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T. E. HARRIS’S CONTRIBUTIONS TO RECURRENT MARKOV
PROCESSES AND STOCHASTIC FLOWS

BY PETER BAXENDALE
University of Southern California

This is a brief survey of T. E. Harris’s work on recurrent Markov
processes and on stochastic flows, and of some more recent work in these
fields.

1. Introduction. I was a colleague of Ted Harris at USC, first as a sabbatical
visitor for the academic year 1982-1983 and later as a regular faculty member
from 1988 until his retirement. During this time, I spent many hours in discussions
with Ted, and appreciated his insight into all areas of probability theory. I feel
deeply grateful for the opportunity to have learned so much from him.

This paper covers two areas of Harris’s work. Early in his career he wrote
his seminal paper [16] on the existence and uniqueness of stationary measures
for Markov processes satisfying a certain recurrence condition. Nowadays, this is
called Harris recurrence, although Ted was far too modest a person to ever use
the term himself. Section 2 contains a brief account of [16] together with some
indication of later developments based on his idea.

Later in his career Harris became interested in stochastic flows. These can be
regarded as random mappings of an entire state space into itself. Section 3 starts
with some details of Harris’s construction of a stochastic flow as a limit of ran-
dom stirring processes. (Here, we see a transition from Poisson point processes
and percolation theory into processes more frequently described by stochastic dif-
ferential equations.) The rest of this section describes Harris’s work on isotropic
stochastic flows and coalescing stochastic flows, together with some more recent
developments in these areas.

2. Harris recurrence. Consider a (time homogeneous) discrete time Markov
process {X,:n > 0} taking values in a measurable space (S, B). For simplicity
here, we will assume B is separable, although many results are valid in a more
general setting. Let P(x, -) denote the transition probability function, and let P*
denote the law of the process with initial condition Xy = x. A nonzero measure
on (S, B) is a stationary measure for the Markov process if

w(A) = /;P(x, A)p(dx) forall A € B.
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DEFINITION. For any set A € I3, define the hitting time T4 = inf{n > 1: X, €
A}. Let m be a o-finite measure on (S, B). The Markov process is said to be m-
recurrent if P* (T4 < oo) =1 for all x € S whenever m(A) > 0.

Nowadays, we say the Markov process is Harris recurrent if it is m-recurrent
for some nonzero m.

THEOREM 2.1 (Harris [16]). Assume the Markov process {X,:n > 0} is m-
recurrent for some nonzero o -finite measure m. Then there is a stationary measure
u for the Markov process. Moreover, ( is unique up to a constant multiplier, and
m is absolutely continuous with respect to L.

In the case of a discrete state space S, this result was already known; see Derman
[13] and Chung [7]. The usual definition of recurrence to a point a € S corresponds
to m-recurrence with m taken to be the Dirac measure &, at the point a, and then
the measure

o0
w(B) =Y P*(X, € B, Tia) > n), BeB,

n=1

is stationary. In this setting, the times of visits of X, to the recurrent point a are
renewal times for the Markov process. However, with a nondiscrete state space
S it will typically be necessary to look for recurrence to larger sets A than just
singleton sets, and then the locations of the visits within A are of interest.

For fixed A € B with m(A) > 0, denote by Tlgk) the times of visits to A, so that
Tél) =T, and Tf(‘kﬂ) =inf{n > ngk) : X,, € A}. The Markov process Z,, = XT(m)
with values in A is called the process on A. The transition probabilities for tAhe
process on A will be denoted P4 (x, -). The following result, combining several
lemmas in Harris [16], gives a characterization of the stationary measure showing
how the discrete space result is extended.

PROPOSITION 2.1. Assume the Markov process {X, :n > 0} is m-recurrent
for some nonzero o -finite measure m, and that m(A) > 0. Suppose that |14 is
a stationary probability measure for the process on A and that m is absolutely
continuous with respect to (La on A. Define u on (S, B) by

Tx
2.1 n(B) = /A<Ex > 1B(Xn)>MA(dX), BekB.

n=1
Then w is a stationary measure for the Markov process {X, :n >0} on S and m is
absolutely continuous with respect to . Moreover, any other stationary measure
is a multiple of 1.
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It remains to consider the existence of the stationary probability p4 for the
process on A. At this point, we see the conflicting requirements for the set A:
typically it has to be larger than a singleton so that m(A) > 0, but it should be
chosen small enough so that the process on A has some good behavior.

