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CENTRAL LIMIT THEOREM FOR SIGNAL-TO-INTERFERENCE
RATIO OF REDUCED RANK LINEAR RECEIVER

BY G. M. PaN! AND W. ZHOU?

EURANDOM and National University of Singapore

Let s = ﬁ(vlk,...,ka)T, with {vjg,i,k =1, ...} independent and
identically distributed complex random variables. Write Sy = (s{,...,St_1,
Skt1---»8K), P =diag(p1, ..., pr—1: Ps1s---» PK)» Re = (SkPyS; +
o21) and Ay, = [sk, Rest. ...,Rf_lsk]. Define Brm = piSjAim (Af,, X
RiAim)™ 1 A;:m sy, referred to as the signal-to-interference ratio (SIR) of user
k under the multistage Wiener (MSW) receiver in a wireless communication
system. It is proved that the output SIR under the MSW and the mutual infor-
mation statistic under the matched filter (MF) are both asymptotic Gaussian
when N/K — ¢ > 0. Moreover, we provide a central limit theorem for lin-
ear spectral statistics of eigenvalues and eigenvectors of sample covariance
matrices, which is a supplement of Theorem 2 in Bai, Miao and Pan [Ann.
Probab. 35 (2007) 1532-1572]. And we also improve Theorem 1.1 in Bai
and Silverstein [Ann. Probab. 32 (2004) 553-605].

1. Introduction.

1.1. The signal-to-interference ratio (SIR) in engineering. Consider a syn-
chronous direct-sequence code-division multiple-access (CDMA) system. Sup-
pose that there are K users and that the dimension of the signature sequence Sy
assigned to user k is N. Let x; denote the symbol transmitted by user k, pi the
power of user k and n € CV noise vector with mean zero and covariance matrix
o’1. Suppose that x;.s are independent random variables (r.v.’s) with Ex; = 0 and
E x,f =1 and that x5 are independent of n. The discrete time model for the re-
ceived vector r is

K
(1.1) r=> /pixsc+n.
k=1

The goal in wireless communication is to estimate the transmitted x; for each
user in an appropriate receiver. For simplicity, in the sequel we are only interested
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in linear receivers. A linear receiver, represented by a vector ¢, estimates xi in a
form ¢r (the notation * denotes the complex conjugate transpose of a vector or
matrix). The well known linear mean-square error (MMSE) minimizes

(1.2) E|x; — cir|?.

To evaluate the linear receivers, a popular performance measure is the output
signal-to-interference ratio (SIR),

pi(cisi)?
o2cie + Zﬁék pj(cisj)?

(1.3)

(see Verdd [19] or Tse and Hanly [16]). Ideally, a good receiver should have a
higher SIR.

Without loss of generality we focus only user 1. For MMSE receiver, from (1.2)
one can solve ¢; = Rflsl and then substitute ¢; into (1.3) to obtain the SIR ex-
pression for user 1 as

(1.4) B = pisiR] s,

where Ry = (S1P1St + 02I), S; = (s2,...,5x) and Py = diag(pa, ..., px). It
turns out that the choice of ¢; also maximizes user 1’s SIR. But since MMSE
involves a matrix inverse this may be very costly when the spreading factor is
high. Based on this reason, some simple and near MMSE performance receivers
like reduced-rank linear receiver have been considered.

The basic idea behind a reduced rank is to project the received vector onto
a lower dimensional subspace. For the multistage Wiener (MSW), the lower di-
mensional subspace has been described as a set of recursions by Goldstein, Reed
and Scharf [7] and Honig and Xiao [10]. However, we would like to make use
of another property of MSW given in Theorem 2 in Honig and Xiao [10] for
our purpose, that is, MSW receiver estimates x; through MMSE after producing
m-dimensional project vector A}, r instead of r, where m < n and

(1.5) Alm:[sl,Rlsl,...,R’I"_lsl].

Similar to (1.4), one can get ¢, = (A’i‘leA]m)_lA’fmsl and the output SIR

(1.6) Bim = p18iA1n (AT, RiA1,) " AT, s1,

which is the focus of this paper.

The MSW, as a kind of reduced-rank receiver, was first introduced by Gold-
stein, Reed and Scharf [7]. The receiver is widely employed in practice because
the number of stages m needed to achieve a target SIR, unlike other reduced-rank
receivers, does not scale with the system size, that is, dimensionality N of the
system, as remarked by Honig and Xiao [10]. In their subsequent newsletter [11],
the authors specially addressed this point. In addition, Honig and Xiao [10] showed
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that the SIR of MSW converges to a deterministic limit in a large system. However,
as we know, in a finite system, the SIR will fluctuate around the limit. Moreover,
such fluctuation will lead to some important performance measures, such as er-
ror probability and outrage probability. Regarding this promising receiver, we will
characterize such fluctuation by providing central limit theorems in this paper.
From now on the signature sequences are modeled as random vectors, that is,

1 T
Sk = —=1k, ..., UNK) ",
N

k=1,..., K, where {vit,i,k =1, ...} are independent and identically distributed
(i.i.d.) r.v.’s. Then the SIRs (1.6) may be further analyzed using the random matri-
ces theory when K and N go to infinity with their ratio being a positive constant,
which is well known as the large system analysis in the wireless communication
field.

Tse and Hanly [16] and Verdd and Shamai [20] derived, respectively, the large
system SIR and spectral efficiency under MMSE, Matched filter (MF) and decor-
relator receiver. Tse and Zeitouni [17] proved that the distribution of SIR under
MMSE is asymptotically Gaussian. Later, Bai and Silverstein [4] reported the as-
ymptotic SIR under MMSE for a general model. For more progress in this area,
one may see the review paper of Tulino and Verdd [18] and, in addition, refer to
the review paper of Bai [2] concerning random matrices theory. Here we would
also like to say a few words about our earlier work (Pan, Guo and Zhou [12]). In
that paper, the random variables are assumed to be real and we could apply cen-
tral limit theorems which have appeared in the literature. For example, we made
use of main results from Gotze and Tikhomirov ([8], page 426: considering real
random variables with the sixth moment) and Bai and Silverstein [3] (requiring
E vi‘l =3or Ejvq; |4 =2). In the present work we develop a central limit theorem
for the statistic of eigenvalues and eigenvectors under the finite fourth moment (see
Theorem 1.3), which further gives a central limit theorem for a random quadratic
form (see Remark 1.5). And we give a central limit theorem (see Theorem 1.4)
for eigenvalues by dropping the assumption E vfl =3 or E|vy;|* =2 in Bai and
Silverstein [3]. For central limit theorems in other matrix models, we refer to [1].

Our main contribution to engineering is to prove that the distribution of the SIR
under MSW, after scaling, is asymptotic Gaussian and that the sum of the SIRs for
all users under MF (m = 1), after subtracting a proper value, has a Gaussian limit,
which further gives the asymptotic distribution of the sum mutual information un-
der MF.

We introduce some notation before stating our results. Set R = (C + oI,
C = SPS*, S = (sq,...,sg) and P = diag(py, ..., px). Suppose that F&H (x)
and H (x), respectively, denote the weak limit of the empirical spectral distribution
function FVSPS™ and Hy (ie., FP), where cy = N/K . In particular, F¢ (x) be-
comes F¢(x) when P is the identity matrix, whose probability density was given in
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Jonsson [6]. Let W(¢) denote a Brownian bridge and X is independent of wO@),
which is N (0, Evf'1 — 1). Furthermore, let

W =WOF (x)),
v ) (14/0)?
1 2Ni— —
;= (o) “(th—l-«/Ec “/
¢ ;(”) (1—y/0)?

i=1,....,2m — 1, and ¢{ = X, with h, = [x"dF(cx). Define a,, = [(x +
02" dFeN-HN (¢x) and

x“dW)f),

a a am
a a a
b:(laalv"'aam—l)T9 B: 2 3 m+1 ’
Am  Adm+1 - A2m—1

where FNHN (x) = FOH (x)|cey m=Hy -

In what follows, with a slight abuse of notation, we still use a,, as a limit, such
as (1.8) below, even when FV-H¥ (x) is replaced by F' &H(x) in the expression of
am.

