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Consider a Markov chain {Xp},>¢ with an ergodic probability mea-
sure w. Let W be a function on the state space of the chain, with «-tails
with respect to 7, o € (0, 2). We find sufficient conditions on the probabil-
ity transition to prove convergence in law of N 1/e Z,]lv W (X,) to an o-stable
law. A “martingale approximation” approach and a “coupling” approach give
two different sets of conditions. We extend these results to continuous time
Markov jump processes X, whose skeleton chain satisfies our assumptions.
If waiting times between jumps have finite expectation, we prove convergence
of N~l/e févr V (Xy)ds to astable process. The result is applied to show that
an appropriately scaled limit of solutions of a linear Boltzman equation is a
solution of the fractional diffusion equation.

1. Introduction. Superdiffusive transport of energy is generically observed
in a certain class of one-dimensional systems. This can be seen numerically in
chains of anharmonic oscillators of the Fermi—Pasta—Ulam type and experimen-
tally in carbon nanotubes (see [20] for a physical review). The nature of the sto-
chastic processes describing these emerging macroscopic behaviors is a subject of
a vivid debate in the physical literature and remarkably few mathematical results
are present for deterministic microscopic models.

The macroscopic behavior of the energy in a chain of harmonic oscillators with
the Hamiltonian dynamics perturbed by stochastic terms conserving energy and
momentum has been studied in [2]. The density of energy distribution over spatial
and momentum variables, obtained there in a proper kinetic limit, satisfies a linear
phonon Boltzmann equation,

(1.1)  du(t,x, k) + o' (k) axu(t,x,k):/R(k,k/)(u(t,x,k/)—u(t,x,k))dk/.
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As we have already mentioned, u (¢, x, k) is the density at time ¢ of energy of
waves of Fourier’s mode k € [0, 1], and the velocity ' (k) is the derivative of the
dispersion relation of the lattice.

We remark at this point that (1.1) appears also as a limit of scaled wave, or
Schrodinger equations in a random medium with fast oscillating coefficients and
initial data. It is sometimes called, in that context, the radiative transport equation
(see, e.g., [1, 10, 12, 21, 27], or monography [13] for more details on this subject).

Since the kernel R(k, k) appearing in (1.1) is positive, this equation has an easy
probabilistic interpretation as a forward equation for the evolution of the density of
a Markov process (Y (), K(t)) on R x [0, 1]. In fact, here K (¢) is an autonomous
jump process on [0, 1] with jump rate R(k, k'), and Y (t) = [ @'(K (s))ds is an
additive functional of K (#). Momentum conservation in the microscopic model
imposes a very slow jump rate for small k: R(k, k') ~ k? as k ~ 0, while velocity
@' (k) remains of order 1 even for small k. So when K (¢) has a small value, it may
stay unchanged for a long time, as does the velocity of Y (¢). This is the mechanism
that generates on a macroscopic scale the superdiffusive behavior of Y (¢).

The above example has motivated us to study the following general question.
Consider a Markov chain {X,,n > 0} taking values in a general Polish metric
space (E,d). Suppose that 7 is a stationary and ergodic probability Borel measure
for this chain. Consider a function ¥: E — R and Sy := Z;V:_O] U(X,). If Uis
centered with respect to , and possesses a second moment, one expects that the
central limit theorem holds for N~1/2§ N, as N — +oo. This, of course, requires
some assumptions about the rate of the decay of correlations of the chain, as well
as hypotheses about its dynamics. If W has an infinite second moment and its
tails satisfy a power law, then one expects, again under some assumption on the
transition probabilities, convergence of the laws of N~1/¢ Sy, for an appropriate o
to the corresponding stable law.

In 1937 W. Doeblin himself looked at this natural question in his seminal arti-
cle [7]. In the final lines of this paper, he observes that the method of dividing the
sum into independent blocks, used in the paper to show the central limit theorem
for countable Markov chains, can be used also in the infinite variance situation.
A more complete proof, along the line of Doeblin’s idea, can be found in an early
paper of Nagaev [24], assuming a strong Doeblin condition.

Starting from the early sixties, another, more analytical approach, has been de-
veloped for proving central limit theorems for Markov chains, based on a martin-
gale approximation of the additive functional. By solving (or by approximating the
solution of) the Poisson equation (/ — P)u = W where P is the transition probabil-
ity matrix, one can decompose the sum Sy into a martingale plus a negligible term,
thus reducing the problem to a central limit theorem for martingales. This is ex-
ploited by Gordin (see [15]) when P has a spectral gap. In the following decades,
much progress has been achieved using this approach. It has found applications in
stochastic homogenization, random walks in random environments and interact-
ing particle systems (i.e., infinite-dimensional problems, where renewal arguments
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cannot be applied), culminating in the seminal paper of Kipnis and Varadhan [18]
where reversibility of the chain is exploited in an optimal way (see also [5, 6, 14]).
For nonreversible chains there are still open problems (see [22] and the review
paper [25] for a more detailed list).

As far as we know, the martingale approximation approach has not been devel-
oped in the case of convergence to stable laws of functionals of Markov chains,
even though corresponding theorems of martingale convergence have been avail-
able for a while (cf., e.g., [3, 9]). The present article is a first step in this direction.

More precisely, we are concerned with the limiting behavior of functionals
formed over functions W with heavy tails that satisfy a power law decay, that is,
T(W > 1) ~cifA™ and m(¥ < —A) ~ ¢ A% for A > 1 with o € (0,2). We
prove sufficient conditions under which the laws of the functionals of the form
N~1/% 5y converge weakly to a-stable laws, as N — +o00. Theorem 2.4 is proven
by martingale approximation, under a spectral gap condition.

We also give a proof by a more classical renewal method based on a coupling
technique inspired by [4]. The coupling argument gives a simpler proof but under
more restrictive assumptions on the form of the probability transition (cf. Condi-
tion 2.5). We point out, however, that such hypotheses are of local nature, in the
sense that they involve only the behavior of the process around the singularity. In
particular, the spectral gap condition (which is a global condition) can be relaxed in
this coupling approach, to a moment bound for some regeneration times associated
to the process (cf. Theorem 2.7).

Next, we apply these results to a continuous time Markov jump process {X;, t >
0} whose skeleton chain satisfies the assumptions made in the respective parts of
Theorem 2.4. We prove that if the mean waiting time ¢ (x) has a finite moment with
respect to the invariant measure 7 and the tails of V (x)t(x) obey the power laws,
as above, then finite-dimensional distributions of the scaled functional of the form
N~/ fON "V (X,)ds converge to the respective finite-dimensional distribution of
a stable process (see Theorem 2.8).

Finally, these results are applied to deal with the limiting behavior of the so-
lution u(¢, x, k) of the linear Boltzmann equation (1.1) in the spatial dimension
d = 1. We prove that the long-time, large-scale limit of solutions of such an equa-
tion converges to the solution of the fractional heat equation

dit(t, x) = —(—32)3 i, x),

corresponding to a stable process with exponent o« = 3/2. Both approaches (i.e.,
martingale approximation and coupling) apply to this example.

Note added to the second version: After completing the first version of the
present paper [16], we have received a preprint by Mellet, Mischler and Mouhot
[23] that contains a completely analytical proof of the convergence of the solution
of a linear Boltzmann equation to a fractional diffusion. The conditions assumed
in [23] imply the same spectral gap condition as in our Theorem 2.4; consequently
the corresponding result in [23] is related to our Theorem 2.8.
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2. Preliminaries and statements of the main results.

