The Annals of Probability

2007, Vol. 35, No. 5, 1769-1782

DOI: 10.1214/009117906000001088

© Institute of Mathematical Statistics, 2007

WEAK CONVERGENCE OF MEASURE-VALUED PROCESSES AND
r-POINT FUNCTIONS

BY MARK HOLMES' AND EDWIN PERKINS?
Technische Universiteit Eindhoven and University of British Columbia

We prove a sufficient set of conditions for a sequence of finite measures
on the space of cadlag measure-valued paths to converge to the canonical
measure of super-Brownian motion in the sense of convergence of finite-
dimensional distributions. The conditions are convergence of the Fourier
transform of the r-point functions and perhaps convergence of the “survival
probabilities.” These conditions have recently been shown to hold for a vari-
ety of statistical mechanical models, including critical oriented percolation,
the critical contact process and lattice trees at criticality, all above their re-
spective critical dimensions.

1. Motivation. In the last few years, a number of rescaled models from in-
teracting particle systems and statistical physics have been shown to converge to
the canonical measure of super-Brownian motion. The models include critical ori-
ented percolation above four dimensions [6], critical contact processes above four
dimensions [5] and critical lattice trees above eight dimensions [7], all for suffi-
ciently spread-out kernels. In each of these cases, what is actually proved is con-
vergence of the Fourier transforms of the moment measures (or r-point functions).
Our modest objective here is to translate this result into the more conventional
probabilistic language of weak convergence of stochastic processes. To those well
versed in weak convergence arguments, we fear this may be one of the proverbial
much-needed gaps in the literature, but to others who have complained to us, it is
an irritant that should be spelled out once and for all.

The limiting measure is a sigma-finite measure (not a probability) on the space
of continuous measure-valued paths, which presents some additional minor wor-
ries. The full convergence on path space remains open in all of the above settings
due to the absence of any tightness result on path space. Even the natural state-
ment of convergence of finite-dimensional distributions requires convergence of
the survival probabilities (see Proposition 2.4 below), a result which was only re-
cently discovered for critical oriented percolation [3, 4] and which is currently
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being pursued in the other contexts mentioned above. So, in the end, we thought
that someone should advertise this state of affairs and we have acquiesced in the
writing of this note. If you are reading this in a journal, at least one editor and/or
referee has agreed with us.

2. Introduction. Consider a discrete-time, critical nearest-neighbor branch-
ing random walk on Z¢, starting with a single particle at the origin. That is, at
time n € Z, each individual gives birth to a random number of offspring, each of
which immediately takes a step to a randomly chosen nearest neighbor of its par-
ent. Assume that each parent dies immediately after giving birth, that the offspring
distribution has mean one and finite variance y > 0, and that each of the offspring
laws and random walk steps are independently chosen.

Extend the branching random walk to all times # > 0 by making it a right-
continuous step function. Let M; = {xt(a) :a € I;} denote the set of locations of
particles in Z¢ which are alive at time . We have suppressed the details of the
labeling system (see, e.g., Section II.3 in [8]), but as multiple occupancies are
allowed, some labeling scheme is needed here.

In order to describe the scaling limit, we represent the model as a cadlag
measure-valued process by setting

Ci
x1=S T b
a€ly

where C; =y ~'/2 and C, =d~ /2. If E and M are separable metric spaces, then
MFp(E) denotes the space of finite Borel measures on E with the topology of
weak convergence and D(M) denotes the space of cadlag M-valued paths with
the Skorokhod topology. With probability 1, X} is a finite measure for all n € Z

and ¢ > 0, so that {X"};=0 € D = D(MFr(RY)).

The extinction time S : D — [0, oo] is defined by

S(X)=inf{s > 0: Xy =0},

where 0 is the zero measure on R and inf @ = co. Next, we define a sequence
of measures u, € Mg (D) by

(D un(e) = C3nP({X}'}i=0 € o),

where C3 =1 for this branching random walk model.
Let M, (D) denote the o-finite measures on D which assign finite mass to
{S > ¢} for all ¢ > 0, with the topology of weak convergence defined as follows.