THEOREM 1.1. Suppose that:

@ {vij,i,j =1,...,} are iid. complex rv.’s with Evy =0, Ev%l =0,
E|v11|2:1andE|v11|4<OO.
(b) cy —>c>0as N — oo.

(¢) p1=---= pk = 1. Then, for any finite integer m,
(1.7) VN Bim —bB'b) 2>y,
where
(1.8) y=2¢*B~'b—b*B~'DB'b,

with §* = (%o, ..., ¢m—1) and D = (d;j) = (Gigj-1)-
REMARK 1.1. It can be verified that

I+ (I+/0)? .
Cov(f x’dWc/ xdeC>
(

X

1—-/c)? (1=/c)?
(A+ve?

(1.9) = x' dFC(x)

(1-/e)?

I+ (I+ve?
—/ x'dF°(x) x/ dF°(x).
(1-/0)? (1-y/2)?
2 .

Moreover, X is independent of [ ((llj:g)z x'dW¢ and so the variance of y can be

computed, although it is complicated.
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The asymptotic distribution of the sum mutual information has been derived for
MMSE by Pan, Guo and Zhou [12]. Thus, it is interesting to derive the correspond-
ing asymptotic distribution of the MSW. But, unfortunately, it is rather complicated
for the MSW case. At this stage, we can only derive the asymptotic distribution for
the sum mutual information for the case m = 1, which is well known as the MF
(see Verdu [19)).

Obviously, when m = 1, the output SIR for the MSW, B, (the expressions for
Brm can be derived similarly to S1,,), becomes

Pr(stsk)?
1.10 =
(1.10) Bk STReSc

with Ry = C; + 021 and Cy, = S;P:S*, where S; and Py, are respectively obtained
from S and P by deleting the kth column (here we denote S by Bx).

THEOREM 1.2. Suppose that:

(@ {vij,i,j =1,...,} are iid. complex rv.’s. with Evi; =0, Ev%1 =0,
E|v?| =1 and E|vy|* < oco.

(b) The empirical distribution function of power matrix P converges weakly to
some distribution function H (t) with all the powers bounded by some constant.

(c) ey—>c>0as N — oo. Then

(L11) Z(ﬂk—apk C)iwv(wz)

withpy =---=pg =1,
_2Epl*-3 1
b= o2+ 1/ T 22+ 103
and t defined in (5.34).

We would like to point out that the result has been given only for the equal
power case (p; = --- = pg = 1) in Theorem 1.2, although the assumptions are
concerning different powers. As will be seen, the main difficulty of the different
powers case is that matrices (SPS*)? and SP2S* have different eigenvalues. But, it
is worth pointing out that one may establish a central limit theorem for

N
Z(f(?»j) +g(nj))
j=1
following a similar line of Bai and Silverstein [3], where f, g are analytical func-
tions and A;, u; denote the eigenvalues of P!/28*SP!/2 and PS*SP, respectively.
We do not intend to pursue this direction since the process is lengthy.
Concerning the sum mutual information under the MF, we have the following:
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COROLLARY 1.1. Under the conditions of Theorem 1.2,
K

12 Y (ot + o —1og(1 + ) 2 N
=l o“—+c¢
with
Qi = a
: 1+ (14021
2EIv*=2)(c M+ 062427 A+ + 04 + 202!
clec M+t A+ (71 +02)~ 12
and
2
r? !

T+ (T 40d)-h2

1.2. Random matrices. Random matrices have been used in wireless commu-
nication since Grant and Alexander’s 1996 conference presentation [9] and it has
proved to be a very powerful technique. To prove the preceding theorems, we de-
velop a central limit theorem for the eigenvalues and eigenvectors of the sample
covariance matrices, which is a supplement of Theorem 2 in Bai, Miao and Pan
[5]. And we also improve Theorem 1.1 in Bai and Silverstein [3]. Obviously, these
central limit theorems are interesting themselves.

Let CNT}\,/ZSS*TIIV/2 = Ay with T}\,/z being the square root of a nonnegative def-
inite matrix T and Uy A NUj‘\, be the spectral decomposition of A, where Ay =
diag(A1, A2,...,An), Uy = (u;;) is a unitary matrix consisting of the orthonor-
mal eigenvectors of Ay. Suppose that xy = (xy1, ..., xvn)T e CVIxyll =1,
is nonrandom and y = (y, y2, ..., yN)T =Uyxy. Let FAN denote the empirical

spectral distribution (ESD) of the matrix Ay and F lA N (x) another ESD of A y, that
is,

N N
(1.13) FPY ) =Y 1yl < x).

i=1
Let
G () =VN(FM (x) — Fov-Hv (x)),
and m(z) = mpc,u (z) denote the Stieltjes transform of the limiting empirical dis-
tribution function of ¢y S*TyS. Now it is time to state the following theorem.
THEOREM 1.3. Assume:

(D) vij,i,j=1,2,..., are i.id. with Evy| = 0,E|v11|2 =1 and E|v]1|4 <
00, and limy _, oo cy = ¢ € (0, 00).
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) xyefxeCV, |Ix|=1}.
(3) Ty is nonrandom Hermitian nonnegative definite such that its spectral

norm is bounded in N, Hy = F™V 2 H , a proper distribution function and
xy(T — 2D xy > mpu(z), where mgu(z) denotes the Stieltjes transform of
H(t).

4) g1,...,8k are defined and analytic on an open region D of the complex
plane, which contains the real interval

(1.14) [lin}v inf AN 10,1y () (1 — /¢)*, lim sup ATy (1 + ﬁ)z},

T T . .. . .
where Am]ivn and Amhx denote, respectively, the minimum and maximum eigenvalues
of Ty.

&)
supv/N

Xy (mFCNvHN (@)Ty + 1)_1

XN — dHy(t)| — 0,
N /chN,HN(Z)l-l-l w{ )‘

as n — Q.

(6)

max|e; Ty (zm () Ty +21) x| = O,
l

where €; is the N x 1 column vector with the ith element being 1 and the rest
being 0. Then the following conclusions hold:

(@) If vi1 and Ty are real, the random vector (fgi(x)dGy(x),...,
[ 8x(x)dGn(x)) converges weakly to a Gaussian vector (X, , ..., Xg,), with
mean zero and covariance function

COV(Xg1 , ng)
1
(L15) = ‘W/@ /@ ¢1(z1)g2(22)
1 2

(zam(z2) — z1m(z21))?
?z122(z2 — z1)(m(z2) — m(z1))

dz1dzs.

The contours C1 and C, in the above equality are disjoint, both contained in the
analytic region for the functions (g1, ..., gk) and both enclosing the support of
Fertn for all large n.

(b) If v11 is complex, with Ev121 =0, then the conclusion (a) still holds, but the
covariance function reduces to half of the quantity given in (1.15).

REMARK 1.2. It is under the assumption E vfl = 3 in the real case or
Elvig |4 = 2 in the complex case that Bai, Miao and Pan [5] obtained the above cen-
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tral limit theorem. But, when E v‘l‘1 # 3 in the real case, there exist sequences {x;}

such that
(/xdGN(x), /xszN(x)>

fails to converge in distribution, as pointed out in Silverstein [13]. Therefore, when
E v‘l‘1 # 3 in the real case or E|vii|* # 2 in the complex case, to guarantee the
central limit theorem, we here impose an additional condition (6), which is implied
by

(1.16) max |xy;| — 0,
l

when T becomes a diagonal matrix. Thus, the variance is dependent on the fourth
moment of vy;.

REMARK 1.3. Let g;(x) =x, g2(x) =x2,..., gr(x) = x*. Then

ﬁ((x*NANxN—/xdF%HN(x)>, (XNANXN—/xde""’HN(x)))

converges weakly to a Gaussian vector, which is used when proving Theorem 1.1.