Let p"(x, y) denote the absolutely continuous part of the n-step transition prob-
ability P"(x,-) with respect to m. The following technical lemma of Harris is
based in the idea that m-recurrence implies that for each x, the set T(x) = {y €
S:p"(x,y) =0forall n > 1} must satisfy m(T (x)) = 0.

LEMMA 2.1. Assume the Markov process {X,:n > 0} is m-recurrent for
some nonzero o -finite measure m. For any r € (0, 1), there exist A € B with
0 <m(A) < o0, a positive integer k and a positive constant s such that for all
X €A,

mi{y € A:pl(x, y)+--- +pk(x, y) > s} >rm(A).
This enables Harris to obtain a Doeblin-like condition on the transition oper-

ator R(x, ) = (Pa(x,") + -+ Pﬁ(x, -))/k and the existence of the stationary
probability p 4 follows directly.

2.1. Small sets.
DEFINITION. A set A € BB is a small set if there exist a positive integer k, a

probability measure v and a constant 8 > 0 such that

(2.2) Pf(x,) > Bv()  forall x € A.
The following result is a strengthening of Harris’s Lemma 2.1.

PROPOSITION 2.2 (Orey [40]). Assume the Markov process {X,:n > 0} is
m-recurrent for some nonzero o -finite measure m. Every set E € B such that
m(E) > 0 contains a set A € B such that 0 <m(A) < oo and

inf{pk(x, y):x,yeA} >0

for some positive integer k.

COROLLARY 2.1. The Markov process { X, :n > 0} is m-recurrent for some

nonzero o -finite measure m if and only if there exists a small set A € B such that
PY(Typ <o0)=1forallx € S.

PROOF. Any set A with the property described in Proposition 2.2 is a small
set, with v(B) = m(A N B)/m(A). Conversely, suppose A has the properties
described in Corollary 2.1, with k, v and B as in (2.2). If v(B) > 0, then
P*(X,4x € B) = Bv(B)P*(X, € A). Since P*(T4 < o0) =1 for all x € S, then
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P* (X, € A infinitely often) = 1 and so P*(X,, € B infinitely often) = 1. It follows
that {X,, :n > 0} is v-recurrent. []

This result shows that in some sense the study of Harris recurrence is equivalent
to the study of small sets with almost surely finite hitting times. The property that
A is small can be used in two distinct but related ways. For convenience assume
here that A is a small set with k = 1. The general case can be handled by applying
the methods described below to the k-step process {X,x:n > 0}.

2.1.1. Coupling. Two copies {X,:n > 0} and {X, :n > 0} of the Markov
process can be coupled so that P(X,, 1 = X;H |X,, X)) > B whenever (X,, X)) €
A x A. This implies that two copies {Z,, :m > 0} and {Z,, :m > 0} of the process
on A can be coupled so that P(Z,, 4| = Z,’ﬂJrl |Zm, Z,,) > B. It follows easily that
the process on A has a unique stationary probability w4, say, with

P (x, ) — peall <2(1 = )™

for all m > 0 and x € A. Details of this coupling argument may be found in Lind-
vall [29].

2.1.2. The split chain. A set C is said to be an atom for the Markov chain
{X,,:n>0}if P(x,-) =P(y,-) for all x,y € C. If C is an atom, then the times
of visits to C are renewal times for the Markov chain. The excursions away from
C will be independent and identically distributed, and many questions about the
large time behavior of the Markov chain may be resolved using this fact.

A singleton set C = {a} is an clearly an atom. Nummelin [38] showed how to
use a small set A to build a Markov chain with an atom. [More generally, Num-
melin assumes a minorization condition P(x, C) > h(x)v(C) with some nontrivial
nonnegative function /; here, we specialize to h(x) = B14(x).] Consider the split
chain {(X,,Y,):n > 0} with state space S x {0, 1} and transition probabilities
given by

PY, = 1F Vv F ) =Blc(Xn),

v(A), ifY,=1,

P(Xy1 € AIFS v =1 PEu A = BleXav(d)

L= Blc(Xn) ’ S
Here, ,7-",5( =0{X,;:0<r <n}and ]-",f = 0o{Y,:0 <r < n}. Thus, the split chain
evolves as follows. Given X,,, choose Y;, sothat P(Y,, = 1) =Blc(X,). If Y, =1
then X, has distribution v, whereas if ¥, = 0, then X, 4+ has distribution
(P(X,,-) — Blc(Xn)v)/(1 — Blc(Xy)). The split chain {(X,,, Y;;) :n > 0} is de-
signed so that it has an atom S x {1}, and so that its first component {X,, :n > 0}

is a copy of the original Markov chain.
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Thus, renewal theory can be used to describe the large time and stationary
behavior of the split chain {(X,, ¥;,):n > 0}, and hence of its first component
{X,,:n>0}.

