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MARTIN BOUNDARY OF A KILLED RANDOM WALK ON
A QUADRANT

BY IRINA IGNATIOUK-ROBERT AND CHRISTOPHE LOREE
UMR CNRS 8088, Universite de Cergy-Pontoise

A complete representation of the Martin boundary of killed random
walks on the quadrant N* x N* is obtained. It is proved that the corresponding
full Martin compactification of the quadrant N* x N* is homeomorphic to the
closure of the set {w = z/(1 + |z]) : z € N* x N*} in R2. The method is based
on a ratio limit theorem for local processes and large deviation techniques.

1. Introduction. The concept of Martin boundary was first introduced for
Brownian motion by Martin [15] and next extended for countable discrete time
Markov chains by Doob [8] and Hunt [10]. For a Markov chain (Z(¢)) on a
countable set E with the Green function G(z,z’), the Martin compactification
Ej is the smallest compactification of the set £ for which the Martin kernels
K(z,) =G(z,)/G(zo, -) extend continuously. See the book of Woess [20] (Chap-
ter IV) or Rogers and Williams [18] (Section II1.28), for example. The Mar-
tin boundary for homogeneous random walks in Z¢ was obtained by Ney and
Spitzer [16].

We identify the Martin boundary of a killed random walk (Z4(¢)) on the posi-
tive quadrant N* x N*, Such a random walk has a substochastic transition matrix
(p(z,7) = n(z’ —2),z, 7 € N* x N*) with some probability measure ;. on Z?, it
is identical to a homogeneous random walk (S(¢)) on the two-dimensional lattice
72 before it first exits from the quadrant N* x N* and is killed at the time

T =inf{n > 0:S(n) ¢ N* x N*}.

The random walk (Z,(¢)) is therefore not homogeneous: transition probabilities
on the boundary of the quadrant N* x N* are not the same as in the interior. For
nonhomogeneous Markov processes, the problem of Martin boundary identifica-
tion is usually nontrivial and there are few examples where it was resolved.
Cartier [3] described the Martin boundary of random walks on nonhomoge-
neous trees and Doney [7] identified the Martin boundary of a homogeneous ran-
dom walk (Z(n)) on Z killed on the negative half-line {z:z < 0}. Alili and Doney
[1] identified the Martin boundary for space—time random walk S(n) = (Z(n), n)
for a homogeneous random walk Z(n) on Z killed on the negative half-line
{z:z < 0}. All these results were obtained by using a special linear structure of
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the processes. The Martin boundary of Brownian motion on a half-space was ob-
tained in the book of Doob [8] by using an explicit form of the Green function.

In Kurkova and Malyshev [14], the full Martin compactification is obtained by
using methods of complex analysis for nearest neighbors random walks on a half-
plane Z x N and in the quadrant Zi = N x N. In a recent paper of Raschel [17], the
Martin boundary is obtained for nearest neighbor random walks in N x N with an
absorption condition on the boundary also by using methods of complex analysis.
Because of the use of the specific algebraic setting of elliptic curves, these methods
seem to be difficult to apply when the jump sizes are more general.

The results of Kurkova and Malyshev [14] exhibit a formal similarity between
the limiting behavior of the Martin kernel and the optimal large deviation trajecto-
ries obtained by Ignatyuk, Malyshev and Scherbakov [13]. A natural idea is then
to study the Martin compactification by using large deviation methods. The large
deviation approach was first proposed in the papers of Ignatiouk-Robert [11, 12] in
order to identify the Martin boundary for partially homogeneous random walks on
a half-space Z¢~! x N. The minimal harmonic functions were determined there by
using the methods of Choquet—Deny theory (see Woess [20]) and then the limiting
behavior of the Martin kernel was obtained by using an explicit representation of
the harmonic functions combined with the large deviation estimates of the Green
function and the ratio limit theorem of Markov-additive processes. Unfortunately,
the methods of Choquet—Deny theory and the ratio limit theorem are valid only for
Markov-additive processes, that is, when transition probabilities are invariant with
respect to the translations on some directions. In the setting of the present paper,
for a random walk in the quadrant N* x N*, such an invariance property cannot
hold. Our paper is the first step toward a more ambitious program: to identify the
Martin boundary for general partially homogeneous random walks in N”.

The main idea of our method is the following: to study the asymptotic behavior
of the Martin kernels K (z, z,) for a sequence of points z,, which tends to infin-
ity with lim,, z,,/|z,| = ¢, one should consider a twisted random walk conditioned
to go to infinity in the direction ¢. For a nonzero vector ¢ € R%, such a twisted
homogeneous random walk will visit at least one of the boundaries (—N) x Z or
Z x (—N) only a finite number of times. If the corresponding boundary {0} x N
(resp., N x {0}) is removed, the resulting process is then identical to the homoge-
neous random walk (S(#)) before the first time when it hits the set Z x (—N) [resp.,
(—N) x Z]. The limiting behavior of the Martin kernel of this process correspond-
ing to the direction ¢ is already known in such a setting. The limiting behavior of
the Martin kernel of the original process (Z4(¢)) should be essentially the same
but with a correction given by a potential function. When both coordinates of g are
positive, this idea is transformed into a rigorous proof with the aid of large devia-
tion estimates and a generalization of a ratio limit theorem of the paper [12]. When
one of the coordinates of g is zero, that is, when the process is conditioned to go
to infinity along one of the boundaries, our proof is much more complicated. In
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this case, we combine large deviation techniques and the ratio limit theorem with
delicate estimates obtained from the Harnack inequalities.

We assume that the probability measure u on Z? satisfies the following condi-
tions:

(H1) The homogeneous random walk S(t) = (S1(¢), S2(¢)) on 72 having transi-
tion probabilities ps(z,7') = u(z' — z) is irreducible and

m=Y zu(z) #0.
zeZ4

(H2) The killed random walk (Z4(t)) is irreducible on N* x N*,
(H3) The jump generating function

(1.1) p@) =) u@expa-z)

€72

is finite everywhere on R?.
(H4) (S1(t)) and (S2(t)) are aperiodic random walks on 7.

Under the above assumptions, the set
D={aeR*:¢a)<1)

is compact and strictly convex, the gradient V() exists everywhere on R? and
does not vanish on the boundary 3D = {a € R?: ¢(a) = 1}, the mapping

(1.2) a—q(a) =Ve(a)/|Ve(a)|

determines a homeomorphism from 9D to the unit two-dimensional sphere S? =
{g € R?:|q| = 1} (see [9]). We denote by ¢ — a(g) the inverse mapping of (1.2)
and we let a(q) = a(q/|q|) for a nonzero ¢ € R?. According to this notation,
a(q) is the only point in d D where the vector ¢ is normal to the convex set D.
Throughout this paper, we denote by N the set of all nonnegative integers and we
let N* = N\ {0}. The set of all nonnegative real numbers is denoted by R} =
[0, +o00[ and R* = ]0, +oo[ denotes the set of all strictly positive real numbers.
It is convenient moreover to introduce the following notation: N denotes the set of
all nonnegative integers and N* = N\ {0},

T =inf{n > 0:S(n) ¢ N* x N*}
is the first time when the random walk (S(¢)) exits from the quadrant N* x N*,
S?={qeRi:|gl=1} and T;={ae€dD:q(a)eSt}.
Fora e 'y and z = (x1, x2) € N* x N*, we set

xrexp(a-z) —E (Si(r)exp(a- S(1)), T < 00),
if g(a) = (0, 1),
(1.3)  he(z) = { x2exp(a-z) —E;(S2(x) exp(a - S(1)), T < 00),
ifg(a) =(1,0),
exp(a -z) — E;(exp(a - S(1)), T < 00), otherwise.
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G (z, 7)) denotes the Green function of the process (Z(t)):

Gi(z,2)=) P(Zy(n)=7).
n=0

The main result of our paper is the following theorem.

THEOREM 1. Under the hypotheses (H1)—-(H4), for any q € Si and any se-
quence of points z, € N* x N* with lim,, |z,,| = oo and lim,, z,,/|z,| = q,

(1.4) Jim G (2, 20) /G +(20, 2n) = ha(q) (2)/ ha(g) (20)

forall z € N* x N*.

Remark that the conditions (H1) and (H2) are essential for our approach, our
method does not work when at least one of them is not satisfied. The hypotheses
(H3) and (H4) are required by the paper [12], we use its results to get (1.4) for
q €{(1,0), (0, 1)}. When the coordinates g; and g» of the vector ¢ = lim,, z,,/|zx|
are nonzero, the assumption (H4) is not needed and the hypotheses (H3) can be
replaced by a less restrictive condition of Ney and Spitzer [16] where the jump
generating function (1.1) is assumed to be finite only in a neighborhood of the
set D.

Recall that a sequence z,, is said to converge to a point on the Martin boundary
an (N* x N*) of N* x N* determined by the Markov process (Z (¢)) if and only
if the sequence of functions z — G4(z, 2,)/G (20, 2») converges point-wise on
N* x N*. According to this definition, Theorem 1 implies the following statement.

COROLLARY 1.1. Under the hypotheses (H1)—-(H4), the following assertions
hold:

(1) A sequence of points z,, € N* x N* with lim,, |z,,| = 400 converge to a point
of the Martin boundary for the Markov process Z1(t) if and only if z,,/|zn| — g
for some point g € SJZF.

(2) The full Martin compactification of the quadrant N* x N* is homeomorphic
to the closure of the set {w = z/(1 + |z]) : z € N* x N*} in R,

Our paper is organized as follows. In Section 2, the main idea of the proof of our
result is sketched. Section 3 is devoted to the preliminary results. In Section 4, we
prove that the functions A, with a € I' ;. defined by (1.3) are finite, harmonic for the
Markov process (Z(¢)) and strictly positive. Section 5 is devoted to the large de-
viation results. It is shown that the family of scaled processes Z¢ (1) = eZ ([t /¢])
satisfies sample path large deviation principle. The logarithmic estimates of the
Green function are obtained from the corresponding large deviation bounds. In
Section 6, the large deviation estimates are used to decompose the Green func-
tion G4(z, z,) into a main part corresponding to an optimal large deviation way
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to go from z to z, and the negligible part. In Section 7, we generalize the ratio
limit theorem of Ignatiouk-Robert [12]. The decomposition into a main and a neg-
ligible parts of the Green function G4 (z, z,,) and the ratio limit theorem are next
combined in Section 8 in order to complete the proof of Theorem 1.