To derive Theorem 1.2, we would like to present a central limit theorem for the
eigenvalues, which is a little improvement of Theorem 1.1 in Bai and Silverstein
[3]. Define

Ly(x) = N(FAN (x) — FEV-HN (x)),

THEOREM 1.4. In addition to the assumptions (1), (3) and (4) in Theorem 1.3
[remove the assumption concerning Xy (Ty — z1 Y Ixy in (3)], suppose that

—Ze*T“ (mEDTy + 17Ty e T (m(z2) Ty +1) ' Ty e;
1
(1.17) =
— h1(z1,22)
and
1 12 -1
v Ze}"TN (m(z)Ty +1)
=1
(1.18) ’

1/2

x Ty e el Ty (m(2) Ty +1) Ty e, — ha(2).

Then the following conclusions hold:
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(a) If v11 and Ty are real, then ([ g1(x)dLn(x), ..., [g(x)dLy(x)) con-
verges weakly to a Gaussian vector (Xg,, ..., Xg,), with mean

3 2 3
Xy=—— [ s c/m* @ dH 1)/ + 1m(2)

(1.19) (I —c[m2()2dH (1) /(1 +1tm(2))?)?

Evn em®(2)ha(z)

/ 8T Tm2()2dH (1)) (1 + tm(z))? dz

and covariance function

Cov(X,,, Xg,)

__ L 81zg(z2)  d d
=5 | | ) = ey g D g D 41

c(Ev;‘I—3)f/ RVIPEN d?
42 81(z1)82(z2 dz1dz

x [m(z1)m(z2)h1(z1, 22)1dz1dzs.

(1.20)

(b) If v11 is complex with E v%l =0, then (a) holds as well, but the mean is now

E|v11|4

(121) EXg=-——1_= /(Z) e

em(2)ha(z) p
2 ZdH )/ (1+1mz)2 "

and covariance function

Cov(Xg,, Xg,)

__b g1(z1)g2(z2) d
- 4”2//(m(21)—m(zz))2d21 m@) m(ZZ)dZIdZZ

Elvii|* =2 d?
- %//81(21)&(22)0&1(1Z2
x [m(z1)m(z2)h1(z1, z2)1dz1dz>.

(1.22)

REMARK 1.4. When Ty is a diagonal matrix,

2dH ()
ho(z) = | 2710
0= | w1
2dH
hi(z1,22) = CAH )

(m(zD)t + D(m(z2)t + 1)

This indicates that the assumptions E vf'l =3 or E|v11|4 = 2 in Bai and Sil-
verstein [3] can be removed when Ty is a diagonal matrix. When Ty =1 and
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gx)=x",

s / “ cm(2)ha(2) iz
i ) BT T mE @2 dHW) /(1 + tm(2))?2

(1.23) =Cl+ri(;>(1;c>‘j<2rr—_1j>

Jj=0

O )

j=0

and when g;(x) = x"! and g(x) = x'2,

—i// ()82 — @y m)h 21, 2] d2r d
47_[2 81(21)82(22 dZIdzzmzlﬂZZ 1(Z1, 22 71422

non _ 1+ 2
(1.24) it 3 Z(;i)(z)(l C)J ’

J1=0 jo=0 ¢
o« 2ri—j1\(2r2— 2
rp—1 rmn—1)

REMARK 1.5. In applying Theorem 1.4 to Theorem 1.2, we take gj(x) =
x + x2, that is, one needs to transform (1.11) into

n
Y+ A3 + up,
j=1

where the term u, will be proved to converge to some constant in probability.
Indeed, when using Theorem 1.3 or Theorem 1.4, g(x) is usually taken to be a
polynomial function.

The rest of this paper is organized as follows. The proofs of Theorem 1.3 and
Theorem 1.1 are given in Sections 2 and 3, respectively. Section 4 includes the
argument of Theorem 1.4. Section 5 establishes Theorem 1.2, while the trunca-
tion of the underlying r.v.’s. is postponed until the Appendix. Section 6 establishes
Corollary 1.1. Throughout this paper, to save notation, M may denote different
constants on different occasions.

2. Proof of Theorem 1.3. Let A(z) =Ay —zI, A;(z) = A(z2) — sjs’J’f. With
a slight abuse of notation, here and in the argument of Theorem 1.4, we use s; to
denote the jth column of cll\,/zT}v/zS, as in Bai, Miao and Pan [5], but one should

note that this s; is different from one of other parts. To complete the proof of
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Theorem 1.3, according to the argument of Theorem 2 in Bai, Miao and Pan [5]
[especially (4.1), (4.5) and (4.7)], it is sufficient to prove that

1 X2 ip.
(2.1) 20 2 B 0))id Ej (Fyj (22))is %0,

j=li=1

where E; = E(-|¥}), ¥j =0(s1,...,s;) and

H,(2) = Ty AT @xaxA T () Ty,
Define
Aj(2) =A@ —s;sT—sisp, ax@) = Bir(DA (@sisfA T (2),
Eﬁnj(z) = T}\{ZEAjfl(z)xnszA (z )T1/2 Bjk(z) = lek(z)sk
It is observed that
1/2

Tl/z( ;1(21) - EA;I(ZI))XH (z )Ty

:e;“Tl/Z(ATI(Zl)—EAJTI(zl))Xn s(AT @) — EAT @) Ty e

2, _ — — 1/2
+e*Tl/( jl(zl)—EAjl(zl))xnx,’;EAj (zl)TA{ e

K
2 — —
= > TV (ELA; 1) — Eqo1AT @)%
ki,ko=1

Xy (EpAT (21) - Ekz—lATI(Zl))Tzl\{zel

+Ze*T1/2 EcAT ' (21) — E1AT @) %aXi EAT ()T e
k=1
K

= > 1/2((EI<1 Ej—1)€k, (21))Xn

kl?éj,kz#j
* 1/2
Xy ((Ex, — Eky—1)€k, (1)) Ty "€
12 12
—Ze*T/ ((Ex — Ex—1)en@))xaXs EAT (2) Ty e
k#j

This, together with the Burkholder inequality and (4.4) in Bai, Miao and Pan [5],
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T

gives

N

> Ej(Hyj(z1) — Ty (EAT @))xaxiAT @DTY ), (B iy (22))ii
i=1

N
= ZE|(HH](Z1) - 1/Z(E‘A (Zl))anZA (Zl)Tl/z) |2

N
x Y E|(Hyj(22))ii |

i=1

SMi[E

i=I

49172

1/2
> €Ty ((Eky — Ex—Dék, (21)Xa
ki#j

N
+ MY X EAT )Ty e E

4-1/2
Z X, ((Ex, — Ekz—l)Skz(Zl))lev/zei }

ka#j

3 TV ((Ex — Ex-1)e(20)%n

i=1 k#j
< Mg4 + %
= N N,
which implies
| KN . .
= 20 Ej(Hy o) — T (EAT @)xix;AT @TY),,
j=li=1

(2.2) _
x (EHyj(22))ii = 0.

Similarly, one can also prove that
1 K N :
Ly

j=li=1

Ty (EAT @))xixi Ej (AT @) — EAT ' (2)TY),,

x (EjHyj(22))ii 50

and, therefore,

K N |
22 Ej(Hyj(@) = EHyj(zn);; (B Hy (22))i 250.
j=li=l1

x|~
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Via an analogous argument,

1 Xy . A i p.
= 2 S (B 1) Ej (Hyy (z2) — Bl 22) 25 0.
j=li=1
Thus, for the proof of (2.1), it is sufficient to show that

N .
(2.3) SO ER @) (ERL (22)i 25 0.
i=1

To this end, write

K
A1(2) — (-Ty@) =Y sksp — (—zEm,(2) Ty,
k=2

where m,, (z) denotes the Stieljes transform of %STTN& and TN (z) =zEm,(z) X
Tx + zI. Using equality, similar to (2.2) of Silverstein [15],

1 K
(2.4) my () =~ k;ﬁlk(z),

we get

EAT'(2) — (=Tn(2) 7!

K
= (Ty (z))‘lEKZsks;: — (—zEm, (z))TN)A;I(z)}
2.5) =2

K
= E[pu| v ssiAl @)

k=2

1. _
— o (E @) TyEA; 1<z>ﬂ.
It follows that
Ty EAT (0%, — /Ty (=T (2) ',

= (K — I)E[ﬂlz(z) [s§ D% €Ty (Ty () s
(2.6) |
— fe;FT}V/Z(TN(z))—lTNEA;l(z)xnﬂ
= p1+ p2 + p3,
where

p1= (K — DE[B12(2)b12(2)§ (2)(2)],

K -1 n
p2 = TE[ﬁ12<z>e7T}v/2(TN(z)>—1TN (AT () — AT (2))%]
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and
K—-1 #l/2 4 -1 1 -1
03 = TE[ﬁlz(Z)ei Ty (Tn(z))” Ty(A] (2) — EA] (2))X4].

