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EXTREMES OF THE DISCRETE TWO-DIMENSIONAL
GAUSSIAN FREE FIELD!

BY OLIVIER DAVIAUD
Stanford University

We consider the lattice version of the free field in two dimensions and
study the fractal structure of the sets where the field is unusually high (or
low). We then extend some of our computations to the case of the free field
conditioned on being everywhere nonnegative. For example, we compute the
width of the largest downward spike of a given length. Through the prism of
these results, we find that the extrema of the free field under entropic repul-
sion (minus its mean) and those of the unconditioned free field are identical.
Finally, when compared to previous results these findings reveal a suggestive
analogy between the square of the free field and the two-dimensional simple
random walk on the discrete torus.

1. Introduction. Let Vy :={1,..., N}?, dVy being the points in Vy which
have a nearest neighbor outside, and int(Vy) those which do not. We define the
two-dimensional discrete Gaussian free field ® = {®,} cy, as follows: ® is a
family of centered Gaussian random variables with covariance given by the dis-
crete Green’s function:

Tavy
(1.1) GN(x,y)=IEx<Z nm:y>, x,y €int(Vy),

i=0
where {n;};>0 1s a two-dimensional simple random walk on 72, and
(1.2) Tyyy :=Inf{i > 0:n; € dVn}.

Alternatively, ® can be defined as the finite-volume Gibbs measure on RV~ with
Hamiltonian

H@®) =1 Y (o—dy)°
x,yeVy,
lx—y|=1
and zero boundary conditions. For any d > 3 the d-dimensional Gaussian free field
is defined similarly: the Hamiltonian is the same, and the variance is given by the
same formula (using a d-dimensional random walk instead).
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In statistical physics the Gaussian free field is used to describe the interface be-
tween two phases at low temperature. This particular choice for an interface (i.e.,
a function from Z2 to R) is motivated in [8], Section 2.4, for example. Using a
two-dimensional anisotropic Ising model the author explains that when one of the
parameters becomes large, the measure concentrates on configurations where par-
ticles with the same spin form a connected component, and where the separation
line between the two components has minimal horizontal length (and is therefore a
function). Another explanation can be found in [7], Section 1.3, where it is pointed
out that the Hamiltonian for the two-dimensional Ising model is proportional to the
perimeter of the interface. At low temperature this leads again to the types of con-
figurations described above. In addition, part of the Gaussian free field’s appeal
is explained by its tractability. Indeed, it is the only massless model with nearest-
neighbor Hamiltonian in dimension d > 2 (see [8], Sections 2.1, 2.2 and 2.3 for
definitions) for which the distribution is known [a centered Gaussian with covari-
ance given by (1.1)]. Yet the model is rich enough to illustrate many interesting
phenomena. In this paper we will focus on two of them: the multiscale structure of
the field, and the phenomenon of entropic repulsion.

The term entropic repulsion refers to the behavior of the field when it is con-
ditioned on being everywhere nonnegative (i.e., when the interface is in presence
of a hard wall). In that case, it is known that the field is pushed very far away as
N becomes large (see [2] for the case d = 2, and [3] for d > 3), while at the same
time the deformation undergone by the field is very small. To quote a sentence
from Giacomin in his survey [8], “the free field does not give up easily its freedom
of fluctuating.” In dimension d > 3, these observations are quantified in [3] where
a precise study of the Gaussian free field under entropic repulsion is undertaken. It
is proved in that paper that the conditioned free field converges weakly toward the
original field shifted by a constant (which varies with N). However, it is easily seen
in the context of [6] that the extrema of the shifted and conditioned field behave
differently (their minima are different, e.g.). In this paper we argue that in two di-
mensions this is not the case: the extrema of the conditioned and shifted free field
look alike. We will use this “guess” as a strategy and deduce results on the con-
ditioned free field from results on the original free field. This leads us to our first
theorem which gives the typical width of a downward spike of a given (negative)
height for the conditioned free field. By “downward spike” we mean the condi-
tioned free field restricted to a set where it is uniformly unusually close to 0. Once
and for all we fix [ € (0,1/2), and define VI{, = {x € Vy:dist(x, Vy°) >IN},
Qf  ={P:>0,xe V)

By conditioned free field (or CFF) we denote the law of ® conditioned on QX, /-
Finally, in what follows B(x, a) denotes the box of center x and edge length 7a,
and g :=2/m. Then:
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THEOREM 1.1. LetO<n<1,l>0and
(1.3) D;(n) = sup{a € N such that 3x € V,{, : ér(lax) o <2(1 — n)@logN}.
Xx,a

Then

log DY, 1
(14) lim 70’% N(n) = =
N—o00 log N 2

g in probability under P(-|Q;J).
Said in words, since it is proved in [2] that the mean of the CFF is asymptotically
equal to 2,/glog N, Theorem 1.1 states that the largest downward spike of height

2./gnlog N has width N 1/2=n/2 The total number of points that are at or below
this low level is given by the following.

PROPOSITION 1.2. Let QC;(n) ={x € Vl{/ 1@y <2,/g(1 —n)logN}. Then
forO<n<1,

log | L7,
(1.5) [vlgmw % =2(1—1n?) in probability under P(.|Qj(,’ ).
To obtain results such as Theorem 1.1, one first needs to understand the behavior
of the extrema of the free field without conditioning. The starting point in this
direction is [2] where the maximum of the Gaussian free field was computed for
the first time. It is proved in that paper that

(1.6) lim P(

N—o0

sup ¢, —2./glogN 2610gN)=0.

!
xeVy

The proof relies on the idea that the easiest way for the field to attain its max-
imum is to have an upward shift on all scales N%, 0 < o < 1. We will exploit
this multiscale decomposition to study the repartition of the points where the field
is unusually high. As we will see below, the set of such points exhibits a fractal
structure; this structure is specific to the two-dimensional free field, as it vanishes
in lower or higher dimension (i.e., the exponents in our theorems—which are dis-
crete analogues of the Hausdorf dimension—become trivial when d £ 2). Maybe
more importantly, this structure is identical to the one uncovered in [5], by which
many of our results—and many of our proofs—are inspired. More precisely, if x
is a point on the two-dimensional discrete torus of size N [i.e., (Z/N 7)?1, and if
7(x) denotes the first time x is visited by a simple random walk starting at 0, then
our next five theorems are shown in [5] to hold when replacing ® with v/27/N. It
is an open problem to further explore this correspondence.

