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1. Introduction

In many survival practical applications, censored dependent data appear. For
example, in the clinical trials domain, it is frequently happens that the patients
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from the same hospital have correlated survival times due to unmeasured vari-
ables like the quality of the hospital equipment. An example of such data can
be found in Lipsitz and Ibrahim (2000). In economic duration data, event times
are often correlated and the observation of the event may be prevented by the
occurrence of an earlier competing event called censoring. Another example is
the observations on duration of unemployment, which may be right censored
and are typically correlated. For real data, the reader can refer to Wei and Lin
(1989), Cai and Prentice (1995). However few papers deal with the regression
function under censoring in the dependent case, we can cite the recent paper of
El-Ghouch and Van Keilegom (2008) who estimate the regression function by
applying polynomial local linear regression techniques using Beran’s estimator.

Having in mind such kind of applications, consider a real random variable
(rv) Y and a sequence of strictly stationary rv’s (¥;);>1 with common un-
known absolutely continuous disribution function (df) F' and let (C;);>1, be a
sequence of censoring rv’s with common unknown df G. In contrast to statistics
for complete data studies, censored model involves pairs (7}, 0;)i=1,...n where
only T; = Y; A C; and §; = Iy, <, are observed.

Let X be an R%valued random vector. Let (X;);>1 be a sequence of copies
of the random vector X and denote by X, 1,...,X; 4 the coordinates of X;.
The study we perform below is then on the set of observations (7;,d;, X;)i>1-
In regression analysis one expectes to identify, if any, the relationship between
the Y;’s and X;’s. This means looking for a function m*(X) describing this
relationship that realizes the minimum of the mean squared error criterion. It
is well known that this minimum is achieved by the regression function m(x)
defined on R? by

m(z)= E(Y |X =ux).

There is a wide range of literature on nonparametric estimation of the regression
function and many nonlinear smoothers including kernel, spline, local polyno-
mial, orthogonal methods and so on. For an overview on methods and results
for both theoretical and application points of view considering independent
or dependent case, we refer the reader to Collomb (1981), Silverman (1986),
Hérdle (1990), Wahba (1990), Wand and Jones (1995), Masry and Fan (1997),
Cai (2003) and Cai and Ould Said (2003).

In the uncensored case, the behavior of nonparametric estimators built upon
mixing sequences is extensively studied. The consistency has been investigated
by many authors. We only cite the recent work of Gonzalez-Manteiga et al.
(2002) where they developed a nonparametric test, based on kernel smoothers, to
decide whether some covariates could be suppressed in a multidimensional non-
parametric regression study. Under the a-mixing condition, the uniform strong
convergence of the Nadaraya-Watson estimator is treated in Doukhan (1994),
Bosq (1998), Liebscher (2001) and the references therein.

Our goal is to establish the strong uniform convergence with rate for the ker-
nel regression estimate under a-mixing condition in random censorship models
where the independence condition is relaxed. For this kind of model, Cai (2001)
established the asymptotic properties of the Kaplan-Meier estimator. Liebscher
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(2002) derive a rate uniform for the strong convergence of kernel density and
hazard rate estimators. His result represents an improvement of that given in
Cai (1998Db).

To this end, we were interested in extending the result of Guessoum and
Ould Said (2008) from the iid to the dependent case. The paper is organized as
follows: In Section 2 we give some definitions and notations under the censorship
model of the regression function and strong-mixing process. Section 3 is devoted
to the assumptions and main result. In Section 4, some simulations are drawn
to lend further support to our theoretical results. Proof with auxiliary results
are relegated to Section 5.

2. Definition of estimators

Suppose that {Y;,i > 1} and {C;,7 > 1} are two independent sequences of sta-
tionary random variables. We want to estimate m(x) = E(Y |X = z) which can

be written as m(x) = % where

Tl(w)z/Rny,Y(%y)dy (1)

with f..(z,y) being the joint density of (X,Y) and ¢(-) the density function of
the covariates.