Much more information about small sets, and more generally about the er-
godic theory of Harris recurrent Markov chains, may be found in the books of
Revuz [42], Nummelin [39] and Meyn and Tweedie [36] and the references therein.

2.2. Positive recurrence and rates of convergence. A Harris recurrent Markov
process { X, :n > 0} is to be positive Harris recurrent if the stationary measure [
can be normalized to be a probability measure on (S, B).

Suppose that A is a small set with 0 < m(A) < oo, and recall that u4 denotes
the stationary probability measure for the process on A. The stationary measure
given by (2.1) has total mass

M$=AWUMMMH

Thus, the issue of positive recurrence depends on estimates of the expected hitting
times [E* (T'4) for x € A.

PROPOSITION 2.3 (Tweedie [43]). Assume A is a small set. Suppose there
exist a measurable function V > 0 and constants ¢ > 0,k such that PV (x) <
V(x)—cforx ¢ Aand PV (x) <k forx € A.Thensup, 4, E*(Ty) < 1+4k/c and
so the Markov process is positive Harris recurrent.

The proof is based on the fact that the first inequality assumed for the Lyapunov—
Foster function V implies that when Xy ¢ A the process V (X,) + cn stopped at
time T4 is a supermartingale. With stronger assumptions on the function V, to-
gether with conditions to ensure aperiodicity, results may be obtained concerning
the rate of convergence of P"(x,-) to the stationary probability measure 7, say.
Several such conditions are given by Meyn and Tweedie [32, 36]. The following
result includes also stronger conditions on the small set A so as to ensure aperiod-
icity.

PROPOSITION 2.4 (Meyn and Tweedie [32]). Assume the set A € B satisfies
P(x,-) = Bv() forall x € A, where 8 > 0 and v(A) = 1. Assume also there ex-
ist a measurable function V > 1 and positive constants ). < 1 and k such that
PV(x) <AV(x) forx ¢ A and PV (x) <k for x € A. Then the Markov process
has a unique stationary probability measure 1, say. Moreover, there exist positive
constants y < 1 and M with the property that

23) \Aﬂ»ﬂ@ﬂ»—/ﬂ»ﬂ@ﬁsMW@W

for all x € S and n > 0 whenever f:S — R is a measurable function such that
[fO)| <V (y)forall y €S.



422 P. BAXENDALE

More details about estimates of the form (2.3) can be found in Chapter 16: V-
uniform ergodicity of [36]. In Meyn and Tweedie [37] it is shown that the constants
M and y can be chosen depending only on A, k and 8. See also Baxendale [4].

2.3. Continuous time Markov processes.

2.3.1. Sampled chains. Suppose that {X;:¢t > 0} is a time homogeneous
Markov process, and that {7 (n):n > 0} is an independent undelayed renewal
process with increment distribution a, for some probability distribution on (0, 00).
Then the sampled chain {Y), :n > 0} defined by Y, = X7(,) is a time homoge-
neous Markov chain. If P;(x, -) denotes the time ¢ transition probability function
for {X;:t > 0}, then {Y, :n > 0} has transition probability function K,(x, ) =
[ Pi(x,)a(dt).

The A-skeleton chain Y,, = X, A corresponds to the deterministic a = . Alter-
natively, the resolvent chain observes the process X at the times of a rate 1 Poisson
process and has transition probability

R(x,") = / Pi(x,-)e " dt,

which is the resolvent of the original continuous time process. The advantages and
disadvantages of various choices for a, and the connections between the theories
of Harris recurrence for continuous time and discrete time Markov processes are
discussed in the papers [33, 34] of Meyn and Tweedie. Results analogous to those
in Propositions 2.3 and 2.4, involving the action of the infinitesimal generator L
on V, are given in Meyn and Tweedie [35].

