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We consider asymptotic problems in spectral analysis of stationary
causal processes. Limiting distributions of periodograms and smoothed peri-
odogram spectral density estimates are obtained and applications to the spec-
tral domain bootstrap are given. Instead of the commonly used strong mixing
conditions, in our asymptotic spectral theory we impose conditions only in-
volving (conditional) moments, which are easily verifiable for a variety of
nonlinear time series.

1. Introduction. The frequency domain approach to time series analysis is an
important subject; see [1, 7, 29] and [52] among others. An asymptotic distribu-
tion theory is needed, for example, in hypothesis testing and in the construction
of confidence intervals. However, most of the asymptotic results developed in the
literature are for strong mixing processes and processes with quite restrictive sum-
mability conditions on joint cumulants [6, 7, 56, 57]. Such conditions seem restric-
tive and they are not easily verifiable. For example, Andrews [2] showed that, for a
simple autoregressive process with innovations being independent and identically
distributed (i.i.d.) Bernoulli random variables, the process is not strong mixing.
Other special processes discussed include Gaussian processes [60, 61] and linear
processes [1].

There has been a recent surge of interest in nonlinear time series ([21, 53] and
[65]). It seems that a systematic asymptotic spectral theory for such processes is
lacking [11]. The primary goal of this paper is to establish an asymptotic spectral
theory for stationary, causal processes. Let (¢;,),cz be a sequence of i.i.d. random
variables; let

(1.1) Xn=G(...,e1-1,8n),

where G is a measurable function such that X,, is a proper random variable. Then
the process (X,,) is causal or nonanticipative in the sense that it only depends on
Fo=(...,en—1, &), not on the future innovations &1, &;,42, .... The class of
processes within the framework of (1.1) is quite large (cf. [53, 65, 66] and [74]
among others).
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Assume throughout this paper that (X},),cz has mean zero and finite covariance
function r(k) = E(XoX), k € Z. Let i = +/—1 be the imaginary unit. If (X,,) is
short-range dependent, namely

(1.2) Y Irk)] < oo,

k=0
then the spectral density

1 .
f)==—=> rke*, 1 €eR,
]

is continuous and bounded. Given the observations X1, ..., X, let

n
. 1
Sn@)=>_ Xke™ and  1,(0) = —|5,(0)*
= 27n

be the Fourier transform and the periodogram, respectively. Let 6y = 2nk/n,
1 <k < n, be the Fourier frequencies. Primary goals in spectral analysis include
estimating the spectral density f and deriving asymptotic distributions of S, (9)
and 1, (0).

We now introduce some notation. For a column vector x = (x1, ..., xq)/ e RY,
let |x| = (Z?Zl sz.)l/z. Let & be arandom vector. Write § € L7 (p > 0)if [|]], :=
[E(|€]")]'/P < oo and let || - || = || - ||l2. For & € L£! define projection operators
Pré = E&|Fy) — E¢¢|Fr—1), k € Z, where we recall £, = (..., &x_1, &). For
two positive sequences (a,), (b,), denote by a, =< b, that there exists a constant ¢
such that 0 < ¢ <a, /b, <1/c < oo for all large n and by a, ~ b, that a, /b,, — 1
as n — 00. Let C > 0 denote a generic constant which may vary from line to line;
let @ be the standard normal distribution function. Denote by “="’ convergence in
distribution and by N (1, %) a normal distribution with mean x and variance o2.
All asymptotic statements in the paper are with respect to n — oo unless otherwise
specified.

The paper is structured as follows. In Section 2 we shall establish a central
limit theorem for the Fourier transform S§,,(6) at Fourier frequencies. Asymptotic
properties of smoothed periodogram estimates of f are discussed in Section 3.
Section 4 shows the consistency of the frequency domain bootstrap approximation
to sampling distributions of spectral density estimates for both linear and nonlinear
processes. Section 5 gives sufficient conditions for geometric moment contraction
[see (3.1)], a basic dependence assumption used in this paper. Some examples are
also presented in that section. Proofs are gathered in the Appendix.

2. Fourier transforms. The periodogram is a fundamental quantity in fre-
quency domain analysis. Its asymptotic analysis has a substantial history; see, for
example, [57], Theorem 5.3, page 131, for mixing processes; [8], Theorem 10.3.2,
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page 347, [63] and [70] for linear processes. Other contributions can be found in
[38,46,55,71] and [77]. Recently, in a general setting, Wu [73] considered asymp-
totic distributions of S, (@) at a fixed 8. However, results in [73] do not apply to
S, (0) at the Fourier frequencies. Here we shall show that S,, (6x) are asymptotically
independent normals under mild conditions; see Theorem 2.1 below. The central
limit theorem is applied to empirical distribution functions of normalized peri-
odogram ordinates (cf. Corollary 2.2). In the literature the latter problem has been
mainly studied for i.i.d. random variables [25, 26, 36] and linear processes [12].

Denote the real and imaginary parts of S, (6;)/,/mnf (6;) by

_ 2= Xxcos(kb)) S7_y Xk sin(k6;)

Jonrey T ey

where m = m, := [(n — 1)/2] and |a] is the integer part of a. Let 2, =
{c € R?:|c| = 1} be the unit sphere. For the set J = {ji,...,j,} with
1<ji<-<jp=<2m write the vector Z; = (Zj,...,Zj,)". Let the class
Em,p=1{J C{l,...,2m}: #J = p}, where #J is the cardinality of J.

Zj

THEOREM 2.1. Assume X; € L2,

o
.1 K=Y [ PoXil < oo
k=0

and f, :=minger f(0) > 0. Then for any fixed p € N, we have

sup sup sup |[P(Z)c <x) — ®(x)| =o0o(1) asn — oo.
JE€Bm,pceRp xeR

Theorem 2.1 asserts that the projection of any vector of p of the Z;’s on
any direction is asymptotically normal. The condition (2.1) was first proposed
by Hannan [30]. In many situations it is easily verifiable since it only involves
conditional moments. For generalizations see [75]. In the special case of linear
processes X; = 372 a;&—j, where ¢; are i.i.d. with mean 0 and finite variance
and 357, aj2- < 00, (2.1) becomes } 72 la;| < oo, indicating that (X,) is short-
range dependent. In the literature, central limit theorems are established for Fourier
transforms of linear processes ([21], page 63; [8], page 347, among others). The
spectral density may be unbounded if (2.1) is violated.

COROLLARY 2.1. Let g € N. Under the conditions of Theorem 2.1, we have
{ Sn (911')

Jnf )

,ISJSQ}i{Yzjq-HYzj,lSJSCI}
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for integers 1 <1} <l <--- <ly < m, where the indices l; may depend on
n, and Yy, 1 <k <2q, are i.i.d. standard normals. Consequently, for fn ) =

1,(0)/1 ),
{L@).1<j<q}={E;,1<j<q},
where E are i.i.d. standard exponential random variables [exp(1)].

Corollary 2.1 easily follows from Theorem 2.1 via the Cramér—Wold device.
Let

1 m
Fi o) = 2; ACHES
]:
be the empirical distribution function of in @) and F(x):=1—e"%, x> 0.

