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We consider a random walk in an i.i.d. Cauchy-tailed conductances en-
vironment. We obtain a quenched functional CLT for the suitably rescaled
random walk, and, as a key step in the arguments, we improve the local limit
theorem for pZ’zt(O, y) in [Ann. Probab. (2009). To appear], Theorem 5.14, to
a result which gives uniform convergence for pr‘:’zt (x,y) forall x, y in a ball.

0. Introduction. In this paper we will establish the convergence to Brownian
motion of a random walk in a symmetric random environment in a critical case
that has not been covered by the papers [1, 3]. We begin by recalling the “random
conductance model” (RCM). We consider the Euclidean lattice Z¢ with d > 2. Let
E; be the set of nonoriented nearest neighbour bonds, and, writing e = {x, y} €
Eg, let (ue, e € Ez) be nonnegative i.i.d. r.v. on [1, c0) defined on a probability
space (£2,P). We write fixy = f{x,y} = Myx; let pyy =01if x % y, and set u, =
2y Haxy-

We consider two continuous time random walks on Z¢ which jump from x to
y ~ x with probability jtyy /.. These are called in [1] the constant speed random
walk (CSRW) and variable speed random walk (VSRW), and have generators

©0.1) Le@)f@) = @)Y iy @) (F ) = £(0),
y

(0.2) Ly (@) f(x) = pxy@)(f () = f(x)).
y

We write X for the CSRW and Y for the VSRW. Thus X jumps out of a state x
at rate 1 while Y jumps out at rate ©,. We will abuse notation slightly by writing
P2 for the laws of both X and Y started at x € Z¢ in the random environment
[ie (@)]. Since the generators of these processes differ by a multiple, X and Y are
time changes of each other. More explicitly, as in [3], define the clock process

t
0.3) Sy =/ ny, ds,
0
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and let A; be its inverse. Then the CSRW can be defined by
0.4) X =Ya,, t>0.

In the case when p, € [0, 1], and P(u. > 0) > p.(d), the critical probability
for bond percolation in Z¢, the papers [7, 11] prove that both X and Y satisfy a
quenched functional central limit theorem (QFCLT), and that the limiting process
is nondegenerate. The paper [1] studies the case when u. € [1, 00), and proves
that for P-a.a. w the rescaled VSRW, defined by

(0.5) Y™ =n"ly,, t>0,

converges to (oy Wy, t > 0) where W is a standard Brownian motion, and oy > 0.
It is also proved there that S;/t — Eug € [1, oo]. It follows from (0.4) that the
CSRW with the standard rescaling,

x"Y=n='X,, >0,
converges to oc W where

. {ov/«/ZdE,ue, if Ep, < 00,
oc = .
0, if Eu, = o0.

If Epe = oo it is natural to ask if a different rescaling of X will give a nontrivial
limit. In the case when d > 3, u, € [1, c0) and there exists « € (0, 1) such that

(0.6) Plle > u) ~ —  asu— oo,
u
then [3] proves that the process
Xt(n,a) — n—Ian/at’ t Z O’

converges to the “fractional kinetic motion” with index «. (For details of this
process, and its connection with aging see [4—6].) These papers leave open the
case when o = 1. In this paper we assume that () satisfies (0.6) with « = 1; for
simplicity we take ¢ = 1/(2d), so that p, satisfies

0.7) P(pe =1 =1,
1
(0.8) P(ue > u) ~ dn as u — o0.
We define the process
(0.9) XM =0 X pogme: 120,

Our main theorem follows:

THEOREM 1. Letd > 3, and assume that (. satisfies (0.7) and (0.8). Then for
P-a.a. w, (X(”), P(g) converges in D([0, 00); ]Rd) to oy W where o1 = av/ﬁ >0,
and W is a standard d-dimensional Brownian motion.
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As in [3] we prove this theorem by using (0.4) and proving convergence of a
rescaled clock process. Let
2

@ 1 n’t
(0.10) 5= [ v, ds:
n=logn Jo ‘

then it is easy to check that if A is the inverse of S, then
0.11) x™ = Yj‘?g), t>0.

It follows that to prove Theorem 1 it is enough to prove.

THEOREM 2. Let d > 3, and assume that . satisfies (0.7) and (0.8). For
P-a.a. w, under the law Pg,

(0.12) (8™ 1>0)= @1,t>0)  onC([0,00); R).
REMARK 1. For i € [1,00), let ' = L Sy, ds. Then if n < A <
(n+1),
n>logn $MS$MSW+DH%M+D”WH{

(n+ D2logn+1)

It follows that the convergence (0.12) holds for (Stm, t > 0),>1, and hence Theo-
rem 1 extends to (X,(A))Azl = ()\_lxﬂ(logx)z)/\zl-

n%logn

As in [3], the result is proved by estimating the growth of the clock process
S;, 0 <t <n?T. Since the limit of the processes S is deterministic, overall this
case is much easier than when « € (0, 1): after suitable truncation it is enough
to use a mean—variance calculation. There is, however, one respect in which this
case is more delicate than when o < 1. When o < 1 it turns out that the main
contribution to S,>7 is from visits by Y to x such that en®/% < u, < e~ n?/«
(see Sections 5 and 7 of [3]). When o = 1 one finds that each set of edges of
the form E; = {e:2i_1n < e < 2in}, i=1,...,logn, has a roughly comparable
contribution to S,27, so a much greater range of values of j, need to be considered.

