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VARIATIONS OF THE SOLUTION TO A STOCHASTIC
HEAT EQUATION

BY JASON SWANSON!
University of Wisconsin—-Madison

We consider the solution to a stochastic heat equation. This solution is
a random function of time and space. For a fixed point in space, the result-
ing random function of time, F(¢), has a nontrivial quartic variation. This
process, therefore, has infinite quadratic variation and is not a semimartin-
gale. It follows that the classical It6 calculus does not apply. Motivated by
heuristic ideas about a possible new calculus for this process, we are led to
study modifications of the quadratic variation. Namely, we modify each term
in the sum of the squares of the increments so that it has mean zero. We then
show that these sums, as functions of 7, converge weakly to Brownian motion.

1. Introduction. Let u(z, x) denote the solution to the stochastic heat equa-
tion u, = % uyy + Wi(t, x), with initial conditions u(0, x) = 0, where W is a space-
time white noise on [0, co) x R. That is,

u(t, x) =/ p(t —rx — )W (dr x dy),
[0,f/1xR

where p(t,x) = (2nt)*1/ze*x2/2’ is the heat kernel. Let F(f) = u(¢, x), where
x € R is fixed. In Section 2 we show that F is a centered Gaussian process with
covariance function

EF(s)F(t) = 2m)~ (|t +5'/2 = |t = 5]'/%),
and that F has a nontrivial quartic variation. Thatis, let [I={0=1t <t <fh <
---}, where t; 1 00, and suppose that |IT| =sup(t; — ;1) < oo. If
N(t)
Vi) = Y |F(tj) — F(tj-)[,
j=1
where N (t) = max{j:t; <t}, then

6 2
lim E[ sup Vn(t)——t‘ }:0.
T

[I1|—0 0<t<T
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VARIATIONS OF STOCHASTIC HEAT EQ 2123

(See Theorem 2.3.) It follows that F is not a semimartingale, so a stochastic in-
tegral with respect to F' cannot be defined in the classical Itd sense. (It should
be remarked that for a large class of parabolic SPDEs, one obtains better regu-
larity results when the solution u is viewed as a process ¢ — u(t, -) taking val-
ues in Sobolev space, rather than for each fixed x. Denis [4] has shown that such
processes are in fact Dirichlet processes. Also see Krylov [12].)

In this paper and its sequel, we wish to construct a stochastic integral with re-
spect to F' which is a limit of discrete Riemann sums. This construction is based
on the heuristic ideas of Chris Burdzy, which were communicated to me during
my time as a graduate student. Before elaborating on this construction, it is worth
mentioning that, for fixed x, the process ¢ — u(z, x) shares many properties with
BY/4  the fractional Brownian motion (fBm) with Hurst parameter H = 1/4. Sev-
eral different stochastic integrals with respect to fBm have been developed, and
there is a wide literature on this topic. See, for example, Decreusefond [3] and the
references therein for a survey of many of these constructions.

We consider discrete Riemann sums over a uniformly spaced time partition 7; =
JjAt, where At =n ~1 Let AFj=F(tj) — F(tj—1). Direct computations with the
covariance function demonstrate that

Lnt) Lnt)
EY F(tj-1))AF; and E)_ F(t;))AF;
j=1 j=1
both diverge, showing that left and right endpoint Riemann sums are untenable.
We therefore consider Stratonovich-type Riemann sums. There are two kinds of
Stratonovich sums that one might consider. The first corresponds to the so-called
“trapezoid rule” of elementary calculus and is given by
Lnt]
7A=Y Y (g/(F(t;_1) + 8/ (F(t)))AF
j=1
where, for now, we take g to be a smooth function. The second corresponds to the
so-called “midpoint rule” and is given by
Lnt/2]
Py (A= Y g(F(nj-))(F(2)) — F(12j-2)).
j=l1
The midpoint Riemann sum can also be computed using the value of the integrand
at points with even index, in which case we would consider

[nt/2]
Py (A = > ¢ (F(t2)))(F(r2j41) — F(12j-1)).
j=1
Note that
2|nt/2]+1 2\nt/2)

Py (A +Oy(AD = > GFt—))AFi+ Y. g(F({t;)AF),
j=2 j=1
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so that ®7(Ar) ~ % (D (A1) + Py (Ar)), where “~” means the difference goes
to zero uniformly on compacts in probability (ucp) as At — 0.

One approach to studying these Riemann sums is through a regularization pro-
cedure developed by Russo, Vallois and coauthors [7, 8, 14, 15]. For instance, to

regularize the trapezoid sum, we define
[nt]—1
Or(At,e) = %% > (' (Fa)) + 8 (Fj+9))(Ftj+e) — F(t)),
j=0
so that ®7(Ar) = 7 (At, At). We then consider

lim lim ®7(At,¢€)
e—>0Ar—0

(1.1

t

. 1 / /
:glER)Z_s A (&' (F(s))+ &' (F(s+¢))(F(s+¢&) — F(s))ds.

If this limit exists in probability, it is called the symmetric integral and is denoted
by [ ¢'(F)d°F.In the case that F = B'/4, Gradinaru, Russo and Vallois [8] have
shown that the symmetric integral exists, and is simply equal to g(F (¢)) — g(F(0)).
In fact, this result holds for any Hurst parameter H > 1/6, which was proven
independently by Gradinaru, Nourdin, Russo and Vallois [7] and Cheridito and
Nualart [2]. Similarly, we can regularize the midpoint sum by defining

[n/2]
Py (At e)=— > & (Fli2j-))(F(2j-1 +&) = F((12j-1 =) v 0)).
j=1
Again, @/ (Ar) = ®y(At, At), and this time we find that

1.2 lim lim ®,/(At,
1D lim fim @u(Ar,e)

t
= lim 1 g (F(s))(F(s+¢)— F((s —e) Vv 0))ds.
e—02¢ Jo
Using a change of variables, we can see that the right-hand sides of equations (1.1)
and (1.2) are equal. In other words, both the trapezoid and the midpoint Riemann
sums have the same limit under the regularization procedure.
It is natural to suspect that similar results hold when the regularization pro-
cedure is abandoned and we work directly with the discrete Riemann sums. To
investigate this, let us consider the Taylor expansion

4
1 . . ;
(13) gx+h)—gx+h)=) :ﬁgm(x)(h{ —h3) 4+ R(x, h1) — R(x, ha),
j=1""

where

1 h
R(x,h) = 0 /0 (h—10)*¢®(x +1)dt.
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In particular, if M = sup |g(5) ()|, where the supremum is taken over all t between
x and x + A, then

(1.4) |R(x, )| < M|h|*/5!.
Substituting x = F(t2j1), h1 = AF3j,and hp = —AF;_; into 1.3, we have
g(F(12j)) — g(F(t2j-2))
4 1 . . . .
=Y gV (Fn—))(AFS; — (=1 AF3; )

j=17°

+ R(F(t2j—1), AF2j) — R(F(t2j—1), —AF2j_1).

Substituting this into the telescoping sum

N
g(F(1)) =g(F(0)) + ) _{g(F(12))) — g(F(t2j-2))}

j=1
+ g(F (1)) — g(F(f2n)),

where N = |nt/2], we have

@y (A1) = g(F (1)) — g(F(0))
N
(1.5) — Y G (F(nj-))(AF3, — AF3,_))
j=1
— & Y 8" (F(tj—))(AF3; + AF3;_|) — &1 — &3 — €3,
1

1
6

J

with

N N
e1=155 2 8V (F(tj_1)AF3; — 55 Y gD (F(taj_1)AF5; .
j=1 j=1

N N

e2=7) R(F(t2j-1), AF2j) = ) R(F(12j-1), =AF2;-1),
Jj=l1 j=l1

&3 = g(F (1) — g(F(t12n)).