COROLLARY 2.2. Under the conditions of Theorem 2.1, we have

2.2) sup |F1 (X)) — FE(x)| — 0 in probability.

x>0

PROOF. Since F im and Fr are nondecreasing, it suffices to show (2.2) for
a fixed x. Let pj = pj(x) =P[1,(0;) < x] and pj = pji(x) =P[L,(0;) < x,
I, (0r) < x]; let U and V, independent of the process (X ), be i.i.d. uniformly
distributed over {1, ..., m}. By Corollary 2.1, py — Fg(x) and py v — FE (x)2
almost surely. By the Lebesgue dominated convergence theorem, E(py) — Fg(x)
and E(py.v) — Fr(x)?2. Notice that

E(pp)=m™"Y p; and E(puv)=m2). > pjr
j=1 j=lk=1
So | Fy ,,(x) = FE)II> = E(py,v) — F3(x) + 2Fg (x){Fe(x) —E(py)} and (2.2)
follows. O

REMARK 2.1. The above argument also implies that, for any integer k > 2,
—k
Sup Z Z 170, <01 a0 <t H Fe(xj)|—0
xl,...,xk>0 j1=1 je=1
in probability.
Fay and Soulier [22] obtained a functional central limit theorem for Fj m ()

for i.i.d. random variables. It seems very difficult to generalize their results to the
nonlinear case.
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3. Spectral density estimation. Given a realization (X j)sle, the spectral
density f can be estimated by

foh) = /_ﬂ W, O — 1) I () d .

where W, (1) is a smoothing weight function [cf. (3.2)]. Here we study asymptotic
properties of the smoothed periodogram estimate f,,. Spectral density estimation is
an important problem and there is a rich literature. However, restrictive structural
conditions have been imposed in many earlier results. For example, Brillinger [6]
assumed that all moments exist and cumulants of all orders are summable. An-
derson [1] dealt with linear processes. Rosenblatt [56] considered strong mixing
processes and assumed the summability condition of cumulants up to the eighth
order. Due to those limitations, the classical results cannot be directly applied to
nonlinear time series. Recently, Chanda [11] obtained asymptotic normality of f,
for a class of nonlinear processes. However, it seems that his formulation does
not include popular nonlinear time series models including GARCH, EXPAR and
ARMA-GARCH; see Section 5 for examples.

To establish an asymptotic theory for f;,, we shall adopt the geometric-moment
contraction (GMC) condition. Let (8,/()kez be an i.i.d. copy of (ex)kez; let X, =
G(...,&" |, &) €1,...,&,) beacoupled version of X,,. We say that X, is GMC(«),
a > 0, if there exist C > 0 and 0 < p = p(«) < 1 such that, for all n € N,

(3.1 E(1X;, — Xa|*) < Cp".

Inequality (3.1) indicates that the process (X,) quickly “forgets” the past Fo =
(...,&_1,&0). Note that under GMC(2), |r(k)| = O(,ok) for some p € (0,1) and
hence the spectral density function is infinitely many times differentiable.

Many nonlinear time series models satisfy GMC (cf. Section 5). Moreover, the
GMC condition provides a convenient framework for a limit theory for nonlinear
time series; see [32, 75] and [76]. In view of those features, instead of the widely
used strong mixing condition, we employ the GMC as an underlying assumption
for our asymptotic theory of spectral density estimates.

Let (k) =n""! Z?;llkl X ;X j1ikl> |k| < n, be the estimated covariances; let a(-)
be an even, Lipschitz continuous function with support [—1, 1] and a(0) = 1;
let B, be a sequence of positive integers with B, — oo and B,/n — 0; let
bn=1/Bp,

_ 1 < —ikA
W, (L) = > k:ZB,, a(kby)e and
(3.2) .,
fn(k)=% > Flk)alkby)e ™.

k=—B,



1778 X.SHAO AND W. B. WU

THEOREM 3.1. Assume (3.1), X,, € £4+5f0r some $§ >0, B, > oo and B,, =
o[n/(logn)**8/%]. Then

(3.3) Vnbu{ £, (M) — E(f,(M))} = N (0,02 (1)),

where o2 := o2(A) = {1+ nQ20)} 2N [1, a2(t) dt and n(A) = 1 if A = 2kx for
some integer k and n(L) = 0 otherwise.

REMARK 3.1. The GMC has this interesting property: If X, € LP, p > 0,
and GMC () holds for some g > 0, then X,, is GMC(«) for all « € (0, p) ([75],
Lemma 2).

By Remark 3.1, the moment condition X,, € L4719 in Theorem 3.1 together with
GMC(«) implies GMC(4) and consequently the absolute summability of cumu-
lants up to the fourth order (cf. Lemmas A.1 and A.2). In the context of strong
mixing processes, Rosenblatt ([57], page 138) imposed X, € L8, Rosenblatt [57]
also posed the problem of whether the eighth-order cumulant summability condi-
tion can be weakened to fourth order. Theorem 3.1 partially solves the conjecture
for nonlinear processes satisfying GMC under the moment condition X,, € L4193,
Additionally, Theorem 3.1 is applicable to a variety of nonlinear time series mod-
els (Section 5) that are not covered by Chanda [11].

Joint asymptotic distributions of spectral density estimates at different frequen-
cies (cf. Corollary 3.1 below) follow from the arguments in [48], Theorem 5A
and [56] since GMC(4) ensures the summability of the fourth cumulants; see
Lemma A.2.

COROLLARY 3.1. Let Ay,...,As € [0, ] be s different frequencies. Then un-
der the conditions of Theorem 3.1, \/nb,{fu(A;) —E(f,(A;)}, j=1,...,s, are

jointly asymptotically independent N (0, 0% (A s i=1...s.

The problem of maximum deviation of spectral density estimates has been stud-
ied by Woodroofe and Van Ness [72] for linear processes and Rudzkis [58] for
Gaussian processes. For nonlinear processes, we have:

THEOREM 3.2. Assume (3.1), X,, € °CA'J“Sfor some § € (0,4], B, — o0, B, =
Oonm,0<n<d8/(4+46) and f, :=ming f(0) > 0. Then

(3.4) max. Vnby| £, (%) —E(f,(0))| = Op((logn)'/).

Under GMC(2), since || Po X || = 0(,0"), we have (2.1). However, it is quite dif-
ficult to establish (3.3) under the weaker condition (2.1). Regarding (3.4), for linear
processes the distributional result in [72] implies that the bound Op((log n)1/2)
is optimal. We are unable to obtain a similar distributional result for nonlinear
processes.
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For long memory processes, (1.2) is violated and f may not be well defined,
so Theorems 3.1 and 3.2 are not applicable. A simple example is the fractionally
integrated process (1 — B)de = ¢, where 0 < d < 1/2is the long memory para-
meter, B is the back-shift operator and ¢; are i.i.d. with mean 0 and finite variance.
Then the spectral density f(A) < [x|~2 as A — 0 and f(0) is not well defined. In
this case an important problem is to estimate d; see [54] and [59] and references
cited therein.