2.1. Some preliminaries on stable laws. In this paper we shall consider three
types of stable laws. When « € (0, 1), we say that X is distributed according to
a stable law of type I if its characteristic function is of the form Ee'X = ¢V
where the Lévy exponent equals

@.1) v E) :=a/ (@ — DA™ e, () dA
R
and
co when A <0
2.2 A) = * ’
(2.2) cx (1) {c;”, when A > 0,

where ¢, cj > 0 and ¢, + ¢ > 0. The stable law is of type II if « € (1,2) and
its Lévy exponent equals

(2.3) V(&) :=01A;(emé —1—ix&) A" % (V) da.

Finally, the stable law is of type IIl is @ = 1 and its Lévy exponent equals

(2.4) V(€)= /R(e"“— 1— A1 (W) A " 2ea(h) da.

We say that {Z(¢), t > 0} is a stable process of type I (resp., II, or IlI) if Z(0) =0
and it is a process with independent increments such that Z(1) is distributed ac-
cording to a stable law of type I (resp., 11, or III).

2.2. A Markov chain. Let (E,d) be a Polish metric space, £ its Borel o-
algebra. Assume that {X,,n > 0} is a Markov chain with the state space E and
m—the law of Xo—is an invariant and ergodic measure for the chain. Denote by
P the transition operator corresponding to the chain. Since m is invariant it can
be defined, as a positivity preserving linear contraction, on any L”(x) space for
p €[l,4+oo].

CONDITION 2.1. Suppose that ¥ : E — R is Borel measurable such that there
exist @ € (0, 2) and two constants ¢, ¢, satisfying ¢ + ¢ > 0 and

*

lim A7 (¥ >2) =c,
A—+00

lim A7 (¥ <—-A)=c,.

A—+00

(2.5)

Condition (2.5) guarantees that ¥ € LA () for any 8 < «.
In the case of « € (1, 2), we will always assume that [ W dmr = 0. We are in-
terested in the asymptotic behavior of Sy := zfj:l W (X,). We are looking for
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sufficient conditions on the chain, which guarantee that the laws of N~!/% Sy con-
verge to a «-stable law, as N — +00.

We present two different approaches (by martingale approximation and by cou-
pling) with two separate set of conditions.

2.3. The martingale approach result. We suppose that the chain satisfies:

CONDITION 2.2 (Spectral Gap Condition).
(2.6) sup[Il P ll 2oyt £ L 1L 1 Fll ey = 1] =a < 1.

Since P is also a contraction in L'(;r) and L (;r) we conclude, via the Riesz—
Thorin interpolation theorem, that for any p € [1, +00),

2.7) IPflLriey <a' P~ FllLrer,

forall f € LP (), such that [ fdm =0.

In addition, we assume that the tails of W under the invariant measure do not
differ very much from those with respect to the transition probabilities. Namely,
we suppose:

CONDITION 2.3. There exists a measurable family of Borel measures Q (x,
dy) and a measurable, nonnegative function p(x, y) such that

(2.8) P(x,dy)=p(x,y)n(dy)+ Q(x,dy) forall x € E,
(2.9) CQ2):=sup | p*(x,y)m(dx) <400
yeE
and
2.10) Qx,|¥|=r1=<C p(x, y)r(dy) Vxe E,L>0.
[P (=]

A simple consequence of (2.8) and the fact that 7 is invariant is that

(2.11) /p(x, y)m(dy) <1 and /p(y,x)n(dy) <1 VxeE.

If @ € (1, 2) then, in particular, ¥ possesses the first absolute moment.

THEOREM 2.4. We assume here Conditions 2.1-2.3.

(1) Suppose a € (1,2), V is centered. Furthermore, assume that for some
o' > a, we have

(2.12) 1P|l oy < +00.

Then the law of N~Y*Sy converges weakly, as N — 400, to a stable law of
type I1.
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(i) If o € (0, 1), then the law of N~'/%Sy converges weakly, as N — 400, to
a stable law of type 1.
(iii) When o = 1, assume that for some a’ > 1, we have

(213) sup ”P\IJN”LQ’(]T) < +09,
N>1

where Wy := W1[|W| < N]. Let cy := [Vydn. Then, the law of N_I(SN —
Ncy) converges weakly, as N — +00, to a stable law of type 111.

REMARK. A simple calculation shows that in case (iii) cy = (¢ +o(1)) log N
for some constant c.

2.4. The coupling approach results.

CONDITION 2.5. There exists a measurable function 6 : E — [0, 1], a proba-
bility ¢ and a transition probability Q1(x, dy), such that

P(x,dy) =0(x)q(dy) + (1 —0(x)) Q1(x,dy).

Furthermore, we assume that
(2.14) 0 := /G(x)n(dx) >0

and that the tails of distribution of W with respect to Q1(x,dy) are uniformly
lighter than its tails with respect to ¢,

Y= A
r—ooxer (W] =2)

Clearly, because of (2.15), the function W satisfies condition (2.5) also with
respect to the measure ¢, but with different constants.

lim A%g(¥ > 1) = C:é_l,
A—+00
(2.16) .
lim A%(W <—X)=c, 0 .
i 2a( <0 =¢;
The purpose of Condition 2.5 is that it permits to define a Markov chain
{(Xn,6,),n >0} on E x {0, 1} such that
P@n+1=0lXn =x,8, =€) =0(x),

P@lu+1=11Xn=x,6p=€)=1—-0(x),
2.17)
P(Xy41€Al8p41=0,X,=x,8, =€) =q(A),

P(Xy+1€Aldpt1 =1, X, =x,8, =€) = 01(x, A)
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for n > 0. We call this Markov chain the basic coupling. It is clear that the marginal
chain {X,,, n > 0} has probability transition P. The dynamics of {(X,, §,), n > 0}
are easy to understand. When X,, = x, we choose X, according to the distribu-
tion g (dy) with probability 6 (x), and according to the distribution Q1 (x, dy) with
probability 1 — 0 (x).

Let x,, be the nth zero in the sequence {5,, n > 0}. In a more precise way, define
ko:=0,and fori > 1,

ki = inf{n > k; _1, 8, = 0}.

Notice that the sequence {k;+| — ki, i > 1} is i.i.d., and E(k;j11 — &) = -1 We
call the sequence {x,, n > 1} the regeneration times.

Observe that, for any i > 1, the distribution of X, is given by g(dy). In partic-
ular, X,, is independent of {Xo, ..., X«,—1}. Therefore, the blocks

{(XKZ" 8K,‘)7 R} (XKH_lf]’ 8Ki+171)}

are independent. The dynamics for each one of these blocks is easy to understand.
Start a Markov chain {X,l, n > 0} with initial distribution g(dy) and transition
probability Q1(x,dy). At each step n, we stop the chain with probability 6 (X ,11).
We call the corresponding stopping time «1. Each one of the blocks, except for
the first one, has a distribution {(X§,0), (X, 1), ..., (X;,_;, 1)}. The first block

is constructed in the same way, but starts from Xé = Xy instead of with the law
q(dy). Now we are ready to state:

CONDITION 2.6.
o0
Z plte supP(k; > n|Xg=x) < +o0.
X

n=1

THEOREM 2.7. Suppose that o € (1,2) and V is centered under m, or a €
(0, 1). Then under Conditions 2.1, 2.5 and 2.6, the law of N—1/a Sy converges to
an «-stable law.

