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Comment: A Selective Overview of
Nonparametric Methods in
Financial Econometrics
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Abstract. These comments concentrate on two issues arising from Fan’s
overview. The first concerns the importance of finite sample estimation bias
relative to the specification and discretization biases that are emphasized in
Fan’s discussion. Past research and simulations given here both reveal that
finite sample effects can be more important than the other two effects when
judged from either statistical or economic viewpoints. Second, we draw at-
tention to a very different nonparametric technique that is based on comput-
ing an empirical version of the quadratic variation process. This technique is
not mentioned by Fan but has many advantages and has accordingly attracted
much recent attention in financial econometrics and empirical applications.
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1. INTRODUCTION econometric problems of fitting continuous time sys-
In recent s there has been incr d interest . tems for much longer. The idea of statistically fitting
ecent years there has been Increased INterest My gion models and continuously distributed lagged

usmtg n?nfpararr_leltréc ;net_rll_ﬁds to deaLW||t:h various as'dependencies with discretely observed data has a long
pects of financial data. The paper by Fan gives an history dating back to some original work in econo-

overview of some nonparametric techniques that havemetrics by Koopmans [27] and subsequent work by

peen useql inthefinanpial econometr.iclit(_erature, fOCl_JS'PhiIIips [31], Bergstrom [14], Sims [35], Phillips [32]
ing on estimation and inference for diffusion models in and Sargan [34]. Bartlett and Rajalakshman [13] and
continuous time and estimation of state price and tran-ga jett [12] are two references in the early statistical

sition density functions. _literature on fitting linear diffusions. Bergstrom [15]
Continuous time specifications have been heavily provides a short history of some of this early work.

used in recent work, partly because of the analytic a|5q  the history of mathematical finance and sto-
convenience of stochastic calculus in mathematical fi- chastic integration prior to 1970 has recently been

nance and partly because of the availability of high- o\erviewed in an interesting historical review by Jarrow
frequency data sets for many financial series. While 54 protter [24].

the early work in continuous-time finance began in oyr comments on Fan's paper will concentrate on
the 1970s with the work of Merton [29] and Black g jssues that relate in important ways to the paper’s
and Scholes [16], economists have been looking at thefocys on misspecification and discretization bias and

the role of nonparametric methods in empirical finance.
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problems of estimating dynamic models that are well of diffusions have been available since Phillips [32].
known in discrete time series, such as the bias in ML A simple approach discussed in the paper is to use the
estimation, also manifest in the estimation of contin- Euler approximation scheme to discretize the model,
uous time systems and affect subsequent use of thesa process which naturally creates some discretization
estimates, for instance in derivative pricing. In conse- bias. This discretization bias can lead to erroneous
guence, a relevant concern is the relative importancefinancial pricing and investment decisions. In conse-
of the estimation and discretization biases. As we will quence, the issue of discretization has attracted a lot of
show below, the former often dominates the latter even attention in the literature and many methods have been
when the sample size is large (at least 500 monthly ob-proposed to reduce the bias that it causes. Examples are
servations, say). Moreover, it turns out that correction Pedersen [30], Kessler [26], Durham and Gallant [18],
for the finite sample estimation bias continues to be Ait-Sahalia [2, 3] and Elerian, Chib and Shephard [19],
more important when the diffusion component of the among many others.
model is itself misspecified. Such corrections appear Next, many diffusion models in practical use are
to be particularly important in models that are nonsta- specified in a way that makes them mathematically
tionary or nearly nonstationary. convenient. These specifications are typically not de-
The second issue we discuss deals with a very differ-rived from any underlying economic theory and are
ent nonparametric technique, which is not discussed bytherefore likely to be misspecified. Potential misspec-
Fan, but which has recently attracted much attention inifications, like discretization, can lead to erroneous fi-
financial econometrics and empirical applications. This nhancial decisions. Accordingly, specification bias has

method involves the use of quadratic variation mea- attracted a great deal of attention in the literature and
sures of realized volatility using ultra high frequency has helped to motivate the use of functional estimation

financial data. Like other nonparametric methods, em- techniques that treat the drift and diffusion coefficients

pirical quadratic variation techniques also have to deal Nonparametrically. Important contributions include
with statistical bias, which in the present case arisesAlt-Sahalia [1], Stanton [36], Bandi and Phillips [5]
from the presence of microstructure noise. The field of ahd Hong and Li [21].

research on this topic in econometrics is now very ac- While we agree that both discretization and specifi-
tive. cation bias are important issues, finite sample estima-

tion bias can be of equal or even greater importance for
2 FINITE SAMPLE EFFECTS financial decision making, as noted by Phillips and Yu
[33] in the context of pricing bonds and bond options.