DEFINITION 2.1 (Weak convergence). Let {v,:n € NU {oo}} C M, (D). We
write vy, SN Vo if for every ¢ > 0,
VE(0) = vy(e, S > 8) == Vo (e, S > &) = V5 (o) asn — 0o,

where the convergence is in Mg (D).
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It is a standard result in the superprocess literature (see, e.g., [8], Theo-
rem I1.7.3) that there exists Ng € M, (D), supported by the continuous paths in
D which remain at 0p; after time S, and called the canonical measure of super-
Brownian motion (CSBM), such that u, = Np. In [8], one is working with
branching Brownian motion instead of branching random walk but it is trivial to
modify the arguments. We have chosen our constants C; so that the branching and
diffusion parameters of our limiting super-Brownian motion are both equal to one.
Much is known about Ny, for example, as in Theorem I1.7.2(iii) of [8], we have
for every b > 0 that

2 2
2 No(Xp(1) € A\ {0}) = (E) /Ae—@/bn di.

Let/>1and 7= {t1,...,11} € [0, oo)l. We use n;: D — Mp(Rd)l to denote
the projection map satisfying 77(X) = (X;,, ..., Xy;). The finite-dimensional dis-
tributions of v € M, (D) are the measures vgrrtfl € Mp(Mp(RHY given by

vir(H)= v ({X:mp(X) € HY),  HeBMp®RY)).

DEFINITION 2.2 (Convergence of f.d.d.). Let {v,:n € NU {oo}} C M, (D).
We write v, féd} Vo if for every € > 0, m € N and 7 €0, 00)™,

e_—1_w e _—1
VT2 == Ve 7T as n — oo,

where the convergence is in Mp(Mp(R?)™).

If v is supported by continuous paths in D, it is easy to see that weak conver-
gence to Vs, (Definition 2.1) implies convergence of the finite-dimensional distri-
butions to v, (Definition 2.2). An additional tightness condition is needed for the
converse.

We now work in a more abstract setting than the branching random walk de-
scribed above, in which {,,} is any sequence of finite measures on D. For k € R?,
let ¢ (x) = ¢'** and write E, [Y]for [Ydu, and X,(¢) for [ ¢(x)X,(dx), re-
spectively. Consider the following convergence condition on the moment measures
of wy:

r—1 r—1
EMn |:1_[ Xl‘,' (¢k,):| - ENO |:1_[ XI,‘ (¢k[):|

3)

forr >2,7€[0,00)" !, k e RIC—D,

An explicit formula for the right-hand side of (3) can be found in Section 1.2.3
of [6].

Of course, (3) does hold for the p, defined in (1) for branching random walk,
but our interest in this condition arises from a number of models in which M,
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is the (finite) set of occupied sites in Z? at time . Examples include the critical
contact process, critical oriented percolation or critically weighted lattice trees, all
with the natural definitions of “occupied site.” For r > 2 and fe [0, 00) "L, the
r-point functions for this model are B;(xX) =P(x; € M, i =1,...,r — 1), while
the 7-point functions are the Fourier transforms of these quantities,

B =Y e* %),  keRID,
X

which are defined whenever B;(¥) is summable in X. Define X7 € M (R?) by

=ﬂ Z 8y

x:Co/nxeMp;

Xﬂ

and assume that p, given by (1) defines a finite measure on D. An easy calculation
then shows that

ey [k
n"—2 B, <C2\/_) Epe |;1—[1 Xu@x ):|
whenever B,;(X) is summable. Therefore, the asymptotic formulae for the 7-point
functions for sufficiently spread-out critical rescaled oriented percolation (d > 4),
critical rescaled lattice trees (d > 8), and critical rescaled contact processes (d > 4)
derived in [6, 7] and work in progress in [5], respectively, immediately imply (3)
in each of these cases. Moreover, in each of these models, it is known that w, is a
finite measure supported by D, as is required above.