2.5. An additive functional of a continuous time jump process. Suppose
that {r,,n > 0} is a sequence of i.i.d. random variables, independent of F :=
o (Xo, X1, ...) and such that 7y has exponential distribution with parameter 1. Sup-
pose thatt: E — (0, +00) is a measurable function such that#(x) > t, > 0, x € E.
Let

N

(2.18) N =Y 1(Xn)Tn.

n=0

One can define a compound Poisson process X; = X,,, t € [ty, tny+1). [tis Markov-
ian; see, for example, Section 2 of Appendix 1, pages 314321, of [17] with the
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generator

(219 Lf(® =t_1(X)/[f(y) — fOIP(x,dy), f € Bp(E).

Here B, (E) is the space of bounded and Borel measurable functions on E. Let
(2.20) f= /tdn < 400.

Suppose V : E — R is measurable and W (x) := V (x)z(x) satisfies condition (2.5).
We shall be concerned with the limit of the scaled processes,

N1
N1/ Jo

as N — 4o00. Then 7~'#(x)7 (dx) is an ergodic, invariant probability measure for
{X;,t > 0}. Our result can be formulated as follows.

2.21) Yn(t) = V(X(s)ds, t>0,

THEOREM 2.8. (i) Suppose that a € (1, 2) and that the assumptions of either
part (1) Theorem 2.4, or of Theorem 2.7, hold. Then, the convergence of finite-
dimensional distributions takes place to a stable process of type 1l.

(ii) In case a € (0, 1), we suppose that the assumptions of either part (ii) of
Theorem 2.4, or of Theorem 2.7 hold. Then the finite distributions of processes
{Yn(t),t = 0} converge, as N — +00, to the respective distributions of a stable
process of type 1.

(iii)) When o = 1 and the assumptions of part (iii) of Theorem 2.4 hold, the finite
distributions of processes {Yn(t) — cnyt,t > 0} converge, as N — 400, to the
respective distributions of a stable process of type 1ll. Here cy = fl‘lll N Vdnm.

3. An application: Superdiffusion of energy in a lattice dynamics. In [2]
it is proven that the Wigner distribution associated with the energy of a system of
interacting oscillators with momentum and energy conserving noise converges, in
an appropriate kinetic limit, to the solution u«(¢, x, k) of the linear kinetic equation

3.1) {8tu(t,x,k)+w/(k) O u(t,x, k) =Lu(t, x,k),
) u(0, x, k) =uog(x, k),

where (7, x, k) € [0, +00) x R? x T and the initial condition uo(-, -) is a function
of class C9(R4 x T¢). Here T is the one-dimensional circle, understood as the
interval [—1/2, 1/2] with identified endpoints, and T is the d-dimensional torus.
The function w (k) is the dispersion relation of the lattice and it is assumed that
w(—k) = w(k) and w(k) ~ |k| for |k| ~ O (acoustic dispersion). The scattering
operator L, acting in (3.1) on variable k, is usually an integral operator that is a
generator of a certain jump process.
In the case of d = 1, the scattering operator is given by

(3.2) LFk) = /T RUKHLF () — f (1K
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with the scattering kernel,

R(k, k') = 3[2sin*(27k) sin* (k')
(3.3)
+ 2sin®(27k’) sin? (k) — sin?(27k) sin®>(27k)].

We shall assume that the dispersion relation is given by a function @ :T —
[0, +00), that satisfies w € C'(T \ {0}) and

3.4) clsin(wk)| < w(k) < cylsin(mwk)|, keT,
for some 0 < ¢; < ¢, < +00 while

35 li '(k) = £cy.

(3.5) Jm o (k) Cow

In the case of a simple one-dimensional lattice, we have w (k) = c|sin(k)|.
The total scattering cross section is given by

(3.6) R(k):/TR(k,k’)dk’z gsinz(nk)(l +2cos?(k)).

We define 7 (k) := R(k)~! since these are the expected waiting times of the scat-
tering process.
Let {X,, n > 0} be a Markov chain on T whose transition probability equals

P(k,dk") :==t(k)R(k, k") dK'.

Suppose that {7,,n > 0} is an i.i.d. sequence of random variables such that 1
is exponentially distributed with intensity 1. Let ¢, := #(X,)7t,, n > 0. One can
represent then the solution of (3.1) with the formula

3.7 u(t,x, k) =Euo(x(t), k(t)),

where
t
x(t)=x +/ o' (k(s))ds,
0

k(t):X}’l’ te[tn,tn+l),

and k(0) = Xo = k. We shall be concerned in determining the weak limit of the
finite-dimensional distribution of the scaled process { N “Vey(Nt), > 0},as N —
400, for an appropriate scaling exponent «.

It is straightforward to verify that

') . Rk
(3.8) 7 (dk) = —=— dk = —=dk,

where R := J7 R(k)dk is a stationary and reversible measure for the chain. Then
P(k,dk’y = p(k, k") (dk") where

p(k, k') = Rt (k)R (k, k")t (k")
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and after straightforward calculations, we obtain
pk, k') = 6[cos? (k) + cos> (k') — 2cos (k) cos?(mk’)]
x [(1 4 2cos? (k) (1 + 2cos* (k)]
3.9 = 6{[|cos(rk)| — |cos(7'rk/)|]2
+ 2|cos(k) cos(mk’)|[1 — |cos(mk) cos(k")|]}
x [(1 +2cos?(k)) (1 + 2cos?(k"))] .

We apply Theorem 2.8 and probabilistic representation (3.7) to describe the as-
ymptotic behavior for long times and large spatial scales of solutions of the kinetic
equation (3.1). The result is contained in the following.

THEOREM 3.1. The finite-dimensional distributions of scaled processes
{N"23x(Nt),t = 0} converge weakly to those of a stable process of type II. In
addition, for any t > 0, x € R, we have
(3.10) lim /|u(Nz,N2/3x,k) —i(t,x)|*dk =0,

N—+4o00JT
where u(t, x, k) satisfies (3.1) with the initial condition uo(N=23x, k), such that
ug is compactly supported, and u(t, x) is the solution of

{ dit(t, x) = —(—2)3%i(t, x),

G-11) (0, x) = /Tuo(x,k) dk.

PROOF. We start verifying the hypotheses of Theorem 2.8 by finding the tails
of

(3.12) U (k) = o' (k)t (k)

under measure 7. Since ' (k) is both bounded and bounded away from zero, the
tails of W (k) under ;v are the same as those of 7 (k). Note that

(3.13) w(k:t(k) > 1) =CrA™>2(1+0()  fori>1,

and some Cg > 0. This verifies (2.5) with @ = 3/2. Since the density of = with
respect to the Lebesgue measure is even and W is odd, it has a null 7 -average. [J

Verification of hypotheses of part (1) of Theorem 2.4. Note that we can decom-
pose P(k,dk’) as in (2.8) with p(k, k') given by (3.9) and Q(k,dk’) = 0. Since
p(k, k) is bounded, Condition 2.3 and (2.12) are obviously satisfied. Operator P
is a contraction on L2(r), and by the Hilbert—Schmidt theorem (see, e.g., Theo-
rem 4, page 247 of [19]) is symmetric and compact. In consequence, its spectrum
is contained in [—1, 1] and is discrete, except for a possible accumulation point
at 0.
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LEMMA 3.2. Point 1 is a simple eigenvalue of both P and P>.