2.3.2. Stopping times. An alternative approach to recurrence for continuous
time Markov processes was developed independently by Maruyama and Tanaka
[30] and Khas’minskii [21]. Assume that {X;:¢ > 0} is a strong Markov process
with right continuous paths and left limits on a separable metric space S. Suppose
that Dy and D; are open sets with disjoint closures D and D, with the property
that the stopping times Tp, =inf{t > 0: X; € D} and Tp, = inf{r > 0: X; € D}
are both P*-almost surely finite for all x € S. Define inductively sequences o, and
7, of stopping times by og = inf{t > 0: X; € D1}, t, = inf{t > 0,,: X; € D} for
n>0,and 0, =inf{t > 1,_1:X; € Dy} forn > 1. Then {¥,, = X,;,:n >0} is a
time homogeneous Markov chain on Di.

Assume for the moment that the process {Y, :n > 0} on D has a stationary
probability measure KD, Then it is shown in [30] and [21] that the measure i on
(S, B) defined by

ea wd = [ (B [T taxods)up @n. Beb,

is a stationary measure for the original continuous time Markov process {X;:
t > 0}.
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So far this is a very natural extension to continuous time of Harris’s result in
Proposition 2.1. It remains to show the existence of the stationary probability mea-
sure g and this is where both [30] and [21] impose extra conditions on the
process { X, : ¢ > 0}. In particular, they both use additional properties of the hitting
distribution P* (X Tp, € B) for x € D, and B C D which ensure that the process
{Y, :n > 0} satisfies Doeblin’s condition (D).

The representation (2.4) can be used to convert occupation time estimates for the
process {X; :t > 0} in a very direct way into estimates on the stationary measure i,
see, for example, Baxendale and Stroock [6] and Baxendale [3].

3. Stirring processes and stochastic flows.

3.1. Random stirring in R%. Let ¢:R? — R? be a homeomorphism of R?
onto itself such that ¢ (x) = x whenever || x| > K, for some K. The mapping ¢
can be thought of as a stirring of R? centered at the origin 0 € R?. (Harris used
the term “stirring” originally in the case where the homeomorphism ¢ is volume
preserving, but it is convenient to keep the term in this more general setting.) For
a € R?, the translated mapping ¢“(x) = a + ¢ (x — a) represents stirring centered
ata.

Consider a Poisson point process on R? x (0, co) with intensity A dx dt. For
each atom (a, t) of the point process, apply the mapping ¢¢ at time ¢. Then for
0 <s <t < oo the value Xj; of the stirring process is the random mapping of R4
to itself obtained as the composition of the stirrings ¢ at times u for all the atoms
(a,u) with s < u <t. A percolation argument, using the fact that ¢ (x) — x has
bounded support, can be used to show that for sufficiently small ¢ — s the restriction
of the mapping X;; to any bounded set is almost surely given by the composition
of a finite number of stirrings. It follows that the process {X,;:0 <s <t < 00 is
well defined.

The essence of this construction can be seen in the paper by Harris [17] on
the construction of an exclusion process with nearest neighbor rates. In [17], he
considers a point process on the set of bonds of the integer lattice Z¢ and the
corresponding stirring switches the two ends of the bond. The construction in [17]
allows the rates to depend on the local configuration, but in the simplest case of
constant rate it fits into the setting above. Random stirring on the real line is studied
in the paper [28] by Harris’s student W. C. Lee.

3.1.1. Convergence to a stochastic flow. Consider the effect of letting the mag-
nitude of the displacement involved in each stirring ¢ tend to zero while letting the
intensity of the Poisson process tend to infinity. More precisely, fix a compactly
supported vector field V on R? and let ¢, denote the time 1/./n flow along V.
Let {X{,:0 <s <t < oo} be the random stirring process obtained using the stir-
ring function ¢, together with a Poisson process with rate nA dx dt. Assume the
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centering condition

/ Vx)dx =0.
R4

Then under appropriate smoothness conditions on the vector field V' the processes
{X7,:0 <s <t < oo} converge weakly to a process {X;;:0 <s <t < oo} with
values in the group of homeomorphisms of R?. This is proved in Harris [18] for
the case d =2 when V is divergence free and rotationally symmetric. A more
general form of result (although on a compact manifold) is given in Matsumoto
and Shigekawa [31].

The process {X;:0 < s <t < oo} has the properties:

(i) for each x € R? and s > 0 the mapping t — X (x) is continuous;
(1) Xy, 0 X5 = X, whenever s <t <u;
(iii) if s <t <sp <trh <--- <s, <t, the mappings Xy,;;;, | <i <n are indepen-
dent;
(iv) the distribution of X, depends only on ¢ — s.

Any process with these properties will be called a (time-homogeneous) stochastic
flow on R¢. Much information about stochastic flows may be found in the books
of Kunita [22] and Arnold [1].