We now need to specify what we mean by “unusually high.” We say that x € Vy
is an a-high point for the GFF if ®, > 2,/galog N. We start by computing the
number of such high points:
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THEOREM 1.3. Let #Hy(n) = {x € V{ :®, > 2./gnlog N} be the set of
n-high points. Then for 0 <n < 1,
log | #
(1.7) fim CEFN@ 2y i probabitity.
N—>oo logN

Moreover, for all § > O there exists a constant ¢ > 0 such that
(1.8) P({|7n ()] < N20-7973)) < exp[—c(log N)?]
for N large enough.

These points are not evenly spread, and typically appear in cluster. This is quan-
tified by the two following theorems which give the number of high points in a
small fixed neighborhood and around a high point, respectively.

THEOREM 1.4. Let D(x, p) :={y € Vy:|y — x| < p} be the disk of radius p
centered at x. For 0 <a < 8 < 1,and § > 0,
log|Hy (@) N D(x, NP)]

>§)=0.

2
g ~2p(1~@/p)’)

(1.9)  lim max P(

N—waevﬁ

THEOREM 1.5. ForO<a,B <1landd >0,

: log |#y () N D(x, NP)|
lim max P
N—>ooer11V 10gN
(1.10)
~28(1—a?)| > 8|x e J(’N(oz)) =0.

Note that the exponents we obtain are, respectively, lower and higher than if the
high points were evenly spread (indeed in that case, in view of Theorem 1.3, there
should be N2A—2¢ a-high points in a neighborhood of size N#). An even more
complex structure is obtained when one considers the pairs of high points. Their
number is given by:

THEOREM 1.6. LetO<a,B < 1.Then

log [{(x, y) € Hn(@):d(x,y) < NP}|
=p(a, B)

(1.11) lim
N—oo logN

in probability, where
(1.12) pla,f)=2+28—2a" inf Frp(y),
Vercx,ﬂ

h(1—y(1—pB))?
5 :
(1.14) Tup={y>0:2—28—20>Fy4(y) >0}

(1.13) Frp(y)=y*(1—B)+



966 0. DAVIAUD

This result should be compared to the mean numbers of pairs. This last quantity
is easy to compute using Lemma 8.2 and is of the order of N?®#) where

ola, B)=2+28 — 2a211y1fF2,,3(y).

Therefore the mean and median numbers of pairs have different orders of mag-
nitude. Finally, in order to prove Theorem 1.1 we will need a similar result for
the unconditioned free field. The following theorem gives the width of the largest
upward spike of a given length:

THEOREM 1.7. Let —1 <n < 1,1l > 0and let Dy (n) be the side length of the
biggest square where the GFF is uniformly greater than 2n./glog N, that is,

(1.15) Dy(n) = Sup{a € N such that 3x € Vi, : Br(nin) o > 2n¢§10gN}.
X,a
Then

(1.16) in probability.

We will first prove each result on the (unconditioned) GFF in a different section,
in the order in which they were introduced. Section 7 contains the proofs of Theo-

rem 1.1 and Proposition 1.2. Finally, the last section gathers the technical lemmas
that will be needed along the way.

REMARKS. (i) Since the two-dimensional free field, once properly scaled,
converges to a continuous version (see [12] or Section 9 for an introduction to
this object), one could ask whether our results carry over to that case. In [9], the
concept of high point is defined for the continuous free field, and an analogue of
Theorem 1.3 is proved (i.e., the Hausdorff dimension of the set of high points is
computed).

(i1) Similarly, it is proved in [10] that the height function associated to a ran-
dom domino tiling of Vy, for example, converges to the continuous version of the
Gaussian free field. It would therefore be interesting to know whether our results
hold in this context as well.

2. Theorem 1.3: Number of high points. We start with the following lemma,
which gives some estimates on the covariance structure of the GFFE. These esti-
mates will be used extensively in the sequel.

LEMMA 2.1. There exist ¢ and c(l) (independent of N) such that

2.1 sup Var(d,) < glogN +c,
er]{,
(2.2) sup (Cov(®y, @y) — glogN —log|y —x|)) <c
x,er,lv

Xy



EXTREMES OF FREE FIELD IN 2D 967

and
(2.3) sup |Var(®y) — glog N| < (),
er,’\,
(2.4) sup |Cov(®y, ®y) — g(logN —log|y — x|)| < c(l).
x,er,lv
XFY

PROOF. These results are easy consequences of [11], Theorem 1.6.6, Propo-
sition 1.6.7. To see this, let C := D (0, N) be the disk of center O and radius N,
and let 3¢, denote the first exit time of such a disk by a two-dimensional simple
random walk {n;, i > 0} started at 0. With this notation we define

TBCN

Gey(x,y) = IEX<Z nni:y>, x,y €int(Vy).
i=0

Then, for x € Vy,
Var(®,) = Gy (x, x)
<Gy (0,0
=gIn2N +k+ O(1/(2N))

where the first inequality follows from D(x,2N) D Vy, and the last line is [11],
Theorem 1.6.6 (k is a constant). Therefore Gy (x, x) < glog N + ¢ for some uni-
versal constant c. This proves (2.1). To derive (2.3) we note that for x € Vll\,,

Var(®y) = Gy (x, x)
> Gy (0,0)
=gInIN +k+ O(1/(IN))
>gInN +c()
for some constant c¢(/) depending only on /. Equations (2.2) and (2.4) are derived
from [11], Proposition 1.6.7, in a similar fashion. [
PROOF OF THE UPPER BOUND. This part of the theorem simply follows from
Chebyshev’s inequality:
P(| 7y ()] = N2A=148) < N=20-1 23R (| gy ()