In his overview of diffusion equation estimation, Fan The strong effect of the finite sample estimation bias in
discusses two sources of bias, one arising from the dis-this context can be explained as follows. In continuous
cretization process and the second from misspecifica-time specifications, the prices of bonds and bond op-
tion. We review these two bias effects and then discusstions depend crucially on the mean reversion parameter
the bias that comes from finite sample estimation ef- in the associated interest rate diffusion equation. This
fects. parameter is well known to be subject to estimation

The attractions of It calculus have made it partic- bias when standard methods like ML are used. The bias
ularly easy to work with stochastic differential equa- is comparable to, but generally has larger magnitude
tions driven by Brownian motion. Diffusion processes than, the usual bias that appears in time series autore-
in particular have been used widely in finance to model gression. As the parameter is often very close to zero
asset prices, including stock prices, interest rates andn empirical applications (corresponding to near mar-
exchange rates. Despite their mathematical attractabil-tingale behavior and an autoregressive root near unity
ity, diffusion processes present some formidable chal-in discrete time), the estimation bias can be substantial
lenges for econometric estimation. The primary reasoneven in very large samples.
for the difficulty is that sample data, even very high-  To reduce the finite sample estimation bias in para-
frequency data, are always discrete and for many popu-meter estimation as well as the consequential bias that
lar nonlinear diffusion models the transition density of arises in asset pricing, Phillips and Yu [33] proposed
the discrete sample does not have a closed form expresthe use of jackknife techniques. Suppose a sampie of
sion, as noted by Fan. The problem is specific to non- observations is available and that this sample is decom-
linear diffusions, as consistent methods for estimating posed inton consecutive sub-samples each witbb-
exact discrete models corresponding to linear systemsservations § = m x £). The jackknife estimator of a
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paramete#d in the model is defined by discretization bias, we estimate model (2.3) by the
S G, (quasi-) ML approach. To investigate the finite sample

(2.1) éiack: n 0, — i2=1 b estimation bias effects, we estimate model (2.2) based
-1 mes—m on the true transition density. To examine the effects

of bias reduction in estimation, we apply the jackknife

on the entire sample and thih sub-sample, respec- Method (withm = 3) to the mean reversion parame-
tively. The parameteft can be a coefficient in the dif- €« the bond price and the bond option price. _
fusion process, such as the mean reversion parameter, 10 €xamine the effects of specification bias, we fit
or a much more complex function of the parameters €ach simulated sequence from the true model to the

of the diffusion process and the data, such as an asseflisspecified Vasicek model [37] to obtain the exact
price or derivative price. Typically, the full sample ex- ML estimates of, the bond price and the option price
treme estimator has bias of ord@(n—1), whereas un-  from this misspecified model. The Vasicek model is

der mild conditions the bias in the jackknife estimate is 9iven by the simple linear diffusion
ofordero(=2. 4 dr)=«x(u—r@)di+odBQ).

The following simulation illustrates these various
bias effects and compares their magnitudes. In the ex-We use this model to price the same bond and bond
periment, the true generating process is assumed to b@ption. Vasicek [37] derived the expression for bond
the following commonly used model (CIR hereafter) prices and Jamshidian [23] gave the corresponding for-

of short term interest rates due to Cox, Ingersoll and mula for bond option prices. The transition density for
Ross [17]: the Vasicek model is

whered, andé,; are the extreme estimates@based

(2.2) dr(t) =« (pn—r(0))dt +or/?(t)dB(). rt+ A)lr(t)

—KkA
The transition density of the CIR model is known to (29~ N(p(l—e™%)
bece =V (v/u)?/21,(2(uv)*?) and the marginal den- e By, 02(1— e 28y (26).