The law of a stochastic flow is determined by the laws of its k-point motions

t — (Xor(x1), Xor(x2), - .., Xor (xx)) € R

forall k > 1 and x1, x2, ..., xx € R?. It is easy to see that each k-point motion is a
Markov process on R%*. Under suitable regularity conditions, the k-point motions
are diffusion processes and the infinitesimal generator for the k& point motion can
be explicitly written in terms of the generator L, say, for the one-point motion and
a covariance matrix B(x, y) for the two-point motion. In particular for f € C 2(RY)
with compact support,

Lf(x):tli\n?) Ef(XOt(xt))_f(x)’ reRY
and
BP(x. y) = li\n(l) E[(X] (x) — xpt)(th ) —yD] , —
t

The operator L and the matrix function B are related by the fact that B(x, x) is the
symbol of the operator L. Together, L and B are called the local characteristics of
the flow; see Le Jan and Watanabe [27]. For the stochastic flow constructed above
as the limit of random stirring processes, the operator L has constant coefficients
and B(x, y) depends only x — y. This implies that the law of the stochastic flow
is homogeneous in space as well as time. For the example on R? considered by
Harris in [18], the rotational invariance of the vector field V implies that law of
the stochastic flow is invariant under rigid motions of R?, and in particular the
one-point motion is Brownian motion (up to a scaling factor).
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3.2. Isotropic stochastic flows. A stochastic flow {X;:0 <s <t < o0} is
isotropic if its law is invariant under rigid motions of R¢. Harris [18] studied in-
compressible isotropic stochastic flows on R?, and Baxendale and Harris [5] and
Le Jan [23] studied the general d-dimensional case.

For an isotropic stochastic flow, the generator L for the one-point motion is a
multiple of the Laplace operator A, and the law of the flow is determined by the
covariance matrix B. Invariance under translations implies B(x, y) = B(x — y,0),
and then invariance under rotations implies B(x) = B(x,0) satisfies B(x) =
G*B(Gx)G for all real orthogonal matrices G. This condition gives a represen-
tation of B using Bessel functions; see Yaglom [44] and It6 [20]. A correspond-
ing representation for isotropic stochastic flows on a sphere S¢ appears in Rai-
mond [41].

The isotropy condition implies that certain geometric properties of the flow
can be calculated explicitly. For example, the length ||v;|| of a tangent vector
vy = DX (x)(v) is a geometric Brownian motion and the top Lyapunov expo-
nent Ay = limy_, o0t~ log |Jv; || can be calculated explicitly in terms of B. Other
local geometric properties such as the curvature of a submanifold of R? have been
calculated; see Le Jan [24] and Cranston and Le Jan [8].

Of more interest are results involving the joint behavior of infinitely many
points. A result of Baxendale and Harris on the length of a small curve in the
case A1 < 0 has recently been sharpened by Dimitroff [14]. Results of Cranston,
Scheutzow and Steinsaltz [10, 11] show that, while || X (x)| grows like /¢ for
each fixed x, if D is a nonsingleton connected set in R for d > 2 and the isotropic
stochastic flow has A1 > 0 then sup{|| Xo; ()| : ¥y € D} grows almost surely linearly
as t — 0o.

For any measure (distribution of mass) v, let v; denote the induced random
measure v o thl. Zirbel [45] contains estimates on the first two moments of v;.
Recently Cranston and Le Jan [9] and Dimitroff and Scheutzow [15] have proved
asymptotic normality of the rescaled random measure A — v;(y/7A).

3.3. Coalescing flows. For vector fields Vg, Vi, V,,...on R4 and independent

scalar Brownian motions {Wl1 it > 0}, {W12 :t > 0}, ..., consider the stochastic
differential equation
3.1) dx; = Vo(x)dt + Y Ve(x) dWS.

a>1

Under suitable regularity and growth conditions on the vector fields Vy, V1, Va, ...,
the strong solutions of (3.1) for different initial conditions can be pieced together
to give a stochastic flow {X;:0 <s <t < oo} of homeomorphisms RY: see, for
example, Kunita [22]. The local characteristics of the flow are the operator

Lf(x)—Zvo (x)—(x)+ Z va(x)vqoc)a pf (x)

q
p=1 pq la>1 dx
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and the covariance function

(3.2) BP(x,y) =) VI@X)\VI ).

a>1

Conversely, any stochastic flow in which L and B have sufficiently smooth coef-
ficients arises as the solution of a stochastic differential equation (taking the V,, to
be an orthonormal basis of the reproducing kernel Hilbert space of B) and the flow
consists of homeomorphisms.