PROOF. Suppose
(3.14) Pf=f.

We claim that f is either everywhere positive, or everywhere negative. Let £, f~
be the positive and negative parts of f. Suppose also that fT is nonzero on a
set of positive 7 measure. Then f = f* — f~ and Pf = Pf™ — Pf~. Thus
fT=PHT <PfT. Yet

/f+d7r§/Pf+dn:/f+d71,

thus Pf™ = fT. Likewise, Pf~ = f~. Since for each k we have p(k,k’) > 0,
except for a set of kK of measure 7 zero, we conclude that f + > 07 ae., hence
f~=0.

Now we know that P1 = 1. We claim that any other f £ 0 that satisfies (3.14)
belongs to span{1}. Otherwise f — c1 for some ¢ would suffer change of sign.
But this contradicts our conclusion reached above so the lemma holds for P. The
argument for P2 is analogous.

As a corollary of the above lemma we conclude that condition 2.2 holds. Apply-
ing part (i) of Theorem 2.8 to N —2/3 fON "/ (k(s))ds, we conclude that its finite-
dimensional distributions converge in law to an a-stable Lévy process for o« = 3 /2.

We use the above result to prove (3.10). To abbreviate the notation denote
Yn(t):=x+ N2/ fONt o' (k(s)) ds. Using probabilistic representation for a solu-
tion of (3.1), we can write

u(Nt, N3%x, k) = Exuo(Yn (1), k(Nt))
(3.15)
-y /R fio(&, Bk expli& Yy (1) + ink(ND)} dE.

nez

Here #ig(&, ) is the Fourier transform of u(x, k), and Ey is the expectation with
respect to the path measure corresponding to the momentum process {k(¢), t > 0}
that satisfies k£ (0) = k. Since the dynamics of the momentum process are reversible
with respect to the normalized Lebesgue measure m on the torus and 0 is a simple
eigenvalue for the generator £, we have || P! f|| 12(m) — 0, as t — +o0, provided
Jp fdk =0. Suppose that {ay, N > 1} is an increasing sequence of positive num-
bers tending to infinity and such that ay N3/ — 0. A simple calculation shows
that for any &, 7 € R and eg (x) := e*¢ | we have

[Exleg (Yn (1))en(k(N)] — Eifeg (Yn (r — tan/N))ey (k(N1))]| — 0

as N — +o0.

(3.16)
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Using Markov property we can write that the second term under the absolute value
in the formula above equals

Ek[eg (YN(Z — taN/N))P“N’e,,(k((N — aN)t))].

Let e, (k) := e, (k) — ey, where e, := [re,(k)dk. By the Cauchy—Schwarz in-
equality, we obtain

|Ex[es (Yn(t —tan/N)) PN e, (k((N —an)t))]
(3.17) — Eres (Y (t — tay/N))e,|
< {Bx| P&, (k((N — an)0)|*}/*.

The right-hand side of (3.17) tends to 0 in the L? sense with respect to k € T, as
N — +o00.
From (3.17) we conclude that

io(&, MEx[es (Yn(t —tay/N))
ol

(3.18) x PN e, (k((N — an)t))] d& dk

_%/I;RA‘MO@, mExes (Yn(t —tay/N))é, d€ dk| — 0

as N — +oo. Combining this with (3.16), we complete the proof of the theorem.
O

Verification of hypotheses of Theorem 2.7. Here we show the convergence of
N73/2x(Nt) by using the coupling approach of Section 4. Define the functions

qo(k) := sin>(2mk) = 4[sin>(wk) — sin*(7k)],
q1(k) := 3 sin*(k),

which are densities with respect to the Lebesgue measure in T. A simple com-
putation shows that R(k, k") = 27*[qo(k)q1 (k') + q1(k)qo(k’)], and therefore,
R(k) = 2_4[q0(k) + q1(k)]. The transition probability P(k,dk’) can be written
as

a® wyar + —P0 L anar

0(k) +q1 (k) ™ 0(k) + g1 (k)

In particular, in the notation of Section 4, this model satisfies Condition 2.5
with g(dk") = qo(k')dk’, 6 = q1/(qo + q1) and Q(k,dk’) = qi (k") dk’. Notice
that the behavior around 0 of 7 and ¢ is the same. Hence, g (W (k) > 1) ~ cA™3/2
for A > 1. We conclude, therefore, that the function W(k), given by (3.12),
satisfies (2.16). Observe furthermore that Q; does not depend on k and that

P(k,dk’) =
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Q1 (k' t(k) > L) ~ cA™>/2 for A > 1. Due to this last observation, condition (2.15)
is satisfied.

We are only left to check Condition 2.6. But this one is also simple, once we
observe that the sequence {,,, n > 0} is a Markov chain with transition probabili-
ties

P(Sus1 =118, =0) = P31 =018, = 1)

_ /1/2 qo(k)q1 (k) dk
~172 qo(k) + qi1(k)’

12 gik)dk
P@H=u%=n=/ _ ik
—-1/2 qo(k) + q1 (k)

172 2(k) dk
P@H=m%=m=/ DR
—1/2 qo(k) + q1(k)

We conclude that the regeneration time « satisfies E[exp{y«1}] < 400 for y small
enough. Condition 2.6 is therefore a consequence of the fact that the transition
probability function Q;(k, dk) does not depend on k; therefore, we can write

Plk; > n|Ko=k] = (1 —0(k))Plk; >n —1].

4. Proof of Theorem 2.7 by coupling. Because of its simplicity, we present
first the proof of Theorem 2.7 using a basic coupling argument. Let us define

kiy1—1

gi= Y WX),

Jj=xi
M(N) =sup{i > 0;k; < N}.
Note that M(N) < 400 a.s. An alternative way of defining M(N) is demanding
the inequality k pq(v) < N < kpq(nv)+1 to be satisfied. Then, we have
M(N)
(4.1) Sv= ) ¢i+Ry,
i=0
where
N
Ry:= ) W(X)).
jZKM(N)+1
In (4.1) we have decomposed Sy into a random sum of i.i.d. random variables,

{¢i, i > 1}, and two boundary terms: ¢ and Ry . Notice also that ky — k1 is a sum
of i.i.d. random variables. Consequently, the law of large numbers gives
KN M(N)

4.2) W—)E:E(Kz—Kl) and T_)E_lzé’
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a.s.,as N — +oo.
Observe also that when « € (1, 2) and W is centered, random variable ¢ is also
centered. Indeed, by the ergodic theorem we have that a.s.

SN _ iy M(N) -
0= lim — =Egp0
NHHEOO N N»+oo M(N) ; i o1
which proves that
(4.3) Eg; =0.

The idea now is that under Conditions 2.5 and 2.6, the random variable ¢; is
equal to W (X, ) plus a term with lighter tails. Before stating this result, we need a
simple lemma.

LEMMA 4.1. Let ¢ be a random variable such that
lim x*P(¢ > x)=c", lim x*P(¢ < —x)=c".
X—> 00 X—>0Q
Let & be such that limy,_, oo P(|&]| > x)/P(|¢| > x) = 0. Then
. o _ o+ . o _ -

“4.4) xll)rrolox P+E&>x)=c", xll)ngox P(C+&<—x)=c".