2. Local processes and renewal equations: A sketch of proofs. The main
steps of our method can be summarized as follows:

(1) For a sequence (z,) € N* x N* with lim,, z,/|z,| = ¢ and lim,, |z, | = +o0,
the Green function G (z, z,) of the Markov process (Z,(t)) is represented in
terms of a local random walk which is Markov-additive and has the same transition
probabilities as the original random walk (Z(¢)) in a neighborhood of the point
qlznl.

(2) Next, large deviation estimates are used to decompose G 4 (z, z,;) into a main
part corresponding to an optimal large deviation way to go from z to z,, and the
negligible part. Such a decomposition allows us to get the limit of the Martin kernel

lim G 4 (z, z)/ G+ (20, 2n)

from the limiting behavior and the uniform bounds of the Martin kernel of the
corresponding local process.

When the coordinates of the vector ¢ = (q1, ¢2) are nonzero, the local Markov-
additive process is simply a homogeneous random walk (S(¢)) on Z? having tran-
sition probabilities p(z, z’) = u(z’ — z). This is the simplest case in our proof. The
following renewal equation represents the Green function G (z, ') of the Markov
process (Z(t)) in terms of the Green function G(z, z) of the random walk (S(z)):

2.1 G+(z2,7)=G(z,7) —E,(G(S(1),Z), T < 00).

Ney and Spitzer [16] proved that for any g € S_% and any sequence of points z, €
N* x N* with lim, |z,| = oo and lim, z,,/|z,| = ¢,

(2.2) nlggo G(z,21)/G(0, z,) =exp(a(q) - z)

for all z € Z2 (see also Section 7 in [12] for an alternative simple proof of this
result). Using the renewal equation (2.1), one can therefore get the equality

5 G+ (z,2n)
m —————

n—=00 G(0, z,) = eXp(a(C]) . z) — Ez(exp(a(q) . S(,)), T < oo)

(2.3)
= ha(q) (2),
if one can prove the exchange of limits
G(S(v), . G(S(7),
2.4)  lim EZ<M, < oo) :EZ( fim SG@ ) oo).
=00 G(0,zn) n=o0 G(0, zp)

Relation (1.4) will follow finally from the relation (2.3) because the function /4, is
strictly positive on N* x N* (see Proposition 4.1 below). Equality (2.4) is therefore
a key relation for our problem.
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While the above idea seems quite simple, the proof of (2.4) is nontrivial because
the convergence (2.2) is not uniform and the classical convergence theorems are
here difficult to use. With our approach, for a sequence of points z,, € N* x N*
with lim, |z,| = oo and lim, z,,/|z,| = g, we first decompose the right-hand side
of (2.1) into a main part

5 (2, 20) = G (2, 20) — E<(G(S(T), 20), T < 00, |S(7)| < 8lzal)

and the corresponding negligible part by using the large deviation estimates of the
Green function G(z, z') and G, (z, ). Next, we get the estimates

2.5) sup 1|2/ <s1z,1y G (2, 2n) / G (20, 2n) = C(2)
n

such that E_(C(S(7)), T < 00) < 0o and finally, using the point-wise convergence
(2.2) and dominated convergence theorem we obtain (1.4). The estimates (2.5) are
obtained in Section 7 with a suitable exponential function C(z) by using the ratio
limit theorem applied to the random walk (S(¢)).

The case when one of the coordinates of the vector ¢ is equal to zero, that is,
when the sequence (z,) tends to infinity along one of the boundaries of the do-
main, is much more delicate to handle. First of all, we cannot use here the renewal
equation (2.1) because the function exp(a(q) - z) — E_(exp(a(g) - S(1)), T < o0)
is in this case identical to zero. If ¢ = (1, 0), one should consider a Markov-
additive process having the same statistical behavior as the process (Z(¢)) near
the boundary N x {0} and far from the boundary {0} x N. This is a random
walk (Z1+(t)) on Z x N* having a substochastic transition matrix (p;(z,z’) =
w(@ —2),z,7 € Z x N¥). It is identical to the random walk (S(z)) before the
time 7o = inf{r > 0:S5>(¢) < 0} and killed at the time 7o. Our Markov process
(Z (1)) is therefore identical to (Zi_(t)) before the time 71 = inf{r > 0:51(¢) < 0}.
Since clearly T = min{y, 72}, the Green function G (z, z’) of the Markov process
(Z4 (1)) is related to the Green function G},,_(Z, 7') of the process (Z}r (1)) as fol-
lows:

(2.6) Gi(z,7)=GL(z,2) —E.(GL(S(x),2), t =11 < ).

Theorem 1 of [12] proves that for any sequence of points z, € N* x N* with
lim,|z,| = o0 and lim,, 2, /|zx| = g = (1, 0),

27 lim Gl(z,20)/ G} (0. 20) = hag) + (@D hagy +(20) Yz EZx N,

with a strictly positive function h; (q),+ ON 7 x N* defined by

ha(g),+ (@) =x2exp(a(q) - 2) — Eo(S2(m2) expla(q) - S(12)), 72 < 00).

Similarly to the previous case, we decompose the right-hand side of the renewal
equation (2.6) into a main part

Gl(z,20) —E(GL(S(T), 20), T =71 < 1, [S(T)] < 8|24
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and the corresponding negligible part by using the large deviation estimates of
the Green functions G (z, z') and Gi(z, z") and we show there are § > 0 and a
function C}r (z) with

E.(CL(S(),T=71 <) <00
such that

(2.8) sup 121 <51z, )G} (2. 2n)/ G (20, 20) < CL(2).
n

The proof of these estimates is the most delicate part of our work.

3. Preliminary results. For a given a € D = {a € R?: ¢(a) < 1}, let us con-
sider a new twisted homogeneous random walk (§%(¢)) on 7?2 having transition
probabilities

3.1 Pa(z,7) =p@' —2)expla- (7 —2)).

According to the definition of the set D, the transition matrix of such a random
walk is substochastic. Recall that

T=T1 N1,
where 1) = inf{n > 0:S(n) ¢ N* x Z} and 7o = inf{n > 0:S(n) ¢ Z x N*}.
PROPOSITION 3.1. Forevery a € D, the quantity E,(exp(a - (S(t) —2)),T <

o0) is equal to the probability that the twisted random walk (S%(t)) starting at the
point 7 ever exits from the positive quadrant N* x N*,

PROOF. Indeed, let T denote the first time when the twisted random walk
(8%(1)) exits from the quadrant N* x N*. Then for any ¢ € N,

P.(S*(t) =7, t=t)=expla- (& —2))P,(S(t) =2, t=1) Vz,7 €Z?
and consequently, P, (7% < 00) =E_(exp(a- (S(r) —z)), T <o0). U

The set 't ={a€dD:q(a) € SJZF} endowed with a topology induced by the

usual topology of R? is homeomorphic to a segment with the end points in a(1, 0)
and a(0, 1). The points a(1, 0) and a(0, 1) are said to be critical.

PROPOSITION 3.2. Every noncritical point of I'+ has a neighborhood where
the functions a — E,(exp(a - S(1)), T < 00) are finite for all 7 € N* x N*,

PROOF. By Proposition 3.1, the function a — E_(exp(a - S(7)), T < 00) is
finite on D = {a € R?: p(a) < 1}. Furthermore, let us consider the critical points
a(1,0) = (ay,ay) and a(0, 1) = (af, ay). Recall that under the hypotheses (H1)
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a(0,1) - a

Q>

a(1,0)

Fi1G. 1.

and (H3) the set D is compact and strictly convex, and according to the definition
of the mapping g — a(q),

Vo(ay, ay) =|Ve(ay,ay)|(1,0) and Ve(a],ay) =|Ve(al, a3)|,1).

Every noncritical point of I'; has therefore a neighborhood where for any point
a = (a1,ay) ¢ D there exist two points a = (a1, a) and a = (aj,az) on the
boundary of the set D with a; = aj, a < a; and a; < ay, a, = ay (see Fig-
ure 1). Since S1(7) <0 on the event {T = 71 < 400}, and S>(7) < 0 on the event
{t = 1p < 400}, from this it follows that

E.(exp(a - S(1)), T < +00)
<E;(exp(a-S(1)), 7 =11 < +00) + E;(exp(a - S(1)), T =12 < +00)
<E;(exp(a- S(r)), 7 =11 < +00) + E;(exp(a - S(1)), T =12 < +00)

- 8(1)), T < +00) + E (exp(a - S(1)), T < +00) < +o00. O

IS}

<E, (exp(

PROPOSITION 3.3. The critical point a(1,0) = (a},a5) has a neighbor-
hood where the functions a — E_(exp(a - S(1)), T = 11 < 13) are finite for all
z € N* x N*. Moreover, for any § > 0 small enough there is a point a = (a4, az) €
dD with ay < ay and a> = a} + § such that

(3.2) E,(exp(a(1,0) - S(x) +3852(1)), Tt =11 < 12) <exp(a-z)
for all z € N* x N*,
PROOF. The proof of this proposition uses essentially the same arguments as
the proof of Proposition 3.2. For a € D,
E,(exp(a - S(r)), 71 =11 <12) <exp(a-z) Vz e N* x N¥,
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FIG. 2.

because the quantity E; (exp(a-(S(t) —z)), T = 11 < 1) is equal to the probability
that the twisted substochastic homogeneous random walk (S%(¢)) starting at z hits
the set (—N) x Z before hitting the set Z x (—N). This proves that the functions
a — E;(exp(a - S(1)), T = 11 < 1») are finite on D for all z € N* x N*, More-
over, let us consider the points a(0, 1) = (af, a3) and a(0, —1) = (a{’, a}’) on the
boundary 3D of D. Then the set Q = {a = (a1, a2) e R?>:a; > max{a{,a{’'},a) <
a) < aé/ } is an open neighborhood of the point a(1, 0) and for any a = (ay, a) €
Q\ D there is a point a = (aj, az) on the boundary of the set D with a, = a; and
a1 < ap (see Figure 2). Since on the event {t = 71 < 12}, S1(7) < 0 we conclude
that for any z € N* x N¥,

E.(exp(a-S(1)), =11 <) <E(exp(@- S(x)), t =11 < 12) <exp(a - 2).

