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The present paper provides exact expressions for the probability distri-
butions of linear functionals of the two-parameter Poisson—Dirichlet process
PD(w, ). We obtain distributional results yielding exact forms for density
functions of these functionals. Moreover, several interesting integral iden-
tities are obtained by exploiting a correspondence between the mean of a
Poisson—Dirichlet process and the mean of a suitable Dirichlet process. Fi-
nally, some distributional characterizations in terms of mixture representa-
tions are proved. The usefulness of the results contained in the paper is
demonstrated by means of some illustrative examples. Indeed, our formulae
are relevant to occupation time phenomena connected with Brownian motion
and more general Bessel processes, as well as to models arising in Bayesian
nonparametric statistics.

1. Introduction. Let (P;)j>1, with Py > P> --->0and Y 22, P =1, de-
note a sequence of (random) ranked probabilities having the two-parameter (¢, 9)
Poisson—Dirichlet law, denoted by PD(w, 6) for 0 <« < 1 and 6 > 0. A descrip-
tion, as well as a thorough investigation of its properties, is provided in [37];
see also [31, 32] and [35]. Equivalently, letting Vj, for any k > 1, denote in-
dependent random variables such that Vi has Beta(l — «, 6 + ko) distribution,
the PD(«, 0) law is defined as the ranked values of the stick-breaking sequence
W=V, W=V, ]_[’;;%(1 — V;) for k > 2. Interestingly, PD(c, 6) laws can also

be obtained by manipulating random probabilities of the type P; = J;/T, where
T = Zﬁl J; and the sequence (J;);>; stands for the ranked jumps of a subor-
dinator. If the J;’s are the ranked jumps of a gamma subordinator considered up
to time 6 > 0, then the total mass 7 has a gamma distribution with shape 6 and
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scale 1, and (P;);>1 follows a PD(0, 6) law. At the other extreme, letting the J;’s
be the ranked jumps of a stable subordinator of index 0 < o < 1, (P;);>1 follows
a PD(«, 0) distribution. For both & and 6 positive, the PD(«, 8) model arises by
first taking the ranked jumps governed by the stable subordinator conditioned on
their total mass 7 and then mixing over a power tempered stable law proportional
tor? fa(t), where f,(t) denotes a density, with respect to the Lebesgue measure
on R, of an «-stable random variable. We further recall that there is also the case
of PD(—«, mk), where k > 0 and m =1, 2, ..., which corresponds to symmetric
Dirichlet random vectors of dimension m and parameter x. All of these models
represent natural extensions of the important one-parameter family of Poisson—
Dirichlet distributions, PD(0, 8), which is closely connected with the Dirichlet
process.

Specifically, the corresponding PD(«, 6) random probability measures are de-
fined as follows. Independent of the sequence (F;);>1, or equivalently to the stick-
breaking weights (V;);>1, let (Z;);>1 denote a collection of independent and iden-
tically distributed (i.i.d.) random elements which take values in a Polish space X
endowed with the Borel o -algebra ¥ and have common nonatomic distribution H.
One can then construct a PD(«, 6) class of random probability measures, as

Poo() =) Pidz ()= Wiz ().
k=1 k=1

When « = 0, this is equivalent to the Dirichlet process which represents a corner-
stone in Bayesian nonparametric statistics; see [10-12]. The law of P, ¢ may be

denoted as %, , (-|H). In particular, a random probability measure with distribu-
tion ? _, ., (-|H) can be represented as
m
~ G;
(D Pomc()=)_ E‘az,. ),

i=1

where G = Y7, G; and the G;’s are independent with Gamma(x, 1) distribu-
tion, which in our notation, means that a density function for G; is of the form
[T (k)] 'x*—te=* for any x > 0. In [33], one can find a description of this model
as Fisher’s model; see also [19] for more references.

The choice of 150,,9 for @ > 0, or of Is_K,m,(, has attractive features which make
them viable models for Bayesian nonparametric analysis, as shown in [5, 33], and
[18, 19]. However, for the case o > 0, most investigations of PD(«, 6) laws appear
in applications related to excursion/occupation time phenomena, as outlined in
[37, 38] and, more recently, to combinatorial/probabilistic aspects of coalescent
and phylogenetic processes; see [35] and [4] for numerous references along this
line of research.

This paper studies the laws of mean functionals of the PD(«, 8) class. We also
briefly address the case PD(—«, m«), which, as we shall show, essentially follows
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from the case of the Dirichlet process. In particular, for any nonnegative-valued
function f such that Py ¢(f) is finite, we obtain explicit formulae for the density
and the cumulative distribution function (c.d.f.) of linear functionals

00 00 k—1
) Poo(f)= /X F&) Pyodx) =Y Pf(Z)=>_ fZVi [J(1 - V).
k=1 k=1 j=1

As such, we extend analogous formulae for Dirichlet processes, corresponding to
the case of o = 0, given by [6]. We do this by first resorting to the Cauchy—Stieltjes
transforms of order 6 for 130579( f), as derived in [44, 45], and also to a transform
of order 6 + 1 deduced from [21], where, in particular, 6 = O for };0,,0( f). We
then apply an Abel-type inversion formula described in [42] and finally combine
those results with mixture representations of i)o,,@( f) laws. We note that the case
of ﬁ(x,O( f) for general f is the most tractable, yielding explicit and simple expres-
sions for the densities and c.d.f. which are expressed in terms of Abel transforms
of H. The fact that our results have a strong connection to Abel transforms should
not be totally surprising in view of the work in [14] where the laws of integrals of
Bessel local times are investigated.

Interest in the results we are going to display and prove might arise in various
contexts. In the paper, we will focus on specific issues related to (i) properties
of the paths of Bessel processes and (ii) Bayesian nonparametric statistical infer-
ence. As for the former, we obtain results for pairs of parameters of the type («, 0)
and (o, ), thus achieving useful expressions for the distribution of the lengths
of excursions of Bessel processes and Bessel bridges. For example, we recover
the important special cases of PD(1/2,0) and PD(1/2, 1/2) which correspond to
lengths of excursions of Brownian motion and Brownian bridge, respectively. As
for (i) above, knowledge of the probability distribution of ﬁa,g( f) can be useful
for prior specification in applications where one is interested in making inference
on a mean of the Poisson—Dirichlet process. However, apart from these two areas
of research witch we are going to describe in more detail in the sequel, it is worth
mentioning other potential applications of our results. For example, in [9, 25] and
[45], it has been shown that results on means of the Dirichlet process have impli-
cations and interpretations relevant to, for example, the Markov moment problem,
continued fraction theory and exponential representations of analytic functions.
Since the PD(0, ) model can be seen as the limiting case of the PD(«, 6) distrib-
ution, as o — 0, we expect that some aspects of our work may also be applicable
to these areas. Two other important applications of the PD(0, 8) process for which
our results could be of some interest relate to random combinatorial structures (see
[2] for an exhaustive account) and population genetics.

The outline of the paper is as follows. In Section 2, we describe two areas of in-
vestigation for which our results are relevant and state an interesting distributional
identity connecting PD(«, ) and PD(0, #) means. In Section 3, we show how to
use an inversion formula for Cauchy-Stieltjes transforms in order to determine
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a density function of ﬁa’g(f), as («, 0) varies in (0, 1) x [0, +00). In Section 4,
these general results are applied in order to determine generalized arcsine laws cor-
responding to mean functionals of a PD(«, 0) process: we show how to recover a
well-known result and provide a representation for a density of [ xlsa,o(dx) when
E[ﬁa,g] coincides with the uniform distribution on (0, 1). Section 5 provides exact
forms for a density of 150,,9 (f) for any choice of f which makes the random mean
finite almost surely. In Section 6, a few distributional identities are given which
prove to be useful in order to evaluate the distributions of means of PD(«, 1 — «)
and of PD(«, ) processes. Finally, Section 7 describes an algorithm for exact sim-
ulation whose formulation is suggested by results illustrated in Sections 2 and 6.
All proofs are deferred to the Appendix.