PROOF. Without loss of generality, we just consider the first limit, the second
one follows considering —¢, —&. We will prove that the liminf,_, o of the previ-

ous expression is bigger than ¢ and the lim sup is smaller than c. We start with
the upper bound: for any € > 0 there exists xq so that for x > xo, we have

X*P(L 4+ & >x) <x*P(¢ > (1 —e)x) + x*P(§ > ex)

- cy++e€ ]P’(|$|>ex)xc++c_
T (=20 P(lg]>ex) T (/2%

Now take above the upper limit, as x — 400, to get
+€
limsupx¥P(C + & > x) < —+ ¢
x_)ﬁg C+&>x) =< 1 — 200"
Since € is arbitrary, we have proved the upper bound. The lower bound is very
similar:
PE+E>x)=PC+E>x,8>—ex)+P((+§>x,8 <—ex)
>P(¢ > (14€)x, &> —ex)
>P(>04e)x) =P >(1+e)x, & <—ex)
>P(¢ > (1 +e)x) —PE < —ex).
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Starting from this last expression, the same computations done for the upper
bound show that
.. o Ct
Iminfx"P@ +6 >0 = 37553
Since € > 0 is arbitrary, the lemma is proved for the first expression in (4.4).
The second case can be done in the same fashion. [J

LEMMA 4.2. Let V satisfy (2.5) with constants ¢}, ¢, together with Condi-
tions 2.5 and 2.6. Then the law of each ¢; satisfies
lim A“P(g; > 1) =cFo",

A—~400

(4.5) i}
lim A%P(g; < —A)=c, 0.

A—~400
PROOF. The idea of the proof is simple. Random variable ¢; is the sum of a
random variable with an a-tail, W(X,,), and a finite (but random) number of ran-
dom variables with lighter tails (W (Xy;+1), ..., ¥ (X4, ,-1)). By Condition 2.6,
the random number can be efficiently controlled. To simplify the notation, assume

that X is distributed according to ¢, so the first block is also distributed like the
other ones. Then

Kk1—1 00 n—1
IP’(Z (X)) zt) = ZP(Z U(X[)>1t, ki =n>
n=1 =1

(4.6) =

oo n—1

< Y PWX) 2 t/(n— 1),k = n).

n=1 j=1
The probability under the sum appearing in the last expression can be estimated by
P(W(X)>t/(n—1),8,=1,Yp <)
=E[Q1(X;-1,¥ >t/(n—1)),8,=1,Yp < j].

When j > n/2 we can use (2.15) to bound the expression on the right-hand side of
(4.7) from above by

4.8) %Map =LV¥p=jl= %

4.7)

Plk; = n/2].

Here g(x) is a bounded function that goes to 0, as x — oo. On the other hand,
when j < n/2, we rewrite the probability appearing under the sum on the right-
hand side of (4.6) using the Markov property. It equals

E[E[& =n— jlXo=X;1, ¥(X;)>t/(n—1),80=---=8; =1].
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Here {f(n, n > 0} is another copy of the Markov chain {X,,,n > 0}, and & is the
respective stopping time defined in correspondence to k. We can estimate this
expression by

PV (X)) =1/(n — D]supPlk; = n — jlXo=x]

<! g( /m )sup]P’[lq > n/2|Xo = x].

Summarizing, we have shown that the utmost left-hand side of (4.6) can be esti-
mated by
1+o
t
Z 8 /")" supPc (k1 = 1/2).

n=1

We conclude that this expression is o(z~%) by invoking Lebesgue dominated con-
vergence theorem and Condition 2.6. The negative tails are treated in the same way.
Therefore, g — W (Xo) has lighter tails than W (Xy) itself. By Lemma 4.1, the sum
of a random variable satisfying condition (2.16) and a random variable with lighter
tails also satisfies condition (2.16) for the same constants ¢ =1, ¢c=6~1.

At this point we are only left to recall the classical limit theorem for i.i.d. ran-
dom variables. It follows that there exist

B M(N) 1/« 1 M(N) 1 N
1/a _ . .
N _( N ) M(N) /e ZZ(:) ¢t e . V&)

J=Kk M)+l

MEN\Ve 1 M 1 N
_< NG ) M(N)/e Z O i+ N 2. W),
l=0 ]:KM(N)+1

Recall (4.2), and notice that by (4.5),
lim A POV > 1) = e,

amepl/a _
XETOO)L PO “¢p; < —=1)=c,
Let C, := (c; + ¢)f~!. By virtue of the stable limit theorem for i.i.d. ran-
dom variables (see, e.g., [8], Theorem 7.7, page 153), we know that for cy :=
NE[¢1, |¢1] < (C+N)'/®] such that the laws of N_l/“(ZlN:O 0/%p; — cn) con-
verge to an «-stable law. When o < 1 constants cy ~ cN /e and they can be
discarded. Observe, however, that since Ep; =0, cf. (4.3), for a € (1, 2), we have

+00
ex = —NElp1. li| > (C:N)F1=N | | [Plor < —21=Plps > 2]

=6" N/ =C(1+o())N'/®
C*N)l/"‘
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for some constant C. The constants ¢y can again be discarded. We conclude there-
fore that the laws of

N
Ky = N 1/a (Zél/a(p,')
i=0

weakly converge to some a-stable law v,. Since Ly 1= 60~ V/*N~!M(N) con-
verges a.s. to 1, the joint law of (K, L) converges to v, ® §1, as N — +00. Ac-
cording to the Skorochod representation theorem there exists a probability space

and random variables (Ky, £x) such that (Ky, EN) = (Kn, Ly) for each N and
(Kn, Ln) = (Y, 1) a.s. The above in particular implies that K N, converges a.s.

to Y,. Since K Niy = ICN £y - we conclude the convergence of the laws of Ky,
to vy, O

5. Proof of Theorem 2.4 by martingale approximation. Below we formu-
late a stable limits law that shall be crucial during the course of the proof of the
theorems.

Suppose that {Z,,n > 1} is a stationary sequence that is adapted with respect
to the filtration {G,, n > 0} and such that for any f bounded and measurable, the
sequence {E[f(Z,)|G,—1],n > 1} is also stationary. We assume furthermore that
there exist & € (0,2) and ¢, ¢, > 0 such that ¢} + ¢, > 0 and

P[Z; > Al =1"%(c} +o(1)),
(5.1)
P[Z) < —Al=21"%(c; +o(1)) as A — +o0.

In addition, for any g € Cg°(R \ {0}), we have

V] e di|
(52 lim ]EZIE[ (Nl/a> Gu- 1] at [ 8005 | =
and
2
53 i _wfsfo( 2 )] o

Here c.(-) appearing in (5.2) is given by (2.2). Let My := Zﬁlvzl Zy, N >1and
Mo =0.

When o = 1 we shall also consider an array {Z,(lN) :n > 1}, N > 1 of sta-
tionary sequences adapted with respect to the filtration {G, :n > 0}. Assume fur-
thermore that for each N > 1 and any f bounded and measurable sequence,
{ELf (Z,(,N))|Qn_1] :n > 1} is stationary. We suppose that there exist nonnegative

¢, ¢; such that ¢ + ¢, >0 and

5.4)  lim sup[|]AP[ZN) > A] = |+ [aP[Z2{Y) < —A] — ;] =0.

A—> OON>1
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Let

N
ity = 320 B[22 < N)jGl). Nz

n=1

and 1\710 := 0. The following result has been shown in Section 4 of [9].

THEOREM 5.1. (i) Suppose that a € (1, 2), conditions (5.1)—(5.3) hold, and
(5.5 E[Z,|Gn-11=0  forn=>1.