To motivate the proof, consider the classical case of a sum of i.i.d. r.v. &;, with
P(& > 1) ~t~ . We have that if

[nt]

(0.13) U = (nlogn)™' Y &,
i=1

then supy, 7 |U™ — | — 0 in probability. Let a; = i (logi)? where f € (1,2),
and Elf =&1(5>q)- Then ) P(& # éi/ ) converges, so it is enough to consider the
convergence of

[nr]
(0.14) V™ = @mlogm)™'Y ¢/

i=l
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A straightforward argument calculating the mean and variance of

[nt]

(0.15) M = (nlogn)™" Y (&] — E&))
i=1

then gives convergence of U™, [Note that one does not have a.s. convergence,
since P(maxyn—1-jon & > 2"log2") ~c/n.]

The equivalent arguments in our case rely on good control of the process Y.
Define the heat kernel and Green’s functions for Y by

0.16)  pPr.y)=Pi(Y,=y),  g°(x.y) = /0 peCx, y)dr.

We extend these functions from Z¢ x Z¢ to R? x R? by linear interpolation on
each cube in R? with vertices in Z¢. Let W be a standard Brownian motion on RY,
and let W = oy W;, so that W* is the weak limit of the processes Y™ Let

(0.17) ki (x) = Qo) "V exp(—|x|?/20%)

be the density of the W*.
A key element of the arguments is the following strengthening of the local limit
theorem for pZ)Z t(O, y) in [1], Theorem 5.14, to a result which gives uniform con-

vergence for p%, (x, y) forall x, y in a ball.

THEOREM 3. Letd > 2, and assume i, satisfies (0.7). Forany e > 0,0 < § <
T < oo and K > 0, we have the following P-almost sure uniform convergence:
I _np® (nx,ny)

< liminf inf inf
& n—>o0 §<i<T|x|ly|<K ki(x,y)

(0.18)

ndpf,:)Zt(n-xa ”ly)

<limsup sup sup <l+4e.

n—o0 §<t<Tlxllyl<k  ki(x, )
This result is proved in Section 1.1.

NOTATION. We write
B(x,r)={yeZ:|x—y|<r} and Bgr(x,r)={yeR%:|x—y|<r}.

If e ={x., y.} € E4, we write e € B(x, r) if {x., y.} C B(x,r). We will follow the
custom of writing f ~ g to mean that the ratio f/g converges to 1, and f < g to
mean that the ratio f/g remains bounded away from 0 and oo. For any a, b € R,
a Ab:=min(a, b), and a vV b := max(a, b). Throughout the paper, ¢, C, Cy, C’, et
cetera, denote generic constants whose values may change from line to line.
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REMARK 2. One can also consider the more general case when the tail of u,
satisfies

(logu)”

P(ue >u) ~c as u — 00,

where p > —1 (so that Eu, = 00). Define for t >0

X(Vl) _ n_anz(logn)1+pt7 when 0> _1,
N
n an(loglogn)z, when p=—1.

Then using the same strategy as in this article one can show that for P-a.a. w,
(X, PS) converges to a (multiple of a) Brownian motion.

1. Preliminaries.

1.1. Heat kernel: Proof of Theorem 3. We collect some known estimates for
p(x,y) and g”(x, y) which will be used in our arguments.

LEMMA 4. Letn € (0, 1). There exist random variables U, (x € Z%) and con-
stants c; such that

P(Uy > n) < cjexp(—con'), foralln > 1.
(a) [1], Theorem 1.2(a). There exists c3 > 0 such that for all x,y and t,
pY(x,y) <cst 2.
(b) [11, Theorem 1.2(b). If |x — y| V </t = Uy, then

p(x,y)
(1.1)
- {C4t_d/zexp(—cslx—y|2/t), when t > |x —y|,
~ | caexp(—cslx — y|(1 v log(lx — y|/1))), when t < |x —y|.

(c) [11, Theorem 1.2(c). If t > U2V |x — y|'*7, then

pe(x,y) > cot "2 exp(—cqlx — y|?/1).