In what follows, we use Dp to denote the set of discontinuitiesqof a func-
tion F. A function Q: Mg (R4)y" — R is called a multinomial if 0O(X) is a real
multinomial in {X{(1), ..., X,»(1)}. A function F: Mp([R?)™ — C is said to be
bounded by a_ multmomtal (IF| = Q) if there exists a multinomial Q such that
|F (X )| < Q(X ) for every XeM r(RY)™. The main results of this paper are the
following two propositions. By the above, the first result is applicable in each of
the three settings [5—7].

PROPOSITION 2.3. Let {unln>1 be a sequence of finite measures on
D(Mp(RY)) such that (3) holds. Then for every s >0, A >0, m > 1, 7 € [0, oo)™
and every Borel measurable F: Mp(R?)™ — C bounded by a multinomial and
such that Nonf_l (DrF) =0, we have

4) E,, [Xs(D)F(X7)] — ENO[XS(I)F()?E)]
and

©) Eu [FX)Lix, =] = Eno[F(X)Ix,1=1]-
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For critical oriented percolation above the critical spatial dimension of four (and
for sufficiently spread-out kernels), [3, 4] show that

(6) Un (S >¢e) = No(S > ¢) for every € > 0.

The corresponding results for critical lattice trees and critical contact processes are
conjectured to be true above the critical dimension; the latter is currently work in
progress (see [5] for the contact process). The next result allows us to strengthen
the conclusion of Proposition 2.3 under (6).

PROPOSITION 2.4. Let {un}n>0 be a sequence of finite measures on
D(Mp(RY)) such that (3) and (6) hold. Then 11, 25 Ny,

In particular, the results of [3, 4, 6], together with Proposition 2.4, imply that
above the critical dimension and at the critical occupation probability, the scaling
limit (in the sense of finite-dimensional distributions) of sufficiently spread-out
oriented percolation is CSBM. Tightness, and hence a full statement of weak con-
vergence, remains an open problem.

The additional condition (6) is necessary (consider the test function 1) because
i, and Ny are unnormalized. In [1], a conditional limit theorem for rescaled lat-
tice trees above eight dimensions is proved in which the limit distribution (ISE)
is No(fo~ Xsds €| [5° Xs(1)ds = 1). The conditioning means that all of the in-
volved measures are probabilities and so (6) is not needed.

The following assumption will be in force throughout the rest of the paper.

ASSUMPTION 2.5. ¥ denotes a class of C-valued bounded continuous func-
tions that is closed under conjugation, is convergence determining for My (R?)
and contains the constant function 1.

We show in Section 4 that both propositions are consequences of standard ex-
ponential moment bounds for Ny and the following theorem. By convention, an
empty product is defined to be 1.

THEOREM 2.6. Let jun, it € Mp (D(Mp(R%))). Suppose that for everyl € 7.
andt € [0, oo)l, we have:
- [
1. there exists a § = 6(t) > 0 such that for all 6; < 4, Eu[eZi:l Q’X’i(l)] < 00;
2. for every ¢; € F,

l 1
) Ey, [1‘[ X;, <¢i>} — Ey [1‘[ Xy, (a»)} < oo.
i=1 i=1
Then for every | € N and every t € [0, 00)’, u,,yrtfl = /urtfl.
Note that some of the #;’s may be the same in (7).

The remainder of this paper is organized as follows. In Section 3, we prove
Theorem 2.6. In Section 4, we prove Propositions 2.3 and 2.4.
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3. Proof of Theorem 2.6. In this section, we prove Theorem 2.6 as a conse-
quence of Lemmas 3.2-3.7. Lemma 3.2 is standard and states that if a sequence of
finite measures is tight, then every subsequence has a further subsequence that con-
verges. Lemma 3.3 establishes tightness of the {/,Lnﬂ';_ Line N} for each fixed 7.

Thus, every subsequence of the 1,7 ! has a further subsequence that converges.
Lemma 3.4 states that any limit point of the {unntf ine N} must have the same

moments (7) as ,turlfl. Lemma 3.5 extends equality of the moments on the right-
hand side of (7) for two measures w, i’ to all ¢; > 0 bounded and continuous.
Lemmas 3.6 and 3.7 together imply that under condition 1 of Theorem 2.6, equal-
ity of the moments in Lemma 3.5 implies equality of the underlying finite mea-
sures on Mp(R?)™. Taken together, they show that since all subsequential limit
points have the same moments (7), the limit points all coincide and thus the whole
sequence converges to that limit point. Thus, Theorem 2.6 follows immediately
from the lemmas proved in this section.
Recall the notion of tightness for finite measures.

