right-hand side of (3.6) giving∣∣ cov
(
χν

i,j (t),χ
ν
i,l(t)

) − cov
(
χν

i,j (t),χ
ν
i,l(u)

)∣∣
≤ 3

{
m∑

k=1

([(tk ∨ uk)Ñ
ν
k ] − [(tk ∧ uk)Ñ

ν
k ])µν

ki

}{
m∑

k=1

(tk ∧ uk)Ñ
ν
k λν

kii

}
(3.8)

+
m∑

k=1

([(tk ∨ uk)Ñ
ν
k ] − [(tk ∧ uk)Ñ

ν
k ])λν

kii.

Therefore, since the inequality in (3.8) holds with t and u reversed, (3.3) follows
immediately. �

LEMMA 3.2. For any s ≥ 0, let D(s) = [0, s]. For 1 ≤ i ≤ m, and for any
s ≥ 0,

sup
t∈D(s)

∣∣∣∣ 1

Ñν
i

Xν
i (t) − ri(t)

∣∣∣∣ p−→ 0 as ν → ∞.(3.9)

Thus

sup
t∈D(s)

|Xν(t)(Nν�)−1 − r(t)| p−→ 0 as ν → ∞.(3.10)

PROOF. Consider fixed 1 ≤ i ≤ m and t ∈ D(s). Since rν
i (t) → ri(t) and

πν
i → π as ν → ∞, to prove that 1

Ñν
i

Xν
i (t)

p−→ ri(t), it is sufficient to show that

1

Nν
i

Xν
i (t) − πν

i

πi

rν
i (t) = 1

Ñν
i

Xν
i (t) − Nν

i

Ñν
i

rν
i (t)

p−→ 0 as ν → ∞.

Fix ε > 0. By Chebyshev’s inequality,

P

(∣∣∣∣ 1

Ñν
i

Xν
i (t) − Nν

i

Ñν
i

rν
i (t)

∣∣∣∣ > ε

)
≤ 1

ε2(Ñν
i )2

Nν
i∑

j=1

Nν
i∑

l=1

cov
(
χν

i,j (t),χ
ν
i,l(t)

)
.

Therefore, by (3.2),

P

(∣∣∣∣ 1

Nν
i

Xν
i (t) − Nν

i

Ñν
i

rν
i (t)

∣∣∣∣ > ε

)

≤ 1

ε2

{
Nν

i

(Ñν
i )2

rν
i (t)

(
1 − rν

i (t)
) + Nν

i (Nν
i − 1)

(Ñν
i )2

m∑
k=1

tkÑ
ν
k λν

kii

}
,
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and so, for all t ∈ D(s),∣∣∣∣ 1

Ñν
i

Xν
i (t) − ri(t)

∣∣∣∣ p−→ 0 as ν → ∞.(3.11)

The remainder of the proof of (3.9) follows by arguments similar to [8],
Lemma 5.1 since both Xν

i (t) and ri(t) are nondecreasing in t. Therefore the details
are omitted. �

Corollary 3.3 follows immediately from (2.1), Lemma 3.2 and (3.1).

COROLLARY 3.3. Suppose that for 1 ≤ i ≤ m, πν → π and ζ ν → ζ as
ν → ∞. Then if ζ > 0,

T̄ν∞
p−→ τ as ν → ∞.

Alternatively, if ζ = 0,

min{|T̄ν∞|, |T̄ν∞ − τ |} p−→ 0 as ν → ∞,(3.12)

where τ exists if and only if R > 1.

4. Branching process approximation. We shall assume that there exists
a > 0 such that for all ν ≥ 1, aν = a. (The extension to the case aν → a as ν → ∞
is trivial.) Corollary 3.3, (3.12) is valid in this situation and therefore our aim is
twofold: first, to find P(limν→∞ T̄ν∞ = τ ), that is, the probability of a major epi-
demic outbreak, and second, to find the limiting distribution of Tν∞ conditional

upon a small epidemic outbreak occurring (i.e., T̄ν∞
p−→ 0 as ν → ∞).

We shall show that Tν∞ converges in distribution to the total progeny Z of a suit-
ably defined multitype Galton–Watson branching process. We proceed by giving
a slightly different construction of the epidemic process from that given in Sec-
tion 2. It is straightforward to show that the two constructions are equivalent, with
regard to the final size of the epidemic process. We shall then describe the branch-
ing processes to which the epidemic processes are coupled, along with the limiting
branching process which has total progeny Z.

We make the following assumption. For 1 ≤ k ≤ m, there exists a random vari-
able Uk such that

Vν
kN

ν�ν D−→ Uk = (Uk,1,Uk,2, . . . ,Uk,m) as ν → ∞,

with E[Uk,i] = µki < ∞ (1 ≤ i ≤ m). For 1 ≤ k ≤ m, let Rν
k(= (Rν

k,1,R
ν
k,2, . . . ,

Rν
k,m)) = (Bin(Nν

1 ,V ν
k,1),Bin(Nν

2 ,V ν
k,2), . . . ,Bin(Nν

m,V ν
k,m)), with R̃ν = (Rν

1,

Rν
2, . . . ,Rν

m). Thus for 1 ≤ i, k ≤ m, let Rν
k,i denote the total number of ini-

tially susceptible individuals of type i contacted by a typical type-k infective.
For 1 ≤ i, k ≤ m and l ≥ 1, let P ν

(k,l),i denote the set of type-i individuals
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contacted by the lth infective of type k, with Rν
(k,l),i = |P ν

(k,l),i |. Finally, let
Pν

(k,l) = {P ν
(k,l),1,P

ν
(k,l),2, . . . ,P

ν
(k,l),m}.