We conclude this introductory section by recalling a useful fact. Indeed, note
that I‘T’aﬁ (f) 4 f xﬁ;’e(dx), where both ﬁa’g and f’jﬂ are Poisson—Dirichlet
processes with E[ﬁayg(-)] = H(:) and E[IS(;"’Q(-)] =Ho f‘l(-) =:n(-). This ex-
plains why, with no loss of generality, we will confine ourselves to considering
simple random means of the type My g(n) := [ xﬁo,,g (dx); see [41] for this line of
reasoning. Moreover, the assumption of diffuseness of H has been made only for
consistency with the typical definition of the Poisson—Dirichlet random probability
measure. Obviously, 7 might have atoms, as will be seen in most of our examples;
in any case, our results are still valid. Finally, in the sequel, C,, will denote the
convex hull of the support of 5, that is, C;, := co(supp(n)).

2. Related areas of application. As already highlighted in the previous sec-
tion, the main results achieved in the present paper find immediate application
in two seemingly unrelated areas of research: the theory of Bessel processes and
Bayesian nonparametric statistical inference. Below, we provide a brief description
of the connection.

2.1. Occupation times for Bessel processes and models for phylogenetic trees.
For functionals ﬁa,g( f), the generality of the space X is important as it allows
one to formally describe phenomena where, for instance, X denotes path spaces
of stochastic processes. Surprisingly, for general (¢, 0), very little is known about
the laws of the simple, but important, case of 150[,9(]1(;) where I is the indica-
tor function of set C € ¥, satisfying E[ﬁa,g(ﬂc)] = H(l¢) = p € (0,1). Hence,
f(Z) =1c(Z) is a Bernoulli random variable with success probability p, other-
wise denoted Bernoulli(p). In what follows, we will also let 13(1,9 (C) stand for the
random mean 15(179(]IC) and H(C) = H(I¢). Using the representation provided
in (2), one obtains

00 k—1
Po(C)=)Y Vi [[( -V,

k=1 j=1
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where (Y) are i.i.d. Bernoulli(p). The simple case corresponds to 130,9 (C), which,
since the Dirichlet process arises as a normalized gamma process, is well known
to be a Beta(fp, (1 — p)) random variable. This is apparent from the fact that
if we set Z, to be a gamma random variable with density function at x given by

[[(a)]~ x4~ e~ Tp+ (x), then Poo(C) £ Zop/(Zop + Zoj). where Zg, and Zs ;
are independent and p = 1 — p. The other known case corresponds to ﬁa,o(C ),
which has the Cauchy—Stieltjes transform

5 S0+ 'ptp
(3) E[(1 4 zPy0(C)) | = 0T 55

Such a transform has been inverted in [27], yielding, as « varies in (0, 1), the
densities

ppsin(am)x® (1 —x)* " 1)(x)

4) Qoo (X) = 7[p2x2% 4+ p2(1 — x)2% 4+ 2p px?(1 — x)% cos(am)]’

otherwise known as generalized arcsine laws. It is worth noting that this, as dis-
cussed in [3, 36] and [38], also corresponds to the fraction of time spent positive
by a skew Bessel process of dimension 2 — 2«. Following [38], let Y = (Y;,¢ > 0)
denote a real-valued continuous process such that (i) the zero set Z of Y is the
range of an «-stable subordinator and (ii) given |Y|, the signs of excursions of
Y away from zero are chosen independently of each other to be positive with
probability p and negative with probability p = 1 — p. Examples of this kind
of process are: Brownian motion (¢ = p = 1/2); skew Brownian motion (o = 1/2
and 0 < p < 1); symmetrized Bessel process of dimension 2 — 2«; skew Bessel
process of dimension 2 — 2¢. Then, for any random time 7 which is a measurable
function of |Y|,

T
) At =/0 L(0,4-00)(Ys) ds

denotes the time spent positive by Y up to time 7. Furthermore, remarkably,
Ar/T L A/t L A = A and A £ P, o(C). We see that the case of o = 1/2,
in (4) is the density found by [24] for the fraction of time spent positive by a skew
Brownian motion. Moreover, when p = 1/2, this coincides with Lévy’s famous
result yielding the arcsine law for Brownian motion. That is, when p = 1/2, the
random probability P /2,0(C) has a Beta(1/2, 1/2) distribution; see [28].

In [38], it is also shown that the fraction of time spent positive by a skew Bessel
bridge of dimension 2 — 2« corresponds to the law of ISQ,a(C). This random vari-
able also arises, among other places, in Corollary 33 of [34]. Another recent in-
stance is that of 1305, 1— (C), which equates with the limiting distribution of a phylo-
genetic tree model described in Proposition 20 of [16]. However, results for these
models are only well known for « = 1/2, which corresponds to skew Brownian
bridges. In particular, setting p = 1/2 yields the Lévy result for Brownian bridge
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which implies that f’l /2,172(C) is uniform on [0, 1]. A density for f’l 2,0(C) and
general p has been obtained by several authors; see, for instance, equation (3.4) in
[5]. The case of (1/2,6) when p = 1/2 is then Beta(@ 4+ 1/2,0 + 1/2); see also
equation (65) in [1] for the density of }31 /2,1/2(C) for general p and yet another
application related to the law of 150,,0, (C).

While the cases of Bernoulli Y;’s are indeed quite interesting, we do wish to
reiterate that it is substantially more difficult to obtain results for the more general
case where the Y;’s have a general distribution 7.

2.2. Bayesian nonparametric statistics. The topic of this paper can be natu-
rally connected to a large body of literature in Bayesian nonparametrics which is
aimed at investigating the probability distribution of functionals of random prob-
ability measures. Besides the pioneering work in [6], we mention: [7] and [30],
where nonlinear functionals of the Dirichlet process are studied; [40, 29] and [17],
which provide developments and refinements of the earlier results in [6]; [21] and
[41], which yield distributional results for means of a class in random probability
measures that generalize the Dirichlet process. The interest in random probability
measures in Bayesian nonparametric statistics is motivated by the fact that they
define priors on spaces of probability distributions.

Here, we briefly describe the contribution in [6] since it has inspired our own
approach. A first result contained in that paper consists of an important formula
for the generalized Cauchy-Stieltjes transform of order 6 of the mean functional
130,9( f) of the Dirichlet process 150,9 with parameter measure 6 H. Supposing
that f:X — R is such that [yxlog(l + |f(x)|)H(dx) < oo, the Cifarelli and
Regazzini [6] show that

©) E[ i ] _ 0 f 08GO H (dy) _ ,—6 Jy log(-+xn(x)
(z+ Po,o(f))°

for any z € C such that |arg(z)| <7 and n = H o f_l. The expression in (6) es-
tablishes that the Cauchy—Stieltjes transform of order 6 of Povg( f) is equivalent
to the Laplace transform of Gg(f), where ﬁ(),g(f) =Gy(f)/Gy(1) and Gg is a
gamma process with shape 8 H. The importance of (6) in different contexts was
recognized by [9, 25] and [45]. In this regard, it is called the Markov—Krein iden-
tity for means of Dirichlet processes. It is called the Cifarelli-Regazzini identity in
[22]. With considerable effort, Cifarelli and Regazzini [6] then apply an inversion
formula to (6) to obtain an expression for the distribution of [ x130,9 (dx) as fol-
lows. Let g, , denote the density of S xﬁ(),g (dx), where 150’9 is a Dirichlet process
with parameter measure 67, set W(x) := n((0, x]) for any x > 0, and let

) R() = /R 8 = 3D @),
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Then, from [6] (see also [7]), one has, for 8 =1,
®) Gy, () = %sin(mv(x))e—””
and when 0 > 1,
9) oy ()= (O — 1) /O ’ (x — z)H% sin(wOW (1))e ?RD gz,

Additionally, an expression for the c.d.f., which holds for W not having jumps
greater than or equal to 1, is given by [6] as

(10) /Ox (x —1)f! % sin(wOW (1))e ?R® gz,

In particular, 10 holds for all & > 0 if 1 is nonatomic. We note that while there
are various formulae to describe the densities of | xﬁovg(dx), descriptions for the
range 0 < 6 < 1 prove to be difficult; see, for example, [6, 40] and [29].

Here, we provide a new description for the density, which holds for all 6 > 0.
This result will be obvious from our subsequent discussion concerning the inver-
sion formula for the Cauchy-Stieltjes transform and otherwise follows immedi-
ately from (10).

PROPOSITION 2.1. Assume that n admits a density on R* and suppose that
R defined in () is differentiable. Then, the density of the Dirichlet process mean
functional [ x Py ¢(dx) may be expressed, for all 6 > 0, as

1 y
(11) 400 (3) = — fo (v — 1)/ ldy () dt.
where
(12) dg.n(t) = %Sin(nQ\P(t))e_eR(t).

