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Abstract: We investigate the asymptotic normality of the posterior distri-
bution in the discrete setting, when model dimension increases with sample
size. We consider a probability mass function 6y on N \ {0} and a sequence
of truncation levels (kn)n satisfying k3 < ninf;<, 6(i). Let § denote the
maximum likelihood estimate of (6o (i))i<g, and let Ay (6o) denote the ky-

dimensional vector which i-th coordinate is defined by /(8 (i) — 8¢ (3)) for
1 < < kyn. We check that under mild conditions on 6y and on the sequence
of prior probabilities on the kj,-dimensional simplices, after centering and
rescaling, the variation distance between the posterior distribution recen-
tered around én and rescaled by \/ﬁ and the k,-dimensional Gaussian dis-
tribution N'(An(00), I~ (6p)) converges in probability to 0. This theorem
can be used to prove the asymptotic normality of Bayesian estimators of
Shannon and Rényi entropies.

The proofs are based on concentration inequalities for centered and non-
centered Chi-square (Pearson) statistics. The latter allow to establish pos-
terior concentration rates with respect to Fisher distance rather than with
respect to the Hellinger distance as it is commonplace in non-parametric
Bayesian statistics.

AMS 2000 subject classifications: Primary 60K35, 60K35; secondary
60K35.

Keywords and phrases: Bernstein-Von Mises Theorem, Entropy estima-
tion, non-parametric Bayesian statistics, Discrete models, Concentration
inequalities.

Received July 2008.

Contents

1 Introduction. . ... ... ... .. ... ... .. ... ........115
2 Notation and background . . .. ... .. ... ... .......... 118
3 Mainresults. . . . . . . . . ..o 121

*Supported by ANR Project TAMIS.
TSupported by NOE PASCAL2

114


http://www.i-journals.org/ejs
http://dx.doi.org/10.1214/08-EJS262
mailto:stephane.boucheron@math.jussieu.fr
http://www.proba.jussieu.fr/~boucheron
mailto:elisabeth.gassiat@math.u-psud.fr
http://www.math.u-psud.fr/~gassiat

S. Boucheron and E. Gassiat/A Bernstein-Von Mises Theorem 115

3.1 Non parametric Bernstein-Von Mises Theorem . . . . ... ... 121
3.2 Estimating functionals . . . . . . .. ... o o000 124
3.3 Dirichlet prior distributions . . . . . .. ... ... 0L 127
3.4 Examples . . ... 128
3.5 Comparison with Ghosal’s conditions . . . . . .. ... ... ... 130
3.6 Classical non-parametric approach to posterior concentration . . 130
4 Proof of the Bernstein-Von Mises Theorem . . . . . ... .. .. ... 132
4.1 Truncated distributions . . . . . ... ... . 0oL 132
4.2 Tail bounds for quadratic forms . . . . . . ... ... ... . ... 134
4.3 Proof of the posterior concentration lemma . . . . .. ... ... 135
4.4 Posterior Gaussian concentration . . . . . .. ... ... ... 137
5 Proof of Theorem 3.12 . . . . . . . . . . . . . ... . ... 137
6 Proof of Theorem 3.13 . . . . . . . . . . . .. ... . .. .. ..., 141
A Contiguity . . . . . . . 141
B Distance in variation and conditioning . . . . . .. .. ... ... ... 144
C Proof of inequality (3.9) . . . . . ... ... 144
D Tail bounds for non-centered Pearson statistics . . . . .. .. ... .. 145
References . . . . . . . . 147

1. Introduction

The classical Bernstein-Von Mises Theorem asserts that for regular (Hellinger
differentiable) parametric models, under mild smoothness conditions on the
prior distribution, after centering around the maximum likelihood estimate and
rescaling, the posterior distribution of the parameter is asymptotically Gaus-
sian and that the limiting covariance matrix coincides with the inverse of the
Fisher information matrix. This theorem provides a frequentist perspective on
the Bayesian methodology and elements for reconciliation of the two approaches.
In regular parametric models, Bernstein-von Mises theorems motivate the inter-
change of Bayesian credible sets and frequentist confidence regions. Refinements
of the Bernstein-von Mises theorem have also proved helpful when analyzing the
redundancy of universal coding for smoothly parametrized classes of sources over
finite alphabets.

The proof of the classical Bernstein-Von Mises theorem relies on rather so-
phisticated arguments. Some of them seem to be tied up with the finite dimen-
sionality of the considered models. Hence, extensions of Bernstein-von Mises
theorems to non-parametric and semi-parametric settings have both received
deserved attention and shown moderate progress during the last four decades.
Soon after Bayesian inference was put on firm frequentist foundations by Doob
(1949), Schwartz (1965) and others, Freedman (1963) (see also Freedman, 1965)
pointed out that even when dealing with the simplest possible case, that of in-
dependent, identically distributed, discrete observations, there is no such thing
as a general posterior consistency result let alone a general Bernstein-Von Mises
Theorem. Moreover, according to the evidence presented by Freedman (1965),
it is mandatory to focus moderately large classes of distributions. Despite such
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early negative results, non-parametric Bayesian theory has been progressing at
a steady pace. The framework of empirical process theory has enabled to pro-
vide sufficient conditions for posterior consistency and to relate posterior con-
centration rates to model complexity (Ghosal and van der Vaart, 2007b, 2001;
Ghosal et al., 2000).

Among the different approaches to non-parametric inference, using simple
models with increasing dimensions has attracted attention in the context of
maximum likelihood inference (Portnoy, 1988; Fan and Truong, 1993; Fan et al.,
2001; Fan, 1993) and in the context of Bayesian inference (Ghosal, 2000). The
last reference is especially relevant to this paper. Therein, S. Ghosal consid-
ers nested sequences of exponential models satisfying a number of assumptions
involving the growth rate of models with sample size, the growth rate of the
determinant of the Fisher information matrix with respect to model dimension
(and thus sample size), prior smoothness, and moment bounds for score func-
tions in small Kullback-Leibler balls located around the sampling probability
(those conditions will be explained and compared with our own conditions in
Section 3.1). S. Ghosal proves a Bernstein-Von Mises Theorem (CGhosal, 2000,
Theorem 2.3) for the log-odds parametrization, partially building on previous
results from Portnoy (1988) concerning maximum likelihood estimates. However
our objectives significantly differ from those of S. Ghosal. In (Ghosal, 2000), the
main application of non-parametric Bernstein-Von Mises Theorems for multino-
mial models seems to be non-parametric density estimation using histograms.
This framework justifies special attention to multinomial distributions which are
almost uniform. Our ultimate goal is quite different. In information-theoretical
language, we are interested in investigating memoryless sources over infinite al-
phabets as in (See Kieffer, 1978; Gyorfi et al., 1993; Boucheron et al., 2009, and
references therein). In Information Theory, refinements of Bernstein-Von Mises
Theorems allow to investigate the so-called maximin redundancy of universal
coding over parametric classes of sources (Clarke and Barron, 1994). In Infor-
mation Theory, a source over a (countable alphabet) is a probability distribution
over the set of infinite sequences of symbols from the alphabet. The redundancy
of a (coding) probability distribution with respect to a source on a given (finite)
sequence of symbols is the logarithm of the ratio between the probability of the
sequence under the source and under the coding probability. In universal coding
theory, average redundancy with respect to a prior distribution over sources can
be written as the difference between the (differential) Shannon entropy of the
prior distribution and the average value of the (differential) entropy of the condi-
tional posterior distribution. Thanks to non-trivial refinements of the Bernstein-
Von Mises Theorem, the latter conditional entropy can be approximated by the
(differential) entropy of a Gaussian distribution which covariance matrix is the
inverse of the Fisher information matrix defined by the source under consid-
eration. This elegant approach provides sharp asymptotic and non-asymptotic
results when dealing with classes of sources which are soundly parameterized by
subsets of finite-dimensional spaces (See Clarke and Barron, 1990, for precise
definitions). When turning to larger classes of sources, for example toward mem-
oryless sources over countable alphabets (Boucheron et al.,; 2009), this approach
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to the characterization of maximin redundancy has not (yet) been carried out.
A major impediment is the current unavailability of adequate non-parametric
Bernstein-Von Mises Theorems.

This paper is a first step in developing the Bayesian tools that are use-
ful to precisely quantify the minimax redundancy of universal coding of non-
parametric classes of sources over infinite alphabets. Because of our ultimate
goals, we cannot focus on almost uniform multinomial models. We are specifi-
cally interested in situations where the sampling probability mass functions de-
cay at a prescribed rate (say algebraic or exponential) as in (Boucheron et al.,
2009).

As pointed out by Ghosal, in models with an increasing number of pa-
rameters, justifying the asymptotic normality of the posterior distribution is
more involved, and precisely characterizing under which conditions on prior
and sampling distribution this asymptotic normality holds remains an open-
ended question. For example, in the context of discrete distributions, several
ways of defining the divergence between distributions look reasonable. Most of
the recent work on non-parametric Bayesian statistics dealt with posterior con-
centration rates and has been developed using Hellinger distance (Ghosal et al.,
2000; Ghosal and van der Vaart, 2007b, 2001). One may wonder whether some
posterior concentration rate results obtained using Hellinger metrization can
be strengthened. It is not clear how to tackle this issue in full generality. In
this paper, taking advantage of the peculiarities of our models, we use another,
demonstrably stronger, information divergence, the Fisher (x?) “distance” and
establish posterior concentration rates with respect to Fisher balls (see 3.6).
The proof relies on known concentration inequalities for centered y? (Pear-
son) statistics and (apparently) new concentration inequalities for non-centered
x? statistics.