DEFINITION 3.1. A set of finite Borel measures F C Mg (E) on a metric
space E is tight if sup, cp t(E) < oo and for every n > 0 there exists a compact
K C E such that SUp, e w(K) <n.

LEMMA 3.2. If F C MF(E) is tight, then every sequence in F has a subse-
quence which converges in Mg (E) (weak convergence).

LEMMA 3.3. Let p,, u € Mp(D). Suppose that E,,, [1] — E,[1] < oo and
that for every t € [0, 00) and every ¢ € F,

®) Eu, [Xi(9)] > Eu[X: ()] < oo.

Then for each m € 7. and every t € [0, 00)™, the set of measures {,unnzfl :n e N}
is tight on M (Rdym

PROOF. That sup, /,LnT[;_l(MF (RY™) < 00 for every m, 7 is trivial (as is the
m = 0 case) since E,,[1] — E,[1] < oo. It remains to prove the existence of the
appropriate compact set for m > 1.

Form =1, let ¢ > 0 and 7 > 0. Define the mean measures vy, v € Mp(R9) by
vp(A) = E;, [X:(A)] and v(A) = E,[X;(A)]. Then (8) implies that v, — v in
Mp(RY) and sup,, vp(RY) = L < 00. Choose M such that L/M < &/2. Then by
Markov’s inequality,

9) sup (X, (RY) > M) <

<[ =
ST
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Fix 1 > 0. There exists K_; C R? compact such that v(K ¢ 1) < n/2. Further-
more, there exists Ko C R? compact such that v(K_g) < v(K¢)) [e.g., the set
Ko={x:d(x,K_1) <1}]. Since v, — v in MF(Rd) andK_g is closed, we have

lim sup v, (K_g) < v(K_g) < g
n

It follows easily that there exists a compact subset K of R? such that
sup,, v, (K¢) < n. Another application of Markov’s inequality implies that

sup jn (Xe (K) > ') <™V sup Ep, [X, (K] < /%,
n n
Choose n!/* =27/, There then exists K i C R? compact such that

1 1
(10) sup (x,<1<;) - 5) <o
Choose N such that 8!~V < £/2 and let
1 d
K= .ﬂ {Y:Y(Kj.) < E} N{Y:Y(RY) < M}.
Jj=N
Now, K is compact in Mp (R?) (see, e. g., the proof of Theorem I1.4.1 in [8]) and
1
c __ . c o . d
K¢ = .U {Y.Y(KJ-)> 2/.}U{Y.Y(R ) > M).
j=N
Thus, (10) and (9) imply that

A 1 €
¢ — —_ _— —
(1D Sgpun(XzeK)fj:§N23j+2§8N_1+2<e,

which verifies that the u,,n,_l, n > 1 are tight.

For m > 1 and 7 € [0, 00)™, we have from (11) that for each i € {1,...,m},
there exists K; ¢ Mp(R9) compact such that sup,, unn,i_l(Kf) <g/m. Let K=
K; x Ky x --- x K,;. Then K € Mp(RH)™ is compact and

m
sup /L,,ntfl(KC) < supZMnnti_l(Kf) <e,
" "=l
which gives the result. [J

LEMMA 3.4. Suppose that uy, u € Mp(D) satisfy the second hypothesis of
Theorem 2.6. Fix [ > 0 and t € [0, 00). If, for a given subsequence Wny» we have