It is apparent that practical usage of these formulae require tractable forms for
R and its derivative, which are not always obvious.

We close the present section with an important distributional identity which
connects ﬁa,g (f) with mean functionals of the Dirichlet process. For a measurable
function f:X — R™T such that H (f*) < oo, let Q4.0 denote the probability distri-
bution of Isa,o(f). This means that [ log(1 + x) Q,0(dx)=E[log(1 + f’a,o(f))].
The last expression is finite, since [x f*(x)H(dx) < oo. Hence, [+ xi’o,@ (dx) <
oo almost surely. From Theorem 4 in [45], note that, for any z such that |z| < 7,

—0/a
(13) exp{—e /]R+ log[z +x]Qa’0(dx)} = {/R+[Z +x]0!,7(dx)} .

From the Cifarelli-Regazzini identity (6), the left-hand side in (13) coincides
with the generalized Stieltjes transform of order 6 of the random Dirichlet mean
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Mo (Q,,), whereas the right-hand side is the generalized Stieltjes transform of

order 6 of 150,,9( f). These arguments can be summarized in the following theo-
rem, which states a distributional identity between the mean [p+ x Pp(dx) of a
Dirichlet process and a suitable linear functional of a PD(«, 8) process.

THEOREM 2.1. Let f:X — R™ be a measurable function such that H(f%) <
00, where a € (0, 1). If Q, , stands for the probability distribution of Py o(f), with

Py o such that B[Py o(-)] = H(:), then

(14) Puo (2 [ xPostd).

where 130,9 is a Dirichlet process with E[i’o,g(-)] = Q,,(") and the symbol 4 is
u~sed to denote equality in distribution. Moreover, the probability distribution of
Py o (f) is absolutely continuous with respect to the Lebesgue measure on R.

It is worth noting that an alternative proof of (14) can be given, based on a
construction of Gnedin and Pitman [13].

The last part of the statement in Theorem 2.1—that is the absolute continuity of
the probability distribution of ﬁa,g( f) with respect to the Lebesgue measure—
can be deduced from the absolute continuity of the probability distribution of
Jrt x130,9(dx) which is proved in Proposition 2 of [29]. Hence, the probability
distribution Qg9 of 13&,9( f) has a density with respect to the Lebesgue measure
on R, which we denote g4 ¢.

3. The probability distribution of i’a,o( f). The present section provides a
general expression of the density function of the mean of a two-parameter Poisson—
Dirichlet distribution by resorting to an inversion formula for the (generalized)
Cauchy-Stieltjes transform of order 6 > 0. Before getting into the details, let us in-
troduce some new notation that will be used henceforth. Let H be some nonatomic
distribution on (X, %) and let f:X — R™ be any function in the set

€o(H) :={f:X - RT s.t. f is measurable and H (f%) < +00}.

Moreover, as anticipated in the Introduction, ﬁa’g denotes a random probability
measure with law % @ C1H ). We confine our attention to functions in €, (H) for
two reasons. First, the integrability condition H (f%) = [x f*(x)H (dx) < 400 is
necessary and sufficient for the (almost sure) finiteness of ﬁa,O( f); see Proposi-
tion 1 in [41] for a proof of this result. Hence, one can use the absolute continuity
of @’(Qﬁ)(-lH ) with respect to @(Q,O)(‘|H ) in order to obtain 150,,9( f) < oo with
probability 1. Second, we consider only nonnegative functions since the inver-
sion formula we resort to applies to functionals ﬁa’g (f) for a measurable function
f:X— R,
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Given a function f in €, (H), the transform of order 6 > 0 of 13%9( f) is, for

any z € C such that | arg(z)| < m,
—0/a
et pae(f»@] (e roraan}

Such a representation is to be attributed to [26] and also appears, with different
proofs, in [44] and [45]. This transform turns out to work well in the case where
6 > 1. Additionally, we will need the transform of order 6 + 1, that is,

Jxlz+ f)1* H(dx)
{[xlz + f(x)]*H (dx)}0/a+1"

In particular, for & = 0, we have, importantly, the Cauchy—Stieltjes transform of
order 1 of the PD(«, 0) mean functionals,

Jxlz+ fO)1* H(dx)

Jxlz+ fF)I*H(dx)
The transforms (16) and (17) can be obtained as special cases of Proposition 6.2 in
[21] with n = 1. Moreover, for 6 > 0, (16) can be obtained by taking a derivative
of (15). When inverting (15) or (16), one obtains the probability distribution of

Py o(f). Since Theorem 2.1 implies that the probability distribution of Po, o(f) is,
for any (o, 0) € (0, 1) x R, absolutely continuous with respect to the Lebesgue
measure on R, we obtain the density function, g, , of I3a,9 ().

The particular inversion formula we are going to use has recently been given in

[42]; see also [43]. In [8], one can find a detailed account of references on inversion
formulae for generalized Cauchy—Stieltjes transforms.

(15) S9lz: Puo(f)] =E [

(16) 894102; Poo(f)] =

(17 8112; Puo(f)] =

THEOREM 3.1. Let f be a function in €,(H) and define
I .= N
(18)  Aao(r) =5 —lim{Sy[—r —ie: Pog(f)] — Sp[—1 +i&; Pap ()]}
1 el0

The density function q, , of Isa,g(f), evaluated at a point y in C, = co(supp(n)),
then coincides with

(19) 00 = [ ="l dr.
When 0 > 1, the expression above can be rewritten as

)7
(20) 0.0 =6-1 [ =0 2au0d.

It is worth noting that if 6 = 1, then g,,1 = Aq. 1, thus yielding the same result
as in [46]. The case corresponding to 6 < 1 can also be dealt with by computing
the transform $y41[z; Py.0(f)]. One then obtains

@1 Gy () =0 / (v — 0 Rupr1 (0 dt,
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where

. lim { Jxl=t —ie + f ()]~ H(dx)
27 el0 | [ [ (—t —ie + f(x))* H (dx)]0/e+!

_ Jx[-t+ie+ f@)1T H(dx) }
[fx (=t +ie+ f(x)*H(dx)]P/«+1)
Note that the formulas (19) and (21) lead to the almost everywhere equality

(23) A(/X,Q - 9&0[,94'_1

Ao{,@-i—l(t) =

(22)

for 6 > 0. Finally, note that Aa,l is, by Widder’s inversion, the density of 130,,0( ).
Hence, a first approach for the determination of the distribution of 13%9( f) will
aim at the determination of Ay g and Aa’9+1. This task will be completed in the
following sections. Note that once we obtain an explicit form for A, g, the c.d.f.
of ﬁavg(f) is given by

4 Q,,(—oco.x]) = /O " g, dy = /O = )" Aap () dy

for all 8 > 0. This result follows by using the representation in (19) and applying
integration by parts. As we shall see, this representation plays a key role in ob-
taining simpler expressions and various identities for A, g, hence simplifying the
formulas for the densities.

Finally, we anticipate some notation that will be useful. First, consider

e ¢} t
g0 = [ w0t and a0 = [0,
which represent generalized Abel transforms of the measure 7. Now, define

Ve () = cos(am) sy o (1) 4 5, o, (1),

() 76
ey T g ()

where [y := {t € RT : 9, (t) < 0}. Clearly, when o < 1/2, y,(t) > 0 for all ¢.

Ca(t) = sin(am)sdy o (1), Pa0() = 9 arc tan
o

4. Generalized arcsine laws. We first deal with linear functionals of the
PD(«, 0) process. As such, we generalize the results of Lamperti [27] for the case
of ISQ,O(C ). We also point out that Regazzini, Lijoi and Priinster [41] obtain an
expression for the c.d.f. of My ¢(n) by exploiting a suitable inversion formula
for characteristic functions and, additionally, provides expressions for its poste-
rior density. Here, the approach we exploit leads to explicit and quite tractable
expressions for the density which is expressed in terms of Abel transforms of 7.
Moreover, we also derive new expressions for the c.d.f. which can indeed be seen
as generalized arcsine laws.
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THEOREM 4.1. Let n be a probability measure on (X, %) with X C R™ and
set Qg :={y eRT: [x ly — 1% In(dr) < +oo}NCy. If [t*n(dt) < +o00 and the
Lebesgue measure of 88,77 is zero, then a density function of the random variable

My o(n) = fxf’a,o(dx), denoted by q,, ,, coincides with

sin(ar) syt o DSy a1 (0) 4+ sl o () 0 ()

25) q,,() =
' T sl ()] 4 2c08@m) sl (7)o () + Loy 0 (9T

forany y € O .

