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We study the dissipation mechanism of a stochastic particle system for
the Burgers equation. The velocity field of the viscous Burgers and Navier—
Stokes equations can be expressed as an expected value of a stochastic
process based on noisy particle trajectories [Constantin and Iyer Comm. Pure
Appl. Math. 3 (2008) 330-345]. In this paper we study a particle system for
the viscous Burgers equations using a Monte—Carlo version of the above;
we consider N copies of the above stochastic flow, each driven by indepen-
dent Wiener processes, and replace the expected value with % times the sum
over these copies. A similar construction for the Navier—Stokes equations was
studied by Mattingly and the first author of this paper [Iyer and Mattingly
Nonlinearity 21 (2008) 2537-2553].

Surprisingly, for any finite N, the particle system for the Burgers equa-
tions shocks almost surely in finite time. In contrast to the full expected value,
the empirical mean % ZIIV does not regularize the system enough to ensure
a time global solution. To avoid these shocks, we consider a resetting proce-
dure, which at first sight should have no regularizing effect at all. However,
we prove that this procedure prevents the formation of shocks for any N > 2,
and consequently as N — oo we get convergence to the solution of the vis-
cous Burgers equation on long time intervals.

1. Introduction. The viscous Burgers equation,
(1.1) du 4 udyu —vd*u=0,

has been studied extensively from several different points of view. Here v > 0
represents the viscosity, making the equation dissipative in nature. The inviscid
Burgers equation [equation (1.1) with v = 0] is studied as the basic example of a
scalar conservation law (see, e.g., [4, 5]). The Burgers equation is also linked to the
KAM and Aubry—Mather theories [6, 10]. It is the simplest PDE that models the
Euler and the Navier—Stokes nonlinearity. As such, it has been extensively studied
as the first step in understanding the two key unresolved issues in fluid mechanics:
turbulence and regularity of the Navier—Stokes equations in three dimensions. In
the first category the objective is to characterize the statistical properties of turbu-
lence [21]. In the second category the objective is to understand the regularizing
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mechanism of dissipation [1, 12]. This paper falls into the latter category: we study
the regularizing mechanism of a particle system for the Burgers equations, analo-
gous to the particle system for the Navier—Stokes equations developed in [3, 9].

In [3], a class of second-order nonlinear transport equations (the Navier—Stokes
and viscous Burgers in particular) were formulated as the average of a stochastic
process along noisy particle trajectories. The formulation for the Navier—Stokes
equations developed in [3] involves recovering the velocity u via the average of a
nonlocal functional of the initial data. For the viscous Burgers’ equation, however,
the formulation is simpler. Explicitly, consider the stochastic flow

(12) dXt:Mt(Xt)+V2Vth

with initial data Xg(a) = a for all a € R. Here W denotes a standard 1D Wiener
process. If we require that the velocity u satisfies

(1.3) u; =E[ugo (X7 H],

where E denotes the expected value with respect to the Wiener measure, then u
satisfies® the viscous Burgers equation (1.1) and 1n1t1al data ug. We clarify that in
(1.3) and subsequently, for any given time ¢ > 0, X; ! denotes the spatial inverse
of the diffeomorphism X;. Namely, we know [16], Theorems 4.5.1, 4.6.5, that for
regular drifts u, the stochastic flow X has a modification which is a stochastic flow
of diffeomorphisms of R. Replacing X with this modification if necessary, for any
t >0, we define X, to be the inverse of the dlffeomorphlsm X;. That is, for any
t >0, we have X; (X, (x)) = x surely for all x e R, and X, (X, (a)) = a surely
forall a e R.

Observe that when v = 0, the system (1.2) and (1.3) is exactly the method of
characteristics for the inviscid Burgers equation. Indeed trajectories of the flow X
are now characteristics, and equation (1.3) states that the velocity is transported
along characteristics. Thus, the v > 0 case could be viewed as a stochastic gener-
alization of the method of characteristics: we transport the initial data along noisy
characteristics, and then average with respect to the Wiener measure.

The usual Monte—Carlo method of solving (1. 2) and (1.3) numerically [18, 19]
is to replace the flow X, with N different copies X , each driven by an indepen-
dent Wlener process W; , and replace the expected Value in (1.3) by the empirical

mean, 7 Z — ;. Explicitly, the system in question becomes

(1.4) dxiN =ul (xPN)dt + vV 2vd W},
(1.5) XY () =a,
(1.6) AN =™
1 Y ,
(1.7) ut == uoo A",
i=1

3This is only valid for spatially periodic or decay at infinity boundary conditions.
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where u is the given initial data, W' a sequence of independent Wiener processes
and v > 0O the viscosity. As before, for any ¢ > 0, (X;’N)_1 denotes the spatial
inverse of X i’N. Throughout this paper, with the exception of Section 3, we impose
periodic boundary conditions on the above, and assume the initial data is periodic
with period 1.

For the Navier—Stokes equations, the particle system in [9] involves using a
higher-dimensional Wiener process, and replacing (1.7) with the average of vor-
ticity transport and the Biot—Savart law,

(1.8) N =E[(VXN)wp) 0 APM],
(1.9) ul = (=A)7'V x ol

where wyp = V X ug is the initial vorticity. In [9], the authors considered the sys-
tem (1.4)—(1.6) and (1.8), (1.9), with spatially periodic boundary conditions, and
proved global existence in two dimensions, local existence in three dimensions,
convergence to the correct limit as N — oo and described the asymptotic behavior
for fixed N as t — oo.

Surprisingly, the techniques of [9] fail for the particle system for the Burgers
equation [the system (1.4)—(1.7)]. Indeed, preliminary numerical simulations indi-
cate that the system (1.4)—(1.7) shocks almost surely, in time independent of N.
We provide a class of initial data for which we can prove (1.4)—(1.7) shocks al-
most surely. We, however, we are unable to analytically prove that the shock time
is independent of N.

One heuristic explanation for the shock is as follows: this particle system (1.4)—
(1.7) is dissipative only for short time ([9], Theorem 5.2). Once the system (1.4)—
(1.7) stops dissipating energy, the growth from the nonlinear term should force the
system to inherit properties of the inviscid Burgers equation, which shocks if the
initial data is not monotonically nondecreasing.

We remark that the particle system for the Navier—Stokes equations [the system
(1.4)—(1.6) and (1.8)—(1.9)] also dissipates energy only for short time ([9], Figure 1
and Theorem 5.2). However, no dissipation is required to prove 2D global exis-
tence for this system ([9], Theorem 3.5). This is because (1.8) and (1.9) are struc-
turally similar to Euler equations, for which 2D global existence is well known
[22] (see also [2, 17]). In contrast, however, the particle system (1.4)—(1.7) is struc-
turally similar to the inviscid Burgers equation which is known to shock in finite
time.

The natural approach one would expect to use “overcoming” the shocks in
(1.4)—(1.7), would be to continue the system past shocks as weak solutions us-
ing an analogue of the Rankine—-Hugoniot condition ([5], Section 3.4.1), and then
prove that as N — oo, these weak solutions converge to the smooth solutions of
the Burgers equation. This approach, however, is impossible to use as the sto-
chastic PDE satisfied by u” involves second-order terms, for which the classical
techniques ([5], Section 3.4.1) will not work.
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While the system (1.4)—(1.7) cannot be continued past shocks, the shocks can
(surprisingly!) be “avoided with large probability” by resetting the Lagrangian
maps. This is the main content of this paper. Namely, suppose we solve (1.4)—(1.7)
for short time &;, and then replace the initial data with ué\r’ , and restart the system
(1.4)—(1.7) with this new initial data. Our main theorem shows that, if we repeat
this procedure often enough, then we can avoid shocks on an arbitrarily large time
interval, with probability arbitrarily close to 1.

Explicitly, consider the system

(1.10) dXpy = ul (Xps )dt +v2vd W],
(1.11) Xps s @ =a,
(1.12) Al =X )7
N 1 al N i,N
L,
(1.13) u, = N Z”/«St ° Ak(S,,t’

where k € N, and ¢ is always assumed to be in the interval (kd;, (k 4+ 1)&;].

If §; is small enough, we show that solutions to this system exist on arbitrarily
large time intervals, with probability arbitrarily close to one. Once existence with
large probability is established, it is easy to show that as N — oo these solutions
converge to the smooth solutions of the viscous Burgers equation.