Paraphrasing van der Vaart (1998), as the notion of convergence in the
Bernstein-Von Mises Theorem is a rather complicated one, the expected re-
ward, once such a Theorem has been proved, is that “nice” functionals applied
to the posterior laws should converge in distribution in the usual sense. An
obvious candidate for deriving that kind of method is a Bayesian variation on
the Delta method. However, we are facing here two kinds of obstacles. On the
one hand, we cannot rely on the availability of a Bernstein-Von Mises Theo-
rem when considering the infinite-dimensional model (Freedman, 1963, 1965).
This precludes using the traditional functional Delta method as described for
example in (van der Vaart and Wellner, 1996; van der Vaart, 1998). On the
other hand, when considering models of increasing dimensions, a variant of
the Delta method has to be derived in an ad hoc manner. This is what we do.
We assess this rule of thumb by examining plug-in estimates of Shannon and
Rényi entropies. Such functionals characterize the compressibility of a given
probability distribution (Csiszar and Korner, 1981; Cover and Thomas, 1991;
Gallager, 1968). The problem of estimating such functionals has been inves-
tigated by Antos and Kontoyiannis (2001) and Paninski (2004). It has been
checked there that plug-in estimates of the Shannon and Rényi entropies are
consistent and some lower and upper bounds on the rate of convergence have
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been proposed. Up to our knowledge, classes of distributions for which plug-in
estimates satisfy a central limit theorem have not been systematically character-
ized. Here, the Bernstein-Von Mises Theorem allows to derive central limit theo-
rems for Bayesian entropy estimators (see Theorem 3.12) and provides the basis
for constructing Bayesian credible sets. In the present context, those credible
sets are known to coincide asymptotically with Bayesian bootstrap confidence
regions (Rubin, 1981).

The paper is organized as follows. In Section 2, the framework and nota-
tion of the paper are introduced. A few technical conditions warranting local
asymptotic normality when handling models of increasing dimensions are also
stated. The main results of the paper are presented in Section 3. The non-
parametric Bernstein-Von Mises Theorem (3.7) is described in Subsection 3.1.
It is complemented by a posterior concentration lemma (3.6) that might be in-
teresting in its own right. A roadmap of the proof of the Bernstein-Von Mises
Theorem is stated thereafter. In Paragraph 3.2, the asymptotic normality of
Bayesian estimators of various entropies is derived using the non-parametric
Bernstein-Von Mises Theorem and various tail bounds for quadratic forms that
are also useful in the derivation of the Bernstein-Von Mises theorem. In Para-
graph 3.3, sequences of Dirichlet priors are checked to satisfy the conditions
of the Bernstein-Von Mises Theorem. The main results of the paper are il-
lustrated on the envelope classes investigated by Boucheron et al. (2009). In
Subsection 3.5, the setting of Theorem 3.7 is compared with the framework de-
scribed in (Ghosal, 2000). In Subsection 3.6, the posterior concentration lemma
is compared with related recent results in non-parametric Bayesian statistics.
The Proof of the Bernstein-Von Mises Theorem is given in Section 4. It adapts
Le Cam'’s proof (Le Cam and Yang, 2000; van der Vaart, 2002) to the non-
parametric setting using a collection of old and new non-asymptotic tail bounds
for chi-square statistics. The proof of the asymptotic normality of Bayesian
entropy estimators is given in Section 5. It relies on the Bernstein-Von Mises
Theorem and on the aforementioned tail bounds for chi-square statistics.

2. Notation and background

This section describes the statistical framework we will work with, as well as
the behavior of likelihood ratios in this framework. At the end of the section, a
useful contiguity result is stated.

Throughout the paper, 8 = (6(i));en, denotes a probability mass function
over N, = N\ {0} and © denotes the set of probability mass functions over
N,. If the sequence x = z1,...,x, denotes a sample of n elements from N,
let N; denote the number of occurrences of i in x: N;(x) = Z?Zl Ix,=i. The
log-likelihood function maps © x N7 toward R:

0n(0,%) = > Nilogh(i).

i>1

When the sample x is clear from context, £, (6, x) is abbreviated into £, (6).
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Throughout the paper, 8y denotes the (unknown) probability mass function
under which samples are collected. Let Q = NN let X;,..., X,,,... denote the
coordinate projections. Then Py denotes the probability distribution over €2
(equipped with the cylinder o-algebra F), satisfying

n
IPO{/\?:lXi = xl} = Hﬁo(xl) .
i=1
Recall that the maximum likelihood estimator 0 of 6o on a sample x is given by
the empirical probability mass function: 6(i) = N;/n .

Let k denote a positive integer that may and should depend on the sample
size n. We will be interested in the estimation of the 0y (¢) for i = 1,..., k. In this
respect, all the useful information is conveyed by the counts N;, i = 1,...,k,
or equivalently in what will be called the truncated version of the sample. The
truncated version of sample x is denoted by X and constructed as follows

10  otherwise.
The counter Ny is defined as the number of occurrences of 0 in X: Ny(x) =
> isi Ni(x) . The image of § € © by truncation is a p.m.f. over {0, ..., k}, it is
still denoted by ¢ with 6(0) = >_._, 0(i). Let © denote the set of p.m.f. over
{0, ..., k}. In the sequel, depending on context, 6y may denote either the p.m.f.
on N, from which the sample is drawn or its image by truncation at level k.
Henceforth, 0 € Oy, may denote either (6(i))o<i<k, or its projection on
the k, last coordinates (0(i))1<i<k,; in the same way, if h denotes a vector
(h(i))o<i<k, in RF*1 such that Zfﬁo h(i) = 0, h may also denote its projection
on the k, last coordinates (h(i))1<i<k, depending on the context.
For a given sample x, the score function is the gradient of the log-likelihood at
0 €O, forie{l,...,k}: (%(9))1 = N;/0(i)—No/6(0) . Assume all components
of 6 € ©y, are positive, then the information matrix I(6) is defined as

1) = %Eg [0(0)2%(9)] = Diag (ﬁ)lggk + gy 117
and its inverse is
6(1)
I7H(0) = Diag (0(0)1<icr, — | 1 | (61) .. 0(K)) -
o(k)

It can be checked that det(I(0)) = Hf:o 6= (i). The pseudo-sufficient statistic
A, (0) is defined as

An(0) =
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Note that /n (é\— 00) = Ay (o) and that this k-dimensional random vector has
covariance matrix I~*(6p). Moreover for each positive 6 € O, AL(0)I(0)A,, (0)
coincides with the Pearson y? statistics.

T u -—n9
A ()1 Z

Let k,, denote a truncation level. If h belongs to R¥»+1 and satisfies Zf;o h(i) =
0, let 0,,(h) be defined by

2 .

ko
Z = h"I(6y)h,

i=0
where we agree on the following convention: if 6y(i) = 0 and h(i) = 0, then
h2(i)/00(i) = 0. The set g, k, (M) is the intersection of a k,-dimensional sub-

space with an ellipsoid in R*~+1 .

seo,kn(M)_{h : )< M, Zh ) > —/nbo(i), i kn}

In the parametric setting, that is when k, remains fixed, Le Cam’s proof of
the Bernstein-Von Mises Theorem (van der Vaart, 1998; van der Vaart, 2002) is
made significantly more transparent by resortmg to a contiguity argument. In
order to adapt this argument to our setting, we need to formulate two conditions.

In the sequel (k,)nen denotes a non-decreasing sequence of truncation levels.

Condition 2.1. The p.m.f. 6y and the sequence (kp)nen satisfy
nilgnkfn 0o(i) — +o00.

Let (hy)nen denote a sequence of elements from R¥»*1 such that for each n,

Zfﬁo hn(i) = 0. The sequence (hy,)nen is said to be tangent at the p.m.f. 6y if
the following condition is satisfied.

Condition 2.2. There exists a positive real o such that the sequence o2 (hy)
tends toward o® > 0.

The probability distribution P,, , over {0, ..., k,}™ is the product distribu-
tion defined by the perturbed p.m.f. (i) + h(i)/ v if 0 < fo(i) + 22 < 1
for all ¢ in {0, ..., k,}. We are now equipped to state the building block of the
contiguity argument: the proof is given in the appendix (A).

Lemma 2.3. Let 0y denote a probability mass function over N.. If the sequence
of truncation levels (kn)nen satisfy Condition 2.1 and if the sequence (hy)nen
satisfies the tangency Condition 2.2 then the sequences (Py.p)n and (P, 0)n are
mutually contiguous, that is, for any sequence (By,) of events where for each n,

B, C{0,...,k,}", the following holds:
imP, ,{By} =0 lim P, o{B,} = 0.
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Note that throughout the paper, we use De Finetti’s convention: if (Q, F, P)
denotes a probability space, Z a random variables on Q, F, then P Z = P[Z] =
P(Z) denotes the expected value of Z (provided it is well-defined, that is PZ
and PZ_ are not both infinite. If A denotes an event, then P{A} = P 14.

3. Main results

In a Bayesian setting, the set of parameters is endowed with a prior distribution.
In this paper, we consider a sequence of prior distributions (W,,),en matching
the non-decreasing sequence of truncation levels we use. Let W,, be a prior prob-
ability distribution for (0(4))1<i<k, such that = (0(i))o<i<k, € O, . Hence-
forth, we assume that W,, has a density w, with respect to Lebesgue measure
on RE». Let T = (7(i))o<i<k, be a random variable such that (7(i))1<;<k, is
distributed according to W,, and 7(0) =1 — Zf;l 7(7). Conditionally on T' = 6,
(X, )nen is a sequence of independent random variables distributed according
to the p.m.f. 6.

3.1. Non parametric Bernstein-Von Mises Theorem

Let H,, be the random variable H,, = v/n (7(i) — 60(i)), ;< , and Py, |x,,, its
posterior distribution, that is its distribution conditionally to the observations
X1 = (X1, ..., X,). If the truncation level k,, = k (that is the dimension of the
parameter space O, ) is a constant integer, the classical parametric Bernstein-
Von Mises Theorem asserts that the sequence of posterior distributions is asymp-
totically Gaussian with centerings A,,(6y) = v/n(0 — ) and variance I~1(6) if
the observations X7., are independently distributed according to 6.