4. Frequency domain bootstrap. Here we consider bootstrap approxima-
tions of the distribution of the lag window estimate (3.2). Bootstrapping in the
frequency domain has received considerable attention. See [33, 45] and [64]
for Gaussian processes and [24, 37] and [47] for linear processes. For non-
linear processes we adopt the residual-based bootstrap procedure proposed by
Franke and Hirdle [24]. A variant of it is discussed in Remark 4.4. Let I; =
I(w)), wj =27j/n,j € Fy = {—|(n — 1)/2],...,n/2]}. Note that 7(k) =
n~2g Y jer, 1 je’k“’f. Then the lag window estimate (3.2) can be written as

1 B)‘l . 1 Bn .
“h hd=g 3 FRabe ™ =370 3 atkbye O,
=—B, JEFy k=—By
The bootstrap procedure consists of the following several steps:

1. Calculate periodogram ordinates {/;}, j=1,..., N :=|n/2].

2. Obtain an estimate f of f (e.g., a lag window estimate with bandwidth
15,, = Bn_ .

3. Letg; :E‘j/é, where §j = j/fj, fj = f(a)]) ands = N"! ijzl Ej,

4. Draw i.i.d. bootstrap samples {87} from the empirical distribution of & ;.

5. Let IJ’.“ = fjsj‘ be the bootstrapped periodograms; let 7* = I;.k and 16“ =0.

The rescaling treatment in step 3 avoids an unpleasant bias at the resampling
stage. Setting /§ = 0 in step 5 corresponds to the fact that, for a mean-corrected
sample, the periodogram value is 0 at frequency 0. The sampling distribution of
gn(A) = v/nbp{fn(A) — f (1)} is expected to be close to its bootstrap counterpart
gn () = /by {f,;F (1) — f (1)}, where

1 i .
fir) = - Z I Y alkby)e e
JjeF, k=—B,
is the bootstrapped version of (4.1). Here we measure the closeness by Mallows’ d»
metric [4]. For two probability measures Py and P, on R with [p |x|2d Pj < o0,
j=1,2,letdy(Py, P) =inf| Y| — Y3||, where the infimum is taken over all vec-
tors (Y1, Y») with marginal distributions P; and P,. Write

do[8n (1), g, (M) = d2{Plgn(R) € 1, Plg,(A) € | X1, ..., Xnl}.
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The bootstrap procedure is said to be (weakly) consistent if da2[g, (1), g5 (A)] =
op(1). Let L(:|X1, ..., X,) denote the conditional distribution given the sample
X1, ..., Xy,

It seems that in the literature the theoretical investigation of the consistency
problem has been limited to linear processes. Let X; = Z‘/’-OZ_OO aj&;— ;. Franke
and Hardle [24] proved the consistency of their residual-based procedure under
the condition

4.2) sup{|E(ei”€1)|; lu| > 68} <1 forall § > 0.

Condition (4.2) excludes many interesting cases. For example, it is violated if &1
is a Bernoulli random variable. Franke and Hérdle [24] conjectured that their re-
sults still hold without (4.2). The latter condition is removed in Corollary 4.1 of
Theorem 4.1 below at the expense of the stronger eighth moment condition. The-
orem 4.1 is also applicable to nonlinear processes; see Corollary 4.2. Since our
results hold under various combinations of conditions, it is convenient to label the
common ones:

(A1) limxﬁox_z{l —a(x)} = cp, where ¢; is a nonzero constant.
(A2) minyefo,x] f(}) > 0.

(A3) maxyefo.x1|f(A) = f(A)|=op(bn).

(A3) maxyejo,7]f () — fFR)] =op(]).

(A4) ez Ir(k)|k? < oo.

(Ad) Ypez Ir(k)k| < oco.

(AS) >4 ez lcum(Xo, Xy, ..., Xy _,)| <00 fork =3, 4.
(AS)) > 4 jezloum(Xo, Xy, ..., Xy )| <oofork=3,...,8.

(A6) /nby{fu(A) — E(f,(2)} = N(0,0%(%)) and nb, var(f, (1)) = o> (1).

REMARK 4.1. Condition (A1) says that a(-) is locally quadratic at 0 and it is
satisfied for many lag windows. It is related to the bias. By Anderson [1], Theo-
rem 9.4.3, or Priestley [52], page 459, under (A1), (A4) and Bn3 =o(n),

BXHE(f, (1) — fF)) = e2f" (M),
(4.3) 1
where f/(A) = —=— Y r(b)k*e™ .
2m i

Additionally, if (A6) holds, then the optimal bandwidth b,, is of order n~!/3 in the
sense of mean square error.

REMARK 4.2. The cumulant summability conditions (A5) and (A5') are
commonly imposed in spectral analysis [7, 57]. For the linear process X; =
Z?‘;_Oo aje;—j with Z;’OZ_OO laj| < oo, (AS) [resp. (A5')] holds if &1 € L4 [resp.
g1 € L38]. By Lemma A. 1, for the process (1.1), (A5) [resp. (A5")] is satisfied under
GMC(4) [resp. GMC(8)]. Zhurbenko and Zuev [79] and Andrews [3] considered
strong mixing processes.
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Let P*, E* and var® denote the conditional probability, expectation and vari-
ance given X;,1 < j < n; let V,() = V/nb,{fu(M) — E(f,(M)}, V,F(h) =
S fE Q) —EF £EO0), Ba () = b (E(fu (1) — £ ()} and B () = v/nby x
{E* fF(A) — £ (A)}. For the consistency of the bootstrap approximation, it is com-
mon to treat the variance and the bias separately.

PROPOSITION 4.1. Assume X; € £38, (A2), (A3), (A4), (A5') and (A6). Let
B,% =o(n). Then d[V,,(A), V,F(A)] = 0 in probability.

PROPOSITION 4.2.  Assume X; € L4 (AD), (A4) and (AS). Let b, = 0(5,,),
B} =o0(n) and B = o(n). Then B2{E* f*(A) — f (M)} — c2.f"(X) in probability.

REMARK 4.3. The c~ondition b, = o(l;n) is needed to ensure the consistency
of the bias; see (4.3). So f(A) is smoother than f;, (A). Oversmoothing is a common
practice in the frequency domain bootstrap [24, 37, 47].

THEOREM 4.1.  Assume X; € L3, (A1), (A4), (AS) and (A6). Let b, =
n~3 and b, = 0(by). Then da[gn (1), g} (M)] = op(1) and dy[g, (M) /f (1), g}:(M)/

f )] =op().

PROOF. Inthe proof A is suppressed and we write g,, and so on, for g, (1), and
so on. Since d3(gn, g}) = d3(Vy, V;¥) + d3(Bn, B) ([4], Lemma 8.8), by Propo-
sitions 4.1, 4.2 and (4.3), d2(gn. &;;) = op(1). The second assertion follows simi-
larly. By (A2), (A3) and Proposition 4.2, 8%/ f — Bu/f = (8% — Bu)/f + (f 1 =
f‘l),Bn = op(1l). It remains to verify d>(V,/f, Vn*/f) = op(l). By Lemma 8.3
in [4], it suffices in view of (A6) to show that var*(V,/ f ) > o2 /f 2 and
£(Vn*/f|X1, ..., Xn) = N(0,52/f?) in probability. By (A2) and (A3), these two
assertions follow from relation (A.21) in the proof of Proposition 4.1. [

REMARK 4.4. Since the residuals {/,(w;)/f(w;)} are asymptotically i.i.d.
exp(1l) (Corollary 2.1), a modified procedure is to replace the bootstrapped resid-
uals 8j by i.i.d. standard exponential variables. For this modified bootstrap pro-
cedure, Theorem 4.1 holds with the assumption (A5’) replaced by (A5) and the
eighth moment condition weakened to X, € L£*; see the proof of Proposition 4.1.

COROLLARY 4.1. Let X; = Z?i_ooajgt_j, where |ay| = O(lk|~1=P),

B >1/5and € € L3, Assume (A1), (A2), (A4), b, < n=1/5 and by =< n~m,
n1 € (1/10, 1/5). Then the conclusions in Theorem 4.1 hold.

