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Let the process {Y7,t € [0, 1]} have the form Y; = §(ul[g ;]), where §
stands for a Skorohod integral with respect to Brownian motion and u is a
measurable process that verifies some suitable regularity conditions. We use a
recent result by Tudor to prove that Y; can be represented as the limit of linear
combinations of processes that are products of forward and backward Brown-
ian martingales. Such a result is a further step toward the connection between
the theory of continuous-time (semi)martingales and that of anticipating sto-
chastic integration. We establish an explicit link between our results and the
classic characterization (owing to Duc and Nualart) of the chaotic decompo-
sition of Skorohod integral processes. We also explore the case of Skorohod
integral processes that are time-reversed Brownian martingales and provide
an “anticipating” counterpart to the classic optional sampling theorem for 1t6
stochastic integrals.

1. Introduction. Let (Cio,15.C,P) = (2, #,P) be the canonical space,
where P is the law of a standard Brownian motion started from zero, and write
X ={X;:t €[0, 1]} for the coordinate process. In this paper we investigate some
properties of Skorohod integral processes defined with respect to X, that is, mea-
surable stochastic processes with the form

1 t
(1) Y, = /O 10,01 (s) d X,y = /O uydXy,  tel0, 1],

where {u;:s € [0, 1]} is a suitably regular (and not necessarily adapted) process
that verifies

1
2) EU u? ds} < 400
0

and the stochastic differential d X has to be interpreted in the Skorohod sense (as
defined in [15]; see the discussion below, as well as [11] or [9], Chapters 1 and 3,
for basic results concerning Skorohod integration). It is well known that if u; is
adapted to the natural filtration of X (denoted {F;:s € [0, 1]}) and satisfies (2),
then Y; is a stochastic integral process in the Itd sense (as defined, e.g., in [14]),
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and therefore Y; is a square-integrable ¥;-martingale. In general, the martingale
property of Y; fails when u; is not F-adapted, and Y; may have a path behav-
ior that is very different from that of classical Itd stochastic integrals (see [1], for
examples of anticipating integral processes with very irregular trajectories). How-
ever, Tudor [16] proved that the class of Skorohod integral processes (when the in-
tegrand u is sufficiently regular) coincides with the set of Skorohod—-It6 integrals,
that is, processes that admit the representation

t
3) Y, = /0 E[vs|Fppe]d X, 1€[0,1],

where v is measurable and satisfies (2), Fis,1)c := F5 Vo {X1 — X, :r > t} and for
each fixed ¢, the stochastic integral is in the usual It6 sense (indeed, for fixed ¢,
X is a standard Brownian motion on [0, ¢], with respect to the enlarged filtration
N fi[s,t]c)~

The principal aim of this paper is to use representation (3) to provide an ex-
haustive characterization of Skorohod integral processes in terms of products of
forward and backward Brownian martingales. In particular, we shall prove that a
process Y; has representation (1) [or, equivalently, (3)] if and only if Y; is the limit,
in an appropriate norm, of linear combinations of stochastic processes of the type

Zy=M; x Ny, te0,1],

where M; is a centered (forward) F;-martingale and N; is an Fjo ;c-backward
martingale (i.e., forany 0 <s <t <1, N; € Fo,s)c and E[N,|F[o.sjc] = N;). Such
a representation accounts in particular for the well-known property of Skorohod
integral processes (see, e.g., [9], Lemma 3.2.1),

4) E[Y; — Ys|Fis.ic] =0 for every s <1,

which, in the anticipating calculus, plays a somewhat analogous role as the martin-
gale property in the Itd calculus. We will see in the subsequent discussion that our
characterization of processes such as Y; complements some classic results con-
tained in [5], where the authors study the multiple Wiener integral expansion of
Skorohod integral processes.

The paper is organized as follows. In Section 2 we introduce some notation and
discuss preliminary issues concerning the Malliavin calculus. In Section 3 the main
results of the paper are stated and proved. In Section 4 we establish an explicit link
between our results and those contained in [5]. In Section 5 we concentrate on a
special class of Skorohod integral processes, whose elements can be represented
as time-reversed Brownian martingales, and we state sufficient conditions so that
such processes are semimartingales in their own filtration. Finally, Section 6 dis-
cusses some relationships between processes such as (1) and stopping times.
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2. Notation and preliminaries. Let L2([0, 1], dx) = L?([0, 1]) be the Hilbert
space of square-integrable functions on [0, 1]. In what follows, the notation

X ={X(f): f eL*0, 1]}

indicates an isonormal Gaussian process on L3([0, 1]), that is, X is a centered
Gaussian family indexed by the elements of L?([0, 1]), defined on some (com-
plete) probability space (2, F,P) and such that E[X (f) X (g)] = fol f(x)gx)dx
for every f, g € L2([O, 1]). We also introduce the standard Brownian motion
X: =Xjo,), t €0, 1], and denote LZ(IP’) the space of square-integrable func-
tionals of X. The usual notation of Malliavin calculus is adopted throughout the
sequel (see [9]): for instance, D and § denote the (Malliavin) derivative operator
and the Skorohod integral with respect to the Wiener process X. For k > 1 and
p=>2, DK-P denotes the space of k times differentiable functionals of X, endowed
with the norm || - ||, ,, Whereas L%P = LP([0, 1]; DK-P). Note that LX:” ¢ Dom($),
the domain of §. Now take a Borel subset A of [0, 1] and denote by F4 the o-field
generated by random variables with the form X ( f), where f € L%([0, 1]) is such
that its support is contained in A. We recall that if F € #4 and F € D!, then

5) D;F(w)=0 on A x Q.

