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PARTIALLY OBSERVED INFORMATION AND INFERENCE ABOUT
NON-GAUSSIAN MIXED LINEAR MODELS'

BY JIMING JIANG
University of California, Davis

In mixed linear models with nonnormal data, the Gaussian Fisher infor-
mation matrix is called a quasi-information matrix (QUIM). The QUIM plays
an important role in evaluating the asymptotic covariance matrix of the esti-
mators of the model parameters, including the variance components. Tradi-
tionally, there are two ways to estimate the information matrix: the estimated
information matrix and the observed one. Because the analytic form of the
QUIM involves parameters other than the variance components, for example,
the third and fourth moments of the random effects, the estimated QUIM is
not available. On the other hand, because of the dependence and nonnormal-
ity of the data, the observed QUIM is inconsistent. We propose an estimator
of the QUIM that consists partially of an observed form and partially of an
estimated one. We show that this estimator is consistent and computationally
very easy to operate. The method is used to derive large sample tests of sta-
tistical hypotheses that involve the variance components in a non-Gaussian
mixed linear model. Finite sample performance of the test is studied by sim-
ulations and compared with the delete-group jackknife method that applies to
a special case of non-Gaussian mixed linear models.

1. Introduction. Mixed linear models are widely used in practice, especially
in situations involving correlated observations. A typical assumption regarding
these models is that the observations are normally distributed, or, equivalently,
that the random effects and errors in the model are normal. However, as is well
known, the normality assumption is likely to be violated. For example, Lange and
Ryan [19] gave several examples that show that nonnormality of the random ef-
fects is, indeed, encountered in practice. The authors also developed a method for
assessing normality of the random effects. Due to such concerns, some researchers
have considered the use of Gaussian maximum likelihood (ML) or restricted max-
imum likelihood (REML) estimators in nonnormal situations; see Richardson and
Welsh [22], Jiang [12, 13] and Heyde [10, 11], among others. Throughout this pa-
per these estimators will be called ML and REML estimators even if normality
does not hold. In particular, Jiang [12, 13] established consistency and asymptotic
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normality of REML and ML estimators in nonnormal situations under regular-
ity conditions. Furthermore, Jiang [12] derived the asymptotic covariance matrix
(ACM) of the REML estimator of the variance components as well as that of the
ML estimator without assuming normality. Also see [14]. The ACM is important
for various inferences about the model parameters, including interval estimation
and hypothesis testing. Unfortunately, the ACM under nonnormality involves pa-
rameters other than the variance components, for example, the third and fourth
moments of the random effects. Note that standard procedures such as ML and
REML do not produce estimators of these additional parameters. For years this
complication has undermined the potential usefulness of the ACM in nonnormal
situations.
To see exactly where the problem occurs, consider the mixed linear model

(D) y=XB+Zio1+ -+ Zsas + ¢,

where y is an N x 1 vector of observations, X, Zy, ..., Z; are known matrices, S is
a p x 1 vector of unknown parameters (the fixed effects), «1, ..., oty are vectors of
random effects and ¢ is a vector of errors. It is assumed that «q, ..., «y, € are in-
dependent. Furthermore, the components of «; are i.i.d. with mean 0 and variance
o2, 1< Jj <, and the components of ¢ are i.i.d. with mean O and variance ol
Without loss of generality, let rank(X) = p. Note that normality is not assumed
in this model, nor is any other specific distribution assumed. Also, w.l.0.g. con-
sider the Hartley—Rao form of the variance components [9]: L = 0'02, Vi = sz / ag,
I<j<s.LetO=,y1,...,v).
According to [12], the ACM of the REML estimator 6 is given by

o o) (@) G

where [R is the Gaussian restricted log-likelihood function, that is, the log-
likelihood based on z = Ty, where y satisfies (1) with normally distributed ran-
dom effects and errors, and 7 is an N x (N — p) matrix of full rank such that
T'X = 0. The matrix 1, = E(8%Ir/36 86’) depends only on 6, whose estimator
is already available. However, unlike {5, the matrix 4; = Var(dlr/00) depends
on, in addition to 6, the kurtoses of the random effects and errors. Similarly, let
Y = (B'0') and let ¥ be the ML estimator of ¥. By the result of Jiang [14], it can
be shown that the ACM of 1 is given by

3% ! al 3% !
==y ) EGyaw))
Y oy’ oy Y oy’
where [ is the Gaussian log-likelihood. Here, again, the matrix {» = E(8°%l/

0y 9v) depends only on 6, but the matrix £ = Var(dl//dv) depends on, in addi-
tion to 8, the kurtoses as well as the third moments of random effects and errors.
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It is clear that the key issue is how to estimate {;, which we call the quasi-
information matrix (QUIM) for an obvious reason. Consider, for example, the ML
case. If [ were the true log-likelihood, then we would have {1 = —J{>, which is
the Fisher information matrix. Traditionally, there are two ways to estimate the
Fisher information: (i) the estimated information and (ii) the observed informa-
tion. See, for example, [7] for a discussion and comparison of the two methods
in the i.i.d. case. It is known that standard procedures in mixed model analysis
such as ML and REML do not produce estimators of the third and fourth moments
of the random effects and errors. Therefore, according to our previous discussion,
method (i) is not possible unless one finds some way to estimate these higher mo-
ments. Assuming that the random effects and errors are symmetrically distributed,
in which case the third moments vanish, Jiang [15] proposed an empirical method
of moments (EMM) to estimate the kurtoses of the random effects and errors. It is
clear that this method has a limitation, because, like normality, symmetry may not
hold in practice. When the third moments are nonzero, the EMM cannot be used.
Furthermore, the situation to which the EMM applies is somewhat restrictive and
requires certain orthogonal decompositions of the linear spaces generated by the
design matrices of the random effects. Simulation results have suggested that the
EMM estimator may have large variance even when the sample size is moderately
large. As for method (ii), it is not all that clear how this should be defined in cases
of correlated observations. For simplicity, let us assume that i is a scalar. With
independent observations, we have

3) 1 =E[i(%)2}
i=1

where /; is the log-likelihood based on y;, the ith 0bs~ervati0n. Therefore, an ob-
served information is {1 = ZlN:l al; /Y] &)2, where i is the ML estimator. This

is a consistent estimator of {; in the sense that 4 1 — 41 = op(41) or, equivalently,
J1/41 — 1 in probability. However, if the observations are correlated, (3) does
not hold. In this case, since {1 = E{(dl/dv)?}, one might attempt to define
I =1/0y |]/~f)2. However, this is zero since 1/A/ is the MLE. Even if z} is a differ-

ent (consistent) estimator, the expression is not a consistent estimator. For example,
in the independent case this is the same as (Z,N:1 ali/ 81//|¢)2, which, asymptoti-
cally, is equivalent to N times the square of a normal random variable. Therefore,
it is not true that J 1 — 41 = op(41). Alternatively, if normality holds, one may
define /; as the logarithm of the conditional density of y; given yy, ..., y;_1. It fol-
lows that d/; /0yr, 1 <i < N, is a sequence of martingale differences [with respect
to the o-fields  =o(y1,...,¥i), 1 <i < N]. Thus, we still have (3) but with
new definitions of /;’s; hence {; can be defined similarly as in the independent
case. However, if normality does not hold, this latter strategy also does not work
(because d/; /0 is no longer a martingale difference).
We now explain our approach to the problem using a simple example.
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EXAMPLE 1. Consider the following model with crossed random effects:
yij=pm+vi +wj+eji=1,...,m j=1,...,n, where u is an unknown
mean, v; and w; are random effects, and ¢;; is an error. It is assumed that the
v;’s are 1.i.d. with mean O and variance 012, the w;’s are i.i.d. with mean 0 and
variance 022, the ¢;;’s are i.i.d. with mean O and variance 002, and v, w and e
are independent. Consider an element of the QUIM Var(dlr/06) for REML es-
timation, say, var(d/r/dX), where [R is the Gaussian restricted log-likelihood and
0 = (X, v1,y2) (A and y’s as defined earlier). By the result of Jiang ([16], Sec-
tion 5, Example 2), it can be shown that dlg /A = {u'Bu — (mn — 1)k}/2k2,

components are ordered as yiq, ..., Yin, Y21, -..) and
B=1m®ln—l(1— ! )Im®Jn—i(1— ! )Jm®1n
n 1+ yin m I+ yom
+L<1— ! — ! )Jm®Jn
mn I+yin 1+ym

= QL +AMIn @Iy +AIn @ In+ A3y @ Jy.

Hereafter, I,, and 1, represent the n-dimensional identity matrix and the vec-
tor of 1’s, respectively, J, = 1,1, and ® means Kronecker product. Define
Ko = E(e?l) — 3%, Kk = E(v‘l‘) — 3A2y12, Ky = E(wf') — 3k2y22 (note that these
are the kurtoses) and t9 =1 + A1 + A2 + A3, 11 = {(m — Dn}/{m(1 + yin)},
th ={mm — 1)}/n(1 4+ yom)}; mp = mn, m; =m and mp = n. By Lemma 1 in
the sequel, it can be shown that

(31]{)
var|{ —
oA

:Ei(ao+a1 +ax) Y uf —an ZZ(;MUY _a2;<lzuij>4}

i,j

@ mn—1 3mnt? 3(t2t3m + t214n)
[ — T ) = (i) - TR
=81+ $2,
where
1 nty — t? mtg — t3
CWEnr YT oam@d -y T -y
g=n0+n+@§—f+m+nﬂ

_m(L+y1+yam)? — (1 +y1 +y)?
4= 1 .
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It is clear that S> can be estimated by replacing the variance components by their
REML estimators, which are already available. As for Sy, it cannot be estimated
in the same way for the reason given above. However, the form of S; [cf. with (3)]
suggests an “observed” estimator by taking out the expectation sign and replacing
the parameters involved by their REML estimators. In fact, as m,n — oo, this
observed S, say, Sy, is consistent in the sense that S; /S1 — 1 in probability. It is
interesting to note that S, cannot be consistently estimated by an observed form.
In conclusion, S7 cannot be estimated by an estimated form, but can be estimated
by an observed form; S; can be estimated by an estimated form, but not by an
observed form. Thus, we have reached a balance.

We propose to use such a method to estimate the QUIM. Because the estimator
consists partially of an observed form and partially of an estimated one, it is called
a partially observed quasi-information matrix (POQUIM).

One application of POQUIM is to derive robust dispersion tests in mixed linear
models. A dispersion test is a test of a statistical hypothesis that involves the vari-
ance components. Such tests, exact or asymptotic, are available in the literature
(e.g., [17, 23]), but only under the normality assumption. Since the latter is likely
to be violated in practice, as a robust approach, it is of interest to derive dispersion
tests that do not rely on normality. Using the results of Jiang [12, 14], it is possible
to derive an asymptotic dispersion test based on either the REML or the ML es-
timators without assuming normality, provided that the ACM can be consistently
estimated. The POQUIM will provide such a consistent estimator.

The rest of the paper is organized as follows. In Section 2 we explain how one
comes up with the decomposition (4), that is, we derive POQUIM for a general
non-Gaussian mixed linear model with REML estimation of the variance compo-
nents. Sufficient conditions will be given for the consistency of POQUIM as well
as an estimator of the ACM of the REML estimator. In Section 3 we use sev-
eral examples to illustrate the main results of Section 2. In Section 4 we consider
POQUIM for ML estimation. In Section 5 we apply POQUIM to robust disper-
sion tests in mixed linear models. Some simulated examples are considered in
Section 6, in which we study the finite sample performance of POQUIM in the
context of robust dispersion tests and compare it with the delete-group jackknife
method of Arvesen [1] (also see [2]) in a case where the latter applies. In Section 7
we discuss extension of POQUIM to quasi-likelihood estimation and remark on
other issues. Proofs and other technical details are given in Section 8.