The proof is provided in the Appendix. The result for the form of the density is
new. We are also able to obtain, in view of obvious difficulties with direct integra-
tion, a rather remarkable expression of the c.d.f., given in the next theorem.

THEOREM 4.2. Let n be a probability measure on R such that [ x*n(dx) is
finite and the Lebesgue measure of the set O, , is zero. If t = W (t) = n((—00, t])
is Lipschitz of order 1 at any y € Oy, ;, then the c.d.f. of My o(n) is given by

)

1
(26) Q,0((—00,x]) = —arctan(
’ ar
forany x in Cy and o in (0, 1).
Applying Theorem 4.2 to the case o = 1/2, we obtain the following result.

COROLLARY 4.1. Consider the setting as in Theorems 4.1 and 4.2. The den-
sity of the random variable M3 o(n) is given by

@7) @0 (Y) = 1ty psty—120) + sy p sy 1/2(0)
1/2,0 T [ﬂ;{l/z(y)]z + [ﬂn,l/z(y)]z

forany y € Oy, and its c.d f. is given by the generalized arcsine distribution

2
(28)  Qy5,0((—00, xD) = —aresin(w Aiy2.12()[y ) (0) + (01 ?).

REMARK 4.1. As we see, the results for the PD(«, 0) are tractable and, quite
remarkably, only require the calculation of the Abel transforms «, , and &ﬁ,‘?ﬁ o
In this regard, one can, in general, obtain explicit results much more easily than
for the case of the Dirichlet process. It is worth pointing out once again that our
expressions for the c.d.f. show that these models have indeed generalized arcsine
laws. These expression are rather surprising as it is not obvious how to integrate
with respect to the densities.
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Below, we illustrate a couple of applications of Theorem 4.1. The first example
recovers a well-known result given in [27], while the second provides an expres-
sion for the density g, , when the parameter measure 1 coincides with the uniform
distribution on the interval [0, 1].

EXAMPLE 4.1 (Lamperti’s occupation time density). Here, as a quick check
of our results, we first revisit Lamperti’s model. That is to say, the distribution of
Py 0(C). This corresponds to n being the distribution of a Bernoulli distribution

with success probability p = E[ﬁa,o(C )] =1 — p. It follows that for any d > 0,
the Abel transforms for a Bernoulli random variable are given by
st =0 -0)p and dlya()=1p

for any ¢ in (0, 1). Hence, one easily sees that Lamperti’s formula in (4) is recov-
ered. In addition, we obtain the following new formula for the c.d.f.:

1 sin(wa)xp
0, (=00, x]) = — arctan -
' o cos(am)x®p+ (1 —x)%p
for any x € (0, 1). This may also be expressed in terms of the arcsine, using the
fact that for any ¢ € (0, 1),

sin(am)t*p

29 Ag.o(t) = .
(2) (0) 7122 p2 + 2cos(am)t*(1 —)*pp + (1 — 1)** p?]

EXAMPLE 4.2 (Uniform parameter measure). We again note that, while there
are several techniques one could have used to derive expressions for the functional
Py 9(C), it is considerably more difficult to obtain results for a more general choice
of 130[,9 (f), with f in €, (H). Here, we demonstrate how our results easily identify
the density in the case where n(dx) = L, 1)(x) dx. For My 0(n) = fxﬁa,o(dx),
direct calculation of the Abel transforms leads to the expression of its density as

(o + 1) sin(am)y*(1 — y)¥
[y2a+2 +(1 - y)2a+2 + 2cos(a7r)y°‘+1(1 _ y)a+1]

Note that one easily finds y, (1) = (t**! cos(am) + (1 —1)**!) /(e +1) and ¢, (1) =
1+ sin(am) /(o + 1), additionally providing an expression for the c.d.f. In the
Dirichlet case, the distribution of f(o, 1 x Pp,g(dx) can be determined by means of
results contained in [6] and it is explicitly displayed in [9]. Its density function on
(0, 1) has the form

Guo(¥) = o Lo, (¥)-

e - —y .
905 () = — (1= )~y sin(ry)lo,n (-

5. The probability distribution of PD(«, #) random means. In the present
section, we are going to consider more general cases than the «-stable process dealt
with in the previous section. In particular, we illustrate the results one can achieve
by applying an inversion formula provided in [42] in order to obtain the density of
My 0(n) when « € (0, 1) and 6 > 0 and then make a few remarks concerning the
case in which o < 0.
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5.1. Densities for My (). As suggested by the inversion formula, the eval-
uation of a density function for the random functional M, ¢ basically amounts to
the determination of the quantities Ay ¢ and Aa,gH. We then move on, stating the
two main results of the section and providing an interesting illustration.

THEOREM 5.1.  Foranyt € O, and (a,0) € (0,1) x R, one has
1
[62() +vd

(30) A(M,@(t) = T (t)]g/(za) Sin(poz,@(t))-

A combination of the above result with Theorem 4.2 leads to another represen-
tation for the c.d.f. of the mean P, o(f) of an a-stable subordinator. First, note
that, for any « € (0, 1), one has

o (1) . [ Ca(t)sign(ye (1))
P (1) =arctan( )—i—rr]I o (D) =arcsm( )+7T]I L (1),
ve (D) r JE2 0 +y2) '

where sign(a) = 1 if a > 0 and sign(a) = —1 if a < 0. At this point, from (30),
one has

sign(yq (7)) S (D) Ve ()] _ Ca (1)
7 JE2(0) + y2(0) ya (O 220 +v2(0)  TLE® +rg(®)]

If, as in the statement of Theorem 4.2, one has that W is Lipschitz of order 1 at any
y € Og, 5, an alternative representation for the distribution function of a normalized
a-stable random mean displayed in (26), that is,

A(x,a(t) =

1 .
(€29) Qq,0((—00,x]) = o e SIN(T Ao (1)1 &3 (%) + ¥7 (%)),

holds true.

REMARK 5.1. As pointed out at the end of Section 3, if o € (0,1/2],
then pq¢(t) = (0/a)arctan(fy(t)/va(t)). Hence, if one resorts to the expres-
sion for the c.d.f. of Isa,o(f) as provided in (31) it can be noted that p, ¢(t) =
0 Qq.0((—00, t]) and this yields a representation equivalent to the one displayed

in (30), that is,
sin(0 Qg,0((—00,1]))

(32) Bat =130 4 20/

A further evaluation of Ay ¢ can be deduced by resorting to the correspondence
between PD(«, 6) means and Dirichlet means, as stated in Theorem 2.1. Indeed,
one can prove the following useful identities.

THEOREM 5.2. Let Ry(t) = fRﬂ{t}log It —y1Q,,(dy). Then, for all 6 > 0,
the following results hold:
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(i) Ago(t) = tsin(m0Q, ,((—o0, t]))e R
(i) forany 1 € {x: Q, ,((—00,x]) > 0} and o € (0, 1),

eiRO‘(l) = [M
~ Lsin(raQ, (1)

1/a 12
} — 1220 + 7200

The expression of Ay g, as determined in Theorem 5.1, Remark 5.1 or Theo-
rem 5.2(i), is useful when one aims to evaluate the density function of ﬁa’g( )
corresponding to the case 8 > 1. When 6 < 1, one must resort to the expression
given in (21) and then the evaluation of Aa’gﬂ is necessary. The following theo-
rem deals with this issue.

THEOREM 5.3. Forany («,0) € (0, 1) x Rt andt e Oy, the following iden-
tity holds true:

< Ya—1(1) sin(pg,0 (1)) — Sa—1(t) cOS(Pa,p (1))
59 Bap+1(t) = TLC2(0) + y2 ()] 0+ )

We now proceed to provide a simple illustration of the above results by means
of an example. More detailed discussion about the determination of the probability
distribution of M, ¢(n) is developed in the following section.