We will also need the integration by parts formula
(6) 8(Fu):F8(u)—/ DsFugds
[0,1]

p-s.-P, whenever u € Dom(§) and F € D2 are such that E(F?2 f[o,l] uf ds) < oo.
Eventually, let us introduce, for further reference, the families of o -fields

Fr=0{X):h <t} t €0, 1],
Fis.pe =0{Xp:h <s}vo{X;—Xp:h>t}, O<s<rtr<l,

and observe that, to simplify the notation, we will write F[o ;c = F;c, so that
ﬂs,l]“ = Fre V F5.

3. Skorohod integral processes and martingales. Let L(Z)(IP’) denote the
space of zero mean square-integrable functionals of X. We write Y € BF to indi-
cate that the measurable stochastic process Y = {Y; : ¢ € [0, 1]} can be represented
as a finite linear combination of processes with the form

(7N Z; = E[Hi|¥;] x E[H2|Fie] = M; x Ny, 1 €[0,1],

where H| € L(Z)(IP’) and H, € L2(P). Note that M in (7) is a forward (centered)
Brownian martingale, whereas N is a backward Brownian martingale. For every
measurable process G = {G; : t € [0, 1]}, we also introduce the notation

m—1

8 V(G) = Sng[Z (Gt_,' - ij+1)2]’

Jj=0
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where 7 runs over all partitions of [0, 1] with the form O =17 <t <--- <t, =1.
The following result shows that BF is in some sense dense in the class of Skorohod
integral processes.

THEOREM 1. Letu € L%? withk > 3 and p > 2. Then there exists a sequence
of processes

(z":refo, 1), r>1,
with the following properties:

(i) Foreveryr, Z") e BF.
(ii) Foreveryr, Zz(r) = o E[Uér”?’[a,t]v]an, t €[0, 1], where v e L¥=2:P.
(iii) Foreveryr, V(Z®) < 400 and lim,_, o, V (8(ulp.)) — Z")) = 0.

Note that points (i) and (iii) of Theorem 1 imply that Z") converges to & (u 1j0..1)
uniformly in L>(P). This implies that the convergence takes also place in the sense
of finite-dimensional distributions. Before proving Theorem 1, we need to state
two simple results.

LEMMA 2. Fix k> 1and p > 2. Let A1 and A, be two disjoint subsets of
[0, 11, and let Fa,, 1 = 1,2, be the o-field generated by random variables of the
form X (hly,), h € L2([0, 17). Suppose that F € £, V Fa, and also F € Dk-P,
Then F is the limit in D*P of linear combinations of smooth random variables of

the type
9 G =G x Gy,
where, fori = 1,2, G; is smooth and ¥ ,-measurable.

PROOF. By definition, every F € D*? can be approximated in the space D?
by a sequence of smooth polynomial functionals of the type

Po = Pugy (X(0V), ., X(RED)),  m=1,

M (m)
where, for every m, ng,) > 1, Prim) is a polynomial in n,,) variables and, for j =
L....ngny. h{" € L2([0, 1]). It is also easily checked that E[P,|Fa, Vv Fa,] €
DK-? for every m and, since F € Fa, V Fa,,

E[me?Al \4 ?Az] — F
in D¥7 . To conclude, it is sufficient to prove that every random variable of the kind

Z=E[(Xh))" - (X (ha)*"|Fa, V Fa,],
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where h; € L2([0, 1]) and k; > 1, can be represented as a linear combination of
random variables such as (9). To see this, write A3 = [0, 1]\(A; U A2) and use
twice the binomial formula to obtain

kj

=30 () 1) o)

=0

i ZZ () (2) ) et i)~ (X))

thus implying that the functional (X (hl))k1 (X (hn))k" is a linear combination
of random variables of the type

n
H = TT(X (1)) (X (714,)) (X (1 14,))
j=1

where y; ; >0, j=1,...,n,i =1,2,3. To conclude, use independence to obtain

E[Hﬂfkl\/fAJ

:E[ﬁ( (hj 1A)V3f]><]"[ (hj1a)™ TT(X(hj14,))">

Jj=1 j=1 j=1

and, therefore, the desired conclusion. [

REMARK. Suppose that F = I,f( (h), n > 1, where InX stands for a multiple
Wiener integral of order n. Then F € D%? for every k > 1 and p > 2. Moreover,
the isometric properties of multiple integrals imply that ' can be approximated
in D%2, and therefore in D7 for every p > 2, by linear combinations of random
variables with the form H, (X (h)), where H, is a Hermite polynomial of the nth
order and /4 is an element of Lz([O, 1]). In particular, if F' € F4, V Fa, as in the
statement of Lemma 2, the arguments contained in the above proof entail that F’
is the limit in DX of linear combinations of random variables of the type G =
G x Gy, where, for i =1, 2, G; is an F4,-measurable polynomial functional of
order y; > 0 such that y; + y» <n.

The proof of the following result is trivial and is therefore omitted.