Then N_l/“M[N.] = Z(-), as N - 400, weakly in D[0, +00), where {Z(t),t >
0} is an a-stable process of type 11.

(i) Suppose that a € (0, 1) and conditions (5.1)~(5.3) hold. Then N~'/% x
Mnyy= Z(:), as N — 400, weakly in D[0, +00), where {Z(t),t > 0} is an a-
stable process of type 1.

(ii1) For a = 1, assume (5.2) and (5.3) with Z,SN) replacing Z,, and (5.4).
Then N_IA;I[N.] = Z(-), as N — +o00, weakly in D[0, +00) to a Lévy process
{Z(t),t =0} of type 111.

Proof of part (i) of Theorem 2.4. Let x € LB (), B € (1, a) be the unique,
zero-mean solution of the equation

(5.6) X — Py=Ww.

Since W € LA () for B € (0,«) is of zero mean, the solution to (5.6) ex-
ists in LA () and is given by x = > >0 P"W. This follows from the fact that
1P s < a(z/ﬂ_l)"HlIfHL,s, n > 0 [see (2.7)], so the series defining x geomet-
rically converges. Uniqueness is a consequence of (2.7). Indeed, if x; was another
zero-mean solution to (5.6), then

lx —xille = 1P — xO s <a' 2P — xall e,

which clearly is possible only when x — x; = O (recall that a < 1). Note also

that from (2.12) it follows that in fact Px = (I — P)~'(PW¥) € L% (). Thus in
particular,

c{/

1P

)\'O{/ 9
and consequently y satisfies the same tail condition as W [cf. (2.5)].
Then by using (5.6), we can write

(5.7 w(|Px|> ) <

N N
(5.8) Sv=)_ V(X)) =) Zu+ Px(Xo) — Px(Xy)

n=1 n=1

with Z;, = x (X)) — Px(Xp—1).
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In what follows, we denote by C5°(R \ {0}) the space of all C* functions that
are compactly supported in R \ {0}. According to part (i) of Theorem 5.1, we only
need to demonstrate the following.

PROPOSITION 5.2.  For any g € C5°(R\ {0}), equalities (5.2) and (5.3) hold.

More explicitly, we have

le(57)

and using the stationarity of 77, we can bound the left-hand side of (5.2) by

Go_ 1] [ eV X 0) = Px (K D) P(Kaot, d)

[Nt]

Z /|: l/a[X(y) _ PX(Xn—l)]) _g<1)\(/(1)/2):|P(Xn_1,dY)

[N1]

+E3 [« (252) Pt —[Nr]/g(j‘v(lfi)nuy)‘

«(A) dA
+ ‘[Nr]/g(ﬁi)n(dy} —“fng(“cM(|1)+a

(5.9

9

so (5.2) is a consequence of the following three lemmas, each taking care of the
respective term of (5.9):

LEMMA 5.3.

lim N f / g (N3 (3) = Px(0)])

AT I
— (N~ x (y)|P(x,dy)m(dx) =0.
LEMMA 5.4.
(5.11) ZlJE[g(N Y (X)) |G 1]—N/g(N Yy (mm(dy)| =
LEMMA 5.5.
512 tim [V [ v @ o [ s RS =0,

where c(-) is given by (2.2).
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Proof of Lemma 5.3. Suppose that suppg C [-M, M] \ [—m, m] for some
0<m <M < +o0 and 6 > 0. Denote

Ang={(x.»):Ix() —0Px(x)| > N'"m}.
The left-hand side of (5.10) can be bounded from above by

1
lel/a/(; dg/./|g/(N71/a[X(y)_pr(x)])Px(x)|P(x,dy)JT(dX)

1
§CN‘—1/°’fO d@//A |Px(x)|P(x,dy)m(dx)
N,0

1 1—1/0[,
< CN'Ue / de( / / P(x,dy>n(dx>> 1P x| o
0 AN

From the tail behavior of x and of Py, [see (5.7) and the remark below that esti-
mates], it is easy to see that for any 6 € (0, 1),

//A P(x., dy)r(dx) < P[|x(X1)| = (mN"/%)/2]
N.,O

+P[O]P x(Xo)| = (mN'/*) /2]
< CLNm®) ™" 4 (Nm*) /]
C
=—(1 1
N( +o(1))
as N > 1. Since o’ > o we obtain (5.10).
Proof of Lemma 5.4. To simplify the notation we assume that supp g C [m, M]

for 0 <m < M < +oo. Denote By ) ={y: x(y) > N3}, We can rewrite the
left-hand side of (5.11) as

(5.13) ‘/ (A)ZGN(X,, 1, A)dA|,

where
Gy(x,A)=P(x,By) —7(By).
Notice that [ Gy (y, A)7(dy) =0 and

/ G2, (v, M (dy) = / P2(y, By.;)n(dy) — m*(By.2)
2
(5.14) <2 f ( 0, x)n(dx)) (dy)
By 5

+2 f 0(y. By ) (dy) — n2(By.1).
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To estimate the first term on the utmost right-hand side, we use the Cauchy—
Schwarz inequality, while for the second one we apply condition (2.10). For A > m,
we can bound the expression on the right-hand side of (5.14) by

1
S (BNm) / /B P TRy + (B
(5.15) '

< —o(l) as N — oo,
N
by virtue of (2.9) and the remark after (5.7). Thus we have shown that
(5.16) N sup | G% (v, »)m(dy) — 0
A>m
as N — oo. We will show now that (5.16) and the spectral gap together imply that

2
-0

N
> GN(Xn-1, M)

n=1

(5.17) sup E

A>m

as N — oo. Since supp g’ C [m, M] expression in (5.13) can be then estimated by

N
> GN(Xu-1.h)

n=1

o0
supE xf lg' (M) dr— 0
0

A>m

as N — +o0 and the conclusion of the lemma follows.
To prove (5.17) let un (-, 1) = — P 1Gn(,A). By the spectral gap condi-
tion (2.7), we have

1
(5.18) [kt = - [ Gho.nmay.
We can then rewrite
N N-1
D GNXn-1, M) =un(Xo) —un(Xn) + D Un,
n=1 n=1

where U, = un(X,) — Puy(X,—1), n > 1 is a stationary sequence of martingale
differences with respect to the natural filtration corresponding to {X,,, n > 0}. Con-
sequently,

N 2
Y G (Xn—1,4)

n=1

and (5.17) follows from (5.16) and (5.18).