The functions a — E,(exp(a - S(7)), T = 11 < 12) are therefore finite on 2 for all
7z € N* x N*, Finally, for § > 0 small enough, a = a(1, 0) + (0, §) € Q and hence,
the last inequality proves also (3.2). U

A straightforward consequence of Proposition 3.3 is the following statement.

COROLLARY 3.1. Fora=a(l,0), the function
(3.3) z—= E (IS2(0)|exp(a- S(v)), 1 =11 < 12)

is finite on N* x N*,
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PROOF. Indeed, on the event T = 1] < 12, for any § > 0, one has
1
0<8() = geXp(SSz(T))

and consequently, for a = a(1, 0),
E;(IS2(7)exp(a - S(r)), t =71 < 1)
=E, (S2(t)exp(a- (1)), 1 =11 < 12)

< %Ez(exp(a -S(T) +38852(1)), =11 < 2).

Since by Proposition 3.3, the right-hand side of the last relation is finite for all
z € N* x N* and § > 0 small enough, we conclude that the function (3.3) is finite
on N* x N*, [

To show that the functions (1.3) are well defined, we will need, moreover, the
following statement.

LEMMA 3.1. For a random walk (E(t)) on Z having zero mean and transition
probabilities P(x,x") = P(0, x" — x) such that for some § > 0,
Ze_‘sxP(O,x) <oo and Z |x| P (0, x) < o0,
X X

the function f(x) =E,(|&(To)|) with Ty = inf{t > 0:£(¢) < 0} is finite everywhere
on N*,

This elementary lemma has been proved in the proof of Lemma 5.3 in Igna-
tiouk [12]. A more general related result can also be found in Chow [4]. Corol-
lary 3.1 combined with Lemma 3.1 implies the following proposition.

PROPOSITION 3.4. The function z — E,(|S2(7)| exp(a(l,0) - S(1)), T < 00)
is finite on N* x N*,

PROOF. To prove this proposition, let us first notice that

E.(|S2(v)|exp(a - S(7)), T < 00)
=E. (|S2(v)|exp(a- S(1)), T =11 < 12)
+E (|S2(2)|exp(a - S(7)), T = 12 < 00),
where for a = a(1, 0), by Corollary 3.1,
E.(|S2(t)|exp(a(1,0) - S(1)), 1 =171 <12) <00 Vz e N* x N*,
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To prove that the function z — E_(|S2(7)|exp(a(l1,0) - S(1)), T < 00) is finite on
N* x N* it is therefore sufficient to show that

(34) E (|S2(v)]exp(a(1,0) - S(1)), T =12 < 00) < 00 Vz e N* x N*,

Next, we consider a twisted random walk (S%(¢)) on Z? with transition probabili-
ties pq(z,7) = u(z’ — z)exp(a - (z' — z)) for a = a(1, 0). The second coordinate
(85(t)) of (§%(1)) is a random walk on Z having a mean

0
Eo(S5(1)) = 8—<ﬂ(al,a2) =0
az (a1,a2)=a(1,0)

and satisfying the conditions of Lemma 3.1. This lemma applied with &(¢) = S5 (¢)
and Tp = tj =inf{n > 0: 55 (n) < 0} proves that the function IE, (|55 (r5)]) is finite
on N*, Since for any z = (x1, x3) € N* x N*,

E.(1S2(m2)lexp(a(l, 0) - S(12)), 12 < 00) = Ey, (1S5 (13)])

we conclude that (3.4) holds. Proposition 3.4 is therefore proved. [

4. Harmonic functions. The main result of this section is the following
proposition.

PROPOSITION 4.1. For every a € I'y, the functions h, defined by (1.3) is
finite, strictly positive on N* x N* and harmonic for the Markov process (Z4(t)).

Before proving this proposition, we consider the following lemmas.

LEMMA 4.1. For a € T'y, the function z — 1 — E (exp(a - (S(7) — 2)), T <
00) is strictly positive on N* x N* when g(a) ¢ {(1,0), (0, 1)} and is identically
zero when g(a) € {(1, 0), (0, 1)}.

PROOF. Indeed, for any a € I'y, the twisted random walk S%(r) = (S} (¢),
S%(t)) has a stochastic transition matrix (p,(z,z") =exp(a - (z/ — 2))u(@’ — 2),
7,7 € Z*), a nonzero mean

m(a) =Y zexp(a-2)u(z) = Vo) = |Ve(a)lq(a)

7€72

and a finite variance. If ¢ (a) = (0, 1), the first coordinate S} (¢) of $¢(z) is therefore
a recurrent random walk on Z, the first time when S () becomes negative or zero
is almost surely finite for any starting point §¢(0) = z € N* x N* and consequently,
the twisted random walk (S“(¢)) almost surely exits from the quadrant N* x N*,
By Proposition 3.1, from this it follows that

1 —E (exp(a- (S(t) —z)), Tt <00) =P,(t“ =00) =0 Vz e N* x N*,
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The same arguments but with a recurrent random walk (S5 (¢)) prove this equality
when g (a) = (1, 0).

Suppose now that g (a) ¢ {(1,0), (0, 1)}. Then by the strong law of large num-
bers, S%(t)/t — m(a) almost surely as t — oo for any initial state $¢(0) = z. From
this, it follows that for any S?(0) = z and ¢ > 0 there is an almost surely finite pos-
itive random variable N, . such that |S$9(t) — m(a)t| < et for all t > N, .. Since
q(a) ¢ {(1,0), (0, 1)}, the both coordinates of the mean vector m(a) are positive
and nonzero and consequently, there exist N > 0 and ¢ > 0 for which the set

{z€Z%:|z —m(a)t| < &t for some t > N}

is included to the quadrant N* x N*. For the initial state $“(0) = 0, from this it
follows that almost surely S¢(¢) € N* x N* for all 1 > N = max{Nyz, N}. The
minimums

Itl‘lgili? S{(¢) and I;él&? S5(1)
are therefore almost surely finite and consequently, for some z = (x, y) € N* x N*,
P; (1% = 400) = Po(gg S{ (1) > —& and min 53(1) > —ﬁ) > 0.
The last inequality combined with Proposition 3.1 shows that
1 —Ez(exp(a- (S(t) —2)), T <00) =P:(t% =+00) >0

for some z = (x,y) € N* x N*. To complete our proof, it is now sufficient to
notice that under the hypotheses (H2), for any z € N* x N*, the probability that
the random walk (S%(¢)) starting at z hits the point Z before the first exit from the
quadrant N* x N* is nonzero and consequently, for some r = #(z,2) € N,

1 —E (exp(a- (S(r) —z)), T < 00)
=P, (t" =400)
>P,(S0) =2, 1% > t)P: (% = +00) > 0.

Lemma 4.1 is therefore proved. [

LEMMA 4.2. The function
4.1) z=(x1,x2) > xaexp(a(1,0)-z) — E;(S2(r) exp(a(1,0) - S(7)), T < 00)
is well defined and nonnegative on N* x N*,

PROOF. Indeed, Proposition 3.4 proves that the function (4.1) is well defined.

To prove that this function is nonnegative on N* x N*, let us notice that by domi-
nated convergence theorem from Proposition 3.4 it follows that

4.2) E (S2(v)exp(a-S(1)), 7 <o00)= nlir&Ez(Sz(r)exp(a - S(1)), T <n).
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Moreover, the function z = (x1, x2) — x2exp(a(l,0) - z) is harmonic for the ran-
dom walk S(#) because according to the definition of the point a(1, 0), for any
z = (x1,x2),
dp(ai, az)

daz  l(ar.az)=a(1,0)

E,(S2(1)exp(a(1,0) - S(1))) — x2exp(a(1,0) - z) = =0.

Hence, for a = a(1, 0), the sequence S>(n)exp(a - S(n)) is a martingale relative
to the natural filtration of (S(n)) and by the stopping-time theorem, for any z =
(x1, x2) € N* x N¥,

E.(S2(t)exp(a - S(1)), T <n)
=E,(S2(t An)exp(a - S(t An))) —E;(S2(n)exp(a - S(n)), v > n)
=xpexp(a-z) — E;(S2(n)exp(a - S(n)), v > n) <xyexp(a-z),
where the last relation holds because on the event {t > n} one has S3(n) > 0. The

last inequality combined with (4.2) proves that the function (4.1) is nonnegative
on N* x N*, [0

PROOF OF PROPOSITION 4.1. Suppose first that a ¢ {a(1,0),a(0, 1)}. Then
by Lemma 4.1, the function /,(z) = exp(a-z) —E.(exp(a-S(t)), T < 00) is finite
and strictly positive on N* x N*. For the homogeneous random walk (S(¢)) on 72,
the exponential function z — exp(a - z) is harmonic and the function

f(2)=E (exp(a-S(r)), T < 00)

satisfies the equality E, (£ (S(1)) = f(z) for all z € N* x N*, The function h,(z) =
exp(a - z) — f(z) satisfies therefore the equality

E:(ha(S(1))) = ha(2)

for all z € N* x N*. Moreover, for z € Z x Z \ (N* x N*), IP,-almost surely, T = 0
and S(t) = z from which it follows that

ha(z) =exp(a-z) — E;(exp(a - S(1)), 7 <00) =0 Vze€Z x Z\ (N* x N¥).

Since Z4 (¢) is killed at the first time T when S(¢) exits from N* x N* and is iden-
tical to S(¢) for t < t, we conclude that the function 4, is harmonic for the random
walk (Z4.(¢)). Fora ¢ {a(1,0),a(0, 1)}, Proposition 4.1 is therefore proved.