2. POQUIM for REML. The REML case is relatively simple compared to
ML, because only estimation of the variance components is involved. Furthermore,
as will be seen, the QUIM in this case does not involve the third moments of the
random effects and errors.
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Under model (1) and normality, the restricted log-likelihood for estimating the
variance components A and y;, 1 < j <s,1is

(5) IR(0) =c — 3{log(IT'VT|) + y' Py},

where 6 = (A, y1,...,¥s), ¢ is a constant, V = Var(y) = A(I + ylZIZ{ +---+
vsZsZ,) (I is the N x N identity matrix), 7 is any N x (N — p) matrix
such that rank(7) = N — p and T’X = 0 (] - | means determinant), and P =
(v 'T=v- 1 —v-IxxX'Vv-Ix)~1X'v-! (e.g., [23], page 451). If nor-
mality does not hold, (5) is not the true restricted log-likelihood, but, instead, the
quasi-restricted log-likelihood. It is shown in Section 8.1 that d/r /06; = u'Bju —
bj,0<j<s, whereGy=1r0;=y;, 1 <j<s;u=y—XB; Bo=21)"'P,
Bj = (A/Z)PZjZ}P, 1<j<s;bp=(N—p)/2) and b; = (A/Z)tr(PZ‘,-Z}),
1 <j<s.Notethatb; =E(u'Bju),0<j <s.

2.1. Derivation. Let u; =y; — x;p be the ith component of u, where x; is
the ith row of X. The kurtoses of the random effects and errors are defined as
ke =E(a}) — 30} =E(a) —3(Ay)%, 0 <t <5, where ap = ¢ and yp = 1. Also,
with a slight abuse of the notation, let z;t and z;; be the ith row and /th column
of Z;, respectively, 0 <t < s, where Zy = I. Define I'(i1, i2) = Z?:o Vi (Ziye - Zigt)-
Here the dot product of vectors ay, ..., ar of the same dimension is defined as
ai-ay---ap =y ;ayay ---ag. Also, let m; be the dimension of o, 0 <t <
(so that mg = N). We begin with an expression for cov(u; u;,, uju;,) (1 <
i1,...,i4 < N)as well as one for cov(dlr/d0;, dlr /30)), the (j, k) element of 4.

LEMMA 1. We have
Cov(uiluiz, ui3ui4)

N
= AT (i1, i3)T (12, i4) + (i1, i) T (02, i3)} + D KiZigr - Ziges
t=0

(6)

where Zjt -+ Zigt = Ziyt * Zint * Zint * Zigt - Furthermore, we have

g dlr s o
COV( —) =2u(B;VBV) + ) ki ) (2 Bjzu) (g Bizn).-

(N P
00; 06 = =

The proof is given in Section 8.2.

Let f1, ..., fr be the different nonzero functional values of
S
(8) FUL i) =) KiZiy e Zige
=0

Note that this is the second term on the right-hand side of (6). Here functional
value means f (i, ..., i4) as a function of k = (k;)o</<s. For example, ko + 1 and
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k2 + k3 are different functions (even if their values may be the same for some «).
Also, let 0 denote the zero function (of «). Then without using (7) we have

dlr dlr
COV(—, —) = Z quil,isz,i3,l'4 Cov(uiluiz, ui3u,~4)
891 aek [1yerlq

) = Z Bj iy ia Bi,iz,iy COV(Ui Uiy, UizUiy)
fltseig)=0

L
+Z Z Bj,ilyisz,ia,m COV(Miluiz,uiaum)
I=1 f(i1,....ia)=1fi

L
= Z S;
=0
with S;, 0 <1 < L, defined in obvious ways. According to Lemma 1, the left-hand

side of (9) depends on the higher moments only through «. By (6) and (8) we have

(10) So=20> > Bji.iBuisi (i1, i3)T (i2. i),
far,..., ig)=0
which depends only on 6. Furthermore, for 1 </ < L write

Si=q Z cov(uiy iy, uizttiy)

fGr,ig)=1i
+ Z (ijilvisz,imm —ci) COV(”il Uiy, ”i3“i4)
S, i)=fi
=581+ 812,
where ¢; is a constant to be determined later on. By (6) we have
Si2= Z (Bjiy.iyBr.is.ia — c)Lfi + 22 )]
S, .id)=fi
= fi Z (Bj,il,isz,i3,i4 - Cl) +o
flr,.i=fi

where - -- depends only on 6. If we let the coefficient of f; in the above be equal
to zero, we have

(11) ! > B B
= . N Jsit,ip Pk,iz,igs
(FGr i =il o s

where | - | denotes cardinality. With this choice of ¢;, we have

Sia=2* Y (BjiiBriyi, — )il (i1, i3) (2, ia) + T (i1, is) iz, i3)}
S, id)=f

=22 Y (BjiniyBrisis — )T, i3)T (i, i4),
fGr,.if)=1i




2702 J. JIANG

which depends only on 8. Note that ¢; depends only on 6. On the other hand, by
the fact that E(u;,u;,) = AI'(i1, i) (see the first paragraph of Section 8.2), we have

Sai=c Y. {B(uy-ouiy) — AT, )T (03, 0a) )

fr,.in)=1i
:E<01 Z uj, "'Mi4> —Azcl Z I'(y,i3) (i, i4).
frsid)=f f1,i)=fi

Note that Zf(il ..... in=fi @iy, i) (3,14) = Zf(il in=fi I'(i1,i3)"(ip, i4), be-
cause f(iy,...,I4) iS symmetric in iy, ..., i4. Therefore, we have, by combining
the above,

.....

S; =E<C[ Z Uj, "'Mi4>
S

..... in)=fi
(12) +22% > By Brisi D1, i3)T (12, i4)
flr,.id)=f
=3% ) TG, is).
fGr,.i0)=fi

Note that ¢; defined by (11) depends on j and k, that is, ¢; = cj ;. If we define
cjklits. .. ia) = cjppif f(i1, ... i4) = fi, 1 <1 < L, then by (9), (10) and (12)
it can be shown that

alg ol
OV(TOR"BTR)ZE{ Z Cjk(ir, ... igui - ujy ¢ +2tr(B; VB V)
j oY% Fi1eensia) #0

=322 Y0 ekt iDL )T, i),
fGr,.ia)#0

We summarize the result in terms of a theorem. Write 1 jx = cov(dlr/d6;,
0lr /06y), which is the j, k element of the QUIM J{| = Var(dlr/06).

THEOREM 1. For any non-Gaussian mixed linear model (1), we have

R mg
J1jk =2t(B;VBV)+ > ki Y (2 Bjzu)(zy Brza)
=0 I[=I
- { Z Cj,k(il,--.,i4)ul-l...ui4
fGr,..,i4)7#0

(13)

+{2tr(BjVBkV)—3)»2 Z cjk(in, ..., ig)l' (11, i3) @2, i)
fG1,...,i9)#0

=d11,jk + 41,2k,
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0<j,k<s,wherecj(i,...,ia) =cjr,if f(1,....i4) = fi, 1 <l < L, with

1
Y. BjiviBrisiy

(14) Cjkl= : B
|{f(l1,...,l4)—fl}|f(l'1 ’’’’’ iD=/

Of course, (13) can be verified directly, but the derivation above also explains
where the thought came from. Note that 2tr(B;V B V) is the Gaussian covariance
between d/r /360, and IR /06. This means that under normality f; 1 j is identical
to the second term in £ > ;jx with the negative sign removed. Of course, this can be
easily verified using (6). On the other hand, without normality £ i jx may involve
higher moments of the random effects and errors, and this is why the expectation is
not taken inside the summation. Instead, we propose to estimate f; 1 jx by taking
out the expectation sign and replacing any parameter involved by its REML estima-
tor, that is, {11 jx = Zf(il ’’’’’ i)£0 51',1((1'1, .., i4)ltj, - - - Uj,, where 5j,k(i1, . 7))
is defined in the same way as c¢; (i1, ..., i4) except with 6 replaced by 6, and
i =yj —x{ﬁ. Here 6 is the REML estimator of 6, 8 = (X'V~'X)"!X'V~!y and
Vis V with @ replaced by 6. Note that the set {G1,...,00): f(1,...,i1) = f1}
does not depend on 6. It follows that ¢; x (i1, ...,i4) = Cj i, if f(i1,...,04) = fi,
1 <1 <L, where ¢j, is given by (14) with B replaced by B. Here éj,l'l,iz is
Bj i, i, with 6 replaced by 0, and so forth. This is the observed part.

On the other hand, £ > jx depends only on 6 and, therefore, can be estimated
by replacing 0 by 6. The result, denoted by i 1,2, jk» 18 the estimated part.

An estimator of f;_jx is then jl,l,jk + il,zyjk; hence an estimator of | is given
by ﬁl = im + fl,z, where \il,r = (-il,r,jk)ij,kSS, r = 1, 2. Because the estimator
consists partially of an observed form and partially of an estimated one, it is called
a partially observed quasi-information matrix (POQUIM).

This is exactly where the decomposition (4) came from. We now use another
simple example to illustrate the POQUIM decomposition, with more examples to
come in Section 3.

EXAMPLE 2. Consider a one-way random effects model y;; = u + a; + &;j,
i=1,...,m, j=1,...,n, where i is an unknown mean; the random effects
oq,...,0, are 1.i.d. with mean O and variance 012; the errors ¢;;’s are i.i.d. with
mean 0 and variance 002; and o and ¢ are independent. It is, in this case, more
convenient to use a double index (i.e., ij instead of 7). It is easy to show that

fG1j1y-..,iaja)=0ifnoti;y=---=ig; k1 ifi;=---=igbutnot ji =--- = jy;
and kg + «1 if iy =--- =i4 and j; = --- = ju. Thus, L = 2 [note that L is the
number of different functional values of f(i1ji,...,i4j4)]. Define the following

functions of 0, where 8 = (A, y1): 1o =1 — {y1/(A + vin)} — 1/(1 + yn)mn,
t1 ={(m — Dn/m( + yn)} and 13 = {n(1 + y1n)*> — (1 + y1)?}/ (> — 1). Then
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the POQUIM is given by J@l,kz = le,l,kz + jl,z,kl, k,l=0,1, where

A flz—l%n ~ ! ~ fg ~d
ito0=——5— Z Zuij _Zuij +m2”zjv
i,J

A ij

A3+ pin)2mnd — 1

~ ~ 4
o 1 _
11,01 G Y =~ 1o) ):Z(Zﬁij> _Zﬁ?j}
i Jj i,j

0= Db 5~
4)13(1+J71n)2m oy ij>

4
Z(Zﬁu) ;

LN

. (m — 1)?
i1 == ~
402(1 + Pin)*m?

o 3 . . o 3 oa
11’2’00 = — |:mn —-1- Emntg{(l + )/1)2 — i} — Emtlzt3:|’

R (m—Dn 3\ (fin —ip)f3 + (1 + p1)*h
igon=——"—7—11-|= = ,
20(1 + pin) 2 1+ yin
. (m — 1)(m — 3)n?

i1 =—

dm(1 + p1n)?

Wjj=yij —y---and the f’s are the ¢’s with 6 replaced by 6, the REML estimator.

COMPUTATIONAL NOTE. The following list outlines a numerical algorithm

for POQUIM:

1.