Let Zν = (Zν
1 ,Zν

2 , . . . ,Zν
m) denote the total progeny, excluding the a initial an-

cestors, of an m-type Galton–Watson branching process with (mixed binomial)
reproductive law R̃ν . That is, a typical type-k individual has Rν

k,i offspring of
type i. For 1 ≤ k ≤ m, let Rk = (Po(Uk,1),Po(Uk,2), . . . ,Po(Uk,m)). Therefore let
Z = (Z1,Z2, . . . ,Zm) denote the total progeny, excluding the a initial ancestors,
of an m-type Galton–Watson branching process with (mixed Poisson) reproductive
law, R̃ = (R1,R2, . . . ,Rm).

LEMMA 4.1. Suppose that for 1 ≤ k ≤ m, Vν
kN

ν�ν D−→ Uk as ν → ∞.
Then:

(i) Rν
k

D−→ Rk as ν → ∞,

(ii) Tν∞
D−→ Z as ν → ∞.

PROOF. (i) The result is a trivial extension of [13], Lemma 5.8(i). Hence the
details are omitted.

(ii) Note that an immediate consequence of (i) is that Zν D−→ Z as ν → ∞.
For 0 ≤ s ∈ Z

m, let Mν(s) denote the event that the infectives

(1,1), (1,2), . . . , (1, s1), (2,1), (2,2), . . . , (2, s2), . . . , (m, sm)

make infectious contacts with distinct sets of individuals. The key point is that
conditional upon Mν(s) occurring, the epidemic and branching processes can be
coupled, so that the processes coincide for the first s individuals. Now for s ≥ 0, it
is straightforward to show that

P(Mν(s)C) = P

({
m−1⋃
i=1

m⋃
k=i+1

si⋃
j=1

sk⋃
l=1

{
Pν

(i,j) ∩ Pν
(k,l)

}}

∪
{

m⋃
i=1

si−1⋃
j=1

si⋃
l=j+1

{
Pν

(i,j) ∩ Pν
(i,l)

}} �= ∅

)

(4.1)

≤
m−1∑
i=1

m∑
k=i+1

si∑
j=1

sk∑
l=1

P
(
Pν

(i,j) ∩ Pν
(k,l) �= ∅

)

+
m∑

i=1

si−1∑
j=1

si∑
l=j+1

P
(
Pν

(i,j) ∩ Pν
(i,l) �= ∅

)
.

For (i, j) �= (k, l), 1 ≤ d ≤ m and b, c ≥ 0,

P
(
P ν

(i,j),d ∩ P ν
(k,l),d �= ∅|Rν

(i,j),d = b,Rν
(k,l),d = c

) ≤ bc

Nν
d

.
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Thus for (i, j) �= (k, l),

P
(
Pν

(i,j) ∩ Pν
(k,l) �= ∅

) ≤
m∑

d=1

1

Nν
d

E
[
Rν

(i,j),d

]
E

[
Rν

(k,l),d

] → 0 as ν → ∞.

Therefore the right-hand side of (4.1) converges to 0 as ν → ∞.
Thus for all s ∈ (Z+)m,

P(Tν∞ ≤ s) = P
(
Tν∞ ≤ s|Mν(s + a)

)
P

(
Mν(s + a)

)
+ P

(
Tν∞ ≤ s|Mν(s + a)C

)
P

(
Mν(s + a)C

)
= P

(
Zν ≤ s|Mν(s + a)

)
P

(
Mν(s + a)

)
+ P

(
Tν∞ ≤ s|Mν(s + a)C

)
P

(
Mν(s + a)C

)
→ P(Z ≤ s) as ν → ∞,

and the lemma is proved. �

By applying standard branching process theory (see, e.g., [15]), if R ≤ 1 (cf.
Section 3), the total progeny of the Galton–Watson branching process is almost
surely finite. In this case Lemma 4.1 is sufficient for studying Tν∞. Alterna-
tively, if R > 1, there is a positive probability 1 − ∏m

i=1 q
ai

i that the Galton–
Watson process produces an infinite number of progeny, where for s ∈ [0,1],
hk(s) = E[∏m

j=1 exp((sj − 1)πjUk,j )] (1 ≤ k ≤ m), and q is the unique solution
in [0,1) of q = h(q) = (h1(q), h2(q), . . . , hm(q)).

Finally, using a lower-bound branching process approximation (see, e.g.,
[8, 9, 22]), it is straightforward to show that

P

(
lim

ν→∞ T̄ν∞ = 0
)

=
m∏

i=1

q
ai

i = 1 − P

(
lim

ν→∞ T̄ν∞ = τ

)
.

5. Central limit theorem for the final size distribution. In Section 3 we
established a weak law of large numbers result for the final size distribution condi-

tional upon there being a major outbreak (T̄ν∞
p−→ τ as ν → ∞). We shall extend

the results of Section 3 to obtain a central limit theorem for (T̄ν∞ − τ )
√

Nν�

as ν → ∞. We shall require the further constraints that for 1 ≤ i, j, k ≤ m,√
Nν(Nνµν

ij − µij ) → 0, and there exists 0 ≤ λijk < ∞ such that (Nν)2λν
ijk →

λijk as ν → ∞. All standard epidemic models satisfy the above criteria (cf. Sec-
tion 7). We also assume that

√
Nν(πν − π) → 0 as ν → ∞, with relaxations of

this assumption considered in Section 6.
For 1 ≤ i ≤ m and t ≥ 0, let

Y ν
i (t) =

√
Ñν

i

{
1

Nν
Xν

i (t) − πν
i

πi

rν
i (t)

}
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and

Yν(t) = {Xν(t)(Nν�)−1 − rν(t)P ν}√Nν�,

where P ν = �ν�−1 and �ν = diag(πν
1 , πν

2 , . . . , πν
m).