EXAMPLE 5.1 [First expressions for 130,,9 (C)]. Itis interesting to compare the

general case of f’aﬁ (C) with that of Lamperti’s result in Example 4.1. Here, using
the specifications in that example, it follows that

sin(g arc tan(ﬁcos(’;;ir)‘fﬂg(l_t)a) + grr]lra 1))
T{p2t2@ 4+ p2(1 — )22 + 2ppcos(am)t* (1 — t)«}0/Cx)’
where 'y, = @ if o € (0,1/2], whereas I', = (0, 1_1;—"‘%) with vy, = (—p/
(p cos(an)))lf“ if @ € (1/2,1). From (34), one can recover the expression for
the c.d.f. of Py ¢(C) by resorting to (24) if the parameter 6 > 1. When 6 < 1,
expressions for Ay g4+1 can also be calculated explicitly, leading to formulae for
the density. In general, it is evident that such results are not as amenable as the
case Py o(C), although they still lead to interesting insights. We will see that a
case-by-case analysis can lead to more explicit expressions. We also develop other
techniques in the forthcoming sections.

(B34)  Aqo(r) =

5.2. The probability distribution of M_, i (n). In this section, we establish
the law of the mean functional of a random probability measure with distribution
@H,mk) (-] H) which, according to (1), is given by

" G; "G
M_emem =) f(Z)==) Yi—=,
i=1 G i=1 G
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where the Y;’s are i.i.d. with common probability distribution 7. One reason to
study these functionals is that for the choice of k = 6 /m, one has that M_g,,, ¢ (1)
converges in distribution to Mg ¢(n) as m — oo. This fact may be found in, for

example, [20]. It is easy to see that, conditionally on (Y1, ..., Yin), M_x mc(n) 4
Mo i (Nm), Where

1 m
(35) N () = — ; 8y, ()

is the empirical distribution. Thus, descriptions of the conditional distribution of
M_y mic(n), given (Y;);>1, follow from (8), (9) and (10) for appropriate ranges of
the parameter 6 = m«, with n replaced by 7,,. The Cauchy-Stieltjes transform of
M_ i (n) of order mk is

1 00 . m
S =L G ia@n] e <

Now, set

op (1) :=e "0 =TT 1t —yl™,

l'EA;’m

where A;,, = {i:y; #t} N{1l,...,m} and suppose that c(t) := f(o,oo) |t —
y|7"™n(dy) < oo for almost every ¢ with respect to the Lebesgue measure so that
one can define p,, (1) = fé & — y) 7™ n(dy)/cme(t) and

m
. . m i —j
o () = Leme 1" 3 sinr i) ( ; ) P OV = pnc (01"
j=l1
This leads to the following interesting result.
PROPOSITION 5.1.  If Ey[-] denotes the expected value taken with respect to

n, then:

(1) Eploy," @) sin(wmin, (£))] = hm,mi (1);
(i1) when mk =1, the density of M1/, 1(n) is given by hy, 1(x)/m;
(iii) fork =0/m < 1,the c.d.f.of M_g/;m 6 (n) is

1 X
O—o/mo((—00,x]) = — / (x =) Wy o(t)dt.
T Jo

Furthermore, this c.d.f. converges to (10), as m — oo, for all 6 > 0.
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6. Distributional recursions. In this section, we describe mixture represen-
tations which are deducible from the posterior distribution of PD(«, 6) laws and
existing results for the Dirichlet process. These represent aids in obtaining tractable
forms of the distributions of various models M, ¢ (7). In particular, we will use this
to obtain a nice solution for all PD(¢, 1 — o) models. Before stating the result, let
us mention in advance that B, j, stands for a beta-distributed random variable with
parameters a, b > 0.

THEOREM 6.1. Let the random variables W, My 94+4(n) and Byt 1—a be
mutually independent and such that W has distribution .

(1) Then,for0<a <1andf > —a,

d
Ma,@(n) = BG+a,1—aMa,9+ot(77) + (1 - B@—i—a,l—a)W-

Note that when 6 > 0 and a = 0, this equates with the mixture representation for
Dirichlet process mean functionals.
(i1) Moreover, for any 0 > 0 and o € (0, 1), one has

d
Mey,0(m) = Bo,1My0(n) + (1 — By, 1) My 0(n).

An immediate consequence of this result is that if one has a tractable descrip-
tion of the distribution of M, ¢4+ (n), then one can easily obtain a description of
the distribution of M, ¢(n). Moreover, from Theorem 6(1), one can deduce repre-
sentations of ﬁa,g (f) for negative values of 6, once an expression of My g« (1) is
available.

REMARK 6.1. Recall that f’l 2,0(C) for p =1/2 has the arcsine distribution
Beta(1/2,1/2). Applying the mixture representation in statement (ii) of Theo-
rem 6.1, one can see, via properties of Beta random variables, that l~’1 12,0(C) 1s
Beta(6 + 1/2,6 + 1/2). This corresponds to a result of ([7]) for Mo ¢ (1), where n
is the arcsine law, although a connection to occupation time formula was not made
there.

6.1. Results for PD(«, 1) and PD(«, 1 — ). We are now in a position to dis-
cuss some of the easiest (and also more important) cases. First, we deal with a
P D(w, 1) mean functional, M, 1(n), and use it in order to determine, via a mix-
ture representation, the probability distribution of My 1—4 ().

We have already mentioned that when 6 = 1, the inversion formula simplifies
and the density function of M ,(n) reduces to g1 = Ag,1, as given in (30). For
the range 0 < « < 1/2, this further reduces to

sin(1/a arcsin(w Ay o (1)\/£2(¥) + y2()))

36 o - Aa ==
(30 da1(y) 10) m[£2(y) + y2(»)]Y/C
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Ifa=1/n,withn=2,3,..., one can then use the multiple angle formula

n

sin(nx) =Y (Z) [cos(x)]¥[sin(x)]** sin(%[n — k]),

k=0

in order to simplify the expression of ¢, 1. These remarks can be summarized as
follows.

THEOREM 6.2. A density function of My 1(n), for all 0 < o < 1, coincides
with
sin(1 /o arctan §o (y)/va (y) + 7/alp, ()
T3 (») + vg (N1

forany y € ©y . When a = 1/n, withn =2,3, ..., then a density function for
M n,1(n) coincides with

qim1(y)=n"" A1/n1/n(Y)Z< )(Z;Zg;) < [n—k]>

Setting n = 2 in the last formula yields a simple form for a density function of
Mj2,1(n), expressible as

o, (V) =Ag1(y) =

i) == vipmMapl) 2 sy 1205, 1 ()
> TLEEn W) +vEa WP T L) + v

Now, the density of PD(«, 1 — o) mean functionals can be deduced from PD(«, 1)
models via the mixture representation given in Theorem 6.1.

THEOREM 6.3. A density function of the random mean My 1—o (1) is obtained
via the distributional identity

d
My1-a(m) =B11—aMy1(m) + (1 — By 1) W,

where B11-q, My 1(n) and W are independent. Here, W is a random variable
with distribution 0. In particular, the density of My 1— (1) takes the form

= [ [ s (520 ) - )b,

where Ay 1(t) =0 for any t <O0.

EXAMPLE 6.1 (A distribution relevant to phylogenetic models). Recall from
the Introduction that the random variable Pa 1—«(C), when IE[PO, 1—-a(C)]=1/2,
is equivalent in distribution to the random variable appearing in [16]. It is known
that when o = 1/2, the distribution is uniform, according to the well-known Lévy
result; see [28]. Here, we obtain a quite tractable representation of the laws for all
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values of o and with E[ﬁo{,l—a (CO)]=p=1-—p,forany p € (0, 1). To this end,
we first obtain the distribution of P, 1(C). This can be easily obtained by setting
6 =1 in (34), which yields the density function

-1 psin(am)t®
sin( arctan( GGy pa—ne) T o e ()

a{p2t2% + p2(1 — 1)2@ + 2ppcos(am)te (1l — ¢)*}1/(2e)’

fa,l,p(x) =

where 'y = @ if a € (0,1/2], whereas Ty, = (0, 22-) with vy, = (—p/

* 1+vy
(p cos(am))/® when « € (1/2,1). Since a density function fy 1, of f’O,,l(C)
is available, one can evaluate the probability distribution of ﬁa,l_a (C) via the
mixture representation stated in Theorem 6.1. It suffices to set n = b, where
bp(x) =p*(1— p)l_xl{o,l}(x) is the probability mass functions of a Bernoulli
random variable with parameter p. Hence, one has Isa,l(C ) = My 1(bp) and

1— My 1(bp) =1— Py 1(C) =My 1(bp).