< N—2-mD)=b 2 max P(y > 27./glog N)
xXeVn

(2.5)
—4n’g(log N )2]

< Nfz(lfnz)faNz exp[
2glogN +c¢

< N—2(1—n2)—5/2N2—2n2 — 50
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where (2.5) is a consequence of (2.1) combined with the following well-known tail
estimate: if X is a standard normal variable, then for any a > 0,

(2.6) P(X|>a)<e /2. 0

PROOF OF THE LOWER BOUND. We start with two remarks that will remain
in effect throughout this paper. First, for ease of exposition we ignore all discretiza-
tion issues. An illustrating example is that by “box B of center x € Vy and side
length a” [“B(x,a)”’] we mean a box of center x and side length b, where b is
an even integer close to a, and is adjusted depending on the context. For exam-
ple, b can be chosen so as to make B adjacent to some other box. Second, we
will make extensive use of the notation introduced in [2]. We recall it now for
the reader’s convenience. For any subset A C Vy, ¥4 will denote the o-algebra
generated by @, x € A. For any box B, we write xg for the center of B and
let ®p :=E(Py,|Fyp). For 0 <o < 1, we let 1, be the collection of adjacent
sub-boxes of edge length N in V]l\, such that Vl{, = Ugen, B. In particular,ITy is
defined as {{x}:x € V}V}, and for {x} € 1o, ®(y) is simply ®,. Next, we define a
collection of boxes as follows. We fix 1/2 < «a < 1, K an integer greater than 2,
and let o; ;= (K —i +1)/K, 1 <i <K + 1. We first let I'y, := Il,,. Then
assuming that 'y, has been defined, for any B € I',, we draw a square of side
length N%/2 with the same center as B. The collection of sub-boxes in Iy, that
intersect that square is called I'g o, ,. Note that [T q,,,| = N?*/K /4 by volume
considerations. Finally, we let I', ,, := Upger, U'B.o;y;-

The lower bound of (1.7) as well as (1.8) follow from a simple modification of
the proof of [2], Theorem 2b, which we now explain. First let

Dy:={B eIl :Pp >0}
and let C; be the event {#D; > N*}, where we choose k > 0 such that
(2.7) P(C1) > 1 —exp(—a(log N)?)

for some a > 0. That such a x exists is guaranteed by [2], Lemma 8. Next for
2<k<K+1weletn:= NK+Qak=D/K)A=0%) and after setting yx = 1/K,
we define

Dy :={BY:dp > (0 —a;)n2/g(1 —yx)log N, V1 <i <k,
(2.8)

Ci := {#Dy = ny},
where Q(k) denotes a sequence of boxes (By,..., By) satisfying By D By D
-+ D By, and B; € T'y,. On the event Cy there are at least ny; sequences Q(k) =
(Bj1,Bj2,...,Bji), 1 <j=<ng,inthe set Dy. Then for k < K

ny

4ng4
CkﬂCEH gckm{ZCj SW},
j=1
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where

gji= 1
I,

Jko%k+1 | Bell

Y Lep-p,,zna@yE/K)(1-yk)log N)-

Bj %41

Let
Av=J U {194 —E(®5IF)| = ena(2¢/8/K)(1 — yk)log N},

AeFak BGFA,ak+]

where € > 0, and forany 0 < 8 <1 we let Fg:=0(P,:x € UBenﬂ dB). Since
by [2], Lemma 12,

(2.9) Var(®4 — E(Pp|Fy,)) <c

for some universal constant ¢ and any A € I'y,, B € I'4 ¢, the union bound and
(2.6) give

(2.10) P(Ay) < e~ oeN)?
for some d > 0. Note that on A¢, = ;:J where
~ 1
§j= s o Yo Hep-E@plFa)=neyE/K) -y (146 log N)-
ks Okt

BeT'B; oy
Let Varg, denote the conditional variance given ¥¢,. If B € I'p; | oy, We have

Vargcak (CI)B) = Vary:ak (E(CDXB |.{F33))

(2.11)
= Varg, (Prp) — E(Varg,, (Pxp) | Foy)-
It can be seen that under P(-|F5p), the distribution of {®,},cp is the free field on
B with boundary conditions given by ® 3. That is, under P(:|¥3p), {®Py}xep is
a Gaussian variable with covariance given by G y«q1 (-, -) [with B replaced with
Vy in (1.1)] and mean a discrete harmonic function with boundary conditions
{®Px}rean (cf. [2], Section 2.3 for more details). In particular, Varg,, (®,,) is con-
stant and can be bounded using Lemma 2.1. These considerations also apply to
Var%k (®y,), and when combined with (2.11) give
Varg, (®p) = axglog N —ory18logN —2¢
(2.12) o
_ 8¢ log N — 2c.
K

Now the random variables g: ;j are 1.i.d. (under P), and by the discussion above

(2.13) E(¢j|Fa) = P(X > na(2/g/K)(1 — yk)(1 +¢)log N)

where X is centered Gaussian with variance greater than

(2.14) % log N — 2¢
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for some ¢ > 0. Next recall that if Y is a standard normal variable, for any a > 1
e—a2/2
V2ra’
This fact, together with (2.13), (2.14)and 1 > 1 — yx > 0, gives
E(f;| %) > N—Q/K)A=y)nte(l+e)?