The general procedure in the literature for showing that (T̄ν∞ − τ )
√

Nν�

converges in distribution to a multivariate Gaussian distribution is as follows.
First, show that the finite-dimensional distributions of Yν converge to the finite-
dimensional distributions of a Gaussian process Y. The next step is to show that
{Yν} are tight, and hence, Yν ⇒ Y as ν → ∞. Then by applying [11], The-

orem 4.4, and pages 144–145, it follows that Yν(T̄ν∞ + ζ ν)
D−→ Y(τ + ζ ) as

ν → ∞. Finally, it is shown that there exists an invertible m × m matrix U such
that (T̄ν∞ − τ )

√
Nν� and Yν(T̄ν∞ + ζ ν)U−1 have the same limiting distribution,

namely, Y(τ + ζ )U−1.

However, we shall give a simpler and more direct proof that Yν(T̄ν∞ + ζ ν)
D−→

Y(τ + ζ ) as ν → ∞. By [11], Theorem 4.1, it is sufficient to show that Yν(τ +
ζ )

D−→ Y(τ + ζ ) and |Yν(T̄ν∞ + ζ ν)− Yν(τ + ζ )| p−→ 0 as ν → ∞. These results
are proved in Lemmas 5.3 and 5.4, respectively.

In proving a central limit theorem for {Yν(t)}, we shall prove that Yν(t) has
the same limiting distribution as Ŷν(t)P ν + Ỹ(t), where Ŷν(t) and Ỹ(t) are
independent and defined as follows. For 1 ≤ k ≤ m, and t ≥ 0, let Zν

k (t) =∑m
i=1

∑[ti Ñν
i ]

j=1 V ν
(i,j),k , zν

k(t) = ∑m
i=1[tiNνπi]µν

ik and zk(t) = ∑m
i=1 tiπiµik , with

Zν(t) = (Zν
1(t),Zν

2(t), . . . ,Zν
m(t)), and zν(t) and z(t) defined in the obvious fash-

ion. For b ∈ R
m, let g(b) = (exp(−b1), exp(−b2), . . . , exp(−bm)) and G(b) =

diag(g(b)). Then

Ŷν(t) = −{g(Zν(t)) − g(zν(t))}√Nν�,(5.1)

and Ỹ(t) is an m-dimensional Gaussian distribution with mean 0 and covariance
matrix (I − G(z(t)))G(z(t)). We shall therefore consider the limiting distribution
of Ŷν(t) in Lemma 5.2, before considering Yν in Lemma 5.3.

For t ≥ 0 and 1 ≤ k ≤ m, let

Wν
t,k = √

Nν

[tkÑν
k ]∑

j=1

(
Vν

(k,j) − µν
k

)
,

where µν
k = (µν

k1,µ
ν
k2, . . . ,µ

ν
km). Therefore Wν

t,k describes the fluctuations about

the mean infectivity of the first [tkÑν
k ] infectives of type k.

LEMMA 5.1. Let Ŵt be an m-dimensional Gaussian distribution with mean 0
and covariance matrix

√
�{∑m

k=1 tkπk	k}
√

�, with 	k = (λkij ) (1 ≤ k ≤ m).
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Then for t ≥ 0,

Ŵν
t =

m∑
k=1

{
Wν

t,k

√
�

} D−→
m∑

k=1

{
Wt,k

√
�

} = Ŵt, say, as ν → ∞.(5.2)

PROOF. The proof is trivial, and hence the details are omitted. �

LEMMA 5.2. For any t ≥ 0,

Ŷν(t)
D−→ ŴtG(z(t)) as ν → ∞.

PROOF. By the mean value theorem, there exists sν = (sν
1 , sν

2 , . . . , sν
m) lying

between Zν(t) and zν(t) such that

Ŷν(t) = −
m∑

j=1

{(
Zν

j (t) − zν
j (t)

) d

dyj

g(y)

∣∣∣∣
y=sν

}√
Nν�ν.

For 1 ≤ j ≤ m,

d

dyj

g(y)

∣∣∣∣
y=sν

= −(
δ1j exp(−sν

1 ), δ2j exp(−sν
2 ), . . . , δmj exp(−sν

m)
)
,

where δij denotes the Kronecker delta. Thus

Ŷν(t) = (
Zν(t) − zν(t)

)
G(sν)

√
Nν�

= Ŵν
t G(sν).

By Lemma 5.1, Zν(t)
p−→ z(t), and hence, sν p−→ z(t) as ν → ∞. Therefore,

by [11], Theorem 5.1, Corollary 2, G(sν)
p−→ G(z(t)) as ν → ∞. The lemma

then follows from Lemma 5.1. �

LEMMA 5.3. For any t ≥ 0,

Yν(t)
D−→ Y(t) as ν → ∞,

where Y(t) is an m-dimensional Gaussian distribution with mean 0 and covari-
ance matrix

�̃(t) = {I − G(z(t))}G(z(t)) + G(z(t))
√

�

{
m∑

k=1

tkπk	k

}√
�G(z(t)).

PROOF. Since P ν → I as ν → ∞, Y(t) is the limiting distribution of
Ŷν(t)P ν + Ỹ(t) as ν → ∞.

For γ ∈ R
m, let Zν

γ (t) = ∑m
l=1 γlY

ν
l (t), and for s ∈ R, let

fν(s; t;γ ) = E[exp(isZν
γ (t))].
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Let

f̃ν(s; t;γ ) =
m∏

k=1

exp
(
−s2γ 2

k

2
rk(t){1 − rk(t)}

)

× EṼν

[
m∏

k=1

exp
(

isγk

Nν
k√

Ñν
k

{rν
k (t|Ṽν) − rν

k (t)}
)]

=
m∑

l=1

γl

(
Ỹl(t) + πν

l

πl

Ŷ ν
l (t)

)
.

Therefore, using the Cramér–Wold device and characteristic functions, the lemma
follows by proving that

|fν(s; t;γ ) − f̃ν(s; t;γ )| → 0 as ν → ∞.(5.3)

Conditional upon Ṽν , χν
i,j (t) and χν

i′,j ′(t) are independent, and so,

fν

(
s; t;γ ) = EṼν

[
EZν

γ
[exp(isZν

γ (t))|Ṽν]]

= EṼν

[
m∏

k=1

Nν
k∏

j=1

Eχν
k,j

[
exp

(
isγk

1√
Ñν

k

(
χν

k,j (t) − rν
k (t)

))∣∣∣∣Ṽν

]]
.