PROOF. By Theorem 4.1, it suffices to verify (A3), (A5") and (A6). (A6) fol-
lows from Theorems 9.3.4 and 9.4.1 in [1]. The assumption (A5’) is satisfied under
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E(¢}) < 00 and |ax| = O(|k|~'=#), B > 1/5 (see Remark 4.2). Note that

Agm] | fA) = fA)]
(4.4) 3 3 5
< max lf(A) —E(f(W)] + ,max. [E(f(V) — fV)],

which is of order Op((logn)'/?/(nb,)'/?) + Op(b?) = op(b,) by Theorem 2.1
in [72] and (4.3). So (A3) follows. [

COROLLARY 4.2.  Let the process (1.1) satisfy GMC(8). Assume (A1), (A2),
b, <n~'5 and b, < n™", 9y € (1/10, 1/5). Then the conclusions in Theorem 4.1
hold.

PROOF. We shall apply Theorem 4.1. By Lemma A.1, GMC(8) implies (A4)
and (AY5’), while (A6) [resp. (A3)] follows from Theorem 3.1 [resp. Theorem 3.2
and (4.4)]. O

5. Applications. There are two popular criteria to check the stationarity of
nonlinear time series models, drift-type conditions [10, 23, 42, 67-69] and con-
traction conditions [16, 19, 34, 76]. It turns out that contraction conditions typi-
cally imply GMC under some extra mild assumptions, and are thus quite useful
in proving limit theorems [32, 75]. In this section we consider nonlinear autore-
gressive models and present sufficient conditions for GMC so that our asymptotic
spectral theory is applicable.

Let e, &, beiid., p,d > 1;let X,, € R? be recursively defined by

(5.1) Xn+1 =R(Xn»---’Xn—p+1§3n+l)»

where R is a measurable function. Suitable conditions on R implies GMC.

THEOREM 5.1. Leta > 0 and o' = min(l, ). Assume that R(yo; €) € L% for

some yq and that there exist constants ay, ..., a, > 0 such that Zﬁ.’:l aj <1and
’ o 2 7o
(5.2) R(y; &) — R(y'; €)llg Szajlxj'—le
j=1

holds for all y = (x1,...,xp) and y' = (x{, .. .,x;,). Then (i) (5.1) admits a sta-
tionary solution of the form (1.1) and (ii) X, satisfies GMC(«). In particular, if
there exist functions H; such that |R(y; ) — R(y'; €)| < Zf:l Hj(e)|x; — x}|f0r

all y and y' and Zle ||Hj(8)||g, <1, then we can let aj = ||Hj(8)||g,.

Duflo [18] assumed « > 1 and called (5.2) the Lipschitz mixing condition. We
allow @ < 1. Similar conditions are given in [27].
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PROOF OF THEOREM 5.1. It follows from the arguments in [76] and
Lemma 6.2.10 and Proposition 6.3.22 in [18]. For completeness we include the
proof here. Without loss of generality letd = 1. Leta < 1. For y = (x1,...,x,) €
R? define the random map R.(y) = (R(y,€),x1,...,xp_1). Let Z,,(y) be the first
element of the vector R;yo R, ,o0---0 R, _, (), where m is a nonnegative integer.
By (5.2), we have for m > p that

P
1Zin () = ZnOONG < ajl Zm—j (3) = Zm—j OIS
j=1

Since ay, ..., a), are nonnegative and Zle aj < 1, it is easily seen that the pre-
ceding relation implies that there exist constants C > 0 and Ag € (0, 1) depending
only onay,...,a, and a such that

(5.3) 1Zn(») = Zn()llg = Cag'ly = ¥'I*

holds for all m > 0. See also Lemma 6.2.10 in [18]. Applying (5.3) with y = yg
and y'=R, , (y0),since ,o <l and o < 1,

E(Z | Zn (y0) — zm+1<yo>|> < NZn(0) = Zms1 G0

m=0 m=0

[e.e]
<C Y Afllyo — Re(yo) I < oo.
m=0

So {Z,,(y0)}m=>0 is a Cauchy sequence and it has an almost sure limit Z,, (say)
which is in £%. Since Z, is Fp-measurable, we can write Zy, = G(F() for some
measurable function G. By (5.3), for any y, Z,,(y) converges almost surely to the
same limit Z,. So we can express X, = G(F,),n € Z. Let ?j* =(.., 8}_1, 83.).
By stationarity, (ii) follows from (5.3) by letting y = (G(F_—1), ..., G(F_pu—p))
and y' = (G(F*X,_D- ..,G(}’_*m_p)). The other case o > 1 can be similarly
dealt with. See Proposition 6.3.22 in [18]. [J

THEOREM 5.2.  Let (n;) satisfy GMC(a); let 0y, ...,0p, 01, ..., 94, P.q €N,
be real coefficients and the roots of the equation AP — Z,le O AP~* =0 lie inside

the unit circle. Then the autoregressive moving average (ARMA) (p, q) process X;
defined below also satisfies GMC(a):

Xi =01 X¢g—--- _ert—p =N —Q1M—1 — -+ —¢q77t—q-

Theorem 5.2 shows that the GMC property is preserved in ARMA model-
ing [43] and that it is an easy consequence of the representation X; = Y22 bx1i—«
with |by| < Cpk for some p € (0, 1). Min [43] considered the case & > 1. Theorem
5.2 implies that the ARMA-ARCH and ARMA-GARCH models [39] are GMC;
see Examples 5.4 and 5.5.
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Near-epoch dependence (NED) is widely used in econometrics for central limit
theorems [14, 15]. The process (1.1) is geometrically NED [G-NED(«)] on (&5)
in Ly, @ > 0, if there exist C < oo and p € (0, 1) such that

1 X: —EXtl&—m, E—m+t1s s €)|la < Cp™

holds for all m € N. It is easily seen that, for « > 1, GMC(«) is equivalent to
G-NED(«). In certain situations GMC is more convenient to work with; see Re-
mark 5.1. Additionally, GMC has the nice property that X is identically distributed
as X, while in NED the distribution of E(X;|e;—;,, ..., &) typically differs. Here
we list some examples that are not covered by Davidson [15].

EXAMPLE 5.1. Amplitude-dependent exponential autoregressive (EXPAR)
models have been studied by Jones [35]. Let ¢; € £* be i.i.d. innovations and

X, = [og + Brexp(—aX?_)1Xp—1 + &n,

where a1, f1,a > 0 are real parameters. Then Hj(¢) = |o1| + |B1]. By Theo-
rem 5.1, X, is GMC(w) if |a1| + |B1] < 1.

EXAMPLE 5.2. Let 61,...,05 be real parameters and consider the AR(2)
model with ARCH(2) errors [20],

X =01 Xp_1 + 602X + €0\/03 + 07X2_| +02X2_,.

Theorem 5.1 is applicable: we can let Hi(e) = |01]| + |e64| and Ha(e) = |02] +
|e0s]|. Then GMC(«), @ > 0, holds if 23:1 |Hj(e)llg <1ande; € L.

Let A; be p x p random matrices and B; be p x 1 random vectors. The gener-
alized random coefficient autoregressive process (X;) is defined by

(5.4 Xi+1=Ar1Xt + Brta, tel.

Let (A;, B;) be ii.d. Bilinear and GARCH models fall within the framework
of (5.4). The stationarity, geometric ergodicity and S-mixing properties have been
studied by Pham [50], Mokkadem [44] and Carrasco and Chen [9]. Their results
require that innovations have a density, which is not needed in our setting.