Harris [19] introduced the study of coalescing stochastic flows. These are ones
where the mappings X;; may be many to one. Harris studied the case d = 1 with
continuous homogenous (in space) covariance function B, and obtained conditions
for coalescence in terms of the modulus of continuity of B at 0. (In contrast, the
“Arratia flow” of independent coalescing Brownian motions; see [2], has discon-
tinuous B = 1{p}.)

The issue of the existence of nonhomeomorphic stochastic flows in dimensions
d > 2 was addressed by Darling [12]. More recently, Le Jan and Raimond [25,
26] have developed new techniques to interpret the stochastic differential equa-
tion (3.1) when the covariance function B given by (3.2) is non-Lipschitz. In this
more general setting, there is not only the possibility of coalescence; there is also
the possibility that the solution of (3.1) has to be interpreted as a flow of prob-
ability kernels. The flow of probability kernels, rather than a flow of mappings,
corresponds to the lack of uniqueness in the solutions of (3.1). Examples of such
flows include flows on Euclidean space R and spheres S? with isotropic, but non-
Lipschitz, covariance functions B.

REFERENCES

[1] ARNOLD, L. (1998). Random Dynamical Systems. Springer, Berlin. MR1723992

[2] ARRATIA, R. A. (1979). Coalescing Brownian motions on the line. Ph.D. thesis, Univ. Wis-
consin, Madison.

[3] BAXENDALE, P. H. (1994). A stochastic Hopf bifurcation. Probab. Theory Related Fields 99
581-616. MR1288071

[4] BAXENDALE, P. H. (2005). Renewal theory and computable convergence rates for geometri-
cally ergodic Markov chains. Ann. Appl. Probab. 15 700-738. MR2114987

[S] BAXENDALE, P. and HARRIS, T. E. (1986). Isotropic stochastic flows. Ann. Probab. 14 1155—
1179. MR0866340

[6] BAXENDALE, P. H. and STROOCK, D. W. (1988). Large deviations and stochastic flows of
diffeomorphisms. Probab. Theory Related Fields 80 169-215. MR0968817

[7] CHUNG, K. L. (1954). Contributions to the theory of Markov chains. II. Trans. Amer. Math.
Soc. 76 397-419. MR0063603

[8] CRANSTON, M. and LE JAN, Y. (1998). Geometric evolution under isotropic stochastic flow.
Electron. J. Probab. 3 36 pp. (electronic). MR1610230

[9] CRANSTON, M. and LE JAN, Y. (2009). A central limit theorem for isotropic flows. Stochastic
Process. Appl. 119 3767-3784. MR2568295

[10] CRANSTON, M., SCHEUTZOW, M. and STEINSALTZ, D. (1999). Linear expansion of isotropic

Brownian flows. Electron. Comm. Probab. 4 91-101 (electronic). MR1741738


http://www.ams.org/mathscinet-getitem?mr=1723992
http://www.ams.org/mathscinet-getitem?mr=1288071
http://www.ams.org/mathscinet-getitem?mr=2114987
http://www.ams.org/mathscinet-getitem?mr=0866340
http://www.ams.org/mathscinet-getitem?mr=0968817
http://www.ams.org/mathscinet-getitem?mr=0063603
http://www.ams.org/mathscinet-getitem?mr=1610230
http://www.ams.org/mathscinet-getitem?mr=2568295
http://www.ams.org/mathscinet-getitem?mr=1741738

(11]
[12]
(13]

[14]

[15]

(16]

(17]
(18]
(19]
[20]

(21]

(22]
(23]
(24]
[25]
[26]
(27]
(28]
(29]
(30]
(31]
(32]

(33]

(34]

RECURRENT MARKOV PROCESSES AND STOCHASTIC FLOWS 427

CRANSTON, M., SCHEUTZOW, M. and STEINSALTZ, D. (2000). Linear bounds for stochastic
dispersion. Ann. Probab. 28 1852-1869. MR1813845

DARLING, R. W. R. (1987). Constructing nonhomeomorphic stochastic flows. Mem. Amer.
Math. Soc. 70 vi+97. MR0912641

DERMAN, C. (1954). A solution to a set of fundamental equations in Markov chains. Proc.
Amer. Math. Soc. 5 332-334. MR0060757

DIMITROFF, G. (2006). Some properties of isotropic Brownian and Ornstein-Uhlenbeck flows.
Ph.D. dissertation, Technischen Univ. Berlin. Available at http://opus.kobv.de/tuberlin/
volltexte/2006/1252/.