For 1 ≤ k ≤ m, and 1 ≤ j ≤ Nν
k ,

Eχν
k,j

[
exp

(
isγk

1√
Ñν

k

(
χν

k,j (t) − rν
k (t)

))∣∣∣∣Ṽν

]

= exp
(

is
γk√
Ñν

k

(
rν
k (t|Ṽν) − rν

k (t)
))

× Eχν
k,j

[
exp

(
is

γk√
Ñν

k

{χν
k,j (t) − rν

k (t|Ṽν)}
)∣∣∣∣Ṽν

]
.

Let

f̃ 1
ν (s; t;γ ) = EṼν

[
m∏

k=1

{
exp

(
is

Nν
k√

Ñν
k

γk{rν
k (t|Ṽν) − rν

k (t)}
)

×
(

1 − s2γ 2
k

2Ñν
k

rν
k (t|Ṽν){1 − rν

k (t|Ṽν)}
)Nν

k
}]

where var(χk,j |Ṽν) = rν
k (t|Ṽν){1 − rν

k (t|Ṽν)} (1 ≤ k ≤ m,1 ≤ j ≤ Nν
k ).
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For any s ∈ R, and for any random variable W such that E[|W |3] < ∞, there
exists n0 ∈ N such that for all n ≥ n0,∣∣∣∣E

[
exp

(
is

1√
n
W

)]
−

(
1 + is√

n
E[W ] − s2

2n
E[W 2]

)∣∣∣∣
(5.4)

≤
( |s|√

n

)3

E[|W |3].

Therefore for all 1 ≤ k ≤ m, 1 ≤ j ≤ Nν
k and t ≥ 0, it follows from (5.4) that

|fν(s; t;γ ) − f̃ 1
ν (s; t;γ )| ≤

m∑
k=1

Nν
k

( |sγk|√
Ñν

k

)3

→ 0 as ν → ∞.

Let

f̃ 2
ν (s; t;γ ) = EṼν

[
m∏

k=1

{
exp

(
is

Nν
k√

Ñν
k

γk{rν
k (t|Ṽν) − rν

k (t)}
)

× exp
(
−s2

2

Nν
k

Ñν
k

γ 2
k rν

k (t|Ṽν){1 − rν
k (t|Ṽν)}

)}]
.

It is trivial, using [12], page 94, Lemma 4.3, to show that

|f̃ 1
ν (s; t;γ ) − f̃ 2

ν (s; t;γ )| ≤
m∑

k=1

Nν
k

(
s2γ 2

k

2Ñν
k

)2

→ 0 as ν → ∞.

For 1 ≤ k ≤ m,
∣∣∣∣∣rν

k (t|Ṽν) −
(

1 − exp

(
−

m∑
i=1

[tiNν
i ]∑

j=1

V ν
(i,j),k

))∣∣∣∣∣ ≤
m∑

i=1

[tiNν
i ]∑

j=1

(
V ν

(i,j),k

)2
,(5.5)

with E[∑m
i=1

∑[tiNν
i ]

j=1 (V ν
(i,j),k)

2] = ∑m
i=1[tiNν

i ](λν
ikk + (µν

ik)
2) → 0 as ν → ∞.

Therefore, by Lemma 5.1, and [11], Theorem 5.1, Corollary 2,

1 − exp

(
−

m∑
i=1

[tiNν
i ]∑

j=1

V ν
(i,j),k

)
p−→ 1 − exp

(
−

m∑
i=1

tiπiµik

)
= rk(t),

and so, rν
k (t|Ṽν)

p−→ rk(t) as ν → ∞. For all 1 ≤ k ≤ m, Nν
k /Ñν

k → 1 as ν → ∞
and for all ν ≥ 1, |f̃ 2

ν (s; t;γ )|, |f̃ν(s; t;γ )| ≤ 1. Therefore

|f̃ 2
ν (s; t;γ ) − f̃ν(s; t;γ )| → 0 as ν → ∞.

Thus (5.3) is proved. �
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For 1 ≤ k ≤ m, exp(−zk(τ + ζ )) = σk , and so,

G
(
z(τ + ζ )

) = 
 ≡ diag(σ1, σ2, . . . , σm).(5.6)

Therefore, Y(τ + ζ ) ∼ N(0,�), where

� = {I − 
}
 + 

√

�

{
m∑

k=1

(τk + ζk)πk	k

}√
�
.(5.7)

The next step is to show that Yν(T̄ν∞+ζ ν) and Yν(τ +ζ ) have the same limiting
distribution.

LEMMA 5.4. Suppose that T̄ν∞
p−→ τ . Then

Yν(T̄ν∞ + ζ ν)
D−→ Y(τ + ζ ) as ν → ∞.

PROOF. By Lemma 5.3, Yν(τ + ζ )
D−→ Y(τ + ζ ) as ν → ∞. Therefore,

by [11], Theorem 4.1, to prove the lemma it is sufficient to show that

|Yν(T̄ν∞ + ζ ν) − Yν(τ + ζ )| p−→ 0 as ν → ∞.

Fix ε > 0. Then for 1 ≤ i ≤ m, by Chebyshev’s inequality

P
(|Y ν

i (T̄ν∞ + ζ ν) − Y ν
i (τ + ζ )| > ε

)
= ∑

kν

P
(|Y ν

i (T̄ν∞ + ζ ν) − Y ν
i (τ + ζ )| > ε|T̄ν∞ + ζ ν = kν)

P(T̄ν∞ + ζ ν = kν)

≤ ∑
kν

1

ε2 var
(
Y ν

i (T̄ν∞ + ζ ν) − Y ν
i (τ + ζ )|T̄ν∞ + ζ ν = kν)

P(T̄ν∞ + ζ ν = kν)

= 1

ε2 E
[
var

(
Y ν

i (T̄ν∞ + ζ ν) − Y ν
i (τ + ζ )|T̄ν∞ + ζ ν)]

.