By continuity, €3 — 0 ucp. Using Theorem 2.3 and (1.4), we can show that, under
suitable assumptions on g, &2 — 0 ucp. Similarly, using Theorem 2.3, we can show
that both summations in the definition of & converge to

1 t
o /O ¢ (F(s))ds,
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so that e; — 0 ucp. As a result, we have

N
D (A ~ g(F (1)) — g(F(0)) — 3 Y g"(F(tj_1))(AF5; — AF3;_))
(1.6) . =
— & 28" (F(j-D))(AF5; + AF3; ).
j=1

By similar reasoning, we also have

D (AN ~ g(F(1) — g(F(0)) — 3 Y g"(F(2))(AF3; | — AF3))
j=1

N
— 1 > " (F(0))(AF;; 4+ AF3)).
j=1

Taking the average of these two gives

[nt]
Or(At) =~ g(F(t)) — g(F(0)) + 411 Z(g”(p(tj)) _ g"(F(tj_l)))Asz
j=1
Lnt]
— LS " (F)(AF}, + AFY).
j=1

Using the Taylor expansion f(b) — f(a) = % (f'(a)+ f'(b))(b—a)+o(|b— al?)
with f = g”, we then have

[nt]
D7 (A1)~ g(F(1)) — g(F(0) + 57 ¥ 8" (FUD)AF; | + AF}),
j=1

which is the discrete analog of the expansion used in Gradinaru et al. [8]. In the
sequel to this paper, which will be joint work with Chris Burdzy, we will show
that the results of Gradinaru et al. for third-order forward and backward integrals
extend to this discrete setting. That is, we will show that

[nt] |nt]
. " 3 " . 3
ngqgozlg (FU)AF} =~ lim X;g (F(tj)AF;
j= j=

3 t
—_ 2 oW
= n/Og (F(s)) ds

ucp. Hence, in this discrete setting, we obtain the same result as Gradinaru et al.
That is, 7 (At) — g(F(t)) — g(F(0)) ucp.
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However, this is only for the trapezoid sum. In the discrete setting, without
regularization, the convergence of ®7(At) no longer implies the convergence of
@7 (At), and the results of Gradinaru et al. do not extend to the discrete midpoint
sum. We see from (1.6) that to investigate the convergence of ®j,(At), we must
investigate the convergence of

Lnt/2]
(1.7) Y. &' (F(j-))(AF3; — AF3;_p).
j=1

In Proposition 4.7, we show that, when g” = 1, this sum converges in law to « B,
where k is an explicit positive constant and B is a standard Brownian motion,
independent of F. This result suggests that we may define fé g (F(s)) dM F (s) as
the limit, in law, of ®;7(At), and that this integral satisfies the change-of-variables
formula

t " K [t
(1.8) g(F(f))=g(F(0))+/ g'(F(s)d F(S)-i-—/ g"(F(s))dB(s).
0 2 Jo

The emergence of a classical It6 integral as a correction term in this formula shows
that, unlike the trapezoid sum, the midpoint sum behaves quite differently in the
discrete setting than it does under the regularization procedure. In the case that
g(x) = x2, equation (1.8) immediately follows from the results in this paper. (See
Corollary 4.8.) The extension of (1.8) to a class of sufficiently smooth functions
will be the subject of the sequel.

Note that, when g” = 1, each summand in (1.7) is approximately mean zero
and has an approximate variance of A¢. The convergence of this sum to Brownian
motion will therefore follow as a special case of the main result of this paper,
Theorem 3.8, which is a Donsker-like invariance principle for processes of the
form

Lt
B,(t)=y o}hj(0; AF)),
j=1

where {4} is a sequence of random functions and 0?=EAF 3 The precise as-
sumptions imposed on the functions {/;} are given in Assumption 3.1. Essentially,
the functions 4 j (x) must grow no faster than |x |2 and must be chosen so that each
of the above summands has mean zero. According to Theorem 3.8, the sequence
{B,} converges in law to a Brownian motion, independent of F', provided that the
variance of the increments of B, converge. In Section 4 we present several exam-
ples where the hypotheses of Theorem 3.8 can be verified by straightforward cal-
culations. Chief among these examples is the case i (x) = (—1)J (x% — 1), which
gives us Proposition 4.7.

The proof of Theorem 3.8 relies, in part, on the fact that F' is a Gaussian process
whose increments have covariances which decay polynomially. It should be re-
marked, however, that this decay rate is too slow for existing mixing results such
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as those in Herrndorf [9], or existing CLTs such as that in Bulinski [1], to be
applicable. Instead, we shall appeal to the additional structure that F' possesses.
Namely, in the proof of Lemma 3.6, we make significant use of the fact that F
has a stochastic integral representation as the convolution of a deterministic kernel
against a space-time white noise.

It should be emphasized that the conjectured convergence of ®,;(At) for gen-
eral functions g is only in law, so that the stochastic calculus which would result
from (1.8) would be somewhat different from the usual flavors of stochastic cal-
culus we are used to considering. It is also worth mentioning that the midpoint
Riemann sum is not unique in its ability to generate an independent Brownian
noise term. Such a term appears, for example, in the study of the asymptotic error
for the Euler scheme for SDEs driven by Brownian motion (see Jacod and Protter
[10]). An independent Brownian noise term is also generated by the trapezoid Rie-
mann sum when it is applied to fractional Brownian motion Bj . In [7] and [2],
it is shown that the symmetric integral [ (B /6)2 d° By e does not exist. In fact, the
variances of the regularized approximations explode. The same is not true for the
discrete trapezoid sums. In fact, for any continuous process X,

Lnt]
X0~ X0+ (X)) — X(t;-1)°)

j=1
[nt]

=X (07 + > AX;(X(t)* + X)X (tj-1) + X (tj-1)?)
j=1
o] 3 1

=X07’+> A)(j(i(x(tj)2 + X (tj-1)%) — EA)@)
j=1

Lt 2 2 Lt ]
X))+ X(tj- I
=X0’+3)" ) > ) AXj =3 D AXS.
j=1 j=1

Nualart and Ortiz [13] have shown that, for X = By ¢, this last sum converges in
law to a Brownian motion. This illustrates yet another way in which the discrete
approach differs from the regularization method.

2. The quartic variation of F. Define the Hilbert space H = L2*(R?)
and construct a centered Gaussian process, I (h), indexed by h € H, such that
ElI(g)I(h)] = [ gh. Recall that p(t, x) = (2rt)~1/2e=**/2 and for a fixed pair
(t,x),let hyx(r, y) = lj0)(r)p(t —r,x —y) € H. Then

2.1 F(t)=u(t,x) :/[0 i Rp(t —r,x —y)W(dr xdy) =1 (hsy).

Since F is a centered Gaussian process, its law is determined by its covariance
function, which is given in the following lemma. We also derive some needed
estimates on the increments of F.
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LEMMA 2.1. Foralls,t € [0, 00),
1
(2.2) EF(s)F(t) = o (t + )% = |t — 5]'/?).
If 0<s <t, then

2(t —s) 1 |2

Smﬁ—s

(2.3) ‘E|F(r> —F(s)* -

For fixed At > 0, define t; = jAt, and let AF; = F(tj) — F(tj—1). If i, j € N
withi < j, then

At
(2.4) ‘E[AFiAFj]‘F‘/EVj—i

where y; =2j—j—1—-j+1L

< ! Ar?
(4 +tj)3/2 '

PROOF. For (2.2), we may assume s < t. By (2.1),

E[F(s)F()] = A; /O Pt —r,x —Y)p(s — 1% — y)drdy

_/s Qm)~! o {_(x—y>2 _ (x_y)z}d o
o ViU 20 26-n]?

_/“ @em)~! o {_(x—y)2<r+s—2r>}d o
o VE=-nG-—nJr P 2t —r)(s —1) yar.

Since (27)~'/? [exp{—(x — y)?/2c}dy = \/c, we have
1 / 1 p 1

r = ——

V27 Jo Et+s —2r 21

which verifies the formula.
For (2.3),let 0 <s < ¢. Then (2.2) implies

L
JT

E[F(s)F(1)] = (It +s1"2 =1t — 5"/,

(2.5) E|F(t) — F(s))* = (V1 + /s — /2t +25 + /2t — 25).