E

< CN/u%V(y,A)n(dy) -0
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Proof of Lemma 5.5. To avoid long notation, we again assume that supp g C
[m, M] for0 <m < M < 4o0. The proof in the case of g C [—M, —m] is virtually
the same. Note that

x()
N/g(Nl/a)T[(dy)
400 e s A
=Nf/0 N7 (Nl/a)l[oaX()’)]()")n(dy)d)\,

oo e P
:N/O N g(Nl/ >n(x > A)dA

400
:N/ gV (x = N0y dn.
0

Thanks to (2.5) the last expression tends, however, as N — +00, to

/0+°° / 20, )c*()»)d)»‘

| Moe—&—l
Proof of Proposition 5.2. 'We have already shown (5.2), so only (5.3) requires
a proof. To simplify the notation we assume Q = 0. Suppose that supp g C [m, M]
for some 0 < m < M. We can write

<l ) ]

- / g(N~V* W () p(Xo, y)m(dy)

(5.19)
1
LNl //0 h(Xo, )8 (N (W (y) + 0h(Xo, 1))

x p(Xo, y)m(dy)do,
where h(x,y) := Px(y) — Px(x). Denote by K| and K> the first and the second
terms appearing on the right-hand side above. By Cauchy—Schwarz inequality,
g’ I3

2
EK;y < N2/«

([ 1Px1p(xo. y)n(dy))2

(5.20) + E(/ | P x (Xo)| p(Xo, y)ﬂ(dy)>2}

2018 121 P xII?
< L2(m) ‘
— N2/«
Hence limy— 40 NIEKZ2 =0.
On the other hand,

(5.21) K1 < llgllso / p(Xo, MW > mNY*/2]n(dy),
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and in consequence, by Jensen’s inequality,

EKDHY? < gl / (Ep?*(Xo, Y)W ()| > aN* /2] (dy)

1/2
< ||g||oo[ [[ e oo - aN”“/zln(dx)n(dy)]
x ' 2[|W| > aN'®/2].
Thus we have shown that

NEK? < Nz[|¥W|>aN'/® /2]
(5.22)

x [ [ PP v > a2y - o.

Condition (5.3) is then a consequence of (5.20) and (5.22).

Proof of part (ii) of Theorem 2.4. The proof of this part relies on part (ii) of
Theorem 5.1. The following analogue of Proposition 5.2 can be established.

PROPOSITION 5.6.  Suppose that a € (0, 1). Then for any g € C§°(R\ {0}),

[N1]

: W(X,) Cx()dr|
(5.23) NETOOE;E[ <N1/°‘ )gn 1}—z/ s = | =0
and
W(X) ?
520 i vefalo(S0Y 6]

PROOF. The proof of this proposition is a simplified version of the argument
used in the proof of Proposition 5.2. The expression in (5.23) can be estimated by

[N1]

V() )
Z/ <N1/a>P(X” 1dy) = Nt]f (Nl/a)ﬂ(dy)‘

v (V) dA
e [o(§i2 Jrtan) —at [ SR

(5.25)

The proof that both the terms of the sum above vanish goes along the lines of the
proofs of Lemmas 5.4 and 5.5. We can repeat word by word the argument used
there, replacing this time x by W. As for the proof of (5.24) it is identical with the
respective part of the proof of (5.3) (the one concerning term K1). 0
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Proof of part (iii) of Theorem 2.4. Recall that Wy := W1[|W| < N]. Let xn be
the unique, zero mean solution of the equation

(5.26) XN — Pxn=¥N —cn.
We can then write,

N N
(527) Sy —Nen =D (¥(Xn) —cn) =D ZM + Pxn(Xo) — Pxn(Xn)

n=1 n=1
with
ZWN) = N (X)) — Pxn(Xa—1) + U(X)I[¥(X,)] > N].

We verify first assumptions (5.2), (5.3) and (5.4).
Condition (5.4) is an obvious consequence of the fact that

(5.28) ZWN) = Pxn(Xn) — Pxn(Xp—1) + W(X,,) — ey

and assumption (2.13). To verify the remaining hypotheses, suppose that supp g C
(m,M) and m <1 < M. Let us fix § > 0, to be further chosen later on, such
that m <1 —8 <1+ 8 < M. We can then write g = g1 + g2 + g3 where each
gi € C®(R), lIgilloo < llglloo, and the supports of g1, g2, g3 are correspondingly
contained in (m,1 —§), (1 — 38,1+ 6), (1 + 8, M). We prove (5.2) and (5.3) for
each of the function g;s separately. Note that

zv
(%)

w™(x,y) = N W ) > N1+ N v () — Pxw (0],

gnl] _ f g (W™ (X1, V)P (X1, dy),

where

Fori =1 and i = 3, we essentially estimate in the same way as in parts (i) and
(i) of the proof of the theorem, respectively. We shall only consider here the case
l :Nzc;te that then w™ (x, y) = wiN) (x, y) where
(5.29) wi (¥, y) = N~ W) —enl+ N0RN(x, )
with Ry (x, y) := Pxn(y) — Pxn(x). However,

g2(w™ (Xu-1, ) = 22(N"'(¥() —cn))

1
N Ry (X1, ) /O & wi (X1, v))do
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and

(W™ (X1, ) P(Xu—1,dy)

(NN (W) —cn))P(Xp—1,dy)

/ (N)
+\//'/() ‘gZ(we (X’y))RN(X»)’)‘P(Xad)’)n(dy)de

Denote the first and the second term on the right-hand side by J; ™) and J5 (V) ,

respectively. Term J I(N) can be now estimated as in the proof of part (ii) of the
theorem. We conclude then, using the arguments contained in the proofs of Lem-
mas 5.4 and 5.5 that

146 d
limsup /) < ||g||oof
N—+o00 1

On the other hand, to estimate limy_, 4 JQ(N) =0, since g’z(wéN) (x,y)) > 0in
measure P (x,dy)m(dy)d6 and the passage to the limit under he integral can be
substantiated thanks to (2.13).

Choosing now sufficiently small § > O we can argue that the calculation of the
limit can be reduced to the cases considered for g; and g3 and that condition (5.2)
can be established for Z,(1N). The proof of (5.3) can be repeated from the argument
for part (i) of the theorem.

Finally, we show that

N— 400

1 N
(5.30) lim —E|Y E[ZM1[|Z{"] < N]|Gu—1]| =0.
=1

Denote the expression under the limit by L), Let A > 1. We can write
LM =1™ 4 L™ 4 LV depending on whether |W(X,)] > AN, |[W(X,)| €
(AN, AN], or |¥(X,)| < (A)~'N. Then

N
LY < 3 Pw (X))l > AN, |ZV] < N]= NP[

n=1

ZM < N

From formula (5.28) for Z,(ZN), we conclude that the event under the conditional
probability can take place only when [P xn (X,)|, or | P xn(Xn—1)| > N(A—1)/3
for those N, for which ¢y /N < (A — 1)/3. Using this observation, (2.13) and
Chebyshev’s inequality, one can easily see that

LN <2NIN(A —1)/317 | Pxw || 0

La()—>
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as N — +oo. To deal with LgN) consider a nonnegative g € C°°(R) such that

lglloo <1, [A—!, Al Csu gC [A_l, A1] for some A; > A. Repeating the fore-
PP 1 P g
going argument for g, we conclude that

. (N)
limsup L& < |lg| / ,
N——+o00 2 > ! )\2

which can be made as small as we wish by choosing A sufficiently close to 1. As
for LgN), note that it equals

1 N
531 15" =SB S EMMI[|MM] < N9 (X0)] < (8) 7 N]|Ga1])

n=1

where
MM = yn (X)) — Pxn(Xp—1)

=Wn(Xp) —cn + Pxn(Xp) — Pxn(Xn-1).

(5.32)

Thanks to the fact that M, V) are martingale differences, the expression in (5.31)
can be written as L(N) —(L(N) + L(N) (N)) where L correspond to taking
the conditional expectatlon over the events A;fori=1, 2 3 given by

A= [|MV]| > N, W (X,)| < (A)TIN],
Ay:=[|MNM] > N, |¥(X,)| > (A)'N],

Ay :=[MM]| < N, ¥ (X,)| > (A)IN].