Thus

P
(|Y ν

i (T̄ν∞ + ζ ν) − Y ν
i (τ + ζ )| > ε

)

≤ 1

ε2Ñν
i

Nν
i∑

j=1

Nν
i∑

l=1

E
[
cov

(
χν

i,j (T̄
ν∞ + ζ ν) − χν

i,j (τ + ζ ),

χν
i,l(T̄

ν∞ + ζ ν) − χν
i,l(τ + ζ )|T̄ν∞ + ζ ν)]

(5.8)

= πν
i

πiε2

{
E

[
var

(
χν

i,1(T̄
ν∞ + ζ ν) − χν

i,1(τ + ζ )|T̄ν∞ + ζ ν)]
+ (Nν

i − 1)E
[
cov

(
χν

i,1(T̄
ν∞ + ζ ν) − χν

i,1(τ + ζ ),

χν
i,2(T̄

ν∞ + ζ ν) − χν
i,2(τ + ζ )|T̄ν∞ + ζ ν)]}

.
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The lemma follows by proving that the right-hand side of (5.8) converges to 0 as
ν → ∞.

First,

E
[
var

(
χν

i,1(T̄
ν∞ + ζ ν) − χν

i,1(τ + ζ )|T̄ν∞ + ζ ν)]
(5.9)

≤ E[|rν
i (T̄ν∞ + ζ ν) − rν

i (τ + ζ )|].
Since T̄ν∞

p−→ τ , it follows that |rν
i (T̄ν∞ + ζ ν) − rν

i (τ + ζ )| p−→ 0 as ν → ∞.
Therefore, since rν

i (·) is bounded, the right-hand side of (5.9) converges to 0 as
ν → ∞.

By (3.3) of Lemma 3.1,

Nν
i

∣∣ cov
(
χν

i,1(T̄
ν∞ + ζ ν) − χν

i,1(τ + ζ ),

χν
i,2(T̄

ν∞ + ζ ν) − χν
i,2(τ + ζ )|T̄ν∞ + ζ ν)∣∣

≤ 6Nν
i

{
m∑

k=1

([(T̄ ν∞,k ∨ τk)Ñ
ν
k ] − [(T̄ ν∞,k ∧ τk)Ñ

ν
k ])µν

ki

}
(5.10)

×
{

m∑
k=1

(T̄ ν∞,k ∧ τk)Ñ
ν
k λν

kii

}

+ 2Nν
i

m∑
k=1

([(T̄ ν∞,k ∨ τk)Ñ
ν
k ] − [(T̄ ν∞,k ∧ τk)Ñ

ν
k ])λν

kii.

It is trivial to show that for all 1 ≤ k ≤ m,

1

Nν
{[(T̄ ν∞,k ∨ τk)Ñ

ν
k ] − [(T̄ ν∞,k ∧ τk)Ñ

ν
k ]} p−→ 0 as ν → ∞.

Therefore, since Nνµν
ki → µki and (Nν)2λν

kii → λkii as ν → ∞, the right-hand
side of (5.10) converges in probability to 0 as ν → ∞. Finally, since 0 ≤ T̄ν∞ ≤ 1,

Nν
i E

[∣∣ cov
(
χν

i,1(T̄
ν∞ + ζ ν) − χν

i,1(τ + ζ ),

χν
i,2(T̄

ν∞ + ζ ν) − χν
i,2(τ + ζ )|T̄ν∞ + ζ ν)∣∣] → 0

as ν → ∞. �

We are now in position to derive a Gaussian limit for (T̄ν∞ − τ )
√

Nν�.

THEOREM 5.5. Let U be the m × m matrix with entries uij = δij −√
πiπjµijσj . Then U is invertible. Furthermore, if (ζ ν − ζ )

√
Nν�ν → 0 and

T̄ν∞
p−→ τ as ν → ∞, then

(T̄ν∞ − τ )
√

Nν�
D−→ N

(
0, (UT )−1�U−1)

as ν → ∞,

where � is defined in (5.7).
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PROOF. Note that

(T̄ν∞ − τ )
√

Nν�

= (
Xν(T̄ν∞ + ζ ν)(Nν�)−1 − r(τ + ζ )

)√
Nν�

= Yν(T̄ν∞ + ζ ν) + {rν(T̄ν∞ + ζ ν)P ν − r(T̄ν∞ + ζ ν)}√Nν�

+ {r(T̄ν∞ + ζ ν) − r(τ + ζ )}√Nν�.

Hence, ({T̄ν∞ + ζ ν − r(T̄ν∞ + ζ ν)} − {τ + ζ − r(τ + ζ )})√Nν�

= Yν(T̄ν∞ + ζ ν) + {rν(T̄ν∞ + ζ ν)P ν − r(T̄ν∞ + ζ ν)}√Nν�

+ {ζ ν − ζ }√Nν�.

By the mean value theorem,({T̄ν∞ + ζ ν − r(T̄ν∞ + ζ ν)} − {τ + ζ − r(τ + ζ )})√Nν�

=
(

m∑
j=1

(
(T̄ ν∞,j + ζ ν

j ) − (τj + ζj )
) d

dtj

(
t − r(t)

)∣∣∣∣
t=sν

)√
Nν�,

where sν lies between T̄ν∞ + ζ ν and τ + ζ .
For t ≥ 0, let S(t) and U(t) denote the m × m matrices with entries, sij (t) =

δij − πiµij (1 − rj (t)) and uij (t) = δij − √
πiπjµij (1 − rj (t)). Therefore

(T̄ν∞ − τ )S(sν)
√

Nν� = (T̄ν∞ − τ )
√

Nν�U(sν)
(5.11)

= Yν(T̄ν∞ + ζ ν) + Aν, say,

where Aν
p−→ 0 as ν → ∞. Thus by [11], Theorem 4.1, (T̄ν∞ − τ )

√
Nν� and

Yν(T̄ν∞ + ζ )U(sν)−1 have the same limiting distribution as ν → ∞, provided that
limν→∞ U(sν)−1 exists.