(2.15) P(|Y|>a) >

provided N is large enough. Consequently on the event C; N A}

ng

~ - 4ngiq _ 2 >
C,f+1 - {Z(g“j —E(g“jlfak)) < N3a/K — kN 2/K)Y(A—yx)n“a(l+e)
g {

j=1

ng
(6 - B = Jouv- /o]
j=1

provided

2 (1= yonta(l +6) > — 22
——(1- o £ >——1n",
K. e K

that is,
1+ —yx) < L.
We then bound the probability of the above set using [2], Lemma 11:

LEMMA. Let Zy,...,Z, be i.i.d. real-valued random variables satisfying
E(Z) =0, 6> =EZ?, | Zillco < 1. Then for any t >0

n t2
P Zil>t] <2 - |
(Z = )— eXp[ 2n02+2t/3}

i=1
By taking n = ng, t = %nN_(z/K)(l_VK)nz(HS)Z“ and o < 1 we obtain that on
AS N Cy
k

(2.16) P(C{y | Foy) < 2 exp[—cN*H@e/K) =) k=D)=@/K) A~y (1+e)%a],

Now

K+1
P(C ) <D (P(CENCro1 NAL_)) +P(Ar—1)) + P(CY)

k=2

which together with (2.7), (2.10), (2.16) and ¢ small enough implies that

P(Ck 1) < exp(—c(log N)?)
for some constant ¢ > 0. Since
2
Cr+1 C{|Hn(na(l — yg))| = ngyr = N2

taking o close to 1 and K large enough completes the proof of the lower bound.
O
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3. Theorem 1.4: High points in a small neighborhood.

PROOF OF THEOREM 1.4. Let B := B(x,4N?). The idea behind the proof
(inspired by [5]) is that typically ®p is close to O (i.e., with the notation below:
P(D, N D_)isclose to 1). Therefore, since for y € D(x, NB), E(®y|Fyp) is close
to ®p [i.e., in the notation below: P(A) is close to 0], for such y we have that

3.D &, ~ b, —E(D,|Fyp).

Since alog N ~ (a/B)log4NP”, in view of (3.1) the event {y € #y ()} roughly
corresponds to {®, — E(®,|Fyp) > (o/B)log4NP}. We conclude by condi-
tioning on F3p and by using Theorem 1.3 which gives the number of such
points y. Indeed, as noticed in the previous section, under P(-|F35), the family

{®y —E(Py[Fyp), y € B} has the same law as the free field on V5.
Fix 1,6 > 0 and let

D, :={®p <n2,/glog N},
Cs = {17y (@) N D(x, NP)| = NP1 @/B7+0)
and

A= U |[E@,|Fp) — Pp|=e2/glog N}
yeD(x,NF)

where ¢ > 0. By [2], Lemma 12, P(A) tends to 0. So does P(D¢) [by (2.6) and
Lemma 2.1] and therefore

P(Cy) =E(P(C4|F38))
3.2) < P(A) + P(D%) + E(P(C4|Fop)Laclp,)

/
<o(l) + P(‘JQW (“ ; d )‘ . N2ﬂ<1—<a/ﬂ>2>+a>

where ¢’ is such that

_ o/
bl 10g4Nﬂ=(a—8—17)10gN.

If N, n and ¢ are, respectively, large, small and small enough so that

(5 303 o

then it follows from Theorem 1.3 that the right-hand side of (3.2) tends to 0, which
proves the upper bound.
We prove the lower bound in a similar way: we first define

D_:={dp>—n2,/glogN},

C_:={|Hn(a) N D(x, NF)| < NPA-@/B=5)
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and introduce the notation
(3.3) Hiy (@) :={x € Vj: P, >2,/gnlog N},
where 0 < s < 1/2. As before
P(C_) = E(P(C_|F35))
< P(A) +P(D) + E(P(C_|Fyp)Laclp_)
=0(1) + E(P(C_|F3p)laclp_)

<o(l)+ P<‘]€jz/\/8ﬂ (O{T—fg)‘ < N2ﬁ(1—(a/ﬁ)2)_a)

where ¢’ is chosen so that

8/
ot 10g4N’3=(a+8+n)logN.

We then conclude as in the upper bound case. [
4. Theorem 1.5: Clusters of high points.

PROOF OF THE LOWER BOUND. The proof (inspired by [5]) roughly goes
as follows. As in the previous section, we pick a box B of size 4N# centered
at x. This time, since we condition on {x € #y(«)}, the typical value of ®p
is (1 — B)2a,/glogN (instead of 0). Since again E(®,|Fyp) ~ ®p for y in
D(x, NP, {y € #Hn(a)} if and only if {®, — E(D,|F3p) > af2,/glog N}. Ap-
plying Theorem 1.3 after conditioning on ¥3p gives the number of such points
y.

We start with a few definitions. We let n, § > 0, B := B(x, 4Nﬁ),
b~ (a, B, N) :=2/g(a(1 — ) —n)log N,
E :={|#y(@) N D(x, NP)| < N2P1-e)=8)
F.={®p>b"(a,B,n,N)},
and finally G := {x € #y(«)}. Then
P(E|G) =0(1) + (1 +o(1))P(E|F, G)

follows from Lemma 8.1. Next, by Cauchy—Schwarz’s inequality,

PEFG 1 PED

PEIF.C)="3F G =PF.G)

_ W\/P(G)P(F)P(E |F)

P(F
= (1+0(1)) %P(EIF)
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where the last step follows from Lemma 8.1. Since we know by Lemma 2.1 and
(2.15) that P(F)/P(G) < exp(dlog N) for some d, the lower bound will follow
once we prove that P(E|F) < exp(—c(log N)?) for some ¢ > 0. Now let

A= ] [{|[E(@,|Fyp) — Pp|>=2/gelogN}.
yeB(x,NP)

Equation (2.15), combined with a rerun of the proof of (2.12), yields that P(F) >
exp[—dlog N] for some d > 0. It also follows from [2], Lemma 12 that P(A) <
exp[—c(log N)?] for some ¢ > 0. Hence P(A|F) is lower than exp[—c(log N)?]
for some other constant ¢ > 0. Thus, P(E|F) is lower than
EP(E[Fyp)Laclr)

P(F)

exp[—c(log N+
Now on AN F,

P(|Hty (@) N D(x, NP)| < N2PU-e)=8| g 1)
“4.1) 18 )
< P(1H 15 (@ +&')| < N2PUI=)=0)

where ¢’ is such that
(a — (a(1 = B) —n) +¢&)log N = (a + &') log4NP.