(d) Let t(x,R) =inf{t > 0:|Y; — x| > R}. If R > Uy, then
PX(z(x, R) <t) < cgexp(—coR*/1).
(e) [3], Lemma 3.4. When d > 3,

(1.2) cioUs ™ <g”(x.x) <ciy.
(f) [3], Proposition 3.2(b). When d > 3, if |x| > Uy, then
(1.3) 2”0, x) < — =2

|x|a'—2'
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(g) [3], Lemma 3.3. There exists c13 > 0 such that for each K > 0, if

(1.4) by = c13(logn)'/",
then with P-probability no less than 1 — c14K¢n=? the following holds:
(1.5) max U, <b,.

|x|<Kn

In particular, (1.5) holds for all n large enough P-a.s.
(h) [1], Theorem 5.14. For any § > 0, P-a.s.,

(1.6) limsup sup In? p (0, x) — k; (x/n)| = 0.

xezZd t=8
(i) There exists 0 > 0 such that for x, y,y' € 74,

0
|y_y/|VUy) .

(1.7) nd|p,;“2,<x,y)—p;’;2,<x,y/>|sclsr—<d+9>/2-( -

PROOF. (d) The tail bound on t(x, R) in (d) follows from Proposition 2.18
and Theorem 4.3 of [1]. (i) This follows from [1], Theorem 3.7 and [2], Proposi-
tion 3.2. [

We begin by improving the local limit theorem in (1.6).

LEMMA 5. Forany e >0, K >0and 0 <8 < T < 00, there exists €5 > 0
such that P-a.s., for all but finitely many n,

sup sup
§<t<T

(1.8)

Pl (nxi, nyr)
{Z)t—:|x,~|, lyil < K, |x1 —x2| < ép, |y1 — y2l SSb}
Py, (nx2,nys)

<1+e.

PROOF. By Lemma 4(g), we can assume that the event {max <k, Uy < by}
holds. So, by Lemma 4(i) we get that for all > §,

_ by |’
1 (1) = s xt.my)| = €8Py — v |2

On the other hand, by Lemma 4(c), there exists &; > 0 such that for all n large
such that n28 > b2 v n!*M2K)!*1, all § <t < T and |x|, |y1| < K,
n? p®, (nxy,nyy) > e1.
Hence
P, (nxy, nys) Ccs—d+0)/2 0
n<t <

P, (nxi,ny) |~ €1

by

- -|y1—y2|9v]
n
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The conclusion follows by taking &, small enough so that

Cs—(d+0)/2
) <VT+e—1,

€1

and then interchanging the roles of x and y in the argument above. [

PROOF OF THEOREM 3. Let gg > 0, to be chosen later. We first show that for
any fixed |x|, |y| < K, P-as.,

d . o
n (nx,ny)
<liminf inf - w0

1+ e9)* — n>o s<r<T k: (x,
(19) ( 0) 1(x,y)

. n? p, (nx, ny)
<limsup sup ————

< (14 &)
n—>00 §<t<T ke(x,y)

The proof is similar to that in Lemma 4.2 in [3]. First fix an &, so that the LHS in
(1.8) in Lemma 5 is bounded by 1 + &¢. For any path y € D([0, c0); R?), define
the hitting time o (y) = inf{t : y» € B(x, €p)}. Then by the QFCLT for the VSRW
Y™ we get that P-a.s.,

: (n)
lim E§ {Ygr(ly(m)ﬂ € B(y, ep)}

= EO <1{G(W*) < OO} k[(W:(W*), Z) dZ),
zeB(y,ep)

where W* is the limit of the VSRW Y ™ So, writing o = o (Y ™), for all large n,

POV, € BU eV, 0 <o0)= > p,(n¥",2)
z€B(ny,nep)

> (140)"'|B(ny, nep)| - p%, (n¥, ny)
> (14 £0) 2| B(ny, nep)| - p%, (nx, ny).

Note that |B(ny, nep)| ~ n? . Vol(Br(y, €p)); using this and the analogous result
for k:(x, y), we get that

limsupndp;"zt(nx, ny) - P20 (Y ™) < 00) < (1 4 £0)* Po(0 (W*) < 00)k; (x, ¥).
n

But by the QFCLT for the VSRW Y™ again, lim, P(c(Y™) < o0) =
Po(o (W*) < o0), hence we get the desired upper bound. The lower bound in
(1.9) can be proved similarly.

We now let x, y vary over Br(0, K). Find a finite set {zy, ..., z¢} such that
Br(0, K) is covered by the balls Br(z;i, &p). By the previous argument, P-a.s.,
foralli,j=1,...,¢, ndpr‘fzt(nz,-, nz;)/k:(zi,z;) is bounded above by (1 + g0)*
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for all large n. Given x,y € Br(0, K), choose z;,z; so that x € Br(z;,€p), y €
Br(zj, &p). Then using (1.8),
ndp® (nx,ny)  n?p® (nzi,nzj) n'p (nx,ny)  k(zi,z;)

= . < (1+g9)°
ki (x, y) ki(zi, z) ndp® (nzi,nz;)  ki(x,y)

for all large n. Taking (1 + £0)® < 1 + & gives the upper bound in (0.18), and the
lower bound can be proved similarly. [J

1.2. Convergences after truncation. For any given a > 0, we introduce the
following truncation of piy:

(1.10) Fe=R" = e Yypzamys B =R =) fay.
y~x

Then we have

(1.11) Efi, ~ log(an?), Ef2 < Can?,

where C is a constant independent of @ and n. Note that i, and [i, are independent
if |[x —y| > 1.