Since U(·) is continuous, and sν p−→ τ + ζ as ν → ∞, it follows by [11],
Theorem 5.1, Corollary 2, that

U(sν)
p−→ U(τ + ζ ) ≡ U as ν → ∞.

By [20], page 575, U is invertible. Therefore, by combining Lemma 5.4 and [11],
Theorem 4.4, we have that

Yν(T̄ν∞ + ζ ν)U(sν)−1 D−→ Y(τ + ζ )U−1 ∼ N
(
0, (UT )−1�U−1)

(5.12)
as ν → ∞,

and the theorem is proved. �
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6. Random group allocation. There is an interesting variant of the above
model in which individuals are independently and randomly allocated to a group
according to a probability distribution, π . The main motivation for studying this
variation of the model is that it enables us to consider a wider range of epidemics
upon random graphs in Section 7.

Let S denote an m-dimensional Gaussian random variable with mean 0 and
covariance matrix ϒ̃ = � − πT π . Then

√
Nν(πν − π)

D−→ S as ν → ∞.
To assist in the analysis of the model, we define for 1 ≤ i ≤ m, X̃ν

i (t) =∑Ñν
i

j=1 χν
i,j (t) and Ỹ ν

i =
√

Ñν
i ( 1

Ñν
i

X̃ν
i (t) − rν

i (t)), with Ñν
i = Nνπi (cf. Section 3).

Also X̃ν(t) and Ỹν(t) are defined in the obvious fashion. Note that Nν is a random
vector, while Ñν is deterministic.

The results proved in Sections 3 and 4 are valid for the above model with only
trivial modifications of the proofs required. However, Theorem 5.5 requires minor
alterations for the current model. We begin by considering {Yν(T̄ν∞ + ζ ν)}. We
then prove Theorem 6.2 which is an adaption of Theorem 5.5.

Lemmas 5.1–5.4 hold with {Ỹν(T̄ν∞ + ζ ν)} in place of {Yν(T̄ν∞ + ζ ν)}. There-
fore we shall require Lemma 6.1 to utilize these results for the current model.

LEMMA 6.1.

|Yν(T̄ν∞ + ζ ν) − Ỹν(T̄ν∞ + ζ ν)| p−→ 0 as ν → ∞.

PROOF. Fix 1 ≤ i ≤ m and ε > 0. Then by applying Chebyshev’s inequality
in a similar manner to Lemma 5.4, we have that

P
(|Ỹ ν

i (T̄ν∞ + ζ ν) − Y ν
i (T̄ν∞ + ζ ν)| > ε

)
≤ 1

ε2 E
[
var

(
Ỹ ν

i (T̄ν∞ + ζ ν) − Y ν
i (T̄ν∞ + ζ ν)|Nν)]

= 1

ε2 E

[
1

Ñν
i

var

( Ñν
i∑

j=1

χν
i,j (T̄

ν∞ + ζ ν) −
Nν

i∑
j=1

χν
i,j (T̄

ν∞ + ζ ν)
∣∣∣Nν

)]

= 1

ε2Ñν
i

E

[ Ñν
i ∨Nν

i∑
j=(Ñν

i ∧Nν
i )+1

Ñν
i ∨Nν

i∑
l=(Ñν

i ∧Nν
i )+1

cov
(
χν

i,j (T̄
ν∞ + ζ ν), χν

i,l(T̄
ν∞ + ζ ν)

)]
.

Since T̄ν∞ is bounded above by 1, it follows from (3.2) that

P
(|Ỹ ν

i (T̄ν∞ + ζ ν) − Y ν
i (T̄ν∞ + ζ ν)| > ε

)
≤ 1

ε2Ñν
i

E

[
|Ñν

i − Nν
i |

{
1 + |Ñν

i − Nν
i |

m∑
k=1

Ñν
k λν

kii

}]
(6.1)
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≤ 1

ε2

{
E

[ |πν
i − πi |
πi

]
+ sup

1≤k≤m

(Nν)2λν
kiiE

[
(πν

i − πi)
2

πi

]}
.

Thus the right-hand side of (6.1) converges to 0 as ν → ∞, and the lemma is
proved. �

THEOREM 6.2. Suppose that (ζ ν − ζ )
√

Nν�
p−→ 0 and T̄ν∞

p−→ τ as
ν → ∞. Then

(T̄ν∞ − τ )
√

Nν�
D−→ N

(
0, (UT )−1{� + ϒ}U−1)

as ν → ∞,

where � and U are defined in (5.7) and Theorem 5.5, respectively, and

ϒ =
√

�−1(I − 
)ϒ̃(I − 
)
√

�−1.

PROOF. The proof is similar to Theorem 5.5, and therefore only an outline of
the proof is given.

Following the proof of (5.11), there exists sν lying between T̄ν∞ and τ such that

(T̄ν∞ − τ )
√

Nν�U(sν) = Yν(T̄ν∞ + ζ ν) + Aν + (ζ ν − ζ )
√

Nν�,

where U(·) is defined in Theorem 5.5, and

Aν = {rν(T̄ν∞ + ζ ν)P ν − r(T̄ν∞ + ζ ν)}√Nν�.

Since r(t) = 1 − g(z(t)), let

Ãν = r(T̄ν∞ + ζ ν)(�ν − �)
√

Nν�−1

= √
Nν(πν − π)

(
I − G

(
z(T̄ν∞ + ζ ν)

))√
�−1.