Now, it is well known that the kernel estimator of the regression function
m(-) under censorship model (see, eg Carbonez et al. (1995)) is given by

n

() = 3 Wan(2) G‘f;) @)

where G is the survival function of the rv C' and

Ka(%52)

n

B Z?:l Kd(m;i(j)

are the Watson-Nadaraya weights, Ky is a probability density function (pdf)
defined on R? and h,, a sequence of positive numbers converging to 0 as n goes
to infinity. Then (2) can be written

- 10 (@
where
_ 1 < &1, - X; RS z—X;
“”(x)‘n—z;ém“( ) ‘"”‘n_z;Kd< )
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In practice, G is usually unknown, we replace it by the corresponding Kaplan—
Meier (1958) estimator (KME) G,, defined by

n s, \Hvi<ty )
0, i > Y.

The properties of the KME for dependent variables can be found in Cai (1998a,
2001). Then a feasible estimator of m(z) is given by:

_ 1in(z)
" =)
where
o) = Y () W

is an estimator of r1(x) and ¢, (x) (defined in (3)) an estimator of £(z).

In what follows, we define the endpoints of F and G by 7 = sup {y, F(y) > 0},
7 = sup {y,G(y) > 0} and we assume that 7 < oo and G(7r) > 0 (this im-
plies 7r < 7¢).

For technical reasons (see Lemma 1), we assume that {C;,7 > 1} and {(X;,Y;),
i > 1} are independent; furthermore this condition is plausible whenever the
censoring is independent of the characteristics of the patient under study. We
point out that since Y can be a lifetime we can suppose it bounded. We put
Itl] = 325—1 It for ¢ € R,

In order to define the a-mixing property, we introduce the following notations.
Denote by F¥(Z) the o—algebra generated by {Z;,i < j < k}.

Definition Let {Z;,i =1,2,...} denote a sequence of rv’s. Given a positive
integer n, set

a(n) =sup {|[P(ANB) —P(A)P(B)| : A € F¥(Z) and B € F3,,(Z), k € N*}.

The sequence is said to be c-mizing (strong mizing) if the mizing coefficient
a(n) = 0 as n — 0.

Many processes do fulfill the strong mixing property. We quote, here, the
usual ARMA processes which are geometrically strongly mixing, i.e., there exist
p € (0,1) and a > 0 such that, for any n > 1, a(n) < ap™ (see, e.g., Jones
(1978)). The threshold models, the EXPAR models (see, Ozaki (1979)), the
simple ARCH models (see Engle (1982)), their GARCH extension (see Bollerslev
(1986)) and the bilinear Markovian models are geometrically strongly mixing
under some general ergodicity conditions. We refer the reader to the recent
Bradley’s monograph.

We suppose that the sequences {Y;,7 > 1} and {C};,i > 1} are a-mixing with
coefficients a1(n) and as(n), respectively. Cai (2001, Lemma 2) showed that
{T;,i > 1} is then strongly mixing, with coefficient

a(n) =4 max(ai(n),as(n)).



Z. Guessoum, E. Ould Said/Kernel regression for censored and a-mizing condition 121

From now on, we suppose that {(T;,0;,X;) i=1,...,n} is strongly mixing
with mixing’s coefficient a(n) such that a(n) = O(n™") for some v > 3.
Now we are in position to give our assumptions and main result.

3. Assumptions and main result

Let C be a compact set of R? which is included in Co = {z € R? / {(z) > 0}.
We will make use of the following assumptions gathered here for easy reference:

A1) The bandwidth h,, satisfies:

. . nhi
1) limy, oo Togn — 109

i) 252 — o),

ii1) limp_y 400 R logn = 0.

A2) The kernel K, is bounded and satisfies:
i) Jga It Ka(t)dt < 400,
i1) Jpa(ty +t2 + - +ta) K3(t)dt < 400 and [, K7(t)dt < +o0,
i) V(t,s) € C?  |Ka(t) — Ka(s)| < ||t — s||” for v > 0.

A3) The function 71(-) defined in (1) is continuously differentiable and
SUP,ec ‘g—;(:v)‘ < 4oofori=1,...,d.

A4) The function ra(z) == [ #z) fx,y(z,y)dy is continuously differentiable
and sup,cc |%(x)| <400 fori=1,...,d.