Thus,

EIF() — Fs)P — | 2=

— Vit 5 VI

:L’ (V1 —/5)?
VIIVE+ s+ 20+ 251
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which gives

20— (Ji—5)?
E|F(t) — F(s)|* —
‘ |F(t) — F(5)| s T
B It —s|?
N RO NN NG
Hence,
2 2(t —s) 1 2
2.6) ‘E|F<t>—F<s>|— = =

which proves (2.3).
Finally, for (2.4), fix i < j. Observe that for any £ > i,

E[F(tr)AF;] = E[F () F(t) — F(t) F(ti-1)]
1
NS

=\/2A;Tt(x/k+i—x/k—i—«/k+i—1+\/k—i+1).

(Wt +ti =Vt —ti — ik +tici + Vi — ti-1)

Thus,
E[AF,‘AFJ'] = E[F(tj)AF,'] — E[F(lj_l)AF,']

:Jéé@717—¢7:7—Jj+i—1+Jj—i+1
—ivi—twJi—i—1 Jjri—2- Vi),

which simplifies to

At
(2.7) E[AF;AFj]l=—, T Vjti-1 +Vj-i)-

The strict concavity of x > /x implies that y; > 0 for all k € N. Also, if we write
vk = f(k—1)— f(k), where f(x) =+/x + 1 —/x, then for each k > 2, the mean
value theorem gives y; = | f/(k — )| for some 6 € [0, 1]. Since | f/(x)| < x~3/2/4,
we can easily verify that for all k e N,

1
«/§k3/2'

(2.8) O<y <

Since j+i — 1> (j+1i)/2, we have

E[AFAF ]+ |2 - A 1 _[2ar 1
BTN N Ao VG
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and this proves (2.4). U
By (2.2), the law of F(¢) = u(t, x) does not depend on x. We will therefore
assume that x = 0. Note that (2.6) implies

(2.9) 7 V2J/Ar < EAF? <2 At

for all j > 1. In particular, since F is Gaussian, we have E|F (1) — F(s)|*" <
C,|t —s|" for all n. By the Kolmogorov—éentsov theorem (see, e.g. Theorem 2.2.8
in [11]), F has a modification which is locally Holder continuous with exponent
y forall y € (0, 1/4). We will henceforth assume that we are working with such a
modification. [

Also note that (2.7) and (2.8) together imply

202 2J/Ar
(tj =132~ (j—0)¥?

< E[AF,’AFj] <0

forall 1 <i < j.In other words, the increments of F are negatively correlated and
we have a polynomial bound on the rate of decay of this correlation. For future
reference, let us combine these results into the following single inequality: for all
i,jeN,
24/ At

(2.10) |E[AF1-AFJ-]|§W,
where we have adopted the notation x~” = (x Vv 1)". In fact, with a little more
work, we have the following general result.

LEMMA 2.2. ForallO0<s<t<u<wv,

@1 [E[(F) = F@)(F@®) — F))] < ﬁw
7T lu—slJv—t

PROOF. Fix 0 <s <¢. For any r > ¢, define
1

f(r)=E[F(r)(F(t)—F(s))]=Tn(\/r+t—\/r—t—\/r+s+\/r—s).
Then
£y = 1 (\/r—i-s—\/r—i-t_\/r—s—\/r—t)
W22\ N+ +s)  Jr=-D0—-9)/)
Since
«/m—«/m< |t —s|
JoeENGEs) | T JSr—tr—s|’
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we have
[t — s
|E[(F(v) — F(u))(F (1) — F(s)) \_J—/ |r_s|d”
1 |t—s| 1
J_Iu—sl Nr—t
2
=f|'i-i'|<~ “=9

< /2 |t—s||v—u|
T u—s|y/v—t
whenever0 <s <t <u<v. U

THEOREM 2.3. Let
N(t)
V() =Y |F(tj) — F(t;-)[%,
j=1
where I1 ={0 =1y < t; <ty <---} is a partition of [0, 00), that is, t; T 00 and
N(t) =max{j:t; <t}. Let |TI1| = sup(¢; — ;1) < 00. Then

Too

PROOF. Since V11 is monotone, it will suffice to show that Vr(¢) — 61/7
in L? for each fixed . In what follows, C is a finite, positive constant that may
change value from line to line. Fix # > 0 and let N = N (¢). For each j, let AF; =
F(tj) = F(tj-1), 07 = EAF5, and Atj =t; — ;1. Note that

lim E[ sup

6
V@) — —t
M—=0 Lo<t<T T

forall T > 0.

6 6
V() = Z(AF4—304)+Z( o = —At; )+;(w —1).

Jj=1 Jj=1

By (2.3),
‘30;'—§Atj :3ajz+‘/2itj crjz— zi[j _%Ats/z_%Aﬂ/d’
J ]
Thus,
N At
(2.12) Z( o] ——At> <C|1'I|3/4Z 3/1,
: j= 1 j
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which tends to zero as |I1| — O since fé x 3/ dx < 0.

To complete the proof, we will need the following fact about Gaussian random
variables. Let X, X, be mean zero, jointly normal random variables with vari-
ances sz_ If p = (0102) "' E[X1X>], then

(2.13) E[X]X3]=oto5(24p* + 720 +9).

Applying this in our context, let p;; = (o;0 j)_l E[AF;AF ;] and write

2

N N
<Y Y IEWAF} —30])(AFS =30

i=1j=1

N
E|Y (AF} —307)

j=1

= Z Z |E[AF{AF}) = 9007
i=1j=1

Then by (2.13), we have

— 304)

<Y olale}

i=1j=1

N
Y ol6}|E[AF;AF ]
1j=1

Ati1/2 1/2

M= |

IA
a

™M= 1 Mz

Il
—_
~.
Il
—_

|E[AF;AF 1%

By Holder’s inequality, |E[AF;AF ; ]|2 < Atl/z Atl/z so it will suffice to show
that

— N
Z Z At AL EIAF;AF 12— 0
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Hence,
-2 N
Z 3 an? 1/2|E[AF AF )2
i=1 j=i+2
N-2 N
<CImPA Y 3 o — 67 A A,
i=1 j=i+2
which tends to zero as |TT| — O since fé fé lx —y|3/*dxdy < oco. O

3. Main result. Let us now specialize to the uniform partition. That is, for
fixedn € N, let At =n~',t; = jAt and AF; = F(t;) — F(tj—1). We wish to
consider sums of the form ZL—1 gj(AF ), where {g;} is a sequence of random
functions. We will write these functions in the form g;(x) = ajzh j(o J-_lx), where
oF = EAF?.

ASSUMPTION 3.1. Let {h;(x):x € R} be a sequence of independent stochas-
tic processes which are almost surely continuously differentiable. Assume there
exists a constant L such that Eh; (0)><L and E h/j (0)? < L for all j. Also as-
sume that for each j,

3.1) |, (0) — ;)] < Ljlx — y]

for all x, y € R, where E L? < L. Finally, assume that

(3.2) Ehj(X)=0
and
(3.3) |Ehi (X)hj(Y)| < L|p|

whenever X and Y which are independent of {4;} and are jointly normal with
mean zero, variance one, and covariance p = EXY.