LEMMA 6. Let K >0andd > 3.
(a) If f: Br(0, K) — R is continuous, then P-a.s.,

1

1.12
(1.12) ndlogn

> afam—2 [ @,
lx|<Kn Br(©.X)
(b) If g: (Br(0, K))?> — R is continuous, then P-a.s.,

1

(1.13) T ogn)?

Z Pxityg(x/n,y/n) — 4/ 2g(x, y)dxdy.
|x|,ly|<Kn (Br(0,K))

PROOF. In both cases we use a straightforward mean—variance calculation.
(a) Write I,, for the LHS of (1.12). Then as Efi, ~ log(anz) ~2logn,

Efio

(1.14) EI,=
logn

2 d .
Z f&/nm)n™ — /IXIEKf(X) X asn — 0o

|x|<Kn

If [x — y] <1, then | Cov(fiy, fLy)| < Var(jip) by Cauchy—Schwarz. So
cllf 1%

Varp(l,) < —I 100
() < 2T Gogn)2

> Var(fio)

|x|<Kn
< C 2 < C/

an .
~ nd(logn)? ~ n4-2(logn)?
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So, for any ¢ > 0 we deduce
Varp(I,) c(e)
< b
g2 T nd2(logn)?
and so by Borel-Cantelli, we have that I, — EI,| < ¢ for all large n.
(b) Let J,, be the left-hand side of (1.13). Write B = B(0, Kn) and

J,’, = ﬁ Z Rxiyg(x/n,y/n),
n (logn) x,yeB,[x—y|<3

Pl —ElL|>¢) <

1
= Hxityg(x/n,y/n).
" n2d(10gn)2 x,yeB%,:—y|>3 R

Then since fiyfiy < 2+ ﬁi,

cliglloo

C
E|lJ| < ——— E Eji2 < _ 1ol

n2d(logn)? =
As this sum converges, by Borel-Cantelli J, — 0 P-a.s.
For J,’ we have

~ N2
J// _ (]EMX) Z

n n2d(logn)2 gx/n,y/n)—4 g(x,y)dxdy.

X,y€B,|x—y|>3 [x[,[y|<K

Furthermore,

V J// P
P Un) < 2l logm)®

< Y (X e i),

x,yeB,|x—y|>3 “x',y'eB,|x'—y'|>3

(1.15)

If all of x, y, x, y’ are at a distance greater than 1 apart in the sum in (1.15), then
Cov(idx [y, ity fly) = 0. So, after relabelling, we only have to handle two cases:
when |[x —x’| < 1and |y —y'| <1, and when |x —x’| <1 and |y — y'| > 1. Write
K, and K] for these two sums. Observe that in both cases, since [x — y| > 3 and
|x" —y'| >3,wehave |y —x| > 1and |y — x| > 1.

In the first case,

(1.16) | Cov (i Ly, Frfly)| < Bfixfly - BTy iy < cn®,
and so

, en®dn# c

< < )
"~ n*d(logn)* ~ n2d—4(logn)*

In the second case,

| Cov(Fix Ly, Farfiy)| < Bficfly - Bfiy Ly < en®(logn)?,
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and so as the sum in K/ contains O (n3¢) terms

. cenn?(logn)? c
"~ n¥logn)* ~ ni2(logn)?’

Hence ), Varp(J)') < oo, proving (1.13). O

Finally we state a simple lemma which can be proved by direct computations.

LEMMA 7. Forany K > 0,

(a)
>, kPPi=o0m?.
1<|x|<Kn
(b)
O(n), when d =3,
> x[** =1 0(ogn),  when d=4,
I=lxl=kn o), when d > 5.

2. Estimates involving Green’s functions. For the usual simple random walk
on Z4, d > 3, Green’s function g(x, x) is a positive constant for all x. In our case,
the best available lower bound [see Lemma 4(e)] gives that P-a.s., for all large
n, and for all |x| < Kn, g®(x, x) > C/(logn)@=2/1_As this is not quite strong
enough for the truncation arguments in the next section, we now derive some more
precise bounds on sums of Green’s functions in a ball.