Before proceeding further, we remark that the fact that the shocks can be
avoided by resetting is doubly unexpected! First, we know that the inviscid Burgers
equations need to be regularized in order for them to have smooth solutions. The
resetting procedure above should morally provide no regularization, as explained
in Section 2! Second, the system (1.2) and (1.3) is Markovian; if we reset it at reg-
ular intervals (as above), then the new solution obtained will be no different from
the original solution without resetting.

Fortunately, the system (1.4)-(1.7) is not Markovian, and if we reset often
enough, the generic short time dissipative effect is strong enough to overcome
the nonlinear growth, and with large probability prevents the formation of shocks.
We observed numerically that even large resetting time §; (i.e., comparable to half
the shock time of the inviscid Burgers system) is enough to ensure that the system
(1.10)—(1.13) is globally well posed. With the techniques in this paper, however,
we are only able to prove a global existence result for (1.10)—(1.13) when &; is
small. The question for large §; remains open, and cannot be addressed using tech-
niques in this paper.

Finally, we mention that our technique can be used to show global existence of
the analogue of (1.10)—(1.13) for the Navier—Stokes equations in two dimensions.
As this is already known [9], without resetting, we do not carry out the details here.

One interesting application would be to the three-dimensional Navier—Stokes
equations. There are numerous results showing global existence of solutions to
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the Navier—Stokes equations with small initial data. One new, interesting ques-
tion that can be asked in this framework is the existence of solutions for arbi-
trary initial data, which are time global for some small (nonzero) probability. The
McKean—Vlasov-type nonlinearity prevents us from asking this question for the
stochastic Lagrangian formulation for the Navier—Stokes equations ([3], equations
(2.3)—(2.6)). For the system (1.4)—(1.6) and (1.8), (1.9), the empirical mean % lev
provides no regularization, so it is unlikely to expect small probability time global
solutions. However, the repeatedly reset version of (1.4)—(1.6) and (1.8), (1.9) is
free of the McKean—Vlasov nonlinearity, and is dissipative, making it a better
candidate for small probability time global solutions. Unfortunately, there are ob-
structions in proving this result directly with the techniques used here, and we are
working on addressing this issue.

The plan of this paper is as follows: in Section 2 we establish our notational
convention, and prove our main theorem. This proof relies on a few lemmas, the
proofs of which we postpone to Sections 4, 5 and 6. In Section 3, we provide
an example showing that without resetting, the system (1.4)—(1.7) shocks almost
surely. As mentioned earlier, once global existence is established the question of
convergence as N — oo is easily handled. We conclude the paper by studying this
in Section 7.

2. The main theorem and its proof. Throughout this paper, we assume
(2, X, P) is a probability space and use E to denote the expected value with re-
spect to the probability measure P. Let N > 2 be a natural number (which will
be fixed throughout this paper), {F;};>0 be a filtration satisfying the usual condi-
tions* on Q and W!,..., W¥ be N independent Wiener processes adapted to the
filtration {#;},>0. We assume subsequently, without loss of generality, that v = %

We use C¥(T), to denote the space of all periodic functions on R (with period 1)
which have k continuous derivatives. We use L” (T), H*(T) to be the Lebesgue p-
space, and the Sobolev space of order s, respectively, consisting of periodic func-
tions. When writing norms of functions in these spaces, we drop T. For instance,
we use the notation ||u|| s to denote the H®(T) norm of u.

We use a calligraphic script to denote the analogous spaces for processes, on
random time intervals. Namely, given #y > 0, and a stopping time t such that t > t;

almost surely, we define
Ck([to, ] T)={ul|ue CO([to, T]; Ck(']I‘)) a.s., and u, s is F; adapted},
LP([to, 71: T) = {u | u € C%[to, T]; LP(T)) a.s., and urr; is F adapted},
H(to,t]; T) ={uluc CO([to, 7]; H*(T)) a.s., and u, », is F; adapted},

4By “usual conditions” ([11], Definition 2.25) we mean that the filtration {7;};>¢ is right contin-
uous, and J contains all P-null sets in Foo.
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where we use the abbreviation “a.s.” for almost surely. For convenience, if 7 is any
stopping time, not necessarily greater than or equal to 9, we define C* ([t, 7]; T) =
C*([to, T V to]; T), and similarly for H*, £P. To avoid confusion with the C*(T)
norms, we explicitly use

sup sup |[jus(@)]cx
WEQI=I=T
to denote the C*([1o, 7]; T) norm of u.

We clarify, u € ck ([0, T]; T) means that there exists an event Q' C  with
P(2) = 1 such that Yo € /, t € [tg, T(w)], us(w) € CK(T) and u,(w) is con-
tinuous in ¢. Further, V¢ > fg, u; »; is F;-measurable. In words, Ck([to, t]; T) is the
set of all processes which have a C¥(T) valued, continuous paths modification and
are defined on the random interval [fg, T].

Note that our spaces involve processes which are continuous in time almost
surely, and we are not interested in quantifying any further regularity with respect
to time. When the regularity in time needs to be quantified, the definition the anal-
ogous spaces is not as elementary (see, e.g., [13]).

Our main theorem shows, given any arbitrarily large T, we can make our re-
setting time §; small enough so that a regular solution to (1.10)—(1.13) exists up
to time 7 with probability arbitrarily close to 1. In order to formulate our theo-
rem precisely, we will need to define the notion of solutions to the reset system
(1.10)—(1.13) with respect to a stopping time. This is our next definition.

DEFINITION 2.1. Let fg > 0, T be a spatially independent stopping time such
that T > #o almost surely, and u,, be a C! (T) valued F;,-measurable random ran-
dom variable. Suppose u € C!([to, T]; T) is a unique fixed point of the system

PN AL PN TAL )
2.1) xiNay=a+ | u,XiNyds+ [ dwl,

fo Iy
N PN
(22) A;(),l‘ = (X;()yt) 1’
1 Y N
i
N Zuto °© Alo,l'

i=1

(23) l,[t =

Then we define
N,t
St(),l Uty = Uy.

For convenience, we adopt the convention that if T is any stopping time (not nec-
essarily satisfying t > fy), we define Sg”fu,o = g’tTVtouto.

REMARK. Note that it is essential to assume t does not depend on the spatial
variable, as in this case if the drift u is spatially regular, then the process X;&f\,’

admits a modification which is a stochastic flow of diffeomorphisms. Hence the
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spatial inverse Aié{\t/ =X ;OA,’ )~ ! is well defined. We will subsequently always as-

sume our stopping times are spatially independent.
REMARK. InLemma 2.7, we will show that S,I(V)’ '" is well defined. Namely, if

k > 1, and u,, € C¥(T) is F;,-measurable, then Lemma 2.7 shows that there exists

a (deterministic) time #; > fg such that the process u defined by u, = Sﬁ ’f‘ut(,

belongs to Ck([to, 1], T).

REMARK 2.2. Note that we can view the dependence of the operator S,/: ,’.r on
the stopping time 7 as a dependence only through the time interval of definition.
Indeed, for any fixed §; and stopping time 7, C ([0, 7]; T) solutions of (2.1)—(2.3)
are unique up to indistinguishability. This follows immediately from a standard
argument using Gronwall’s Lemma, and we omit the proof. Strong uniqueness

implies that the operator Sr]g’, ' satisfies a compatibility condition: for #) > 0, con-

sider two stopping times 11, T2 > fo such that utl = ,/(\)/”,Tluto e(! ([0, 71]; T) and

Uy = S,()N”,Tzuto eC! ([0, 1]; T), then u? = u! before 7| A 1. That is, u% has a mod-
ification such that for all > 1y, uzzml Ay = ul arAr,- Thus, when the time interval
of definition is clear, we sometimes omit the stopping time t as a superscript of

our operator S.

For notational convenience, we omit the first superscript N for the remainder
of this section. Given a (spatially independent) stopping time t, a deterministic
starting time fp > 0,a C ! (T) valued F;,-measurable initial data u,,, and a resetting
time &; > 0 small enough, we can define a c! ([0, T]; T) solution of the (stopped)
system (1.10)—(1.13) iteratively by

Ur = Uy, when t = 1y,
(2.4) Ul = Stf)+k5t’tufé+k8[, whenever ¢ € (to + ké&;, to + (k + 1);]
for some k € N U {0}.

We are now ready to state our main theorem.

THEOREM 2.3. Let N>1,T >0,6>0,s > 6+ %, and suppose’ ug €
HS(T). Then there exists 67 = 67 (T, &, s, |\uol|lgs), independent of N, such that
for all 8; < 8t, there exists a spatially independent stopping time t such that
P(t > T) > 1 — ¢ and the process u defined by (2.4) (with tg = 0) is in the space

Cﬁ([O, t]; T).