To estimate ngl.v), i = 1,2 we note from (5.32) that |M,,(N)| > N only when
Uy (Xp) =V(Xy) and |W(X,)| < N,or Pxny(Xn—1), Pxn(X,) are greater than
c¢N for some ¢ > 0. In the latter two cases we can estimate similarly to LEN). In
the first one, however, we end up with the limit

. 1Y
limsup —E > E[(Wn (Xa)| + len| + [Pxn (Xa) | + 1P xn (Xn—1I),

N—+4o00 n—1

N> |¥(X,)| > A'N|G, 1]

<limsup N(1 + |ey|/N)7[N > |¥| > (A) "' N]
N—>+00

+limsup/(1 + P)|Pxn|1[IN > |¥| > (A) "' N]dx.
N——+00

The second term on the utmost right-hand side vanishes thanks to (2.13). The first
one can be estimated as in the proof of Lemma 5.5, and we obtain that it is smaller
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than C [ Al,l A~2d), which can be made as small as we wish upon choosing A
sufficiently close to 1. We can estimate, therefore,

limsupLg)
N—+o00
1 1
<limsup—E Y "E[(1Wn (X)) + lenl), N = [W(X,)| > A7 'N|Gyi]
N——+o00 n=1
1 N
+limsup —E Y E[(|Pxn (Xn)| + [P xn (Xa-1)]).
N—+4o0 N n=1

W (X,)| > AT'N|G,—1]

=limsup N@[N > |¥| > (A)"IN]
N—+o0

+limsup [ (I + P)|PxnI1[|¥] > (A)"'Nldm
N——+00

Ldx
S C/ NG
A-1 A2

which again can be made arbitrarily small.

6. Proof of Theorem 2.8. Suppose that we are given a sequence of i.i.d. non-
negative random variables {p,,n > 0} independent of {X,,,n > 0} and such that
Ay = 0+°° p%p(dp) < +00, where () is the distribuant of pg and o € (0, 2). We
consider a slightly more general situation than the one presented in Theorem 2.4
by allowing

[N1]
(6.1) SN(®) =) W (Xn)pn-

n=0
Observe that, if 7 is the law of X, observable W satisfies the tail conditions (2.5),
and p, is independent of X,,, then

o0
AYP(W(X0)po > 1) :f AT (W > Ao Dodp) — cfA,.
0 A— 400
Define also
(6.2) Cy = / Vdn Epg.
[W|<N

Consider then the Markov chain {(X,, py),n > 0} on E x R,. This Markov
chain satifies all conditions used in the previous sections, with stationary ergodic
measure given by m(dy) ® ¢(dp). Then with the same arguments as used in Sec-
tion 5 we get the following.
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THEOREM 6.1. (i) Under the assumptions of the respective part (i), or (ii)
of Theorem 2.4, we have N™'/%Sy(-) féi Z(), as N — +00 where {Z(t),t >
0} is an a-stable process of type either type 1, or Il with the parameters of the
corresponding Lévy measure [cf. (2.2)] given by

aAgcy, when A < 0,

©.3) Ced) 1= {aAac:, when A > 0.

Here f:d> denotes the convergence in the sense of finite-dimensional distributions.

(i) In addition, under the assumptions of part (iii) of Theorem 2.4 finite-
dimensional distributions of N™'Sn(t) — Cnt converge weakly to those of
{Z(t),t = 0}, a stable process of type 1. Here Cy is given by (6.2).

REMARK. The results of the first part of the above theorem follow under the
conditions of Theorem 2.7, by using the coupling argument of Section 4.

Let us consider now the process Yy (¢) defined by (2.21). We only show that
one-dimensional distributions of Y (#) converge weakly to the respective distrib-
ution of a suitable stable process {Z(t), t > 0}. The proof of convergence of finite-
dimensional distributions can be done in the same way.

Given ¢ > 0 define n(z) as the positive integer, such that

i) =T <In@)+1,

where ty is given by (2.18). Let
s(t) :==1/1t,

[N1]
By(t):=N"V*Y w(Xpn, 120,
k=0
where, as we recall, ¥ (x) := V (x)t(x), x € E and {ty, k > 0} is a sequence of i.i.d.
variables distributed according to an exponential distribution with parameter 1.
Using the ergodic theorem one can easily conclude that

Nt
(6.4) sy (t) = % — 5(1) as N — +o0o,
a.s. uniformly on intervals of the form [#p, 7] where 0 <ty < T. We have

n(Nt—1

W=+ D VXOT
k=0

Nt — h(N1)

SV (X0,

Note that
n(Nt)

T > WX = By (sn (D).
k=0
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LEMMA 6.2. Foranyt > 0 and ¢ > 0 fixed, we have
(6.5) lim P[|Yy (@) — By(sny(2))| > e]=0.
N—+00

PROOF. Let o > 0 be arbitrary. We can write that

P[IYn (@) — Bn(sn(1))] > €]

(6.6) <Pllsn() —s(@®)] > o]
+Plisn (@) —s()] =0, [Yn (@) — Bn(sy(1))] > €].
The second term on the right-hand side can be estimated from above by
P[lsn () — s(®)] < o, N~V W (X vn)) | tavn) > €]

< P[sup{|W(Xp)|tk:k € [(s(t) —o)N, (s(t) + o)N]} > Nl/o‘s].

Using the stationarity of {|\W(Xy)|tk, k > 0} the term on the right-hand side equals
P[sup{|¥ (Xy)|ti :k € [0,20 N1} > N/%%]

+o00 C
< ZGN/ e RW()| = T N el dr < =
0 &
for some constant C > 0, by virtue of (2.5). From (6.6) we obtain, therefore,

C
limsup P{| Y (1) — By (sn ()] > €] < —
N—+o00 o

for an arbitrary o > 0, which in turn implies (6.5). U

It suffices, therefore, to prove that the laws of By (sy(¢)) converge, as N —
400, to the law of the respective stable process. According to Skorochod’s em-
bedding theorem, one can find pairs of random elements (EN(-), sy(@)), N > 1,
with values in D[0, +00) x [0, +00), such that the law of each pair is identical
with that of (By(-), sy(¢)), and (BN(-),EN(I)) converges a.s., a8 N — +00, in
the Skorochod topology to (Z(-), s(t)). Here {Z(¢),t > 0} is the stable process,
as in Theorem 6.1. According to Proposition 3.5.3 page 119 of [11], the above
means that for each T > 0 there exists a sequence of increasing homeomorphisms
Ay :[0, T]— [0, T] such that

(6.7) lim y(Ay)=0,
N—+400
where
An() — A
O<s<t<T r—s
and
(6.8) sup |By oAy (1) — Z(1)| =0.

t€l0,T]
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As a consequence of (6.7) we have of course that

(6.9) lim sup |Ayx(t) —¢t|=0.
N—+004¢(0,T]

Note that the law of each By (sy(¢)) is identical with that of BN (5n(1)). We also
have

|Bn Gy (1) — Z(s(1)| < |BNGn (1) — Z 0 Ay G (1))
+1Z o hy Gy (1) — Z(s(D))].

The right-hand side, however, vanishes a.s., as N — +o00, thanks to (6.8), (6.9)
and the fact that for each fixed s > 0 one has P[Z(s—) = Z(s)] = 1 (see,
e.g., Theorem 11.1, page 59 of [26]). The above allows us to conclude that
|1§N Sy (@) — Z(s(t))] > 0a.s.,as N — +0o0, thus the assertions of Theorem 2.8
follow.
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