Recall that £, denotes the set of edges in Z¢, and in Lemma 4(g) we defined
b, = c13(logn)'/". For e = {x,, y.} € Eg, let B(e,r) = B(xe,r) N B(y.,r). For
e ={xe, ye} € Egand z € Z4, let

(2.1) Yn(e) = Cefil{Xe, ye}, B(e, by)°],
(2.2) vn(2) = Cegrlz, B(z, by + l)c],

where Ceff[A, B] denotes the effective conductivity between the sets A and B (see
(3.8) in [3] or [10], Section 9.4). Note that both y,(e) and y,(x) are decreasing
in n, and y(e) := lim, y, (e) is the effective conductivity between e and infinity
while Yoo (x) := lim, y,(x) is equal to 1/g“(x, x). By [3], Lemma 6.2, for any
k> 1, lim, Ey, (e)¥ < o00. Note further that e and y,(e) are independent, and
also that ¥, (e) and y, (¢’) are independent if |e — ¢’| > 2b,, + 1. When d > 3, by
Lemma 4(e), g% (x, x) < C < o0, and hence

(2.3) Yu(€) = v, (X)) = Yoo (x) =1/g%(x,x) > 1/C > 0.

Let a, be large enough so that P(u, > a,) < p.(d) where p.(d) is the critical
probability for bond percolation in Z?. Let C(e) denote the cluster containing e
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in the bond percolation process for which {e is open} = {u, > a,}. Then we have
(see [8], Theorems 6.75 and 5.4)

P(IC(e)| > m) < exp(—cim),
2.4)
P(diam(C(e)) > m) < exp(—cam), forallm > 1

Let
Fy(e) = {diam(C(e)) = 3bu}, V4@ = yu(@) - Lp, (o

LEMMA 8. (a) Forany K > 0, P-a.s., for all sufficiently large n, y,(e) =y, (e)
foralle € B(0,2Kn).

(b) There exists 0 > 0 and I' =T"(0) < oo such that for all n,

Eef7(© < T
(c) There exists C = C(d) > 0 such that for any K > 0, P-a.s., for all large n,
inf g“(x,x)>C/logn.

lx|<Kn
PROOF. (a) First note that
(2.5) IP( U F (e)) < cn? exp(—cab, /2) = cexp(dlogn — ¢’ (logn) /™).
e€B(0,2Kn)

Since n < 1 the RHS in (2.5) is summable, so that, for all but finitely many n,
yn(e) =y, (e) for all e € B(0,2Kn).

(b) On F;,(e) the cluster C(e) is contained in B(e, b,), and each bond from
C(e) to C(e) has conductivity less than a,. Since there are at most 2d|C(e)| such
bonds, we deduce that y;, (e) < da,|C(e)|. So,

(2.6) P(y,(e) > 1) <P(da,|C(e)| > L) < exp(—ch).
(c) Using (2.6) it is enough to consider

P( max y/'(e)> Alogn) < c'néec*logn
(eeB(O,Kn) vn(©) £ )_

which is summable when X is large enough. [

For any 0 < a < b < oo, define the sets
(2.7 E,(a,b) = {e:an* < ju, < bn?}.

Let m,, be chosen later with m,, > 3b,.. We tile Z¢ with cubes of the form 0=
[0, m, — 119 + m,Z¢ so that each cube contains mg vertices. Let z;, 1 <i <d, be
the unit vectors in Z¢, and given a cube Q in the tiling let

EQ)={{x,x+z}lxeQ,1<i<d};
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it is clear that E(Q) gives a tiling of E4, and that |[E(Q)| = dmg for each Q. Let
K > 0 be fixed, and let Q,, be the set of O such that QN B(0, Kn+ 1) # &. We
have |Q,| < (Kn/my)?.

LEMMA 9 (See [3], Lemma 6.3). Leta, K,§ > 0 be fixed.

(a) Suppose that Kn//d > m, > n?" for some 0 > 2/d. Then there exists
A > 0 such that P-a.s., for all but finitely many n,

(2.8) max Z Vu(e) < Amﬁ(anz)_lEyn (e).
Q€ e £(OINE, (a,00)

(b) Let 0y < 1/d. Then P-a.s., B(0, n”2)y N E,(a,00) = @ for all but finitely

many n.

PROOF. (a) By Lemma 8(a) it is enough to bound the sum (2.8) with y, (e)
instead of y;,(e). Let Q € Q,,. We divide E(Q) into disjoint sets (E(Q, j), j € J)
such that if e and ¢’ are distinct edges in E(Q, j), then |e — ¢'| > 3b, — 2, each
|E(Q. j)| = (mn/3by)? := Ny, and |J| ~ d(3b,)".