Consider now the case when a = a(1,0) = (@], a5). Then by Lemma 4.2, the
function h,(z) = xoexp(a-z) —E,(S2(r) exp(a- S(1)), T < 00) is well defined and
nonnegative on N* x N*. To prove that this function is harmonic for the Markov
process (Z4(t)) it is sufficient to notice that

E.(ha(Z4+(1))) =E.(ha(S(1)), T > 1)
=E:(ha(S(D)) =ha(zx)  VzeN*xN*,



MARTIN BOUNDARY OF A KILLED RANDOM WALK ON A QUADRANT 1119

because h,(z) =0 for all z € Z x Z \ (N* x N*) and Z, (1) = S(1) whenever
7 > 1. To prove that the function 4, is strictly positive, we first notice that

ha(z)exp(—a - z) = x2 — E;(S2(v) exp(a - (S(x) —2)), T =12 < 00)
—E.(S2(v)exp(a- (S(r) —2)), 1 =11 <12 < 00),
where
x2 —E;(Sa(r)exp(a - (S(1);)), T =12 <00) > x>0,

because on the event {t = 13} one has S>(t) = S2(72) < 0. Moreover, by Propo-
sition 3.3, for a = a(1,0) = (a}, a}) and any § > 0 small enough there is a point
a=(ay,az) € 3D with a; < aj and dy = a} + & such that

E (S2(t)exp(a- (S(t) —2)), t=11 < 12 < 0)

< %Ez(exp(a (S(T) —2)+885:(1)), =11 <12 < 0)

1 ~ 1 12 A
=3 exp((@—a)-z)= 3 exp(—(a} — apxi +8xz).

Since the right-hand side of the last inequality tends to zero as x; — 00, this proves
that h,(z) > 0 for z = (x1, x2) € N* x N* with x, = 1 and x; > 0 large enough.
Since by the Harnack inequality,

ha(Z') > he(2)P,(Z4(n) = 7 for some n € N) > 0 Vz,7 € N* x N¥,

using (H2), we conclude that h,(z") > 0 for all 7/ € N* x N*, Proposition 4.1 is
therefore proved. [

5. Large deviation results. In this section, we obtain large deviation re-
sults for the family of scaled processes and we deduce from them the logarith-
mic asymptotics of the Green function. To get the large deviation results for
scaled processes (¢ Z4([¢/€]), we need to show that the original nonscaled process
(Z (1)) satisfies the following communication condition.

5.1. Communication condition.

DEFINITION 5.1. A discrete time Markov chain (Z(¢)) on a countable state
space E C Z¢ is said to satisfy the communication condition on Eq C E if there
exist @ > 0 and C > 0 such that for any z # 7/, z,z € Ej there is a sequence of
points zo, 21, ..., Zn € Eo with zo =z, z, = 7' and n < C|z’ — z| such that

lzi —zi—1|<C and P, (Z(1)=2z;)>06 Yi=1,...,n.

PROPOSITION 5.1.  Under the hypotheses (H2), the random walk (Z (t)) sat-
isfies the communication condition on the hole space N* x N*,
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PROOF. Indeed, under the hypotheses (H2), for x = (1, 1) and any unit vec-
tor e € {(1,0), (0, 1)} there is n, € N such that P;(Z, (n,) = X + ¢) > 0. Hence,
there are uf{,...,u; € 7Z? with ui + -+ +u; = e such that u(up) > 0 and
X4u§+---+u;eN*x N forall k e {l,...,n.}. Similarly, for any unit vector
e € {(—1,0), (0, —1)} there is n, € N such that P;_,(Zy(n.) = X) > 0 and con-
sequently, there are u{, ..., u,ﬁe € 7Z? with ui 4+ uﬁe = e such that p(uy) >0
and X —e +uf +---+uj e N* x N*forall k € {1,...,n.}. This proves that for
any z,7 € N* x N* with |z’ — z| = 1 there are n, € N* and us, ..., ufle € 72 with
z+uf+---+uy, =7 suchthat u(up) > 0and z+uf +---+ug € N* x N* forall
k e{l,...,n.} and consequently, the communication condition is satisfied with

0= rneini:?lin e puwi)>0 and C= meax{ne, i_m?.)fnemfl}. 0

..... N

5.2. Large deviation properties of scaled processes. Before formulating our
large deviations results, we recall the definition of the sample path large deviation
principle.

Let D([0, T'1, R?) denote the set of all right continuous functions with left limits
from [0, 7] to R? endowed with Skorohod metric (see Billingsley [2]).

DEFINITION 5.2. (1) A mapping Ijo,7): D([0, T'], R2) — [0, +00] is a good
rate function on D([0, T'], ]RZ) if for any ¢ > 0 and any compact set V C R2, the
set

{¢p € D([0, T1,R?):¢(0) € V and Ij0,71(¢) < c}

is compact in D([0, T'], R?). According to this definition, a good rate function is
lower semi-continuous.

(2) Let (Z(t)) be a Markov process on E C Z? and let ZE(t) = eZ([t/e)])
for ¢ > 0. When ¢ — 0, the family of scaled processes (Z°(¢t) = ¢Z([t/¢c]),t €
[0, T']), is said to satisfy a sample path large deviation principle with a rate func-
tion /o1 on D([0, T'], R?) if for any T >0and z € R?2

5.1) lim liminf inf log P, /e1(Z8 () € O) > — inf ]

G Jimlimipt ol 08P 200 2= inf  fon®)

for every open set O C D([0, T], R?), and

(5.2) lim limsup sup elogP/e1(Z°() e F) < — inf Iro.11()
7YV e—0 ZegE:|7/—z|<$ = /E]( ) peF:¢(0)=z 0.7

for every closed set F C D([0, T], ]RZ).

IP(;/¢) denotes here the distribution of the Markov process (Z(z)) corresponding
to the initial state Z(0) = [z/e] where [z/¢] is the nearest lattice point to z /¢ in E.
For t € N and ¢ > 0, we denote by [t/¢] the integer part of ¢/¢.
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By Mogulskii’s theorem (see [5]), under the hypotheses (H1)—(H3), the family
of scaled random walks S¢(t) = &S ([t/¢]) satisfies the sample path large deviation
principle with a good rate function

T
(53)  lor(@) = { /(; (log <p)*(<i)(t)) dt, if ¢ is absolutely continuous,

+00, otherwise.

The convex conjugate (log @)™ of the function log ¢ is defined by

(log)*(v) = sup (a - v —logy(a)).
acR?

Under the hypotheses (H4), (logp)*(v) =a - v — log¢(a) whenever v = Vgp(a)
because the function (log¢) is convex and differentiable everywhere in R? (see
Lemma 2.2.31 of the book of Dembo and Zeitouni [5]).

Consider now the local processes (Z}r(z‘)) and (Zi(t)). Recall that (Z}r(t))
is the random walk on Z x N* with transition probabilities pi(z,z’) = u(z' — z)
which is killed at hitting the half-plane Z x (—N). Similarly, (ZfL (t)) is the random
walk on N* x Z with transition probabilities p>(z, z’) = u(z’ — z) which is killed
at hitting the half-plane (—N) x Z. The sample path large deviation principle for
the scaled processes €(Z Jlr([t /€])) and S(Zi([t /€])) is proved by Proposition 4.1
of Ignatiouk-Robert [12].

PROPOSITION 5.2. Under the hypotheses (H1)-(H3), the family of scaled
processes Zil(t) = 8Z_1|_([l‘/8]) and Zi’z(t) = z-:Z%_([t/s]) satisfies the sample
path large deviation principle with the good rate functions

T .
/ (log)*(p(2))dt, if ¢ is absolutely continuous and
0

o) eR xRy forallt €10, T],
+00, otherwise,

54 Igr@) =

and

T .
/ (log)*(¢(2))dt, if ¢ is absolutely continuous and
0

o) eRy xR forallt €[0,T],
+00, otherwise,

(5:5) 5@ =

respectively.

For the random walk (Z4(¢)) killed at the first exit from the quadrant N* x N*,
with the same arguments as in the proof of Proposition 4.1 of Ignatiouk-
Robert [12], one gets the following statement.
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PROPOSITION 5.3. Under the hypotheses (H1)-(H3), the family of scaled
processes Z¢ (t) = e Z 1 ([t/€]) satisfies the sample path large deviation principle
with the good rate function

T .
/ (log)*(¢p(1)) dt, if ¢ is absolutely continuous and
0

¢(t) e Ry xRy forallt €0, T],
+00, otherwise.

(56) I[—(’)_,T]((p) =

5.3. Large deviation estimates of the Green function. The large deviation
properties of scaled processes imply the large deviation estimates of the Green
function. Recall that G(z, z) denotes the Green function of the homogeneous ran-
dom walk (S(¢)), Gi(z, 7') denotes the Green function of the Markov process

(Zﬂr(t)), for i =1, 2, and the Green function of the random walk (Z,(¢)) is de-
noted by G4 (z, 7).

PROPOSITION 5.4. For any g € R%, z € N* x N* and any sequences ¢, > 0
and z, € N* x N* with lim, ¢, = 0 and lim,, ,,z,, = q, the following relations hold

5.7) lim liminf inf enlogG4(z,zp) > —a(q) - q,

§—>0 n—>00 7eN*xN*:¢g,|z|<6

(5.8) lim liminf inf enlogG(z,2,) > —a(q) - q

§—>0 "0 7721 ¢,|7]<8
and for every i € {1, 2},
5.9 (Slim liminf inf &, log Gﬁr(z, Zn) > —a(q)-q.

—0 >0 zeZxN*:¢g,|z|<d

The proof of this proposition uses the communication condition of Proposi-
tion 5.1 and the lower large deviation bound (5.1) for the families of scaled
processes (Z4([t/€])), e(S([t/€])), e(Z}r([t/s])) and e(Zi([t/s])), respectively.
It is quite similar to the proof of Proposition 4.2 of Ignatiouk-Robert [12].

6. Principal part of the renewal equations. For § > 0 and a sequence of
points z,, € N* x N* with lim,, |z,| = +o00 and lim, z,,/|zx| = ¢ = (91, g2), We
define the sequence of functions Ef (z, z,) by letting

6.1)  Ef(z,20) =G (2, 20) = E(G(S(1), 20), T < 00, |S(T)| < 8zal)

if the coordinates g and ¢» of the vector g are nonzero. For g = (1, 0), we put
(6.2) EB(z.20) =G (2 2n) —E(GL(S(D).2). T =71 < 12, [S(7)] < 82a])
and for g = (0, 1), we let

(6.3)  E{(z,20) = GL(z,20) — Eo(GL(S(1), z0), T = 12 < 71, |S(7)] < 8lzn]).
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Recall that G(z, z’) denotes the Green function of the homogeneous random walk
(S(1)) on Z? having transition probabilities ps(z, z’) = u(z’ — z). The Green func-
tion of the random walk (ZJlr(t)) on 7Z x N* having a substochastic transition
matrix (p1(z,z") = u(@' —2),z,7/ € Z x N*) is denoted by G1+(Z, Z’). Similarly,
Gi(z, z") denotes the Green function of the random walk (Z%r (1)) on N* x N*
with a sub-stochastic transition matrix (p»2(z, 7)) = u(z’ — z),z,7' € N* x Z). The
main result of this section proves that for any z € N* x N* and § > 0, the quantity
EZ (z, zn) represents the principal part of right-hand side of the renewal equations
(2.1) and (2.6) for 7’ = z,, when lim,|z,| = +o00 and lim, z,,/|z,| = g. This is a
subject of the following proposition.