A5) 3Dy > 0and 3Dy > 0 such that sup,, ,ec i (u,v)| < Dy and sup,,c¢ [£(u)] <
Dy, where ;5 is the joint distribution of (X;, X;).

A6) 30 > 0,3 ¢; > 0, such that

Y¥(8—v)
cynarnFeEn T0d < pd

A'T) The marginal density ¢(.) is continuously differentiable and sup, . |08_z€ (z)] <
+oo for i =1,...,d and there exists £ > 0 such that ¢(z) > ¢ Va €C.

Remark 3.1. Assumption A1 is very common in functional estimation both in
independent and dependent cases. However, it must be reinforced by Assump-
tion A6 which ensure the convergence of the series which appear in proof of
Lemma 3. We point out that A1 4) implies A1 i) for d > 2. Assumptions A2,
A3, A4 and A6 are needed in the study of the bias term of 7y, (z) which is
the kernel estimator of 71 (z). We point out that we do not require for K4 to be
symmetric as in  Guessoum and Ould Said (2008). Assumption A7 intervenes
in the convergence of the kernel density.

In the sequel the letter C' denotes any generic constant.
Our main result is given in the following theorem which concerns the rate of
the almost sure uniform convergence of the regression function.
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Theorem 3.1. Under Assumptions A1-A'7, we have

sup |my(z) — m(z)| = O (1 / lzi: +/pi=2) logn) +0 (hy) a.s as n — oc.

zeC

Remark 3.2. The rate obtained here is slightly different from that obtained
by Guessoum and Ould Said (2008) in the independent case, which is

(0] (max{ . 12%, h%}) for d = 1. Their result can easily be generalized for higher
dimensional covariate, ie X € R?, by adapting their Assumptions A2 and A4

to obtain the rate O(max{1 [oen hi})

Remark 3.3. If we choose h,, = O((loﬂ)l/dﬂ) then Theorem 3.1 becomes:

n

sup [mn(z) — m(z)] = O ((k’ﬂ) +> 0.s.

zeC n

This is the optimal rate obtained by Liebscher (2001) in the uncensored case.

4. Simulations study

First, we consider the strong mixing bidimentionnal process generated by:

Xi = pXio1+V1-pPe,

Y, = Xi-‘rl 1=1,2,...,n,

where 0 < p < 1, (&); is a white noise with standard Gaussian distribution
and Xo is a standard Gaussian rv independent of (¢;);. We also simulate n
iid rv C; exponentially distributed with parameter A = 1.5. It is clear that
the process (X, Y,,C,) is stationary and strongly mixing, in fact the process
(X,) is an AR(1) and given X; = x, we have Y1 = pz + /1 — p2ey, then,
Y1 ~ N(pz,1 — p?). We calculate our estimator based on the observed data
(XiTi ,0i,) i =1,...,n, by choosing a Gaussian kernel K. In this case, we have
m(z) = E(Y1 | X1 =2) = pz. In all cases we took h, satisfying A6, that is
hy, = O( (logn/ n)l/ 3). The following graphs show the behavior of our estimator
when the percentage of censoring and p increase, for n rather large (here n =
300). One notices without surprise that the best behavior is obtained for a rate
of censoring equal to 0 (uncensored case) and an index of weak dependence
(p=0.1).

We see that the asymptotic behavior is better for a small p and a weak rate
of censoring which is conforted by the following table, where we show how the
quality of the estimation is influenced by the percentage of the censoring which
appear clearly when we have high censoring, for various values of p and n.
The quality becomes slightly worse when we have high percentage of censoring,
however it remains acceptable.
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"— continuous cuve=True curve — continuous cuve=True curve. " continous curve=True curve
— - dashed curve=Esiimated curve — - dashed cune=Esimated curve — - dashed cunve=Estimated curve

Fic 1. m(z) = pz, with p = 0.1,n = 300 and a percentage of censoring = 0%, 20% and 40%,
respectively.

"— continuous cuve=True cuve, "— continuous cuve=True curve " continious cuve=True cunve
— - dashed cunve=Esiinated curve — - dashed curve=Esiimated curve - — - dashed cuve=Estmated cure

Fic 2. m(z) = pz, with p = 0.9,n = 300 and a percentage of censoring = 0%, 20% and 40%,
respectively.