REMARK 2.4. The compatibility condition in Remark 2.2 allows us to dis-
cuss the notion of a maximal stopping time Tpax for which the iterative procedure

3The theorem and proof remain unchanged if we instead assume that uq is a H*(T) valued, Fy-
measurable bounded random variable.
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in (2.4) is well defined. Consequently, Theorem 2.3 will show that this maximal
stopping time Tyay 1S in fact at least 7 with probability at least 1 — ¢.

We emphasize that the operator Sy, ; is not a smoothing operator, which, as men-
tioned earlier, is part of the reason why Theorem 2.3 is surprising. We can see S;, ;
is not smoothing from the fact that (4.3), the stochastic partial differential equa-
tion (SPDE) satisfied by u; = So ;10 is not dissipative [13]. One can immediately
verify this as the diffusive term in (4.3) does not necessarily dominate the noise.

Another (perhaps more intuitive) way of understanding the regularity properties
of Sy, is via time splitting. The S;, can be time split into two parts: S’,{), the non-
linear solution operator associated with the inviscid Burgers equations, and S’IZO the
operator corresponding to resetting. By considering time split version of (1.10),
one can see that S‘% corresponds exactly to the operator

(25) t() to+5; (x) - Z f t0+5[ Wt{)))

The operator S’}O causes growth on the Fourier modes. It is well known that the

damping provided by vaf, for any v > 0, is enough to overcome this growth, and
this gives us global existence for the viscous Burgers equations for any strictly
positive viscosity. Thus if the operator Stzo provides damping comparable to vaf,
then the usual methods can be used to prove Theorem 2.3. However, the operator
Stzo provides no damping, as can immediately be checked from (2.5): the operator
norm of S‘% is exactly 1 (surely) in all Sobolev and Holder spaces. This is the main
difficulty in proving Theorem 2.3.

We overcome this difficulty by considering the limit v := limg, .o u%. It turns
out that v satisfies a dissipative SPDE, and if the initial data is regular enough we
obtain convergence in a strong norm of u® to v. This is the key to the proof of
Theorem 2.3, and is formulated below.

LEMMA 2.5 (Key lemma). Let® N > 1, BeNU{0}, Tp > 19 >0, and ©
be a (spatially independent) stopping time. Let u,, be a C*P(T) valued Fio-
measurable random variable, and u® € C*+P ([to, t]; T) be defined by (2.4). Let
v e C*B([ty, 71; T) be the solution of the SPDE

1 vy
2.6) dvi + vy dyv, dt — 5 0Fv, di ’;\;’f > dwi =0,
j=1

6The proof of this lemma never uses the assumption N > 1, and is valid even for N = 1. However,
for N =1, Lemma 2.5 is vacuously true as assumptions (2.7) and (2.8) will never be satisfied for
nonconstant initial data.
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with initial data v|;=,, = u,, and spatially periodic boundary conditions. Let Ty =
(t V t9) A Ty, and U be a constant such that’

2.7) sup ullcars <U  as.,
I0=<t=<70

(2.8) sup |lvsllca+s = U a.s.,
10<t<7

and let wf’ = uf’M — g ar. Then there exists a constant C = C(B, U, Ty), indepen-
dent of N, &; and t, such that

(2.9) sup Efuwl|2, <cs/.

tg=<t=<Ty

Our main interest in this lemma will be for § = 2, as it will enable us to obtain
a Cl([t, Tol; T) bound on u from a C! ([, Tp]; T) bound on v. A C'(T) bound is
all that is needed to continue a solution locally, thus controlling the C'(T) norm
of u with large probability, independent of §;, will prove our theorem. Since (2.6)
is dissipative, uniform in time bounds of strong norms of v are readily obtained.

LEMMA 2.6. Let N > 1, s € N, ug € H*(T). There exists a process v €
H* ([0, 00); T) which is a solution to the SPDE (2.6) with initial data uy and pe-
riodic boundary conditions. Further, there exists a constant Vg = Vi (s, ||luollgs)
such that

(2.10) supllve ||l gs < Vs

t>0

almost surely.

We remark that (2.10) is an almost sure bound on a strong norm of v. The reason
we are able to obtain almost sure bounds is because if we “multiply by v and
integrate by parts” (or more precisely, apply Itd’s formula to || v; ||i2), we obtain an
equation with no martingale part! This is carried out in detail in Section 5.

Lemmas 2.5 and 2.6 will now allow uniform in time control of a strong norm
of u% . The only remaining ingredient is to obtain a C'(T) local existence result,
and guarantee that inequality (2.7) is satisfied uniformly in &;.

7Assumptions (2.7) and (2.8) can be weakened slightly at the expense of a lengthier, more technical
proof. The weakened assumptions, however, still require more than B derivatives. While replacing
(2.7) and (2.8) with a condition involving only 8 derivatives would be of sufficient interest to warrant
a more technical proof, reducing 4 4+ 8 to 4 + B — & only obscures the heart of the matter. Since
sufficient regularity on our initial data will guarantee (2.7) and (2.8) anyway, we assume they hold
and avoid unnecessary technicalities.
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LEMMA 2.7.  Suppose uy, isa C Y(T) valued Fi,-measurable random variable
such that there exists a constant U{) > 0 such that ||ugllcr < U ? almost surely.
There exists Ty = TO(U?) > ty and a process u® e CY([1y, Tol; T) such that u® is
a solution to (2.4) with T = Ty.

If further for some n € N, uy, is a C"(T) valued Fy -measurable random vari-
able, and there exists a constant U,? > 0 such that |lugllcr < U,? almost surely,
then u® is C"([0, T1; T), and further there exists a constant U, = Un(Ulg, n), in-
dependent of N and &;, such that

Q.11 sup [lulllen <U,  as.

1o=t=Tp

forall §; < Ty.

REMARK. The existence time Ty above only depends on a the C!(T) norm of
the initial data. However, on the existence interval, any additional regularity of the
initial data is preserved.

We are now ready to prove the main theorem. (Lemmas 2.5, 2.6 and 2.7 will be
proved in Sections 4, 5 and 6, resp.)

PROOF OF THEOREM 2.3. Let §7 > 0 be a small time, to be specified later,
and let &; € (0, 67) be arbitrary. Given a stopping time 7, we define the operator
T by

mS,,t

8,7 __ @t T T T
Lt = Sk8,t © Sth1)8,k8 © O Sim4 18, (m 428, © Sy (m+1)5,

where k € N is such that k6; <t < (k + 1)6;.
Let v; be the solution of (2.6). By Lemma 2.6 and the Sobolev embedding the-
orem there is a constant Vi, such that

sup [[vrller = Vi
t>0

almost surely. Let Ty = To(2V7) be the local existence time in Lemma 2.7; namely,
for any initial data uo with |ugllc1 < 2Vi, and for any §; < Tp, the process
5”63, A TOuo is C 1([0, Tp]; T). Without loss of generality we can assume that Ty is
an integer multiple of &;.

Note that our assumption uo € H'3/>* Lemma 2.6 and the Sobolev embedding
theorem imply that assumption (2.8) is valid for 8 = 2 (in this case, the supremum
can in fact be taken over all # € R). Similarly, Lemma 2.7 guarantees that assump-
tion (2.7) is valid for 8 =2 and all §; < Tp. Thus Lemma 2.5 can be applied.
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Let 21 be the event {|u [l <2Vi}. Then

P(Q1) = P(luf, —vrller < V)

\%
> P(llu?0 — vl < c—;) (Sobolev embedding)

>1— 1E(||u —vpll32)  (Chebyshev’s inequality)

Vl
1/2
Cé,
>1-— 5 (Lemma 2.5)
Vi
1/2
Z 1 - C8T )
Vi

where the constant ¢ above is the constant arising in the Sobolev embedding the-
orem. An appropriate choice of §7 will make P(€21) arbitrarily close to 1. We
clarify that while our bound on P (£21) depends only on &7, the event 2| depends
on &;.
We define a stopping time 71 by
To, ifwé¢ Q,
Tl = {ZTO, if we Q.