DIMITROFF, G. and SCHEUTZOW, M. (2009). Dispersion of volume under the action of
isotropic Brownian flows. Stochastic Process. Appl. 119 588-601. MR2494005

HARRIS, T. E. (1956). The existence of stationary measures for certain Markov processes. In
Proc. Third Berkeley Sympos. Math. Statist. Probab. 1954—-1955, Vol. Il 113-124. Univ.
California Press, Berkeley. MR0084889

HARRIS, T. E. (1972). Nearest-neighbor Markov interaction processes on multidimensional
lattices. Adv. Math. 9 66-89. MR0307392

HARRIS, T. E. (1981). Brownian motions on the homeomorphisms of the plane. Ann. Probab.
9 232-254. MR0606986

HARRIS, T. E. (1984). Coalescing and noncoalescing stochastic flows in Rjy. Stochastic
Process. Appl. 17 187-210. MR0751202

ITO, K. (1956). Isotropic random current. In Proc. Third Berkeley Sympos. Math. Statist.
Probab. 1954-1955, Vol. I 125-132. Univ. California Press, Berkeley. MR0084890

KHAS’MINSKII, R. (1960). Ergodic properties of recurrent diffusion processes and stabiliza-
tion of the solution of the Cauchy problem for parabolic equations. Theory Probab. Appl.
5 179-196. MR0133871

KUNITA, H. (1990). Stochastic Flows and Stochastic Differential Equations. Cambridge Stud-
ies in Advanced Mathematics 24. Cambridge Univ. Press, Cambridge. MR1070361

LE JAN, Y. (1985). On isotropic Brownian motions. Z. Wahrsch. Verw. Gebiete 70 609-620.
MRO0807340

LE JAN, Y. (1991). Asymptotic properties of isotropic Brownian flows. In Spatial Stochastic
Processes. Progress in Probability 19 219-232. Birkhiuser, Boston, MA. MR 1144098

LE JAN, Y. and RAIMOND, O. (2002). Integration of Brownian vector fields. Ann. Probab. 30
826-873. MR1905858

LE JAN, Y. and RAIMOND, O. (2004). Flows, coalescence and noise. Ann. Probab. 32 1247—
1315. MR2060298

LE JAN, Y. and WATANABE, S. (1984). Stochastic flows of diffeomorphisms. In Stochastic
Analysis (Katata/Kyoto, 1982). North-Holland Mathematical Library 32 307-332. North-
Holland, Amsterdam. MR0780763

LEE, W. C. (1974). Random stirring of the real line. Ann. Probab. 2 580-592. MR0362563

LINDVALL, T. (1992). Lectures on the Coupling Method. Wiley, New York. MR1180522

MARUYAMA, G. and TANAKA, H. (1959). Ergodic property of N-dimensional recurrent
Markov processes. Mem. Fac. Sci. Kochi Univ. Ser. A 13 157-172. MR0112175

MATSUMOTO, H. and SHIGEKAWA, I. (1985). Limit theorems for stochastic flows of diffeo-
morphisms of jump type. Z. Wahrsch. Verw. Gebiete 69 507-540. MR0791909

MEYN, S. P. and TWEEDIE, R. L. (1992). Stability of Markovian processes. I: Criteria for
discrete-time chains. Adv. in Appl. Probab. 24 542-574. MR1174380

MEYN, S. P. and TWEEDIE, R. L. (1993). Generalized resolvents and Harris recurrence of
Markov processes. In Doeblin and Modern Probability (Blaubeuren, 1991). Contempo-
rary Mathematics 149 227-250. Amer. Math. Soc., Providence, RI. MR1229967

MEYN, S. P. and TWEEDIE, R. L. (1993). Stability of Markovian processes. II: Continuous-
time processes and sampled chains. Adv. in Appl. Probab. 25 487-517. MR1234294