Fora p x p matrix A, let |Alq = sup,|Azla/|zla, & > 1, be the matrix norm
induced by the vector norm |z|, = (257:1 |zj|°‘)1/“. It is easily seen that X; is
GMC(a), a > 1, if E(JAgly) < 1 and E(| Bp|y) < 0o. By Jensen’s inequality, we
have E(log|Ao|y) < 0. By Theorem 1.1 of [5],

00
(55) Xp = ZAnAnfl ---An,k+1B”,k
k=0

converges almost surely.
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EXAMPLE 5.3. Consider the subdiagonal bilinear model [28, 62]

r q P 0
(5.6) Xt:Zant—j+chgt—j'i‘zzbjkxt—j—ket—k-
j=1 j=0 j=0k=1
Let s =max(p, P +¢q,P+ Q), r=s —max(q,Q) and ap; =0 =cyq; =
bpik,0+j=0,k,j>1;let H beal xs vector with the (r + 1)st element 1
and all others O, ¢ be an s x 1 vector with the first » — 1 elements O followed

by 1,a;+c1,...,as—r +cs—r,and d be an s x 1 vector with the first » elements 0
followed by bo1, ..., bp s—r. Define the s x s matrices
0 1 0 0
’ 0
A 0 1 0
10 o aj 0l
1
dg ds—r 0
0 0 0 0
B— 0 0 0 0
br1 boy 0O 0
br,s—r T bO,s—r 0 - 0
Let Z; be an s x 1 vector with the jthentry X, ,;if 1 < j <r and
r s—r P
Z apXevj—k + Z ck + ZblkXH-j—k—l Ettj—k
k=j k=) 1=0

if 1 +r < j <s.Pham [49, 51] gave the representation
(5.7) X, =HZ, _1+¢&, Z =(A+Be)Zi_1+ce +de’.

By (5.7), X; is GMC(a), @ > 1, if &1 € £2* and E(JA + Be|*) < 1. By (5.5),
Z; admits a casual representation and so does X;.

REMARK 5.1. Davidson [15] considered the bilinear model (5.6) with g =0
and Q = 1. He commented that, due to the complexity of moment expressions,
it is not easy to show G-NED(2) for general cases. In comparison, our argument
works.

EXAMPLE 5.4. Ding, Granger and Engle [17] proposed the asymmetric
GARCH(r, s) model

r N

2 2

58) Xe=ehi, b =ao+ Y ai(Xijl -y X S+ Y ksl
j=1 j=1
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where agp > 0, «; >0 (j =1,...,r) with at least one a; >0, B; >0 (j =

.,8), ¢ > 0and |y| < 1. The linear GARCH(r, s) model is a special case of
(5.8) with ¢ =2, ¥y = 0. Wu and Min [75] showed GMC for linear GARCH(r, s)
models. Let Z; = (|&/| — y&1)®, ¢t = (00Z;,0, ..., 0,0, ..., 0)/(r+s)><1’ of which
the (r + 1)st element is g and

o1Z; arZ, |P1Z; ,BsZz
A — I —1yx@—1) Op—1)x1 OG—1yxs
=
: o a | B Ps
OG—1)yxr Is—1)x(s—1) O—1)x1

Ling and McAleer [40] showed that X; € L™¢ for some m € N if and only if
(5.9) A{E(AEM} < 1,

where ® is the usual Kronecker product and A(A) is the largest eigenvalue of the
matrix (A’ A)Y/2. Further, X, admits a casual representation (1.1); see Theorem 3.1
of Ling and McAleer [40]. It turns out that (5.9) also implies GMC(m¢).

PROPOSITION 5.1. For the asymmetric GARCH(r,s) model (5.8), let
€ L™, ¢ > 1.Then X; is GMC(mg) if (5.9) holds.

PROOF. Let ¥, = [(1X,] — yX)S..... (I Xo—rs1] — yXemr)S h%,
hg/z]’ Then Y; = A Y1 + & [40]. Let Y/, mdependent of {&, t € 7}, be an
i.i.d. copy of Y. We recursively define Y = Ag, _1+&c,t > 1. Let Y, Y, — Y/.
Then Y, = A g,Yt 1. Applying the argument of Proposition 3 in [75], we have

YO = AGYE = = AS . ASTE,

Thus E(Y®™) = [E(Agf’)]’E(Y(‘?m) since Ac,...,Acr are iid. By (5.9),

IE(Y2™)| < Cp' for some p € (0, 1). So E(|h,§/2 — (h})$/%|™) is bounded by Cp'
and

E(X, — X|I") = E("OE(|vh, — /1 [") < CE(1h§"? = (W)/2™) < Cp',
where the inequality |a — b|* <|a® —bS|,a>0,b>0,¢ > 1,is applied. [
EXAMPLE 5.5. Let & be i.i.d. with mean O and variance 1. Consider the
signed volatility model [78]
(5100 Xe=elsl'’s,  si=gle—D+cE-Dsi-1, >0
When s; = hf > 0, (5.10) reduces to the general GARCH(1, 1) model [31, 41]
X; = ¢&hy, hf=8(8t71)+c(8171)hf_1, s >0.
We shall show that the model (5.10) satisfies GMC under mild conditions.
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PROPOSITION 5.2. For the model (5.10), let E(|e1]*¢) < 1, E{|c(e])|¥} < 1
and g(e1) € L*, a > 0. Let ¢ > 1. Then X; is GMC(ca).

PROOF. By Theorem 5.1, s, is GMC(). Since E{(|s,|'/s — |s/|/¢)5%} <
E(ls; — s/|%) and X; = &|s;|'/¢, X; is GMC(sa). O

Since E{|c(e1)|*} < 1 implies E{log|c(¢1)|} < 0, by Theorem 1 of [78], X; has
a unique stationary solution which admits the casual representation (1.1).

APPENDIX

We now give the proofs of the results in Sections 2—4.

A.l. Proof of Theorem 2.1. For presentational clarity we restrict J =
{j1,...,jp} C{1,...,m} and hence Z; corresponds to the real parts of S,(6;,).
The argument easily extends to general cases. Let

n p
cjcos(k6;)
Tnzz,uka, where ur = i (c, J)=27ﬂ

k=1 =1 J7f(0j)
Since fi :=ming f(0) > 0, there exists uy such that |ux| < s forall c € 2, and
J € Ep,p. Let dy(h) = n~! ZZ:1+h Wik—p if 0 <h <n—1 and d,(h) =0 if
h > n. Note that

1<k<n.