Note that by Remark 2.2, we have 5”0 g =S ’ Ouo for all ¢ € [0, Tp]. Thus,
by the semi-group property, and the fact that Tp is an integer multiple of &,

8¢, To
5.1 S o, for t € [0, Ty],
yot M()Z Y

‘5/%):1 o (;S’T %up, for t € (Ty, 2Tp],
as long as either side is defined. We claim that the right-hand side above is well
defined and in C®([0, 7;]; T). We see this as follows: first for 7 € [0, Tp], this is true
by Lemma 2.7 and Remark 2.2. Now, for w ¢ €21 and any ¢ € [Ty, 2Tp], Yﬁéf' is

just the identity operator Further for almost every w € €21 we have 5”63 ’fTouo(a))
”To (w) € CO(T) and ||uT (@)|lc1 <2Vy. Thus for almost any w € €21, and for every

t € [To. 2Tpl, 3 uf (@) € CO(T) by Lemma 2.7.

Using Sobolev embedding, Chebyshev’s inequality and Lemma 2.5 as above,
we can find an event Q2 C 1 such that P(£2;) is arbitrarily close to P(£21). As
before we define a stopping time 7, by

(), if w ¢ Qo,
n(@ =j3p if e Q,

and the solution u% = y(i “2y0 € CO([0, 3]; T). A finite iteration will complete
the proof. [J
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Finally we address the question of N — oo. For this purpose, we re-introduce
the superscript of N to indicate the dependence on N of the process considered.
Using techniques similar to [9], we show that the solution v of (2.6) converges
to the solution of the viscous Burgers equation as N — oo.

PROPOSITION 2.8. Let vV be the solution of (2.6) with initial data ug, and uf
be the solution of the viscous Burgers equation (1.1) with the same initial data. If
ug € H®, s > %, then for any T > 0, there exists a constant C = C(T, s, ||uo|l gs)
such that

C
b N2
sup Ellu; —v,"|I7. < —.
1€[0,T] ! TN

We prove Proposition 2.8 in Section 7. We conclude by remarking that Propo-
sition 2.8, Lemma 2.5 and an argument similar to the proof of Theorem 2.3 will
show that for small enough &, as N — oo, ™% converges to the same limit on
an event of almost full probability.

3. Almost sure existence of shocks without resetting. In this section we
show that the system (1.4)—(1.7) develops shocks almost surely, for any N. The
existence of shocks is simpler to prove if we work with monotone functions on R,
instead of periodic functions, and thus for this section only, we will work with
(1.4)—-(1.7) on R instead of on T.

Let 7 be a (spatially-independent) stopping time, and we interpret C! ([0, 7]; R)
solutions to (1.4)—(1.7), in the natural way [analogous to (2.1)—(2.3)]. The main
result of this section shows that even if we stop “bad” realizations of (1.4)—(1.7),
we can never continue solutions past the time m, unless we introduce a
regularizing mechanism.

PROPOSITION 3.1.  Suppose ug € C'(R) is a decreasing function, and let u be
a C1([0, 7'1; R) a solution of (1.4)—(1.7) with initial data ugy. Then, almost surely,
N

3.1) e —
|0xuoll Lo

REMARK 3.2. The numerically observed shock time, in the periodic case,
is independent of N, and it is of the order m with large probability. This

indicates our bound (3.1) is far from optimal.

REMARK 3.3. One can show® that as N — oo the solution to (1.4)—(1.7) ap-
proaches the solution to (1.1) at a rate of \/Lﬁ However, it is well known that the

8See, for instance, [9], Theorem 4.1, where the analogous result is proved for the Navier—Stokes
equations.
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solution to (1.1) is smooth for all time and no shock develops, provided the initial
data is, for instance, C' and bounded [5].

The numerics mentioned in Remark 3.2, however, indicate that no matter how
large N is, the system (1.4)—(1.7) will only be a good approximation to the true
solution of (1.1) for short time, in the order of m

REMARK 3.4. Monotonicity of the initial data uq is precisely the condition
that constrained us to work on the line instead of on the torus. Specifically, the as-
sumption d,up(x) < O for arbitrary x € R simplifies the proof of 3.1 considerably.
Numerics, however, indicate that this monotonicity assumption is redundant, and
(1.4)—(1.7) develops shocks for arbitrary (periodic) initial data.

PROOF OF PROPOSITION 3.1.  Assume for simplicity, and without loss of gen-
erality, that ||dyugllp = —d,uo(0) = 1. Let the stopping time t be the first time

t <1’ such that 8, X" (0) = 0. Explicitly,
r =1 Ainf{t | XV (0) = 0}.

We will first show that, T < N, almost surely.
Differentiating (1.4) in space gives

(3.2) d@. XNy =o0,uMN ) vo XN d,

Ix!

for t < 7/, almost surely. Here, our notation d,u!| 1.~ means

Ix!

Buup! |y (x) = N (XN (x)).

Ix

Differentiating equation (1.7) in space, we obtain

1Y ,
8xu£V|X11,N = I Z 0y (ug o A;’N)IX},N
=1
(3.3) ’

1 N N
— . l’
= — E axuolA;,Noth,N OxA; |X[1,N,
i=1

for r < ¢/ almost surely. Since by the chain rule,

(34) oA wa XN =acar N o XY =1,

multiplying (3.3) by 9, X ,1 o gives

1,N
1N 0x X}

N
Oxu, |Xf

(3.5
1 l N LN
= ﬁ|:3xu0 + Xgaxuoui,zvoxtlw . 3XA;’ |X,1’N o X; :|
1=
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for r < t/ almost surely.

Note that for a C! solution of the system (1.4)—(1.7), for all i, the flow
Xﬁ’N :R — R is homotopic to the identity map via C! diffeomorphisms of R.
The same is true for the inverse inverse Ai’N, and thus 8XA§’N|X1,N BXX}’N > 0.
Finally, since uq is assumed to be decreasing, we know that axu6 < 0, and thus
equations (3.2) and (3.5) yield

3,9 XN (0) < ~

for t < " almost surely. This (ordinary) differential inequality, along with the fact
that 8XX(1)’N = 1, necessitates T < N almost surely.
Now, by definition of 7, and continuity (in time) of 9, X tl o

(3.6) lim 3, X"V (0)=0
=1~

on the event {t < t’}. From (3.5) and the chain rule we have

N
1T 0cug ;
N X i,N
Oxl; |X1,N = N [71 ~ + E axu0|Ai,NOX1,N - 0x A |X1,N]
t 8xXt’ l_2 t t t

for ¢ < v’/ almost surely. Note that all the terms on the right-hand side (3.5) have the
same sign. Thus if one of these terms approaches —oo, then necessarily the entire
right-hand side approaches —oo. Equation (3.6) immediately implies the first term
approaches —oo at x = 0 on the event {t < t’}. Hence, on this event we have

lim [[3cu |z > — lim dcul (X" (0)) = oo,
=1~ =1~

almost surely. Consequently, if u € C'([0, z/]; R), we must have P(t < /) = 0.
Hence 7" = 7 < N almost surely. [J

4. Proof of the key lemma (Lemma 2.5). In this section we prove conver-
gence of u% to v as §; — 0. The basic idea is to show that the velocity in our reset
system (1.10)—(1.13) satisfies the limiting SPDE (2.6) with a small error which is
controlled as 6, — 0.

By shifting time, we may assume without loss of generality that o = 0. Further
replacing T with t A Tp if necessary, we may assume 7 = tg < Tp. Throughout this
section, we adopt the convention that o = 0, and N, B, Ty, T, 70, U0, u vand U
are as in the statement of Lemma 2.5. We also assume the processes X }C 5.0 A}; 5.
are all as in (1.10)—(1.13), and for notational convenience, we will omit the N and
8 as superscripts throughout this section.

We need a few lemmas before we can prove Lemma 2.5. In our first lemma we
determine an SPDE satisfied by u on the interval (kd;, (k + 1)&;].
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LEMMA 4.1. We define the process u' to be the ith summand in (1.13). Ex-
plicitly,

. , r=0,
4.1) ui = {”O Jor

Uks, © A}'aw, fort e (r ANkds, T A (k+ 1)8,].

Then for all i € {1,..., N}, the process ut e C4+ﬁ([0, t]; T), and satisfies the
SPDE

, TAL N
Xir=ks;) (U pr — Uks,) + (”S Oyl — = 8x”i‘> ds
TAkS; 2
4.2)

A
+ Oxuy, dWy =0

r/\k(S,

on the interval t € [ké;, (k + 1)8;]. Similarly, the process u € CHB ([0, 71; T), and
satisfies the SPDE

TAL 1 )
Urpr — U nks, + UsgOyug — = 0 us | ds
TAkS; 2

(4.3)
ine 1 N ) )
+/ — > 0uldW! =0
T

/\kS, ]=1

on the interval t € [kd;, (k + 1)6;].