Now from (1.8) we know (4.1) is lower than exp[—c(log N)?] for some ¢ > 0
provided &’ is small enough (which is achieved by taking 7, ¢ and N small, small
and large enough, resp.). This concludes the proof of the lower bound. [

PROOF OF THE UPPER BOUND. For the upper bound, we condition on ®p
and use a first moment method. We let K be a positive integer and ; := % B for
j=1,..., K. Wealso define Dy := D(x, Nﬂl) and

Dj:=D(x, NPi) — D(x, NPi-1), j=1,...,K.
We have D(x, Nf) = Uj;l D;. Then

{|=7€N(a) N D(x, Nﬁ)| > N2,3(1_0,2)+£}
) 2
< U{IJ‘(’N(a) ND;|l> N2Bi(—a )+e/2}
j=1

for N large enough. So we just need to prove that

N—o00

P(|Hty (@) N D;j| > N2BiO—ee/2 1y ¢ g0, () 2500,

Note that we can restrict ourselves to values of 8; such that

28;(1 —a®) +e/2 <28;,
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that is, B; > 55 (> 0). Let B, := B(x,4NF7) and

C:={|#Hn(@)NDj|> Nzﬂ-/'(l_“z)"'sﬂ}.
Finally let b («, Bj, n, N) :==2,/ga(1 — Bj + n)log N. Then, using Lemma 8.1,
P(Clx € JfN(o{)) =P(C N {CDBj <bT(a, B,n, N)}x e JfN(Ot)) +o0(1).

Now setting F := {<I>Bj <b*(a,B,n,N)}, G :={x € Hn(a)} and using Cheby-
shev’s inequality we obtain

P(C N F|G) < P(G) ' N~ 0=e /2 (1 11 ;| 3oy (@) N D)

— _2B8:(1—a?)—
(42) — P(G) lN 2B (1—a”) 8/2E( Z ﬂ{x,yEJC’N(a)}]lF)
YyeED;

<P(G) "N =¢/2 sup P({x, y € Hy (@)} N F).
yeD;

Now by Lemma 2.1 and (2.15), we know that
(43) P(G)—l S N20l2+£/8

for N large enough. Moreover, by Lemma 8.3, since y* =2/(2 — B;) > 1, for n
and K small and large enough, respectively, we have

A2
sup P({x, y € Hy ()} N F) < N2 Fop (DFe/8

yGDj
— N2 (UHB))+e/8
Plugging this together with (4.3) back in (4.2) yields
P(CNF|G) < N2a2+e/8+2ﬁjo¢2—s/2—2a2(1+/3j)+8/8
=N"**>0
as N goes to infinity. This concludes the proof of the upper bound. [
5. Theorem 1.6: Pairs of high points. Let us first explain the idea behind the
result (which is inspired by [5]). We partition Vy into boxes of side length N,

and let y > 0. By arerun of Theorem 1.3, the number of boxes B in this collection
such that

(5.1) $p>ya(l —p)2./glogN
is roughly

(5.2) {Nmy’ if my :=2(1 = B)(1 — (@y)?) > 0,
0, otherwise.
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By conditioning over ¥3p and using again Theorem 1.3, we obtain that each such
box will approximately contain

(5.3) N az(#)z

pairs of a-high points. Multiplying (5.2) and (5.3) gives us a total of
(5.4) N2T2B-20Fo5(y)

pairs. Maximizing (5.4) over all y for which m,, > 0 yields N (@8) pairs of a-high
points, as claimed.

PROOF OF THE UPPER BOUND. We first rewrite (1.12). If we denote by y,,
the value of y which achieves the minimum in (1.12), then by monotonicity it
follows that y;, = min{yx, y4}, where y; is the unconstrained minimizer of F> g
and where

Y+ = Sup{ra,ﬂ}

= sup{y :2 — 28 — 2a*{y*(1 — B)} > 0}
1

=—>1.
o =

Thus
pa, ) =2+ 28 —20° Fp p(1)
=2+428—2a%((1 — B) +28)
=2(1—a®(1+pB).

Now by Theorem 1.3, for A > 0 the number of pairs of high points within distance

N*# of each other is at most N21=¢)+28%_ For this last quantity to be less than
NP@P) it suffices that

2(1 —a?) 4+ 281 <2(1 —a?)(1 + B),

that is, that A < (1 — «?). Moreover, one easily verifies that p(«, B) is increasing
in B. Therefore to prove the upper bound we only need to show that for all § > 0
there exists / such that for all 8’ € [B(1 — «?), B]

P(|(x.y} € Hn(@): NP7 <d(x,y) < NF'| = NP@F)F0) 0

as N tends to infinity. To prove this claim we will argue separately depending
on whether or not yy(a, B') = ymm(a, B'). Consider the former situation, that is,

V(e ,3/) = Ym(a, ,3/) Let
E:={|{x.y} € Hn(@): NP" <d(x,y) < NF'| > Nr@B)H3).
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Then by Chebyshev’s inequality

P(E) < N~P@F HSE( > ]l{x,yEJfN(a)})
x,y:Nﬁ,hfd(x,y)fNﬂ,

< N—p((x,ﬂ’)—BNZNZ/S/N—Zazeyﬁ/(V*)+5/2 — N8/2
where by Lemma 8.2 the last inequality holds provided # is close enough to 1.
Let us now consider the case where y, > y;,. For each box in Tlg/, we create
a bigger box by adding the eight contiguous boxes. Let 8 be this collection (of
boxes). For each of these boxes, associate a concentric box two times bigger. Let

C be this new collection. The idea behind this construction is that any pair of two
points within distance N# is contained in at least one box in 8. Now let & > 0 and

D:= {Igaé« Oc <a(ym+e)l - ﬂ/)2«/§10gN}-

Then, because y;, = Y+ = 1/a, P(D¢) — 0 [by the union bound, Lemma 2.1 and
(2.6)]. Thus,
P(E)=0(1)+P(END)
<o(l) + N—p(a,ﬁ/)—ﬁNZNZﬂ/N—ZazFZ,ﬂ/(ym+8)+8/2
for h sufficiently close to 1. In the last step we have used Chebyshev’s inequality
and Lemma 8.3. Since 2+ 28" — 2012F2,5/(ym +¢) tends to p(a, B') as € tends to 0,
by choosing ¢ small enough we see that P(E) — 0, which completes the proof of
the upper bound. [J
PROOF OF THE LOWER BOUND. Lety < y4, and let
Ci={l{(x,y) € #n(@):d(x,y) < NP} < NP@P70),
Letm, :=2 — 28 — 20> Fy g(y),
F:={Bellg:®p >2y(1 — Ba/glogN}
and D := {#F > N™r~%/2} Since m, = 2(1 — B)(1 — y*a?), the proof of Theo-
rem 1.3 shows that P(D¢) — 0. Hence
P(C)=0(1)+P(CN D).