LEMMA 3. Fixk>1and p > 2, as well as a partition 0 =ty <t] <--- <
tn =1 of [0, 1]. Then, for every finite collection {F;:j =1,...,n} of elements
of DX the process

n—1

ur =Y Filu;,)(@)

j=0
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is an element 15 . Moreover, ifFj’-" —> m—s o0 Fj in DK-P, then, as m — +o00, the
sequence of processes

n—1

up' = Fi a0
=0

converges to u in L7,

PROOF OF THEOREM 1. It is well known (see, e.g., [5]) that the process ¢
Y; = 8(uljp,) is such that V(Y) < 4+00. Moreover, according to Proposition 1
in [16], Y admits the (unique) representation

t
(10) Y, = /O E[ve|Fiarr]dXas  €[0, 1],

where v € L*=27_ Now, for every partition  of the type 0 =19 < --- <1, = 1, we
introduce the step process

(1 =)

Lyl

ﬁ(/ E[vslﬁti,ti+1]c]ds)l(t[,ti+])(t)a re [09 1],
i=0 lit+l i I
and we recall that v € L¥=27? and that v™ converges to v in L¥=27 whenever the
mesh of 7, denoted |7 |, converges to zero. Now define Y = [§ E[vT | Fla,jc]1d Xq-
From the calculations contained in [16], Proposition 2, we deduce that

(12) VY —YT) < v -7,
and, therefore, that V(Y”™) < 400 and V(Y — Y™) converges to zero as || — 0.
Now fix a partition 7 and, fori =0, ...,n — 1, write
. 1 lit1
(13) Fii=— (/ E[vS|‘(F[li,ti+1]C] ds) € ‘ﬁli,ti+1lc'
tit1 — 6 \Jy

Since for every i and every s such that#; <s <t;;1 and s <1,
E[F|Fis,ne] = E[F | Fis, et 1411 ] = ELF 1Pty 04,v1e]s

we obtain, using properties (6) and (5),
n—1 .;
Ytﬂ = Z/O l[fisti+l](S)E[Fiﬂ|‘{F’[Zi~ti+l\/t]c]dXS
i=0
n—1

= Z E[F'in|‘?f[tivfi+1\/f]c](xt/\fi+l - Xfi)l(lzli)
i=0

n—1 )
=3z,
i=0
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where Z™" = B[F7 | Fis .1, viie ) Xingsoy — Xi) Lz Now fixi =0, ...,n — 1.
Since FT is F; 4, 1c-measurable and F; € D¥=27, thanks to Lemma 2 in the
special case A = (0, #;) and Ay = (#; 41, 1), the random variable F* is the limit in
the space D¥~27 of a sequence of random variables of the type

My, ) )
(14) GED =GOV x GUTY, m=>1,
k=1

where, for every m, M,, > 1 and, for every &, G%’Z’l) and G%”Z’z) are smooth and

such that G(’ A= F:; and G(l 72) € }'ticﬂ. This implies, thanks to Lemma 3, that
the process

n—1
VT =3 "G, 4 (0, t €10, 1],
i=0

converges to v” in L*¥=2.P and, therefore, due to an inequality similar to (12), for
every  the sequence of processes

n—1 t .
=3 [ M aOBLGS™ 5 v d X

is such that V(Y"™7™) < +o00 and limy— 400 V(Y™ — Y™7) = 0. We now show
that U ™-*7.1) ¢ BF. As a matter of fact,

umemn = E[G(l g I)G(l g 2)|57[ti,ti+1vt10](xmti+1 — X)) lg=n)
(15) [G(l g 1)(er,-+1 — X1 ) La=n] X E[G(l T2 Pl arver]
= Mt X N[.

Eventually, observe that M, = [§ HydX;, where Hy = G471, . 1) (s), and
therefore, since Hy is Fs-predictable, M; is a Brownian martingale such that
My = 0. On the other hand,

(16) N =BG 7P| Fiyvire] = EE[G Y T 21 Foe, Wiy vire]
=E[E[Gy 2| Fe, 11 F v ] =BG T 1 F o]
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and also
N: =E[E[Gy 721 Fie, 11 F s vie]
(17) =E[E[Gy 771 Fe, 11 Fe]
=E[No| Fic],

so that N; is a backward martingale such that N1 = E[G,(qi’f,:’Z)]. As a consequence,

we obtain that U570 and therefore Y™ 7, is an element of BF. We have
therefore shown that for every r > 1 there exists a partition 7 (r) and a number
m(r, w(r)) such that V(Y — Y7 < 1/(4r) and also V (Y7")-mm () _ y7(r)y <
1/(4r). To conclude, set Z() := y7T(").m-7(") and observe that

V(Y _ Z(r)) < Z[V(Y _ Y”(")) 4+ V(Yﬂ(")vm(rﬂ(")) _ Yﬂ(r))] <

N | =
]

The next result contains a converse to Theorem 1.

THEOREM 4. Let the sequence Z" € BF, n > 1, be such that V(Z"™) < 400
and

lim Vv (z™ - z™)=o.

n,m——+oo
Then there exists a process {Y; :t € [0, 1]} such that:

(1) Y admits a Skorohod integral representation;
(i) V(Y) <400 and lim,_, 100 V(Z™ —Y) =0.

PROOF. We first prove point (ii). Consider the trivial partition tg =0, #; = 1.
Then the assumptions in the statement (remember that Z(()") = 0) imply that Z in)
is a Cauchy sequence in L2(P). Moreover, since for every t € (0, 1),

lim ]E[(Zt(n) . Zz(m))z + (Zt(n) _ Zt(m) _ (Zin) _ Zim)))Z] —0,

n,m—-+00

we readily obtain that for every ¢ € [0, 1] there exists Y; € LZ(]P’) such that Yo =0

and also Zt(n) — Y, in L2(P). Now fix ¢ > 0. It follows from the assumptions that
there exists N > 1 such that for every n, m > N and for every partition 0 = #y <
<ty =1,

M—1
(n) (m) (n) (m)\\2
B X (i, - ) - @) - 4P| <o
j=0

and, therefore, letting m go to infinity, we obtain that for n > N,

M—1

2

Sng[ S, ~ Vi)~ (2 = 7)) } = V(" -¥) <,
Jj=0
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which entails lim,,_, 40 V(Z (") —Y) = 0. To conclude the proof of (ii), observe
that, for n > N as before,

V) =2(V(Y —Z2W) +V(Z™)) <2(e + V(Z2™)) < 4o0.