2.
3.

4.

5.

Determine the sets of indices 8; = {(i{,...,i4): f(1,...,i4) = fi}, 1 <I<L.
Then, for each (j, k), 0 < j <k <, do the following.

Compute ¢; ;, 1 <1 < L. Note that the denominator in (14) is |4;].

Compute f1 1 jx = Zf(il,...,i4)7é06j,k(i1’ ooy i4)lj, -+ - Uj,, where 5j,k(i1, S 7))
is defined the same way as c¢; (i1, ..., i4) above (14) with 6 replaced by 6 and

.....

Compute il,z, jk» which is {2 jx with 6 replaced by 6. See step 3 for the
summation.
Let £y jx =11,k + 41,2, jk-

All except step 1 are fairly straightforward. As for step 1, the sets may be deter-
mined as follows. First, the index (1,1, 1,1) belongs to 4;. Also compute the
vector v1.1,1,1 = (217 - 217 - Z1r - 21r)0<r<s- Then compute the vector vy 112 =
(217 - 211 - 211~ 220)0<r<s- I v1,1,1,2 = v1,1,1,1, the index (1, 1, 1, 2) belongs to 4y;
otherwise it belongs to 4>, and so on.
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The main theoretical result in this section is the consistency of POQUIM. To
state the result, we need some additional notation.

2.2. Notation. For a vector a = (a;), the 1-norm of a is defined by |la||; =
> s lail. A sequence of matrices M is bounded from above if || M|| is bounded; the
sequence is bounded from below if | M ~!|| is bounded, where the norm of a matrix
M is defined as || M || = {Amax(M'M)}/? with Amay representing the largest eigen-
value. A positive definite matrix-valued function M (6), which may depend on N,
is said to be uniformly continuous at 6 if |M~1/2@)M @+ AM~V?>@O)—1|| - 0
as A — 0 uniformly in N, where [ is an identity matrix of fixed dimension. It is
easy to show that M (0) is uniformly continuous if and only if for any n > 0, there
is 8 > 0 such that |A| <& implies (1 — n)M @) < M@O + A) < (1 +n)M () for
all N. An estimator M of a positive definite matrix M, which may depend on N,
is consistent if M~1/2MM~1/2 — | — 0 in probability, where I is an identity ma-
trix of fixed dimension. In the following discussion, all the sequences of numbers
(vectors, matrices) depend on N, but for notational simplicity the subscript N is
suppressed. For example, in condition (iii) of Theorem 2 below gy means go v, et
cetera.

Recall that Z;, is the ith row of Z;,, 0 <t < s, with Zg = I. Let wlf =
(Z;O, Zl/- [seees zl/-s). Define d; as a vector of the same dimension as w; such that
the jth component of d; is 1 if the corresponding component of w; is nonzero
and the jth component of d; is 0O if the corresponding component of w; is zero.
Note that d; is an indicator of what random effects and errors are involved in the
expression of y;. Let h; denote the denominator in (14) and let Ay, ;, be the car-
dinality of the set of (i1, ..., ig) such that f(i1,...,i4) = fi,, f(s,....i8) = fi,
and (d;, +---+d;,) - (dis +- - - +diy) # 0. Here, recall that for two vectors a = (a;)
and b = (by), the dot product is defined as a - b =), a;b;.

Also recall that § = 2{tr(B; V B;V)}o< k<s is the Gaussian information matrix
[see the remark below (14)], that is, {1 = & under normality. More generally, let g
denote § with 6 replaced by 6 as a function of 6. For any § > 0, define g; k() =
SUPGee 1i—0|<s |g<],k Gjkl, where M i denotes the j, k element of a matrix M,
and define d; ;. ;(8) = SUPGe@ . d—o|<s |Cj k.1 —Cjkil, where c; ; is defined by (14)
and Cj x; is ¢ x,; with 6 replaced by 6.

Finally, recall that the asymptotic covariance matrix of the REML estimator, é,
is given by (2), that is, g = 12_ 1112_ , where | = Var(dlr/96) is the QUIM
defined in Sectlon 1, and 12 = E(ale/(’JQ 06"). The POQUIM estimator of XR is
defined by ER = 12 11 12 , Where 11 is the POQUIM and 12 is the estimated J,
obtained by replacing the variance components in J{; by their REML estimators.

2.3. Consistency. It should be pointed out that the definition of REML esti-
mator in non-Gaussian mixed linear models differs slightly according to several
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authors. In [22] the REML estimator is defined as the solution to the REML equa-
tion; in [12] the REML estimator is defined as the solution to the REML equation
plus the requirement that it belong to the parameter space; in [13] the REML esti-
mator is defined as the maximizer of the Gaussian restricted likelihood. In fact, the
last showed that, for balanced mixed linear models, such a maximizer is a consis-
tent estimator of 6; for an unbalanced mixed linear model, it showed that a sieved
maximizer is consistent. Note that from a practical point of view the sieve puts no
restriction on the maximization, because the maximizer is always within a sieve
that satisfies the conditions (of Jiang [13], with a suitable constant). Therefore,
in the following theorem the REML estimator is understood as the maximizer
of the Gaussian restricted likelihood in the sense of Jiang [13] (with the sieves
in the unbalanced case; see above). This eliminates any possible confusion as to
which solution, or root, to the REML equation to use when there are multiple roots
(e.g., [23], Section 8.1).

THEOREM 2. Suppose that (i) 0,2 >0,0< Var(oztzl) <00,0<t<s;@) |xi,
lzielli, 1 <t <s,1<i <N are bounded, (iii) there is a sequence of diago-
nal matrices G = diag(go, ..., &) with g; > 0,0 < j <, such that G_lgG_l
bounded from above as well as from below and Amin(X’' v-1ix ) = 00;
@iv) (gjgk)_l Zlehllcj,k,ll, 0 < j,k <s, are bounded and (gjgk)_2 X
Y 1h11 bljnciknl = 0,0 < jk < s (v) (g8 'gjk() — 0 and
(gj8k)~ Zl 1hidjk1(8) — 0,0 < j, k <s, uniformly in N as § — 0. Then the
POQUIM 11 and the POQUIM estimator ZR are both consistent.

REMARK 1. The first part of condition (iii) (regarding §) is equivalent to the
AI* condition of Jiang [12, 13], which, together witho? > 0,0 <t < s, guarantees
the consistency of the REML estrmator 0 Furthermore condition (iii) ensures the
consistency of ﬂ X'VIix)'x'v- Iy, where V is V with 6 replaced by 6.
Finally, by the proof of Lemma 3 in the sequel, it can be shown that the first part
of condition (v) [regarding g; x(8)] is equivalent to 9~, being uniformly continuous
ato.

The proof of Theorem 2 is given in Section 8.3.

3. Examples. We now consider some examples and show that the conditions
of Theorem 2 are satisfied in typical situations of non-Gaussian mixed linear mod-
els.

3.1. A balanced two-way random effects model. Example 1 was used in Sec-
tion 1 to illustrate the POQUIM method. We now revisit this example and verify
the conditions of Theorem 2.
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Condition (i) is satisfied if o> > 0, = 0,1,2, and 0 < var(v]), var(w?),
Var(efl) < 00.

Condition (ii) is automatically satisfied, because here x;; = 1 and z;j;, 1 =
0, 1, 2, are vectors with one component equal to 1 and the other components equal
to 0. Note that, as in Example 2, it is more convenient to use a double index, ij,
instead of i.

By Jiang [12], condition (iii) is satisfied with go = /mn, g1 = /m and g, =
Jnif UtZ >0,r=0,1,2,and m,n — 00. See the remarks below Theorem 2. Note
that here X'V ™' X = mn/A(1 + y1n + yom).

Now consider condition (iv). It is easy to show that f (i1 ji,...,i4j4) =0 if not
ij=---=igo0r ji=---=jas k1 if iy =---=igbutnot j1 =--- = jy; ko if j1 =
-e-=jabutnotiy=---=ig;and kg + k1 + k2 ifij=---=igand ji =--- = js.
Thus, L = 3. It is easy to show that h| = mn(n3 —1), hy = nm(m3 —1), h3 =

mn; |co.0.1] ocn™3, |co.0.2] ccm™3, |eo,0.3] o 1; |co.1.1] ocn™4, |ep 12| ccm™3n72,

lco.1.3] ocn™2; [coa1| oxn™3m™2, |coanl occm™, |eo 3l ccm™2; Jerga] ocnTH,
len il occm™n™4 e 3l acn™ fer o1l ocm™2n73, |1 2] oxn 2 m ™3, |ci 23]
m2n"2; [c2,2.1] nm4, [c2,2.2] m~* and |c2,2.3] m~%. It follows that the
first part of condition (iv) is satisfied as m, n — oo.

Furthermore, it is easy to show that 4 | mn’ (m + n), hyp m*n*(m + n),
hi3 mn*(m + n), hy o m’n(m + n), hy 3 m*n(m + n) and h3 3 xmn X
(m + n). It follows that Ay, ;, < c(m™' +n=")hy, hy,, 1 <1y, 1 < 3. Therefore, we
have

3 3 2
(gj80) > Z hiy e Cirn| < C(l + l) {(gjgk)_] Zhl|cj,k,l| —0
l.h=1 mon I=1
asm,n — 00, 0 < j, k <2, using the already verified first part.

As for condition (v), it is easy to show that the derivatives of c;  ; with respect
to 6 are bounded by quantities of the same order as |cj ;. It follows that d; ¢ ;(5)
is bounded by § times a quantity of the same order as |c; x ;|. Thus, the second part
of condition (v) is satisfied by the verified first part of condition (iv). By a similar
argument, the first part of condition (v) is satisfied.

In conclusion, all the conditions of Theorem 2 are satisfied with go = \/mn,
g1 = +/m and g = +/n, provided that atz >0,t=0,1,2,0 < Var(vlz), Var(w%),
Var(e%l) <ooand m,n — o0.

3.2. A balanced two-way mixed effects model. In the previous example the
only fixed effect is an unknown mean . This time we consider a model that
involves more fixed effects. We assume that y;; = 8; +o; + &5, i =1,...,m,
J=1,...,n, where the 8;’s are unknown fixed effects, o;’s are i.i.d. random ef-
fects with mean O and variance 012, &i;’s are i.i.d. errors with mean 0 and variance
og, and « and ¢ are independent. Again we verify the conditions of Theorem 2.

Condition (i) holds if (7,2 >0,r=0,1,and 0 < Var(af), Var(sfl) < 0.
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Condition (ii) is automatically satisfied.

By Jiang [12], condition (iii) is satisfied with gg = </mn and g; = /m as long
as 02 >0,t=0,1, m — oo and n > 2. Note that this result holds regardless of
n — 0O Or not.

Now consider (iv). It is easy to show that f(i1ji,...,iajs) = O if not
i1=---=ig; k1 ifij=---=igbutnot jy=---=jy;and kg + k1 if i1 =---=1i4
and j; = --- = js. Thus L = 2. It is easy to verify that h; = mn(n3 -1

and Ay = mn. Furthermore, we have |co0,1] n_3, lco,0.2] o< 1, |co,1,1] n—4,

lco,1.2] n=2, le1,1.1] o n~% and lc1,1.2] o n—4. Tt follows that the first part of
condition (iv) is satisfied as m — oco. Also, we have i | mn3, hi mn> and
ha o mn?; hence hy o, < cm_lhllhlz, 1 <1y, I <2. Thus, for the same reason as
in the previous subsection, the second part of condition (iv) is satisfied as m — oo.