Theorem 3.7 below asserts that under adequate conditions on the sequence of
priors W,, and on the tail behavior of 6y, the Bernstein-Von Mises Theorem still
holds provided the truncation levels &, do not increase too fast toward infinity.

For any sequence of prior distributions (W,),, , for a sequence M, of real
numbers increasing to +o0o, and a sequence (ky,),, of truncation levels that satisfy
Condition 2.1, we will use the following three conditions in order to establish
the three propositions the Bernstein-Von Mises Theorem depends on.

Condition 3.1. The sequence of truncation levels (ky)n and radii M, satisfies

M, =o ((n inf Ho(i))l/3> : (3.2)

i<kn

kn = o(M,) . (3.3)
Requiring a prior smoothness condition is commonplace when establishing

asymptotic normality of posterior distribution in parametric settings.

Condition 3.4. (PRIOR SMOOTHNESS)

wy, (0g + L=
sup 7(0 \/E)

oy 1
h,g€E0¢ ke, (M) Wn (90 + \/——)

3
n
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Requiring a prior concentration condition, sometimes called a small ball prob-
ability conditions is usual in non-parametric Bayesian statistics.

Condition 3.5. (PRIOR CONCENTRATION)

%10g(n)\/10g(det(f(9o)))\/—10g(wn(9o)) = o(M,)

where det(I1(6y)) = [11", 051 (i) -

Note that the prior concentration condition entails the second condition in
Condition 3.1.

The next lemma which is proved in Section 4.3 asserts that under mild con-
ditions, the posterior distribution concentrates on x? (Fisher) balls centered
around maximum likelihood estimates.

Lemma 3.6. (POSTERIOR CONCENTRATION) If the p.m.f. 0y and the sequence
of truncation levels (ky)n both satisfy Conditions (2.1, 3.4, 3.5) and if M, =
o(ninf<k, 09(7)) then under P, o

Pro0 P, x1, (HEI(00)Hy > My) = PooPr, x,., (Ho € Eok, (M) — 0.

This posterior concentration lemma allows to recover the parametric posterior
concentration phenomenon if truncation levels remain fixed and strengthens
the generic non-parametric posterior concentration theorem from Ghosal et al.
(2000).

Theorem 3.7. (A NON-PARAMETRIC BERNSTEIN-VON MISES THEOREM) If
the sequence of truncation levels (kp)nen, kn — +00, and the p.m.f. over N,
0o satisfy Condition 2.1, and if there is an increasing sequence (My,), tending
to infinity such that 3.1, 3.4 and 3.5 hold, then

Py 0| Nk, (An(00), I (60)) — Pa, x| — 0

where || - || denotes the total variation norm.

A comparison of the Theorem with respect to previous results available in
the literature (Ghosal and van der Vaart, 2007b,a; Ghosal et al., 2000; Ghosal,
2000) is given at the end of the Section.

Remark 3.8. A corollary of the Bernstein-Von Mises Theorem is that
Pro (P, x1.0 {HEI(QO)Hn > up}) — 0

if and only if w,, /k,, — oc.

The proof of Theorem 3.7 is organized along the lines of Le Cam’s proof of
the parametric Bernstein-Von Mises Theorem as exposed by A. van der Vaart
in (van der Vaart, 1998) (see also van der Vaart (2002)).
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Roadmap of the proof of the Bernstein Von-Mises theorem. If P is any proba-
bility distribution on R*» and M > 0 is any positive real, let P* be the condi-
tional probability distribution on the ellipsoid {u € R*» : uTI(0p)u = o2 (u) <
M}. For any measurable set B,

P{Bn{u : uTI(6p)u< M}}
Pl{u : uTI(0g)u < M}

PM(B) =

To alleviate notations, we will use the shorthands N, and N, ,i\f " to denote
the (random) distributions N, (An(60), 171 (6p)) and N (A (60), 171 (60)).
From the triangle inequality, if follows that:

IV, (Au(80). 7 (80)) — P, |XMH
i = o = i+ i~ P

The proof of Theorem 3.7 boils down to checking that each of the three terms
on the right-hand side tends to 0 in IP;, o probability.

The first term avers to be the easiest to control thanks to the well-known con-
centration properties of the Gaussian distribution. Upper bounding the middle
term is arguably the most delicate part of the proof. The posterior concentration
Lemma allows to deal with the third term.

Let us call Nv(M,,) the middle term

M, M,
HNkn - Py [ X1om

The posterior density is proportional to the product of the prior density and of
the likelihood function. Hence, controlling the variation distance between N é\f "

and PH X1

Taylor expansion of the log-likelihood ratio leads to:

Pody — NS N0 h(i)

requires a good understanding of log-likelihood ratios. A quadratic

where R(u) = % (log(1 4+ u) —u — “72) satisfies R(u) = O(u) as u tends toward
0 and
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and i
1<~ ., h(i)? h(i)
Cnll) =5 2 Nigiar ®\ o
Performing algebra along the lines described in (van der Vaart, 2002, P. 142)

(computational details are given in the Appendix, see Section C), leads to

NV (M,
(0 +
/ / - 7‘) ) sl i mcatn | gpn(g)apt (h).
(00 + ) kon Hp| X1
NG
(3.9)
We prove in Section 4.1 that the decay of NV(M,,) depends on prior smoothness
around ) and on the ratio between M, and (ninf;<y, 0y(i))'/:

Proposition 3.10.

P,.o (NV(M,)) = O ( M3 . infreg, \, (M) wy (00 + %) ) |

ninfi<p, 0o(i) SUPRegg iy, (M) wn (6o + %)

If the sequence of truncation levels (ky)n and radii (M), satisfies Condi-
tions (3.1) and (3.4) then

Pro (NV(My)) = o(1).

The third term H Hy X1 — DHal X1 H is handled thanks to the posterior
concentration lemma, since by Lemma B.1 in the appendix

H HplX1m = P, x| = 2PH, X120 (HSI(GO)HH 2 Mn) .

The proof of the Theorem is concluded by upper-bounding [N, — N, é\f .
The latter quantity is a matter of concern because we are facing increasing
dimensions (k;,)nen. It is checked in Section 4.4 that

Proposition 3.11. There exists a universal constant C such that if
liminf,, (ninf;<g, 6o(i)) > ¢o > 0 and liminf M, /k, > 64, then for large

enough n
My, A oMy
Poo M, A (_ 3 n)

3.2. Estimating functionals

The Bernstein-von Mises Theorem provides a handy tool to check the asymptotic
normality of estimators of Rényi and Shannon entropies. Antos and Kontoyiannis
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(2001) established that plug-in estimators of Shannon and Rényi entropies are
consistent whatever the sampling probability is. They also proved that entropy
estimation may be arbitrarily slow, and that on a large class of sampling distri-
butions, the mean squared error is O(log n/ n) In the parametric setting, that
is with fixed finite alphabets, analogues of the delta-method and the classical
Bernstein-Von Mises Theorem can be used to check the asymptotic normality
of both frequentist and Bayesian entropy estimators. Our purpose is to show
that the non-parametric Bernstein-Von Mises Theorem can be used as well.

For any a > 0, let g, be the real function defined for non negative real
numbers by g, (u) = u® for a # 1, and ¢g1(u) = ulogu (with the convention
91(0) = 0). The additive functional G, is defined by

+oo
Gao (0) = Z 9a(0(1)).

The Shannon entropy of the probability mass function 6 is —G; (0) and for
a # 1, =L log G, (0) denotes the Rényi entropy of order a (Cover and Thomas,
1991).

Let T' = (7(4))o<i<k, be distributed according to the posterior distribution,
a Bayesian estimator of G, (6) may be constructed using the posterior distribu-

tion of
kn

Gna(T) = Z 9a(7(1)).

i=1
The Bernstein-Von Mises Theorem asserts that under Py, o, for large enough n,
the posterior distribution of (7(4))1<i<k, is approximately Gaussian, centered

around the maximum likelihood estimator , = (é\(i»lgigkn, with variance
L7(6p)~*. Theorem 3.12 below makes a similar assertion concerning G q (T).

o~

Let Gy o(65) be the truncated plug-in maximum likelihood estimator:

kn

Gra(0) = 90 (0.(3)).

i=1
The variance parameter v, . is defined by

2

En kn
Vi = 2 00(D) (6 (00(0))" — (Z 0 (z‘)g;wo(z‘)))

=1

Notice that L y
, ~ Jou~~ a#1
go‘(u)_{logu+1 a=1
so that 42 ; has limit 77 = 377, 09 (i) (log 0o (i) + 1)* — (3°:2, 6o (i)(log b (i) +
1))? as soon as this is finite, and 77 , has limit 72 = o[> 72, o (i)** ! —
(302, 600(1)*)?] = a?[Gaa—1(60) — (Ga(60))?] as soon as this is finite, which
requires at least that o > 1.
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Now, let 7 be the collection of all intervals in R, and for any I € Z, let
®(I) = [, ¢(x)dz where ¢ is the density of N'(0,1). The following Theorem
asserts that the Levy-Prokhorov distance between the posterior distribution
of Vi (Gn,a (T) = Gn.a(bn)) and N(0,42) tends to 0 in P, o probability. The
Levy-Prokhorov distance metrizes convergence in distribution.

Theorem 3.12. (ESTIMATING FUNCTIONALS) Iflim, 72 , =~Z is finite, then
under the assumptions of the Bernstein-von Mises Theorem (Theorem 3.7),

P ix.. (ﬁ(Gn,a (T) = Cralln) I) e

Tn,a

— 0

sup
1T

in Py, o probability.

The proof of this theorem is given in Section 5.