Here we also set
£(2) =S5AT (@)%l Ty (T () 'sa

112 A _ _
—Ee?TA{ (Tn ()" TNAL (@)X,

and
1

_ 1.
a(z) =S54 (2)82 — = TrAL (), b)) =

According to (4.2) and (4.3) in Bai, Miao and Pan [5], one can conclude that

max |p1| = O(K~12,

K -1 - -
max 2| = max = —|E[B e Ty (T ()~
x TyAT) (2)8285A 7, ()%,
=0(K™)
and
K-1 *rpl /2 2 -1
max o3| = max E[B12(2)bi2()a(2)ef Ty (Ty(2))
x Ty (A7) — EAT ' (2))%]
= O0(K~'?).
Hence,

max |ej-‘T}\,/2EA1_1 (2)xn| — 0,
1

1+ (1/K)TrAR (2)

1245

which, together with the Holder inequality, guarantees (2.3). Thus, we are done.

3. Proof of Theorem 1.1. It is easy to show that
siR]'s| —ap, Lpy 0.
It follows that

i.p.

3.1) S'A —b* 2250, A% RiAp, — B 2% 0.
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It is then observed that
V'N(Bim —b*B7'b)
=VN(s{A1m — b (A}, RIAL) AT, s)
+ v/ Nb* (A%, RiA1,) "L (A],s1 —b)
+ vV Nb* (A}, RiA1) "' =B )b
=2V N(s{A1n —b")B b
— V/Nb*B~ (A}, R1A 1, —B)B~ b4 0,(1),

(3.2)

where we use (3.1), (3.6) below and an identity
B,' —-B;'=-B;'(B; -ByB;",
which holds for any invertible matrices B; and B,. Furthermore, let
b*B™' = (d, ..., dn),
then (3.2) is now equal to
m ) m i
3.3) 2VNY dis{R'si —ai—1) = VN > did;j(siRy™ " 's1 —ajyj-1).
i=1 ij=1
By the result (1) of Theorem 1.1 of Bai and Silverstein [3], it is easily seen that
1 - i.p.
JN(N TrR — ) 2,

To derive a centra1 limit theorem for (3.3), it then suffices to develop a multivariate
one for {\/N(STR’Isl — %TrR’l),i =0,...,2m—1}.
Set H; =887 and h,,, = [ x" d FN (cx). Note that

i

. 1 . ; . 1
(3.4) «/ﬁ(s’f is1— NTrR’) =3 (;) (az)l—udﬁ(sf Usy — NTrH”{).

u=0
Let [|s;[|> = lNzl lvi1|?/N. Write
1
x/ﬁ(s’f Is) — NTrH’f)
stHYs; 1 1
= VNlsi 151 S TOHY) + VR TR s .

It is easy to check that

vit/v'N

lIstl]

i.p.
max —>

i
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Therefore, given s, it follows from Theorem 1.3 that

“His; | “His; 1
(Jﬁ(sl 1 —TrHl),...,«/N<sl . NTrHL{))

Isil> N lIs11?

2 2
o[ [ )
a-yer ¢ T Jamger et

(regarding the formula, one may refer to Bai, Miao and Pan [5] or Silverstein [13,
14]). However, it is evident that

(3.5) IN(Isi? = 1) 2 x,

where X ~ N(0, E|vq |4 — 1). Consequently, by the independence of s; and Hj,

1
(ﬁ(sTsl D, .. dﬁ(sTH%m—lsl — NTrH%”H)) Lo, Eam),

2 .
where & = h; X + %2 [0 xidW¢ i =1,...,2m — 1, and & = X. Then

(ﬁ(sfsl —D,..., «/ﬁ(s’{Rf’“lsl — %Ter"”))
(3.6)
D
— (;07 ey §2m—1)7

where &; =Y _, (;) (02)i~ug,.
It follows that

m m
_ D
VNBim —b*B7'D) = 2> "diti — > didjgitj-1.
i=1 i,j=1

Thus, we are done.

4. Proof of Theorem 1.4. By the argument of Bai and Silverstein [3], it suf-
fices to find the limits of the following sums:

1 &Y 1/2 o — 1/2 1/2 4 — 1/2
@) 2 Y E YA T i Ej (T AT @) Ty )i
j=li=1

and

1 Y .
(42) = YENT AT @Iy (T AT @ (Tn @)™ Ty )il

i=l

(see (2.7) and (4.10) in Bai and Silverstein [3]).
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Similar to (2.2), it can be verified that

12,

KzZZE (TY?AT @Y — EM*AT @)y,

j=li=1

172

x E; (Tl/ZA (22)Ty )i = 0,(N~1/2).

Consequently, analogous to Theorem 1.3, it remains to find the limit of

1/2 1/2

4.3) ZE(T”ZAl @DTY i E(TY AT @) Ty i
i=1
Define
y () =St AL )Ty el Ty (T (2) ™!
1
— Ty Iy @) TvA Ty e
From (2.5), we have
E(T AT @Ty )i — e Ty (= Ty () 7' Ty e
_y B[ s TV (En @) sisiAnl 0T e
4.4) =2
Bl TN (B ) Ty EAT T e ]
=11(2) + 12(2) + 13(2),
where

71(z2) = (K — DE[B12(2)b12(2) Y (D) (2)],

K —1 “
m(z)zTE[mz(z)e?T}V/z(TN(z))—‘TN(A;;(z) AT (2)T e ]

and

K—1
1) = ~——E[r()e] Ty (Tn(2) "' Ty (AT (2) — EAT' ()T ei].

Therefore, it follows from (4.4) that

;ZHT”zA N T )i E(Ty AT @) Ty i

i=1

1
=— Ze*T” (o) TN e el Ty (2)) 1 T e + 0(—

)
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where the estimate can be obtained as in Theorem 1.3.
Regarding (4.2), due to similar reason, one need only seek the limit of

EZIE(T“ZA "@TY U IENTY AT (@) By @) 7' Ty ).

However, as in (4.4), one can conclude that

EZE(T”ZA {TYDHENTY AT (@) (B ()7 Ty )il
i=1

12 1/2

Ze*Tl/z(TN( NN eief TN (Ty (2) 2Ty

1
e,+0(
i=1

)

For later purpose, we now derive (1.23) and (1.24). Note that when Ty =1, for
zeCT,

4.5) =
: T 1tme)
and
d B m?(z)
(4.6) 22O = T At m@R

Then for g(x) = x",
1 em®(2)ha(z)
27i /g( ) —c[m2()t2dH )/ (1 +tm(z))> dz
c (=1/m(z) +c/(1 + m(2)))"

= o w1y e
_ [CUm@+e/dtmE)
= i (m(z) + 1)2 e
e [CUm@te/A4m@)
27 (m(z) + 1)3 e
2 V] — V2.