http://www.ams.org/mathscinet-getitem?mr=1813845
http://www.ams.org/mathscinet-getitem?mr=0912641
http://www.ams.org/mathscinet-getitem?mr=0060757
http://opus.kobv.de/tuberlin/volltexte/2006/1252/
http://www.ams.org/mathscinet-getitem?mr=2494005
http://www.ams.org/mathscinet-getitem?mr=0084889
http://www.ams.org/mathscinet-getitem?mr=0307392
http://www.ams.org/mathscinet-getitem?mr=0606986
http://www.ams.org/mathscinet-getitem?mr=0751202
http://www.ams.org/mathscinet-getitem?mr=0084890
http://www.ams.org/mathscinet-getitem?mr=0133871
http://www.ams.org/mathscinet-getitem?mr=1070361
http://www.ams.org/mathscinet-getitem?mr=0807340
http://www.ams.org/mathscinet-getitem?mr=1144098
http://www.ams.org/mathscinet-getitem?mr=1905858
http://www.ams.org/mathscinet-getitem?mr=2060298
http://www.ams.org/mathscinet-getitem?mr=0780763
http://www.ams.org/mathscinet-getitem?mr=0362563
http://www.ams.org/mathscinet-getitem?mr=1180522
http://www.ams.org/mathscinet-getitem?mr=0112175
http://www.ams.org/mathscinet-getitem?mr=0791909
http://www.ams.org/mathscinet-getitem?mr=1174380
http://www.ams.org/mathscinet-getitem?mr=1229967
http://www.ams.org/mathscinet-getitem?mr=1234294
http://opus.kobv.de/tuberlin/volltexte/2006/1252/

428

(35]

[36]
(37]
(38]
[39]
(40]
[41]
[42]
[43]
[44]

[45]

P. BAXENDALE

MEYN, S. P. and TWEEDIE, R. L. (1993). Stability of Markovian processes. III: Foster-
Lyapunov criteria for continuous-time processes. Adv. in Appl. Probab. 25 518-548.
MR1234295

MEYN, S. P. and TWEEDIE, R. L. (1993). Markov Chains and Stochastic Stability. Springer,
London. MR1287609

MEYN, S. P. and TWEEDIE, R. L. (1994). Computable bounds for geometric convergence
rates of Markov chains. Ann. Appl. Probab. 4 981-1011. MR1304770

NUMMELIN, E. (1978). A splitting technique for Harris recurrent Markov chains. Z. Wahrsch.
Verw. Gebiete 43 309-318. MR0501353

NUMMELIN, E. (1984). General Irreducible Markov Chains and Nonnegative Operators. Cam-
bridge Tracts in Mathematics 83. Cambridge Univ. Press, Cambridge. MR0776608

OREY, S. (1971). Limit Theorems for Markov Chain Transition Probabilities. Van Nostrand
Reinhold Mathematical Studies 34. Van Nostrand-Reinhold, London. MR0324774

RAIMOND, O. (1999). Flots browniens isotropes sur la sphere. Ann. Inst. H. Poincaré Probab.
Statist. 35 313-354. MR1689878

REvVUZ, D. (1984). Markov Chains, 2nd ed. North-Holland Mathematical Library 11. North-
Holland, Amsterdam. MR0758799

TWEEDIE, R. L. (1976). Criteria for classifying general Markov chains. Adv. in Appl. Probab.
8 737-771. MR0451409

YAGLOM, A. M. (1957). Some classes of random fields in n-dimensional space, related to
stationary random processes. Theory Probab. Appl. 28 273-320.

ZIRBEL, C. L. (1997). Translation and dispersion of mass by isotropic Brownian flows. Sto-
chastic Process. Appl. 70 1-29. MR1472957

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF SOUTHERN CALIFORNIA
3620 S. VERMONT AVENUE, KAP 108
Los ANGELES, CALIFORNIA 90089-2532
USA

E-MAIL: baxendal@usc.edu


http://www.ams.org/mathscinet-getitem?mr=1234295
http://www.ams.org/mathscinet-getitem?mr=1287609
http://www.ams.org/mathscinet-getitem?mr=1304770
http://www.ams.org/mathscinet-getitem?mr=0501353
http://www.ams.org/mathscinet-getitem?mr=0776608
http://www.ams.org/mathscinet-getitem?mr=0324774
http://www.ams.org/mathscinet-getitem?mr=1689878
http://www.ams.org/mathscinet-getitem?mr=0758799
http://www.ams.org/mathscinet-getitem?mr=0451409
http://www.ams.org/mathscinet-getitem?mr=1472957
mailto:baxendal@usc.edu

	Introduction
	Harris recurrence
	Small sets
	Coupling
	The split chain

	Positive recurrence and rates of convergence
	Continuous time Markov processes
	Sampled chains
	Stopping times


	Stirring processes and stochastic flows
	Random stirring in Rd
	Convergence to a stochastic flow

	Isotropic stochastic flows
	Coalescing flows

	References
	Author's Addresses