Z cos(kj,) cos[(k + h)QJl,] = cos(héﬂ)l]l =y
k=1

Then it is easily seen that there exists a constant Ky > 0 such that for all & > 0,

hé K h
t,(h) = sup sup |d,(h) — IZCOS( i) 0
JGEm,pC€§2p =1 2 f(ejl) n
Clearly t,(h) < us« + Q2m f*)_1 =: K. So we have uniformly over J and c that

1T, |12 1’—51 & ‘
— 1] = |da O (0) +2 Y dy(h)r(h) — 1

h=1

(A.1)

o o0
<2) tu(Wr(h) <> Koymin(h/n, Dr(h) —>n—o00 0
h=0 h=0
by the Lebesgue dominated convergence theorem, where K =2(Ko + K7).
Let Tn = Zk 1,uka, where Xk E(Xy|er— AT ., &) are {-dependent. So
8¢ =1Xo — X0|| —0asf — oo.If k < £, then J()Xk —E(J()Xklek C41s--»E0).
By Jensen’s inequality | PoXill < |PoXkll. If k > £, then PoXi = 0. Clearly
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| Po( Xy — )N(k)|| < 28;. By the Lebesgue dominated convergence theorem, (2.1)
entails that

T —Tull _[1 & S - _
7{— > Ilﬂ’j(Tn—TnM < s D N1Po(Xk = X |
v M j=—oo k=0
(A.2)
[ee]
< iy Y 2min(||PoXg . 8¢) = e 00 0.
k=0

Let g,(r) = r2E[X%1(|X| = /n/r)]. Since E(X?) < 00, lim,_ o0 g, (r) = 0 for
any fixed r > 0. Note that g, is nondecreasing in r. Then there exists a se-

quence r, 1 oo such that g, (r,) — 0. Let Yy = X;1(|Xx| < /n/ry) and T,y =
Y k=i Mk Yk. Then ||Yy — Xi|| = o(1/r,). Since Yy — X are £-dependent,

l
(A3) 1Ty —Tull <)

a=1

Yo (Y — Xp)| = o(vn/ra),

b<n,l|(b—a)

where ¢|h means that ¢ is a divisor of A. Let p, = I_r,l/ 4J and blocks B; = {a €
Nil+ (GG -=Dpn+O=a<p,+C—-—Dpa+0O}, 1 <t <ty:=[1+0n—
P)/(pn +0)). Define Ur =Yy tta¥ar Vo = X U, Ry =Ty — Vi, W =
(Vu —E(V,))//n and A = T,//n — W. Then U, are independent and ||R,| =
O (/) since Y, are £-dependent. Note that [E(V,)| = O (n)|E(Yx)| = o(/n/ry).
Then by (A.3),

VRIA < BV 4 1V = Toll = o(V/1/10) + O(Vtn + 1/ 1)
= 0(Vt).
Since |U; | < 13 p2 Yep, 1Yal® and E(Y2) < E(XP), E(U13) = O(pi/n/1a).
By the Berry—Esseen theorem ([13], page 304),

In
sup [P(W = x) = @(x/[ WD < CY E(UP) x [V, —E(V,) 7

t=1

(A.5)
= O(tapp/n/ra) x n> = 0(p; ).

Let 8 =68, = pp /% By (A.4), (A.5) and
PW=<=w-§8§—P(A[=) <PW+A=<w)
(A.6)
<PW =<w+48)+P(A|=9),

we have sup, [P(T}, < /nx) — ®(/nx/|Ty|)| = Olp; 2 +P(A| > 8) +8+8%] =
O () since sup, |P(x/01) — P(x/02)| < Cloy1 /o2 — 1] holds for some constant C.
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Let Wi =T,//n, Ay = (T, — Tp)//n and n = ng.y = (|1 Ty — Tull //n) /2. We
apply (A.6) with W, A replaced by W1, Ay,

P(% <x) —<1>(““T_’Z)ﬁ)‘=0(P(|A1| =454,

So the conclusion follows from (A.1) and (A.2) by first letting n — oo and then
{— 0.

sup
X

A.2. Proof of Theorem 3.1. The following two lemmas are needed.

LEMMA A.1 ([76]). Assume (3.1) with o = k for some k € N. Then there
exists a constant C > 0 such that for all 0 <m| <--- <my_1,

| cum(Xo, Xom, -« Xm_,)| < Cp™et/ k=D,

LEMMA A.2. Let the sequence s, € N satisfy s, <n and B, = o(s,,); let

B,
(A.7) Yui=Yu) =207 Y XyXurra(kby)cos(kh).
k=—B,

Then under GMC(4) we have || Zs" —E@ )P~ spBpo?.

PROOF. Let L(s) = {(my,m>,m3) € YA ‘maxi<;<3 |m;| = s} and c(m, ma,
m3) = cum(Xo, X, > Xmy> Xmy). SO#L(s) < 6(2s +1)2. By Lemma A.1, we have

o0
Yo letmima,m)|<CY. > le(mi,my,m3)|

my,my,m3€L s=0(my,mz,m3)eL(s)
<CZS2 s/AG-D] _ o

See also Remark 3 in [76]. Then the lemma follows from equations (3.9)—(3.12)
in [56], page 1174. [

PROOF OF THEOREM 3.1. Let p = p(4), ay = a(kby) cos(k)) and

-1
hn (1) = (Z Z XuXurkak + ) Z X Xu+kak)
2 ’V”B k=0 u=n—k+1 k=— By u=n+k+1
By the summability of cumulants of orders 2 and 4 (cf. [57], page 139), |k, (M) | =
(nB,)"'20(By,). Recall (A.7) for the definition of Y, and let g, := g,(A) =
"_Y,(X). Then

u=1

n— E n
(A8)  vnbu{fa(A) —E(fr(A)} = gﬂi\/%g) +hn(2) — E(h,(1)).
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For k € Z let )N(k E(Xk|ek—i+1,...,&k), where [ =1, = |clogn] and ¢ =
—8/logp. Let Yu = Y (1) be the corresponding sum with Xy replaced by Xk
Observe that X,, and X, are i.i.d. if |n —m)| >landY andY are i.i.d. if |[u —v| >
2B, + 1. The independence plays an important role in establishing the asymptotic
normality of g, :=g,(A) =>"I'_,; Y, (A). Then llgn — gnll = o(1) since

By

A9 1Yu=Yull=@m)™" Y IXuXusk — XuXusrlllowl = O(Bp'’).
k=—Bj
Let ¥ = n/(logn)*>*¥°, p, = |y By*) and g, = |¥n'* B*]. Then

Pnsqn — OO, qn =0(pn),
(A.10)
2B, +1 =o0(q,) and k,=[n/(pp+qn)] — 00.

Define the blocks £, = {j e N:(r — )(pp +qn) +1 < j <r(gn + pn) — qu},
l<r<kp, 8 ={jeNr(pn+qn) —qun+1=j=r@n+pa}, 1 <r<kn,—1
and)Skn—{]eNk(pn+qn)—qn+1<]<n} LetUr =3 jce Yjand V, =
Zlegr Y . Observe that Uy, ..., Uy, are i.i.d. and Vi, ..., Vi, 1 are also iid. By
Lemma A.2 and (A.9),

pn
> {Y; —E(Yo)}

Jj=1
~ (PuBao D'+ O(pnBup'*) ~ (pnByo®)'/2.
Similarly, |V — E(V)|| ~ (gn B.o®)'/? + O(qu Bup'*). By (A.10),
var(Vy + -+ Vi) = (kn — DIIVi = E(VD I + I Vi, — E(Vi) |17
= O (kngnBn) + Ol(pn + qn) Bu]l = 0(nB,).
Then we have (nB,)~"/%{g, — E(g,)} = N(0, ¢?) if

I1U1 —EWUDI =

‘+ O (pallYo — Yoll)
(A.11)

kn
(A.12) (nBy) "2 (U, —E(U))} = N(0,02).

r=1

Let T =2+ §/2. Case (i) [logn = o(B,)]. By the triangle and Rosenthal in-
equalities

Pn -1 I L(pn—h)/1] -1 5 5
Y X Xu+kak =200 22 D Xnr(-miXnrgonisaon
u=1k=—B, h=1l  j=1 k=B, :

=0WM)Vpn/l Z Xkak

k=—By
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-1

<=0Wpal) )

h=0

[(Ba—l=h)/1] _

Z X By th+jI0— B, +h+ jI
Jj=0

= O[(vVpnl )IV/Bu/1] = O(V puBal).