sity is w;)zrwz_le_“’l’/ ' (w»), wherec = 2/ (62(1— _ N o . _
e M) u = er(t)e D, v =cr(t + A), ¢ = 2%/ This transition density is utilized to obtain the exact

02 —1, wy = 2 /02, wp = 2 /o2, Ais the sampling ML es_timates ofk, the bo_nd price and the_bond op-
frequency, and, (-) is the modified Bessel function of thn price, all under the mlstaken presumpt'lon that the
the first kind of ordeg. The transition density together Misspecified model (2.4) is correctly specified.

with the marginal density can be used for simulation ~ Table 1 reports the means and root mean square er-
purposes as well as to obtain the exact ML estimator of '0rS (RMSEs) for all these cases. It is clear that the
0 (= (i, u, o). In the simulation, we use this model finite sample estimation bias is more substantial than
to price a discount bond, which is a three-year bond

with a face value of $1 and initial interest rate of 5%, TABLE 1

and a one-year European call option on a three_yearFinitesamplepropertiesofML and jackknife estimates of «, bond

. . price and option price for the (true) CIR model using a (correctly
discount bond which has a face value of $100 and a specified) fitted CIR model and a (misspecified ) fitted Vasicek

fstritI:]e p(;icte _?f $87. The reader is referred to [33] for model (sample size n = 600)
urther details.

In addition to exact ML estimation, we may dis- Parameter x  Bond price Option price
grenze the (_:IR model via the Euler method and es- Truevalue 01 08503 23920
timate the discretized model using (quasi-) ML. The
Euler scheme leads to the discretization Exact ML Mean 0.1845 0.8438 1.8085

of CIR RMSE 0.1319 0.0103 0.9052

23 r(t+A)=kpA+ 1 —kd)r ) Euler ML Mean 0.1905 0.8433 1.7693
(@3) +oN(0, Ar (1)) of CIR RMSE 0.1397 0.0111 0.9668
’ : Jackknife g1 = 3) Mean 0.0911 0.8488 2.1473

One thousand samples, each with 600 monthly ob-0fCIR RMSE 0.1205  0.0094 0.8704

servations (i.e.A = 1/12), are simulated from the ?fn"isosfp\éisif'ice%'; '\éfﬂasnE 00'1175'765 0(580404;348 10'87863377
: T : : .

true model (2.2) withik, .. o) being setal0.1,0.08 jaciunife ;1=2)of Mean 00077 08488  2.2483

0.02), which are settings that are realistic in many vasicek (misspecified) RMSE 0.1628  0.0120 1.0289

financial applications. To investigate the effects of
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the discretization bias and the specification bias for all a parametric context, similar results can be expected
three quantities, at least in this experiment. In particu- for some nonparametric models. For example, in the
lar, « is estimated by the exact ML method with 84.5% semiparametric model examined in [1], the diffusion
upward bias, which contributes toward theD.76% function is nonparametrically specified and the drift
bias in the bond price and the24.39% bias in the  function is linear, so that the mean reversion parameter
option price. Relative to the finite sample bias, the is estimated parametrically as in the above example. In
bias in « due to the discretization is almost negli- such cases, we can expect substantial finite sample es-
gible since the total bias iR changes from 84.5% timation bias to persist and to have important practical
to 90.5%. (The increase in the total bias indicates implications in financial pricing applications.

that the discretization bias effect is in the same di-

rection as that of the estimation bias.) The total bias 3. REALIZED VOLATILITY

changes from-0.76% to —0.82% in the bond price
and from —24.39% to —26.03% in the option price.
These changes are marginal. Similarly, relative to the
finite sample bias, the bias indue to misspecification

of the drift function is almost negligible since the total
bias changes from 84.5% to 74.6%. (The decrease in(3.1) dX;=u(X,)dt +o(X;)dB;,
the total bias indicates that the misspecification bias ef-
fectis in the opposite direction to that of the estimation

i : ot 0
bias.) The total bias changes froad. /6% to—0.69% motion incrementg B,. For models such as (3.1), we