Mnkntfl == v in Mg (Mp R, then for each m € 7' and ¢;j € F,

[ m; [ m;
(12) E, |:l_[ I Yi(¢ij)] = Eu[n [1x (¢ij):|‘

i=1j=1 i=1j=1
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PROOF. Assume first that v(1) > 0. Since M,,knzfl(l) — v(1), by normaliza-
tion, we may assume that pt,, n;_ U are probabilities on MFr (RY. Let m and bij
be as in the lemma and set W =[]’ _, I—[;.”;l X, (¢ij) and Wy =TT'_, [—[;.”;1 X, (1).
Condition 2 from Theorem 2.6 implies that

sup (W) < C5 sgpunk(Wﬁ <00

(recall that we can repeat t;’s). The assumed weak convergence implies that
u”kW_l == vW~! as measures in Mp(C). It follows from a standard result in
weak convergence (see, e.g., Proposition 2.3 in the Appendix of [2]) that the left-
hand side of (12) is equal to limg_, 5 E i [W]. The same is true of the right-hand

side by the second hypothesis in Theorem 2.6, where we use a base vector # with
appropriately repeated ¢;’s.
If v(1) =0, then w,, (D) — 0 and so if W is as above, we have

‘/ Wdpn,

where L% boundedness of |W| follows as above. Therefore, the right-hand side
of (12) is 0 by hypothesis (as above) and thus equals the left-hand side. [J

2

sunk<D)/|W|2dunk ~0,

LEMMA 3.5.  Suppose that | > 0, m € Z!, and p, ' € Mp(Mp@R'). If

[

l m; m;
(13) E,,,[l"[ I1 Yl-(qs,-,»)] = E,,[]‘[ [1 n-(@;,-)}

i=1j=1 i=1j=1

holds (and both quantities are finite) for every ¢;j € ¥, then (13) holds for all
bounded, continuous ¢;; > 0.

PROOF. If!/=0or ) m; =0, then the conclusion is trivial, so we may assume
that / > 0 and > m; > 0. Since 1 € £, we have E,L[]_[ﬁz1 ]_[;f’;l Yi(1)] < oo0. Let

¢ij € F and ¢((x;;)) = Hé:l ]—[?’;1 ¢ij(x;j). Applying Fubini’s Theorem to (13),
using the fact that the ¢;; € ¥ are bounded, we have

[ m;
/~--/<o<<xi,->>Eu[1‘[ Il mdxl-j)}

i=1j=1
(14)

[ m;
:/---/fﬂ((xij))Eu/[n I1 Yi(dxij):|.
i=1j=1

We claim that for any r > 1, the set of functions %, = {[]/_; ¢i(x;):¢; € F} is a
determining class for My (R?"). For real-valued functions, this is Proposition 3.4.6
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of [2]. The fact that F is closed under conjugation easily implies that it is a deter-
mining class for complex-valued measures. This allows us to apply the proof in [2]
to verify the claim.

Therefore, the products of ¢;; in (14) uniquely determine the measure v on
R42™i defined by v(dX) = E,L[]_[ézl HT;I Yi(dx;;)]. Thus, (14) holds for all ¢;;
bounded and continuous. Now, apply Fubini’s Theorem again to get (13) for all
¢ij bounded and continuous, as required. []

In the following lemma, 8B;(R?, R,) denotes the bounded, nonnegative, real-

. —b o
valued functions on R9, and Dy P denotes the bounded pointwise closure of
Dy C £b(Rd, R, ), that is, the smallest set containing Dy that is closed under
bounded pointwise convergence.

LEMMA 3.6. Suppose that p,u’ € Mp (Mp(R™) and assume that
Do C B,(RY, R,) satisfies Do’ = B (R, Ry). If for all h; € Dy,

(15) E,le” i=1 Yf(hf')] =E,[e” y Yj(hj)]’
then u=p'.
PROOF. By dominated convergence, the identity (15) extends to all bounded,

nonnegative, Borel measurable ;. The result follows by using a standard
monotone class argument (e.g., see Theorem 4.3 in the Appendix of [2]) on

(16) H={0 e Bp(MpR)", R): E,[®(V)] = E[(V)]). O

LEMMA 3.7. Letpue Mp(Mp (Rym)y, Suppose that there exists a 5 > 0 such
that for all 6; < 6,