On the other hand, since f(h+3ﬂ)~(h+3jl+k, 0<j<lUpn—h)/@3D],arei.i.d.,

T

Pn 0 o 0 Pn o
DY XuXumron| < Y0 |10 XuXugrou
u=1k=1-1 T k=1-lllu=1 T
0 3 [Lpa—h)/GDI 3
(A.13) <> > Yo XnzpXngajirkx
k=11 h=1 j=0 T
= 0(I>J/pa/l).

Then we have ||U1ll: = O (/ pnBnl + lza/pn/l) = O/ pnByl). Case (ii) [B, =
O (logn)]. By the argument of (A.13), |U1|l: = O(Bul/pn/l) = O(/ paBul). It
is easily seen that the O (-)-relation holds uniformly over A € [0, 7], that is,

(A.14) sup [U(W)lle = O(1/puBy).-

rel0,7]

Then ||U; — E(U)D | = o[(an)l/zk,,_l/T] and the Liapounov condition holds. By

the central limit theorem and (A.11), we have (A.12). So (3.3) follows from (A.8).
O

A.3. Proof of Theorem 3.2. We adopt the block method. Let U,(}), r =
1,...,k,, beii.d. block sums with block length p = p, = [n'~*1/3(logn)=8/5=4]
and V,(A), r =1,...,k, — 1, be i.i.d. block sums with the same block length
q = qn = pn. The last block Vi, (L) is negligible. Note that B, = o(p,) since
n<68/4+396). Let Il =1, = |—8logn/logp(4)] as in the proof of Theo-
rem 3.1. Define U,(A) := U,(M\)x 1(JU,(V)| < d,) for r = 1,...,k,, where
d, = |v/nB,(log n)~12|. The following lemma is needed.

LEMMA A.3. Under the assumptions in Theorem 3.2, we have

(A15) E( max [Vi,021) = O(/pulB,).
(A.16) E< max |hn(k)|) =o0(1),
r€l0,7]
(A.17) kg&)}g]var(Ul (X)) = O(pnBn),
(A18) var(U) (1)) = var(Uy G)[1 + o()],

where the relation o(1) in (A.18) holds uniformly over [0, ].
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PROOF. Letz=k,(p+q)+1—¢gandt=2+5/2. Then

n
Z Xu)zu-i-j

u==z

By,
E M) < E

(jmax vi,0)=C ¥

]:_Bn

For |j| <1, I X )—. f(u)?uﬂu = O(+/ pnl) since f(uf(uﬂ is 2[-dependent. When
1> L X K12 = X0 EKu Xy j X Xure ) = O(pal) since the
sum vanishes if |u — u’| > [. So Emaxe0.x]|Vk, X)| = O(/pulBy). Let h, (1)
be the corresponding sum of /4, (2») with X, X+ replaced by X, X, +«. Asat (A.9),
we have Emax 0,71 |hn(A) — A, (X)| = 0o(1). To show (A.16), it suffices to show

E max; ¢[o, 7] |ﬁn (A)| = o(1) which follows from a similar argument as in the proof
of (A.15). Regarding (A.17), we have

p By,
DY (XuXusk — rlk)}a

u=1k=-B,

2
var(U1(A)) =

P By
= > Y {ru—uyru—u'+k—Kk)
u,u'=1k,k'=—B,
+r —u+kyrw —u—k)

+ cum(Xo, Xk, Xy/—u> Xu/—u+i') }otr oty
=0+ 5L+ 1.
Then /; is bounded by C 37— (p — [hDIr (W) 22" 55 2By + 1 — 1gD)Ir (h +

)|, which is less than Cp(2B, + 1)(3_32_ Ir(k)])2. Similarly, smaller bounds
can be obtained for I and /3 due to the summability of the second and fourth cu-
mulants. Thus max;¢[o,z] var(U; (1)) = O (pn By). For (A.18), let v = var{U; (1) —
Ui(A)'} and ¢ = E(U;(M))E{U;(A) — U1(A)'}. Then var(U; (1)) = var(U; (L)) —
v + 2¢. By Markov’s inequality and (A.14), v < ||U; ()\)||§/d,§_2 =o(p,By) and
similarly ¢ < ||Uj (A)||§+l/d,§_1 =o(pnB,). By Lemma A.2 and since f is every-
where positive, (A.18) follows. [J

PROOF OF THEOREM 3.2. Let H,(A) = Zf"zl[Ur ) —E{U,MW)Y], H,(V) =
Zf”zl[Ur(A)’ —E{U,(W)'}. LetAj =mj/t,, j=0,...,t,, 1, = | Bylog(B,)]. Let
cp =1/(1 — 3w /log B,) — 1. By Corollary 2.1 in [72], max;e[o,7] |[H,(X)] <
Cpmax <y, |Hy(A;)|. By (A.17) and (A.18), there exists a constant C1 > 1 such
that max;ejo,») var(U; (1)) < Ci py B,. Let o, = (Cin By log n)l/2, By Bernstein’s
inequality, we have

th
P(J;i?‘_i‘,n Ho (1)) = 4an) < ;}P(Wn(xm > day)

0 t) ( — 160 ) (1)
= X =0 .
") P\ 2, C1 pn B + 164ty
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Let U,(A)" = U,(A) — U,(1) and H,(A)" = H,(1) — H,(»)". Then by Markov’s
inequality and (A.14),

In
P( max |Hn()¥j)”| 240511) = ZP(lHnO‘j)q > 40511)
<

0<j<ty =0
- Z var(Ui (A ))"Vkn _ O (tnkn (v/PnBal)")
T 16a2 a2dy >

_0< (Bylogn)(n/pn)(s/pnBnlogn)® )
= Y\ (B, logn)(nB,) /> (logn) /21

= O0((logn)~**) = o(1).

So maxye[0,7] |Hn(A)| = Op(,). Clearly the same bound also holds for the

sum YV, () — E{V,(L}]. By (A.9), Emaxscio.n] 8. (M) — gn(W)] = o(1).
By (A.15), (A.16) and (A.8), we have (3.4). U

A.4. Proof of Propositions 4.1 and 4.2. Letd;; =1;-.

LEMMA A.4. Let m = |[(n — 1)/2]. (i) Assume (A4"), (AS") and X, € L3.
Then max k<m |cov(I?, I}) — 4 f;‘a ikl = 0(1/n). (ii) Assume (A4), (AS) and
X, € L4, Then max; y<p lcov(l}, Ix) — f78;4| = O(1/n).

PROOF. We only show (i) since (ii) can be handled similarly. Note that

COV(Iz, Ikz)

1

(Alg) — Z ei(tl —t2+t3—t4))nj —i(s1—82+s3—54) Ak
1674n*

tos1€{l,.n}l=1,...4

X COV(Xl‘l Xt2X13X[4, XSIX32X33X34).

By Theorem IL.2 in [57], we have
cov( Xy, X, Xy X1y Xy X5y X3 X)) = Zcum(Xij; ijevy)-- -cum(Xij; ij €vp),
v
where ), is over all indecomposable partitions v = vy U --- U v, of the two-way
table
Xn(+) Xi (=) Xiy(+) X, (=)
X5, (=) Xy, (+) Xs3(—) Xy ().