On the event D, the set F contains at least N”*» ~%/2 boxes {Bj}.Let D; := {CIDBj >
2y (1 — B)a,/glog N}. Notice that
Ny —5/2
CNDCE:= |J {I#n@)NBj|<NC*A=m)2=08 A p;
j=1
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Fixing n > 0 let

A= U AE@IFp) - @5l = n2/5glog N}.
Bellp yeB(xp,NF/2)

Then by [2], Lemma 12, P(A) tends to 0. So
P(CND)
<o(l) +P(A°NE)
<o(l)
+ N PR (01— v (1= B) 4 1)/ B)| < NP8,

Since

(1 —y(1 - $))>
B* ’
by Theorem 1.3 the probability in the right-hand side is lower than e~V ) for

some ¢ > 0 as soon as 7 is small enough. Therefore P(C N D) tends to 0, which
completes the proof. [

(p(c, B) —my)/zzzﬂ(l -

6. Theorem 1.7: The biggest high square. Our proof is inspired by [4].
PROOF OF THE LOWER BOUND. Here we use the notation introduced in the
construction of Section 2. Let 1/2 < o < 1, and take k such that
(6.1) o =a(K —k+1)/K >1/2—n/2—3.
Let B be any element of Dy [which is defined in (2.8)], let By x be the last box
of B® and let B be an N% /2 sized box centered in By . Let

A= | J{E(®y1F,) — E(Pr, | Fo )| = €22 (e — a) (1 — ) log N1,
yeEB

where ¢ > 0. Since P(A¢) and P(Cy) tend to 1 (by [2], Lemma 12 and (2.10),
(2.16), resp.],

P(Dy(n) < N'/21/279)
<o(l)+ P<Ck N {mig D, < nZ@logN} N AC>
xe
and

P(Ck N {milr; P, < nZngogN} N Ac>
xe

< P(min(0, ~ E(®,1%,,)) = 2/glog N (7 — (@~ (1 — yi)(1 - o))

xXeB

< P(Slll/lz @ >2,/glog N(( — o) (1 — yg)(1 — &) — 77))-

Ve
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If

2/glog N((a — ap)(1 —yx)(1 — &) — n) > 2,/glog N
for N large enough, then [2], Theorem 2a completes the proof. But this last con-
dition, together with (6.1), holds provided that we choose 1/2 + n/2 < k/K <

1/241n/2+ § and « close to 1 as well as ¢ small enough and K, N large enough.
0

PROOF OF THE UPPER BOUND. Leta =1/2—n/2 and fix § = o + §. First
remark that

Bellg
follows easily from the union bound, Lemma 2.1 and (2.6). Next let

F:={ N {¢352¢§(1_a)10gN}},

Bellg

c::{ lJ {¥xeB, ¢xzn2¢§10gN}}.

Bellg
Then for N large enough
P(Dy(n) = N**%) <P(C)
(6.3) <P(F)+P(CNF)
=o(1) + E(P(C|Fp)1F)

where we have used (6.2). For any B € Ilg we let B{1/% be the sub-box
B(xp, N’S/2), and for ¢ > 0 we define

A=) U [[E@y|Fsp) — Pp|>e2,/glogN}.

Bellg yeB(1/4
Then by [2], Lemma 12, P(A) tends to 0. Thus (6.3) becomes
(6.4) P(Dy(n) = N*) < o(1) + E(P(C|Fp) L FTac).

Now remark that

N 2
P(C|¥Fp) < (—) max P(Vx € B, ®, >n2,/glog N|Fp).
Nﬂ Bellg

Buton AN F,
P(Vx e B, &, >n2,/glogN|Fp)
<P(VxeB, (O, —E(®,|Fp)) > (n— (1 —a +¢))2/glog N|Fp)

= P(mfa/i(CD <2/ga+e¢) logN).
1%

NB
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By [2], Theorem 2, this last quantity can be bounded by exp(—d (log N)?) for some
d > 0 provided 8 > o + ¢, that is, ¢ < §. Consequently, on A° N F,

P(C|¥3) <exp[2(1 — B)log N — d(log N)?]

which tends to 0 as N — oo. In view of (6.4) this concludes the proof of the upper
bound. U

7. Results on the conditioned free field.
7.1. Width of downward spike.

PROOF OF THEOREM 1.1. We start by establishing the lower bound. Fix
d,e>0andleta:=2,/g +¢. By FKG (e.g., see [8], (B.13)) we have

P(QY ) <PUCIRy )

where P¢ denotes the Gaussian measure with covariance Gy and mean alog N.
So

log D} 1
P( og (77) 1 E_‘S)Q;\rll>
log N 2 2 '

log D}, |
(7.1) sP“<u ——Q—fS\QEz)
log N 2 2 ’
_ P(log D)/ logN <1/2 = n/2—8)
P}, )

Now by [2], Theorem 2, the denominator of (7.1) tends to 1 while by Theorem 1.7
the numerator tends to O provided ¢ is small enough.