It is trivial to show that

|Aν − Ãν | =
∣∣{rν(T̄ν∞ + ζ ν) − r(T̄ν∞ + ζ ν)}P ν

√
Nν�−1

∣∣ p−→ 0 as ν → ∞.

Let Âν = √
Nν{πν −π}(I −
)

√
�−1. Since G(z(T̄ν∞ +ζ ν))

p−→ G(z(τ +ζ )) ≡

 [see (5.6)] and

√
Nν{πν −π} D−→ S as ν → ∞, it follows that |Âν − Ãν | p−→ 0

as ν → ∞.
By Lemmas 6.1 and 5.4, and the triangle inequality,

|Yν(T̄ν∞ + ζ ν) − Ỹν(τ + ζ )| p−→ 0 as ν → ∞.

Therefore

(T̄ν∞ − τ )
√

Nν� = (
Ỹν(τ + ζ ) + Âν

)
U(sν)−1 + Mν,

where Mν
p−→ 0 as ν → ∞.
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For all ν ≥ 1, Ỹν(τ + ζ ) and Âν are independent, with Ỹν(τ + ζ )
D−→ N(0,�)

and Âν
D−→ S(I − 
)

√
�−1 as ν → ∞. Therefore Theorem 6.2 follows since

U(sν)
p−→ U as ν → ∞. �

The adaption of Theorem 6.2 to other (random) group allocation schema is triv-
ial. Theorem 5.5 is the special (deterministic) case where S ≡ 0.

7. Special cases. The generic results developed in the preceding sections can
be specialized to a number of specific examples. These highlight the wide-ranging
applicability of the model described in Section 2.

7.1. Ball–Clancy (1993) model. This very general model is described in full
detail in [6]. The important features from our perspective are the following.
There are m groups, and for ν ≥ 1, there are aν initial infectives and Nν initial
susceptibles. The susceptibles remain fixed within their initial group. However,
once infectious, an individual can move between the m groups. For 1 ≤ i ≤ m,
let Ii = (I i

1, I
i
2, . . . , I

i
m), where for 1 ≤ k ≤ m, I i

k denotes the time spent in
group k by an infective who originates from group i, with I i = ∑m

k=1 I i
k . For

1 ≤ i, j, k ≤ m, let 1
Nν β

(i)
kj denote the rate at which an infective, who originates

from group i, and is currently in group j , makes infectious contacts with a given
individual in group k. Let Bi = (β

(i)
kj ) (1 ≤ i ≤ m). Clearly for 1 ≤ i, k ≤ m,

V ν
i,k = 1 − exp(− 1

Nν

∑m
j=1 β

(i)
kj I i

j ), and hence, Nν
k V ν

i,k ≈ πk

∑m
j=1 β

(i)
kj I i

j . Thus for
1 ≤ i ≤ m,

Vν
i N

ν�ν D−→ Ui = IiBT
i � as ν → ∞.

Therefore, if for 1 ≤ i ≤ m, E[I i] < ∞ and var(I i) < ∞ (cf. [6], Section 4,
page 727), it is straightforward to show that the conditions stated in Sections
4 and 5 are satisfied.

7.2. Ball–Clancy (1995) model. In [7] an epidemic in a homogeneously mix-
ing population with m different types of infectives is considered. An individual on
becoming infected chooses its type at random from {1,2, . . . ,m} according to a
probability distribution π , irrespective of the type of the infector. An equivalent
construction is to randomly allocate a type to each individual according to π prior
to the epidemic. Then should an individual become infected, it becomes an infec-
tive of its allocated type. Therefore this is a special case of the model described in
Section 6.

7.3. Random graph models. The main motivation for the current work is the
study of the final size distribution of epidemics upon random graphs. A population
(and epidemic) upon a random graph G are defined as follows. Two individuals,



1186 P. NEAL

i and j , are said to be acquaintances, if in the graph G an edge exists between
vertices i and j .

A wide variety of extensions of the Bernoulli random graph can be shown to
satisfy the randomized Reed–Frost criterion. We shall illustrate this range by con-
sidering static and dynamic multitype Bernoulli random graphs. The key property
that we shall require is that the existence of an edge between any two vertices is in-
dependent of the remainder of the graph. This will allow the epidemic and random
graph to be constructed in unison; see [16].

For a static multitype Bernoulli random graph G, for 1 ≤ i, j ≤ m, let αij

Nν

(αij ≥ 0;Nν ≥ max{αij }) denote the probability that there exists an edge between
a given vertex of type i and a given vertex of type j . We shall require that the
random graph is irreducible, that is, there is a nonzero probability of there existing
a pathway of edges between any pair of vertices. Let Wi,j denote the probabil-
ity that a type-i individual, while infectious, makes an infectious contact with a
type-j acquaintance. Thus V ν

i,j = αij

Nν Wi,j is the probability that a type-i infective,
while infectious, makes an infectious contact with a type-j susceptible. Therefore
the conditions of Sections 4 and 5 are satisfied. The underlying multitype random
graph can then be constructed in a similar manner to [16] with an edge existing
between two vertices k and l, if in the epidemic individual k infects l or vice versa.
An edge exists between the vertices k and l, according to the correct conditional
distribution, if neither individual k nor l infects the other individual.

An interesting special case of the static multitype Bernoulli random graph with
random type allocation is the mixed Bernoulli random graph. The mixed Bernoulli
random graph epidemic model assumes that the infectivity, and connectivity, of all
individuals are independent and identically distributed according to random vari-
ables W and D, respectively, with W and D independent. That is, for individuals
k and l with connectivity random variables Dk and Dl , respectively, the probabil-
ity that k and l are acquaintances is proportional to DkDl . Then given they are
acquaintances, the probability that individual k, while infectious, makes infectious
contacts with individual l is Wk . We assume that there exist m ∈ N, and θ,π ∈ R

m,
such that

∑m
i=1 πi = 1 and P(D = θj ) = πj (1 ≤ j ≤ m). Therefore, independently

at random assign individuals to one of m groups according to π , that is, accord-
ing to Di . Then for 1 ≤ i, j ≤ m, let an individual of type i and an individual of

type j be acquaintances with probability θiθj /N
ν . Thus V ν

i,j

D= θiθjW/Nν and the
conditions of Section 6 are satisfied.