PROPOSITION 6.1. Under the hypotheses (H1)—(H3), for any 7 € N* x N*,
8 > 0 and any sequence z, € N* x N* with lim,, |z,,| = +00 and lim,, 2, /|z,| = q,

(64) Jim Gy (z, 20/ L (2, 2) =1,

To prove this proposition, we need to investigate the function

re(g,w) =a(w) - w+alg —w)- (g —w) —elw|.

LEMMA 6.1. Under the hypotheses (H1) and (H3), for any g € SJZr and § > 0,
there is a small & > 0 such that

(6.5) inf re(g,w) >a(q)-q.

weR2 :infy- g lw—0q|>$

PROOF. Under the hypotheses (H1) and (H3), the set D ={a € R2: p(a) <1}
is compact and strictly convex (see [9]), and according to the definition (1.2) of the
mapping g — a(q), the point a(q) is the only point on the boundary of the set D
where the vector ¢ is normal to D. For any nonzero vector ¢ € R?, the point a(q)
is therefore the only point in D where the linear function a — a - ¢ achieves its
maximum over a € D. Hence, for any w € R2,

a(w)-w+alg—w)-(g—w)>alg) -w+alg) - (g —w)=alg)-q,

where the inequality holds with the equality if and only if a(w) = a(q) =
a(qg — w). Since the mapping w — a(w) from the unit sphere S? to 3D = {a €
R2: @(a) = 1} is one to one, this proves that

6.6) a(w)-wtalg—w)-(g—w)>alg)-q fw¢{fqg:60=0}

Moreover, the set D = {a € Rzzgo(a) < 1} being compact, the function w —
a(w)-w+a(g —w) - (g — w) is convex, finite and therefore continuous on R2.
Hence, for any R > 0 and § > 0,
e(R,8) = inf (aw)-w+al@—w) (g—w))—alg)-qg>0
weR2: |w|<R
infg~0 |lw—0q|=48
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and consequently, for 0 < ¢ < ¢(R, §)/R,

inf re(g,w)>a(q)-q.

weR2: |w|<R,infy- o |lw—0gq|>8

To get (6.5), it is now sufficient to show that for any & > 0 small enough, there is
R > 0 such that

(6.7) inf re(g, w) >a(g) -q.

weR2: |w|>R,infy- o |lw—0gq|>8
Here, we use the following estimates: for any w € R? and g € S2,
a(w)-w+alg—w)-(g—w)—a(q)-q
=supa-w-+supa-(g—w)—a(qg)-q
aeD aeD
(6.8)
za(w) - w+a(—w) (g —w)—alg)-q
>a(w) -w+a(—w) - (—w) — 2max|al.
aeD
The function A(w) = a(w) - w + a(—w) - (—w) is continuous and positively ho-
mogeneous:
(6.9) Aw) = [wli(w/|w]).
Moreover, the same arguments as in the proof of the inequality (6.6) show that
AMw) >a(w) -w+a(w) - (—w)=0 whenever a(w) # a(—w),

and consequently A(w) > 0 for all w # 0. Hence, letting

gg=- min A(w)>0 and c¢=2max|q|
2 weR?: [w|=1 aeD
and using (6.9) at the right-hand side of (6.8), we get
re(q, w) —a(q) - q = 2e0lw| — ¢ — elw| = golw| — elw[ >0

forall 0 < & < g9 and w € R? with |w| > ¢/&o. The inequality (6.7) holds therefore
for R =c/gp and 0 < ¢ < gp, and the inequality (6.5) is satisfied for 0 < ¢ <
min{eg, (c/e0,8)}. U

PROOF OF PROPOSITION 6.1. Let a sequence of points z,, € N* x N* be such
that lim,, |z, | = +o00 and lim, z,,/|z,| = ¢g. Then by Proposition 5.4,

1
liminf — log G4+(z, z,) = —a(q) - q Vz € N* x N¥,

n—o00 |Zn|

and hence, to get (6.4) it is sufficient to show that

1
(6.10) limsup |

n—-oo |Zn

| 10g(8Y(z,20) — G+(z,20)) < —a(q) -q¢  Vz e N* x N*,
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Moreover, since the quantities Eg(z, Zn) — G4+(z, z,) are decreasing with respect
to 6 > 0, it is sufficient to prove this relation for small § > 0. For this, the following
estimates are used: for any § >0,z e N* x N*and n € N,

B3 (2, 20) — G4(2, zn) = Eo(G(S(0), z0), T < 00,S(0)| = 81za)
S Z G(Z5 U))G(w, Z}’l)s
weZA\(N*xN*) : |w| =8z
when the coordinates of the vector g € &2r are nonzero. Similarly,
El(z,20) — G4(z,2n) < Z G(z,w)G(w, z,)
we(—N)xN*: |Jw|>§|z,|

forg =(1,0) and
5 (2,20) = G4(2,20) < > G(z, w)G(w, z,)

WeN*x (=N) : [w|>6|zn|

for ¢ = (0, 1). These estimates show that for any ¢ = (¢1,¢1) € S2,8 >0, z €
N* x N*andn € N,

6.11) El(z,20) — G+(z,20) < > G(z, w)G(w, zp)

weZ2 :infy_ o lw—0q|>k8|z,]|
with
el if g =(q1,92) €{(1,0), (0, 1)},
min{q, g2}, otherwise.

Remark furthermore that for all a,a’ € 9D and z, w, z,, € 7?2
G(z, w)G(w,z,) =exp(—a-(w—2) —a - (z, —w))G’(z, w)GY (w, z,),

where G%(z, 7’) denotes the Green function of the twisted random walk (S%(z))
on Z? with trar/lsition probab,ilities (3.1). Since clearly G%(z, w) < G*(w, w) =
G(0,0) and G* (w, z,) < G* (zn, zn) < G(0, 0), from this it follows that

G(z,w)G(w, zn)
<exp(—a-(w—z2)—d - (za — w))(G(0,0))>
<exp(—a-w—a' - (zalg —w)+a-z—a" - (za — |2lq))(G(0,0))>
<exp(—a-w—da' - (|zalg — w) + c(lz] + |zn — |2419]))(G(0, 0))

with ¢ = max,ep |a|. Letting moreover a = a(w/|z,|) = a(w) and @’ = a(q —
w/|z,|) and using the last inequality at the right-hand side of (6.11), we obtain

(B4(z, z0) — G4(z, zn)) exp(—clz| — c|za — |zalq]) /(G (0, 0))*

< > exp(—a(w) - w —a(g — w/|zx]) - (qlza] — w))
weZ?:infgoo lw—0q|>k8|z,|
< > exp(—|znlre(q, w/|za]) — elw])

weZ? :infy. o lw—0q|>k8|z,]|



1126 I. IGNATIOUK-ROBERT AND C. LOREE

for any & > 0. Since lim, z,,/|z,| = g and the series }_, .72 exp(—¢|w|) converge
for every ¢ > 0, from this inequality it follows that the left-hand side of (6.10) does
not exceed

. 1
hmsupﬁlog > exp(—|znlre(q, w/|zal) — elwl)
n=>00 Znl 72 ingy o w—0g|> K81z

<-— inf re(g, ).

weR?:infy-q |lw—0q|>«8

When combined with Lemma 6.1, the last inequality proves (6.10). [

7. Uniform ratio limit theorem for Markov-additive processes. In this sec-
tion, we improve the ratio limit theorem of the paper [12]. This result is next ap-
plied to get the desirable estimates (2.5) and (2.8) for the local processes (S(¢))
and (Z1.(1)).

7.1. Uniform ratio limit theorem for general Markov-additive processes. Re-
call that a Markov chain Z(r) = (A(r), M(r)) on a countable set Z¢ x E with
transition probabilities p((x, y), (x, y")) is called Markov-additive if

p((x, ), &, y) =p(©0,y), " —x,y))  forallx,x' €Z¢ y,y' €E.

The first component A(z) of Z(t) = (A(¢), M(¢)) is said to be an additive part
of the process Z(t), and the second component M (¢) is its Markovian part. The
assumptions we need on the Markov-additive process (Z(t) = (A(t), M(t))) are
the following:

(A1) The Markov chain (Z(t)) is irreducible on 74 x E.
(A2) E C R for some | € N and the function

(7.1) ¢(a)= sup E;(exp(a-(Z2(1) —z)))

€74 xE
is finite in a neighborhood of zero in R4

Remark that the Markov-additive process (Z(¢)) is not assumed to be stochas-
tic: its transition matrix can be strictly substochastic in some points z = (x, y) €
74 x E.

The following property of Markov-additive processes is essential in our analy-
sis. G(z, 7’) denotes here the Green function of the Markov process (Z(r)).

PROPOSITION 7.1. Let the Markov-additive processes Z(t) = (A(t), M(t))
be transient and satisfy the conditions (A1) and (A2). Suppose moreover that for
given w, w' € Z% x {0} the inequality
(7.2) inf min{P,(Z(n)=z+w),P,(Zn)=z+w")} >0

7€Z4x E
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holds with some n > 0. Then for any 0 <o < 1 and r > 0 there are C > 0 and
6 > 0 such that

/
- 14+0+4+C/|Z|

G(z,7) < Gz+w—w,7)

1—0

+ Cexp(—0|7'| +rlz])

(7.3)

forall 7,7 € Z¢ x E.

PROOF. In a particular case, for n = 1, this statement was proved in the core
of the proof of Proposition 3.2 of the paper [12] by using the method of Bernoulli
part decomposition due to Foley and McDonald [6]. When n > 1, for the Green
function

o0
G(z,z/):ZPZ(Z(nI):z/), 2,7 €7 x E,
t=0

of the included Markov c~hain Z (1) = Z(nt), this result proves that for any r > 0
and 0 < o < 1 there are C > 0 and 6 > 0 such that

l+o0+C/I17| 5

G(z,7) < Gz+w—-w',7)

1—0o

+Cexp(—0l'| +rlz))  Vz,7 €Z¢ x E.