. . o B o
in the pond price and from_24.39A) t0—21.25% in have(dX,)? = 02(X,)dt a.s. and hence the quadratic
the option price. Once again, these changes are mar-

ginal. When the jackknife method is applied to the cor- variation of X, is
rectly specified model, the estimation bias is greatly
reduced in all cases (from 84.5% te8.9% for «;
from —0.76% to —0.18% for the bond price; and T 2 . :
from —24.39% to—10.23% for the option price). wher_e_fo o°(X)dt is the accumulate_d or integrated
Even more remarkably, when the jackknife method volatility of X. Were X, observed continuouslyX1r

is applied to the incorrectly specified model (see the fi- and, hence, '|ntegrated volatility, WOUId. als_o be ob-
nal row of Table 1), the estimation bias is also greatly served. For discretely recorded data, estimation of (3.2)

reduced in all cases (from 84.5% te2.3% for «; is_an importgnt practical probl_em. This can t_)e accom-
from —0.76% to —0.18% for the bond price; and p!|§hed b)_/ direct nonparametr_lc me_th(_st usmg an em-
from —24.39% to—6.01% for the option price). These p|r|c_al estimate of the qL_Jadratlc variation t_hat is called

figures reveal that dealing with estimation bias can be reallzegl volatility. The idea has _been discussed for
much more important than ensuring correct specifica- some fime, an 9"’“'3/ reference being Maheswaran and
tion in diffusion equation estimation, suggesting that Sims .[28]’. and it has recen_tly gttracted a good deal of
general econometric treatment of the diffusion through attention in the econometric literature now that very

nonparametric methods may not address the majorhlgh fF:eque?cy dta.tg Tgs b?c?rr]ne a\égllatblefore_mplrlggl
source of bias effects on financial decision making. ~ US€- ~écentcontrivutions fo the subject are reviewed in

As noted in Fan’s overview, many models used in fi-
nancial econometrics for modeling asset prices and in-
terest rates have the fully functional scalar differential
form

where both drift and diffusion functions are nonpara-
metric and where the equation is driven by Brownian

T T
(3.2) [X]T:/O (dX,)zdt=/0 o2(X,)d1,

Although the estimation bias is not completely re- [4]Sand [8]. . ded di | . d
moved by the jackknife method, the bias reduction is _upposeX, Is recorded discretely qt equispace
points(A, 2A, ...,naA(=T)) over the time interval

clearly substantial and the RMSE of the jackknife es-
timate is smaller in all cases than that of exact ML. In
sum, it is apparent from Table 1 that the finite sample

[0, T]. Then,[X]r can be consistently estimated by the
realized volatility ofX, defined by

estimation bias is larger in magnitude than either of the A 5
biases due to discretization and misspecification and(3-3) [Xalr =) (Xia — Xi-1a)",
correcting this bias is therefore a matter of importance i=2

in empirical work on which financial decisions depend. asA — 0, as is well known. In fact, any construction
Although this demonstration of the relative impor- of realized volatility based on an empirical grid of ob-

tance of finite sample estimation bias in relation to dis- servations where the maximum grid size tends to zero

cretization bias and specification bias is conducted inwill produce a consistent estimate. It follows that the



342 P. C. B. PHILLIPS AND J. YU

integrated volatility can be consistently estimated by such as (3.1) have now been extended to accommo-
this nonparametric approach, regardless of the form ofdate fractional Brownian motion increments. The sto-
w(X;) ando (X;). The approach has received a great chastic calculus of fractional Brownian motion, which
deal of attention in the recent volatility literature and is not a semi-martingale, is not as friendly as that of
serves as a powerful alternative to the methods dis-Brownian motion and requires new constructs, involv-
cussed by Fan, especially when ultra-high frequency ing Wick products and versions of the Stratonovich in-
data are available. tegral. Moreover, certain quantities, such as quadratic
While this approach is seemingly straightforward, variation, that have proved useful in the recent empiri-
it is not without difficulties. First, in order for the cal literature may no longer exist and must be replaced
approach to be useful in empirical research, it is by different forms of variation, although the idea of
necessary to estimate the precision of the realizedvolatility is still present. Developing a statistical theory
volatility estimates. Important contributions on the of inference to address these issues in financial econo-
central limit theory of these empirical quadratic vari- metric models is presenting new challenges.
ation estimates by Jacod [22] and Barndorff-Nielson
and Shephard [10, 11] has facilitated the construction ACKNOWLEDGMENTS
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