(17) E,[eXi=1%7 (0] < 0o,

Then for every bounded continuous 0 < V;, the quantity EM[e_Ztm:lYi Wiy s
uniquely determined by the collection of mixed moments

m
{Eu|:1_[ Yi(h,')n":| :0 < h; <1 is continuous, i = 1,...,m}.
i=1

PROOF. Without loss of generality, we may assume that m > 0. Given
bounded continuous v; > 0, define h; = ¥, /|| Vil € [0, 1] (set h; = 0 if ¢; =0).
ForRez; <6,i=1,...,m,let

f@i, oo zm) = Eu[ez'?(ﬁ)]‘
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Use (17), the Taylor expansion for the exponential function and Fubini’s Theorem
to see that for ||Z]|00 < 8,

f(Zl,---,Zm):ZlyEM[ > F TR (ZiYi(hi))nl:|-
1

ReZl Yy ni=l =17 =

Hence, the mixed moments of the form
m

(18) E,{]’[ Yl-<h,-)"f], ni €Ly,
i=1

uniquely determine f(z) for ||Z||ooc < 8. A simple application of dominated con-
vergence and (17) allows us to take the differentiate through the expectation
and show that for fixed z1,...,2j-1,2j+1,...,2m satisfying Rez; < § for i # j,
f(z) is analytic in Rez; < § (and not just |z;| < 6). Now, use induction on
Jj < m to see that moments of the form (18) uniquely determine f(zy, ..., z;,) for
Rezy,...,Rezj 1 <4, |zj| V---V |z| < 8. Here, one uses the aforementioned
analyticity in Rez; < § in the induction step. Apply this result at z; = —[|; ||o tO
complete the proof. [J

4. Applications of Theorem 2.6. In this section, we prove Propositions 2.3
and 2.4, which relate the asymptotic formulae for the 7-point functions for various
spread-out models above their critical dimensions to the convergence to CSBM.
Recall that ¢ (x) = ¢'***. In this section, we fix our convergence-determining class
of functions for Mr(R%) to be

(19) F ={¢:k e R},

which clearly satisfies Assumption 2.5.

The following lemma will be used to verify the exponential moment hypothesis
of Theorem 2.6 for Ny. The branching and diffusion parameters for Ny are taken
to be 1. The lemma is well known, but we include a proof for completeness.

LEMMA 4.1. For every b > 0, the following hold:
1. for every A > 0, No(Xp(1) = 1) =0;
2. for every | and e [0, oo)l, there exists a § = 8(?, b) > 0 such that for 6; < 6,

(20) Eng[Xp(1)eXi=1 4% (D] < oo;

3. for every m and t € [0, 00)™ and every & > 0, there exists a 8§ = 8(f, €) > 0
such that for 6; < §,

2D ENO[e’ZEnﬂgiX’i(l)I{5>g}] < 00.
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PROOF. The first assertion is trivial by (2) and the fact that No(Xo(1) > 0) =0.
As above, we may assume b > 0 in part 2. The fact that X; = 0y for t > §
Np-a.e. implies that for each n > 0,

Xp(1) < I52p,Cpe™ D), Nop-a.e.

Therefore, part 2 will follow from part 3 withe =b =ty and m =1+ 1.

For the last claim of the lemma, we abuse our notation and let Ex, also denote
expectation for our standard super-Brownian motion starting at Xo. Let §, denote
the canonical filtration generated by the coordinates X; of our super-Brownian
motion fors <t. If H: Mp (Rd) — [0, 00) is continuous, then for r > s > 0,

(22) Eno[H(X0)|§s1= Ex,[H(X;—5)], No-a.e.

This is easily derived, for example, from the convergence of branching random
walk to Ny mentioned in Section 2, the Markov property for branching random
walk and the analogous convergence result for super-Brownian motion (e.g., The-
orem IL1.5.2 of [8]).

We may assume, without loss of generality, that 0 < ¢ < #; < #;4 for each i.
Observe from (22) that

ENO [eZ;n:] i X (I)I{S>8}]

(23) = Eng[Ex,,  [e"Xmn-1D]eXm 0% Oy )1

1
m—1
= ENO [eZGmX,m_l (l)ezi=l o (1)1{S>8}]’

where the inequality holds for 6,, sufficiently small depending on #,, — t,,—1, by
Lemma II1.3.6 of [8]. The last line of (23) has no #,, dependence and, proceeding
by induction, it is enough to show that for sufficiently small 6 > 0,

(24) En, [¢?X1 W (52 ] < 0.