COROLLARY 6.1. Let W denote a Bernoulli random variable with parameter
p and let W be independent of B 1_q and My 1(bp). Then, conditionally on the

event W =1, one has My 1-o(bp) - Bi,1—aMy,1(bp). On the other hand,

given W =0, one has My 1-«(bp) 4 Bi,1-«My,1(bp). Equivalently, a density
function of My 1—« (b)) is obtained via the distributional relationship

t

Joi—ap®) =1 —a) /01 [ﬁfa,l,p<£) + pfa,l,,a<1%)}ul(l —u) *du.

6.2. The case of PD(«, ). The important case of PD(«, &) is, in general,
more challenging than the case of PD(«, 1 — o). Of course, these two agree in the
case of @ = 1/2 corresponding to quantities related to Brownian bridges. Tech-
nically, one can apply the formula based on &WH, but this does not always
yield very nice expressions. Alternatively, in the special case where 1 — o = 2«
that is ¢ = 1/3, one might think of using mixture representation results such as
those given in Theorems 6.1 and 6.2. According to the latter, one can determine
M, 1—«(n) and then, by resorting to the former (with 8 = o), one obtains My 4 (n).
For example, one can use the Dirichlet process mixture representation to obtain the
probability distribution of M3 7,3(n) from the distribution of M 2.1 (n). Addition-
ally, when « > 1/2, one may use the density representation of M, 24(n) based on

Aq.20, coupled with the mixture representation. Let us investigate these cases by
considering specific examples.

EXAMPLE 6.2 [Probability distribution of Isa,o,(C )]. First, note that, having
set p=1—p=n(C) € (0, 1), the quantity Ay , has been described in (29). The

expressions for A, 41 are the same for any « € (0, 1) since sin(2 arc tan( iz 8; ) =
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sin(2 arctan(i‘:g;) + 2n1lr,(¢)). Hence, for any o € (0, 1) and ¢ € (0, 1), one has

. 296 (D) Va—1(0) 2 (t) — Lam1 Y2 () + La—1 ()2 (1)
(37 Agatri1(t) = D20+ 2P

with y,(t) = p(1 — )¥ + pcos(am)t® and ¢ (t) = psin(am)t®. These findings,
with some simple algebra, lead to the following corollary.

’

COROLLARY 6.2. The random probability f’a,a (C) admits a density function
coinciding with

N ,
4. (y) = 2pSm@m) [ro—or
T 0

x (PP —n* "1 +1)
(38) +2ppt® (1 = )% eos(am) — p2r?¥)
+2ppt*(1 — 1)* cos(am)]?) " dt
forany yin (0,1).

It is now worth noting that the above formula, with @ = p = 1/2, yields the
well-known result about the probability distribution of A = fol L0, 400)(Ys) ds, in
the case where the Markov process Y = {Y; :¢ € [0, 1]} is a Brownian bridge. In-
deed, Lévy found that A is uniformly distributed on the interval (0, 1); see [28].

In this case, 81/2,3/2(0 =27"1¢712 and the density function of 151/2’1/2(C) is
given by

1 Y
= —1/2 —1/2 5. _
CI1/2,1/2()7)—2T[2‘/(; t (y—1) dt=1

for any y € (0, 1).

EXAMPLE 6.3 (Uniform parameter measure). Let us again consider the
case in which n(dx) = I 1)(dx). Recall that y,(t) = (t*H cos(am) + (1 —
DTN /(a + 1) and ¢, (1) = t* ! sin(amr)/(a + 1). These yield

Bur (1) = (1 4+ 2 227
t9[(1 — )21 + 1) — 1222 4 2 cos(am)r* T2 (1 — )]
[£20F2 4 (1 — 1)22+2 4 2 cos(am)t@t (1 — r)ot1]?
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The expression of the density g4, somewhat simplifies when o = 1/2. Indeed, in
this case, one has

IVII(A =0*(1 +1) =]
2 [1 —3t(1 —1)]?
for any ¢ € (0, 1). In order to determine the probability density function ¢, compute
Y (y — 1)~ V2200 gy
/ [1—37(1—1)]?
(2)n3”

Avj23(t) =

I“(Y) dt

=;Z

n>0

n+
_ 2 3" i <n ;:S) (D /y(y )12k 12 gy
0

/ ( t) 1/2 r+n+l/2(1 t)n—i—s dt

”nzo nt 3
Z (2)n3n rg(”l-FS)( 1)k nakar1 L +n+k+3/2)
n>0 o\ K C(r+n+k+2)°

where (a), =I'(a +n)/I'(a) for any a > 0 and n > 0. Consequently,

y -
q12.12() = fo (v =07V A ) dt = To2(y) + 1 2(y) = Lo(Y)

for any y in (0, 1).
An alternative representation of this density can be achieved by resorting to

Theorem 6.1. Indeed, one has that M3 1,2(n) 4 Bi1aMyppi(m)+(—=B112)Y,
where the density function of M/ 1(n) is given by

9 y3/2(1 )3/2
AT T —— To,1)(y)

and Y is uniformly distributed over the interval (0, 1). This then suggests that a
density of Mj2,1/2(n) can be represented as

q121() =A121(y) =

1 BN —12
41/2,1/2(y)=5/0 (x1 — x3) { (x2 — x3) 41/2,1()62)0')62}61)63
x|
L N 1Y Y L R )
+2 (x3 —x1) A (x3 —x2)" '7qu2,1(x2) dxp g dx3
x|

9 L xp(1 = xp)3/2 (1 3 x1>
= —.x F 1; = dx
2V e+ —x 2 T2 T2 )T

3/2
9 Xoox 1—x 1 3 1—x
—i—gvl —)ﬂ/o 2 2 2F1( 1>dx2,

Wra-op 272 T-x

where » F is the Gauss hypergeometric function.
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7. Perfect sampling M, ¢(n). Our results thus far have provided quite a few
expressions for the densities and c.d.f.’s of My ¢ (1) which are certainly interesting
from an analytic viewpoint. However, it is clear that if one were interested in draw-
ing random samples, it is not always obvious how to do so. The clear exception
for all n is the M, o(n) case, where one can apply straightforward rejection sam-
pling based on the explicit density in Theorem 4.1. Here, we show that this fact, in
conjunction with the correspondence to the Dirichlet process established in Theo-
rems 2.1 and 6.1, allows us to perfectly sample random variables M, ¢ (1) for all
0 <o <1 and 6 > 0. One simply needs to apply the perfect sampling procedure
for Dirichlet mean functionals devised by [15]; see also [23] for an application
of this idea to a class of non-Gaussian Ornstein—Uhlenbeck models arising in fi-
nancial econometrics. First, recall that Theorem 6.1 establishes the distributional
identity

Mao (1) % Mo.g(Q,, ) £ Moo(Q, ) Bo.1 + (1 — Bo.1))Mao(n).

Recognizing this, we now recount the basic elements of the perfect sampling algo-
rithm of [15], tailored to the present situation. First, note that perfect sampling can
be achieved if 0 <a < M, ¢ (n) < b < oo almost surely. Furthermore, note that this
is true if and only if the support of Q_  is [a, b] or, equivalently, My 0(n) € [a, D].
Now, as explained in [15], following the procedure of [39], one can design an up-
per and lower dominating chain starting at some time —N in the past up to time
0. The upper chain, say uMy ¢(n), is started at uM, 9, —n(n) = b and the lower
chain, IMy ¢(n), is started at /My g, —n (1) = a. One runs the Markov chains for
each n based on the equations

uMa,@,n+l(77) = Bn,QXn + 1 - Bn,@)uMa,é),n(n)

and

lMot,@,n—i—l(n) = Bn,GXn + (1 - Bn,@)lMotﬁ,n(n)s

where the chains are coupled using the same random independent pairs (B, ¢, X5),
where for each n, B, ¢ has a Beta(1, 0) distribution and X, has distribution Fy ;.
That is, X, 4 M, 0(n). The chains are said to coalesce when D = [uMy ¢.,(1) —
IMy0.,(n)| < e for some small ¢. Notice, importantly, that this method only re-
quires the ability to sample My o(n), which is provided by Theorem 4.1, and an
independent Beta random variable.