Thanks to Proposition 2.3 in [5], to show point (i) it is now sufficient to prove
that for any s < f,

E[Yt - Ys|\(F[s,t]C] = Oa

which is easily proved by using L? convergence as well as the fact that for every
process Z; as in (7) we have

E[Zt - ZslfF[s,t]"] = NIE[Mtlﬁs,t]"] - MSE[NslﬁS,Z]C] =0. U

4. Representation of finite chaos Skorohod integral processes. We say that
the process Y = {Y; : ¢ € [0, 1]} is a finite chaos Skorohod integral process of order
N >0 (written: Y € FSy) if Y; = 6(u1|o,;) for some Skorohod integrable process
ug(w) € L2([0, 1] x ) such that, for each « € [0, 1], the random variable u,
belongs to P —o, . n Cj, where C; represents the jth Wiener chaos associated
to X. Note that if ¥ € FSy, then, foreach 7, Y; e @ -, n41 C;j. We also define
FS = Uy>0FSn. The aim of this paragraph is to discuss the relationships between
the results of the previous section and the representation of the elements of the
class FS introduced in [5]. To this end, we need some further notation (note that
our formalism is essentially analogous to that contained in the first part of [5]).

For every M > 2 and every 1 <m < M, we write ji,) C {1,..., M} to indi-
cate that the vector jin) = (ji1, ..., jm) has integer-valued components such that
1 <ji<j2<-<jm=<M.Note that joy = (1,..., M). We set jo) = < by
definition and also, given X3 = (x1,...,xp) € [0, 1M and jon) = (j1, ..., jm) C
{1,..., M},

Xji) = (le,...,xj'm), Xj ‘= 0.

We use the following notation: (a) For every permutation oM ={c(1),...,0(M)}
of {1,..., M}, we set

M
AY =, xm) €10, 10 < xoary < - < x0(y < 1)
and also write
O’M M
AA/(I) ZZAMZ{(xl,...,xM)G[O,l] ZO<XM<---<x1<1}

for the simplex contained in [0, 114, (b) For every m =0,..., M and ji,) C
{1,..., M},

Aj(’”) ::{(xl,...,xM)G(O, DM max (x;) < min (xl)}’
M iciom 1€l MNjm
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where max;cg(x;) := 0 and minjeg(x7) := 1. (c) For every t € [0, 1] and every
j(m) C {17"'9M}7

AJ;‘(}")(I) = {(x1,...,xM) € (0, DM max (x;) <t < min (xl)}.
[€J(m) le{l,.... MN\jom)

(d) For every ¢ € [0, 1],

A= |J A O.
JomyC{l,...,M}

REMARK. Note that A‘El(,?) = A‘E‘(,,M) = (0, l)M and, in general, for every m =
0,..., M and every jon) C {1,..., M},

jm jm
A= U A o.
+eQN(0,1)

We have also the relationships

A =0T =0.0M,  Ayo) =200 =@ M.

Moreover, if € {0, 1} and 0 <m < M, then Ay, (t) = 9.
The following result corresponds to properties (B1)—-(B3) in [5].

PROPOSITION 5. Fix M > 2 and 0 <m < M, and let the previous notation
prevail. Then (i)

U alw—qo, 1M, ae-Leb,
JomC{l,....M}

where Leb stands for Lebesgue measure; (i) if ign), jony C {1, ..., M}, then

AJ;\(,’I") N Ain(,;”) # @ if and only if i(my = jom); (iii) for any t € [0, 1], if m # m’ and
0<m,m' <M, then Apr (1) N Ay (t) =D and also

U Apym(t) =10, 11M, a.e.-Leb.
m=0,....M

The next fact is a combination of Theorems 1.3 and 2.1 in [5], and gives a
univocal characterization of the chaos expansion of the elements of FS. Note that
in the following we will write L%([O, 11%), k > 2, to indicate the set of symmetric
functions on [0, 1] that are square integrable with respect to Lebesgue measure.
Moreover, for any k > 2 and f € Lf([O, l]k), the symbol IkX (f) will denote the
standard multiple Wiener—It6 integral (of order k) of f with respect to X (see, e.g.,
[9, 10] for definitions). We will also use the notation L%([O, 1) = L%([0, 1]) and,

for f € L*([0, 1]), IX (f) = X (f).
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THEOREM 6 (Duc and Nualart). Let the above notation prevail and fix N > 0.
Then the process Y = {Y;:t € [0, 1]} is an element of FSy if and only if there
exists a (unique) collection of kernels {f; 4:1 <q <1 < N + 1} such that f; , €
L?([O, l]l)for everyl <g <I<N+1and

N+1 |

(18) Yo=Y > 1 (frgla, o) t €0, 1].

=1 g=1

Moreover, if condition (18) is satisfied,

N+1 -1
19) YD Mg = frgrll? VYY) < +oc,
=1 ¢g=0

where V (Y) is defined according to (8) and fio :=0.

The link between the objects introduced in this paragraph and those of the pre-
vious section is given by the following lemma.