Turning to the upper bound, we fix § > 0 and let « = 1/2 — /2, B := [y+4s,
PT() :=P( |Q 1) and E*(-) := E(- |Q ). Fore>0,x¢€ v,

ET(®,) > (2/g(1 — &) log N)PT (D, >2./g(1 —¢&)log N)

(7.2) > (2,/g(1 —&)logN)
X (1 — sup PT(|®, —2/glog N| 282\/§10gN)).
y€V11v

By [2], Theorem 4, the supremum in (7.2) tends to 0 as N tends to infinity, and
therefore infy evl, E*(®,) is greater than (2,/g¢ —¢€)log N for any ¢ provided N is
large enough. For any B € 8, ®p is a convex linear combination of such ®, (with
positive coefficients), and consequently we also have

(7.3) Bin:f@IEJF(QDB) >2./g(1—¢)logN
€
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as soon as N is large enough. Next, using the Brascamp—Lieb inequality (see [8],
(B.21)) in the first step we obtain that

P (®p —ET(®p) <—(1 —a—e)2./glogN)
< e—(l—a—8)24g(10gN)2/(2Var<I>B)

(7.4) i
< e~ @U—a—)?/(1—a=5/2))log N

< 6_2(1 —a+v)log N

for some v > 0 provided ¢ is small enough. On the other hand, if we let

C:= U {®p <2/galogN},
BeB

then by (7.3)
cc | J{®s—ET(@p) <2/g(a@—1+¢)logN}
BeB

and therefore by the ur/lion bound and (7.4), limy _, oo PT(C) = 0. Next, if for every
box B € B we let B¢) := B(xp, & N®?) and define

F=) U {|®—E(®:|F3p)| =23 log N},
BeB ycph)

then we know from [2], Lemma 12, and [2], Theorem 3 that P (F) — 0 for any
choice of ¢” > 0, as long as ¢’ > 0 is small enough. Now for N big enough, since
1 —n=2a«,

P"(log D}, (7)) > (a +28)log N)
< P+< U sup P, <2,/g(2a)log N)

BeB xeBE)

=o(l)+P" (CC NF°N U sup O, < 2\/§(2a)logN>
BeB xeBE)

<o(l) + P+( U sup (@, — E(Py|Fsp)) <2/g(x + ") log N)
BeB xeBE)

<o(l)4 N>~ maxP+( sup (@, — E(D,|Fap))
BeB XGB(S,)

<2/g(a+¢")log N)

=o(l) + N> maxE+(P+( sup (Px —E(Px|Fop))
Bes xeBE)

<2/ga+¢") logN‘?'Bc>).



EXTREMES OF FREE FIELD IN 2D 981

Now PT(-|Fpc) is equal to P(-|Fpc) conditioned on being positive (inside B).
Thus, PT(:|Fpc) > P(:|Fpe) (see, e.g., [8], (B.5)). Therefore the right-hand side
of the last equation is less than

o(1) + N X maxET (P( sup (d, — E(D,|Fop))
Be&B B

<2/g(a+¢") logN’}‘Bc>>

which is itself less than e=¢1°¢™)* for some ¢ > 0 by [2], Theorem 2, provided
&” < 8. This completes the proof of the lower bound. []

7.2. Number of low points.

PROOF OF PROPOSITION 1.2. As for Theorem 1.1, the lower bound follows
easily from FKG, combined with Theorem 1.3 in this case. To prove the upper
bound, remark again that by [2], Theorem 4,

inf EY(®,) > (2/g —¢)logN

1
xeVy

for any € > 0, provided N is large enough. Combined with the Brascamp-Lieb
inequality, this implies that for some C > 0

PH(®, <2,/3(1 —n)logN) < Cexp[—2(n — )’ log N

uniformly on x € Vllv provided N is large enough. An application of the union
bound completes the proof. [J

8. Gaussian computations. When x is an «-high point, the next lemma gives
the typical value of the GFF for points within distance N# of x.

LEMMA 8.1. Let B := B(x,NP), ¢ > 0, b*(a, B, &, N) =2, /g(a(1 — B) £
e)logN and I («, B, e, N) :==[b~(«, B, &, N),bT («, B, &, N)]. Then

(8.1) ma>I<P(<I>Bgé[(oz,,B,e,N)|<I>xZZ@alogN)—>O

xeVy

as N — oo.

PROOF. To simplify notation we write I, b™ and b~ instead of I (a, B, &, N),
bT(a,B,e, N) and b~ (a, B, &, N). For n > 0 we have [by (2.6) and (2.15)]

(8.2) P(®, > 2./ga(1 + n)log N|®, > 2./3a log N) "=5°0.
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Thus
P(0p ¢ 1|®y > 2/galog N)
=o(1)+P(Pp ¢ 1, &, <2./ga(l1+n)logN|D, >2,/galogN)
<o(l)+P(Pp ¢ 11Dy € (1,14 n)2,/galogN).
Thus it suffices to prove that
P(®p ¢ 1|Pye(1,1+n)2/galogN)

tends to 0. Now since &, = &, — &p + ®p and O, — $p is independent of Op
we have Cov(®,, ®g) = Var(Pp). Hence

Var(®p)

=—— 29, +Z
Var(d,) =+

B

where Z is centered Gaussian and independent of ®,. Now

Var(dp) _q 0 1
Var(®,) =1=h+ <logN>

and therefore Var(Z) = O (log N). Consequently

P(dp > bt D, € (1,1+n)2/galog N)

1 +
< P(Z + ((1 _B)+ 0(@))()[(1 23 logN = b )

tends to O when 7 is small enough. Similarly

P(®p <b7|®, € (1,1+1n)2/galogN)

< P(Z + ((1 - B+ 0<@>>a2ﬁlogN < b) — 0.

This completes the proof of the lemma. [
LEMMA 8.2. LetO<a<fB<1,8>0and
S:={(x,y) € Vi NPA=® <d(x,y) < Nﬁ}.
Then there exists C, gy > 0 such that for ¢ < gy and all N

max P(x,y € Hy(a)) < CN~ 2 Fp(r)+8
(x.y)€s

where y* =2/(2 — B). Moreover, &g can be chosen uniformly in («, B) over com-
pact sets of (0, 1)2.
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PROOF. Let Z := ®, + @, and notice that

{x,y e Hn(@)} C{Z=>4a/glogN}.
We have Var(Z) = Var(®,) + Var(®,) +2Cov(P,, ®y), and by Lemma 2.1

(8.3) Var(®y) < glogN + O(1),
(8.4) Var(®,) < glog N + 0(1),
(8.5) Cov(®,, ®,) < glog N — gB(1 —&)log N + O(1).