REMARK 4.2. A more intuitive, though less precise, way of phrasing the
SPDEs (4.2) and (4.3) would be to say for t € (t AkS;, T A (k+1)6;], u, u' satisfy
the SPDEs

dul 4 u; dyu' dt — %Bzui dt +d,uldW! =0  forallie{l,..., N},

1
du; + uy dxu; dt — 53§u,dt+ Zau,dwf_o
j=1

with initial data u’|,—gs, = ugs, and u|,—xs, = us,-

PROOF OF LEMMA 4.1. From [3, 9] (see also [14, 20]) we know that when
T = 00, the process A},  satisfies the SPDE

dAk5 t+uta Ak5 l‘dt k(s ,dt—{—a Ak5 tdWl 0

on the time interval (k§;, (k 4 1)§;]. Writing down an integral version of this in the
presence of a stopping time, equations (4.2) and (4.3) follow immediately from
(2.3) and (4.1) by a direct application of Itd’s formula.
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To check® u, u!, ..., u™ e 4P ([0, T]; T), note that continuity in time is imme-
diate. Further, the spatial regularity of u has already been assumed in the statement
of Lemma 2.5. For u', ..., u", note that the 7 and the noise are spatially indepen-

dent in (1.10), and it immediately shows that each X }C 5. (and hence each A};s,,.) is
as spatially regular as u, which in turn shows that each u €C(0,7;T). O

Now we show that with a small error u satisfies the SPDE (2.6) stopped at t,
and obtain bounds on this error. Let Ez;; ¥ denote the conditional expectation of
Y given Fis,. Given any process f, and a stopping time t, we define the stopped
increment Af f by

AL f = fentke+1)s, — fonks,-
For the (deterministic) process f; =t, we define A;t by

5, if T > (k+ 1),
Aft=(t A+ 1)8) — (T AkS) =] T —k8;,  ifks, <T < (k+ 1),
0, if T < ké;.

Finally, let L be the (nonlinear) operator defined by

192
Lu=udyu — 50,u.

LEMMA 4.3.  Suppose (2.7) holds for some B € NU {0}, and let ;. be defined
ble

1Y :
(4.4) g, = ATu+ Lugs, ATt + dyugs, (ﬁ 3 A Wf).
j=1

Then there exists a constant C = C(B, U, Ty) (independent of N, k, 8; and ) such
that for all §; < Ty and k < g—? we have

(4.5) supE[8P e, (x)> < €52,
xeT
(4.6) supE[Ex, 87, (0)|* < C8;.
xeT

REMARK. Since u and all derivatives of u are a priori uniformly bounded al-
most surely, the proof of this lemma is straightforward. Without this a priori bound,
we would only obtain similar bounds on E||8)’?8,’<8t ||%2 and E||Ez, afe,;& ||%2,
which are still sufficient for Lemma 2.5.

9The spatial regularity of u, ul, ... u" follows directly from an assumption only on the initial
data, and a standard iteration argument. This is contained in Section 6. However, for Lemma 4.1, an
iteration argument is unnecessary because of assumption (2.7).
101y equation (4.4), technically, Lugg, is not defined when t < k§;. However, in this case, Alzt =0,
so the value of Luys, does not matter. We use this convention subsequently without further mention.
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PROOF OF LEMMA 4.3.  We assume throughout this section that C is a con-
stant only depending on U and 7p which could change from line to line. Note
first that assumption (2.7) and equation (2.1) immediately imply that for any
ie{l,...,N},

sup 0 Xllc3es <C and  sup [|0xAfllcaes <C

0<r=<1 0<t=<7

almost surely. Now equation (2.3) immediately yields the same bound for u, inde-
pendent of N. Thus, making U larger if necessary, we may assume without loss of
generality that (2.7) holds for all the processes u, ul u?, . un.

For any k e NU {0}, r € (ké;, (k+ 1)1, n < B + 2, differentiating (4.3) n times

gives

TNt . .
O urnr — Oy g nks, = / oY Lugds — — Z/ 8”+1u§ awy,
T T

NkS; Nky
and hence
E|07urns — 3z nks, |
TAL 2
§2E</ BgLusds>
TAkS;
2
+ ZE( Z/ Nttul dst) :
T/\k(gf
Note that

TAL t
n+l_j j_ n+1, j Jj
/ dy uy dWy —/ Xiksy<o) Xps=r Ox - Uy AW
TAkS; ké;

Thus using (2.7) for both u and u', for any t € (k&;, (k 4+ 1)8;] we have

1 N
47)  SupE[0] e (x) — 9] ttr aks, (X)) < C<8,2 v Z 8t) = Cd,

xeT

where as usual the constant C may change from line to line, provided it only de-
pends on B, U and Tj.
Similarly, using (4.2) and the above argument we have

(4.8) SUP E < 13 Ul p, (%) — Bugs, (x) 1> < €8

xeT

for any t € (ké;, (k+1)6;] and n <2 + B.
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Now, from the definition of ¢’ and equation (4.3) we have

) A+, 1 N poak+Ds, . ,
ekz—/ Lusds——Z/ dxul dw}
T

Akﬁ, I:1 'L'/\k(st

1 Y ‘
+ Luznks, Alzt + axut/\k(gt (N Z AIZ WJ>
j=1

4.9)
TA(k+1)68;
= (Luks, — Lug)ds
rAk(S,
1 N poak+Ds, i i
— Oxups, — Oxu?)dW,
+NJ§_/—;/\]<§I (x k(S[ Xs) Ky

almost surely. For the It6 integrals in the second term above,

A1), ‘ ‘
Ez, (/ s (Oxttks, — Oxul) dWSj>
TAkS;

(k+1)3, J j
=Ez;, </sz Kieztsp) Xis<o) (Oxlties, — xltns) dWSj) =0
t

and hence

TAk+1)6;
E|Ez, dFe | :E(af/
T

2
(Lugs, — Lug) ds)
Ak8;

(k+1)8; P 2
=< 81‘ /];5 E[X{kg,S,}X{SSI}ax (Luk& - Lul’/\s)] ds
t

(k+1)8; p 5
b [ Bl 9 Litenss, — L) [ ds
t
<Cs;,
where the last inequality follows from (4.7) with n =2 + . This proves (4.6).

For (4.5), note that the expected value of the square of the first term in (4.9) has
already been bounded by C 8? <C 63. For the second term, the It6 isometry gives

1 Mo prak+Ds, . \?
E —Z/ 3P (Byurs, — yul)dw

N o Jenks,

1 &L pktDs P -
=N Z/ E[X{kﬁtsr}x{sﬁr]ax (Oxurs, — xui)]"ds,
P

and using (4.8) with n =1 4- B the proof is complete. []
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We now prove that a time split version of the SPDE (2.6) satisfies the same error
estimates as in Lemma 4.3.

LEMMA 4.4.  Suppose (2.8) holds for some p € NU {0}, and let &} be defined
by

1 Y ,
(4.10) e] = ATv+ Lugs, A} + 0, vz, (N > A WJ).

Then bounds (4.5) and (4.6) hold for /.

PROOF. First note that

TNt .
Vrar — Urpaks, = / s Lvgds — Z/ iy vy dW/!
TAKO¢ TNk

almost surely. Thus for any n <2+ 8 and ¢ € [ké;, (k 4 1)5;] using (2.8) gives
(4.11) sup B[ vz pr (x) — 3 ve pks, (X)|* < C8;.
xeT

Similar to the derivation of (4.9) we obtain

, TAK+1)8 1 Mo prak+Ds, ;
g, = (Lvgs, — Lvg)ds + — / (0x Vs, — OxUg) dW:
k7 )k, ! ' N ; TAKS, R e s

from definition (4.10). The remainder of the proof is now identical to the proof of
Lemma4.3. O

We are now ready to prove Lemma 2.5. We remark that assumptions (2.7) and
(2.8) are stronger than necessary. We only need

(4.12) sup (lusllci+s + llvellcr+s) = U a.s.,
0<t<rt

4.13) sup sup E(|02"Pu,(x)|? 4 82 Pv,(x))?) < U
xeT0<t<t

and the bounds on &', ¢’ provided by Lemmas 4.3 and 4.4 above. The proof we
provide below depends only on these weaker assumptions.