Epidemics upon random graphs with prescribed degree have received consider-
able attention in the literature; see, for example, [3, 4, 17]. That is where a vertex,
i say, has Ei edges connecting the vertex to Ei distinct vertices. The random vari-
ables {E1,E2, . . . ,ENν } are assumed to be (asymptotically) independent and iden-
tically distributed according to a nonnegative, integer-valued random variable E.
Particular interest has been devoted to the so-called scale-free graphs [17], where
the mean of E exists, but the variance does not. Unfortunately, such epidemic



MULTITYPE RANDOMIZED REED–FROST EPIDEMICS 1187

models do not permit a (multitype) randomized Reed–Frost representation since
the existence of an edge between any pair of vertices is no longer independent of
the remainder of the graph. However, in most real-life scenarios it is realistic to as-
sume that E[E] ≤ var(E), and so, the mixed Bernoulli model with D chosen such
that E[E] = E[D]2 and var(E) = E[D]2(1 + var(D)) will often provide a suit-
able alternative. (We have a scale-free mixed Bernoulli random graph if the mean
of D exists, but the variance does not.) Thus it would be interesting to extend the
results for the mixed Bernoulli random graph to continuous and/or scale-free D.

Finally, we consider dynamic Bernoulli random graph epidemics, which have
previously been considered in [1] and [4]. For a random graph G, and for 1 ≤ i,
j ≤ m, consider two distinct vertices, one of type i, vertex k, say, and one of type j ,
vertex l, say. In the dynamic random graph, we alternate between there existing an
edge between the vertices k and l, and there being no edge between the vertices
k and l. The time from the formation of an edge between vertices k and l, until
the dissolution of the edge is distributed according to S−

i,j ∼ Exp(ρ−
ij ). The time

from the dissolution of the edge between vertices k and l until the reforming of the
edge is distributed according to NνS+

i,j , where S+
i,j ∼ Exp(ρ+

ij ). We shall assume
that for 1 ≤ i, j ≤ m, ρ+

ij , ρ−
ij > 0, that is, edges can form and dissolve between

all types of vertices. Thus for t ≥ 0, the two individuals corresponding to vertices
k and l are acquaintances at time t , if an edge exists between vertices k and l at

time t . Therefore, in equilibrium αν
ij = ρ+

ij

ρ+
ij +Nνρ−

ij

is the probability that the two

individuals are acquainted at any given point in time. We shall assume that the
dynamic Bernoulli random graph is in equilibrium.

Only minor modifications are required for the following cases: no edges ex-
ist between certain types of vertices (all that we require is the graph G is again
irreducible), the graph is part static and part dynamic and general probability dis-
tributions for S−

i,j and S+
i,j .

For simplicity in exposition we shall consider a generalization of the model
considered in [4]. For 1 ≤ i ≤ m, infected individuals of type i have independent
and identically distributed lifetimes according to Qi , where E[Q2

i ] < ∞. While
infectious (and acquainted), an individual of type i makes infectious contacts with
an acquaintance of type j at the points of a homogeneous Poisson point process
with rate βij . As noted in [4], the probability of more than one partnership between
two individuals during the course of an infectious period is negligible. We there-
fore have the following two cases to consider: first, where the two individuals are
acquaintances at the beginning of the infectious period, which we shall term ini-
tial acquaintanceships, and second, where the two individuals become acquainted
during the infectious period, which we shall term secondary acquaintanceships.
Suppose that an individual of type i, and an individual of type j , are acquain-
tances at the point of time, t say, at which individual i becomes infected. Suppose

that the individuals remain acquainted until time t + Zi,j , where Zi,j
D= S−

i,j . Con-
ditioning upon Qi = qi , the probability that an initial acquaintance of type j is
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infected is 1 − exp(−βij (qi ∧ Zi,j )). The probability that during the infective’s
infectious period a link forms between the infective and an initially unacquainted
individual of type j is 1 − exp(− 1

Nν ρ+
ij qi) ≈ 1

Nν ρ+
ij qi . Conditional upon a link

between the two individuals being formed, the time (relative to the start of the in-
fectious period) at which the acquaintanceship is formed has probability density

function g(x) = ρ+
ij

Nν exp(−xρ+
ij /Nν)/{1 − exp(−qiρ

+
ij /Nν)} ≈ 1/qi (0 ≤ x ≤ qi),

and g(x) = 0 (otherwise). Therefore the probability of infecting an individual of
type j who is not an initial acquaintance is approximately

1

Nν
ρ+

ij qi

∫ qi

0
1/qi

{
1 − exp

{−βij

(
(qi − x) ∧ S−

ij

)}}
dx.

Hence, V ν
i,j = Mν

i,j + o(1/Nν), where

Mν
i,j = αν

ij

{
1 − exp

(−βij (Qi ∧ Zi,j )
)}

+ ρ+
ij

Nν

∫ Qi

0

{
1 − exp

(−βij

(
(Qi − x) ∧ S−

i,j

))}

= αν
ij

βij

ρ−
ij + βij

{
1 − exp

(−(βij + ρ−
ij )Qi

)}

+ ρ+
ij

Nν

βij

ρ−
ij + βij

{
Qi − 1

ρ−
ij + βij

(
1 − exp

(−Qi(ρ
−
ij + βij )

))}
.

Therefore, for 1 ≤ i ≤ m, there exists a random vector Ui with finite mean and

covariance matrix such that Vν
i N

ν�ν D−→ Ui .
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