Let us define the symmetric Bayesian credible set with would-be coverage
probability 1 — ¢ as the smallest interval which has posterior probability larger
than 1 — «. This credible set is an empirical interval since it is defined thanks
to an empirical quantity, the posterior distribution. In order to construct such
a region, it is enough to sample from the posterior distribution using MCMC
sampling methods. Note that this symmetric Bayesian credible set is not the
(non fully empirical) interval

UsYn,a UsTn,«

T ; Groa(bn) + T

where us is the 1—4/2 quantile of N'(0, 1). Theorem 3.12 just asserts that asymp-
totically, the symmetric Bayesian credible set has length us7yy, o/v/n. and is cen-
tered around Gnya(é\n). Hence Theorem 3.12 asserts that, in [P, o-probability,
Bayesian credible sets for G, (6p) and frequentist confidence intervals based on
truncated plug-in maximum likelihood estimators are asymptotically equivalent.

The next theorem provides sufficient conditions for the plug-in truncated
maximum likelihood estimators to satisfy a central limit theorem with limiting
variance v2.

Gn,a (é\n) -

Theorem 3.13. (MLE FUNCTIONAL ESTIMATION) Assume that lim,, 72 , =2
is finite. If the truncation parameter k, satisfies:

(ninfi<k,00(i) " kyn = o(1)

kn
> todlgs () = o (Vi)

i 0o(i)ga (B0(i)) = 0(%) ’

kn+1

~

then \/i(G,a() = Ga (60)) converges in distribution to N'(0,2).
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3.3. Darichlet prior distributions

We may now check that when using Dirichlet distributions as prior distributions,
there exist truncation levels (ky), and radii (M,), such that Conditions 3.4
(prior smoothness) and 3.5 (prior concentration) hold.

Let B8 = (6o, b1, .-, Bk, ) be a (k, + 1)-tuple of positive real numbers. The
Dirichlet distribution with parameter (5o, 81, ..., Ok, ) on the probability mass
functions on {0, 1, ..., k,} has density

wn g (0(1), ..., 0(k)) = H(?FO 7)1 ]:[

In the absence of prior knowledge concerning the sampling distribution 6y, we
refrain from assigning different masses on the coordinate components: we con-
sider Dirichlet priors W,, 3 with constant parameter 8 = (3,...,3) for some
positive [.

Note that for 8 = 1 (the so-called Laplace prior), the Prior Smoothness
Condition (3.4) trivially holds.

Proposition 3.14. Let the sequence of prior distributions consist of the Dirich-
let priors with parameter 3 > 0. The non-parametric Bernstein-Von Mises The-
orem (3.7) holds if the sequence of truncation levels (kp)nen, kn — 400, and
the p.m.f. over N, 0y satisfy Condition 2.1, and if

i<kn

1/3
kn logn V log (det(I(6p))) = o ((n inf 90(i)) ) :
Using such Dirichlet priors, checking the conditions of Theorem 3.7 boils
down to checking the Prior Smoothness Condition.

Proof. For any h and g in &y, i, (M,,), for large enough n,

wnﬁ(ﬂo + \/LE)

sup ——
hy9€E0y n (M) Wi, (00 + \/—g)
kn (0o (i) + t2Q

h,g€E00.kn (M) i \ 6o(2) + %

k .
- |h(2)] 9(3)]
= h,gesi},lkpn(M )exp lw 1 Z{log(l " Vnbo(i )) - 10g(1 - \/7790(1'))}]
k .
- (1 9(3)]
= hgegesfjlkpn(M )P |6_1|z:{\/590 Jr2\/77190(1') }]
<

- M, (k, +1)(3 —1)2
p3[ ) ] ;

ninfi<p, 90
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as for each g € &, x, (My), |9(i)|/v/nbo(i) < /M,/(ninf;<y, 0o(i)) so that
as soon as Condition 3.1 holds, for large enough n, [g(i)|//nby(i) < 3 and
log (1 —1g(4)|/v/nbo(i)) > —2|g(i)|/+/nbo(i). Thus, the Prior Smoothness Con-

dition holds as soon as
Mk,

(TL infigkn 90 (’L))

which is a consequence of Condition 3.1. On the other hand

— 0,

—logwy, (6p) = O (log(det(I(0y))) + kn log(kn)) -

Thus, using Dirichlet prior with parameter (3, the Prior Smoothness and
Prior Concentration Conditions hold for 8y with truncation levels k,, as soon as
Condition 3.1 and

knlogn +log(det(1(0y))) = o (M,).

But the existence of a sequence of radii (M,,) tending to infinity such that both
the last condition and Condition 3.1 hold, is a straightforward consequence of
Condition 2.1 and of the condition in Proposition 3.14. O

Note that if the prior distribution is Dirichlet with parameter 3 then the
posterior distribution is Dirichlet with parameters 3 + (Ny, N1,..., Nk, ). Let
ng =y, j<iVj for i < k,, agreeing on ng = 0. Sampling from the posterior
distribution is equivalent to picking an independent sample of n exponentially
distributed random variables, Y7, ...,Y,,, picking another independent sample
2oy s Zi,, of k, + 1 independent T'(/3, 1)-distributed random variable, and let-
ting 0% (1) = (Zi + X, <jan,, Y3)/ ()1 Y + Z?;O Z;). The latter procedure
is very close to the Bayesian Bootstrap (Rubin, 1981), indeed, we obtain the
latter procedure if we omit to add the Z; in the weights. This procedure which
has been extensively investigated (See Lo, 1988, 1987; Weng, 1989, among other
references) is now considered as a special case of exchangeable bootstrap (See
van der Vaart and Wellner, 1996, and references therein). Theorems from the
preceding section tell us that the Bayesian bootstrap of (non-linear) functionals
of the sampling distribution approximate the asymptotic distribution of maxi-
mum likelihood estimates. We leave the analysis of the second-order properties
of the posterior distribution to further investigations.

3.4. Examples
Previous results may now be applied to two examples of envelope classes already
investigated by Boucheron et al. (2009):

1. The sampling probability 6, is said to have exponential(n) decay if there

exists 7 > 0, and a positive constant C' such that

1
Vi € Ny, ol exp(—ni) < 6y(i) < Cexp(—ni).
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Using truncation level k,,,

Cexp(—n)

eXP(—n) ) eXp(—T]kn)

C(1 — exp(—n))

2. The sampling probability 6, is said to have polynomial(n) decay if there
exists 1 > 1, and a positive constant C' such that

— < <
exp(—nkn) < 00(0) < T~ exp(—n

. . C
V'LGN*, WSGO(Z)SZ_W
Using truncation level k,,, W < 6p(0) < T

Let us first assume that 6 has exponential(n) decay. Then with ¢ = £ A

exp(—n)
C(1—exp(-n))’
inf 0o (i) > Eexp(=nkn),

kn
- Zlog@o(i) < (nw — (kn 4+ 1)logC — log M) .
— 2 1 —exp(—n)

Invoking Proposition 3.14, the non-parametric Bernstein-Von Mises Theorem
holds for 6, with exponential(n) decay using the Dirichlet prior with parameter
B > 0 with truncation levels

1
kn, = —(logn — aloglogn), a > 6.
n

Theorems 3.12 and 3.13 apply as soon as o > %, so that the Bayesian estimates
of entropy and of Rényi-entropy of order o > % satisfy a Bernstein-von-Mises
theorem with y/n-rate.

When 6y has polynomial(n) decay, inf;<j, 0o(i) > 1/(C k), and

kn
= "log (i) < (nknlogkn — (kn +1)10g C).
1=0

Invoking Proposition 3.14, the non-parametric Bernstein-Von Mises Theorem
holds using the Dirichlet prior with parameter 5 > 0 with truncation levels

i n \ 3 Up,
" (E) " Qogny T

Theorems 3.12 and 3.13 concerning estimations of functionals hold as soon
as 2ac > 14 1/n, so that the Bayesian estimates of entropy and of Rényi-entropy
of order a > 1/2+ 1/(2n) satisfy a Bernstein-von-Mises theorem with rate \/n.
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3.5. Comparison with Ghosal’s conditions

Now, we aim at comparing the set of conditions used by Ghosal (2000) to es-
tablish a Bernstein-Von Mises Theorem for sequences of multinomial models us-
ing log-odds parametrization. An exhaustive comparison of the two approaches
(that is, comparing the merits of combining Le Cam’s proof and concentra-
tion inequalities for some quadratic forms with the merits of Ghosal’s proof
which refines Portnoy’s arguments) should first be based on a general purpose
result characterizing the impact of re-parametrization on asymptotic normal-
ity of posterior distributions. This would exceed the ambitions of this paper.
Then a thorough comparison between conditions (P) (Prior Smoothness and
Concentration) and (R) (Prior concentration and behavior of likelihood ratios
in the vicinity of the target 6y) and the conditions used in this paper would be
in order. As a matter of fact, provided re-parametrization is taken into account,
the prior smoothness conditions in the two papers are not essentially different.
On the other hand the conditions on the integrability of likelihood ratios seem
somewhat different. Looking for general exponential families, Ghosal (2000) im-
poses upper-bounds on the fourth and the third moment of linear forms of
VI(0)A1(0) for 0 close to Oy (this is the meaning of conditions on the growth
of By »(c) and Bz, (c).) In this paper, we take advantage of the fact that A,,(6)
is a multinomial vector.