For 6 > 0 small enough [depending on (¢, t1)], as in (23), the left-hand side is
Eng[Eno[e"1 V1G] l(526)] < Eng [V lis5261]

(25) < En[¢®** D Iix, 1y-0)]

2\? [
:<_)/ 263 =2x/e g
e/ Jo

where the last equality holds by (2). The last line of (25) is finite for sufficiently
small 6 > 0 (depending on ¢) and the result follows. [J

PROOF OF PROPOSITION 2.3. Define u, s, Nos € Mp(D(MF (R%))) by

Yons (A) = / X (1) djin,
(26) A
Nos(A) = fA X, (1) dNo.
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That these measures are finite follows from the fact that for s > 0,
(27) Mn,s(D) = E,, [Xs(D)] — Eny[X(1)] < o0.
Forall/ > 0 and k € RY.,

[ l
EMn.s |:1_[ Xfi (¢k1):| = Ell-n |:XS(1) 1_[ XI,' (¢k,):|

i=1 i=1

l
(28) - ENO |:X5(1) HXZ[ (¢k,):|

i=I

l
- EN(),S |:l_[ Xt,' (¢k,):| )

i=1
where, even in the [ = 0 case, the presence of the factor X (1) ensures that the
convergence in (28) follows from (3).
By Lemma 4.1, we have that

(29) Eny, [e>=1 4% (D] < o0,
for 6; > 0 sufficiently small depending on 7 and s. In view of (27), (28) and (29),

we may apply Theorem 2.6 to the measures 1, 5, No s to obtain

-1 _w —1
Hn,sTTz :NO,ST[; .

Thus, (4) holds for every bounded continuous F'. The extension to bounded, Borel-
measurable F' satisfying Ny, Sntfl (DF) = 0 is standard. For F as in the theorem
we may assume that ' > 0. The extension to * dominated by a multinomial Q is
obtained by an easy uniform integrability argument since lim,,— o Ey, [[Q(X7)] =

Eny [Q(X7)].
To prove the second claim, we define

0, if X,(1) =0,
Gs =1 lix,)>4)

, otherwise.
Xs(1)

Then Gy is continuous, except when X (1) = A, and is bounded above by % Thus,
Lemma 4.1 and (4) show that for F' as in Proposition 2.3,

Ey, [Xs (DG F(Xp)] = En[X,(DGsF(Xp],
that is,
E i, 0=1 F (XD)] = Eng[ix, -1 F (X)) O
PROOF OF PROPOSITION 2.4. We apply Theorem 2.6 to the finite measures
u;, and Nj defined by
(30) Wy (0) = 1y (e, S > &), Nj(e) =No(e, S > &).
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Fix [ € Z, and f € [0, 00)!. By Lemma 4.1, for §(7, &) > 0 sufficiently small and
for 6; <6,

Eng [er»ZIGini (Rd)] < 00,

so that the first condition of Theorem 2.6 is satisfied. The second condition is
trivially true if any #; = 0, so we assume that #; > 0 for each i.

Let n > 0. Fix [ € Zy, k € RY and write F(X;($)) = [T\, X;,(¢x,). By hy-
pothesis [repeat ¢;’s in (3)], we have

E,, [F2(X:(1)] = En [F2(X;(1))] < o0,

so there exists Co(7) such that sup,, EM,T[FZ()?;(I))]I/2 < Cp. Choose Ag =
ro(n, Co, €) sufficiently small so that

2
31) No(X. (1) € (0, A1) < (%) .