The signs in the above table are from the exponential terms in the sum (A.19).
Since E(X;) = 0, only partitions v with #v; > 1 for all j contribute. One of the
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many indecomposable partitions consisting only of pairs with + in # matched to —
in s [say, {(t1,51), (2, 52), (13, 53), (ta, 54)}] leads to the sum [A (X, Ax)]*, where

n

1 o
AGj ) =5— 37 rlt=s)e" T = fON1—+ 01 /m),

t,s1=1

The other indecomposable partitions consisting entirely of pairs (with 4 in ¢
matched to — in s) are {(71, 53), (12, 52), (3, 51), (14, s4) }, {(21, 51), (2, 54), (23, 53),
(ta, 52)} and {(#1, 53), (t2, 54), (13, 51), (14, 52)}. It is easily seen after some calcula-
tions that partitions containing entirely pairs but with at least one + in ¢ matched
to one + in s result in a term of order O(1/n) for any j, k. All other partitions
that are not all pairs will give a quantity of order O (1/n) due to the summability
of cumulants up to the eighth order. Finally, it is not hard to see that O (1/n) does
not depend on (j, k). Thus the conclusion is proved. [

LEMMA A.5. Assume X, € L8, (A2), (A3), (A4) and (A5'). Then
var*(e}) — 1 in probability and E*(|8’1"|4) = Op(1).

PROOF. By (A3), fisa uniformly consistent estimate of f. It remains to
show

2 |

N N

_j — Yy 52 in probability and
§ 7 NS T
N

(A.20)
= Op(1).

ZI
s:qw

By Proposmon 10.3.1 in [8] and Lemma A.4, we have E(I;) = f; + o(1)
and E(IJZ) =2 sz 4+ o(1) uniformly in j. Thus the first two assertions follow
from Lemma A.4 since their variances go to 0 as n — oco. By Lemma A.4,
E(I;}) = cov(I]Z, %) + (EI].z)2 = 8f;-‘ + o(1) uniformly in j, and the last assertion
holds. [

REMARK A.1. For linear processes, Franke and Hirdle [24] remarked that
their consistency result strongly depends on the asymptotic normality of f, and
the weak convergence of Fj , (x) (see Corollary 2.2). The latter condition holds

under ¢; € £ and (4.2) by Chen and Hannan [12]. Franke and Hirdle [24] further
conjectured that their results hold assuming only &1 € £%, under which the weak
convergence of Fj, (x) might be true. However, it seems from our argument (see
the proof of Propos1t10n 4.1) that it is not the weak convergence of F;, (x) but the
first two conditions in (A.20) that play key roles; compare Proposmon Al in [24].
The proof of the second assertion in (A.20) (see Lemmas A.4 and A.5) in a general
setting needs the stronger eighth moment assumption.
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Let a v b = max(a, b) and a A b = min(a, b); let F2(k) = [37 f2(1)e** d,
r(k) =[5 F2e**da, Fk) = [§T fe** dn and FF = (1,..., [n/2]).
By (A3), maxyez |72 (k) — r2(k)| < 27 max; | f2(A) — f2(A)| = op(by).

PROOF OF PROPOSITION 4.1. By Lemma 8.3 of [4], the convergence under
the d, metric is equivalent to weak convergence and convergence of the first two
moments. By (A6), it suffices to show that

(A21)  nbyvar*(fF (L) = o (M), LVEMHXYZ) = N, a2()0))
in probability.

Let Aj = Zfi_Bn a(kby)e~ % (etk@i 4 ¢~k®j) Since the resampled residu-
als {8;} are i.i.d. given X1, ..., X,, we have Var*(I;.“) = sz var*(e}), and, since
Iy =0, nby, var*(f,7 (1)) = var*(e]) R, (1) + op(1), where

nb ~
R ="2 Y 3
JeFT
I N
= > alkby)a(k'by)e )
nBu, =g

% Z sz{eiwj(k—k’) _|_eia)j(k+k’)} + op(1)
JEF,

1 Bn

- 3" atkbya('byye e
2w B, k=B,

x (o (k — k') + iy (k + k')} 4+ op(1)

1 B}I

27 B, k’k/:;Bn a(kbp)a(k'by)e

x {ra(k — k') + ra(k +k")} + op(1)
=RV +RP ) +op(l)  (say).
Let B, (k) = [Z7 R\" (Wel** dx and B(k) = [ [, a®u) f2(M\)e'* du d)r. Then

B, +0Ak

1
S alibwa((j — Kby —>r2(k)/_1a2(u)du.

Jj=—By+0Vk

ra(k)

,Bn (k) = B,
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Since |B, (k)| < Clra(k)| and ) ;.7 |r2(k)| < 0o, by the Lebesgue dominated
convergence theorem, R,(ll)(k) — fz(A) ]_11 a?(u) du. For R,(lz) (M), A#£0, £, we
have

2B, ) B,+0Ah .
RPW=— Y nme™ 3 atkbya(k —h)by)e 2"
27 By =g k=—B, +OVh
1 2B, ‘
= ra(h)e™ o (1) — 0.
2r By, hngn

It is easily seen that R,(,l)(k) = R,(,z) (A) when A =0, £m. Hence by Lemma A.5,
nby, var*(f,F (L)) — o2(1) in probability.

Finally, since {sjf} are i.i.d. conditional on {X1, ..., X,}, by the Berry—Esseen
theorem and Lemma A.5, we have

. L
P (Vn ()‘) =< x) - q)<nbn Var*(fn*()u)))'

Fdpx x4 A4
_ C¥jers [l

ey J7vart ) AP

anf
= Op 282

which implies £(V,*(1)|X1,..., X,) = N(0,0%(1)) in probability since B> =
o(n) and sup, |®(x/o1) — P(x/02)| < Clo1/02 — 1] for some constant C. [

sup
X

PROOF OF PROPOSITION 4.2. Since B,f = o(n) and 7(k) = a(kl?,,)f(k),
|k| < B, and 0 otherwise, we have B,%[E* o) — f(k)] = J,(A) + op(1), where

g2 b 5 '
Jn(k):ﬁ > a(kby)i(k)e " (a(kby) — 1).
k=—B,

It remains to show E(J,(1)) — c2f”(1) and var(J, (1)) — 0. By (Al), (A4)
and (AS),
32 én » )
E(J,(2)) = ﬁ > a(kby)e™"™ (1 — k| /n)r (k) (a(kby) — 1)
k=—B,
32 Bn B )
= _2_" > akby)e *r(k)k*biea(1 +o0(1)) = caf"(3)
b4 8
k=—B,
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and
B4 En B -
var(J, (L)) = 4;2 Z a(kb,,)a(k/bn)(a(kbn) — 1)(a(k’bn) — 1)
k,k'=—B,
x e~ k=KD cov(# (k) F (K'))
(1+o0(1))c3 B - 17 N2002 =i (k=K
(A22) ==z 2. akb)alWb)kk"e
T k,k'=—B,
n—lk| n—|k'|

X 3> cov(Xe Xegiks Xe X))

t=1 =1

B, n—kn—k'

= 0By /n*) Y D> cov(Xi Xk, X Xvi)-

k.k'=01t=1 t'=1

Note that cov(X; X4k, Xy Xpip) =r(t —thrt +k —t¢ — k) +rt — 1t —
Kyr( —t — k) + cum(X;, X¢44, X;7, Xy24). The contribution of the first term

Pt =)+ k=1 —K) 10 (A22)is OB /mXP S2 ) ir(hyr(h+5)| =

s=—2n
O(Ig’,f /n) =o(l) since } ;7 |r (k)| < co. Similarly, the contribution of the second

term to (A.22) approaches zero as n — o0. The third term is O(B;‘ /n) =o(1) due
to the summability of the fourth cumulants. [
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