By similar arguments as in the previous subsection, condition (v) is satisfied.

In conclusion, all the conditions of Theorem 2 are satisfied with gg = /mn and
g1 = +/m, provided that 0,2 >0,tr=1,2,0< Var(ozf), Val‘(8%1) < 00, m — oo and
n>72.

3.3. An unbalanced nested error regression model. In the previous examples
the data are balanced in the sense that there are equal numbers of observations per
cell (e.g., [23], Chapter 4). In this subsection we consider an unbalanced case.
The model may be viewed as an extension of Example 2 in Section 2, which
can be expressed as y;; = x{jﬂ +o +egj,i=1,...,m, j=1,...,n;, where
n; (n; > 1) is the size of the ith cluster, x;; is a vector of known covariates, B is
a p-dimensional vector of unknown regression coefficients, ¢;’s are i.i.d. random
effects with mean O and variance 012, gij’s are i.1.d. errors with mean O and vari-
ance 0*02, and o and ¢ are independent. When x;; = 1,8 =pandn; =n,1 <i <m,
the model reduces to Example 2 of Section 2. Such a model is useful in a num-
ber of application areas, including small area estimation (e.g., [3, 8]). Here, once
again, we verify the conditions of Theorem 2.

Condition (i) is satisfied provided that orz >0, r=0,1, and 0 < Var(a%),
Var(e%l) < 00. Condition (ii) is satisfied if |x;;| is bounded. By Jiang [12] it can
be shown that condition (iii) is satisfied with go = /N, where N = Yrn;
is the total sample size and g; = /m, provided that m — oo, p is bounded,
limsup(m/N) < 1 and

o 1 mon . . . 1 .
(15) llmlnf[kmm:%ZZ(xij —Xxi)(xij — X;.) } \/)umm{;z;c,.xi,” > 0,

i=1j=1 i=1

nj

where X;. =n; ! > 1 Xij- Note that limsup(m/N) < 1 ensures that, asymptoti-
cally, the random effects and errors can be separated, that is, the variance compo-
nents are asymptotically identifiable [12]. Although condition (15) can be further
weakened, it is more intuitive and satisfied in most cases.
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Now consider condition (iv). The function f(i1ji,...,i4j4) has the same ex-
pression as in Example 2 of Section 2. Thus we have L =2, h; =YL n; (n? —-1)
and iy = N. Furthermore, it can be shown that the iy ji, i j» element of By is

1

2!
Bo,iy jiizjy = m{l(h:iz,h:]z) -

L+ yin;,

’

Vil _1( Vili, )}

—xjyjy ———xi,. | D Xjnin — ———Xir. | 1
( J1 1+y1nll ll) 12J)2 1+y1n12 5

where D = """ | X! D; X; with X; = (xlfj)lgjfni and D; = I, —y1 (14+y1n;) ",
Similarly, the i1 j1, i2 j» element of Bj is

Lii=i)

2L (L +y1ni (1 + ying,)
e (v = 2 ) D
ey +’;/i12ni2)2 (xim - ilzi';_ilxil.)/p—liiz.
+ <x,-1j1 - %xh.)b—‘ oD~ <x,-2j2 . %%)}

where Q = > {n;/(1 + yln,-)}zi,-.i{,. Thus, it can be shown that |cp o.1] o
N/ Y ni(n} — 1), lcooal o 1, leoplsleril o m/ Y0 ni(n? — 1) and
|co.1.2], lc1,1,2] c<m/N. It follows that the first part of condition (iv) is satisfied.
Furthermore, it can be shown that |k, 1,| < chy by Y0 08172 /(20 nh) x
(034 n?z), l1,l> = 1,2, provided that limsup(m/N) < 1, where ¢ is a constant
and a, = (3 — [,)2, r = 1, 2. Note that here we use the fact that, by Holder’s in-
equality and the fact that n; > 1, it can be shown that (Y7, n;)/ (X0, nh) <
(m/N)3/*, which implies that /| o > n?, because limsup(m/N) < 1. Thus,
by the first part of condition (iv), the second part of condition (iv) is satisfied,
provided that

m nq—l—b
=171 — 0, a,b=1or4.

O nH (X nd)
Note that, for example, if the n;’s are bounded, then the left-hand side of (16) is
om™).

Finally, condition (v) can be verified using the same arguments as in part (v) of
the previous two subsections.

In conclusion, all the conditions of Theorem 2 are satisfied with gg = VN and
g1 = +/m, provided that arz >0,r=0,1,0< Var(ozf), Var(sfl) < 00, m — 00,
p is bounded, limsup(m/N) < 1, and (15) and (16) hold. Note that the conditions

(16)
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do not include that n; — oo. In fact, in most practical situations the n;’s are small
(e.g., Ghosh and Rao [8]).

3.4. A random intercept/slope model. So far in the examples the number of
different functional values for f(i1,...,i4), defined by (8), is bounded, that is,
L is bounded. We now consider a case in which L increases with N.

Suppose that two measures are collected from each of m patients, once before
and once after a surgery, but, because of the availability of patients, the measures
are made at different times after the time of the surgery. It is thought that the
recovery is a linear function of time, but the slope depends on the individual pa-
tient. For the ith patient, the baseline measure made before the surgery can be
expressed as By + a;, where Bp is an unknown mean and @; is a random effect;
after the surgery, a measure is collected at time #; from the surgery and the im-
provement can be expressed as (81 + b;)t; on top of the baseline, where g is an
unknown parameter and b; is another random effect. Of course, each time there is
a random measurement error. This model can be expressed as y; = Bo + a; + e;,
Ym+i = Bo+ B1ti +a; +biti +epyi,i =1,...,m, where y; and y,,; correspond
to the measurements from the ith patient before and after the surgery. It is assumed
that the g;’s are i.i.d. with mean O and variance 012, the b;’s are i.i.d. with mean 0
and variance 022, the ¢;’s are i.i.d. with mean O and variance 002, and a, b, e are
independent (see the discussion in Section 7).

Now consider the conditions of Theorem 2. Condition (i) is satisfied if Ut2 > 0,
t=0,1,2,and 0 < Var(a%), Var(b%), Var(e%) < 0o. Condition (ii) is satisfied pro-
vided that the 7;’s are bounded. By Jiang [12], it can be shown that condition (iii) is
satisfied with g; = Jm, j =0,1,2, provided that m — oo and the ;s are bounded
from above and away from zero.

Now consider condition (iv). For 1 <i < N =2m, write i =2( — 1) + r,
where 1 </ <m and r = 1, 2. Then it can be shown that the i1, i, element of B;
can be expressed as O(1)1,—=;,) + o(m™h, j =0,1,2. For simplicity, assume

that the #;’s are all different. Then it is easy to see that f(iy,...,is) = O if not
==l iflj=---=lgbutnotry=---=rgq; ko +x11fly =--- =14 and
r1=---=r4=1;and/<0+1<1+t12/c2 ifli=-=l=landr=---=r4=2,

1 <1 < m. Thus, we have, in particular, L = m + 2. It is easy to show that h| =
14m, h =m and hy; =1, 1 <1 < m. Furthermore, we have |cj ;1| = O(1),1 <
I <m+2. Tt follows that (g, gx) ~{h1lcj x| +halcj k2l + 78 hagilc)koml} =
m~10(m) = O(1); hence the first part of condition (iv) is satisfied. Similarly,
we have h171 = O(m), hl’z = O(WL), h1’2+l = 0(1), 1<l <m, h272 =m,
haoptr =1, 1 <1 <m, and hyy;o1p = 1g=y), 1 <1, < m. Thus, we have
(gjgk)_2 ZILIJFI hiy 1€k, Clok ity | = O(m_l); hence the second part of condi-
tion (iv) is satisfied. By similar arguments as in the previous examples, condition
(v) is satisfied.

In conclusion, all the conditions of Theorem 2 are satisfied with g; = /m,
j=0,1,2, provided that atz >0,t=0,1,2,0 < Var(a%), Var(b%), Var(e%) < 00,
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m — 00, and the #;’s are bounded from above and away from zero, and are differ-
ent. The last condition that the #;’s are all different is only for technical convenience
(otherwise L may be less than m + 2, but the conditions can be verified similarly).

4. POQUIM for ML. In this section we derive POQUIM for ML estimation.
Under model (1) and normality, the log-likelihood for estimating 8 and 0 is given
by
a7 1(B,6) =c — 3{log(IV]) + (y = XB)' V™' (y — XB)},
where c is a constant. If normality does not hold, (17) is considered the quasi-log-
likelihood. It is easy to show that 3//88 = X'V ~'u, and 31/36; = u'Cju — c;j,
0<j<s,where Co=Q0) 'V, C;=0/2V1Z;Zv I 1<j<1,¢=
N/2, ¢j = 0/Duw(V~'Z;Z)), 1 < j <5, and again, u = y — XB. Note that
¢j=E@W'Cju),0<j<s.Let V'X; =¢q; = (qj.i)1<i<n, where X is the jth
column of X.

Using the expression (17), it can be shown that

(81 81) Y v-lx | <ik<
covl —, — | =X, ks =/, K=Pp.
B 3Pk /

Next, similar to Lemma 1, the following equations can be easily derived.

LEMMA 2. We have

S
(18) cov(uiy, uiyttis) = Y E(@)Ziys * Zigt * Zists
=0
(31 8’) S B S0V )y Cozn)
cov| —, — | = o ; 21 )24 CrZel)-
aﬂj 89]( = 1 = J t tl t

Write #(i1, i2,13) = E(u;,ui,u;;), which is the right-hand side of (18). Let 1,
1 <l < K, be the different functional values of (i1, i2, i3) [as functions of the
third moments; see (18)]. Then, by similar arguments as in the previous section, it
can be shown that

ol 0l L.
V(35300 ) =F Yo ek, ia, i3 iy |
J k 1(i1,i2,i3)#0

where Cl,j,k(ilaiZa i3) = Cl,jk.l ift(i], ir,i3)=1,1< [ < K, with

1
{t (i, i2,i3) =1}l

(19) Cljkl= > 4.0 Crinis-

t(i1,iz,i3)=t
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Furthermore, recall that f(iy,...,i4) is defined by (8). Then, similar to the pre-

vious section, define ¢ j x(i1,...,14) =c2 jx if f(1,...,04) = fi, 1 <I <L,
with

1
(20) C2,j k] = Y CiinixCrisis-

|{f(l1a9l4):fl}|f(ll ..... iD=fi

Then we have similar expressions for cov(dl/06;, dl/06,) (with the only differ-
ence from Section 2.1 being that B is replaced by C). We summarize the re-
sults as follows. As before, write ¥ = (B8'6’) and, again, write the QUIM as
L1 =Var(9l/0y) = (L1, ji)1<jk<pts+1-

THEOREM 3. For any non-Gaussian mixed linear model (1), we have
(2D 11,j/<=X}V_1X/<=11,2,,‘k,
that is, 11’171']{ =0,1<j,k<p;

S m;
L1 jprkan = DB Y X5V 2 (2 Crza)
t=0 =1

(22) =E Z C17j,k(i1,i2’i3)ui1ui2ui3
t(i1,2,i3)7#0

=d1,1,j(p+k+1)5

thatis, 812 j(p+k+1) =0,1<j < p,0<k <s;and

N mg
L1 pjr1y(prirny = 20(C VOV + Y Y (25Cjza) (2 Crzn)
t=0 [=1
=E{ Z CZ,j,k(il»---,i4)Mi1“‘Mi4}
f1,...,i0)#0
(23) + {2tr(cjvck V)

-3 > cz,j,k(n,...,i4>r(i1,i3)r<z‘2,i4)}
Sr,...,i0)#0

=11, j+ D) (ptrk+1) T L12, (ptj+ D) (ptk+1)s

0<j,k <s,where cy (i1, i2,i3) and c2 j (i1, ..., i4) are defined by (19) and
(20), respectively.
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Similar to Section 2, the POQUIM is given by il = (fl,jk)lfj,kprH, where
fl,jk = jl,l,jk + jl,z,jk, jl,l,jk is the observed part obtained by taking the expec-
tation sign out of £ 1 j, if there is one, and then replacing the parameters involved
by their ML estimators; and i 1,2, jk is the estimated part obtained by replacing 6
by 6, the ML estimator, in 41,2, jk. if the latter is nonzero. Let U = (B'0") be the
ML estimator of . Then accordmg to the discussion in Section 1, the ACM of ¥/
is given by ¥ = 12 1112 , where Jp = E(aZZ/alp 9v’). Thus, the POQUIM es-
timator of X is glven by 3= 12 11112 , Where 11 is the POQUIM and 12 is 4o

with 6 replaced by 0 Similar to Theorem 2, sufficient conditions can be given for
the consistency of 1 and 3. The details are omitted.