PROOF OF LEMMA 2.5. Let g, = ¢, —¢]/, where ¢/, ¢/ are defined by Lemmas
4.3 and 4.4, respectively. Using (4.5), (4.6) and the corresponding estimates for &/,
we have

(4.14) supE 8l e (x)? < €87,
xeT
(4.15) supE|E g, 0%er(x)|* < C8]

xeT
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for all £k < go As before, we assume C is a constant that only depends on 8, U
and Ty, which may change from line to line. Now, estimates (4.14) and (4.15)
imply

(4.16) Elle 35 < C57,
4.17) E|Ez,; s < CS;.

For the remainder of the proof we will use the weaker estimates, (4.16) and (4.17).
Now, recall w; = Wrar = Uz ar — Uz ar, and we know wg = 0. Thus

PATw=0ATu—dfATv

(4.18) = 3P (Lugpis, — Lvgars,) ALt
—af+1wk5,< ZAkWJ) + 08e;.
j=1

We first estimate E(af A,ﬁw)2 where k is any integer such that k6, < Tj.
For this, independence of W', the mean square of the matringale term in (4.18)
is bounded by

2
1Y , 1 Y ,
E[afﬂwk& (ﬁ Z Af WJ):| = E(af+1wk8,)2E<N Z Af WJ)
j=1

2

4.19) 5
t
< NE(awaks,)z'

Next, for the mean square of the first term in (4.18)
E(9% (Lt aks, () = Lvgags, (1))
< CE[@ Purnes)” + 0 Pvenes)’]
+ CEL(O (ur ks, dxtte nks ) + (F (Ve ks, xvenks )]

<C E(]9>F Rl
ig%k}{g&%m (1827 P g ass, ()1 + | Ve aks, (X)[%)

+ C0<km<aTX (It 7 ks, ||C1+,3 + llve aks, ||C1+ﬂ)

Hence, using (4.12) and (4.13) we obtain
(4.20) E(07 (Lur ars, — Lvrars,) ALT) < 82C.

By (4.16) the mean square of the last term in (4.18) is also bounded by C (Stz. Thus,
squaring (4.18), taking expected values and using Young’s inequality gives

35
(4.21) E(@°ATw)? < W’E(af+1 wis,)? + C82 + 3E (3P 1)
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Now for any K < g—?,
K—1 K—1
@fwis)? = @ wenks)* =2 s, O Afw + Y (3 Afw)?
k=0 k=0
K—1

=2 Py, (—@’?(Lumka, — Lvgars, ) ARt
k=0

1 & .
— af“A,gw(N > A,ﬁW-/) + afek)
j=1

K—1
+ >0 Afw)*.
k=0
Taking expected values, integrating in space using (4.21) and (4.16) gives
K—-1
E||afw1(3,||iz < -2 Z E/Tafwks, 3P (i nks, Dxttr nks,
k=0
(4.22) — Vraks, dxVraks,) dx

K—-1
+2)° Ef 3P wys, 8P ey dx
k=0 T

1 = 1 2 2
— (1 — N)a, /;) E/T(af+ wis,)>dx + CK 82,

For the first term on the right-hand side of inequality (4.22) note
3)/? Wks, 3)’? (ur/\ks, 3xuf/\k5[ — Uz AkS, Oy vf/\k(gr)
(4.23)
= afwm, 8)’? (Wks, OxUraks, — Vraks, Ox Wks,)-

Observe that the mass (spatial mean) of solutions to (2.6) is constant in time. The
same is true for solutions to (4.3). Thus, for all r < Ty, [purndx = [puodx =
JT vzardx, and hence [3 w; dx = 0. Thus integrating (4.23) in space and using the
Poincaré inequality, the term involving u above is bounded by

/T 9P wis, 98 (wks, dxthe pks,) dx

2
< Cllafwis, 1172 e sk, o1

For the term involving v in (4.23), when all the derivatives fall on w we have

1 1 2
P s, = VT AkS, Ay (3P wys,)?,

and if we integrate by parts, we can avoid the extra derivative on w. Thus

3f Wks, VT AkS,

/T 3P ws, 9P (Ve pks, Dxwis, ) dx

2
< Cll0fws, I3 2 Ve nis, llcs-
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Thus using (4.12) and the above estimates, the first term on the right-hand side of
(4.22) is bounded by

_281‘E/ 3P wis, 8P (e nks, Bxhe ks, — Venks, dxVraks,) dX
T
(4.24) ,

< C8E| 08 wis, |17,

For the second term in (4.22), we know wys, is Fis, -measurable. Thus using
(4.17) and the Cauchy—Schwarz inequality we obtain

(4.25) f IE0Pwys, 9P ey | dx = / [E@P wis, Ex,, 08 e)  dx < €52
T T

The third term on the right-hand side of (4.22) is always nonpositive, and can
be ignored. Thus, recalling K < g—?, and using (4.24) and (4.25) in (4.22) we have

K—1
1/2
Ell0fwks, 125 < €52+ C 3" Ellofwis, 12,6
k=0
The remainder of the proof is an elementary discrete Gronwall argument. Let

K—1
1/2
vk =C82 +C Y El8lwps, 12,5
k=0
Then
k1 — Y = CSE| 0P ws, 117, < C8; vk
and hence

Vit1 < (1 +Cép)yk.

Iterating, and using yo = C 5} /2 gives

yi < (1+C8)kcs!?,

Since k < g—? this gives

(4.26) max_y, < C8;/% sup (1 4 C5)70/% < C5!/2eCT.
k<To/8: 8;>0

This proves (2.9) for all times ¢ which are an integer multiple of §;. Since for any

xeT,and k < g—? we elementarily have

sup  E|9Pvoa (x) — 8Pvp s, (0)12 < €8,
ké; <t <(k+1)d;

and

sup  E[08urn (x) — Purpps, (x)? < C8,
kd; <t <(k+1)5;

completing the proof. [J
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5. Proof of Lemma 2.6. In this section we establish uniform in time bounds
for the solution of (2.6) and prove as in Lemma 2.6. We do this via the following
two lemmas:

LEMMA 5.1. Let ug € C*°(T), T > 0, and suppose v € C*°([0,T]; T) is a
solution to (2.6) with initial data ug and periodic boundary conditions. Then for
any s € 77, there exists a constant Vg = Vi(s, T, ||uo|| s ) such that

sup ”vt”HS = Vs
0<t<T

almost surely.

LEMMA 5.2. Let ug € C*(T), and suppose v € C*°([0, 00), T) is a solution
to (2.6) with initial data ugy and periodic boundary conditions. Then for any s €
Z7, T > 0, there exists a constant V; = Vi (s, T, lluoll;2) such that
(5.1 sup [[vell s < Vs

t>T

almost surely.

We draw attention to the fact that a priori bounds are almost sure! Indeed, ap-
plying It&’s formula to | vy ||i2 immediately yields an equation with no martingale
part [see (5.2) below].

Given Lemmas 5.1 and 5.2, the proof of Lemma 2.6 is now immediate.

PROOF OF LEMMA 2.6.  Given the almost sure a priori bounds in Lemmas 5.1
and 5.2, existence of solutions to (2.6) follows via standard methods. The time
global bound (2.10) is also an immediate consequence of Lemmas 5.1 and 5.2.

g

We devote the remainder of this section to proving Lemmas 5.1 and 5.2.

PROOF OF LEMMA 5.1.  'We prove Lemma 5.1 via energy estimates. First note
that It6’s formula and (2.6) give

1 N
d(v)* = 2v, dv, + e Y (0cv)*dt
j=1

N
2 2 U,B Uy i
= —20; v dt + v, dgv dt —2 1; ;dW,’

+ ! (B, vy) % dt
N x Ut .
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Integrating in space, and using [ v, 3y v, dx = 0= [p v 3, v; dx gives

1
(5.2) atnvtniz=—(1—ﬁ)uaxvtniz — ol < lluoll 2

almost surely.

A similar calculation shows [vllr < [lugllzr for all p > 2, and hence!
lvellLee < |lugllr. Recall s > 1 by assumption, and so the Sobolev embedding
theorem shows ||ug||z~ < c||lug|| gs for some absolute constant c.