For v;, we have

r ¢ [d=-0)/c+1/0+m(2))
2mi (m(z) + 1)

= i /Z < ) (1 ;C)j(l +m(i))r_j+2

(1-(1+m@)) " dm(z)

vi=c¢
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(T 1)

k

O ()

Similarly,
,
1+ r 1—-c 2r+1—_]
met () () (7

J=0

For (1.24), we have

o d [ m(z1) }dz [ (=1 mz) + /(0 +m(z))
Yz [T+ mG] ™ (m(z1) + 1)

j_—_o j C ‘1 1 ’
2

S aeee d
172 81(@1)g2(z2) 5
] Z Z <1)( ><1 —c)f'l“z <2r1 —jl) <2F2—jz)

J2 c rp—1 rn—1 /)

=0 j»=0

dm(zy)

Therefore,

p [m(z1)m(z2)h1(z1,z2)1dz1dz2

5. Proof of Theorem 1.2. Since the truncation process is tedious, it is de-
ferred to the Appendix. It may then be assumed that the underlying r.v.’s satisfy

Evi1 =0,  Elvy| =1, lui1] < env/N,

where ey is a positive sequence converging to zero.
Define $x = s;Rysx — a1. Expand (sZRksk)_l a little bit as follows:

11 Sk
s; Risy T a aiS;Rysy
(5.1 5 .
1 5 (S%)

al a% a SkRkSk

It follows that

K
(5.2) Z(,sk— —) Gi1+ G2+ G3+ Gy,
k=1
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where
K K
! * 2 1 * 2/¥
=y 2 (607~ ), —— 3 prCs{s G0
A =1 ay k=1
and
L5 < 1 K pr(sisi)?Ge)?
=— Z Pr(sis)(5e)%, Gy=—— I;R—

We will analyze G, G, G3, G4 one by one and, as will be seen, the contribu-
tion from the term G4 is negligible.
First consider the term G4. Since s;Rys; > ozszsk, we have

|G4| < M(Gy1 + -+ Ga3),

where
K 1 3
G41 = Z Pk S;Sk (SszSk - — TI‘Rk) '
k=1 N
and
K 1 3 3
G42: k S*Sk<—Tl‘Rk —TI‘R) s G43 k(S Sk( TrR—al) ’
I;P K\ Z Dk Sk

By the Holder inequality,

K 12
1
EGy <MY pe(E(sisi — 1)2)1/2(15 <s;‘;Rksk -5 TrRk) )
k=1

K

+M Z prE
k=1

= o(1).

Indeed, it is easy to verify that

1 3
SZRkSk — N TI'Rk’

1
(5.3) E(sisk — 1) = N(Ewm“ —1)

and that

1 P M
E(SszSk — NTI'Rk) < W(E|U11|4E(TrR%)p/2+Ev%{)ETrle)
M Mey
<— 4+

5.4 2p—4
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where the constant M is independent of k. Here we use the fact Ry < M sks; +
o21.
Furthermore, it is direct to prove
1 K * i.p.
e > prlsisel — 0.
k=1

This, together with Theorem 1 of Bai and Silverstein [3], leads to

Gaz 255 0.
In addition, it is also easy to verify that
1 & 1
EGyn =73 ; PLE(sisp)* = 0(@)'

Combining the above argument, one can claim that the contribution from G4 can
be ignored.
Analyze the term G second. Write

K K K K
> pi(sis)* =Y prsisk — D> +2 > pesisc — > i
k=1 k=1 k=1

k=1
(5.5)
K K
= pi(sisc — D*+2TrC— > pr.
k=1 k=1
Moreover,
K 2
E(Z[pk(SZSk —1)? — E(sjsk — 1)2]>
k=1
K 2
=Y PRE((sisc — D* — E(sisc — D?)” = o(1),
k=1
using
1
5.6 E(sisp — 1)* = <_>
( ) (SkSk ) o N
So
K i 1
> prtsise = D 5 (Elun - 1)/de<x),
k=1
and then
1 ((Elvjy|*=1) [xdH(x K
(5.7) G1=a—<( vl C)f ( )+2TrC—2Zpk>+0p(l).
1 k=1
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Third, for the term G5, similar to G,

K
(5.8) —aiGy =Y prGu)(sesk — 1)?
k=1
K K
(5.9) +2)  preGosEse— D+ Y pr().
k=1 k=1

For the sum in (5.8), we have

K K
E|Y prGosise — D2 < MY (EGoD 2 (EGsis — D'
k=1 k=1
=o(1),
where we use (5.6) and
) 1 2 1 2 1
E(sp)” < E(SZRkSk — NTrRk) + E(N TrRy — a1> = O(N),

which is accomplished by (5.4) and Theorem 1 of Bai and Silverstein [3]. Similarly
to (5.5), we deduce that

K 1
> pR(sis0? = —(Elnl = 1 / x2dH (x)
k=1
(5.10)

K
+2TrSP2S* — > pi + 0, (D).
k=1

Applying C — pysys; = Cy, the second sum of (5.9) is then equal to

K K
2TrC+TrC2 —ar Y pi— . pi(sisi)’
k=1 k=1

K
1
(5.11) =0’ TrC+TrC* —a; Y px — —(Elon|* - 1)/x2dH(x)
C
k=1

K
—2TrSP’S* + ) pi + 0, (D).
k=1

With regard to the first sum of (5.9), its variance will be proved to converge to
zero. Now let us provide more details to the reader:

K
(5.12) Var(Z Pr(Si) (spsk — 1)) = G2+ G,
k=1
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where
K
Go1 =) piElG)(sisk — 1) — EG)(sgsk — DI
k=1
and
K
G22 = Z pklpsz[((§k1)(Szlsk] - 1) - E(Ek])(SZISk] - 1))
k1#ks
X ((gkz)(szzskz - 1) - E(gkz)(szzskz - 1))]
Evidently,
K
Ga < Y ME[G)(sisk — D]
k=1
K 1 2
<M E[(S*Rksk - — TrRk) (Sisk — 1)]
/; k N k
K 1 2
+M E[(—TrRk—al)(s*sk— 1)]
=N k
(5.13)

K 1 4+1/2
<M Z[E (sszsk - TrRk> } [E(sisi — D*'/?
k=1

K 2
1
+ MZ E<N TI‘Rk —a1> E(S;(:Sk — 1)2
k=1
=o(1).

Let Sk, k, denote the matrix obtained from Sy, by deleting the k>th column and,
furthermore, Ry, and Cy, x, have the same meaning. Split Ry, = Ry, + pi, Sk, szz
and Ry, = Rk, + pi, Sk, S, - Also, for convenience, set

1
* *
ok, = SijkleSkj —ai, Y = SijkleSkj — NTrRkllQ
and
ok -
'Y'kj_skjskj—l, j=1,2.
G123 is then decomposed as

Gy =Gxn1+ -+ Gora,
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where
K
Gnl = Z Dk Pky Cov(ag, Yk, gy Tiy),
ki#ky
K
G =Y Pk, Py Covio, Vi, Isj Sk, > Tiy).
k1#ks

K
Gos= Y Pk Pi, Cov(lst sk, * Y, ok, Tiy)

ki#ky
and

K

Goa= Y pi,pi, Cov(st,si,|*Yay, I8}, 5t 1> Tiy)-
ky k2
The basic idea behind this decomposition is to produce some independent terms
when Ry, ¢, is given, which is very important when estimating the order of some
terms.
It is easy to check that

. 1 . Elv|* -1
(5.14) E(siRisg — — TrRy ) (sjsy — 1) = —5—ETrRy,
N N2
and that
* 1 2 1 *
(5.15) siDs; — NTrD = —(E|v11| —2)2[(D),, N TrDD*,

i=1

where D is any constant Hermite matrix.
This gives that G2 is equal to

K
S pii Po ETE (@i, Yoy | Riyi) E @y Ty | Riyir)]
ki#ks
K — —_—
= > Pr Pro ETE(Vk, Thy | Rii) E Vi, Yy | Rk
k1#ka
Evll 1 1 2 1
Z pklka NTrRklkz_EﬁTrRklkz :0 N ,

ki#ky

where m =ar Vi — Eap Yy, m = Y Yr — Eyx Yk, and we use the indepen-
dence of sy, and sy,, and

> pj(sisj—1)

1 1 2|
(5.16) E(NTrRklkz —ENTrRklkz) =mE
JFki.ky

2z




1256 G. M. PAN AND W. ZHOU

where M is independent of k1, k».
After some simple computations, we get

Elvy[* -1
Elsf sk, * Te, = N
5.17) A
E(ls* so P _Elv|"—1
(lsklsk2| ko | Sk]) Tsklskl’
and so
K —_—
G =Y pi, PloE((h, Yi) ELIsf sk, 1* Yy — E (I8, 851> T,) | 5¢,1)
k17#ka
Elvy* -1 &
=—r 2 P2, i (EL(@r, Y8}, 50,1 + E (@, Tiy)
ki#ky
I
(518) Z pklpkz (alekl)Tkl]

Nz k1#ka

K
— Z (EU%I)I/Z(ET/?I)I/Z
k1#ka

( : )
=0(—).