We now use a simple example to illustrate the POQUIM for ML given by
21)-(23).

EXAMPLE 2 (continued). Here p = s = 1. It is easy to show that il,“ =
mn/ (1 + pin),

3
. 1 1—7 . (1—ypnn ~3
b= ; [n—i—l Z<Z””) +{ym+ n+1 }Zuij

223(1 + pin)? oy

and 11 3= {1/2)»2(1 + yln) 1> (ZJ ulj) where k 1 are the ML estimators.

Furthermore, we have (2 (k+2) = I L(G42)(k+2) +d1 (+2)(k+2)> Jo k=0,1,
where

A —(y 1—
P Gt AU K ) }{z<zu,,) —Za;‘j}
i,J

441+ pin)’n(nd —

P+ 1—7p)2 Zlﬁ
4741 + pin)? e

4
A 11—y
L1103 =— nA+ n {Z(Z%) _Zﬁ?j}
i J i,J

431+ pin)dm2 +n+1)

yint1—7P1 .
A3 on)3 Zu?f"
4331+ Pin)d

. mn 3\n(l+pn)? — (1 +71)>
L1222 = [1 + (5) Y Y

232 nd—1

X{(;?erl—;?l)z_ n }
1+ yin (1+pin)?

3 )?m—i-l—)?l)z . 2]
(D) /) a1 ,
<2>< Trpm ) U7
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... [1_(3)(n+1—ﬁ1>{n<1+?ln>2—(1+ﬁ1)2}
T2+ in) 2 (I+7m)?n? +n+1)
B (;) (Fin+1-p)+ mz]
2 (1+ p1n)? ’
4
" 1 A mn?
11’1,33={f} 12" and 11,2,33=4A.
4)2(1 + pin)* 2,: XJ: Y 4(1 4+ pin)?

5. Robust dispersion tests. In this section we consider an application of the
results on POQUIM to robust dispersion tests in mixed linear models. The tests
considered here are robust in the sense that they do not require normality. A dis-
persion test may be regarding both the fixed effects and the variance components
or only the variance components, and both ML and REML estimators may be used
in such a test. To be more specific, here we consider dispersion tests regarding only
the variance components based on the REML estimators.

Consider the following general hypothesis regarding 6 in model (1):

(24) Ho: K'0 =g,

where ¢ is a specified vector and K is a known (s + 1) x r matrix with
rank(K) =r. We assume that the REML estimator 6 is asymptotically normal
with mean 0 and ACM Xg, that is,

(25) ¥r /20 —0) —> N(0,1,41) in distribution.

Sufficient conditions for (25) can be found in, for example, [12]. It is then easy to
show that, under the null hypothesis (24),

(26) (K'0 — ) (K'SRK) "1 (K'6 —¢) —> x> in distribution.

We then replace X by its POQUIM estimator SR of Section 2 to obtain the test
statistic

(27) 22 =(K'6— ) (K'SRK)" (K'0 — ¢).

The following theorem states that x2 has the same asymptotic null distribution
as (26).

THEOREM 4. Suppose that the conditions of Theorem 2 are satisfied. Fur-
thermore suppose that (25) holds. Then, under the null hypothesis, x> — sz in
distribution.

In cases where some components of 6 are specified under the null hypothesis,
it is customary to use these specified values, instead of the estimators, in the PO-
QUIM estimator. Under the null hypothesis this may improve the accuracy of the
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POQUIM estimator, although the difference is expected to be small in large sam-
ples (because of the consistency of 6, e.g., [12]). It is easy to see, by examing
the proofs of Theorems 2 and 4, that the same conclusion of Theorem 4 holds after
such a modification. (Note that the only property of 6 used in the proof of Theorem
2 is its consistency.) We consider a simple example.

EXAMPLE 2 (continued). Suppose that one wishes to test the hypothesis Hy:
y1 = 1, that is, the variance contribution due to the random effects is the same as
that due to the errors. Note that in this case 6 = (A, y1)’, so the null hypothesis
corresponds to (24) with K = (0, 1)’ and ¢ = 1. Furthermore, we have K'SrK =
¥R.11, which is the asymptotic variance of y;, the REML estimator of y;. Thus,
the test statistic is 32 = (y| — 1)2/51[{,11, where f)RJl is the POQUIM estimator
of ¥R 11 (see Section 2). It is easy to show that

S, A N,
A L1115 00 — 241,01 42,0082,01 + L1,0045
(28) YR11 = — > ,
(42,0042,11 — 45 01)

where il/k—ill/k‘i‘ilek, Jj,k=0,1, and flr,k, r =1,2, are given in
Example 2 in Section 2, but with 71 replaced by 1, its value under Ho; further-
more, we have 12 00 = —(mn — 1)/2k 12 01 =—(m — 1)n/2)»(1 + )/m) and
12?11 =—(m — 1)n2/2(1 + yln) , again with p; replaced by 1, where A is the
REML estimator of A. The asymptotic null distribution is X12- In the next section
the finite sample performance of this test will be investigated.

6. Simulations. In this section we consider two simulated examples. The goal
is to study the finite sample performance of POQUIM, whose large sample prop-
erties were studied in Section 2 (Theorem 2) and later in Section 4 in the context
of the robust dispersion test (Theorem 4). The latter will be the focus of our simu-
lation study.

The first example is the one-way random effects model considered in Exam-
ple 2. Note that this model is a special case of the unbalanced nested error regres-
sion model of Section 3.3. However, by restricting to the balanced case we are able
to make a direct comparison with the delete-group jackknife method [1, 2].

The second example is a balanced two-way random effects model. Note that the
jackknife method does not apply to this case. In fact, when the random effects and
errors are not normal or symmetric, POQUIM is the only method that is known
to apply, by Section 2, at least in large samples. Now our goal is to investigate its
finite sample performance.

6.1. A balanced one-way random effects model. Consider once again Exam-
ple 2 (continued) in Section 5, where the hypothesis to be tested is Hg: y; = 1.
For example, such a test may be of genetic interest, which corresponds to Hy:
h? =2, where h? = 401 / (cro + (712) is the heritability. We consider a test based
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on REML estimation of the variance components. More specifically, we are in-
terested in the situation when m is increasing while n remains fixed. Therefore,
the following sample size configurations are considered: Case I, m = 50, n = 2;
Case II, m =400, n = 2. Case I represents a moderate sample size, while Case 11
represents a large sample size. In addition, we would like to investigate different
cases in which normality and symmetry may or may not hold. Therefore, the fol-
lowing combinations of distributions for the random effects and errors are consid-
ered: Case i, Normal-Normal; Case ii, DE-NM(—2, 2, 0.5), where DE represents
the double exponential distribution and NM (i1, p2, p) denotes the mixture of two
normal distributions with means w1, (2, variance 1 and mixing probability p [i.e.,
the probabilities 1 — p and p correspond to N (w1, 1) and N(u2, 1), resp.]; and
Case iii, CE-NM(—4, 1, 0.2), where CE represents the centralized exponential dis-
tribution, that is, the distribution of X — 1, where X ~ Exponential(1). Note that in
Case ii the distributions are not normal but symmetric, while in Case iii the distrib-
utions are not even symmetric—a further departure from normality. Also note that
all these distributions have mean 0. They are standardized so that the distributions
of the random effects and errors have variances 012 and 002, respectively. The true
value of u is set to 1.0. The true value of 002 is also chosen as 1.0.
According to Section 5, the x 2-test statistic is given by

22 _ (391 - 1)2

(29) ~
YR, 11

’

where p; is the REML estimator of yq, ﬁR,n is given by (28) and

(30) P <SSE+ SSA)
T omn—1 n+1)

Here

SSE=Y">"(yij — y.)’

i=1j=1

and

m
SSA=n) (i —5.)%
i=1
with 3;. =n~' Y0_, yij and . = (mn)"' 1L, Y yij. Note that (30) is the
REML estimator of A under the null.

Arvesen [1] proposed a delete-group jackknife method and established consis-
tency, using U -statistics. Furthermore, Arvesen and Schmitz [2] provided simula-
tion results. The delete-group jackknife applies to cases where data can be divided
into i.i.d. groups, such as the current situation. We refer to this method as jackknife.
The method is briefly described as follows. Let X1, ..., X,, be i.i.d. observations
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and let 6 be an unknown parameter. Let 6 be an estimator of 6 based on all the
observations and let é_i be the estimator based on all but the ith observation, ob-
tained otherwise the same way as 6. Define éi —mb — (m— l)é_,-, 1<i<m.The
jackknife estimator of 6 is defined as éjack =m~! Z;”:l é,-, that is, the average of
the éi ’S.

Now consider the one-way random effects model of Example 2. Instead of delet-
ing the ith observation, one deletes the ith group consisting of the observations
yij» J =1,...,n. A dispersion test that is often of genetic interest is Ho: y1 = 10,
which corresponds to Hy: h? = 4y10/(1 + y10), where h? = 4012/(03 + 012) is the
heritability. Arvesen and Schmitz proposed use of the jackknife estimator with a
transformation. Let 6 = log(1 + y1n) and 6 = log(MSA/MSE), where MSA and
MSE are the between and within group mean squares. A test of Hy will be based
on

_ ﬂ(éjack - 9)
Jon = D=1 6 — Gjuai)?

which is expected to have an asymptotic #,,—; null distribution [1].

To make a fair comparison, we note that a test of x 2 type is omnibus rather than
directional (e.g., [21], Section 1.1). In other words, a x 2 test is typically used in
situations of two-sided hypotheses. On the other hand, a ¢-test is appropriate to
both one- and two-sided hypotheses. Therefore, we consider testing Hyp: y1 =1
against Hy: y1 # 1. For each simulated data set, the test statistics (29) and (31) are
computed. The simulated sizes that correspond to the usual nominal levels 0.01,
0.05 and 0.10 are reported in Table 1. Furthermore, the simulated powers at a
number of alternatives, namely, y; = 0.2, 0.5, 2, 5, are reported in Tables 2—4. All
results are based on 10,000 simulations.