LEMMA 7. Fixm,n > 0 and, for every r > 1, take a natural number M, > 1,
as well as two collections of kernels

{h;”’r):lfufM,;jzl,...,m}, {gi(”’r):l§u§M,;i:1,...,n},

where h;”’r) € L?([O, 1Y) and g;”’r) € L?([O, 119 for every i, j, and a set of real
numbers

(b 1 <u<M,}.
Foreveryt € [0,1] andr > 1, we define

M,
z" =3 z""

u=1

M, m n
r)1®J , , i
= (S ) < (s S5 )

u=1\j=1 i=1

(20)

Then (i) for every r > 1, V(Z")) < 4o0; (ii) if

lim V(z" —2z")=o,

r,r’ 1400

there exists a process Y = {Y; :t € [0, 1]} such that

(21) Yo=0, V(¥)<+oo and lim V(Z") —Y)=0
rt+oo
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and, moreover, there exists a unique collection of kernels fi 4 € L?([O, l]l ) such
that, for every t € [0, 1], Y; admits the representation

m+n

(22) =) > X (1,0 frq) t €0, 1],

=1 (I—n)vi=<g=<lrm

where, for every k > 1, we adopt the notation ) -, <o := 0. In particular, Y €
FSn+m—1-

PROOF. If m or n is equal to zero, the statement can be proved by standard
arguments. Now suppose n,m > 1, and fixr > 1 andu =1, ..., M,. The multipli-
cation formula for multiple Wiener integrals yields

m+n —_—

®l
w0 =37 3 (g 1) o (815)167).

=1 (I-n)v1i<g<irm

where g(” ) .= p@.r) and the tilde () stands for symmetrization. Note thatif ¢ =/,
thenl <m and

P

® el ’
15 ((hg"" 1) @0 (8121600 7) = bV 1 (1" 14 ,0)-

On the other hand, when 1 < g <[, for every x; € [0, 17,

® ®l
(h(u r)l(oqr)) ®o (g (u r)l(t 1)q)

1\ ,
=<q> Z héum)(xj(q))gl(zqr)(x{l ----- l}\j<q))

Jgcll,...l}

x 110,00 (X)) L, 170 (X(1...10\jg))

I —1
- ( q) 14y, 0(x0)

X Z h;u’r) (X.](q))gl(uq)(X{la---al}\j(q))lAJ;(q) (x1).

X ) R (x4, )81 (X1, ... i) i) (%)

is symmetric, we immediately deduce that, for every r > 1, the family of random
variables

(2" :1€0,1)),
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as defined in (20), admits a representation of the form (22), namely
m—+n

(23) z"=% 3 a0l

=1 (I—n)v1<g<IAm

where
—_1 M,

! :
im=(1) L X M )sl i) (0

Point (i) in the statement now follows from Theorem 6 and (23). Now suppose that

lim V(z" —2z")=o.
r,r'—400
Then the existence of a process Y that satisfies (21) follows from the same ar-
guments contained in the proof of Theorem 4. Moreover, relation (19) implies

immediately that for every / and ¢, the family { flfg) :r > 1} is a Cauchy sequence

in L%([O, 11"). Since ¥, = L2-1im,_>+Oo Z,(r) for every t, the conclusion is obtained
by standard arguments. [J]

Now, for every p > 0, call BF, the subset of the class BF, as defined
through (7), composed of processes of the form (20) and such that n + m < p.
We have, therefore, the following proposition:

PROPOSITION 8. Fix N > 0 and consider a measurable process Y ={Y;:t €
[0, 1]}. Then the following conditions are equivalent:

1. There exists Y € FSy.
2. There exists a sequence VARNS BFyn.1, 7 > 1, such that lim, _, 4 o |4VARE
Y)=0.

PROOF. The implication 2 = 1 is an immediate consequence of Lemma 7
and Theorem 6. To deal with the opposite direction, suppose that Y; = §(uljo ),
t € [0, 1], where ug(w) € L2([0, 1] x €2) is such that, for every o € [0, 1], u, €
fore, take up the same line of reasoning and notation as in the proof of Theorem 1.
In particular, according to Proposition 1 in [16], we know that Y admits the rep-
resentation Y, = [( E[ve|Fe.11¢]d X o, where the process vy = g + 5 Dotts d X,
a € [0, 1], is also such that vy € Pj—g .y C; for every a. By linearity, this im-
plies that for every partition w = {0 =19 < --- < t, = 1} the random variables F/",
i=0,...,n—1, as defined in (13), are such that F]" € @jzo ~ Cj. According
to the remark following Lemma 2, every F" is the limit, say in D33, of a sequence
of random variables with the form

.....

Mm . .
GEm =35 G X GITD iz,
k=1
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where M,, > 1 for every m and also

. 4!
GE;L’,JI?I) =a -+ Z IIX (hll((),tj)l)’
=1

Y2
i, 7,2
GS//Z '=b + Z IrX(grl(lesl)’)’
r=1
where all dependencies on i, 7, m and k have been dropped in the second members,

and y; 4+ y» < N + 1. By using relations (16) and (17), we see immediately that

the process U(m ki) , t €[0,1], is an element of BF x| and the conclusion is

obtained as in the proof of Theorem 1. [J

5. Skorohod integrals as time-reversed Brownian martingales. Now fix
k>3and p > 2,take u € L*? and note Y; = 6(uljp,s)). Suppose, moreover, that
the process vy € LK=2.P that appears in formula (10) is such that vy, = Dy F for
some F € D12 (we refer to [9], page 40) for a characterization of such processes
in term of their Wiener—It6 expansion). Then, according to the generalized Clark—
Ocone formula stated in [11],

t
(24) Y; :/ E[Dy F|Fia.1c]d Xy = F — E[F|Fie], te[0,1].
0

As made clear by the following discussion, a process of the type Y; = F —
E[F| ;<] can be easily represented as a time-reversed Brownian martingale. The
principal aim of this section is to establish sufficient conditions to have that Y;
is a semimartingale in its own filtration (the reader is referred to [16], for further
applications of (24) to Skorohod integration).