Let ne =1, - gn2)» Pn =Ene ~1/(2d) - 1/(an?), and

Ei= > ypene.
ecE(Q,))

Then the r.v. (¥, (e), ne, e € E(Q, j)) are independent, and so if 6 and I" are as in
Lemma 8,

Ee’%i < (1 + pp(T — D)M < Mo @T=D,
Hence for any A > 0, writing E€; = N, p,Ey; (e),
P(§; > AE&j) < exp(—AO N, puEy, (e) + Nypu (I — 1))
= exp(—Nupn (MEy, (e) — T +1)).
By (2.3),
Ey,(e) = 1/C - P(Fy(e)*) — 1/C,
hence there exists A > 0 such that for all n large, AQE)/,Q (e)—I'+1>1,and so
P(5; > AE&;) < e NnPn,
Thus
B( & > il By () =dGby) e,
jedJ
and so since |Q,| < cn? and N, p, > n® for some ¢ > 0, (2.8) follows by Borel-

Cantelli.
(b) We have

P(B(0, n?)NE,(a, 00) # 2) < en®®2 (qn?)~! < en22.

so again the result follows using Borel-Cantelli. [
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3. Proof of Theorem 2.

LEMMA 10. Letw € Q. Ifforeacht > 0,
3.1 S™ 2t in PO-probability,
then (0.12) holds.
PROOF. Note that the LHS and RHS are both increasing processes, and the

RHS is continuous and deterministic. The conclusion then follows from Theo-
rem VI.3.37in [9]. O

LEMMA 11. Foreaches >0and T > 0, there exist K > 0 and a > 0 such that
forP-a.a. w, for allt < T, the following two inequalities hold.

3.2) lim sup P0< E / My - Lyy,=xyds > 0) <e;
n 2logn xl=Kn x x)

3.3) limsu P0<7 E / Uy -1 1 ds > 0) <e.

(3-3) n Pro nzlogn x|<Kn * " Huezan?) HE=s)

PROOF. Write Fg for the event in (3.2). Then by Lemma 4(d),
PO(Fk) < P2(t(0, Kn) < n’t) < cgexp(—coK?/1),

provided that Kn > Uy. So, taking K sufficiently large, (3.2) holds for all suffi-
ciently large n.

Choose 6; = 2+ ¢1)/d, 02 = (1 —e2)/(d —2) where 1 > 0, &2 > 2/d (so that
0 <1/d)and g1+ < 1.Letm, = n?, and Q, be asin Lemma 9. Let n be large
enough so that (2.8) holds, and also that

(3.4) B(O, n92) N En(a, OO) _
Then
w 0’
3.5 PS(Y hits E, (a, oo) N B(0, Kn) Z Z w
0€Q, xeEn(a,00nQ 8 (x,x)

For x € E;(a, 00), if ey is an edge containing x, then by (2.3) 1/g%(x, x) < yn(ex).
By (3.4) and (1.3) we can bound g®(0, x) by c¢|x|>~<.

Let Q) be the set of Q € Q, such that |x| > m,/2 for all x € Q. Let first
0 € 9,\Q,,. Then by Lemma 9 and (3.4),

> 0.0 ax x4 Y yalew)

reEylamoyng 87 (X X) T xeEa.cong x€Ep(a,00)N0

< cn2-d 'kmg(anz)q < C'pfrte-l
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So, since there are only 24 cubes in Q,, — Q; and €1 + &2 < 1 by the choices of ¢
and &7,

“(
(3.6) im Yy SO0 _,
& : g (x, x)
0€Q,—Qy, xeky(a,c0)NQ
Now let Q € Q,, and let x¢ be the point in Q closest to 0. Then if Q € ),
8“0, x) -
Yo < Y kP e
veEaoono 87X T e n0
3.7) <clxol™ - aml(an*)~!

<cdra"'n? Z |x|2_d.
xeQ

So, summing over Q € Q/,,

Pa?(Y hits E,,(a,oo)m( U Q))fcka_ln_z Yoo aAvixpr

Q€9 xeB(0,(K+1)n)
<MK + D%,

and so taking a large enough and noting (3.6), (3.3) follows. [

By Lemma 11 to prove (0.12) it suffices to consider the convergence of

~(n) 1 N n*t
S =71 Hx / Liy,=xds
n-logn [x|<Kn 0
(3.8) | Z .
= Hx Ly, =x)ds,
logn <kn

~ 1 nt
ENS = Y e [ prO.ds
n=logn i=kn 0
(3.9) | [
= Y W [, 00dr
lognmSKn o "

LEMMA 12. For any ¢ > 0, there exists 6 > 0 such that, P-a.s. for all suffi-
ciently large n,

(3.10) EOS™ <6
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PrROOF. By Lemma 4(g), we can assume n is large enough so that
{maxy|<xn Uy < by,}. Hence, by Lemma 4(b), if |x| V /7 > by, then

©(0, x) < cat~ 42 exp(—cs|x|?/t),  whent > |x|,
Pr i cqexp(—cs|x|), when ¢ < |x|.