Overall, the jackknife appears to be more accurate in terms of the size, espe-
cially when m is relatively small (Case I). On the other hand, the simulated pow-
ers for POQUIM are higher at all alternatives, especially when m is relatively

31) t

TABLE 1
POQUIM versus jackknife—size

Simulated size
Nominal level Method I-i I-ii I-iii II-i i 11-iii

0.01 POQUIM 0.022 0.026 0.028 0.011 0.013 0.015
Jackknife 0.010 0.014 0.020 0.009 0.011 0.013
0.05 POQUIM 0.070 0.078 0.091 0.054 0.057 0.063
Jackknife 0.052 0.053 0.068 0.053 0.053 0.060
0.10 POQUIM 0.123 0.132 0.151 0.106 0.108 0.114

Jackknife 0.099 0.103 0.122 0.104 0.103 0.109
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TABLE 2

POQUIM versus jackknife—power (nominal level 0.01)

Simulated power

Alternative ~ Method I I-ii L-iii II-i I-ii T-iid
y1=0.2 POQUIM 0.506 0.616 0.468 1.000 1.000 1.000
Jackknife 0.487 0.463 0.454 1.000 1.000 1.000
y1 =0.5 POQUIM 0.112 0.164 0.122 0914 0.891 0.793
Jackknife 0.108 0.121 0.137 0921 0.866 0.787
y1 =2.0 POQUIM 0.354 0.256 0.221 0.995 0971 0913
Jackknife 0.196 0.118 0.072 0.993 0.968 0.887
y1 =5.0 POQUIM 0.991 0.954 0.900 1.000 1.000 1.000
Jackknife 0.954 0.876 0.715 1.000 1.000 1.000
TABLE 3
POQUIM versus jackknife—power (nominal level 0.05)
Simulated power
Alternative =~ Method I I-ii L-iii II-i I-ii  II-ii
y1=0.2 POQUIM 0.747 0.807 0.745 1.000 1.000 1.000
Jackknife 0.728 0.709 0.668 1.000 1.000 1.000
y1 =0.5 POQUIM 0.283 0.336 0.286 0.980 0.966 0.917
Jackknife 0.277 0.271 0.275 0981 0.958 0912
y1 =2.0 POQUIM 0.532 0.424 0369 0.999 0993 0.973
Jackknife 0.411 0.317 0.223 0999 0.993 0.970
y1 =5.0 POQUIM 0.997 0.984 0956 1.000 1.000 1.000
Jackknife 0.991 0.971 0.903 1.000 1.000 1.000
TABLE 4
POQUIM versus jackknife—power (nominal level 0.10)
Simulated power
Alternative =~ Method I-i L-ii L-iii II-i I-i  Il-iii
y1 =0.2 POQUIM 0.844 0.875 0.807 1.000 1.000 1.000
Jackknife 0.829 0.810 0.776 1.000 1.000 1.000
y1 =0.5 POQUIM 0.405 0.442 0396 0991 0983 0.954
Jackknife 0398 0.382 0.372 0991 0.979 0.950
y1 =2.0 POQUIM 0.633 0.564 0462 1.000 0.997 0.987
Jackknife 0.540 0.453 0.350 1.000 0.997 0.986
y1=5.0 POQUIM 0.999 0992 0975 1.000 1.000 1.000
Jackknife 0.998 0.988 0.954 1.000 1.000 1.000
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small (Case I). However, it would be misleading to conclude that the POQUIM
has higher power than the jackknife, because the power comparison is considered
fair only if the two tests have similar sizes. In other words, for the case of m = 50,
the higher power for POQUIM could be the result of the test overrejecting. Finally,
note that the jackknife with the logarithmic transformation is specifically designed
for this kind of model where the observations are divided into independent groups,
while the POQUIM is for a much richer class of mixed linear models where the
observations may or may not be divided into independent groups, as we will see in
the next simulated example.

6.2. A balanced two-way random effects model. We now consider the bal-
anced two-way random effects model of Example 1, also discussed in Section 3.1.
Consider testing the hypothesis Hy: 012 = 0’22, or, equivalently, Hy: y1 = y», which
means that the two random effect factors contribute equally to the total variation.
It is easy to show that the test statistic (27) reduces to

"2 (71 — 72)?
22—

(32) = < = = )
YR 11— 2XR 12 + 2R, 22

where 7| and 7, are the REML estimators of y; and y», and 2& jk is the j, k el-
ement of the POQUIM estimator Sr of the ACM of § = (4, 71, 71)’, the REML
estimator. Note that in this case there are no (fully) specified values of the para-
meters under the null hypothesis, although the latter may still be used in some
way (but the difference is expected to be small in large samples; see the remark
below Theorem 4). On the other hand, it is interesting to see how the test performs
when the straight POQUIM estimator is used in the denominator of (32), and that
is what we do in this simulation. Once again, we study the performance of the test
under both moderate and large sample sizes, as well as departures from normality.
The following sample size configurations are considered: Case I, m = 40, n = 40;
Case II, m = 200, n = 200. Furthermore, the following combinations of distrib-
utions for the random effects and errors are considered: Case 1, v, w ~ Normal;
Case ii, v, w ~ DE; Case iii, v ~ DE, w ~ CE; and Case iv, v, w ~ CE. In all
cases, e ~ Normal. Note that the jackknife method discussed in the previous sub-
section does not apply to this case, because the observations cannot be divided
into i.i.d. groups (or even independent groups). The true values of parameters are
,u:ogzalzz 1.0.

As in the previous subsection, we first consider the size of the test, so we take
022 = 1.0. The simulated sizes corresponding to the nominal levels 0.01, 0.05 and
0.10 are reported in Table 5. Next we look at the powers at the following alterna-
tives: 022 =0.2,0.5, 2, 5, which correspond to y»/y1 = 0.2, 0.5, 2, 5, respectively.
The simulated powers are reported in Tables 6-8. Again, all results are based on
10,000 simulations.
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TABLE 5

Simulated size

Nominal level I-i I-ii L-iii I-iv II-i 1I-ii 1I-iii 1I-iv
0.01 0.014 0.011 0.014 0.011 0.011 0.008 0.011 0.008
0.05 0.071 0.061 0.070 0.066 0.053 0.051 0.055 0.048
0.10 0.135 0.126 0.139 0.136 0.108 0.108 0.109 0.102
TABLE 6
Simulated power (nominal level 0.01)
Alternative I-i I-ii I-iii I-iv II-i II-ii I1-iii II-iv
y2/y1 =0.2 0.955 0.568 0.551 0.398 1.000 1.000 0.999 0.986
y2/y1 =0.5 0.313 0.100 0.118 0.073 0.988 0.684 0.619 0.439
v /y1 =2.0 0.324 0.100 0.070 0.088 0.988 0.685 0.459 0.443
»/y1=5.0 0.969 0.649 0.491 0.497 1.000 0.999 0.989 0.992
TABLE 7
Simulated power (nominal level 0.05)
Alternative I-i I-ii T-iii L-iv II-i II-ii I-iii II-iv
y2/y1 =0.2 0.994 0.864 0.839 0.713 1.000 1.000 1.000 0.999
v /y1 =0.5 0.579 0.308 0.321 0.232 0.998 0.874 0.819 0.713
y2/y1 =2.0 0.595 0.305 0.227 0.256 0.998 0.879 0.764 0.717
/Y1 =5.0 0.997 0.901 0.799 0.779 1.000 1.000 1.000 0.999
TABLE 8
Simulated power (nominal level 0.10)
Alternative I-i I-ii L-iii I-iv 1I-i 1I-ii TI-iii Il-iv
v /y1 =0.2 0.999 0.946 0.923 0.846 1.000 1.000 1.000 1.000
v /y1 =0.5 0.702 0.456 0.451 0.364 0.999 0.931 0.887 0.818
v /v1 =2.0 0.719 0.448 0.359 0.382 0.999 0.936 0.864 0.818
/v1=5.0 0.999 0.955 0.904 0.879 1.000 1.000 1.000 1.000
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The numbers seem to follow the same pattern. As the sample size increases,
the simulated sizes get closer to the nominal levels and the simulated powers in-
crease significantly. There does not seem to be a difference, in terms of the size,
across different distributions. However, the simulated powers appear significantly
higher when all the distributions are normal as compared to other cases where the
distributions of the random effects are nonnormal. Also, the powers are relatively
low when the alternatives are close to the null (y2/y; = 0.5 or 2.0), but much im-
proved when the alternatives are further away (y»/y1 = 0.2 and 5.0). Overall, the
simulation results are consistent with the theoretical findings of Theorem 4.

7. Discussion and remarks. A classic parametric statistical model assumes
that the distribution of the data is fully determined by a vector of parameters. Under
such a model, a maximum likelihood estimator of the vector of parameters is self-
contained in the sense that the (asymptotic) covariance matrix of the estimator does
not involve any additional unknown parameter. In many cases, however, a model is
not fully determined by a set of parameters. For example, under nonnormality, the
distribution of the data is not determined by the mean and the variance. Obviously,
in such cases maximum likelihood does not apply, but a quasi-likelihood method
may be used to estimate the parameters of direct interest (e.g., [11]). The problem
is that the estimator may no longer be self-contained. The POQUIM method pro-
vides a way to estimate the (asymptotic) covariance matrix of a maximum quasi-
likelihood estimator and, hence, self-contains the latter.

The general procedure of POQUIM is the following: Let /(0) be the quasi-log-
likelihood. Then the ACM of 8 , the maximum quasi-likelihood estimator, is ¥ =
12_11112_1, where {1 = Var(d//060) and J; = E(82l/89 00"). Usually, Jd, either
does not involve additional parameters or, if it does, at least it can be estimated
by an observed form (e.g., by 3%1/86 30" with 6 replaced by 6). However, when
the data are correlated, the matrix {; cannot be estimated by an observed form.
The idea of POQUIM is to express {1 as E(S;) + Sz such that E(Sy) involves
parameters other than 6 but that can be estimated by an observed form (i.e., by
S1 with 6 replaced by 6), and S» does not involve any additional parameters and
therefore can be estimated by an estimated form (i.e., by $> with 6 replaced by 6).
In this paper this general method is applied to mixed linear models.

In this paper we assume that the random effects and errors in a non-Gaussian
mixed linear model are independent. This means that (i) the vectors «q, ..., a5, €
are independent and (ii) the components of «; (1 < j <s) and ¢ are independent.
A mixed linear model that satisfies (1) as well as (i) and (ii) above is also known
as an analysis of variance mixed (ANOVA) model (e.g., [5], where normality is
assumed). Mixed ANOVA models are very popular in practice. On the other hand,
there are also mixed linear models used in practice that involve dependent random
effects or errors, such as the so-called longitudinal model (e.g., [5], [18]). For
example, in Section 3.4 it may be reasonable to assume that the random intercept,
a;i, and slope, b;, which correspond to the same individual, are correlated. Note
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that, in cases of correlated random effects, the variance components are defined as
the parameters involved in V, the covariance matrix of y, that involve correlations
in addition to the variances. Furthermore, there are more additional parameters
involved in the ACM of, say, the REML estimator. However, a possible POQUIM
decomposition may still be obtained. For example, by (9), one can write

dlr dlr
COV(—v —) = D BjiiiBrisiscov(uiuiy, uiui,)
96, 90y -
(i1,....14) €81
+ Z Bjiyir Bi,is s COV(“iluizv ”i3”i4)
(i1,...,i4) €S2
=11+ Iy,

where 4§, are those indices such that cov(u;, u;,, ui;u;,) involve only the variance
components and 4 are those indexes such that cov(u; u;,, uj;u;,) involve addi-
tional parameters. If /1 can be further expressed as an expected value plus a term
that depends only on the variance components, one has a potential POQUIM de-
composition.