N
Similarly, one can conclude that

(5-19) G223 — 0.
Write

K K
Goa= Y. piPLEUSE S T Yol — Y. pi P LE(SE Sk * Te)1
k1#ka ky#ka

The second sum converges to zero because of (5.17). For its first sum we have

Z Pi, P ELISE St * Yo, Yiy 1 = Z Pe, Pl EX iy ELIsi S| Yy | sk},
k1 #ko ki#ka

which is less than or equal to

K

1 2
My E{lTkzlE[<si1skzszzskl - NTrskst) [Tk, | |sk2:|}
ki#ky

K 1 2
MY E{|Tk2|E|:(NSzzsk2) Y| |sk2”=o(1),

ki#ky

(5.20)
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as
1 2
E{lTkzlEKs,tlskstzskl - NTrskzs,z) [Tk, | |sk2:|}
* * 1 * 4 172 2 1/2
< E{ Ik || E| \ Sk, Sk2Sk,Sk: — N kS, | Sk, LE (T, | 8k,)]
£ 2
1/2
1
=0(m>
and

1 2
E{mlE| (ysise) Ml s

! 20172 1
=52 E[|Tk,|(5E,56)* WE T, D2 =0 3 )

Consequently, G224 converges to zero and then G, converges to zero. Therefore,
via (5.14),

(5.21) Zpk<sk><sksk Pt Epnlf=1,

k=1
Combining (5.9)—(5.12) with (5.21), one can conclude that

1 Elvi|* =1
G2:——|:2a1&/ dH(x)

/de(x).

2
aj

K
—|—02TrC+TrC2—al Zpk

k=1
(5.22)

1 4
——(Elvi1|" = 1)
C

K
X /x2dH(x) —2TrSP°S* + ) p,%:| +0,(1).
k=1
Fourth, turn to the term G3. It is decomposed as
(5.23) a;G3 = G31 + G + G13,
where

K
G31 =Y pr(sisk — D*G0)?
k=1
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(recall 5 = s{Rysi —ay) and

K K
Gn=2) p(sisc — DGO®  Gu=Y_ prGo
k=1 k=1
Applying the Holder inequality,

K 2
1
E|G31| =M Z[E(SZSk —1)? (sszsk — NTrRk)

1 2
E(sisp — 1 TRy —
+ E(s;Sk )<N k al>j|
K 12 | 4172
Z E (s;sk / ( (S;Rksk—NTrRk> )

1 2
+M Z E(sfsi — 1)2E<N TrRy — a1> =o(1).
k=1
Analogously, one can also obtain
E[G3z| =o(1).

To derive the limit of G33, we need to evaluate its variance:

K 2
(5.24) E (Z PlGO? - E(Ek)zl) = G331+ G3n,

k=1
where

G331 = Z PRE[GK)? — EGo)*)

and
K
Gin= Y. Pk PuE[(Gr)” — EGi)?)(Gi)® — EGr)?)].
k17#ky
For G331, we have

K
Gsi <MY E[G)*]

k=1
K 1 4 K 1 1 4

<M Es*Rs——TR) M E(—TR——TR)

_kgl(kkkNrk‘F];NrkNr

K 1 4
+M> E(N TrR — a1> =o(1).

k=1
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In fact, note that a; = o2 + -,
cN

1 4 LS ! 1
5.25 E{—TrR - =E|— sis, — 1)) = (—)
625 E(yTR-a) (N];pmk )) o( 53
Since the treatment of G33, is basically similar to that of G2;, we give only an
outline. To this end, we expand it as
(5.26) G =Gy + -+ G,
where

K
1 2 2
Gl = b pi, Covied o},

k1#ks

K
2 _ 3 2ok 4
Gy = Z Pk, Pky COV(Olkl, |Sklsk2| ),

ki#ky

K
(3) 2 2 * 2
Gin =2 Z Picy Pl Cov(Qy, iy [S Sk, 1),

ki#ky

K
4) 2 2 2
G332 = 2 Z pk] ka COV(akl |Sz1sk2| ) akZ)’
ki#ka

K
©) 3 2 4
Gop=2 ) Pi, Pl Cov(a, ISE, Sk, |7, 8%, Sk, ),

ky#ka
(6) X
2 .2 2 2
Gy =4 Z Pk, Pk, COV(“kllszlskzl sak2|s;€klsk2| ),
ki#ka

K
TN _ 3 * 4 2
Gy = D PPk, Covlsi si|*, af),

k1#ks

K
8
Gy =2 > pi pi, Var(s} s, ")
k17#ko
and

K
9 2 3 4 2
G§3)2 =2 Y pi, Pk, Cov(Isf, si,|*, oy ISf, 51, ).
ky#ka
We claim that

Gz =o(1).
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But, in the sequel, as an illustration, only terms G%)z and G%)z will be estimated,
the argument for all the remaining ones are analogous and then omitted.
Using the Burkholder inequality,

M N 4 N
Els; st |* < m[(Z E|Uiklvik2|2) + (E|v11|8)2}
i=1

i=1
1
=0(+3)

K
1
¥ 2 .3 8
G| =M D pi PLEIS Sk, |° = O<N>'
k1#ko

(5.27)

which leads to

From (5.15),

K
1
G =Y pupEIE(@} — Eal | Ry E(@f, — Eal | Ruk,)]

kiF#ks
M K
=< W Z |:E(TrR/%]k2 — ETrR/%]kz)z =+ E(TrRklkz _ Na1)4
k1#ka
N 2
(5-28) + E(Z[(Rklkz)ulz - E[(Rklkz)ii]z)
i=1
+ (E(TrRyx, — Na1)2)2:|
=o(1).

In order to get (5.28), we need to analyze the above four terms on the right-hand
side of the inequality. First, applying Ry x, = (Rg,x, — Rg,;) + Ry, twice, we have

E(TrR; ;, — ETrRE ;. )*
= ME(Tr(Rk1k2 - Rkl)Rklkz - ETr(Rklkz - Rkl)Rklkz)z
2
+ ME(TI‘Rk1 (Rk1k2 — Rkl) — ETI‘Rkl (Rklkz — Rkl))
(5.29) 5 I
+ME(TrR;, — ETrR})
< ME(D,)? + ME((s},5,)% — E(S,56,)%)°

+ ME(TrR;, — ETrRE ),
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where Pk, = s Rk, Sk, — % E Tr Ry, x,. However, observe that

1
(5.30) E((},5%)% — E(s},516)°)° = 0(ﬁ>

E ( kZ) _< ’
y N

using (5.4) and (5.16). Therefore,
M
2 2 \2 2 22
E(TrRj , — ETrR} ;)" < N + ME(TrR;, — ETrR;))

M 2 242
=< N + ME(TrR” — ETrR")
again, repeating a process analogous to (5.29) in the last step. But this implies

M K
~i 2 E(TrR{, — ETrR{ )* 0.

ki#ky

Second,

E('I‘I’Rklk2 — Na1)4
K 4
Y pi(sisc — | + ME(s; si,)* + ME(sj,s1,)* < M,

k=1

<ME

which shows that the second sum in (5.28) converges to zero. Similarly, one can
also prove that the fourth sum in (5.28) converges to zero by a similar argument, as
expected. Finally, in order to show that the third sum in (5.28) converges to zero,
it is enough to show that

E|[(©)ii]? = E(©)ii P> — 0.
To this end, it suffices to verify that
E|(C)ii — E(Ciil* — 0,

but, as in Theorem 1.3, through martingale difference decomposition, one can get
it. Thus, (5.28) holds.