Here we use the mean squarre error of the estimator with respect to the
theoretical value. For each values m and p we replicate B = 100 times and
taking the median over x € [—2, 2], that is

1 100
d | = E[m,(z) - 2
veloz, ) 100; [ (z) = m(@)")

which are consigned in the following table.

It is clear that the high censoring and the dependency (for high values of
p) affect slitghly the accuracy which is predictable but it remains all in all
satisfactory.

We also consider two nonlinear cases with a percentage of censoring = 15%
and p=0.9

Y, = sin(gXi), sinus case, (5)
5, .
Y, = EXHI —0.15, parabolic case. (6)
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percentage of censoring n = 50 n = 100
p=09 | p=03]| p=0.1 p=09 | p=03|p=0.1
0% 0.180 0.070 0.059 0.099 0.045 0.041
20% 0.484 0.086 0.064 0.365 0.073 0.035
40% 0.648 0.094 0.063 0.577 0.088 0.053
percentage of censoring n = 300
p=09 | p=03| p=0.1
0% 0.043 0.016 0.010
20% 0.305 0.049 0.021
40% 0.521 0.089 0.018
e, - o

osf ™

" Continuous cuve=True cuve
— - dashed cunve=Esiimated curve

— - dashed curve=Estinated curve

Fic 3. m(z) = sin §z, with n = 50, 100 and 300, respectively.

— contiuous curve=True cuve
— - dashed cunve=Estmated cune

— coninuous curve=True curve | '
- - dashed cunve=Estmated curve

— contnuous cuve=Trie curve
— - Gashed curve=Estimated cure.

Fic 4. m(x)

Then we have m(x) = sin(Fx) for (5) and m(z)

for (6).

%p2x2 + %(1 — p?) = 0.15, with n = 50,

100 and 300, respectively.

Zp*e? + (1 —p*) —0.15

Figures 3 and 4 show that the quality of fit for the non linear model is as
good as in the linear model. Furthermore, we see that the quality is better when

n increase.
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5. Proofs

We split the proof of the Theorem 3.1 in the following Lemmata.
Lemma 5.1. Under Assumptions A1 A21i) and A3, for n large enough:

ilellé) [E (71,n(z)) —r1(x)] = O(hy) a.s.

Proof of Lemma 5.1. Observe that

(g =) = =[] 10
= E {%E LvicenVi] | X = U}
E[Y1|X1 = ]
— m(w).

Then, we have from (3)

E(f1n(z) —ri(z) = E <hid Gégll) K. <;LX)) (@)
= 2 () 2 (amy)) e

_ /R d hide (”” - “) m(w)0(w)du — 1 (z)

= , Kq(t) [r1(z — hpt) — ri(x)] dt
R
since r1 = m/t.
A Taylor expansion gives
or or
r(z — hot) — 11 (z) = —hn(tla—xll(x’) +o tda—xji(:zr'))

where 2’ is between x — h,,t and z. Then

sup [E(71,,(x)) —r1(z)] = sup Kq(t) [r1(z — hpt) — ri(2)] dt'

zeC zeC | JRd
(97‘1 (97‘1
< hy Kat)(ti— (@) 4+ -+ tam—(2))dt]| .
< sy [ |Ro00 G @) oo tag
Then Assumptions A1, A2 i) and A3, give the result. O

Now, we introduce the following lemma (Ferraty and Vieu (2006) Proposition
A.11 i), p. 237).
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Lemma 5.2. Let {U;,i € N} be a sequence of real random variables, with strong
mizing coefficient a(n) = O(n™"), v > 1, such that Vn € N,¥i € N,1 < i <
n |U;| < 4oo. Then for each e > 0 and for each g > 1:

2\ "% v+l
P >ep < (C 1+8— —i—an_l %
qS? £

where S2 =3, > leov(Ui, Uy -
Lemma 5.3. Under Assumptions A1-A6, we have

/1 [ d—
sup |71.n(z) — E(F1 0 (2))] —O( Zi;l+ it 2)1ogn> a.s as n — oo.