Keep in mind that we refrain from assuming that all 0y(i),i < k, are of
order 1/k, as in (Ghosal, 2000, page 60). Indeed, we consider situations where
kninfi<p, 0p(i) = o(1) as in Section 3.4. The trace of the information ma-
trix I(fy) (which coincides with F~! using Ghosal’s notations) is equal to
S2En 1/60(i) + kn/6B0(0) < 2K,/ inficy, 60(i), and it may not be O(k2), as in

(Ghosal, 2000, page 60). For example, using the notations from Section 3.4, if
6y has polynomial-(n) decay, S5, 1/80(i) + kn/00(0) > & S5, i + Skt >
T
n+1 c -

In this setting, we may even look at the growth of Bs,(0) (as defined
in (Ghosal, 2000)) as n tends to infinity

4 0(i kn,
Ban(c) =sup { Py ]aTJ%(o)An(o)] lall = 1, Varg, (1og 20 ) < Enl
' 0o (1) n
Choosing a as \/%1 and carefully performing straightforward computations, it is

possible to check that if 6o has polynomial-(n) decay (according to the framework
of Section 3.4), Ba,(0) > Ck27, so that the clause Bs ,,(clogk,)k2 (logk,)/n —
0 for all ¢ > 0 in Condition (R), implies k2727log k,,/n — 0. This condition is
more demanding that the conditions we obtained at the end of Section 3.4.

3.6. Classical non-parametric approach to posterior concentration

We compare the posterior concentration lemma (Lemma 3.6) and the classi-
cal results on posterior concentration obtained in non-parametric statistics (See
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Ghosal and van der Vaart (2007a),Ghosal et al. (2000), Ghosal and van der Vaart
(2007b),Ghosal and van der Vaart (2001)).
Let Oy, denote the set of probability distributions over {0, ..., k,}. Let €2
0 (%)

satisfy ne? = M,,.
2
(<)

Let V,,(e,) be the set:
Let d denote the Hellinger distance between probability mass functions:

Vi ( { Zoo
1/2
d 6y, 02) = [Z(\/T \/M)Q]

Let D(e, O, ,d) denote the e-packing number of O, , that is the maximum
number of points in O such that the Hellinger distance between every pair is
at least e.

Theorem 2.1 in Ghosal et al. (2000) asserts that, if for some C > 0, we have
Wi {Vy (€a)} > exp (—Cne?) and if log D(en, O,,d) < nea, then for large
enough A,

Pix... {d(0,00) > Ae,,} — 0

in Py, probability.

In this paper, the prior W, is supported by O, and a careful reading shows
that the proof in Ghosal et al. (2000) can be adapted to situations where the
sampling probability changes with n.

Now, Oy, endowed with the Hellinger distance is isometric to the intersection
of the positive quadrant and the unit ball of R¥»*! endowed with the Euclidean
metric, so that there exists a universal constant C

1 /1\" 1\ "
— .= < <
L () sonnze (3

and log D(en, O, ,d) < nej if and only if &, log 37— < CM,,.

If AT 1(60)h < My, then sup, <, || < m Hence, for i < ,
h(i) h(i) h(i)? h(i)?
log ( 1 - .
°g< " ﬁt%(i)) Vi)~ 2o \ b2
So that, letting 6(z) = 6y (i) + hi)

N o oD oR(h) (a3 (h)
;00(1)1(% 90(1) T o +0< n )

S () 2 (22

=0

9

and




S. Boucheron and E. Gassiat/A Bernstein-Von Mises Theorem 132
M, _ :
Hence, as soon as Wlier 000 = o(1), if for some ¢ > 0 and some ¢ > 0,

Wo{h + KTI(80)h < 6M,} > e~ “Mr
then for some constant C' > 0,
Wy Vi (en)} > =M

Under our assumptions, the non-parametric Bayesian theorem implies that for
large enough A, P, x,  {d(0,600) > Ae,} — 0 in Pg, probability.

However, Lemma 3.6 posterior concentration with respect to the Fisher dis-
tance:

P i, {0 = 00)" 1(60) (0 60) = 2} — 0

in Py, probability.

As the Fisher distance upper-bounds the squared Hellinger distance (See
Tsybakov, 2004), Lemma 3.6 implies the generic posterior concentration lemma.
But Lemma 3.6 could not be deduced from generic posterior concentration
lemma since the Fisher distance cannot be upper-bounded by a linear function
of the Hellinger distance. As a matter of fact,

(60— 60)" 1(60) (6 —60) < d(6,60) (1 N m> '

Hence, if d(0,60y) = o(info<i<k, 0o(7)), Hellinger and Fisher metrics are com-
parable but this does not hold in full generality. For instance, for 6 such that
0(kn) = 0o(kn) + /0o (kn), 0(1) = 0y(ky) — /00(kyn), and (i) = 0 for i # 1 and
i # ky,, then d(@, 6o) — O, but (9 90) I(6p) (0 —6p) ~ 1.

4. Proof of the Bernstein-Von Mises Theorem

In this section, we establish the building blocks of the proof of the Bernstein-Von
Mises Theorem that is Proposition 3.10, the posterior concentration Lemma and
Proposition 3.11.

4.1. Truncated distributions

In order to prove Proposition 3.10, it is enough to upper bound NV (M, ):

(00 + An(@=An(h) L "
// o f)e{ 5+ COn(9)—C <h>} AN (g)aPY . (h),
90+ \/—) " Ln

where A,, and C,, are defined in Section 3.1.
We take advantage of the fact that integration is performed on &y, 1, (M),
in order to uniformly upper-bound the integrand.
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Using the duality between ¢ and (2, for all h € Epq x, (My,)

o N, N;
heeinl\hlhﬁMn; 10 (i) i=0,....k, | 100(7)

and

g (Y
nbo(7) ninfick, 60(i) /|

Then as (1 — (1 —z)e )" <z +yfor z,y >0,

|Cn(h)] < M, - sup

N; i VM,
NV(M,,) < M, x | sup — — 1’ + 2 sup —| R
i<k, | n0o(i) i<k, | 700 (7) ninfi<y, 0o(i)

+ 1 infhegeo,kn(Mn) W, (90 + %)
SUPhegy, i, (M) Wn (6o + %)

The second term can be upper-bounded assuming the prior smoothness condi-
tion. The first term is a sum of two random suprema.

The expected value of the maximum of random variables with uniformly con-
trolled logarithmic moment generating functions can be handily upper-bounded
thanks to an argument due to Pisier (Massart, 2003): if (W;)1<i<k are real

random variables, then
1
IP[sup Wl} < inf —{10gk+sup10gIP [exp ATV;] } (4.1)
i<k A>0 A\ i<k
For each 7, the random variable IV; is binomially distributed with parameters n
and 0 (i), log(1 +u) < u, and for all u > 0, 8“171 —-1> 871;71 + 1, so that (4.1)
leads to

A
st o)
A I

Py, [SUP
i<k

N;
— —1|| < inf
nbo(7)

so that choosing A = /log(2(ky, + 1))ninf;<, 0(i), as the function v — 8“1:1 -
1 is increasing on R, letting §,, = @/%ﬁgizz),

P N 1<P Ni
S B 6 B Byl YN G

Thus,

P, oNv(M,) < M, ((5n + %) (1 + R(%)) - 1)

: h
+ 1 _ lnfhegeo,kn(Mn) wn(ﬁo + ﬁ)

Suphegeg,kn (Mn) W, (90 + %)

and the proposition follows using Assumptions (3.1) and (3.4) and the fact that
R(u) = O(u) as u tends toward 0. O
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4.2. Tail bounds for quadratic forms

In this section, we gather a few results concerning tail bounds for quadratic
forms or square-roots of quadratic forms in Gaussian and empirical settings.
All those bounds are obtained by resorting to concentration inequalities for
Gaussian distributions or for suprema of empirical processes.

Let us first start by a first bound concerning chi-square distributions. Let £2
be distributed according to Xin (chi-square distribution with k,, degrees of free-
dom), the following inequality is a direct consequence of Cirelson’s inequal-
ity (Massart, 2003):

P {60 > Vha + V22 < exp(-a). (4.2)

The following handy inequality provides non-asymptotic tail-bounds for Pear-
son statistics. For any 0 € Oy, let V,(6) denote the square root of the Pearson
statistic

kn - —nd(i))? bz 1/2
V.(0) = (Z %) — (ATO)16)2,(6))".

=0

The following follows from Talagrand’s inequality for suprema of empirical pro-
cesses (Massart, 2003, p. 170): for all z > 0,

( (60) > 2v/kn + V22 +3 ())Sexp(—x). (4.3)

nlnfl<k 0o

Non-centered Pearson statistics also show up while proving the posterior
concentration lemma. Let 0 = 0y + % with o, (h) > v/M,,. Note that from the

definition of V,,(6p), it follows that

; — nbp(
Vn(o()) = sup Z 0

a:l|al= 11 0 \/nﬁo )

. N (i) 60) — 6ol
- aﬁall\pl; (\/m%(i) e V/0o(i) )

> Z r% Lot

where af = ——0__ for all i < k,. So that

V0o (i)o?(h)
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Computations carried out in the Appendix allow to establish that if 02 (h) > M,,,
and if M,, = o(ninf;<y, 0o(7)),

n infigkn 90 (’L)

P {Vn(ﬁo) <2/kn + 4/ M2 + 7 M } < 2exp (—4x) . (4.4)

4.3. Proof of the posterior concentration lemma

Proof. We need to check that Py, |x,, {HII(00)H, > M,} is small in P,
probability. For any 6 € ©y,_, let V,,(0) denote the square root of the Pearson
statistic

b (NG — (i) e 1/2
Val0) = (Z %) — (ATO1GA.6)

A sequence of tests (¢n)nen is defined by ¢, = Ly, (9,)>s, Where each threshold

sy, is defined by s, = 2v/ky, + V22, + 32, //ninf;<, 00(i) with z, = %. The

tests ¢, aim at separating 6y from the complements of Fisher balls centered at
0o, that is from {6y + hy/n : o2(h) > M,}.
Hence, we need to check that
P ix,, {HYI(00)H,, > M, }
- PH'rL'Xl:n {H;{I(HO)Hn > Mn} n
+ P xy {HET(00)Hy, > My} (1= 6y)
bn + Pr, Xy {Ha 1(00)H > My} (1= ¢y) -

IN

is small in P, o probability. As, in order to upper-bound IP,, ¢¢,,, it is enough
to bound the tail of Pearson’s statistics under IP,, o, we focus on the expected
value of the second term. Note that the latter is null as soon as the maximum
likelihood estimator errs too far away from 6.