Hence, by (5.15) and an argument similar to Theorem 1.4, we have so far proved
that

_ay [xdH(x) n Elvj|* -2

G33 a%/de(x)+o,,(1)
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and then

1
(5.31) G3:T(a2+(E|v11|4—2)a%)/de(x)+o,,(1).
alc

Summarizing (5.7), (5.22) and (5.31), we conclude that

k=1 o1
2 o? 1 2 2 )
=<—— 2)TrC——TrC —zTrSP S*
ai aj al aj
(5.32)

ST Sy ( 1 )/ dH(x)

- — X X
ai k:lp a%k 1pk ~ caj
Elvop|* -1 2

+——[x dH(x) +o0p(1)

caj

(recall that a1 = o+ 1/c¢).
Now we let pr =1,k =1,..., K, so that Theorem 1.4 can be applied. In this
case (5.32) becomes

K
Z(ﬁk—ﬁ> M(TC K)—i(Trcz—a +1/0)K)

k=1 o] al a
(5.33)
1 Elvyl* =1 .
+ 2a) + oz +0p(1)

[ap = (1+—Cl/c) + 0%+ 202 /cl. Then Theorem 1.3 follows from Theorem 1.4. The
expectation and variance of the limiting normal distribution are also from (1.23)

and (1.24) of Bai and Silverstein [3] and our (1.23) and (1.24). Therefore, the

variance 7 is equal to

Q+2/c+aHXElnl*—1)
c(a2 + l/c)4
242/c+0%)2c+2)
(02 +1/c)*
1
+ o2 +1/c)*

(Elvii[* = 1)

(5.34)
(4c® +10¢% 4 4¢

+ (4 + 8% +4c)(Elvp|* - 2)).
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6. Proof of Corollary 1.1. By the Taylor expansion,
K

Z(log(l + Br) — log<1 + %))

k=1

(B — 1/a1) (B —1/a)* & (B —1/ap)?
Z Y Zz(l a? tE 30y

with 1 being located in the interval [1/ay, Bx]. Similar to Theorem 1.3, it can be

shown that
() () =0

1 3 i.p.
(5 1)] 20
a

Now compute YK | E(8 — a)2. Applying (5.1),

K 2 K ke V2 % D v K N2 v DD
(6.1) ZE<ﬁk _ %) =y E((Sksk) 1 (SkSk)2 (Sk) . (SESk)“ (5) ) ‘

=1 =1 aj aj a SkRkSk

and

B — 1ar)?
Z 30 %y %>

k=1 k=1

Again, via an argument analogous to Theorem 1.3, it is easily seen that the contri-
bution from the terms involving (szsk)z(h()2 / (a%sszsk) can be ignored. So (6.1)

is equal to
iE<(S isi)2 — 1) i ((sksk> <sk>>

k=1 k=1 al

2 _
_2ZE(SkSk) l(skSk) (Sk) +o(D).
k=1 a at

Combining the argument of Theorem 1.3 with (5.15) and (5.14), the above three
terms are equal to, respectively, 4(E|v11|4 — 1)/(ca%), (ap + E|v11|4 — 2)/(caf)
and —4(E|vi1|* — 1)/(ca?). Thus, we finish the proof.

APPENDIX: TRUNCATION OF UNDERLYING RANDOM VARIABLES IN

THEOREM 1.3
Let ﬁ,‘j = U,'_,'I(|U[j| < SN\/N) and ﬁij = ﬁ,‘j — Eﬁ,‘j, i = 1,...,N, ] =
1,..., K, where ¢y is a positive sequence converging to zero. We use §, Sx, S,

Sk, ﬁk, Rk and /§k, Bk, k=1,..., K, to denote the analogues of si, Sg, Ry and B
with the elements replaced by ;; or v;;.
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As in the proof for Theorem 1.3 in Pan, Guo and Zhou [12], one can select the
above ¢y so that

8;,4Ev‘1‘11(|v11| > eNx/N) -0,

and show that
K K o in
Y B—Y B—0.
k=1 k=1
Now consider the re-centralization of random variables. Applying (5.1),

K A
Pr(8E8)?

b ——— =U1+ U2+ Us+ Uy,
k=1 SgRSk
where
U= 1 ipk(é % Uy = — 1s pk(ézék)Z(gzﬁkgk_al)g,
T a Sk)™ = &R
and
1 & R
== > PGB GRS —an).
1 k=1
1 & ) X
(1_3 Z pk(SZSk) (Skask — al) .
1 k=1

In the sequel we shall show that U4 converges to zero in probability. Note that

n
S/ Sk 1 A _ N
S S =8 + ES;

) k= Sk %
SkRkSk o

This gives

Usl <M ZAzﬁuskRksk —aif’
k=1

K
(A.2) <MY (5¢5k + S;ES + (ESp)S, + ESFESy)
k=1
x |8i RS, — a1 + 5 Ry ESy + (ESHRS, + (ES)RLES; .

Then we need to compute each term of the above expansion.
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)

_ 1 —
§sz§k — N TI‘Rk

It is observed that

K
(A3) (Z S5k

~ 1 ~
§ZRk§k - — TI‘Rk
k=1 N

K 3
< M(Z §Z§k( ’ + 18] (ESHPiS;si

k=1

(A4) + I5iSkPr(ESDSI + |§k(ESk>Pk<E§z>§k|3)>.
It is a simple matter to prove that
lim E(v11)* = 1.
Am E(vn)
Then, appealing (5.4), we have

K
E(Z 515k

k=1

_ 1 _ 3
_*R_——TR‘
SRS — — TrRy )
(A.5)

_ 1 _
<M Z(E|§*§k 1|2)1/2<E SiRyS; — NTrRk

)=l

For the first term in (A.4), with the notation e = \/Lﬁ(l,..., D* and G =
SkPk(ES )(ESk)PkS*, analogously,

K
E(Z sksk|szskpk(Esk)sk|3)
k=1

K
< ME(Z S(5k

_ . 1 - E
' StPL(ESHS — — TrskPkEs:‘
k=1 N

K
1
+ME SiSk|—
(5ol

k=1

M X 3 1 1/2
N—g[( ( TrG) +EﬁTr(G)3>

+E lTG3/2—|—E1T G)3/?

(N r ) N e ]

3
(Ev“) (ZE ):0(1).

k=1

3
TI‘SkPkES]t‘ )

ij

JF#k
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Indeed,

Y _pisie

3
1
) < M(Eb) KN = 0<_2),
‘ N
J#k

K
(5511)3<Z E

k=1
and since
G < MN(E?11)*Sree*ee*S],
we have

1 3 1 - _\3
E(—TrG) §MN3(E611)6E<—TrS1S’f> )
N N

The other terms can be estimated similarly. Regarding the last term in (A.4), we
have

K K

e A AL e A 1
>SS ESOPESDS P < M Y G150t IESHIC = o ;)
k=1

k=1
where || - || denotes the spectral norm of a matrix. Therefore, (A.3) converges to
zero in probability.
Now

K . 3

Z §z§k —Tr Ry — a;

k=1

K 1 3
(A.6) M) §ksk(' Tr Ry — a ‘— TrSkPkESk‘
k=1 N

3

\

1 . _
— Tr(ES;)P,S*
+‘N r(ESi)PrSy

1 A A
+ ‘N Tr ES Py ES}

For its first term one can get

K i 1 6y 1/2
EZsksk TrRk—al <M Z:E(S /<E‘NTrRk—a1>
K 11 3
—I—M;E‘NTrRk—al =o(1),
as
E‘lTrRk—al = ijs]sj p=0(¢>.
N N iz Np/2




CLT FOR SIR 1267

The argument that the remaining terms of (A.6) converge to zero in probability is
similar to above, even simpler and then omitted. Hence, (A.6) converges to zero in
probability. This, together with (A.3), leads to

K ,
_—— —en — L.p.
(A7) > sselsiResk —ar P 50,
k=1

which is one term in (A.2). All remaining items of (A.2) can be computed similarly,
so we omit it here. Consequently,

U4i>0

and
K A A
Pr(8;8)?

(A.8) ok
k=1 SpRiSk

=U; + Uy +Us+op(1).