zeC

n

NG

i=1

Proof of Lemma 5.3. C is a compact set, then it admits a covering & by
a finite number s, of balls By(z},al) centered at x} = (27 ,,...25,), k €
{1,...,8n}. Then for all z € C there exists k € {1,...,s,} such that ||z — z}|] <

al, where a,, verifies ad? = v is the same as in Assumption A2

iii)). Since C is bounded there exists a constant M > 0 such that s, < 2.
Now we set, for z € C:

20 = gy () -2 (a5 ))

It is obvious that

B s

ZAl(I) = fl,n(x) - E(Fl,n(x))'

Writing A;(x) — Ai(2%) = A (x), we have clearly |A;(z)] < ’Al(:v)’ + A (z})].

Then,
L 16T 1 <x—XZ> (a:,*;—Xl)’
sup Ai(z)| < sup< — - — |K - K
zeC ; ( ) zeC {TL ; G(Tz) h;il ¢ hn ¢ hn
51|T1| 1 {E—Xl xZ—Xl
E( = — | K - K
+i‘§£{ @) |\ "\,
From Assumption A2 iii)
UL 2E(|4]) 1 ||z —a; 7) E(|Y1]) ad
su A;(x < su = — < —= n
vt ; (@) zeré( G(re) B || G(rr) hy*

d(y+3) _d
QD it C e

G(TF) h%-’_d o \/nhg "

Assumption A1 i) implies that sup,cc | >, AZ(I)| =0( 1hd) a.s.
n

n
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On the other hand, let U; = nh®A;(x}). In order to apply Lemma 5.2, we
have to calculate S2. It is clear that

52 = ZZ |cov(U;, Uj)| + nVar(Un).
g

i
We have
52T2 Ty — Xl 51T1 Ty — Xl
v U _ E | = 1-1 K2 k _ ]E2 _ K k
) {GQ(TI) T\ b GT) \ ha
== Il - Ig.
Using the conditional expectation properties and a change of variables, we get
52T xp— X
7. - E 11 g2 [Tk 1
1 {G%Tn N\ e
Ty — X1 62T2
= E|K3(-k E( 5| X
1 (52 ) B (g
< U K2(t)ro(x} — hpt)dt
— ro(xy, — hyt)dt.
B G(TF) Rd d 2T
By a Taylor expansion around xj, under Assumptions A2 4i) and A4, we obtain
T, = O(hd).

From Assumption A3,

no= [ () = gy

* 2
/ Kq (wk — u) rl(u)dt]
o o
= O(h2%).
Finally Var(U;) = O(h2).
Now let S2* =3, > leov(Ui, Uj)|, a direct caleulus of [cov(U;, Uj)| gives
i#]
|lcov(Us, Uj)l - = [E(U:U;)]

R

|
—

< P (e (50 s (%))
oo (g (50) = (g (5.))]

IN

Q

P
[}
Y

2 / Ky(2)Kalt)

Re JRA
X [ij (2 — zh, ), — thy) + Gi(x), — 2hp )l (x) — thy)]|dzdt.
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Assumption A5 gives
|cov(Us, Uy)| = O(h71). (7)

On the other hand, from a result in Bosq (1998, p. 22), we have
|cov(Us, Uj)| < Ca([i — jI) - (8)

Then to evaluate S2* the idea is to introduce a sequence of integers w,, which
we will precise below. Then we use (7) for the close i and j and (8) otherwise.
That is

o= Y D (UL T+ DD [eon(Us, Uy))

{0<i—j[<wn} {li=j|>wn}
< ¢ DYDY R+ D ali-)
{0<i—j[<wn} {li=j|>wn}

< C (nh2w,) + Cna(wy,).

Now choosing wy, = [ ] + 1, we have S2* < O(nhl) + Cn?a(5+ ). The mixing
coefficient yields n’a(7) = O(n?hd").
So
St =0(nhl) + O(n*hi).

Finally, we have
52 = §% L nVar(Uy) = O(nhl) + O(n?hd).