In order to control P, 0P, x,., {HL1(60)H, > M, } (1 — ¢,), we resort to
the same contiguity trick as in (van der Vaart, 1998). Let A be a fixed positive
real, define the probability distribution IP,, 4 on N™ as the mixture of P, , when
the prior is conditioned on the ellipsoid 6y + ﬁ(‘:goykn (A):

_ fgeo,kn(A) IPnyh(B)wn (90 + \/Lﬁ)dh

Pr.a(B
.A(B) W, (60 + ﬁfeo,kn (4)

Arguing as in (van der Vaart, 2002), thanks to Lemma 2.3, one can check that
the sequences (IP,,0),, and (IP;, ), are mutually contiguous (for the sake of self-
reference, a proof is given in the Appendix, see Section A). Hence, it is enough
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to upper-bound
Pa [Pr, x, {Hy 1(60)Hy > My} (1 - ¢4)]

1 h
Wo{bo + Eox (/Y Jugear, atn) SRV
SUPLT 1(69)h>M,, Prn (1= ¢n)

S T {60 + 0 (A) V)

We will handle P, g¢, and Py, , (1 — ¢,,) using non-asymptotic upper bounds
for centered and non-centered Pearson statistics while the prior mass around 6y
(Wnibo + ok, (A)//n}) can be lower-bounded by assuming Conditions 3.4
and 3.5.

A direct application of Inequality (4.3) gives Py 0¢n = Pro{Va(0o) > sp} <
exp(_xn) = exp (_Mn/4)

Non-centered Pearson statistics show up while handling P, 5 (1 — ¢,,) . In-
deed Py, 1(1 — @) = Ppp (Viu(60) < 51) - Let 6 = 6 + % with o, (h) > /M,
Then, using the definition of ¢,,, Inequality (4.4) entails

M,
Ppn(l—¢n) <2exp (—%> .

Let us now lower bound W, {6 + &g, .k, (A)/+/n}. Performing a change of vari-
ables (agreeing on the convention that h(0) = — Zf;l h(7)) leads to

Wh.a{n(0 —00)T1(00)(0 — o) < A}

e (e 55) () T

k kn

sup Wn, 0 +L - =
e 3 0
infreeg, 1, (4) W (0 + 5) " heo.kn(4) i=1

But the volume of the ellipsoid in R*» induced by &, x, (A) is the inverse of the
square root of the determinant of I(fy) (that is []/", 6o (i)'/2) times the volume

Fn
of the sphere with radius v/ A in R*", that is Ak"/Q% so that
nl(3

Wh.a{n(0 —00)T1(00)(0 — o) < A}

sup wy, (60 + Ln) ko AN F or(L)kn
e ) v | wa (00) [T 602 (—) A
infregy, i, (4) Wn (60 + ﬁ) i=0 K

Thus, assuming conditions 3.4 and 3.5:

SUPLT 1(60)h>M,, Prn (1= ¢n)
Wn{90 + 590,kn (A)/\/ﬁ}

< Cexp (—%) (1+o(1)).
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4.4. Posterior Gaussian concentration
Proving Proposition 3.11 amounts to checking that the growth rate of the se-

quence of radii M, is large enough so as to balance the growth rate of dimen-
sion k,. By Lemma B.1:

s .

=2 AN B T ) ().
Un(h)ZMn
The right-hand-side can be upper-bounded:

/ den (Anﬁoa]il(eO))(h’)
on(h)>M,,

= / Lt A0y )T 1(00) (ht- a0 ) > M, PN, (0, T (80)) ()

IN

/ LonT1(00)h+2AT ) 1(00)An 09> M, AN, (0,17 (60))(R)

n,00

IN

/1hT1(90)thn/4den (0,17(60))(h) + 1AT , 1(80)An 00> My /4
= /1|\h|\22\/M_n/2den(0aIdkn>(h>+1AZ,901(00)AH,902MH/4'
so that

M
IPn70 HNk" - Nkn

S P {gn Z \/ %} + ]Pn,O (Agygoj(GO)Anﬁg Z %)

where &7 is distributed according to 3 (chi-square distribution with &,, degrees
of freedom). Then, invoking (4.2),

M

| M, n

P{fnz 1 }SGXP(—§>-

The second term in the upper bound is handled using (4.3) and choosing x =

. M, C()MEL
inf (m W)

5. Proof of Theorem 3.12

In frequentist statistics, once asymptotic normality has been proved for an esti-
mator, the so-called delta-method allows to extend this result to smooth func-
tionals of this estimator. In this section, we develop an ad hoc approach that
parallels the classical derivation of the delta-method. Taylor expansions allow to
write /n(Gp.o(T)—Ga(bp)) as the sum of a linear function of H,, — A, () and
of two (random) quadratic forms. Checking the theorem amounts to establish
that under P, o those two quadratic forms converge to 0 in distribution.
Recall that H,, = /(7 (i) =00 (1)), and A, (60) = v/n(6(i)—b (i))F=, . I n is
non-ambiguous, let VG (6) = (g5, (0(4)))57, and let V2G(0) = diag (g2 (0(i))i™; ).



S. Boucheron and E. Gassiat/A Bernstein-Von Mises Theorem 138

Then for some (random) vectors 7 and 6 with 7(i) (resp. 6(i)) between 7(i) and
0o (i) (resp. between 0, (i) and (7)) for all i =1,..., ky:

Vi(Gra(T) = Ga(0)) = (Hy— An(60))" VGal(bo)

+ FHTv2G o(F)H,

—FAW 0)V>Ga (0) An(60).-

This follows from

V1 (Gh,o (T) = Ga (00))
—+o0 kn
= —vn Y ga(t%(i))Jr\/ﬁZ(ga(T(i))—ga(t%(i)))

i=kn+1

+oo
_\/ﬁ Z ga(QO(i)) + HEVGQ(GO) + Ry

i=kn,+1
with 1
R, = 2\/_HTV2G (7)H, .
Meanwhile
Vi (Gra (B) — G (60))
+oo
= —\/ﬁ Z ga(oo +\/_Z(ga _ga(QO( )))
i=kn+1
“+oo
= =V Y ga(00(i) + AL (00)VGa(th) + Ry
i=kn+1
with

Rp = —=AT(00)V2Go(0) A (60)

2[
Now recall that 7, , = Var (Hn, — An(60))"Vga (b)) .- Let (€)n be a sequence
tending to 0 as n tends to infinity.

For any interval I of R, let I, be the €,-blowup of I: I, = {x : Jy € I,
|z —y| < €,}. Then, for some positive constant C'

P x. (ﬁ(Gn,a (T) = Cralln) I) e

sup
IeT Tn,a
H, — A (00)TVga(6
IeT Tn,«a

+ Prty x, (1Bo = Rl 2 e0C)
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The first summand on the right-hand-side is easily dealt with by applying the
Bernstein-Von Mises Theorem:

H, — A (00)TVgal(6
Iez Tn,o

< ilelg | (L) — ()] + HPHH|X1,H —N(An(eo),ffl(oo))H

< [P, = Na00), 1 00)]

Now,

Ce,

PHn|Xl:n (|Rn - Rn| > Cfn) < PHanlm (Rn > BN ) + ﬂRﬂzC;n)

as Rn is X7.,-measurable. Theorem 3.12 follows if it is possible to choose a
sequence (€,)n such that both terms in the upper bound tend to 0 in P, o
probability.

Let us focus for the moment on the first term. We aim at proving that the
following upper-bound holds for large enough n and some positive constant D:

Ce,
Py, x:., (|Rn| > T)
< 5Py, xp.. (HEI(QO)HH > Dey, [n inf 90(j)> : (5.1)
ISKn

As ¢/ is monotone, the following inequalities hold:

|90 (7 ()| < max {|gz (7(0)]; 9660 (D)} < |90 (7 ()] + g (00 ()]

This entails
VnR, < HI'V?G,(00)H, + HIV?G,, (7) H,, .

Cen
PHn|X1,n (Rn > Cen) < PHn|X1,n <H5V2Ga(90)Hn > GT\/E>

+ P, ix,. (H,{ V2G, (7) H, > Ce’;\/ﬁ> .