REMARK 3.2.  We may assume that each L is o (hj)-measurable. In particu-
lar, {L ;} is a sequence of independent random variables. Also, since E h’j 02 <L,
we may assume that

(3.4) |h o)l < L1+ 1x))

for all j. Similarly, since Eh 02 <L, we may assume that
(3.5) |hj ()| < Lj(1+|x]%)

for all j.
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LEMMA 3.3.  Let {h;} satisfy Assumption 3.1. Let X1, ..., X4 be mean zero,
Jjointly normal random variables, independent of the sequence {h;}, such that
E X? =1 and p;j = EX;X . Then there exists a finite constant C, that depends
only on L, such that

4

E]hixp

j=1

(3.6)

1
<C ————— max |p;;
< (|,012/>34|+ — i§2<jlloljl)

whenever |p12| < 1. Moreover,

4
E[]hjx)

j=1

3.7) < C21;1]?1§4|p1j|-

Furthermore, there exists € > 0 such that

4
E]nrjx)

j=1

(3.8) <CcM?

whenever M = max{|p;;|:i # j} <e.
PROOF. In the proofs in this section, C will denote a finite, positive constant

that depends only on L, which may change value from line to line. Let us first
record some observations. By (3.4), with probability one,

1
0 0) = by = | [ =200 (10— )

3.9
< Ljly = xI(1 + x| + [y — x]).
Also,
7 () — By () — (y — OB (x)
1
= [ o= 10— = ) ar
so by (3.1),
1
1) = i) = =K@ <y =l [ Ljely = xlde
(3.10) 0

<Ljly—x|?

for all x, y € R. Also, by (3.4) and (3.5), if we define a stochastic process on R”
by G(x) = ’;:1 hj(xj), then G is almost surely continuously differentiable with
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10;G()] = C(ITh_; L(1 + x"~1). Hence,
G0 =Gl =| [ £ 6+ 10—

(3.11) =‘f0 (y—x)-VG(x+t(y—x))dt’

n
< C<1‘[ L,~)n|y — x|+ x 7y —xh

j=1

for all x, y e R".
Now let Y1 = (X1, X2)T and Y> = (X3, X4)T. If |p12] < 1, then we may define
the matrix A = (EY2Y])(EY,Y])~!. Note that

C
(3.12) |A] £ ——=—== max |pjjl.
1—,02 i<2<j
12

Let Y» = Y, — AY}, so that EY>Y! =0, which implies Y, and Y; are independent,
and define stochastic processes on R? by

Fij(x) =hi(x1)hj(x2),

so that [T}_; h; (X ;) = Fia(Y1) Fa(Y2). ]
Also define X = (X», X3, X4)T and ¢ = (p12, P13, ,014)T. Note that X and X —
cX are independent. Define a process on R3 by

F(x) = ha(x1)h3(x2)ha(x3),

so that ]—[‘}:1 h_j(_Xj) =hi(X1)F(X).

Let ¥ = EXXT.If M is sufficiently small, then X is invertible, we may define
a= Z__lc, and we have |a| < CM and |a”¢| < CM? < 3/4. Note that a”c =
ElaTX|?>0.Leto =(1 —aTc)""2sothat ] <o <2 and

1—o"! 2aT¢

— T
(3.13) oc—1= g < 3ol <2a’c.

Define U = o (X; —a’ X). Note that
ElUXT]=0(" —a"%) =0,
so that U and X are independent. Hence,
6?=E@0X)>=EU*+0Ela" X)>?=EU*+¢%a"c,

so that U is normal with mean zero and variance one.
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For the proof of (3.6), we have

4

E [ hj(Xj) = E[F12("1) F34(Y2)] + E[Fia(Y1)(F34(Y2) — F34(Y2))]
=1

G4 = EF12(Y1)E F3a(Y2) + E[F12(Y1)(F34(Y2) — F34(Y2))]
and

(3.15) EF3(Yy) = EF34(Y2) — E[F34(Y2) — Fa(1)].

By (3.11),

|F34(Y2) — F34(Y2)| < CL3L4|AY1|(1 4 |Y2> + |AY ).

Note that EL3L2 = EL3EL3 < L?. Also, since E|Y2|*> = E|Y2|> + E|AY; %, we
see that the components of AY] are jointly normal with mean zero and a variance
which is bounded by a constant independent of {p;;}. Hence, Holder’s inequality
gives

E|F34(Ya) — F34(V2)|> < CIAP(EIV1 DY (1 + E|Va|"? + E|AY,|™H?

<C|A)%.
By (3.12),
_ C
(3.16) (E|F34(Y2) — F3a(72)1%)? < ———= max |p;l.
1— ,02 i<2<j
12
Hence, by (3.15),
(3.17) |EF34(Y2)| < |EF34(Y2)| + max |p;j|.

C
/1 _ ,0122 i<2<j
Note that (3.5) implies E|F12(Y1)|2 < C. Therefore, using (3.14), (3.15), (3.16)

and Holder’s inequality, we have

4
EJ]hix)

j=1

< |EF(Y1)EF34(Y2)| + max_|p;;jl.

C
/1 _ p%Z i<2<j

By (3.3), this completes the proof of (3.6).
For (3.7), we have

4
E[[hj(X;)=Ehn(X)EF(X —cX1)
j=1

+ E[hi(X1)(F(X) — F(X —cX1))].
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Since X and X — cX are independent, (3.2) gives

4

(3.18) E[]hjXj)=E[hi(X)(F(X)— F(X —cX))].
j=1

By Holder’s inequality and (3.5),

4

E[]hjx))

j=1

<C(E|F(X) — F(X —cx))'/2.

By (3.11),

4
|F(X) — F(X —cX)| < C< L,-) leX11(1+ X+ [eX1 ).
=2

J
Hence,

E|F(X) — F(X —cX1)|* < Clc?,
which gives

4

E[]hixp

j=1

<Clc|,

and proves (3.7).
Finally, for (3.8), we begin with an auxiliary result. Note that

4
E[Xz [ ,-(Xj)} = E[X2hy(X2)]E F34(Y2)

j=2
+ E[X2h2(X2) (F34(Y2) — F3(Y2))].
By Holder’s inequality and (3.5),
4
E|:X2 I1 hj(xj)}
j=2
If M is sufficiently small, then |p12| < C < 1. Hence, by (3.16), (3.17), and (3.3),

< C|EF34(Yy)| + C(E|Fa4(Ya) — F34(¥) )2

4
E[Xzﬂhj(xj) <CM.
j=2 i

It now follows by symmetry that

. i
E|:UT)_(1_[hj(Xj) <Cl|M
j=2 i

(3.19)
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for any v € R3. _
Returning to the proof of (3.8), since (3.2) implies EA;(U) =0 and U and X
are independent, we have

E lillhﬂxj-) = E[(h1(X1) — h1(U) — (X1 — U)h} (1)) F(X)]
iz
+ E[(X) — U)h|(U)F(X)].
By (3.10),
|1 (X1) — i (U) = (X1 — U)R,(U)] < L1 X1 — U™,
By (3.13), |1 —o| < Ca’c < Cla|M, so that
X1 —Ul=|(1—0)X| +a’ X| < Cla|(M|X1| + |X]).

Hence, using Holder’s inequality and (3.5), we have
4

E[]hjXx)

j=1

< C(E|X1 —UMY2 +|E[(X1 — U)W, (U)F(X)]

(3.20) 5 -
< Clal* +|E[(X1 — DR (U)F(X)]I.

To estimate the second term, note that
E[(X1 — U)K\ (U)F(X)] = (1 —0)E[X 1k, (U)F(X)]+ ER|(U) - E[a” X F(X)].
Therefore, by (3.4), (3.5), (3.13) and (3.19),

|E[(X) — UD)h|(U)F(X)]| <C|l — 0|+ Cla|M < Cla|M.
Combining this with (3.20) and recalling that |a| < CM completes the proof of
3.8). O

COROLLARY 3.4. Let {h;} be independent of F and satisfy Assumption 3.1.
For k € N* with ky < --- < ky, define

4
(3.21) Ar=] o,fjhkj (okleij),
j=1

where o,-z = FEAF 3 Let x™" = (x v 1)". Then there exists a finite constant C such
that

(3.22) |EAg| < car d |EAg| < car
. ——— 7~ n ———55 .
==k ¢ =k — k)32
Moreover,
1 1
3.23 EAL <C At?
G2) 1EA] = ((k4—k3)~3/2<k2—k1>~3/2+ <k3—kz)~3/2)
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and

CAr?
(3.24) |EAK < ——
m

where m =min{k; 11 — k; : 1 <i <4}
PROOF. Let X; = ak;l Aij. By (2.9) and (2.10), we have

2w

— . . — - 71 ————————————

Also,

4 4
|EA| = (]‘[ a,?_]) E[]‘[ hkj(xj)} ‘
Jj=1 Jj=1
This, together with (3.7) and symmetry, yields (3.22).
For (3.23), first note that Holder’s inequality and (3.5) give the trivial bound
|EAx| < CAr?. Hence, we may assume that at least one of k4 — k3 and k» — ki
is large. Specifically, by symmetry, we may assume that k» — k1 > 4. In this case,

|p12] < /7 /4 < 1. Hence, (3.6) gives

4 4 4
1
(1‘[ a,@) E[]‘[ hy, (Xj)} < C<1‘[ a,fj) <|p12p34| + ——— max |pi,-|)
j=1 j=1 j=1 y1=pp ="
and (3.23) is immediate.