The robust dispersion test derived in Section 5 is of x2 type. As mentioned in
Section 6.1, x? tests are omnibus (e.g., [21], Section 1.1). However, a directional
test could be obtained, using asymptotic normality of, say, the REML estimator 6
and the POQUIM estimator of its ACM. The only exception is when 6 lies on the
boundary of the parameter space, because, obviously, in this case 6 cannot be as-
ymptotically normal if it is required to stay in the parameter space. However, for
testing purposes one may relax the latter restriction, for example, by defining 6
as the solution to the REML equation, which may or may not be in the parameter
space (see the remark above Theorem 2). With such a definition, asymptotic nor-
mality of 6 may still hold, even if 6 is on the boundary of the parameter space. See,
for example, [22]. Such a result may be used for testing, for example, that some of
the variance components are zero.

The conditions of Theorem 2 [more specifically, condition (iii)] imply the exis-
tence and consistency of the REML estimator. See the remarks below Theorem 2
and also those above Theorem 2 regarding the definition of the REML estimator.
Of course, this is a large sample result, which does not guarantee the existence
of the REML estimator in a finite sample situation, even under the normality as-
sumption. A similar problem exists for the ML estimator as well. See, for example,
[6] and [4].

8. Proofs and other technical details.

8.1. Partial derivatives of the quasi-restricted log-likelihood. Differentiat-
ing (5) with respect to 6 and using the fact PV P = P, we have dlr/or =
(y)Py — N + p)/2x and dlr/dy; = (A/2){y/PZjZ;.Py - tr(PZjZ;.)}, 1 <
j <s. Note that since PX = 0, the vector y in the above expressions can
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be replaced by u = y — XB. Furthermore, we have E(3%[r/01%) = —(N —
P)/222, E(@%Ir /01 dy;) = —(1/2)e(PZ; Z}), 1 < j <5, and E(8*Ir /dy; d0yi) =
—(\/Du(PZ;ZiPZyZ)), 1 < j k<.

8.2. Proof of Lemma 1. First note u; = ) ;_qui; with u;; = Z;":’l Zitl0Ul;
hence E(ujui,) = Y 7_oEiuiy) = Zizoo*tzz;ltzizt = AI'(i1,i2). Next, we
have B(u;, -« -uiy) = 32, 1 By - wiyry) and E(ujygy -+ - tjy,) = 0 unless (1)

tp =--- =14 or (2) the t’s are in two pairs. Furthermore, under (1) we have
E(uig - tiyry) = le ,,,,, Iy Zirth o Zigr, By - oyg), Where 1 = - =14 = 1.
Again, E(oyyy - -oy,) =0 unless (1-1) [y = - =14, (1-2) h =L #13 =
l4, (1—3) l] = l3 ;ﬁ 12 = l4 or (1—4) l] = l4 ;ﬁ lz = 13. It is easy to show
that > _py--- = E(afl)Zilt“'th, Y-y = O';‘{(Zl]t © Zigt) (Zigt + Zigt) —
Zive Zigth o3y =0 @iye + Zist) @ige  Zige) — Ty Zige} And Yo gy e =

Gt4{(zi1t . Zi4t)(zi2t . Zi3t> — Ziyt Zi4t}- It follows that

ZE(uiltl S Uigty)
(D
= ZKIZill o Zigt
t
+37 ZVtZ(Zilt 'Zizt)(ziat 'Zi4f)
t

+ Z ytz(zill : Zi3t)(zi21 : Zi4t) + Z V[Z(Zilt : Zi4t)(zi2t : Zi3t)}'
t t

Similarly, (2) has three cases: 2-1) tj =th 3 =14, 2-2) t] =t3 #trp =t3 and
(2-3) t1 = t4 # tp = t3. Furthermore, we have

Y E(uiyey - igy) = AT )T 300a) = Y v (@i - 2iae) (@it - Zigr)
2-1 t

Z E(”i]l‘] e ui4t4) = )"2 F(ila i3)F(i2’ l4) - Z V;Z(Zilt . Zi3t)(zi2t : Zi4t)
2-2) t

Z E(uill‘l toe ui4t4) = )"2 F(ilv i4)F(i27 13) - Z V;z(Zilt : Zi4t)(zi21 . Zi3t) .
(2-3) t

Therefore, in conclusion, we have cov(u; u;,,uiu;,) = E(u; ---u;,) —
AT (i1, i) (i3, ia) equal to the right-hand side of (6).
Equation (7) is easily derived from (6), observing the first equation of (9).



2724 J. JIANG

8.3. Proof of Theorem 2. In the following discussion Ay, ... represent se-
quences of matrices (vectors, numbers), but for notational simplicity we suppress
the subscript N. Note that for a matrix B, B > 0 means that B is positive definite.
We first state and prove a lemma.

LEMMA 3. Let A, G be sequences of positive definite matrices such that
G 'AG™! - B > 0. Let A be another sequence of matrices. Then AT12A x
A™V2 5 [, the identity matrix, if and only if G"'(A — A)G~! — 0.

PROOF. Suppose that A~1/2AA~1/2 — | Then we have

G Y A-AG =G TAYV2(A12AA~2 — AYV2G!.
Therefore,
IGTHA -G < |G A2 PP |ATV2AATY2 — 1
= Amax(GTTAG™HATV2AATV2 — [ — 0.

Now suppose that G'(A—A)G ' 0.Let A=G 'AG~! — B. Then we
have

ATV2AATYVE 1= A7V2GBGAT2 — 1
:D] +D2

We have D; = A"V2(GBG — A)A™Y?2 = —A7V2GAGA™Y?; thus
ID1]l < [A7Y2G 2| All = Amax(GATIG)||A|l — 0, because GA™'G — B~!
and A — 0. On the other hand, we have

B~'2G'AGT'B7V2 - =B72G7lAGT'BT? — |
+B 1267V A - AGT'B7? —0.
Therefore,
ID2ll < 1A~ 2GB'21? 1B~ 26 AG T B2 — 1|
= Amax(B2GAT'GBY) | B~'2G'AGT'B™2 | — 0. O

Recall that a sequence of matrices M is bounded from above if || M || is bounded;
the sequence is bounded from below if ||M ~1) is bounded.

COROLLARY 1. Let A, G be sequences of positive definite matrices such that
G~ 'AG™! is bounded from above as well as from below. Let A be a sequence of
random matrices. Then A~Y2AA=Y2 5 [ in probability if and only ifG_l(A —
A)G ™! = 0 in probability.
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PROOF. A sequence of random matrices converges in probability if and only
if for any subsequence, there is a further subsequence that converges almost surely
(to the same limit).

First assume that A~/2AA~Y2 - [ in probability. For any subsequence of
G™! (A — A)G ™!, since the corresponding subsequence of G~'AG~! is bounded,
there is a further subsequence such that G"'AG~! — B for some B > 0. The
latter property is implied by the boundedness from below of the subsequence.
Consider the corresponding further subsequence of A~/ 2AA~1/2. Since it con-
verges in probability, there is a further subsequence such that A~/ 2AATV2 5
almost surely. It follows, by Lemma 1, that the corresponding further subsequence
G! (A — A)G~! — 0 almost surely.

Next assume that G~'(A — A)G™! — 0 in probability. By similar arguments
we have for any subsequence of A~!/ 2AA~1/2 that there is a further subsequence
that — I almost surely. [J

The next lemma states that the Gaussian information matrix ¢ and the QUIM 4
are asymptotically of the same order.

LEMMA 4. Under condition (i) of Theorem 2, there are positive constants
a and b such that a4 < §1 < b§.

PROOF. First, it is easy to show that

m,] mtz

N
tr(B./VBkv) = Z Ggati Z Z (Z;ﬂ] B.thZIZ)(Z;|ll BthZZZ)‘
t1,tp=0 Li=1h=1

Condition (i) of Theorem 2 implies that there is 0 < § < 1 such that «; =
var(a?) — 20, > 2(8 — 1)o;*, 0 <t < 5. Thus, it can be shown by (7) that for
any x = (X;)o<j<s

N mg N 2
x'Jix =x'6x + ZKt Z{ij(Z;IBthl)}

=0 I=11;=0
s My My, s 2
/ 2 2 /
e R DI 3 ol D SCHR NS
t1,tr=0 h1=1L=1j=0

A m;g S 2
—Zq“Z{Z%(zﬁ,&m)} }
=0 =1

= j=0

> 8x'Gx.
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On the other hand, condition (i) of Theorem 2 implies that there is M > 0 such
that k4 <2M ot4 , 0 <t <s. Thus, we have, similarly,

2
S niy N
x'dix <x'Gx + ZMZU;‘Z!ZXJ-(Z;IBJZII)}

=0 I=11j=0
<+ M)x'Gx. O

COROLLARY 2. Under condition (i) of Theorem 2, G! 9G‘1 is bounded
from above as well as from below if and only if G™'41G ™" is bounded from above
as well as from below.

Throughout the rest of the proof, ¢ represents a positive constant whose value
may be different in each occurrence.

First prove that 4 1 is consistent. According to condition (iii) and Corollary 2, the
sequence G~!'4;G~! is bounded from above as well as from below. Then, accord-
ing to Corollary 1, it suffices to show that G~! 1 —4)G ' = 0in probability.

First consider the observed part. Let D = {|0 — 6] <6, |8 — B| <8} (8 > 0)
and L,],jk = ZIL:1 Cidd 22 f iy, ia)=f; Wiy -~ Uiy It 18 easy to show that, on D,
g, -+ iy — iy ugy] < 8 (v 4 x| and [dg, - dg | < e X0 OF +
|x;, |*). It follows that, on D,

YYD DR R TV D D R

fr,ig)=1i fr,min)=1fi
4
4
<c{dixa@® +lejesldy Y DO+ |x[0)
Flitsein)=fir=1
Conditions (i) and (ii) imply that E(yl ) < c. Therefore, we have

El(gjgn) ™" Iil,l,jk — 411 ko)

L
(33) <clgig) D djxa(® +lcjxald} > Z ) + x|
=1 fly,...,ia)=fir=1

L L
<c (i) "D hidjii(8) +8(gig) Y hilejkal g-
=1 =

On the other hand, given M > 0, we have «y = o1 + o2, where oy =
1 oy <mry — Bt (o<} Thus,

S
/
up = Zzi;az =uj1 + U2,
t=0



MIXED LINEAR MODELS 2727

where u;, = Y} Zﬁlzi,lam, r = 1,2. Conditions (i) and (ii) imply that
Ew}) < c¢Yiollzilt < ¢ and E@d) < cb*(M), where b(M) =

Y=o E(ozfll(‘atle)) — 0as M — oo. Write
Mil ...ui4 _E(Mi] "'ui4):ui11"'ui4l _E(uill...ui41)+(...) _E()’

where (---) is a sum of products with each product involving at least one u; »
(r=1,...,4). It follows by Holder’s inequality that |[E(---)| <E|---| < cb(M).
Therefore, we can write

L

e —dje= Docikt Yo uinuign —Eugnui))
I=1 fr,in)=fi

L
Yt Y () —EC-)
I=1 fGr,.i)=1fi

=51+5
with E(|S21/ggk) < cb(M)(g;gk) " SF, hilc; k.1|. Furthermore, we have

L
2
E(S)) = Y ¢jkncikh
l1,[h=1

% Z cov(uiy1 -~ Uiyls Uisl -+ Uigl)-
froesin)=fiy fis,....ig)=fi

The nonzero components of d;; + --- + d;, (d; is defined in the second para-
graph of Section 2.2) correspond to the indexes of the random effects and er-
rors involved in wu; 1 ---uj1. Thus, if (diy +--- +d;,) - (dis +--- +dig) =0,
wij1---ujy1 and w1 ---ujg1 involve different random effects and errors, hence
cov(ui 1+ Uiy1, Uis1 - Uig1) = 0; otherwise, the covariance is bounded in ab-
solute value by cM?8. It follows that