Since clearly, G(z + w — w', 2') = G(z, 2/ + w’ — w) for all w, w’ € Z¢ x {0} and

n—1
Gz,h=) Y P(20)=7)G(E.7) V. eZ!xE,

1=0 7"€Z4x E

from this it follows that

1 C/l7| = .
6.y < IIEELS S B2 =)0 b

1=07"eZ4xE

n—1
+CY. > PAZ@ =Z")exp(=0|Z| + 1))
1=0z"eZdxE

1+0+C/|7
P

Gz, 7 +w —w)
l1—0o

n—1
+Cexp(—0lZD Y. > PAZ@) =2")exp(r|Z"]),

t=07"eZdxE
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where

Y P(2()=7")exp(r|"])

7'€ZdxE

<4 max Y PAZ@) =7")exp(a ")

aeR?: |a|=r
lal 7'€Z4xE

<4 max @) Vvt e N.

aeR?: |a|<r

When 1 > 1, inequality (7.3) holds therefore for r > 0 small enough with § = 6
and
N n—1
Cc=4C Z max  ¢(a)’ < oo.
=0 acR?: |a|<r

To complete the proof of this proposition, it is now sufficient to notice that the
right-hand side of (7.3) is increasing with respect to » > 0. Hence, if the inequality
(7.3) holds with some C > 0 and 6 > 0 for a small r > 0, then it is also satisfied
for large r > 0 with the same constants C and 6. [

The following statement is an immediate consequence of Proposition 7.1. From
now on, for the sake of simplicity of expressions, we will use the following nota-
tion

Lim = lim liminf inf ,
S,z 60 ™00 zeZdx E |z <8yl
(7.4)

Lim = lim lim sup sup
Sz 820 n>00 rezdy 17| <s|z,|

PROPOSITION 7.2. Let a sequence z, € 74 x E be such that lim, |zn] = 00
and

1
(7.5) Lim —logG(z, z,) > 0.

§,n,z |Zn
Then under the hypotheses of Proposition 7.1,

Gz+w,zy) —GEz+w, zy)
—  =—Lim—— =1

7.6 im = =
(7.0 sz 9@ +w,z,)  SnzG(z+w,zp)

PROOF. Indeed, by Proposition 7.1, for any » > 0 and 0 < o < 1 there are
C > 0 and 6 > 0 such that

1+U+C/|Zn|

Gz+w,zy) <
1—0

Gz +w, zp) + Cexp(—0|z,| +7lz])
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for all z, 7 € Z¢ x E and consequently,

_ " 1 - —0 )
7.7) O Gz+w', zn) - Yo L cTm exp(—0lzn| +rdlzal)

snz Gztw,zp) ~ 1—o smz  G(z+w,zp)
Moreover, (7.5) shows that the sequence exp(—6|z,| + r8|z,|) tends to zero as
n — oo faster than the sequence 1/G(z + w, z,). From this. it follows that the
second term of the right-hand side of (7.7) is equal to zero and hence, letting o — 0

we conclude that

(I;Eg(z +w',2,)/G(z+w,z,) <1.
,n,Z

To prove the inequality

LimG(z+w',z,)/G(z + w,z,) > 1

d,n,z

it is now sufficient to exchange the roles of w and w’. The equalities (7.6) are
therefore verified. [

Suppose now that the Markov process (Z(¢)) satisfies the communication con-
dition 5.1 on Z4 x E. Then there is a bounded function ng : E — N* such that for
any z = (x,y) €74 % E,

P (Z(no(»)) = (x,y)) = 6™ >0

and hence, there is k € N* (for instance, k = n! with n = max, no(y)) such that
P,(Z(k)=2z)>6% VzeZ!xE.

We denote by k the greatest common divisor of the set of all integers k& > 0 for
which

(7.8) inf P.(Z(k)=z)>0.

7€Z4xE

The following statement is a refined version of the ratio limit theorem obtained
in [12].

PROPOSITION 7.3. Let a Markov-additive process Z(t) = (A(t), M(t)) be
transient and satisfy the communication condition 5.1 and the condition (A2). Sup-
pose moreover that a sequence of points z, € Z@ x E satisfies the inequality (7.5)
with lim, |z, | = co. Then

Lim G(z + kw, 2,)/G(z, zn) = LimG(z + kw, 2,)/G(z,zn) =1
N,z

8,n,z

for all w € Z% x {0}.
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PROOF. Indeed, let KC be the set of all integers for which the inequality (7.8)
holds. Because of the communication condition 5.1, for any w € Z x {0} there are
¢ > 0 and a bounded function n : E — N* such that

inf P (Z(n(y)=z+w)>e.
€ZixE

Zz
Using the Markov property, we get therefore

inf P (Z(kn(y)) =z + kw) > &*
€ZixE

z

for any k € N* and consequently,

inf min{P,(Z(kn(y)) =z +kw),P,(Z(kn(y)) =2)} >0  Vkek.

7€Z4XE

By Proposition 7.2, from this it follows that
(7.9) LimG(z + kw, Zn)/g(z, n) = @g(z + kw, Zn)/g(Z, zn) =1
1,2

d,n,z

for all w € Z¢ x {0} and k € K. Consider now the subgroup (K) of Z generated
by /C. Since (7.9) is satisfied for all w € 7% x {0} one can replace w in the left-hand
side of (7.9) by —w and hence, (7.9) holds also for any k € —K. Moreover, if (7.9)
is satisfied for some k = k1 and k = kp then the same relation is clearly satisfied
for k = k1 + k. This proves that (7.9) holds for any k € () and in particular for
k =k because k € (KC) (see Lemma A.1 of Seneta [19]). [

7.2. Applications to local processes. According to the above definition, our
homogeneous random walk (S(¢)) on 7Z? is Markov-additive: its additive part is
the process S(#) itself and the Markovian part is empty. The quantity k is here the
period of the random walk (S(¢)). Proposition 7.3 applied for the process (S(¢))
with d =2 and E = @ and combined with the estimates (5.8) yields the following
statement.

PROPOSITION 7.4. For any sequence of points z,, € 72 with lim,, |zn| = +00
and lim, z,/|z,| = q € 82,

Limexp(—a(q) - kw)G (z 4+ kw, 2,)/ G(z, zn)
8,n,z

(7.10)

%mexp(—a(q) kw)G(z +kw, 2,)/G(z,2,) = 1
sn,z
forall w € 72.
PROOF. Indeed, for any a € 0D, the twisted homogeneous random walk

(S%(t)) defined by (3.1) satisfies the communication condition 5.1 and the con-
dition (A2). The condition (A2) is satisfied because of the assumption (H3), and
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the communication condition 5.1 is satisfied because the random walk ($%(¢)) is
irreducible (see the proof of Lemma 4.1 in [12] for more details). Moreover, the
Green function G%(z, z) of the twisted random walk (S%(¢)) satisfies the equality

(7.11) GYz,7)=G(z 7)expla-(z' —z2))  Vz,7 €7

Hence, for any sequence of points z,, € 72 with lim,, |zn| = +o0and limy, z,, /|2, | =
g € S?, using (5.8) we get

1
Lim —log G*”(z,2,) > 0
§,n,z |Zn
and consequently, by Proposition 7.3,

Lim G*9 (z + kw, 2,)/ G*“ (2, z,) = SLEG“@& +hkw, 22)/ GV (z,z) = 1.
N,z

8,n,z

The last relations combined with (7.11) prove (7.10). U
We need the following consequence of this proposition.

COROLLARY 7.1. Let a sequence of points z, € 72 be such that lim,, |zn| =
+00 and lim, z,/|z,| = q € S*. Then for any o > 0 there are C' > 0, C" > 0,
6> 0and N > 0 such that

(7.12)  C’expla(g) -z —olz]) < G(z,22)/G(0,2,) < C"exp(alq) -z + olz|)

foralln > N and z € 7Z* with |z| < 8|z,|.

PROOF. Indeed, the equalities (7.10) show that for any o > 0 there are § > 0
and N > 0 such that

exp(a(q) ke — 120/2) <Gu+ke, z,)/Gu,z)
(7.13) o N
<exp(a(q) - ke + ko /2)

for any unit vector e € Z? and all n > N, u € Z?* with |z| < 8|z,|. Remark that for
any z € 7?2 there are unit vectors e; € {(—1,0), (1,0)} and e3 € {(0, —1), (0, 1)},
nonnegative integers 71, ny € N and real numbers ry, > € [0, 1[ such that

z=k(ni +rer +k(na+r)ey and  k(ny +r1) +k(na +r2) <2z|.
If |z| < 8|zn|, then letting ug = krie; + krae, and

Mk:{uﬁki%g, A for 1 <k <ni,
ug+nike; + (k —nykey, forn; <k <ni+ny,
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we get |ug| < (n1+r)k~+ (na+r)k < 2|z| < 28|z,| forallk =0, ..., n1+n>—1.
The inequalities (7.13) applied with u = uy foreach k =0, ...,n1 +ny — 1 prove
therefore that

G zn) _ Gluo,2n) ’“*ﬁ” G (uie+1. 2)

1 1
{‘Z|<8‘ZH|} G(O, Zn) — G(O’ Z}’l) {luk|<28|zn|} G(uk, Zn)

k=0

G(”O,Zn) ny+ny—1 A
=60,z [T expla@ - G —wen) +ko/2)

(7.14) Gl ) k=0
Uy, n o
< G0.2) exp(a(q) - (z — z0) + ko (n1 +n2)/2)
G (1o, zn) ~
< mexp(a(q) -2+ 2kla(q)| + oz)
and similarly
G(Z, Zn) G(uo, Zn)

Hel<slanl Gg 7,y = Hal=8la G0 2 )
, Zn s &n

(7.15) A
x exp(a(q) -z —2kla(q)| — olz|)

for all n > N. Remark finally that for any u € Z2,
Gz _ 1 ’
~ G(0,z,) T Po(S(t) = u for some t > 0)

where P, (S(z) = 0 for some ¢ > 0) > 0 and Py(S(¢) = u for some ¢t > 0) > 0 be-
cause by assumption (H1), our random walk (S(¢)) is irreducible. Using this rela-
tion together with (7.14) and (7.15), we conclude that (7.12) holds with

P, (S(r) = 0 for some ¢ > 0)

C'=  inf  P,(S(r) =0 for some ¢ > 0) exp(—2|a(q) k)
ueZ?: |u| <2k
and
1 .
C"= sup exp(2la(q)[k).

ueZ? : ju)<2k Po(S(¢) = u for some ¢t > 0)

Consider now the random walk (Z Jlr (1)) on Z x N*. Recall that (Z Jlr (7)) is iden-
tical to (S(¢)) for t < 7o = inf{n > 0:S(n) ¢ Z x N*} and killed at the time 1.
Such a process (Z i (t)) is Markov additive, its additive and Markovian parts are,
respectively, the first and the second coordinates of (ZjlL (t)). To apply Proposi-
tion 7.3 in this case, we need to identify the greatest common divisor of the set of
all integers k > O for which

. 1 _
(7.16) _inf P,(Z} (k) =2z) > 0.