Analogously, one can also show that

K S*x5. \2
k (S Sk
(A9) S PEESOT v (1),
=1 SkRiSk
where
1 & 5 1 & ) s
=— > mGEEDS Va=—— ) preEiS) GRSk — an)
ar 5 ay =1

and
1 _
== Z Pr(i50> i RS — an)”.
1 k=1

In the following, we show that U; — V;,i =1, 2, 3, converge to zero in probability.
Since all the calculations for U; — V; are similar, as an illustration, we consider

Uy — V> only.
Write

(A.10) —aj(Us — V5) = Uz + Uny,
where

K -

Ui =) pe(${810° — Gf50°) GiRiSk — ar)
k=1

and

K
kA D AR A ey =
Un =Y pe&81)° GRSk — S{RiS).
k=1
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Furthermore, expand U, as follows:
K
Uzt =Y pi(GFES)* + (E8DSk)* + (ES;ES)” + 25755% ESx
k=1
+ 25;5k (ESE)Sk + 257 (ESk) (ESf)Sk + 285k ES; ESy
+ 2(ES;)sk(ES;) ESk + 25, ESk ES; ES)
x SRSk — ar),

which can be easily proved to tend to zero in probability. For example, for one of
the terms,

K
E|> " piSisisi(ES) GiRiS, — a1)
k=1
K - 12 1
</NexEdi1 Y (EGE0H 2 (EG Rk —an?)'? = 0(—)
k=1 \/N
For Uy, we have
K A —_ A
U <> pe(§810)° (5iRiSk — S; RSk + iRy ES¢
k=1

(A.11) N N
+ (E§Z)Rk§k + (Egz)Rk(Eﬁk)).

Moreover, it is observed that

K
> e8> ;RS — §;Resr)
k=1
K
(A.12) =" i)’
k=1

x (87 SkPr(ESHSK + 55 (ESOPLS[Sk + 55 (ESOPL(ES))Sk).
As for the first sum of the above expansion,
K
> P80 SkPr(ESSK
k=1

E

K 20 172
_ ~ 1 _ ~
<MY (EGS0H"? (E (g,tskPk(Es;)gk Y TrskPkEs;';> )
k=1

-o(w)

+E

K

Lo e
> e i8)° — TrS;PLES;]
k=1 N
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where we make use of
n n n an M
E(sksk)4 < ME(S{Sk — E(szsk))4 + M(E(sZsk))4 < N +M
and
=% Q Q¥ = 1 Q Qx 2 M Q¥ 7 Q Q*Q
ES;SkPr(ESy)sk — N TrSi P ES; ) < m Tr ES; ESi E (S;;Sk)

M E 2 1
N

=<(m)

Similarly, one can also verify that the other two terms of (A.12) converge to zero
in probability, and all the other items of (A.11) converge to zero in probability. So

w\
N———"

and

) — TrSkPkESk

U Lt 0, and then Up — V» Py 0, as expected. Finally, we get
K K .
Y-y A5
k=1 k=1
Similarly, one can perform the re-normalization step, but it is omitted here.

Acknowledgments. The authors would like to thank a referee for his valuable
comments, which greatly improved the exposition of this work.

REFERENCES

[1] ANDERSON, G. W. and ZEITOUNI, O. (2006). A CLT for a band matrix model. Probab. Theory
Related Fields 134 283-338. MR2222385

[2] BAIL, Z. D. (1999). Methodologies in spectral analysis of large-dimensional random matrices.
A review (with discussion). Statist. Sinica 9 611-677. MR1711663

[3] BAIL, Z. D. and SILVERSTEIN, J. W. (2004). CLT for linear spectral statistics of large dimen-
sional sample covariance matrices. Ann. Probab. 32 553-605. MR2040792

[4] BAI, Z. D. and SILVERSTEIN, J. W. (2007). On the signal-to-interference ratio of CDMA
systems in wireless communication. Ann. Appl. Probab. 17 81-101. MR2292581

[5] BAL, Z. D., M1AO, B. Q. and PAN, G. M. (2007). On asymptotics of eigenvectors of large
sample covariance matrix. Ann. Probab. 35 1532-1572. MR2330979

[6] JONSSON, D. (1982). Some limit theorems for the eigenvalues of a sample covariance matrix.
J. Multivariate Anal. 12 1-38. MR0650926

[7]1 GOLDSTEIN, J. S., REED, I. S. and SCHARF, L. L. (1998). A multistage representation of the
Wiener filter based on orthogonal projections. IEEE Trans. Inform. Theory 44 2943-2959.
MR1672059

[8] GOTZE, F. and TIKHOMIROV, A. (2002). Asymptotic distribution of quadratic forms and ap-
plications. J. Theoret. Probab. 15 424-475. MR1898815


http://www.ams.org/mathscinet-getitem?mr=2222385
http://www.ams.org/mathscinet-getitem?mr=1711663
http://www.ams.org/mathscinet-getitem?mr=2040792
http://www.ams.org/mathscinet-getitem?mr=2292581
http://www.ams.org/mathscinet-getitem?mr=2330979
http://www.ams.org/mathscinet-getitem?mr=0650926
http://www.ams.org/mathscinet-getitem?mr=1672059
http://www.ams.org/mathscinet-getitem?mr=1898815

1270
(9]
[10]

[11]

[12]

[13]
[14]
[15]
[16]
[17]
[18]

[19]

G. M. PAN AND W. ZHOU

GRANT, A. J. and ALEXANDER, P. D. (1996). Randomly selected spreading sequences for
coded CDMA. In Proc. IEEE ISSSTA 1 54-57. Mainze, Germany.

HoNiIG, M. L. and X1A0, W. M. (2001). Performance of reduced-rank linear interference
suppression. IEEE Trans. Inform. Theory 47 1928-1946. MR1842528

HONIG, M. L. and X1A0, W. M. (2003). Performance of reduced-rank interference suppres-
sion: Reflections and open problems. IEEE Information Theory Society Newsletter 53
7-9.

PAN, G. M., Guo, M., H. and ZHOU, W. (2007). Asymptotic distributions of the signal-to-
interference ratios of LMMSE detection in multiuser communications. Ann. Appl. Probab.
17 181-206. MR2292584

SILVERSTEIN, J. W. (1989). On the eigenvectors of large dimensional sample covariance ma-
trices. J. Multivariate Anal. 30 1-16. MR1003705

SILVERSTEIN, J. W. (1990). Weak convergence of random functions defined by the eigenvec-
tors of sample covariance matrices. Ann. Probab. 18 1174-1194. MR1062064

SILVERSTEIN, J. W. (1995). Strong convergence of the empirical distribution of eigenvalues
of large dimensional random matrices. J. Multivariate Anal. 55 331-339. MR1370408

TsE, D. and HANLY, S. (1999). Linear multiuser receivers: Effective interference effective
bandwidth and capacity. IEEE Trans. Inform. Theory 45 641-657. MR1677023

TSE, D. and ZEITOUNI, O. (2000). Linear multiuser receivers in random environments. /[EEE
Trans. Inform. Theory 46 171-188.

TULINO, A. M. and VERDU, S. (2004). Random matrix theory and wireless communications.
Foundations and Trends in Communications and Information Theory 1 1-182.

VERDU, S. (1998). Multiuser Detection. Cambridge Univ. Press.

[20] VERDU, S. and SHAMAI, S. (1999). Spectral efficiency of CDMA with random spreading.
IEEE Trans. Inform. Theory 45 622-640. MR1677022

EURANDOM DEPARTMENT OF STATISTICS

P.O.Box 513 AND APPLIED PROBABILITY

5600MB EINDHOVEN NATIONAL UNIVERSITY OF SINGAPORE

THE NETHERLANDS SINGAPORE 117546

E-MAIL: stapgm@gmail.com E-MAIL: stazw @nus.edu.sg


http://www.ams.org/mathscinet-getitem?mr=1842528
http://www.ams.org/mathscinet-getitem?mr=2292584
http://www.ams.org/mathscinet-getitem?mr=1003705
http://www.ams.org/mathscinet-getitem?mr=1062064
http://www.ams.org/mathscinet-getitem?mr=1370408
http://www.ams.org/mathscinet-getitem?mr=1677023
http://www.ams.org/mathscinet-getitem?mr=1677022
mailto:stapgm@gmail.com
mailto:stazw@nus.edu.sg

	Introduction
	The signal-to-interference ratio (SIR) in engineering
	Random matrices

	Proof of Theorem 1.3
	Proof of Theorem 1.1
	Proof of Theorem 1.4
	Proof of Theorem 1.2
	Proof of Corollary 1.1
	Appendix: Truncation of underlying random variables in Theorem 1.3
	Acknowledgments
	References
	Author's Addresses