As above, we may assume in proving (3.24) that m is large. Therefore, we can
assume that M = max{|p;;|:i # j} < €. Hence, (3.8) implies

4 4 4
(]‘[ a,?j) E[H hkj(xj)} < c(]‘[ a,fj)Mz,
j=1 j=1

j=1
which proves (3.24). [

PROPOSITION 3.5. With notation as in Corollary 3.4, let

Lt ]
(3.25) B, (1) = Zojzhj(aj_lAFj).
j=1

If {h;} is independent of F and satisfies Assumption 3.1, then there exists a con-
stant C such that

_ 2
(3.26) E|Ba(t) — By(s)|* < C(M)

forall 0 <s <t and all n € N. The sequence {B,} is therefore relatively compact
in the Skorohod space D0, 00).
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PROOF. To prove (3.26), observe that

Lnt] 4
E|B,(t) — By()|*=E| Y. o?hj(o;'AF))| .
j=ns+1

Let
S={keN*:|ns|+1<k <---<k4 <|nt]}.

For k € S, define h; = k;4+1 — k; and let

M = M (k) = max(hy, ha, h3),

m =m(k) =min(h, ha, h3),

¢ =c(k) =med(hy, ha, h3),
where “med” denotes the median function. For i € {1,2,3},let §; ={k € S:h; =
M}. Define N = |nt| — (|ns| + 1) and for j € {0,1,..., N}, let Si] ={k e
Si:M = j}. Further define T = T/ = (ke S/ :m =t} and V" = V""" = {k €

Tf :c=v}.
Recalling (3.21), we now have

lnt) 4

3
(B27) E| Y. oihj(o;'AF))| S4Y IEAL <A Y EA
j=lns]+1 kesS i=1kesS;

Observe that

N
(3.28) DUIEA =) ) IEA]

kGSi jzokgsl
and
W7l j
(3.29) DTIEAL =Y D IEMI+ Y. D IEA.
keS! =0 rer! e=|jl+1keT?t

Begin by considering the first summation. Suppose 0 < ¢ < |/ | and write

> |EAk|=i > IEAL.

keT}! v=LkeV,

Fix v and let k € V) be arbitrary. If i =1, then j =M =hy =k, — k;. If i =3,
then j = M = h3 = k4 — k3. In either case, (3.22) gives

A2 <C ! ! At?
— (EU)~3/2 + j~3/2 :

1
B = Cp
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Ifi=2,then j =M =hy =k3z — ko and £v = h3h| = (k4 — k3) (ko — k1). Hence,
by (3.23),

1 1 )
|[EAg| < C((Ev)”3/2 + j~3/2>Af .
Now choose i’ # i such that i;; = £. With i’ given, k is determined by k;. Since
there are two possibilities for i and N + 1 possibilities for k;, |[V"| < 2(N + 1).
Therefore,

V7 Wil o, Ly,
D> IEMISCWN+D) Y Z((ﬁv)”/z + j~3/2)A’
=0 keTf/ £=0 v=¢

V7

1 2

<C(N + 1) Ar>.

For the second summation, suppose [+/j] + 1 < £ < j. (In particular, j > 1.) In
this case, if k € Tie, then £ =m =min{k;;1 — k; : 1 <i < 4}, so that by (3.24),

1 2

Since |T| =Y/ _, |V¥| <2(N + 1), we have
j j L
Y DY IEAMISCWN+ D) Y] A
t=\j+1keT! =1/jl+1

<C(N+1)'</Oo 1, )At2
- Nn e

JJ
<C(N + DA

We have thus shown that Zkesj |EAK| < C(N + 1)Ar?.
Using (3.27)-(3.29), we have
Lnt]
E| Y o/hj(o;'AF))
j=lns]+1
which is (3.26).
To show that a sequence of cadlag processes {X},} is relatively compact, it suf-

fices to show that for each T > 1, there exist constants 8 > 0, C >0, and 6 > 1
such that

(3.30) Mx(n,t,h) = E[|Xn(t + 1) — X ()P X0 (t) — X (t — h)|P1 < ChH?

4 N _ 2
<CY (N + 1)Az2=c<WJnﬂ> ,

Jj=0
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for all n e N, all € [0, T] and all & € [0, ¢]. (See, e.g., Theorem 3.8.8 in [6].)
Taking B = 2 and using (3.26) together with Holder’s inequality gives

MB(n,t,h)§C<Lm+n};J —Lntj)(LntJ—Lnt—th)l

n

If nh < 1/2, then the right-hand side of this inequality is zero. Assume nh > 1/2.
Then

lnt +nh] — |nt] - nh+1 _
n - n T

3h.

The other factor is similarly bounded, so that Mp(n,t, h) < Ch?. O
Let us now introduce the filtration
Fr=c{W(A):ACR x [0,t],m(A) < o0},
where m denotes Lebesgue measure on R?. Recall that
(3.31) F@) = / p—r,y)YW(dr x dy)
[0,¢1xR

so that F' is adapted to {#;}. Also, given constants 0 <t <s <t, we have

E[F(nm]:f

[0,7]x

L PE—rYIW(dr xdy)
and
EIEF@ - FOIFIP = [ [ 1pt =) = pts —rp)Pdyar.
As in the proof of Lemma 2.1,
[ [ pe = = dydr =—(t +512 =l =0+ 6 = w]"2).
Therefore, using (2.5), we can verify that

E|E[F(t) — F(s)|%:1]> = E|F(t) — F(s)|> = E|[F(t — ) — F(s — )|~
Combined with (2.3), this gives

E|EIF®) — FoFP < 2238
T
In particular,
3.32 E|E[AF;|F, > < 2412
(3.32) | [ jl r]| _m

whenever T <t;_j.
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LEMMA 3.6. Let By, be given by (3.25) and assume {h} is independent of
Foo and satisfies Assumption 3.1. Fix 0 < s < t and a constant k. If

lim E|B,(t) — By(s)|* =«*(t — ),
n—oo
then
By (1) — By(s) = «|t —s|'?x

as n — 00, where x is a standard normal random variable.

PROOF. We will prove the lemma by showing that every subsequence has a
subsequence converging in law to the given random variable.

Let {n;} be any sequence. For each n € N, choose m =m,, € {n;} such that
my, > my—1 and m, > n4(t — )L, Now fix n € N and let u=m(t —s)/n. For
0 <k < n, define uy = ms + ku, and let u,, = mt, so that

mt
Bu(t) = Bu(s)= Y. o;hj(oc;'AF})
j=lms]+1

n Ug
=Y > oihj(c;'AF)).
k=1 j=up_1+1
For each pair (j, k) such that uy_1 < j < uy, let
AFjx=AFj— E[IAFj|Fu_ ail.

Note that AF j.k 18 Fy, ar-measurable and independent of F,,_, A,. We also make
the following observation about AF j ;. If we define

Gr()=F(+w) — E[F(+)|F],

where 7 = ux—1 At, then by (3.31),
Gk(t)=/ pt 4+t —r,y)W(dr x dy).
(T, t+1r ] xR

Hence, G, and ¥, are independent, and G and F' have the same law. Since
AFj=AF;— E[AFj|F1=Gi(tj — w) — Gr(tj—1 — W),

it follows that {Af_,-,k} has the same law as {AF;_,, }.