L
E(S1/gj80)% <cM®(gj8)™ 2 Y. hinlcjkn k-
li=1

In conclusion, we have

E{(gjgk)_1 1k — L1 jkl}

L
(34) <cb(M)(gjg)™" D hilcj k.l
=1

L

4 _
+eM* (g0 D hinleiknCikl-
11,lh=1
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Now consider the estimated part. We have
L12, 6 — L1,2,jk

=2{tr(B,; VB, V) — tr(B; V B; V)}

L
— 322 Z(éj»k»l —Cjk,1) Z ['(iy,13) (2, is)
=1 fr,.ig)=1i

L
_ 352 Yociwr Y, AT 3T (2, ia) — D(i1,i3)T (02, ia)}
=1 fl1,-i)=f

L
—30E =) cjis Y. TG (i2.ia)
=1 S, .in)=fi

3
=T1—Y T.
r=1

On O we have |T1| < g;(5). Also, condition (ii) implies that, on D, |T7| <
cZ,LZI hidj k() and | T, | < cd ZzL:1 hilcjkil, r =3, 4. Therefore, we have

(g8~ Ifl,z,jk — 1,2, jkl

L
(35) < (880 'gjk(® +c(gign) ™D hidjki(®)
=1

L
+c8(ggk) " Zhl|cj,k,l| on D.
I=1

For any n > 0 and p > O, first choose 6 > 0 and M > 0 such that the right-
hand side of (33) is less than np/15, the right-hand side of (35) is less than 1/3
and the first term on the right-hand side of (34) is less than np/15, which one
can do according to conditions (i), (ii), (iv) and (v). Then choose Ny such that,
when N > Ny, we have P(D°) < p/5, and the second term on the right-hand side
of (34) is less than np /15, which one can do by conditions (iii) and (iv). Note that
condition (iii) implies consistency of 6 and B (see the remarks below Theorem 2).
It follows that, when N > Ny, by (33) and Chebyshev’s inequality,

“15 ; n
P((gjgk) iy e —dia il > 5)

s - n
SPQ&&)”hmﬂ—1Mﬂﬂ@>§>+Hﬁﬁ

0.

3 -13 ] £ 2
< EE{(gjgk) k=4 jellol + 5 < 5
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Similarly, by (34), P((gje0) 1411k — 11kl > 1/3) < (2/5)p, and by (35),
P((g.,-gk)_llll,g,jk —d1,2,jkl > n/3) <P(D°) < p/5. Therefore, we conclude that
when N > Ny, the probability is greater than 1 — p that (gjgk)_1 Iil,jk —di il <n.
Now consider consistency of f)R. First note that {», = —§, which is nonsingu-
lar by condition (iii). Since GXZRrG = (G~'¢GH "¢, (G~ lgGH~!,
by Corollary 2, GXrG is bounded from above as well as from below. Then, by
Corollary 1 [note that G = (G~1H~1, it suffices to show that G(Xgr — Tr)G — 0
in probability. ) R
By condition (v) and consistency of 6, it is easy to show that G~ (§ —§)G~! —
0 in probability, where § is § with 6 replaced by 6. Note that {, = —§. Also,
since G146 ' =G"14G7' + GG — 9)G~!, we have Anin(G~'6G™ 1) >
Amin(G716G™Y — |G™1(G — §)G ™|, which is bounded away from zero with
probability tending to 1. It follows that (G~ lgG =1 = Op(1). Furthermore, we
have
=—(G7'96°H7167G-9G71(GT§67H T —0
in probability. Therefore, we have
G(ER—ZR)G= (GG H ¢ 67'A+ AGT 1GTH(GTI4G7H
+G7'e¢ H e - 167N GTé6TH T — 0
in probability, using the results previously proved.

8.4. Proof of Theorem 4. 'We have
2= (K'6— ) (K'SRK)"'(K'0 - ¢)
+(K'0 — ) (K'ERK)™' — (K'SRK) ™} (K'6 — ¢)
= 7>+ A.
By (26), > — sz, so it remains to show that A — 0 in probability.

According to the definition in Section 2.2 (first paragraph) and the conclu-
sion of Theorem 2, for any n > 0 we have, with probability tending to 1
(hereafter w.p. > 1), (1 —n)Xr < SR < 14+ nZR. It follows that w.p. — 1
(11— n)K YrRK <K’ ERK < (1 +n)K'2RrK and hence (1 +1n)~ WK'ZrK) ! <
(K'SRK)"' < (1 — )~ "(K'SrK)™" (e.g., [20], Theorem A.52). Therefore, we
have w.p. — 1,

(36) (1+m)~' < (K'ERK)2(K'ERK) T (K'ERK)' 2 < (1 =)',

which implies |[W — I < {1 — )~ ' =1} v {1 — (1 + n)~'}, where W is the
middle term in (36) and a vV b = max(a, b). Since n is arbitrary, this proves that
W — I, in probability. That A — 0 in probability then follows by observing

A=(K'0—9)(K'SRK)"V2(W = I)(K'SRK)"V2(K'0 — @),
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hence || Al < |W — L (K" — ) (K'SRK) "1 (K'6 — ) = [|W — I, || %>.

Acknowledgments. The author is grateful to an Associate Editor and two ref-
erees for their constructive comments. Furthermore, the author wishes to thank
Zhonghua Gu and Wen-Ying Feng for their computational support during the re-
vision of the manuscript.

REFERENCES

[1] ARVESEN, J. N. (1969). Jackknifing U-statistics. Ann. Math. Statist. 40 2076-2100.
MR0264805
[2] ARVESEN, J. N. and ScHMITZ, T. H. (1970). Robust procedures for variance component
problems using the jackknife. Biometrics 26 677-686.
[3] BATTESE, G. E., HARTER, R. M. and FULLER, W. A. (1988). An error-components model
for prediction of county crop areas using survey and satellite data. J. Amer. Statist. Assoc.
83 28-36.
[4] BIRKES, D. and WULFF, S. S. (2003). Existence of maximum likelihood estimates in normal
variance-components models. J. Statist. Plann. Inference 113 35-47. MR1963033
[5] Das, K., JIANG, J. and RAO, J. N. K. (2004). Mean squared error of empirical predictor. Ann.
Statist. 32 818-840. MR2060179
[6] DEMIDENKO, E. and MASSAM, H. (1999). On the existence of the maximum likelihood esti-
mate in variance components models. Sankhya Ser. A 61 431-443. MR1743550
[7] EFRON, B. and HINKLEY, D. V. (1978). Assessing the accuracy of the maximum likelihood
estimator: Observed versus expected Fisher information (with discussion). Biometrika 65
457-487. MR0521817
[8] GHOSH, M. and RAO, J. N. K. (1994). Small area estimation: An appraisal (with discussion).
Statist. Sci. 9 55-93. MR1278679
[9] HARTLEY, H. O. and Ra0, J. N. K. (1967). Maximum likelihood estimation for the mixed
analysis of variance model. Biometrika 54 93—108. MR0216684
[10] HEYDE, C. C. (1994). A quasi-likelihood approach to the REML estimating equations. Statist.
Probab. Lett. 21 381-384. MR1325214
[11] HEYDE, C. C. (1997). Quasi-Likelihood and Its Application. Springer, New York. MR1461808
[12] JIANG, J. (1996). REML estimation: Asymptotic behavior and related topics. Ann. Statist. 24
255-286. MR 1389890
[13] JIANG, J. (1997). Wald consistency and the method of sieves in REML estimation. Ann. Statist.
25 1781-1803. MR1463575
[14] JIANG, J. (1998). Asymptotic properties of the empirical BLUP and BLUE in mixed linear
models. Statist. Sinica 8 861-885. MR1651513
[15] JIANG,J. (2003). Empirical method of moments and its applications. J. Statist. Plann. Inference
115 69-84. MR1972940
[16] JIANG, J. (2004). Dispersion matrix in balanced mixed ANOVA models. Linear Algebra Appl.
382 211-219. MR2050107
[17] KHURI, A. I., MATHEW, T. and SINHA, B. K. (1998). Statistical Tests for Mixed Linear
Models. Wiley, New York. MR1601351
[18] LAIRD, N. M. and WARE, J. H. (1982). Random effects models for longitudinal data. Biomet-
rics 38 963-974.
[19] LANGE, N. and RYAN, L. (1989). Assessing normality in random effects models. Ann. Statist.
17 624-642. MR0994255
[20] RAO, C. R. and TOUTENBURG, H. (1995). Linear Models. Springer, Berlin. MR1354840


http://www.ams.org/mathscinet-getitem?mr=0264805
http://www.ams.org/mathscinet-getitem?mr=1963033
http://www.ams.org/mathscinet-getitem?mr=2060179
http://www.ams.org/mathscinet-getitem?mr=1743550
http://www.ams.org/mathscinet-getitem?mr=0521817
http://www.ams.org/mathscinet-getitem?mr=1278679
http://www.ams.org/mathscinet-getitem?mr=0216684
http://www.ams.org/mathscinet-getitem?mr=1325214
http://www.ams.org/mathscinet-getitem?mr=1461808
http://www.ams.org/mathscinet-getitem?mr=1389890
http://www.ams.org/mathscinet-getitem?mr=1463575
http://www.ams.org/mathscinet-getitem?mr=1651513
http://www.ams.org/mathscinet-getitem?mr=1972940
http://www.ams.org/mathscinet-getitem?mr=2050107
http://www.ams.org/mathscinet-getitem?mr=1601351
http://www.ams.org/mathscinet-getitem?mr=0994255
http://www.ams.org/mathscinet-getitem?mr=1354840

MIXED LINEAR MODELS 2731

[21] RAYNER, J. C. W. and BEST, D. J. (1989). Smooth Tests of Goodness of Fit. Oxford Univ.
Press, London. MR1029526

[22] RICHARDSON, A. M. and WELSH, A. H. (1994). Asymptotic properties of restricted maxi-
mum likelihood (REML) estimates for hierarchical mixed linear models. Austral. J. Sta-
tist. 36 31-43. MR1309503

[23] SEARLE, S. R., CASELLA, G. and MCCULLOCH, C. E. (1992). Variance Components. Wiley,
New York. MR1190470

DEPARTMENT OF STATISTICS
UNIVERSITY OF CALIFORNIA
ONE SHIELDS AVENUE

DaAvis, CALIFORNIA 95616
USA

E-MAIL: jiang@wald.ucdavis.edu


http://www.ams.org/mathscinet-getitem?mr=1029526
http://www.ams.org/mathscinet-getitem?mr=1309503
http://www.ams.org/mathscinet-getitem?mr=1190470
mailto:jiang@wald.ucdavis.edu

	Introduction
	POQUIM for REML
	Derivation
	Notation
	Consistency

	Examples
	A balanced two-way random effects model
	A balanced two-way mixed effects model
	An unbalanced nested error regression model
	A random intercept/slope model

	POQUIM for ML
	Robust dispersion tests
	Simulations
	A balanced one-way random effects model
	A balanced two-way random effects model

	Discussion and remarks
	Proofs and other technical details
	Partial derivatives of the quasi-restricted log-likelihood
	Proof of Lemma 1
	Proof of Theorem 2
	Proof of Theorem 4

	Acknowledgments
	References