Hence, by decomposing according to whether |x| < b, or |x| > b,,, we obtain

n2s
EOS" = S di- / p?(0,x)ds
nzlogn i<kn $
n2s
(3.11) > ,,Lx./ c(1vs)" 2 gs
nzlogn el
(3.12) : > m/l 'C4e —eslal g
n%logn by <A< Kn
1 n2s
(3.13) D D / cas~H2emesWPLs g
n-logn, \Tkn ]

Write £\, i = 1,2, 3, for the terms in (3.11)~(3.13). Since the integral in (3.11) is
bounded by [5° c(1 Vv 5)"4/2ds < oo, we have

bd
E(l) <c—"—Eji, < cn*(logn)¥/".
nZlogn
Similarly for (3.12) we have

Ee® <cn™? Z calxle” P < ¢'n 2,

|x|<Kn

As these sums converge it follows from Borel-Cantelli that S(’) < /3 for all
large n, fori =1, 2.
It remains to control (3.13). First note that when s > 1,

(3.14) 3 5P s < ().
xezd

So, interchanging the order of the sum and integral in (3.13),

kg, <

< Efig - n%8 < C'8.
n%logn

Setting = s/|x|> we have

n2s oo}
(3.15) / cas™2e=esI1/s gg < €24 / 1=/ g < Clx |4
Jx| 0
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Hence, applying Lemma 7 we get

C
V; 3) 2|, 4-2d
) = ogmy T, 2 RIS

_C
n(logn)?

By Chebyshev’s inequality and Borel-Cantelli we then get that for § small enough,
P-a.s. for all sufficiently large n, 5,53) <eg/3. O

PROPOSITION 13. Let

(3.16) A1(K,t,8) = / / ke(x)dxds.
lyI=K
When d > 3, forany K >0,0< 8 <T <oo,andt € (§,T], P-a.s.,
(3.17) lim EO (5" —S)=24A,(K,1,8).
n—oo

PROOF. By Lemma 6(a), it suffices to show that IP-a.s.,

) ,Lx./ p%, (0, x) =~k (x/n)) ds — 0.

|[x|<Kn

The LHS is bounded in absolute value by

10gn

Y fix T sup sup[n?p® (0, x) —ks(x/n)].

d
logn |x|<Kn xe7d s>6

This converges to 0 P-a.s. by Lemmas 6(a) and 4(h). [J

PROPOSITION 14. When d > 3, forany e >0, K >0,0< 6§ < T < 00, and
te(s,T], P-a.s.,
lim sup E2(§t(”) — §§n))2
3.18) " , .
<e+8(1+¢) / ks(x)/ kr(x,y)drdsdxdy.
Ix|.lyI<K J§ 0

PROOF. Using the Markov property and the symmetry of Y,
EN(s™ - 5"

2 r—s
= (1ogn)2( > By / P, (0, x)/ P& (x, y)drdS)

x|, lyl<Kn

We begin by proving that, given ¢ > 0, there exists §; > O such that P-a.s., for
all large n,

t 81
(3.19) >ty [ 02,00 [ b, (eoydrds <,

2
(logm)* . ST<kn
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By Lemma 4(a) we have p;"zs (0,x) <cn~? for all s > & and so the LHS of
(3.19) is bounded by

1
(320) ———— iadty [ P, () dr
nd(logn)? |x|,|yZ|<Kn Y Jo o Fnir
C n261 »
(321) = ﬁ ﬁxﬁy/ pr (-xv Y)dr
ner(logm)™ | i<kmix—yl>1 0
C o n2s, »
(3.22) + W Z ,U«xl/vy/o py(x,y)dr.

Ixl.ly|<Kn,|lx—y|<1
Write A, and B, for the terms in (3.21) and (3.22).

The first term can be handled in the same way as in Lemma 12. Let B =
B(0, Kn), and write A, = A,gl) + A,(f) + Af) where

C n281
323) AV =—1—— > ﬁxﬁy/ py(x, y)dr,
ntt (IOgl’l) x,yeB,1<|x—y|<b, 0
C

324) AP = —— "
( ) n nd+2(logn)2

o [x—y] ©
> quy/O p?(x,y)dr,

X.y€Bq|X—Y|an

C i
For (3.23) we have
BAD s o Y R [ e v s
n®re(logm)® g T yi<b, 0
< Ky
(logn)4/n
< PR

and since this sum converges, we have Af,l) < ¢/4 for all large n, P-a.s. The term

EAS,Z) is bounded in the same way as was the term s,&z) in Lemma 12.
For (3.25),

O
n. — nd+2(logn)2
(3.26) i

n-éy
xRy [ e Pew(—eslk - P/ ds.
X,yEB,|x—y|>b, lr—yl
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Using (3.14) we have

c N
BAD < s tognyt " R0 0281 = 0G0

We now bound Varp(A$). By (3.15), the integral in (3.26) is bounded by c|x —
y|27d, SO
C
2d+4(10gn)4

x > > 1 = y1 "y — yo ¢

X1, Y1€B,[x1=y1|>by X2,y2€B,[x2—y2|>bn

Varp(AD)) <

X | COV(fLa, fly,  fly Ly, ).
We now bound this sum in the same way as was done for the variance in
Lemma 6(b). Let