=2 _ 2 _ 2
Now define 0= EAFj,k =07_4 and

Uk
=2 N
Zpi = Z Gixhj(G AF k)
J=ug—1+1
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so that Z, , 1 <k <n, are independent and

n
(3.33) Bu(t) = Bu() =Y Zuk + &,
k=1
where
n Uk .
em=y_ . {oihj(0;'AF ;) =57 hi(G; AF 1)),
k=1 j=u_1+1

Since AFjx and AFj — AF jx = E[AF j|Fu, ,ar] are independent, we have

0} = EAF}= EAF;, + E|AF; — AF 4/
(3.34) T '
=674+ EIAFj — AF [,
which implies that 5/'2,k < sz <CAt'2. 1n general, if 0 <a < band x, y € R, then
by (3.5) and (3.9),
b%h (b~ y) —a?h (b~ y)| < (B* —a®)Lj(1+ b7y,
la®hj(b~'y) —a®hj(a %) < lal>’CLj|b™ 'y —a='x|(1 4 |67 y| + lax)).
Note that |b~ 'y —a='x| < |~ —a=||y| + la ||y — x| and
b2 — 42 b2 — 42
<
ab(b+a) ~— a3

bl —a 1=

Hence, if § = b* — a2, then
1b*h (b~ 'y) —a*hj(a " )|
<CL;(1+ b7 "y*+la~ "X + 8la " y| + lally — x)).
Using (2.9), Holder’s inequality and (3.34), this gives
Elo}hj(o; 'AF ) =67k (G; 4 AF 0
<CE|AF;— AF x>+ CAtVME|AF; — AF j 1)
By (3.32),

2A1? 2t
uk—1A1)32 " (j —ug_1)3%

E|AF; — AF; > < &=
J

Therefore,

Uk CAtl/z n Ug—Ur—1

n
Elenl <Y Y 7(j—uk—l)3/4zcm_l/2,; ; JT

k=1 j=ug_1+1
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Since uy — ug—1 < Cpu, this gives
Elem| < Cm™VPapl* = cnd/m=14 ¢ — 5)V/4,
But since m = m, was chosen so that m > n*(t — s)~', we have Ele,| <

Cn /%t —s1"? and ,, — 0 in L' and in probability. Therefore, by (3.33), we
need only to show that

n
ZZ”vk = K|t —s|1/2x
k=1
in order to complete the proof.
For this, we will use the Lindeberg—Feller theorem (see, e.g. Theorem 2.4.5 in
[5]), which states the following: for each n, let Z, x, 1 <k < n, be independent
random variables with EZ,, y = 0. Suppose:

@ > i EZ;%,k — o2, and
(b) forall e >0, lim, 00D f_; E[|Zn,k|21{|zn1k|>g}] =0.
Then >} | Z,x = 0 x asn — oo.

To verify these conditions, recall that {AF j.k) and {AF;_, ,} have the same
law, so that

4
uj
ElZul*=E| ) 5ﬁkhj(5;gAFj,k)
J=u-1+1
Ug—Uj—] 4
=E| > a}hjﬂkfl(ojflAFj)
j=1

= E|Bm,k((uk — uk_l)Al‘) 4,

where
~ Lmt ]
Bui(t) =" 07 hju, (0] AF ).
j=1
Hence, by Proposition 3.5,
E|Zpi|* < Clug — ur—1)*Ar>.

Jensen’s inequality now gives > 7_, E|Znx)? < CnuAt = C(t — s), so that by
passing to a subsequence, we may assume that (a) holds for some o > 0.
For (b), let ¢ > 0 be arbitrary. Then

ZE | Zn k1112, 11>e)] < 22E|Zn «l*
k=1
< Ce? nu 2AL?

= Ce_zn_l(t — s)2,
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which tends to zero as n — oo.

It therefore follows that >} _, Z, y = o x as n — oo and it remains only to
show that o = k|t — s|'/2. For this, observe that the continuous mapping theorem
implies that | B, (1) — By, (s) |2 = o2 xz. By the Skorohod representation theorem,
we may assume that the convergence is a.s. By Proposition 3.5, the family | B,, (t) —
B, (s)|? is uniformly integrable. Hence, | By, (1) — B (s)|> = o%x? in L', which
implies E|B,,(t) — By, (s)|*> - o2. But by assumption, E|B,(t) — B (s)|> —
k2(t —s),s0 0 = |t —s|'/? and the proof is complete. [J

LEMMA 3.7. Let B, be given by (3.25) and assume {h} is independent of
Foo and satisfies Assumption 3.1, so that by Proposition 3.5, the sequence {B,}
is relatively compact. If X is any weak limit point of this sequence, then X has
independent increments.

PROOF. Suppose that B,(;) = X. Fix0 <ty <tp <--- <ty <s <t. It will
be shown that X (r) — X (s) and (X (#1), ..., X (#7)) are independent. With notation
as in Lemma 3.6, let

Lnt]
Zy= Y 5},khj(5jj,jAFj,k),
j=|ns|+2

and define
Yy =By (t) — Bu(s) — Zy.
As in the proof of Lemma 3.6, Y,, — 0 in probability. It therefore follows that
(Bu(j)(t1), - - -+ Bu(jy(ta), Zu(jy) = (X(11), ..., X (1), X () — X (5)).

Note that F(|5)+1)ar and Z,, are independent. Hence, (B, (#1), ..., B, (ty)) and Z,
are independent, which implies X (r) — X (s) and (X (#1), ..., X (z4)) are indepen-
dent. [

THEOREM 3.8. Let

Lnt)
(3.35) Bu(t)=Y o07hj(0; ' AF ;)
j=1

and assume {h ;} is independent of Foo and satisfies Assumption 3.1. If there exists
a constant k such that

lim E|B, (1) — By(s)* = >t —5)

forall0 <s < t,then (F, By) = (F, kB), where B is a standard Brownian motion
independent of F.
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PROOF. Let {n( j)}cj?i1 be any sequence of natural numbers. By Proposi-

tion 3.5, the sequence {(F, By (j))} is relatively compact. Therefore, there exists a
subsequence m (k) = n(ji) and a cadlag process X such that (F, By, x)) = (F, X).
By Lemma 3.7, the process X has independent increments. By Lemma 3.6, the in-
crement X () — X (s) is normally distributed with mean zero and variance K2t —s|.
Also, X (0) =0 since B,(0) =0 for all n. Hence, X is equal in law to k B, where
B is a standard Brownian motion. It remains only to show that F' and B are inde-
pendent.

Fix 0 <r| < --- < rg and define &€ = (F(r1),..., Fr)T. It is easy to see
that ¥ = E£ET is invertible. Hence, we may define the vectors v j € R¢ by
vj = E[§AF;], and a; = 27 'v;. Let A*F; = AF; —a] €, so that A*F; and
& are independent.

Define

[nt]
Bi)=Y szhj(aj_lA*Fj).

j=1
As in the proof of Lemma 3.6,
[nT] [T
£ swp 18,00~ B0l =€ 3 lajian 4 Y la P
0<t<T j=1 j=1
where C is a constant that depends only on (71, ..., r¢). Also note that

b4
lajl <Clvj| <C Y |E[F(ri)AF ;]|
i=1
Hence,
¢ |nT]
|=can# 3 EFear)

E[ sup |B,(t) — B, (1)]
i=1 j=I

0<r<T
¢ |nT|
+CY Y |E[F(r)AF;].
i=1 j=1
Using estimates similar to those in the proof of (2.11), it can be verified that
[nz] t 1
limsu E[F(ri)AF; <C/ ———du <00
Mopg [FONAFNSC | oy du
and
Lnt]
nlggozlw[F(r,)AF,u =0.
]:
Thus, (¢, B;(r1), ..., B;(re)) = (§,kB(r1), ...,k B(r¢)). Since & and B, are in-
dependent, this finishes the proof. [
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4. Examples.
4.1. Independent mean zero sign changes.