To this end, for every f e L?([0, 1]) we define f(x) f(1 — x), so that the
transformation f f is an isomorphism of L2([0, 1]) into itself. Such an operator
can be extended to the space L?([O, 1]")—that is, the space of square-integrable
and symmetric functions on [0, 1]"—by setting

foxts o x) = fA—x1,...,1—x,)
for every f, € LZ([O 17"), thus obtalnlng an 1somorph1sm of LZ([O 17") into it-
self. We also set, for f € L2([O 1), X(f) X(f) and eventually
X ={X(f): f e L*(0,1])}.

Of course, X is an isonormal Gaussian process on L2([0, 1]) and the random

function
X, =X(lpo)=X1—X1—.  te€[0,1],

is again a standard Brownian motion. As usual, given n > 1 and h, € Lz([O 171,

I X(h,) and I X (hy) stand for the multiple Wiener-Itd integrals of 4, respectively,
Wlth respect to X and X (see [9]). The following lemma will be useful throughout
the sequel.
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LEMMA 9. Let F € L*(P) have the Wiener—Ito expansion F = E(F) +
X(fn). Then

n= 1 n

F=EF)+ Y 15 (.

n=1

PROOF. By density, one can consider functionals of the form F = I.X(f®"),
n > 1, where f € L2([0, 1]) and O (xy, ..., x0) = f(x1)--- f(x). In this case,
it is well known that F =n!H,(X (f)), where H,, is the nth Hermite polynomial
as defined in [9], Chapter 1, and therefore

F=n!H,X(f)) = If(f@’") = I,f?(f@),

thus proving the claim. [J

‘We now introduce the filtration
F=o{Xn:h <t} t 0, 1].

Note that

(25) B .

PROPOSITION 10. Let {Y;:t €10, 1]} be a measurable process.

1. The following conditions are equivalent:

(i) There exists F € L*>(P) such that Y, F— E(Fl?',c)
(11) There exists a square-integrable f; -martingale {M; t € [0, 11} such that
Y, =M, — My_,.
(111) There exists an Fo -predlctable process {¢O, o € [0,1]} such that
E(fy p2da) < +oocand Y, = [, pydXs.
(iv) There exist kernels f, € L?([O, 1), n > 1, such that

o0
= Zlnx(fn lf?nl] ZIX fn 1([%"1 z))
n=1

where the convergence of the series takes place in L*>(P).

2. Let any one of conditions (1)-(iv) be verified, let F be given by (i) and let the
fn’s be given by (iv). Then

F=EF)+ 3 IX(f) =EFE) + 31X ().
n=1 n=1
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3. Under the assumptions of point 2, suppose moreover that F is an element
of D2 and let ¢ be given by (iii). Then
(26) ¢ =E[Di_o F(X)|Fal, a0, 1],

where D F (X) is the usual Malliavin derivative of F, which is regarded as a func-
tional of X.

REMARK. Note that (26) appears also in [17], formula (4.4), where it is ob-
tained by completely different arguments.

PROOF OF/PROPOSITLON 10. If (i) is verified, then (ii) holds thanks to (25),
by defining M; = E(F|¥;). On theA other hand, (ii) implies (iii) due to the pre-
dictable representation property of X. Of course, if (iii) is verified, then

L
Yt :/ d)aan
1—t
| N -t
:[ d)adxa - d)adon
0 0
= F —E[F|F1],

where F = fol &S\a dX,, thus proving the implication (iii) = (i). Now, let (i) be
verified and let F have the representation

F=E(F)+ Y I (f.

n=1

We can apply Lemma 1.2.4 in [9] to obtain that

Yo=Y LX(fa) —E[Zlf(fn)mc}
n=1 n=1

27) 00 00
- ; LX(fu) — ; Ly (falf7)-

thus giving immediately (i) = (iv) [the second equality in (iv) is a consequence
of Lemma 9]. The opposite implication may be obtained by reading formula (27)
backward. The proof of point 2 is now immediate. To deal with point 3, observe
that if F' is derivable in the Malliavin sense as a functional of X, then F' is also
derivable as a functional of X, and the two derivative processes must verify

Dy F(X)=Di_oF(X), ae.-do ®dP,

where DF ()?l stands for the Malliavin derivative of F, which is regarded as a
functional of X. As a matter of fact, let Fj be a sequence of polynomial functionals
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with the form Fy = p(X (hy), ..., X(hy)), where p is a polynomial in m variables
(note that p, m and the & ;’s may, in general, depend on k), that converges to F in
L*(P) and satisfies

2
L/m g

j:18x_,
Then p(X (h1), ..., X (hw)) = p(X(h1), ..., X(hy)) and also
L/m g PN PR 2
E[ﬁ;(Z;5;?4XU”L.“,Xmm»hﬂxy—kafxxo dx}—>&

thus immediately giving the desired conclusion. The proof of point 3 is achieved
by using the Clark—Ocone formula (see [4] and [13]). O