Cr={(x1.x2, y1.¥2) € B*:|x; — yi| > bpi = 1,2, [x1 —x2| < 1, [y1 — y2| <1},
Co = {(x1,x2, y1,y2) € B*:|x; — yi| > bn,i = 1,2, |x1 —x2| < 1, |[y1 — y2| > 1}.
Note that if |x; — x| < 1, then since |x; — y;| > b,, none of the y; can be within
distance 1 of x;. If (x1, ..., y2) € Cy, then | Cov(fly, iy, , fx, hy,)| < cn*, while if
(X1, ..+, y2) € Ca, then | Cov(Fix, Ly, , fl, )| < c(logn)*n?. So,

¢ 2—d 2—d ~ o~~~
m Z lx1 — y1l |x2 — y2l : ICOV(Mxl,uy]quszyz”
EM7 (x1,.yec

Y Avixr =y *ent

X1,V1€B

C d 4-2d
< —————n“max E Avix1—yiD
2d 4
n=¢(logn) MEB g ok

<
- 2d+4(10g n)4

- Cn
~ nd(logn)*’
where in the last inequality we used Lemma 7(b).

Also,

C - - ~ ~ ~ ~
12d+4 (1oo )+ Z |x1 _yll2 d|x2—y2|2 d|C0V(Mx1My1’Mx2My2)|
n (logn)

(x1,....y2)€C2
¢ 2—d 2—d
SW > e -yl
(1., 2)€C2

n2d+2(10gn)2 > 2 V=DV =)
x1€B y1,y2€B(x,2Kn)
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c ( 2-a\’
< ¢ 1V ) )
d+2 2 Z ( 1
net=logm) \ | STk
cn* C

< = .
~ nidt2(logn)?  n4-2(logn)>

Thus >, Varp(A§,3)) < 00, and so if §; is small enough then by Chebyshev’s in-
equality and Borel-Cantelli, IP-a.s. for all sufficiently large n, A,(f) < g/4.
To finish the proof of (3.19), it remains to bound the term (3.22). By
Lemma 4(a), f néy pY(x,y)dr < C. Therefore by Cauchy—Schwarz,
C o n281
n= W Z MxMy/O PZ)2,(X, y)dr

Ix[<Kn,|y—x|<I

nd+2(log n)z Z

[x|<Kn
Hence
C
EB, < ————-n?-n*> >0,
"= d+2(ogn)? "
and since Varp([ii) <cn®,
C d 6 C
Vi B < ———— . . P
arp(Bn) = n2d+4(logn)* o= ni=2(logn)*

Since this bound is summable, (3.19) follows.
It remains to show that for any §; > 0, P-a.s.,

lim sup

t —s
Sty [ pa, ) [ b, oy drds
1

2
2
(logm)* . STkn

t t—s
<81 +e¢) (/ ks(O,x)f k,(x,y)drds) dxdy.
x|, Iy|<K \J3 0
This follows easily from Theorem 3 and Lemma 6. [J

PROOF OF THEOREM 2. By Lemma 10, it suffices to show that for any ¢ > 0
and 0 < ¢ < t/2, for P-a.a. w,

(3.27) lim P)(| 5" — 2t = €) <e.
Write
St =20 = (5" = $) + 5" + (5" = 5" — EQ(S" = 55))

(3.28) B
+ (EQ(B™ — 3 —24,(K.1,8)) + (2A1(K.1,8) —21).
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By Proposition 13, P-a.s., (E9(5" — $\) — 24 (K, 1,8)) — 0. Let 0 < g9 <
€/16, to be chosen later. Choose K large enough so that the LHS in (3.2) is
bounded by &g, and also

(3.29) sup |A1(K,1,8) —(t —=98)| <eg<e/l6.

0<é<t

Now choose a > 0 large enough so that the LHS in (3.3) is also bounded by &y.
Hence, for all large n,

PO(IS™ — 5| > 0) < 269 < £/4.

Next choose 0 < § < ¢/2 so that by Lemma 12 for all sufficiently large n, Eg§ (g") <

£2/16, and hence PS (§ (g") > ¢/4) < ¢/4. Furthermore, by Propositions 13 and 14
and (3.29),

limsupVarp(~,(") - §§")) <eo+8(1+ep)-(t—8)2/2—(2(t —8 — 80))2
n

< eo(1 4417 + 41);
hence by Chebyshev’s inequality,

limsup PO(|S™ — 5 — EO(5™ — $\)| > £/4) < 16(1 + 412 + 41) - /2.
n

Taking ¢ so small that &g < &/16 and 16(1 + 41 + 4¢) - g9/ < /4, we obtain
3.27). O
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