Then, for € > 0, applying Lemma 5.2, we have

P { > 5} P { > nhﬁs}
E2nhd _% q v+1
Cll+C——- —I—anl( d) .
q(1+ nha= )) enhg,

If we replace € by ¢ ( 12% + 4/ =2 log n) =: ¢, for all g > 0 in (9), we

get
P { > En}

) B
§C<1+C€010gn> +nCq~!
q

n

i=1

n

.U

i=1

IN

n

i=1

v+1

[N

q
€0 (, / 12% + 1/ piv=2) logn>

(10)
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By choosing ¢ = (logn)' ™ (b > 0), (10) becomes

n v+1 ot
]P’{ Z Ai(zF)| > En} < Cn=0% + nCq~* <i> (nhi logn) 2
- €0
1=1
< Cn 9% 4 ey (logn) MY = by, e

Now we can write

ok
P{kfﬁéﬁn 2 Al

< 3e{p
i=1

logn d(v—2)
B

>an}

i=1

< Ma* (Cn—Caﬁ + Osa(uﬂ) (logn)u(ler) nl_l/;rlh;ti(v;rl))

< CMh;d(lJr% n&—Ce}

£ MO (logm) O -y T

= OMJy+MCe "™V, (11)
We have from Assumption A6

Jy < C(log n)”(1+b) i~ @51 _pa(rlet e

(v+D)+2y+1- %
T e

Then, for an appropriate choice of 6, Jo is the general term of a convergent
series. In the same way, J; < ns=Ce and we can choose €g such that J; is
the general term of convergent series. Finally, applying Borel-Cantelli lemma,
to (11) gives the result. O

Remark 5.1. We point out that the parameter # of Assumption A6 can be

chosen such as: 1

Yr+1)+2y+1°

This condition ensures the convergence of the series of Lemma 5.3.

0>

Lemma 5.4. Under Assumptions A1-A2 and A5-A7,

1 v
sup |0, (z) — l(x)] = O (1 / % + R =2 1ogn> +0 (hy) a.s as n— oc.
zeC n

Proof of Lemma 5.4. We have

sup |((x) — £n(z)| < sup |6, (z) — E (€n(2))| + sup [E (€n(2)) — £(2)] .
zeC xreC zeC
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By Assumptions A1-A2, A5-A7, by an analogous proof to that of Lemma
5.3 without censoring (that is G(T;) = 1, 6; = 1 and ¥; = 1) and putting

e=c¢o( IZ%; + 1/ R =D 100 n) we get
1 e
sup [ln(z) — E (bu(z))] = O <,/ Zi;‘ +/nd2) 1ogn> . (12)

zeC

Furthermore, under A2 i) and A7 and using a Taylor expansion, we get

sup |E (£n(2)) = £(x)| = O(hn)

which permit us to conclude. O

Lemma 5.5. Under Assumptions A1-A2, A5-A7, we have

sup [r1,n(z) — 710 (2)| = o(hy) a.s as n — oo.
zeC

Proof of Lemma 5.5. We have from (3) and (4)

P10 (2) = 710 (2)]

1 |\ Ly<cYi r—X; Livi<c}Yi r—X;
- i i K _ S K
|G T Gy N\
1 |& r—X;\ G(Y;) — G (Y)
< _ ! ~ _
= b ;YZK”‘( ) ot

1 _ _ - r—X;
< Gt o (160 - G0l g i (52,

In the same way as for Theorem 2 of Cai (2001), it can be shown under A1 that

s (e - o)) -0 (/255 o

Furthermore, from the definition of ¢, (x), Lemma 5.4, Assumptions A1, A2
and A7, and the fact that Y is bounded we get the result. O

Proof of Theorem 3.1. We have

sup |m, (z) — m(z)]
zeC
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< i {5l () = )]+ sl ()~ B )
4 sup[E(Ln(2) ~ )] +sup (0] ) sup Ka) ~ £u(a)l ) (13
zeC zeC zeC

The kernel estimator £, (x) is almost surely bounded away from 0 because of
Lemma 5.4 and Assumption A7.

Then (13) in conjunction with Lemmas 5.1, 5.3, 5.4 and 5.5 we conclude the
proof. O
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