Henceforth, let C,, = m for a # 1 and C7 = 1. Note that for all positive z,

Ca gli() = 2% and Co HIV2Go(00)Hy = Ybr, Halllg (i) -1
For o > 1,

PHn|X1m<HgV2Ga(9o)Hn > CE"T\/E> < PHn|X1;n(HgI(90>Hn > W) :
Meanwhile, for 1 < a < 1, the obvious fact sup, (6o (i)~ < (inf; <k, 60(5)) /2,
implies

HyI(60)Hn

Vninfi<p, 00(5)

n
Z H ()00 (1) <
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so, we get

kn
Ph,\x,., (Z H?z(i)oo(i)OHQ > Cacen\/ﬁ/2>

i=1
C Cen
< PHXia (H I(60)Hy 2 =5, [n inf 6oj )) :
On the other hand,
kn
> H2 (i) (i)*
i=1
1H, ()] \ *7?
b H2( sup; :
H? i<kn ;
< n('l)oo(i)a72 1_,’_\/5 : v 0o( ).
= 0o(0) ninf; <, 0o(j)
a—2
THON
SNH2() ) s (Zigkn 90(1'))
S - 90(1)0‘ 1—|— = .
i—1 90(1) nlnfjgkn 90(])

Hence,

kn
Pt x.. (Z (H" (@) (07 = Czjf">

k .
n H2
< Puix., ( 9:((1.? o (i)~ > 2a3cacen\/ﬁ>
=1

+ PH,|x,.. Z 90(()) >n mf 0o (J)

i<kn J<kn

We may now sum up those inequalities:

Ce,, >
P, x,., (|R | > T) < ZPHTJXL" (HEI(QO)Hn > Ai,n)
i=1
with

Al,n = 2 Gn\/_
c,C

Asp = 5 nj1<n]§ Oo(7)en

A3,n = 204*21417"

Aspn = 20724, n

Asn = n inf 6y(j).

i<kn
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This is enough to prove Inequality (5.1). Up to || Pg,,|x,., — Nk, ||, the posterior
probability of the event HXI(0)H,, > u, equals Ny, {HI'1(60)H, > u,}, that
is the probability that a non-central Xin—distributed random variable with non-
centrality parameter AZ(00)1,(00)An(00) = Vi (60)® exceeds u,. The latter
probability is upper-bounded by

Lyz(gg)>u + P (& = %)

where ¢2 follows a x7 distribution. The probability that &2 is larger than w,, /4
may be upper bounded using Cirelson’s inequality. As soon as (e, ), satisfies

ninf;<y, 0o(j)
kn,

€n — +00,

this probability tends to 0.
The P, o-probability that the non-centrality parameter V,2(6y) is large may

be upper bounded using Inequality (4.3), and invoking the Bernstein-Von Mises
Theorem to handle || Py, |x,., — N (An(fo), 171 (60))],

Ce,
Ph,x., (|Rn| > T) —0

in [P, o-probability.
Using the same approach as before, one establishes that for large enough n
and some positive constant D:

Poo (|Rn| > %) <5P,0 (vj (60) = Dey, [n inf 90(j)> .
JSEKn

The right-hand-side may be upper-bounded using again (4.3). It tends to 0 as

soon as €,/ninfj<g, 00(j)/kn — +o0.

6. Proof of Theorem 3.13

We have already proved that R,, = op, (1), so that under the assumptions of
Theorem 3.13, equation (5.1) translates into

Vi1 (Gua(6) = Ga (60)) = o(1) + AT (00)VGalbo) + 0w, (1)

and the result follows from Berry-Essen Theorem.

Appendix A: Contiguity

We first prove Lemma 2.3.
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Proof. Let us first notice that if o2 (h,,) tends toward o2 > 0, there exists some
M > 0 such that h,, € E(M). The contiguity proof follows from a straight-
forward analysis of the log-likelihood ratio and an invocation of Le Cam’s first
Lemma (van der Vaart, 2002).

A Taylor expansion of the logarithm leads to

]Pn h
1 sitn
8 (%)

- ?;ng (1+ \/_1(90)(Z)>

B h(i) 1 ha()? 1N ha(i)? 0
N \/_Z (i) 2n Nl (1) +nZN190(i)2R<\/590(i)>'

i= 1=0

The proof consists in checking the three following points:

1. the remainder term converges in probability toward 0.
2. the first summand converges in distribution toward N(0, o?).
3. the middle term converges in probability toward —o? /2.

Let us check the first point. As a matter of fact:

neo< ZN f (\/fio%))SMiuf

] oulh)

z<k \/_90( ) ninfigkn 90 (’L)

In order to check the the second point, note that the random variable Z,, (h,,) =
\/_ Zl o Nig ((1)) can be rewritten as a sum of i.i.d. random variables:

f (\/f%of)m’

=o(1).

But

with

Under P, ¢, each random variable Y is equal to ];;((Z)) with probability 6y (), so

that
BN~ (@)

k ] .
- |hn(’6)|3 hn(z) )
> < (o gy ) Voo
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that is

: 3
'(jff(j)'z — 0 [Vo3 ()]

kn
i=0
as 02 (hy,) is bounded and bounded away from 0. The Berry-Essen Theorem

(Dudley, 2002) entails that as n tends to infinity, Z, (h,) converges in distribu-
tion toward N (0, 0?).

Finally, the middle term % Zfﬁo N; ];;((Z)); converges in probability toward

20n(hn)?. Indeed, let

kn 2 n
Un(hy) = % 1271(;))2 - Ui(hn) = %Z( j(hn) — Eo(&i(hn)))
i=0 j=1
with i
o - hn(1)2
§J (h’n) - ; 1X]_1 90(1_)2
Then
Var (U, (h,)) = —Var(&(hy))
1 & By (i)
n ; 0o (i)
M2

ninfigkn 90 (’L) '

Hence, the sequence of distributions of likelihood ratios I;L’z(le) converges

weakly toward a log-normal distribution with parameters —o?/2 and o2. The
Lemma follows directly from Le Cam’s first Lemma (van der Vaart, 1998). O

Lemma A.1. Let 6y denote a probability mass function over N,. If the sequence
of truncation levels (kn)nen satisfy Condition 2.1, the sequences (IPy ), and
(Pn,a),, are mutually contiguous.

Proof. Let (By,) be a sequence of events where for each n, B, C {0,...,k,}"™.
Then

]Pn,A (Bn) S sup IPn,h (Bn)
on(h)2<A

so that for some sequence (hy,),, such that for all n, o2 (h,) < A,

limsup Py, 4 (By) < limsupPy, 5, (Bn) -

n—-+oo n—-+oo

But as (0y(i)) decreases to 0 at infinity, g, x, (4) is a finite dimensional closed
subset of a compact set in £2(N,), so that one may extract a subsequence (hy, ),
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such that o7 (hy,) — o® for some 0 as p — +00, and such that

limsup P, 4 (B,) < lim P, 5, (Bn )
p—+00 v ’

n—-—4oo

Applying Lemma 2.3 gives that P, o(B,) — 0 implies P,, 4(B,) — 0.
The reverse implication may be proved with the same reasoning using that

inf P,n(B,) <P, a(B,).
ol B (B2) < P (B

Appendix B: Distance in variation and conditioning

The obvious proof of the following folklore lemma is omitted.

Lemma B.1. Let P denote a probability distribution on some space (£, F).
Let A denote an event with non-null P-probability and let P* the conditional
probability given A, that is PA(B) = P(AN B)/P(A) then

| P4~ P|| = P(A).

Appendix C: Proof of inequality (3.9)

Proof.
M, My
HNkn - PHn|Xl,n

~ NG (h) i,

= 1- —5 dPHnlxlm (h)
dPHnlxlm (h) N

M, wn B0+ =) AP, (X1:m) 1AMy

den (h) f nginé; dPn,O(Xim)den (9) v

- / 1- 0 h \APy n (X1im) dPHnT]XLn (h)-

wn( 0 + \/_E) dPn,O(Xl;n) N

Using the convexity of z +— (1 — )4 and Jensen inequality, the right-hand-side
can be upper-bounded:

My, My,
HNkn - PHn|Xl:n
M, dP, o(X1.n)
- 1 den (h’)w"(eo + %) dPn,O(Xi:n) dNMn dPMn h
=~ - M, h dPn,h(Xl:n) kn (g) Hn|X1="( )
AN, (@wnbo + 72 Tpsxn |

Now, the quadratic Taylor expansion of the log-likelihood ratio translates into
]Pn,g(Xlzn)dN]i\fn (h’)

A @A) HCo )~ Ca ()} |
]Pn,h(Xlzn)dN]i\fn (g)

Plugging this expansion into the upper-bound on Nv(M,,) leads to (3.9).
O
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Appendix D: Tail bounds for non-centered Pearson statistics

This section provides a proof of Inequality (4.4). Recall from Section 4.2, that

N —nf(i)
IPn,h (Vn(eo) S Sn) S IPn,h Zarli S _Un(h) +5Sn |-
et nbo(7)
where a) = —10__ for all i < k,. Despite Z nyar Ninfl) g just a sum

/00(i)o2(h) =00 /noo (i)

of i.i.d. random variables, we found no obvious way to use classical exponential
inequalities (either Hoeffding or Bernstein inequalities) to prove the tail bounds
we need. Before resorting to classical inequalities, we split the sum into two
pieces according to the signs of the coefficients a}. The two pieces are handled
using negative association arguments.

Let 7 ={i : i <kp,a >0}and J° = {i : i <ky,al <0}. Note first that

k .
N LN, —nb(3)
P, ai ———— < —0,(h) + sn
(B )

< Puy (Z a M0 < Loy - sn>>

ieJ (i)

P (Z aN;TZ‘?g) < _% (on(h) — sn)>

ieJe
o N n9( ) A

< mf exp <1og Ppn
ieJ

A

ex * 0(i) — — (o — 5
p( lgc)‘ /—nﬁo ) )] 2( n(m n)) :

Following Dubhashi and Ranjan (1998), a collection of random variables Z1, ..., Z,
is said to be negatively associated if for any Z C {1,...,n}, for any functions
f: Rl - Rand g: RT" — R that are either both non-decreasing or both
non-increasing,

inf log P,
+;I;0€XP(0g -

Plf(X;: ie€Dg(X;: i€I))<P[f(X;: i€I)]Pg(X;: i€I9].

By Theorem 14 from Dubhashi and Ranjan (1998), both sets of random vari-

ables (a} (N; — n(i))//nby (i) )zejand( N; —n(i))/\/nbo(i)),i € J¢ are

negatively assomated in the sense of Dul )11(15111 aml Tmu an (1998).

The logarithmic moment generating function of ), _; aj %71(9((_1; satisfies
nbpl?
\ e N;—n6(3) Aa* Ni=nf()
log Py, ne Diez® Voo < Zlog Pppe = V0®

i€l

where Z = J or J¢. Each N; is binomially distributed with parameter n and 6;.
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For ¢ € J,a; > 0 so that for A <O0:

)‘Z ar Ni—nb(i)) )29@-)
1 IPn icq /o @ < M A
08 L'n.ne ’ g 20, (i)

Note that

*2 9(1) *2 *2 h/(l)
2w S WW

icJ ieJ ieJ
*4 1/2 1/2
*2 (Zzej 4 Z
< a;” +

n infigkn 90 (’L) '

Hence

mf exp <10gIP h

nb(i) A
exp Aa *7 + 5 (on(h) = sp)
(S -
(on(h) — Sn)Q
an(h)

8(1 + \/ninfigkn 90(1))
If 0,,(h) > 28y, on(h) — S5 > 0, (h)/2 and the last term may be upper-bounded
by exp(—g7[02(h) A on(h)\/ninfi<k, 60(i)]) .