Now, differentiating (2.6) with respect to x and applying It6’s formula to (9, v;)?
we obtain

1

2 1 2.2
d(axvt) = 28xv, d(axvz) + Nlax'l)” dt

1 v, X
:_2axut(ax(u,axv,)dz—53§v,d:+ ’;V”’ ) :dWl")
j=1

1
+ N|a§ut|2dt.
Integrating with respect to x on [0, 1], and noting that [ 9, v, 8)% vy dx =0, gives

1 1
alpenlRs =~ (1= 5 )13ulad+ (2 [ 02 00 d ) i
1
= afnaxvznizs—Zua%vtniz+8||vfaxvt||iz
(5.3)

1
2., 112 2 2
= = g 19zvellga + Bllvell oo 1 vell7 2

1
2 2 2 2
= = lozvellz2 + 8lluollzec 10 ve 172

almost surely. Thus, (5.2), (5.3) and Gronwall’s inequality gives
t
6.4 lvell g1 < Clecot and / ||vt,||?LI2 dt’ < Clecot,
0

almost surely, for some constants C1 = Ci(||uoll 1) and co = co(|luo| L)

For the remainder of this proof we adopt the convention that ¢, C denote ab-
solute constants, Cy; = C,(s, ||uollgs) denotes a constant depending only on s,
lluollgs and co denotes a constant depending only on ||ug||z~. The exact value
of these constants are immaterial, and we will allow them to change from line to
line.

UThis can alternately be shown using a version of the maximum principle [15].
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Similar to (5.3), differentiating (2.6) twice with respect to x, applying Itd’s
formula to (831)02, integrating in space, noting |p. afv, 8)%1), dx = 0 and using
Holder’s inequality gives

1
Fllogvellz, < —(1 - ﬁ) 1050117 2 + 20187 vy [l 2115 (v 35 o) || .2
< —clld}v 32 + CUB VN0 + v 170) 1820112

3 2 2 2 2
< —cllgzvell72 + Clivell g2 107 ve 72,

almost surely, where the last inequality is obtained by the Sobolev embedding
theorem. Using (5.4), this gives

1 2 t
dt co? cot
Il 2 < Coe "2 < Coe€1¢”" and / o2 dit’ < Cre1”,
0
almost surely. Proceeding inductively, suppose we know

vl s < Cyexp(Cy—1 exp(Cs—z - - -exp(cot) - - ),
5.5 £
O s e’ = Coexp(Comrexp(Coa - explaon ),

holds almost surely for some s € Z*. Differentiating (2.6) s + 1 times with respect
to x, applying It6’s formula for (8;+1vt)2 and integrating in space we obtain

N

since fq 85t 1y, 33+2v, dx = 0. Thus

1
a8 |12, = —(1 - —>||3;+21)t||iz dt + 2005 20 2105 (o v 2 dt

1 2 2 2
Ny vl 72 < —cllay vl
S 2 2
+ CU1 vl Lo llOxvell72 + -
2 ) 2 2 1 2
+ 1105 vl 700 1930 M7 2 4 ol 2o 103 0r 117 2)
2 2
=< —C||8;+ Uz”Lz
s 2
+ C(ll0yvellfo0 + -+
2 2 1 2
+ 1105 el 700 + ve o) 103 e 17
2 2 2 1 2
< =l vl s + Cllve e 103 0ell72,

almost surely. Thus by Gronwall’s lemma

t
lorll oot < Co exp( N d/>

< Cy41exp(Cyexp(Cy—1 - - -exp(cot) - - )
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almost surely. Further

t
/0 10112542 di’ < 1 exp(Cs exp(Cs—1 -+~ expleor) - ),

almost surely, completing the inductive step. By induction, (5.5) holds for all s €
7t completing the proof. [

PROOF OF LEMMA 5.2.  We prove Lemma 5.2 via a bootstrapping argument
in Fourier space. To fix notation, for n € Z, we use f(n) =Jr e~ 2nNY £(x)dx to
denote the nth Fourier coefficient of f.

On Fourier coefficients, using u d,u = % A u?, equation (2.6) reduces to

R 2min N ;
diy(n) + == 0i(m) ) dW/
=1
(5.6) !
+ 272020, (n) dt + min Z vy (n —m)v;(m)dr =0

mez

for every n € Z.
By Itd’s formula applied to (5.6)

n2n?

A 2
dt
N [v ()|

d|d,(n)|> = 0, (n) dd,(n) dt + O,(n)d 0, (n) +

1
(5.7) = —47r2n2<1 — —)|ﬁt(n)|2dt

N

+ min(0;(n) B;(n) — 0y (n) By (n)) dt,
where 9, (n) denotes the complex conjugate of v;(n), and
Bi(n)=Y_ i(n —m)d;(m),
meZ

is the nonlinear Fourier coupling in (5.6). Using N > 1 and Young’s inequality in
(5.7) gives

10, (n) 1> < =27%n%|0,(n)|* + 2700, (n)|| B, (n)|
(5.8) - 5 5
< —cn?|0,(n)|* + C|B;(n)|

almost surely, where, as before ¢, C are absolute constants (independent of ug, T'),
which may change from line to line. Thus, for any 7, > 0 we have

t /
(5.9) [0 )? < by )P ™ +C | =B )P dr’

1o

almost surely, by Gronwall’s inequality.
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2
L
[equation (5.2)] this gives |B;(n)| < ||u0||i2 almost surely. Thus the second term

By Parseval’s identity we know | B;(n)| < ||v¢||%,, and by conservation of energy

in the previous inequality is bounded from above by %lluolliz. Since |12,6|2 <
||ut(/)||i2 < ||uo||i2, given a lower bound on ¢ — #j, we can certainly arrange the

same inequality for the first term. Thus choosing #; = %, for instance, and applying
(5.9) with ¢, = 0, we obtain

R C
(5.10) sup| 0y ()2 < 3
n
almost surely, where Co = Co(||ug||z2, T') is some constant.

Now we bootstrap, and use (5.10) to obtain a better estimate on B;. Assume
inductively that for some @ € Z*, and t, = QLHT, we have

Co

5.11 sup|d;(n)|?> <
(.11 ,;}2'”’(”)' = T

almost surely. Here Co = Cy (|luoll 2, T, o) is a constant which we allow to change
from line to line if necessary. We will now establish (5.11) for o + 1. Note that
almost surely, for any ¢ > #,, we have

1Bi(m)| < Y [0(n —m)[|5,(m)| <2 D" D (n — m)|[;(m)]|

meZ |m|>|n|/2
NE c,\12
(5.12) 2ol X 10mP) <2l X %)
m|>In|/2 mi=nl/2 ™
C,
= n|@ D72’

Now returning to (5.9) and choosing t(’) = ty, we see that the second term is
bounded by Cn% ”591 = Ciac 9. For any ¢ > 1,1, we can certainly arrange the same
inequality for the first term, and hence this establishes (5.11) for « 4 1.

Finally note that if (5.11) holds for «, then (5.1) holds for any s < % — 1, com-

pleting the proof. [

6. Proof of Lemma 2.7. In this section, we prove the almost sure C"(T)
bounds on u stated in Lemma 2.7. We need a few preliminary results first.

PROPOSITION 6.1 (Local existence without resetting). Let u;, be a C (T
valued F,-measurable random variable such that

0
g llcr = Uy
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almost surely. There exists Ty = To(U 10 ), independent of N, such that the solution
to (2.1)—(2.3) exists on the interval [to, to + To|. Further if for some n > 1, uy, is a
C"(T) valued, F,-measurable random variable with

gy llcn < Uy,

almost surely, then there exists U, = U”(U,? , n) such that

(6.1) sup lullen < Up

to=t=to+To
almost surely.
Proposition 6.1 can be proved using a standard Picard iteration. A proof of the

analogous result for the Navier—Stokes equations appeared in the Appendix of [9]
(see also [7, 8]). The proof of 6.1 is very similar, and we do not provide it here.

LEMMA 6.2. Let I:R — R denote the identity function, d € [0, 1) and let
A € C"(T) be a periodic function such that ||0xA|p~ < d. Then there exists a

constant ¢y—1 = cn_1(||3,’c1_1)x||Loo, d,n) such that for any f € C"(R),

(6.2) 107 [f o (T +M)]llzoe < 1195 fllLoo (1 + [0x Al Lo0)" + cn—1 1197 All oo,
63)  18YU + 1) Iz < camtl19F A Loe,

forn > 1.

REMARK. Note that since ||d,A||z < 1, the function I + A is a C' (R) diffeo-
morphism of R. The notation (1 4+ A)~! in (6.3) refers to the inverse of the C' (R)
diffeomorphism 7 + A.

PROOF OF LEMMA 6.2. First note that we can view A as a periodic function
(with period 1) in C"(R). Further, by the mean value theorem, for any k > 1 there
exists x € T such that afk(x) = 0. Thus for any k € {1, ..., n}, we have |8)’§)L| <
c(n)||0¢ Al o, for some constant c(n) depending only on n. (For k = 0, we need
to subtract the mean of A for this bound to be valid.)