PROPOSITION 4.1.  Let {§;} be a sequence of independent mean zero random
variables with E 512 = 1. Suppose that the sequence {§} is independent of F. Let

Lnt ]
Bu(t)= ) AF3g;.

j=1

Then (F, B,) = (F, 67 ' B), where B is a standard Brownian motion indepen-
dent of F.

PROOF. Let hj(x) = ijz. Then {h;} satisfies Assumption 3.1 with L; =
2|¢;| and L =4, and B,, has the form (3.35). Moreover,

2 lnt)

= Y EAFS
j=lns]+1

nt ]
2
Z AFZE;

j=lns]+1

E|B,(t) — B(s)* = E

By (2.12),
lim E|B,(t) — By(s)|>* =67~ (r — ).
n— oo

The result now follows from Theorem 3.8. [

4.2. The signed variations of F. In this subsection, we adopt the notation
x"* = |x|" sgn(r). We begin by showing that the “signed cubic variation” of F
is zero.

PROPOSITION 4.2. If Z,(t) = Zyl:t{ AF?, then Z,(t) — O uniformly on
compacts in probability.

PROOF. Note that x, — 0 in Dr[0, oo) if and only if x,, — O uniformly on
compacts. Hence, we must show that Z, — 0 in probability in Dg[0, c0), for
which it will suffice to show that Z,, = 0.

Note that

[nt) 2

> ar

j=lns|+1

lnt) L)
< > Y |EIAF}AF3]L

i=|ns|+1 j=|ns]+1

E|Zy(t) — Zy(s)|* = E
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To estimate this sum, we use the following fact about Gaussian random variables.
Let X1, X7 be mean zero, jointly normal random variables with variances 01-2. If

= (0102) ' E[X1X2], then
E[X{X3]1=0703p(6p" +9).
Applying this in our context, let p;; = (0;0;) ' E[AF; AF ], so that

Lnt] [nt]
E|Zyt) = Za)P<C Y. Y 00} |pijl

i=ns+1 j=|ns|+1

n)  Lnt]
=C Y Y o/0i|E[AF;AF;]|.

i=ns+1 j=|ns|+1
Using (2.10), this gives
Lnt) Lnt)

E\Z,(t) = Zu®)IP<C > Y J_J_<L)

|~3/2
i=|ns|+1 j=|ns]+1
t —
_c(LnJ Lnsj)m
n
Hence, Z,(t) — 0 in probability for each fixed ¢. Moreover, taking 8 = 1 in (3.30),
this shows that Mz(n,t,h) =0 when nh < 1/2, and Mz(n,t,h) < Ch/ At <
Ch3/? when nh > 1/2. Therefore, {Z,} is relatively compact and Z, = 0. O

LEMMA 4.3. Let X1, X3 be mean zero, jointly normal random variables with
EX=1and p = E[X1X2]. Let

% _ 6 5, 2 2.
(x)—;x 1—x +;(1+2x )sin™  (x),

where sin_l(x) €l—n/2,7/2]. Then E[XIZngi] = K (p). Moreover, for all x €
[—1, 1], we have |K (x) — 8x /7| < 2|x[, so that |[E[XT5X3T]| < 5|p|.

PROOF. Define U =X;and V =(1 — ,02)_1/2(X2 — pX1), so that U and
V are independent standard normals. Then X; = U and X, = nV + pU, where
1 — p2, and
1
E[X%iX?E] o // [u(nv + PM)]zie_("2+v2)/2 dudv
b4

[ 245 —r2)2
:2—/ / [cosO(nsinb + pcosO)*Trie™" > drde
T JO 0

4 2+
= —/ [cos“O(ntan® + p)]*—d6.
T Jo
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If a = tan~ ' (—p /1), then we can write

8 7/2
E[X{"X3% == f [cos” 6 (ntan6 + p)]* d6
T Ja
8 ¢ 2 2
_ _/ [cos“@(ntan6 + p)]~dO
T /2

8 [~ 2 2
= —/ [cos“O(ntan6 — p)]~dO
T J—7)2

8 ¢ 2 2
——/ [cos“O(ntan® + p)]~dBb.
T J—m/2
By symmetry, we can assume that p <0, so that @ > 0. Then

32 —a 8 [a
E[Xfixgi] = ——,017/ cos* O tan6 do — — [cos29(ntan9 + ,0)]2 do
T T J—a

- /2
32 1 16 a
=——pn (——cos4a>——/ cos*0 do
T 4 T Jo

16 5 (¢ 4 2
+—n / cos (1 —tan“0)d6.
v 0
Using a = sin”! (—p) and the formulas
/00549(1 —tan?0) d6O = (0 + sin6 cosO + 2sinb cos’ 0) /4,
/cos49d9 = (30 + 3sinf cosH + 2sinfd cos’ 0)/8,

we can directly verify that E[X%ngi] =K (p).
To estimate K, note that K € C*°(—1, 1) with

8
K'(x) = =(V1=x%+xsin"!(x)),
b/
" 8 . —1
K"(x) = —sin™ (x).
b/
Since K" is increasing,

8 1
’K(x) — —x| < =x’K"(|x]).
T 2

But for y € [0, 7 /2], we have siny > 2y/m. Letting y = wx /2 gives sin~!(x) <
x/2 for x € [0, 1]. We therefore have K" (|x|) < 4|x|, so that |K (x) — 8x /x| <
21x3. O
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PROPOSITION 4.4. Let K be defined as in Lemma 4.3, and y; as in
Lemma 2.1. If

[nt]
By(t)=)_ AF3sgn(AF)),
j=1
then (F, B,) = (F,kB), where k> =67~ — 47! Yo K (yi/2)>0and B isa
standard Brownian motion independent of F .

PROOF. Let h;(x) = h(x) = x*%, so that
[nt]
B,()=) o7hj(0; ' AF)).
j=1
Since h is continuously differentiable and A’(x) = 2|x| is Lipschitz, {h j} satisfies
(3.1). Moreover, if X and Y are jointly normal with mean zero, variance one, and

covariance p = EXY, then Eh(X) =0 and |ER(X)h(Y)| < 5|p| by Lemma 4.3.
Hence, {h;} satisfies Assumption 3.1. By Proposition 3.5,

_ 2
@.1) E|Bu(t) — Ba(s)|* < c(%)

forall0 <s <t andalln € N.
By Theorem 3.8, the proof will be complete once we establish that « is well-
defined, strictly positive and

(42) Jim E|By (1) — Bu(s)* = k(= 5)

forall0 <s < t.
By (2.8), yi/2 € (0, 1] for all i. Thus, by Lemma 4.3,

00 8 00 1 00 1 3 4 00 1 oo}
O<§K(Vi/2)§;§§%+2§<§)’i> =;§%’+Z§Vi3-
Since y; = f(i — 1) — f(i), where f(x) = +/x + I — /x, we have that "%° | y; =

f(0) = 1. Moreover, by (2.8),
1
Zyz —Z([ 3/2)3 2[2 9/2

i=1 i=1
1 > 1 9V2
([ )22
22 1 x9/2 28

9,2 3
K(yi/2) < —+ Y22,
,2; IR 112 <2

Thus,
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which gives 677 ! — 47! Y20 K(yi/2) > 0, so that k is well-defined and strictly
positive.
Now fix 0 < s < ¢. First assume that s > 0. Then

[nt] 2
E[Byt) = By()P=E| } AFF
j=lnsi+1
[nt] lnt] j—1
— 4 2+ 2+
= Y EAF}+2 ) > E[AFTAFT
Jj=lns]+1 j=lns|4+2i=|ns]+1
[nt] 6 4 Lnt] j—1
= > —M—— ¥ ¥ K@-i/DAi+R,
j=lnsl+1 7T T i—lns)+2i=|ns +1
where
Lnt) . 6
Riy= ) (EAFj—;At)
j=lns}+1
nt] =l