By part 2 of Proposition 2.3 with F' = 1, we have
n(Xe(1) > %) = No(Xe(1) > Ap).
Combining this with (6) gives w, (X:(1) € (0, 1o]) = No(X¢(1) € (0, Ag]). It fol-

lows from (31) that there exists ng such that for all n > ny,

n 2
(X1 € ©30)) < (35-) -

Using Is=¢) = Iix, (1)>10) + 11X, (1)€(0,301)> No-a.e., we have
| B [F(Xi(@)(55)] — Eng[F (Xi(@)) [15-6)]|
< |Epu, [F(X# @) Ix. (1)=301] — Eng[F X7 (@) Ix, (1)=0}]|
+ | Ep, [F X @) x, (101 ]|
+ | Eno[F (X7 @) I1x, (1)e.2011 ]

We bound the right-hand side of (32) as follows. By part 2 of Proposition 2.3,
the first absolute value is less than 1/3 for n sufficiently large. On the second term,
we use the Cauchy—Schwarz inequality to obtain

(32)

. .- Con
Eu [IF X ix, e©ron] < Epu, [F2X(0D)] 2 100 (Xe (1) € (0, 20]) /% < 3

The third term is handled similarly. Thus, for n sufficiently large,
| Ep [F(X7($)] — Eng[F(X7(@) I556)]| < .

which proves the second condition of Theorem 2.6 for {1}, },>0 and Nj. The result
follows by Theorem 2.6. [



1782 M. HOLMES AND E. PERKINS

Acknowledgments. We thank Gordon Slade and Remco van der Hofstad for

providing the motivation for this work and for many helpful suggestions. We also
thank two anonymous referees for suggestions that led to significant improve-
ments.

(1]
(2]
(3]

(4]

(5]

(6]

(7]

(8]

REFERENCES

DERBEZ, E. and SLADE, G. (1998). The scaling limit of lattice trees in high dimensions. Comm.
Math. Phys. 193 69-104. MR1620301

ETHIER, S. and KURTZ, T. (1986). Markov Processes: Characterization and Convergence. Wi-
ley, New York. MR0838085

VAN DER HOFSTAD, R., DEN HOLLANDER, F. and SLADE, G. (2007). The survival probability
for critical spread-out oriented percolation above 4 4 1 dimensions. 1. Induction. Probab.
Theory Related Fields. To appear.

VAN DER HOFSTAD, R., DEN HOLLANDER, F. and SLADE, G. (2007). The survival probability
for critical spread-out oriented percolation above 4 + 1 dimensions. II. Expansion. Ann.
Inst. H. Poincaré Probab. Statist. To appear.

VAN DER HOFSTAD, R. and SAKAI, A. (2006). Convergence of the critical finite-range contact
process to super-Brownian motion above 4 spatial dimensions. Unpublished manuscript.

VAN DER HOFSTAD, R. and SLADE, G. (2003). Convergence of critical oriented percolation to
super-Brownian motion above 4 + 1 dimensions. Ann. Inst. H. Poincaré Probab. Statist.
39 413-485. MR1978987

HOLMES, M. (2005). Convergence of lattice trees to super-Brownian motion above the critical
dimension. Ph.D. thesis, Univ. British Columbia.

PERKINS, E. (2002). Dawson—Watanabe superprocesses and measure-valued diffusions. Lec-
tures on Probability Theory and Statistics. Ecole d’Eté de Probabilités de Saint Flour
1999. Lecture Notes in Math. 1781 125-324. Springer, Berlin. MR1915445

EURANDOM DEPARTMENT OF MATHEMATICS
P.O. Box 513-5600MB UNIVERSITY OF BRITISH COLUMBIA
EINDHOVEN 1984 MATHEMATICS ROAD

THE NETHERLANDS VANCOUVER, BRITISH COLUMBIA
E-MAIL: holmes @eurandom.tue.nl CANADA V6T 172

E-MAIL: perkins @math.ubc.ca


http://www.ams.org/mathscinet-getitem?mr=1620301
http://www.ams.org/mathscinet-getitem?mr=0838085
http://www.ams.org/mathscinet-getitem?mr=1978987
http://www.ams.org/mathscinet-getitem?mr=1915445
mailto:holmes@eurandom.tue.nl
mailto:perkins@math.ubc.ca

	Motivation
	Introduction
	Proof of Theorem 2.6
	Applications of Theorem 2.6
	Acknowledgments
	References
	Author's Addresses