Thus, Var(Z) < 2g(2 — B) + O(e) + O(1/logN))log N. Therefore, since
Fpg(y™)=v",

P(Z > 4a\/glog N)

(4o /glog N)? )
22g(2—-pB)+ 0O(e) + O(1/logN))logN

= exp(—2a%y*(14 O(e) + O(1/log N)) log N)

< CN"2Pp(r)+0()

< exp(—

which concludes the proof. [

LEMMA 8.3. LetO<a < B <1and § > 0. For (x,y) € S (as defined in
Lemma 8.2) we let T (x, y) be the set of boxes B of side length 2N® whose centered
sub-box of size N? contains x and y. Then there exists C, ey > 0 such that for
e <eggandall N

(xrr;?gs P({x,y e Hn(@)}N{Pp <ya(l —B)2,/glogN})

BeT (x,y)

< CN—Zozzeﬁ (min{y*,y})—i—S.

Moreover, g can be chosen uniformly in (a, B) over compact sets of (0, 1)2.

PROOF. We let

E:={x,ye Hn@)}N{dp <ya(l—p)2,/glogN},

and argue separately depending on whether or not y > y*. When y > y*, it suf-
fices to notice that P(E) < P(x,y € #n(«)) and to conclude using Lemma 8.2
(since in this case min{y*, y} = y*). In the case y < y™*, we introduce a :=
1—y(—pB)and b:=y(2— B) — 2. Then since

2 1

* N
YV =<1 g
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we have a > 0 and b < 0. Consequently, if we let Z := a(®, + @) + bPp, then
(8.6) EC{Z>(2a+by(l—-p))2a,/glogN}.
Now
Var(Z) = a*Var(®,) + a*Var(®y) + b*Var(®p)
&7 +2ab Cov(®y, ©p) + 2ab Cov(dy, Op) + 2a% Cov(®y, Dy).

Upper bounds for Var(®,), Var(®,) and Cov(®P,, ®y) are given by (8.3), (8.4)
and (8.5), respectively. By Lemma 2.1 we have

Var(®p) = Var(®y,) — Varg, , (Pr,) < g(1 —B)logN + O(1).
As for the covariances,
Cov(®y, Dp) = E(E(D|Fop)E(Pry| Fop))
= Cov(®y, ®y,) — Cove,, (P, Pxy)
> g(log N —log|x — xp|) — g(Blog N —log|x — xp[) + O(1)
=g(l1—pB)logN + O(1).
Similarly, we have
Cov(®y, Pp) = g(1 — B)logN + O(1).
Plugging these estimates in (8.7) and setting
fla,b.B):=2a*Q2—B)+b*(1 — B) +4(1 — Bab
yields
Var(2) < (f(a,b, )+ O(e) + O((log N) ™)) g log N.
Now remark that 2a + b = By and therefore
4a® + b + 4ab = (2a + b)* = B>
Thus
f(a,b, B) =4a*> + b* + dab — B(2a®> + b* + 4ab)
= (4a> + b* + 4ab)(1 — B) + 2Ba>
= (BY)*(1 = p) +2pa’
= B(By*(1 — B) +24°)
=B(QRa+b)(1—a)+ 2a2)
=pBQRa+b—ab),
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hence
(8.8) Var(Z) < (B(2a 4+ b — ab) + O(e) + O((log N)" 1) glog N.

Therefore, since 2a + by (1 — ) =2a + b(1 — a) = 2a + b — ab, (8.8) together
with (8.6) yields

r2a+b—ab
g2 7 =

(8.9) P(E)<C exp<<—2 5

+ 0(8)) logN>.
But remark that

BFp(y) = By>(1—B)+2(1 —y(1 — B))* = By2(1 — B) + 24>
= Q2a+b)(1 —a)+2a*>=2a+b—ab.

In view of (8.9), this completes the proof. [

9. Further remarks and an open problem. (i) In the same spirit as Theo-
rem 1.1, we can show that Theorem 1.4 and Theorem 1.6 still hold in the case
of the conditioned free field shifted (downward) by 2,/glog N. The proof of these
extensions is similar in spirit to the proof of Theorem 1.1. The upper bound follows
from FKG, and the lower bound from adapting the proof of the original theorems.

(i) It is easy to prove that Theorem 1.3 and Theorem 1.6 remain valid if one
only counts the high points in DN NZ? where D is any open subset of V := (0, 1)?
which has positive distance to the complement of V. Only the lower bounds need
to be adapted; one simply does so by restricting the families IT. to boxes in DN
instead of V]{,.

(ii1) Our results reveal that the extrema of the free field and those of its condi-
tioned version (minus its mean) exhibit a similar behavior. It would therefore be
interesting to further push the comparison between the two objects. The discrete
two-dimensional free field can be seen as a random distribution, that is, a Gaussian
sequence indexed by the family Co(V) of continuous real-valued functions with
compact support in V. Indeed, ® (which we momentarily denote ®) acts on such
a function f by

1
(@Y, ) =5 2 fa/N)@Y
xeVy
and consequently for any f and g in Co(V)
1
Cov((@". f).(@". 9)) = N7 2 FO/NgO/NIGN (. ).
x,yeVn

It can be proved using the invariance principle (cf. [1], Lemma 2.10) that the se-
quence {(dV, ), f € Co(l0, 1]2)} converges in law to the continuous free field,
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a continuous analogue of ®V which is presented in [12], for example. The con-
tinuous Gaussian free field can be simply defined as a (centered) Gaussian family
{(®, f)} indexed by {f € Cp(V)} such that

Cov((®, f). (@, 8)) = /V Fg(NG@. y)dxdy,

where § is the Green function of the Brownian motion killed as it exits V. Let
Ty: V}\[f‘ — V}\[,{ be defined by (Ty (P)), = ®, — E*(P,). We suspect that under
PJAr,onl , @ might also converge weakly to the continuous Gaussian free field.
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