This is a subject of the following lemma.
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LEMMA 7.1.  The greatest common divisor of the set of all integers k > 0 for
which (7.16) holds is equal to the period k of the random walk (S(t)).

PROOF. Indeed, if Pyp(S(k) = 0) > 0 for some k € N* then there is a sequence
of points ug, u1, ..., U € 72 with uo = uy = 0 such that

Py, (S(D)=u;)>0 foralli=1,..., k.

Moreover, without any restriction of generality one can assume that for some / €

{1, ..., k}, the second coordinate of the vectors e; = u; — uq, ..., e, =u; — uj_
is positive and the second coordinate of the vectors e;+1 = uj+1 — uy, ..., ex =
up — ug—1 is negative or zero. Then (0, 1) +u; € Z x N* foralli =0, ..., k and

_inf  Pe(Z5(k) =2) = P, (23 (k) = (0, D)

Z
> Po.y(ZL() = 0. 1) +up Ve =1,....k)
=Po(S(t)=u;, Vi =1,....k) >0.

Since according to the definition of the process (Zl+ (1)),

inf P,(ZL (k) =z) <P,(S(k) =z) =Po(S(k) =0)  Vk e N*,

Z

we conclude that (7.16) holds if and only if Po(S(k) = 0) > 0 and consequently,
the greatest common divisor of the set of all integers k > 0 for which (7.16)
holds is equal to the period k of the random walk (S(t)). Lemma 7.1 is therefore
proved. [

From Proposition 7.3 applied with d = 1 and E = N*, using the estimates (5.9)
and Lemma 7.1, we get the following statement.

PROPOSITION 7.5.  For any sequence of points z, € N* x N* with lim,, |z, | =

+00 and lim,, z,,/|z,| = g = (1, 0),

Limexp(—a(g) - Igw)Gfr(z + kw, Zn)/GL(Z, Zn)

s
a1 ) )

= %,imexp(—a(q) kw)GL(z +kw, 2,)/GL(z,z0) = 1
1,2

forall w e Z x {0}.

PROOF. The proof of this proposition is quite similar to the proof of Proposi-
tion 7.4. Proposition 7.3 is applied here for the twisted random walk (Zi’l(t)) on
7 x N* with a = a(q), which is identical to ($%(¢)) for

t <ty =inf{n >0:5%n) ¢ Z x N*}
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and killed at the time 75'. Lemma 4.1 of [12] proves that such a random walk
satisfies the communication condition 5.1. The condition (A2) is satisfied here
because by assumption (H3), for any a’ € R2,

sup E(exp(a’ - (Z%' (1) —2))) <E.(exp(@’ - (S*(1) —2))) = p(d’ +a) < +o0.
7€ZxN*

The greatest common divisor of the set of all integers k > 0 for which

inf P.(z4'(k)=2z) >0,
ZEIZHXN* Z( + *) Z) ~
is clearly the same as for the original process (Z}r(t)). By Lemma 7.1, this is
the period k of the random walk (S(¢)). Finally, the Green function G‘i’l(z, 7" of
the twisted random walk (Zfr’ ! (1)) is related to the Green function G fr(z, 7') of the
original random walk (Zl+ (1)) as follows:

(7.18) G4z, ) =Gl 2)expla- (2 —2))  Vz, 7 eZ

Using this relation together with (5.9), we conclude that for any sequence of points
Zn € N* x N* with lim,, |z, | = +00 and lim,, z,,/|z,| = ¢ = (1, 0),

(@)1
logqu

Lim

Lim (z,20) =20
§,n,z |Zn

and consequently, by Proposition 7.3, for any w € Z x {0},

Li_mGi(‘”’l(z + kw, zn)/Gi(q)’1 (z,zn)

d,n,z

= @Gi@’] @+ kw, )/ GL (2, z0) = 1.
The last relation combined with (7.18) proves (7.17). [

From Proposition 7.5, using the same arguments as in the proof of Corollary 7.1
we get the following statement.

COROLLARY 7.2. Let a sequence of points z,, € N* x N* be such that
lim, |z,| = 400 and lim, z,,/|zn| = q = (1,0). Then for any o > O there are
C'>0,C">0,8>0and N > 0 such that

C'exp(a(q) - w —olwl|) < GL(Z + w, Z}’Z)/G}F(Z, zn) < C"expla(q) - w + o|w))

foralln> N,z €Z x N* and w € Z x {0} with max{|z|, |w|} < §|zx|.

For the proof of Theorem 1, we need moreover the following stronger statement.



MARTIN BOUNDARY OF A KILLED RANDOM WALK ON A QUADRANT 1135

PROPOSITION 7.6. Let a sequence z, € N* x N* be such that lim,, |z,,| = +00
and lim, z,/|z,| = g = (1,0). Then for any o > 0 there are C >0, § > 0 and
N > 0 such that

Gl (z,24)/ G (20, ) < Cexpla(q) -z + ozl)

foralln > N and z € Z. x N* with |z| < §|z,].
The proof of this proposition uses Corollary 7.2 and the following results.

LEMMA 7.2. Let (£(t)) be an irreducible homogeneous random walk on 7
with a zero mean and a finite variance. Denote Ty = inf{t > 0:£(¢) < 0} and let
T =inf{t > 0:£@1) =&(0) + 1}. Then lim,,_, oo P, (T < Tp) = 1.

PROOF. Indeed, under the hypotheses of this lemma, T = inf{t > 0:£(¢) =
£(0) + 1} is an almost surely finite stopping time relative to the natural filtration of
@) and P, 1 (T < Ty) =P1(§(t) > —n forall 0 <t < T) for any n € N. Hence,
by monotone convergence theorem

nlgIgoIP’n(T < Tp) = nh%rrololPl (OslgTS(t) > —n) =P <0 inf &(¢) > —oo)

<t<T

o0

:n;]}»] (T =n, inf &) > —oo)
o0

=Y Pi(T=n)=1.
n=0

For the random walk (S(#)), this lemma implies the following statement.

LEMMA 7.3. Let £ = inf{t > 0: S3(r) = S»(0) + 1}. Then for a = a(1,0),
E.x(exp(a - (S(T) — (0,k))), T <12) = 1 as k — 0.

PROOF. Indeed, consider the twisted random walk (S%(¢)) on Z? having tran-
sition probabilities p,(z,z’) = exp(a - (z' — z)) with a = a(1,0). Then the same
arguments as in the proof of Proposition 3.1 show that

E(O,k) (exp(a . (S(f) — (0, k))), T < ‘L’z) = P(o,k)(Ta < Toa)

with T = inf{n > 0:55(¢) < 0} and 7 =inf{n > 0: §5(¢) = S5(0) + 1}. More-
over, for a = a(l, 0), the second coordinate S5 () of $%(¢) is a homogeneous ran-
dom walk on Z with zero mean

0
Eo(S3(1) =Eo(S2(Dexpla-SM)) = 5-glaran)| =~ =0
ay,ap)=a(l,
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and a finite variance because according to the assumption (H3), the jump generat-
ing function

a — Eo(exp(aS§ (1)) = ¢(a + (0, @)

of §5(z) is finite everywhere in R. Lemma 7.2 applied with £(t) = S§(t), T =T“
and Ty = Ty’ proves therefore that

kll)ngo Eo.x (exp(a - (S(T) — (0,k))), T < 12) = kll)rgo Pon(T <To)=1.
LEMMA 7.4. Under the hypotheses of Lemma 1.3, for any ¢ > 0 there are
N¢ >0, ke > 0 and o > 0 such that for all N > N, k >k, and 0 < o < oy,
Eo.x)(exp(a(1,0) - S(7) — o [S1(D)]), T < 12, |S1(T)| < N)
> exp(—¢ +a(l,0) - (0,k)).
PROOF. Indeed, for any x € Z, the sequence k — P 1) (S(?) = (x,k + 1),
T < 1p) is increasing because for any k € N*,
P+ (S(T) = (x,k+2),T <12)
>Poi+n(SE) = (x,k+2) and S2(¢) > 1 forall  <7)
=P, (S(E) = (x,k+ 1) and S2(t) > O forall r < 7)
=P (SE) = k+1),T <n).
By monotone convergence theorem from this, it follows that
Eo.0(exp(a(1,0) - (S(2) — (0.6)) —o|Si(D)]). £ < 72, S1(2)] < N)
= Y expa(l,0)-(x,1) —o|x)Pon(SE) = (x.k+1),T <)

x€Z: |x|<N
— Zexp(a(l, 0)- (x, 1)) lim P (SE@)=x,k+1),T <)
o k— 00

as k - oo, 0 — 0 and N — oco. Moreover, using again monotone convergence
theorem, we get

> exp(a(l,0) - (x, 1))klirxgop(o,k)(5(f) =(x,k+1),7 <)

x€eZ

= kli>nolo Z exp(a(1,0) - (x, D))Po.x(SE)=(x,k+1),T <12)

X€Z
= klgrolo Eo.x)(exp(a(1,0) - (S(T) — (0,k))), T < 12).

Since by Lemma 7.3, the right-hand side of the last relation is equal to 1, we
conclude that

Eo,x)(exp(a(1,0) - (S(T) — (0,k)) —o|Si (D)), T <12, |S1(T)| < N) = 1
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as k — oo, 0 — 0 and N — o0, and consequently, for any ¢ > 0 there are N, > 0,
ke > 0 and o, > O such that forall N > N, k >k, and 0 <o < oy,

Eo,x) (exp(a(1,0) - (S(T) — (0,k)) — o |S1(D)]), T < 12, |S1(T)| < N) > exp(—¢).