EXAMPLE. Let F = H,(X (h)), where H,, is the nth Hermite polynomial and
h is such that |#|| = 1. Then, thanks to Proposition 10, point 2, the process Y; =
F — E[F|#;c] has the representation

1
n:auﬂmﬂ—ﬁmmﬁm]

h1 ®n
28) — H, (X () — || 1 ((—“’” ) )
L
X (b1 1)
— Hy(X(h)) — nhl[t,un”Hn(&)
gl

as well as

1 A ~
Y, = /1 Bl (X ()| Flh( — @) d K.

Formula (28) generalizes the obvious relationships (corresponding to the case
n=1and h = 1[(),1])

X; —E[X{|Fel=X,=X; — X1,

Given a filtration {§, : ¢ € [0, 1]} and two adapted, cadlag processes U;, and V;,
we write [U, V] = {[U, V],:t € [0,1]} to indicate the quadratic covariation
process of U and V (if it exists). This means that [U, V] is the cadlag §,-adapted
process of bounded variation such that, for every ¢ € [0, 1] and for every sequence
of (possibly random) partitions of [0, 1]—say 7, = {0 <t1, <+  <ty,n=1}—
with mesh tending to zero, the sequence

M, —1
h’,l;n|:UOV0 + Z (Uti+l,n - Uti,n)(Vti+l,n - ‘/ti,n):| = [U’ V]t’
i=0
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where the convergence is in probability and is uniform on compacts. The next
result uses quadratic covariations to characterize processes of the form ¢t — (F —
E[F|F:c]) in terms of semimartingales.

PROPOSITION 11. Let F and {Y;:t € [0, 11} satisfy any one of conditions
(1)—(@v) in Proposition 10, fix k > 1 and let ¢, as in Proposition 10 point 1(iii), be
cadlag and of the form

$a = d)(a; ?(gll[o,a]), cees f(gkl[O,a]))’

where @ is a measurable function on [0, 1] x Rk amigj e L2([0, 1)), j=1,... k.
If there exists the quadratic covariation process [¢, X ], then Y; is a semimartingale
on [0, 1] in its own filtration and, moreover,

t/\ -~ -~ -~ -~
(29) Y, =f0 $iowdXe — 16, K11 + 16, X11_.

PROOF. The proof is directly inspired by Theorem 3.3 in [6]. Let t € (0, 1]
andt ={1—t=s9 <--- <s, =1} be adeterministic partition of [1 — ¢, 1]. Then,
when the mesh of T converges to zero, Y; is (uniformly) the limit in probability of

n—1 L .
Z s (XSi+1 - XSi)'
i=0

Now note that since X(g;10,1-a1) = X (&) — X@j1j0.a1), j = 1.....k, the
process o > ¢1_q is left-continuous and adapted to the filtration

Hoy=0Xpn,h<a)vo(X1,X@1),...,XE), ae|0,1].

Therefore, since X, is classically an #f;-semimartingale (see [2]), the stochastic
integral in (29) is well defined as the limit in probability of the sequence

n—1 n—1
Z ¢1—ti+1 (Xli - Xli+1) = Z ¢Si+1 (XSi+1 - Xsi)’
i=0 i=0

where 7; = 1 — s;. Eventually, we observe that the finite variation process t
[¢, X]11 — [¢, X]1—¢ is by definition the limit in probability (as the mesh of 7 con-
verges to zero) of

n—1

Z($5i+l - asi)(j(\si+l - X\Si)

i=0
and, therefore, it is an J,-semimartingale, being an adapted process of finite vari-
ation. To prove the adaptation, just observe thatif 1 —¢ <s <1, then

bs = O(a; X(@1) — X(@1110.1-51)» - --» X @) — X (B Lj0.1-57))
coXp,h<t)vo(Xi, X@1),.... X&)
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As a consequence of the above discussion, the quantity

[A o~ o~
_/0 $1—wdXe + [0, X1 — (¢, K11

is the limit in probability of

n—1 n—1
Z ¢Si (Xsi+1 - XSi) - Z¢Si+1(XSi+1 - S/ + Z ¢31+1 ¢S: Sz+1 - XSi)’
i=0 i=0

which equals zero for every t. To conclude, observe that Y; is the sum of
two J;-semimartingales: therefore, it is itself an Jf;-semimartingale and, conse-
quently, by Stricker’s theorem, it is a semimartingale in its own filtration. [J

Now we state a (class1c) sufficient condition for the existence of the quadratic
covariation process [¢ X1.

PROPOSITION 12. Under the assumptions and notation of Proposition 11,
suppose that the function ® is of class C' in [0, 1] x %K. Then the quadratic co-
variation process [¢, X] exists.