APPENDIX A: PROOF OF THEOREM 3.1

A.1. Aninversion formula for the Cauchy-Stieltjes transform. In order to
determine the density function, ¢, ,, of the random mean P, (f), one can invert

the transform 48[ z; ﬁa’g (f)]- Indeed, since g, ¢ is a density function, with respect
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to the Lebesgue measure, on R™, one has Jo Y Pqa,0(y)dy < oo for some p > 0
for any ¢ > 0. The inversion formula provided in [42] can be applied to obtain

6
y _ ~
(39) G0 = =5 [ () 8w Puo(f))du
i Jw
In the previous formula, ‘W is a contour in the complex plane starting at w = —1,
encircling (in the counterclockwise sense) the origin and ending at w = —1, while

/Sé[yw; ﬁa,g(f) = dz/Sg[z Po,g(f)]lz —yw. If & > 1, one can integrate by parts,
thus obtaining

(40) Qs V) =7

see (18) and (19) in [42].

¥~ 1/ (1 + w)? 28 lyw: Puo(f)]dw;

A.2. Proof of Theorem 3.1. In order to obtain (19) from the above represen-
tation (39), first note that the complex integral can be rewritten as follows. Set,
for any y in the convex hull of the support of H o f~1, I'y € C to be the path
starting at w = —y, encircling the origin and ending at w = —y. Hence, a change
of variable in (39) yields

g (y)=—i/ 3+ W)~ 8 [w: Byo(£)]duw
a,0 2]_[1 Fy 2] ) Ol,9

For simplicity, introduce the function w — h(w) = (y + w)e_]%[w; Isa,g(f)]
and note that 5é[w; ﬁa’g(f)] = 8o41[w; ﬁa’g(f)], as described in (16). By virtue
of Cauchy’s theorem, one has

/l:y h(w)dw = /‘Y—is h(w) dw —I—/_Oyh(x —ig)dx

—y+i0
/2 y+i0
+i€/ S h(ge™)ds —}—/ h(x +is)dx +/ h(w)dw.
—1/2 y+ie
A few straightforward simplifications lead to
y
h(w)dw = / [A(—x —1ie) — h(—x +1e)]dx
ry 0
/2 —y—ie
41) —|—18/ 1Sh(se”)ds—i—/ h(w)dw
m/2 y+i0
y+i0
—|—/ h(w)dw.
y+ie

In order to determine the behavior, as ¢ | 0, of the last two summands in (41), let
us show that the function s — h(—y + is) is integrable in a neighborhood of the
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origin. Indeed, one has

| Jx(=y +is + fF(x)* T H(dx)|
[y (=y +is + f(x))* H(dx)}o/e 1]’

As for the numerator, one has | fx(—y +is + f()* 'H(dx)| < g+ — ¥ +
x +is|* ndx) < Jrr lx — y|“_1n(dx) and this is finite for any y in G4 ;. On
the other hand, if one sets g (x, y;s) := |x —y +is|¥ cos(« arg(x — y 4+ is)) and
g2(x, y;8) :=|x —y+is|*sin(« arg(x — y +is)), the denominator would coincide
with

H/ (x — y — i)y (dx)
R+

eXp{(Ga‘l + l)log(A+[g1(x, y;s) +iga(x, y; S)]n(dx)>”

- {</R+ 81(x, y; S)n(dx)>2 + (/R+ 22 (x, v: S)n(dx)>2}9(2a)_l+2_l

9a‘1+1
> (/ gz(x,y;sm(dx)) .
R+

We now confine ourselves to the case where s is in (0,&) for some positive
&. The same reasoning can be applied in the opposite case when s € (=§,0).
Since arg(x — y +is) = arctan(s/(x — y)) + ml(g,y)(x), this quantity is a value
in (w/2,m) and, hence, sin(oxarg(x — y + is)) > 0. Consequently, if we set
we = a[mwl,2/31(a) + (r/2)2/3,1) ()], the denominator is bounded below by

|h(—y +is)| = |s|~!

}9/a+1

s fa 141
{/ lx — y|¢ sin(a arctan —I—an]I(o,y)(x))n(dx)}
R+ y

001_14-1
> {sin(wa) [ - y|“n(dx>}
0,y]

and the latter must be greater than some positive constant, say Ky, for any y in
Oy, - Finally, we have |h(—y +is)| < K;se_1 for any s in (0, &). This implies
that, when we let ¢ | 0, the last two terms in the right-hand side of (41) tend to
zero. As far as the second summand in (41) is concerned, one can also show that it
tends to zero since

/2 . . L~
(42) 12?8 e* / R ¢S (y +ee) el =08y (g€ Pyg(f)]ds =0.
—TT

In order to show this, observe that, for any real number s such that |s| < 7 /2,
one has |(y + ee )P~ = {y? + &% + 2yecos(s)}?~D/2 < y=1 when 6 < 1.
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Moreover, one can determine a bound for

| fp+lee!® +x1%"1n(dx)|
I{fg+ (g€ + x]%n(dx)}0/e+1)

43) &' 7Y 8y 1lee’; Pug ()]l ="

As for the numerator in (43), define g.(x,s) := x2 + &% 4 2xecos(s) and
note that |fR+[eeiS + x1% " In(dx)| < fw[g,;(x,s)]("‘_l)/2 < &2 ! gince o < 1
and, as before, |s| < /2. On the other hand, if we further set d.(x,s) :=
arctan(e sin(s)/[x 4+ € cos(s)]), then

' [ tee® +x1n(@0)] = [ Lo 912 costad, . sy,
R+ R+

For any s € (=7, 5) and x > 0, it can be seen that cos(ad;(x, s)) > cos(am/2)
and go(x,s) > x2. These, in turn, yield the following lower bound for the denom-

inator in (43):
T 0/a+1
> {cos(—)/ x“n(dx)} =Ky > 0.
2 R+

Hence, the expression in (43) is, for any &€ > 0 and (x,s) € RT x (—%, %),
bounded by some constant depending only on « and 6. This implies (42) and then

) 0/a+1
H/ [ee" —i—x]“n(dx)}
R+

. y . .
fry h(w)dw = }31?8/0 [A(—x —ie) — h(—x +1¢e)]dx.

In order to interchange the limit with the integral, we now show that for any y, there
exists By C (0, y), with A(B;) = 0, such that for any x € By, one has |h(—x —
ie)| < h(x) and & is integrable on (0, y). The same argument can be applied to
|h(—x +1ig)]|. If we set

&

44) Veo(x):= /]R+[(t — x)2 + 82]“/2 cos <a arc tan + anﬂ(o,x)(t))n(dt),

r—x
&

(45) Ceq(x):= /R+[(t —x)? 4 2%/? sin(a arctan + om]l(oyx)(t)> n (dt),

r—x

then

o e )+ 22, 012
[V20 () + £2, (x)] 200/ Q)

|h(=x —ig)[ = |y —x — i

Now, note that [yezﬂ_1 (x)+ {(3“_1 ®)]V2 <K Jrt lx — t1“~1n(dt), for some con-
stant K > 0. Furthermore, for any ¢ € [x, +00), one has «arctan(e/(t — x)) €
(0, ¢ /2] and for any t € (0, x) it follows that amw + o arctan(e/(t — x)) €
(e /2, am). Hence, if « € (0,1/2], then yg%a(x) > M > 0 for any x. On the
other hand, if & € (1/2, 1), then sin(x arctane/(t — x)) <sin(arctane/(t — x)) =

e/ve% + (t — x)% for any ¢ > x and
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&
Cea(x) = / |t —x —igl® sin(oz arc tan )n(dt)
[x,+00) r—x

€
_/ It—x—isl"sin(om + o arctan >77(df)
0.0) r—x

<s f [t — )% + €219 D2(dr) — sin(ca) / (x — % (d1)
[x,+00) 0,x)

< & — sin(ca) f( NCEDEICH!

where ¢, = argmingz /2 <¢<qx sin(c). Since x € C,, there exists £* > 0 such that,
for any ¢ € (0, €*), one has ¢ o(x) < My < 0. This implies that |h(—x —ig)| <
M'[y* + M"0-D/2 Jr+ |x — t1*~15(dt) for some suitable positive constants M’
and M". The proof is then complete if we can show that x — [+ [x — 1141y (dr)
is integrable on (0, y). To this end, note that

/(>y/R+\ x — " 'n(dr) dx
(0}){/ (¢ =) ldx+_/ (x =)~ 1dx} (dt)

—i—/ / (t —x)* Vdxn(dr)
(y,+00) JO
and this turns out to be finite since f € €, (H) yielding [ *n (dt) < co.