Now, ifi € J¢, h(i) < 0so that h(i) > —/nfy(i) which entails —a/+/nby(7)

< exp

Unl(h). For any A >0
i —n(i e re(al)?0(i)\
Z 10gIPnh eXp< A rin(l)>‘| < Z’LE? (a ) ():L)
icge nbo(7) 290(1)(1 - T(h))
S () B
B NG ),
- 2(1 B crn)(\h))
Hence

inf log P,
;I;oexp<0g ‘

ex : i) —Aa -5
(-S| 3em )

(on(h) — Sn)Q

a on(h) on(h)—sn )
8(1 * V/ninficr, 00(i) T o

< exp
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If o, (h) > 25y, op(h) — $p > 0,(h)/2 and the right-hand-side is upper-bounded
by
(a2(h) A \/inTicr, Bo@on(h))

96

exp | —

References

A. Antos and I. Kontoyiannis. Convergence properties of functional estimates
for discrete distributions. Random Struct. & Algorithms, 19(3-4):163-193,
2001. MR1871554

S. Boucheron, A. Garivier, and E. Gassiat. Coding over infinite alphabets. I[EEE
Trans. Inform. Theory, 55:to appear, 2009. MR2236169

B. Clarke and A. Barron. Information-theoretic asymptotics of bayes methods.
IEEFE Trans. Inform. Theory, 36:453-471, 1990. MR 1053841

B. Clarke and A. Barron. Jeffrey’s prior is asymptotically least favorable under
entropy risk. J. Stat. Planning and Inference, 41:37-60, 1994. MR1292146

T. Cover and J. Thomas. Elements of information theory. John Wiley & sons,
1991. MR1122806

I. Csiszar and J. Korner. Information Theory: Coding Theorems for Discrete
Memoryless Channels. Academic Press, 1981. MR0666545

J. Doob. Application of the theory of martingales. In Le Calcul des Proba-
bilités et ses Applications., Colloques Internationaux du Centre National de la
Recherche Scientifique, no. 13, pages 23-27. Centre National de la Recherche
Scientifique, Paris, 1949. MR0033460

D. Dubhashi and D. Ranjan. Balls and bins: A study in negative dependence.
Random Struct. & Algorithms, 13(2):99-124, 1998. MR1642566

R. M. Dudley. Real analysis and probability, volume 74 of Cambridge Studies
in Advanced Mathematics. Cambridge University Press, Cambridge, 2002.
MR1932358

J. Fan. Local linear regression smoothers and their minimax efficiency. Annals
of Statistics, 21:196-216, 1993. MR1212173

J. Fan and Y. K. Truong. Nonparametric regression with errors in variables.
Annals of Statistics, 21(4):1900-1925, 1993. MR 1245773

J. Fan, C. Zhang, and J. Zhang. Generalized likelihood ratio statistics and wilks
phenomenon. Annals of Statistics, 29(1):153-193, 2001. MR 1833962

D. A. Freedman. On the asymptotic behavior of Bayes’ estimates in the discrete
case. Ann. Math. Statist., 34:1386-1403, 1963. MR0158483

D. A. Freedman. On the asymptotic behavior of Bayes estimates in the discrete
case. II. Ann. Math. Statist., 36:454-456, 1965. MR0174146

R. G. Gallager. Information theory and reliable communication. John Wiley &
sons, 1968.

S. Ghosal. Asymptotic normality of posterior distributions for exponential fam-
ilies when the number of parameters tends to infinity. J. Multivariate Anal.,
74(1):49-68, 2000. MR 1790613


http://www.ams.org/mathscinet-getitem?mr=1871554
http://www.ams.org/mathscinet-getitem?mr=2236169
http://www.ams.org/mathscinet-getitem?mr=1053841
http://www.ams.org/mathscinet-getitem?mr=1292146
http://www.ams.org/mathscinet-getitem?mr=1122806
http://www.ams.org/mathscinet-getitem?mr=0666545
http://www.ams.org/mathscinet-getitem?mr=0033460
http://www.ams.org/mathscinet-getitem?mr=1642566
http://www.ams.org/mathscinet-getitem?mr=1932358
http://www.ams.org/mathscinet-getitem?mr=1212173
http://www.ams.org/mathscinet-getitem?mr=1245773
http://www.ams.org/mathscinet-getitem?mr=1833962
http://www.ams.org/mathscinet-getitem?mr=0158483
http://www.ams.org/mathscinet-getitem?mr=0174146
http://www.ams.org/mathscinet-getitem?mr=1790613

S. Boucheron and E. Gassiat/A Bernstein-Von Mises Theorem 148

S. Ghosal and A. van der Vaart. Convergence rates of posterior distribu-
tions for non-i.i.d. observations. Annals of Statistics, 35(1):192-223, 2007a.
MR2332274

S. Ghosal and A. van der Vaart. Posterior convergence rates of Dirichlet
mixtures at smooth densities. Annals of Statistics, 35(2):697-723, 2007b.
MR2336864

S. Ghosal and A. W. van der Vaart. Entropies and rates of convergence for
maximum likelihood and Bayes estimation for mixtures of normal densities.
Annals of Statistics, 29(5):1233-1263, 2001.

S. Ghosal, J. Ghosh, and A. van der Vaart. Convergence rates of posterior
distributions. Annals of Statistics, 28(2):500-531, 2000. MR 1790007

L. Gyorfi, I. Pali, and E. van der Meulen. On universal noiseless source coding
for infinite source alphabets. Fur. Trans. Telecommun. & Relat. Technol., 4
(2):125-132, 1993.

J. C. Kieffer. A unified approach to weak universal source coding. IEEE Trans.
Inform. Theory, 24(6):674-682, 1978. MR0514346

L. Le Cam and G. Yang. Asymptotics in Statistics: Some Basic Concepts.
Springer, 2000. MR 1784901

A. Lo. A large sample study of the Bayesian bootstrap. Ann. Statist., 15(1):
360-375, 1987. MR0O885742

A. Lo. A Bayesian bootstrap for a finite population. Ann. Statist., 16(4):1684—
1695, 1988. MR0964946

P. Massart. FEcole d’Eté de Probabilité de Saint-Flour XXXIII, chapter Con-
centration inequalities and model selection. LNM. Springer-Verlag, 2003.
MR2319879

L. Paninski. Estimating entropy on m bins given fewer than m samples. IEEE
Trans. Inform. Theory, 50(9):2200-2203, 2004. MR2097210

S. Portnoy. Asymptotic behavior of likelihood methods for exponential families
when the number of parameters tends to infinity. Annals of Statistics, 16:
356-366, 1988. MR0924876

D. Rubin. The Bayesian bootstrap. Annals of Statistics, 9(1):130, 1981.
MR0600538

L. Schwartz. On Bayes procedures. Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete, 4:10-26, 1965. MR0184378

A. Tsybakov. Introduction a [’estimation non-paramétrique, volume 41 of
Mathématiques € Applications. Springer-Verlag, Berlin, 2004. MR2013911

A. van der Vaart. The statistical work of Lucien Le Cam. Annals of Statistics,
30(3):631-682, 2002. MR 1922537

A. van der Vaart. Asymptotic statistics. Cambridge University Press, 1998.
MR1652247

A. van der Vaart and J. Wellner. Weak convergence and empirical processes.
Springer Series in Statistics. Springer-Verlag, New York, 1996. MR 1385671

C.-S. Weng. On a second-order asymptotic property of the Bayesian bootstrap
mean. Ann. Statist., 17(2):705-710, 1989. MR0994261


http://www.ams.org/mathscinet-getitem?mr=2332274
http://www.ams.org/mathscinet-getitem?mr=2336864
http://www.ams.org/mathscinet-getitem?mr=1790007
http://www.ams.org/mathscinet-getitem?mr=0514346
http://www.ams.org/mathscinet-getitem?mr=1784901
http://www.ams.org/mathscinet-getitem?mr=0885742
http://www.ams.org/mathscinet-getitem?mr=0964946
http://www.ams.org/mathscinet-getitem?mr=2319879
http://www.ams.org/mathscinet-getitem?mr=2097210
http://www.ams.org/mathscinet-getitem?mr=0924876
http://www.ams.org/mathscinet-getitem?mr=0600538
http://www.ams.org/mathscinet-getitem?mr=0184378
http://www.ams.org/mathscinet-getitem?mr=2013911
http://www.ams.org/mathscinet-getitem?mr=1922537
http://www.ams.org/mathscinet-getitem?mr=1652247
http://www.ams.org/mathscinet-getitem?mr=1385671
http://www.ams.org/mathscinet-getitem?mr=0994261

	Introduction
	Notation and background
	Main results
	Non parametric Bernstein-Von Mises Theorem
	Estimating functionals
	Dirichlet prior distributions
	Examples
	Comparison with Ghosal's conditions
	Classical non-parametric approach to posterior concentration

	Proof of the Bernstein-Von Mises Theorem
	Truncated distributions
	Tail bounds for quadratic forms
	Proof of the posterior concentration lemma
	Posterior Gaussian concentration

	Proof of Theorem 3.12
	Proof of Theorem 3.13
	Appendix A: Contiguity
	Appendix B: Distance in variation and conditioning
	Appendix C: Proof of inequality (3.19)
	Appendix D: Tail bounds for non-centered Pearson statistics
	References