2
+2 Y ) (E[AF?*AF%H;K(W,-/2)Az>.
j=lns]+2i=|ns]+1

Observe that

il g 6 _ 6
Z _A;:_<M)_>;(t_s)

j=lns]+1 T T n
and
[nt] Jj—1 lnt]  j—l|ns]—1
> Y Ky—i/oAt= > K(»i/2)At
j=lns]+2i=|ns]+1 j=lns]+2  i=1
4.3) .
N J 1
=> > —Ki/2),
X A n
j=li=l
where N = |nt| — |ns| — 1. Thus,
[nt] Jj—1 N N 1
YooY K@i-i/DAr=)Y —K©»i/2)
j=lns)+2i=|ns|+1 i=1j=i

4.4)
N

=> (5 - xm.

i=1
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We claim that n~! Z ~1iK(yi/2) — 0as n — oo. To see this, fix m € N and note
that

1 Y m & N Y
Y K/ ==Y Kyi/2+— Y. K»i/2.
i3 i3 L —

Since N/n — (t — s) as n — o0, this gives

lim sup — ZzK(y,/2><(z—s) Z K (vi/2).

n—00 i=m+1

Letting m — oo proves the claim. It now follows that

Yoo A= Y Y K-i/DA = k=)
j=lnsi+1 T T i—lns)+2i=|ns)+1

and it suffices to show that R, — 0 as n — oo.
Now, by Lemma 4.3,

AF\** /AF\**
sarar=sfre](22) (222) | ot
i J

where O'iz =FEAF 12 and

pij = E[(AF‘)(AFJH = (0,0;) " 'E[AF;AF].

oj oj

Define a = oﬁa}, b= K(pij), c =2At/m, and d = K (—y;_;/2). By (2.10), we
have |a| < CAt. By (2.10) and (2.3),

[2At [2At [2At
Ui2<0'j2— 7)4‘ ?<Ui2 . >‘<C At5/2
z

By Lemma 4.3, |K (x) — K(y)| < C|x — y|,sothat |[d| < C and |b —d| < C|p;; +
vj—i/2|. Rewriting this latter inequality, we have that |b — d| is bounded above by

! <E[AF AF ]+ Al > Al ( ! T )‘
0i0; SRR Vi Vi-i 27 Vi 0i0; VoAl

Observe that

la—cl=

C

= — o — —0oF¢
2AtLo; + o T ! o +0j g J
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so that by (2.10) and (2.3)

1 T 1
(L Tz bar
;0 2At ti/

Hence, by (2.4), |a||b —d| < th3/2At5/2. We therefore have

2
‘E[AF?*AF%} + ;K(yj_,-/z)m’ = |ab — cd|
<lallb —d| +|d|la — c|
< Ctl._3/2At5/2.

Since t; > s > 0, this shows that

lnt] -1 )
> > (E[AF%*AF%*] + —K(yj_i/z)m) — 0.
j=lns|+2i=|ns|+1 ‘ T

Combined with (2.12), this shows that R, — 0.
We have now proved (4.2) under the assumption that s > 0. Now assume s = 0.
Let ¢ € (0, t) be arbitrary. Then by Holder’s inequality and (4.1),

|E|B,(1))* — «*t| = |E|Bu(t) — Ba(e)|> — k> (t — &)
+2E[B,(t)By(e)] — E|By () > — e
< |E|Bu(t) — Bu(e)]* — k*(t — )| + C(V1e + ).

First let n — o0, then let ¢ — 0, and the proof is complete. [J
4.3. Centering the squared increments.

PROPOSITION 4.5. Let y; be defined as in Lemma 2.1. If

[nt]
Bu(t)=) (AF;—0o}),
j=1
then (F, B,) = (F,«B), where k*> =4n~' 4+ 27~! >0 )/i2 and B is a standard
Brownian motion independent of F .

PROOF. Let hj(x) = x2 — 1. Then {h;} clearly satisfies (3.1) and (3.2). For
jointly normal X and Y with mean zero and variance one, E (X Z_DHri-1n=
2p2, so {h;} also satisfies (3.3). Since

Lt ]
By(t)=)_ ajzhj(aj_lAFj),
j=1
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it will suffice, by Theorem 3.8, to show that
(4.5) Jim E[By(t) = Ba(s)* = k%(t — ).

By Proposition 3.5,

_ 2
E|Ba() —Bn<s>|4sc(““”nﬂ)

for all 0 <s <t and all n € N. Hence, as in the proof of Proposition 4.4, it will
suffice to prove (4.5) for s > 0.
Assume s > 0. Then

Lnt] 2
E|By(t) = B(s)?=E| ). (AFj—0})
j=lnsl+1
[nt] [nt] j—1
= Y 20/+2 > > 2EAFAFP
j=lns]+1 j=lns]+2i=|ns|+1

Lnt] j—1
4 (|nt] — |ns] 2
) EE D DD DN R

T n j=lns)+2i=[ns|+1

where
Lnt] 4
e 8 foreta)
j=lns]+1
[nz] Jj—1

At
§ : § : 2 2
j=lns]+2i=|ns]+1

By (2.4), (2.8) and (2.10),

EAFAF At 5 | CAP/?

I i j| _E)/j_i _m
Asin (4.3) and (4.4),

[nt] Jj—1

At 1
ooy m—)(t—s)gm.

j=lns]+2i=|ns]+1
Together with (2.12), this shows that R, — 0. Hence,

4 2 s
E|B,(t) — By(s)]* — —=9+—0 —5) > yA

i=1

and the proof is complete. [J
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COROLLARY 4.6. If

Lt ]
By (t) = (Z AF?) — \/Ez
j=1 d

then (F, B,) = (F,kB), where k> = 4r ' 4 27! >0 )/l.2 and B is a standard
Brownian motion independent of F .

PROOF. Note that

[ 2 o 2ar
By(t) = n—n(LntJ—nt)+Z(AFj— 7)

j=1
and by (2.3),
s | Lns] [nt]
2At 2At
sup <AF§— —)—Z(AF%—O']Z) 520}—‘/—‘
Oss=tj=1 d j=1 j=1 i
Lnt] 1
<VAr ) =7
—J
j=l1

The result now follows from Proposition 4.5. [J
4.4. Alternating sign changes.

PROPOSITION 4.7. Let y; be defined as in Lemma 2.1. If

Lnt) .
By(1) =) AFi(—1),
j=1
then (F, B,) = (F,kB), where k* =47~ 4+ 27 ~1 Z?io(—l)iyiz >0and B isa
standard Brownian motion independent of F .

PROOF. Let
Lnt] .
Y1) =) (=D/(AF} —a})
j=1
and
Lnt ] _
An(t) =) (=107,
j=1
so that B, =Y, + A,. Note that Y, is of the form (3.35) with 4 (x) = (=1 (x%2 =
1). As in the proof of Proposition 4.4, « is well-defined and strictly positive. Using
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the methods in the proof of Proposition 4.5, we have that (F, Y,) = (F,«B). To
complete the proof, observe that
[nt/2]
sup |Ap(s)| < Ufn” + Z |022j _Uzzj_]|,
O<s=<t j=1
and by (2.3),

2j 2j-11 = (2j —1)3/2°

Hence, A;, — 0 uniformly on compacts. [J

COROLLARY 4.8. Let k be as in Proposition 4.7. Define
Lnt/2]
By(ty=k"" > (AF3; — AF3;_))
j=1
and
[nt/2]
L(t)= Y F(j-1)(F(12j) — F(t2j-2)).
j=1
Let B be a standard Brownian motion independent of F, and define

I , «
I=—-F"——B.
2 2

Then (F, By, 1,) = (F, B, I).

PROOF. Note that
[nt] ‘
KBy(t) = Y AFZ(=1)/| < AF},,).
j=1
so that by Proposition 4.7, (F, B,)) = (F, B). Also note that by (1.5),
F(1)> =21,(t) + 1 By (1) + £a (1),

where €,(t) = F(t)> — F(roy)? and N = |nt /2]. The conclusion of the corollary
is now immediate since &, () — 0 uniformly on compacts. [
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