APPENDIX B: PROOFS FOR SECTION 4
We now prove the main results stated in Section 4 concerning the determination
of the probability distribution of the mean of a normalized «-stable subordinator.
B.1. Proof of Theorem 4.1. The first thing to note is that

JIz+x1*"n(dx)
Sz +x1n(dx)

for any z such that |arg(z)| < 7. In order to evaluate the density g4, ,, one can
invert (46) by means of the Perron—Stieltjes formula, which yields

(46) 81lz; Moo(n)] =

1 . )
G, 0(y) = T lim{8;[—y —i&; My o(m)] — $1[—y +ie; My, 0(n)]}
7Tl ¢l0

and it can be seen that the above reduces to

_ 1 3 1 Ve.a—1(9) — ie.a—1(3)
qa,0(y) = - Llil(}lm{&[ y —ig; My o(n)]} hin(}l ) —i6a0)
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The assumptions [+ x*n(dx) < oo and y € O, allow a straightforward applica-
tion of the dominated convergence theorem. This leads to limg o ¥ o (¥) = Ya (y)

and limg 0 &e.o(¥) = Lo (y) for any y, while limg 0 ye,a—1(y) = Yo—1(y) and
limg 0 &e,0—1(y) = Ca—1(y) for any y € O ;. The result then easily follows.

B.2. Proof of Them:em 4.2. From Theorem 4.1, it is known that a density
function gy, for [p+ x Py 0(dx) is of the form

Ya—1()a(¥) — Ya (¥)Ea—1(y)
m{yZ(») + &2}

for any y € ®4 ;. Let us now compute the derivatives of y, and . In order to do
so, note that

9a,0(¥) = Ag,1(y) =

lim f(o,y+h)(y +h —x)*n(dx) — f(o,y)(y —x)¥n(dx)

hl0 h
h _ o _ [07
 lim Y+h—=x)%—=(y—x) n(dx)
h10J(,y) h
h _ o
— lim un(dx).
hi0 J{y,y+h) h

Since we are confining ourselves to evaluating the density on the set of points y in
O, y, the probability measure 1 does not have a positive mass on such y’s. Hence,
for suitable positive constants ¢y and ky, one has

o
/ Mn(dﬂ=cyh“_l{‘lf(y+h) —W(y)} <kyh®,
[y.y+h) h

where the first equality follows from the mean value theorem for Riemann-—
Stieltjes integrals and the inequality is a consequence of the fact that W is Lipschitz
of order 1 at y. On the other hand, {(y + & —x)* — (y —x)*}/h <a(y — x)e!
for any x € (0, y) and for any & > 0. Since x — (y — x)*~! is integrable on
(0, y) for any y € ©g 5, one can apply the dominated convergence theorem to
obtain (d/dy) f(o’y)(y — x)*n(dx) = af(oyy)(y — x)*'n(dx). The same argu-
ment can be applied to prove that (d /dy) f(y’+oo) (x—y)*ndx) =—a f(y’+oo) (x—
)*~n(dx). These imply that &u—1(y) = —e !¢ () and ya—1() = —a~ 'y, ().
Consequently,

1 d Ca(y)
qa,0(y) = — ——arctan ,
am dy Va()))

from which one easily obtains the expression of the c.d.f. x = [§ ga,0(y) dy dis-
played in the statement of the theorem.
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APPENDIX C: PROOFS FOR SECTION 5

C.1. Proof of Theorem 5.1. From the definition of A, ¢ and the representa-
tion of the generalized Stieltjes transform of My ¢(7), as given in [44] and [45], it
is apparent that

1. :
Agg(1) = ;lglfalméfe[—t —ig; Mo (1))

—0/a
= —lnnlm{/( t—ie +x)“n(dx)} ,
T el0

where X C R*. One has

{A;(—t —ie+ x)an(dx)}‘e/a _ exp{—g log(Ve.o (1) — igm(;))},

Let us first confine our attention to the case in which « is in the interval (0, 1/2].
Since « arc tan( 2) +arl(x) € (0, am), for any ¢ and x, one has ¢ o () > 0
and y, (1) > 0. Consequently,

0
exp{ _& log(ys,a(t) — 18 o (t)) }

Ce.a(l) }
Vea(t) ]
Note that the absolute values of each of the two integrands defining y, o and & ¢

are bounded by |x — #|* + K, which is integrable with respect to 1. We can then
apply a dominated convergence argument to obtain

181301 Ve ) = Va (1), lgifrol 8e,a(t) = Lalt)

0
= {Vg o)+ é“g L (D)7 exp{ arc tan

for any ¢ > 0. This implies (30) after noting that, in this case, ['y, = @.

On the other hand, when « € (1/2, 1), one needs to consider the set I'; o :={t €
R : ¢ 4 (#) > 0} and note that I'c 4 N (0, y) is nonempty for some values of y in
Cj. This yields a slightly different form for the arguments of the complex numbers
involved in the definition of Ay . One can easily mimic the line of reasoning
employed for the case o € (0, 1/2] so as to again obtain (30).

C.2. Proof of Theorem 5.2. Since My (1) 4 Mo s(Q, ), it follows that the
distribution functions given in (10) and (24) are equal for all & > 0. Statement
(i) then follows by the uniqueness properties of the integral representations. The
first identity in statement (ii) follows immediately by setting & = « in statement
(i) which, noting that 0 < a < 1, uses the strict positivity sin(raQ, ,(¢)) for
Q,,(t) > 0. If one now exploits (i) with 6 = «, it is possible to obtain

e—Ram—[ Aga()m ]1/“
~ Lsin(raQ,, ()]
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We now set & = « in (32) to obtain the second identity involved in (ii), thus com-
pleting the proof.

C.3. Proof of Theorem 5.3. By definition,
1 . . .
Ao 1) =— £1£{59+1[—t —ie; Moo (] — So1[—1 +ie; Moo ()]},

which can be seen to imply

1. Jp(—t —ie +x)*"In(dx)
A t) = —IlimIl .
a.0+1(1) - s%l m{fR(—f Zie + 0 n(dx)0roe

For any ¢ > 0, |(—t — ie 4+ x)¥| can be bounded by an integrable function with
respect to n, not depending on ¢ in a similar fashion as in the proof of Theorem 4.1.
On the other hand, |(—f —ie +x)* | < |x —¢|*" 1 + K’, forany & > 0, x and ¢.
If we further set t € Oy 5, then x > |x — t1*~! is integrable with respect to 7 and
the dominated convergence theorem can be applied. The expression in (33) easily
follows.

C.4. Proof of Proposition 5.1. Statement (i) concerns the evaluation of
E, [y, () sin(wmkn,(¢))]. Here, we use the fact that if ¢, (f) < oo, there ex-
ists, by a change of measure, a density for each Y; which is proportional to
[t —y| 7™ n(dy). It then follows that, with respect to this i.i.d. law for (Yy), mn,, (¢)
is a Binomial(mp,,, (¢)) random variable and the result is proved. Statement (ii) is
derived from (8) using a conditioning argument. Similarly, statement (iii) follows
from (10), noting that the jumps of 61,, are less than 1.

APPENDIX D: PROOF OF THEOREM 6.1

The proof follows as a direct consequence of the mixture representation of the
laws of the P, ¢ random probability measures deduced from their posterior distri-
butions. Specifically, one can immediately deduce from [33], with n = 1, that,

~ d ~
Pa,@(') = BQ—f—a,l—a Pa,@—i—a(') + (1 - BG-‘,—O{,I—O[)(SY(')y

yielding the stated result. Specifically, apply the above identity to ﬁo,,g(g), where
g(x) = x. Naturally, this statement is an extension of the result deduced from Fer-
guson’s characterization of a posterior distribution of a Dirichlet process; see [10,
11], also related discussions about mixture representations derived from posterior
distributions in [21, 22]. As for the proof of (ii), this follows from the distribu-
tional identity stated in Theorem 2.1 and by setting ¥ = M, 0(n) in (i). Indeed,

d d .
Me,o(n) = Mo,p(Q, ) = Bg,1Mo,6(Q, ) + (1 — Bg,1) M, 0(n). The proof is com-
plete by again applying Theorem 2.1 to the first summand of the last sum in the
previous chain of identities.
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