PROOF. This is an application of Theorem 5 in [8], page 359. The vector
Vo = (o, X, X(g11[0.61); - - - » X (gk1j0.27))

is indeed a (k + 2)-dimensional fa—semimartingale. Now define

D* (et X1, s Xpg1) = D0, X2, ., Xpy 1),
(0, X1, ..., Xk 1) € [0, 1] x MEFL

Since the assumptions imply that ®* is of class C Uin [0, 1] x ®*+! and qb
<I>*(ya) the quadratlc Varlatlon process « —> [qb qb]a exists, as do the processes
[X , X ] and [¢ +X , qb +X ]. It follows that [qb, X ] exists, thanks to the polarization
identity

(6, Xlo = P+ X, 0+ X1o —[X, XIo — [$, Do},  @€l0,1]. O

6. Anticipating integrals and stopping times. For the sake of completeness,
in this section we explore some links between Skorohod integral processes and
the family of stopping times. Classically, the stopping times are strongly related
to the martingale theory. For instance, fix a filtration U, as well as a U;-stopping
time 7': it is well known from the optional sampling theorem (see, e.g., [3]) that,
for any U;-martingale M;, the stopped process ¢ — Mr,; is again a martingale
for the filtration ¢ — U7t A; of events determined prior to 7. It is also well known
that a stopped It6 integral at the stopping time 7 coincides with the It6 integral
on the random interval [0, T']. In this section we prove a variant of the optional
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sampling theorem for Skorohod integral processes and we discuss what happens if
one samples such a process at a random time. For a discussion in this direction, see
also the paper by Nualart and Thieullen [12]. We keep the notation of the previous
sections and consider anticipating integral processes given by

Y, = 5(M1[0,z] ()),

where uljp,; belongs to Dom(§) for every t € [0,1]. Given two stopping
times S, T for the filtration ¥;, we denote by ¥, respectively, Fs, the o-field
of the events determined prior to T, respectively S.

We have the following optional sampling theorem.

PROPOSITION 13. If S, T are ¥;-stopping times such that S <T a.s., it holds
that

(30) E[Yr —Ys|Fs]=0.

PROOF. Let us first consider as in Karatzas and Shreve [7] two sequences of
stopping times (S,)n, (T,), taking on a countable number of values in the dyadic
partition of [0, 1] and such that S,, — S, T, — T and

S<8S,, T<T, and S,<T,.

As in [3], page 325, using the fact that the process (E(Y;|¥;)); is a martingale,
we can prove that [, Ys, dP = [, Yr, dP for every A € Fs,. We follow next the
lines of the proof of Theorem 1.3.22 in [7], observing that the sequence (Y, ), is
uniformly integrable. This is a consequence of the bound

supEY? < sup(E(Y; — Y))> +EY?) < V(Y).
t t

The next result is a version of Theorem 2.5 of [12].

PROPOSITION 14. Let u € L7, p > 4, and let T be a stopping time for the
filtration F;. Then uljo, 11 belongs to Dom(8) and it holds that

31) S(ulio,)le=r = 8(uljo, 1)

PROOF. Since, for u as in the statement, the process ¢ [é E(uy)dX, is a
continuous, square-integrable Gaussian F;-martingale, we can assume, without
loss of generality, that E(u,) = 0 for every ¢ € [0, 1]. We first prove property (31)
for the approximation u”™ given by (11):

n—1 1

i1
”;T = (_/t E(”‘S |‘7:[Ti~ti+l]c) ds>1[tiqti+l](t)'

izo li+1 — 1l
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Let us consider the sum

n—1
S = Z F; (XT/\t,-H - XTM:‘)
i=0
n—1
= Z F,-S(I[Q,T]l[ti,t,~+1])’
i=0
where
1 fit+1
Fi= (/ E(us|\¢[ti,ti+1]c)ds)'
Lit1 — 4 \Jy

Using relation (6) [note that all hypotheses are satisfied, ie., F; € D2,
Li0,711(;.1.,1 € Dom(8), being adapted, and E(F? I Lio,71() 11,1108 ds) <
E(F?) < oo] and (5), we obtain that u™1j0,71 € Dom(8) and

n—1

5(””1[0,T]) =8= Z F; (Xt/\t,-+1 - Xt/\t,-)lt:T
i=0

=38 10,1 lr=T-

Now recall that, for every partition 7, the process u™ is an element of L7 and
also, when || — O,

u™ > u inLb7,
(32) u™ 1,71 — ulpo. 7y in L2([0, 1] x ),
8(u™1jo.q) — 8(uljo,q)  in L*(P) for every t € [0, 1].

Fix a sequence of partitions 7 such that |7| — 0. From (32), we deduce imme-
diately that there exists a finite constant K > 0, not depending on 7, such that

/OIEH/OI(DSuf)zds

Moreover, since E(u}) = 0 for every ¢, we can use the same line of reasoning as
in the proof of Nualart [10], Proposition 5.1.1 and deduce the existence of a finite
constant K’ > 0 such that, for every s, 7 € [0, 1] and every 7,

E[|8 (™ 1j0,17) — 5(u”1[0,s])|p] <K' x|t —s|P/* L,

p/2
} dt <K for every .

As a consequence, by applying, for instance, [10], Lemma 5.3.1 and since T
takes values in [0, 1] by construction, we deduce that, as |7 | — 0,

S(MHI[O,T]) = (S(unl[o,t])h:T — 3(M1[0,t])|t:T in L?(IP).

We conclude by the basic lemma for the convergence of Skorohod integrals that
ulo,77 € Dom(d) and (31) holds. [
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REMARK. Note that in [12], Theorem 2.5, Nualart and Thieullen proved the
relationship, for every F;-stopping time 7 and for every u € Dom(§),

8(uljo,r1) = 8(uljo,n)li=1+,
where é(uljo 1)) |;=7+ is defined as

1 rT+e

8(u1[07,])|,:T+ = SII_IE})E ; 3(u1[o,s])ds

when the above limit exists in L2(IP). The obtention of result (31) is due to the use
of the approximating processes (11) for which the limit can be explicitly computed.
Note that, with our method, we do not need to introduce any special assumption
on 7. On the other hand, we are forced to assume a stronger hypothesis on the
integrand u, that is, u € LLr, p > 4, instead of u € Dom(3).
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