Now for any two f, g € C"(R), we have

(6.4) N(fog)=> @rHog > []oke.
m=1 ki+-+ky=ni=1
ki>1

To prove (6.2), we set g = I 4+ A. The term in (6.4) corresponding to m = n gives
the first term of 6.2. When m < n, we notice that k; > 1 for at least one i, and
kj <n —1 for all other j. Thus |35 (I + M)l = |08 Allz < c(n)]|8"A] L.

The remaining terms a,’jf (I + 1), j #i in the product can be bounded by ¢;,_.
This proves (6.2).
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For (6.3),set X =1 +Aand A= X"'. Since n > 1, 0¢ (Ao X) =0, and using
(6.4) we obtain

-1 n—1 m ‘
A= DAk X [[aka
X m=1 ki+-+kp=ni=1
ki>1
By induction, one can assume that [|07'A|[z~ < ¢,—1 for all m <n — 1. Since
d<1, W < ﬁ, and remaining terms can be bounded by the same argument
X Lo

as before. This proves (6.3). [

LEMMA 6.3. Let n € N, uy, be a bounded, C"(T) valued, F;,-measurable
random variable. For k € {0, ..., k}, let U,? be a constant such that |us||cx < U,?
almost surely. Let u be the solution of (2.1)—(2.3) with initial data u; = u,, when
t=1t. If n > 1, there exists Q' € Fy, with P(2) =1, Ty = TO(UIO) >ty and a
constant ¢,_1 = Cp—1 (U,?_l, n) such that

(6.5) 17U, (@)l 1e < UY(1 4 co1(t — 1))

forall o' € Q', t € [ty, 19 + Tp]. For n = 1, (6.5) holds with ¢y to be an absolute
constant.

PROOF. For simplicity, we assume #y = 0. One can check that this assumption
does not affect our proof below. Our first step is to obtain almost sure C'(T) esti-
mates on the Eulerian and Lagrangian displacements. Throughout this section, we
use the convention that ¢, | = Cn—l(U,?_l, n) is a constant depending only on n

and U ,9_] (or an absolute constant for n = 1), which can change from line to line.
Let To = To(U ?) be the local existence time given by Proposition 6.1, and ¢ =
c1 (UP) the almost sure bound on ||u;||~1 from (6.1). Let 1 : R — R be the identity
map, Xi, Al respectively, be as in (2.1), (2.2), with t = Tp. Define )»ﬁ = Xf -1,
U, =A,—1.
Differentiating (2.1) with respect to x we obtain

. t .
18,3 oo < /0 1ty oo (1 + 1824 | o0
almost surely, for ¢ € [0, Tp]. By Gronwall’s lemma,
) t
ol < [ Ioullimds  as
0

for t € [0, Ty]. Recall ¢t < Ty, ¢; only depends on UOI, and for all s < Ty,

|0cus||poe <U 0 almost surely. Thus, as Tj is allowed to depend on U 0 by making
1 1
Ty smaller if necessary we can arrange

N —

. t .
6.6)  119xAi [l < co /0 loxusllpods and  sup [|9xAl[ e <

0<t<Ty
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almost surely, for some absolute constant cg. Now
B 1
- (@xX]) o A
(0xA1) o Al
1+ (0:4)) 0 A]

Bl =08, Al — 1

almost surely. Thus we must have
6.7) 191150 < 20195 Al

almost surely for ¢ € [0, Ty]. Using (2.3) and (6.7) we have

1 Y .
|0xus |l oo < ¥ Z 10xuoll oo (1 4 [[0x €} 1l Loc)

i=l

=

N
D N0xuolizoe (1 + 2[|9xAfll )
i=1

z| =

t
< 19yuoll o +2co /0 18,1ty [l o ds

almost surely for ¢ € [0, Tp]. This proves (6.5) forn = 1.

For n > 1, local existence (Proposition 6.1) guarantees that ||u; || cn-1 < c,—1 al-
most surely for ¢t € [0, Ty], where ¢,—1 = ¢,,—1 (U,(L1 , n). Assume by induction that
the bound (6.5) holds for some integer n — 1. This bound and equation (2.1) im-
mediately imply that ||8xk;' lcn—2 < cp—1 almost surely!? for ¢ € [0, To]. Equations
(6.6) and (6.3) will imply ||8x£§ | cn—2 < c,—1 almost surely for ¢ € [0, Tp].

Thus using equations (2.1) and (6.2) we obtain

. t ,
1870 | oo < fo 187 [y o (I + 2]l o ds

t .
scn_1/0 187 ug | L + 1974 [ oo ] ds

almost surely. Using Gronwall’s lemma this implies

. t
(6.8) 19 Agll oo Scn—1/0 [0 usllLoo ds

12\We remark that our somewhat unusual notation ||8x}»§ | cn—2 instead of ||Af lcn—1 is necessary.
This is because it is impossible to obtain almost sure bounds on ||A}|| 7. However, as our argument
shows, we can obtain almost sure bounds on || 8,’5‘ Mg forany k > 1.
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almost surely. Here we absorbed the constant ¢!’ into ¢,_1, which is valid as
t < To=To(UD). Now

N
Y usllLe < — Z 183 uoll oo (1 + 118 € [l Lo0)" + cn—1118y €31l Lo0)

N
Z 187 uo || Loo (1 4 20|85 ALl £00)"™ + cp1 |87 AL 1)

2 |

t
< 19" ugl| o (1 +cn_1r>+cn_1/0 187 us || oo ds

almost surely, where we used (6.3) and (6.7) to obtain the second inequality, and
equations (6.6) and (6.8) to obtain the third inequality. Now Gronwall’s lemma
gives (6.5), where we again absorb the exponential factor e“»—!" into (1 + ¢,—_11),
by replacing c,—1 with a larger constant, which by our convention we still denote
by ¢,—1. U

PROOF OF LEMMA 2.7. By Proposition 6.1, existence will follow if we es-
tablish (2.11) for n = 1. We prove (2.11) by induction. Since the constant cg in
Lemma 6.3 is absolute, the proof for n = 1 is identical to the proof of the inductive
step. Thus we only prove the inductive step.

Assume that (2.11) holds for n — 1, choose ¢,_1 = ¢,—1(U,,—1) to be the con-
stant from Lemma 6.3. Thus whenever §; < Ty,

8
(6.9) |}a"u(k+l)5t | oo < (180185 uys lLe as.
holds for all £k < 2 Iteratlng this we have

To/d
||a;:u;||Loo < (14 cn18) %0 ug|| Lo as.

for all ¢+ < Tp. Thus we choose U, to be given by

Uy = 118" uol| oo sup(1 4 ¢,—18) 7072,

>0
From (4.3) we see that [, uf’ is conserved almost surely. Since uff is periodic,

abound on || B;‘uf’ | oo will give us a bound on ||uf’ |cn, completing the proof. [

7. Proof of Proposition 2.8. In this section we prove Proposition 2.8. We
reintroduce an N as a superscript to explicitly keep track of the dependence of our
processes on N, and prove convergence as N — 00.

PROOF OF PROPOSITION 2.8.  Let w" = v/ — u?. Then (1.1) and (2.6) give

N N
7.1) d a,oN dr 9y a’t——82 Ndr % dw! =o0.
(7.1) w, —i—wt vt +ut w; +— N 122
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Thus, by It6’s formula
1
Sl 2+ ( [a? axv,Ndx) 1

1
+ (fT Wb axthdx) i+ ol |2, dr

1y
—I—(/ thaxvtNdx)<N ZthJ>dt
T i
! N2
= Sl 72 dr.

Taking expectations and integrating by parts we obtain
ALY 2, + B (@)@l - o) dx| + Elawl I,

1
= Bl 1.

By Lemma 2.6 and the Sobolev embedding theorem, there exists a constant C =
C(s, |lug|lgs), independent of N, such that

sup|| 0y vl < C
t>0

almost surely. It is well known that the same estimate holds for d,u?. Further, since
E| 0, v, ||%2 <Ssupq ||8xv||%oo, making C larger if necessary we have

supE||dy v, |7, < C.

t>0

Thus

1
BEwM 2, < v(Enw,Nniz + N)'

and, since wo = 0, Gronwall’s lemma gives

1
E|w) |7, < C—N(ecf —1)

finishing the proof. [
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