Lemma 7.4 is therefore proved. [

Consider now an increasing sequence of stopping times 7; defined as follows:
70=0, 71 =7 and 7T = inf{r > T4_1:52(t) = S$2(0) + k} for kK > 2. Then from
Lemma 7.4, using strong Markov property, we obtain the following statement.

LEMMA 7.5. Let a =a(1,0). Then for any € > 0 there are C; > 0, No > 0
and o > 0 such that for all N > Ng, 0 <o <o.and k> 1,
Eo,1y(exp(a - (S(Tx) — (0, 1)) — o [S1(T0)1),
(7.19) T < 72, [S1(Tk)| < N(k — 1))
> Cgexp(—ke).

PROOF. Indeed, by strong Markov property, the left-hand side of the above
inequality is greater than

k-1
E(O,l)(l_[ exp(a - (S(T4+1 — S(@) — o |Si1(T41 — S1 (D)), Tk < 12,
I=1

1S1(Fre1 — S1(8))| < N.VI <l <k— 1))

k-1
> [ [ Ewo.p(expla- (SG) = (0.D) — o [Si1(D)]), £ < 12, [S1(D)| < N)
I=1

and hence, for any ¢ > 0 with the same quantities N, > 0, o, > 0 and k. > 0 as in
Lemma 7.4, the inequality (7.19) holds for all N > N,, 0 < 0 <o, and k > 1 with

ke—1
Ce =exp(acke) [ [ Eouy(expla- (S(2) — (0,1)) — o [S1(D)]).
=1

2 <1, [S1(F)] < N). O

PROOF OF PROPOSITION 7.6. Let a sequence of points z, € N* x N* be such
that lim,, |z, | = +o0 and lim, z,,/|z,| = g = (1, 0). To simplify the notation, we
denote throughout the proof of Proposition 7.6

a(1,0) =a.
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Then by Corollary 7.2, for any o > 0 there are C' > 0, C” > 0, 8, > 0 and n, > 0
such that

- G ((x,k), zn)
~ GL(0. k), zn)

for all those n > ny, x € Z and k € N* for which

(7.20) C’exp(a - (x,0) — o|x|) <C"exp(a- (x,0) +o|x|)

max{|x|, k} < 85|znl.

Furthermore, recall that the process (Z}r (#)) is identical to the homogeneous ran-

dom walk (S(¢)) on Z? before the first time when the second coordinate S, (¢) of
S(t) becomes zero or negative and is killed at the time 7o = inf{t > 0: S>(¢) < 0}.
Hence, for any n € N and k € N*

GL((0,1),zn)
GL((0,k), zn)

GL((x,k),zn)
GL((0,k), z,)

- A GL((x, k), 2)
z > P, (S(@) = (x,k), T < r2)1+—
x€Z: |x|<N(k—1) G, ((0,k), zp)

> Pon(SE) =(x,k), T <)

X€Z

and consequently, for all n > n,, N > 0 and k > 1 satistying the inequalities 0 <
Nk —1) <dé5lzn) and 1 < k < 84|25, using the first inequality of (7.20) we get

w > > C'Po.1)(S(E) = (x,k), T < 12)
Gi((0.6),2n) vz iien 1)
x exp(a - (x,0) —olx]).
Moreover, the right-hand side of the above inequality is equal to
C'exp(—a - (0,k))Eq.1)(exp(a- S(Z) — o |S1(2)]), T < 12, [S1(F)| < N(k — 1))

and hence, using Lemma 7.5, we conclude that for any ¢ > 0, there are C, > 0,
N, > 0 and o, > 0 such that

G#((O, D), Zn)/Gi((O, k),zn) > C'Ceexp(—a - (0,k — 1) — ke),
whenever
0<o <o, n>ng, 1<k<és5|z0] and b4l|zn| > (1 —k)Ng.

Since |z,| — +o0, this proves that for any ¢ > O there are ég > 0, 38 > 0 and
i, > 0 such that

(721)  Tysp G0, 60, 22)/GL(O, 1), 2) < Ceexpla- (0, k) + k)

for all n > i, and k € N*,
To complete the proof of our proposition, we combine now the estimates (7.21)
with (7.20). From now on, ¢ > 0 and ¢ > 0 are arbitrary and independent from
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each other. Forn > man{nU, ne}and z = (x, k) € Z x N* satisfying the inequalities
|x] < 8s|z,] and k < 8¢|z,]|, the second inequality of (7.20) together with (7.21)
imply that

GL(x k), z) _ GL((x,K),2)  GL(O, ). 20)
GL((0,1),z,) ~ GL((0,k),z,) ~ GL((0,1),2,)

< CoC"expla- (x,k) + o|x| + &k)
and consequently,

GL(@.k).zn) _ Gl (20.2n)

< xéC”expa-(x,k)—l—a|x|+sk
Glzo.z) ~ GLWO. Dz " ( )

- égc//
- on(zi(f) = (0, 1) for some t > 0)

exp(a - (x, k) + olx| + k).

When ¢ = 4, the last inequality proves Proposition 7.6 with § = min{8,, 85} > 0,
N =max{ny,,n} >0and C = C”Cg/IP’ZO(ZlL(t) =(0,1) for some ¢ > 0). O

8. Proof of Theorem 1. Let a sequence of point z, € N* x N* be such that
lim, |z,| = +o0 and lim, z,/|z,| =g € SEL. Recall that by Proposition 6.1, for any
zeN* xN*and § > 0,

Jim Gy (z,20)/ Bf (2. 20) = 1.
To prove (1.4) it is therefore sufficient to show that for some 6 > 0,
@1)  lim (2, 2n)/ B (20, 2n) = ha(q)(2)/ hag)(z0)  Vz € N* x N*,

Consider first the case when the coordinates ¢ and g of the vector ¢ are nonzero.
In this case, the quantities Eg (z, zn) are defined by (6.1), and to get (8.1) it is
sufficient to show that for some § > 0,
i) . . G(z.z)
lim —=— = lim
n—00 G(O, Zn) n—00 G(Oa Zn)
G(S(7),
(8.2) — lim Ez(i( (2), 2n)
n—>00 G, zn)
= ha(q)(Z) Vz € N* x N*,

7 <00, (D)) <8|zn|)

The proof of this relation uses dominated convergence theorem, Proposition 3.2,
Corollary 7.1 and the results of Ney and Spitzer [16]. Ney and Spitzer [16] proved
that

lim G(z,20)/G(0.za) =explalg) -z) ~ VzeZ?
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by Corollary 7.1, for any o > 0, there are C > 0 and § > O for such that

1{21<8124yG (2, 21) / G (20, z) < Cexp(alq) - z + o|z])
for all n € N and z € Z? \ (N* x N*), and by Proposition 3.2,
(8.3) E,(exp(a(g) - S(t) + o |S(2)]), T < 00) < 00,
if o > 0 is small enough. Hence, by the dominated convergence theorem,
<G(S(r), Zn)
G(0,zy)

and consequently, (8.2) holds. When the coordinates of lim,z,/|z,| = g are
nonzero, the equality (8.1) is therefore proved.

Suppose now that lim,, z,,/|z,| = g = (1, 0). For such a vector ¢, the quantities
Eg (z, zn) are defined by (6.2), and to get (8.1) it is sufficient to show that for some
6d>0and Cy >0,

. Glz ) - (GL(Sm,zn)
n=>% Gl (z9,2,) 1 Gl (z0,70)
= Coha(g)(2) Vz e N* x N*,

The proof of this equality uses the same arguments as above but with the help of
Propositions 3.3, 7.6 and the results of [12]. Theorem 1 of [12] proves the point-
wise convergence

lim E,

n—oo

,T <00,|S8(1)| < 5|zn|) =E,(exp(a(q) - S(1)), T < 00)

T=t <1 IS(D)] < 6|zn|)
(8.4)

Tim G (2, 2)/ G} (20, 20) = ) 4 @)/ By 4 (20)

with a strictly positive function h (11 )+ ON 7, x N* defined by

(8.5) hcll(q),Jr(z) =xpexp(a(q) - z) — E;(S2(r2) exp(a(q) - S(12)), T2 < 00).

By Proposition 3.3, (8.3) holds if o > 0 is small enough and by Proposition 7.6,
for any o > 0 there are C > 0 and § > O such that

jz1 12,1 G L (2, 20)/ GL (20, 20) < Cexpla(q) - z + oz])

for all n € N and z € Z x N*. By dominated convergence theorem, from this it
follows that the left-hand side of (8.4) is equal to

1

— (h! (z) — E.(h! (S()), T=11 <1)).
hglz(q),-}(z())( a(q),+ Z( a(q),+ ))

Finally, for any z = (x1, x2) € N* x N*, from (8.5) it follows that
hcll(q),Jr(z) - Ez(hclz(q)’Jr(S(‘r)), T=17<1)
=xpexp(a(q) - z) — E;(S2(12) exp(a(q) - S(12)), T2 < o0)
—E. (S2(v)exp(alg) - S(1)), 1 =171 < 1)
+E;(Esr)(S2(m2) exp(alg) - S(12)), 12 < 00), T =11 < 12).
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By strong Markov property, the last term of the right-hand side of this relation is
equal to

E,(S2(m2) exp(a(q) - S(12)), 71 < 12 < 00)
= E.(S2(r2) exp(a(q) - S(12)), 12 < 00)
—E;(S2(r2) exp(a(q) - S(12)), T =12 < 1)
from which if follows that
hagy @ —Ez (bl (S(T), T =171 < 1)

=xyexp(a(q) - z) — E;(S2(r) exp(a(q) - S(1)), T < 00)

= ha(g)(2)
and consequently, the left-hand side of (8.4) is equal to /(¢ (2)/ h! +(z0). The

a(q),
equality (8.4) holds therefore with Cop = 1/ h! +(z0) >0 and hence, for g =

a(q),
(1, 0), the equality (8.1) is also proved.
The proof of (8.1) for g = (0, 1) uses exactly the same arguments as above, it is
sufficient to exchange the roles of the first and the second coordinates.
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