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ASYMPTOTIC RESULTS FOR MAXIMUM LIKELIHOOD
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Maximum likelihood estimation has been extensively used in the joint
analysis of repeated measurements and survival time. However, there is a lack
of theoretical justification of the asymptotic properties for the maximum like-
lihood estimators. This paper intends to fill this gap. Specifically, we prove
the consistency of the maximum likelihood estimators and derive their as-
ymptotic distributions. The maximum likelihood estimators are shown to be
semiparametrically efficient.

1. Introduction. Joint analysis of both repeated measurements and survival
time has received much attention in the last decade. The motivation of such analy-
sis arises from many medical studies. For example, in an HIV study, the progres-
sion of CD4 cell counts in HIV patients and the time to patients’ death are of
interest. Three different types of questions can be asked. One may wish to know
the effect of a particular factor, such as age at the entry, on both the progression of
CDA4 cell counts and the risk of death. Interest may also arise in studying the lon-
gitudinal pattern of CD4 cell counts over a time period; however, the longitudinal
path can be truncated due to drop-out or death. In another analysis, one may focus
on how the actual CD4 cell count predicts the risk of HIV-related disease, where
the true CD4 cell count is often missing or measured with error.

To answer these or similar questions in other medical studies, joint models for
repeated measurements and survival time have been proposed. In general, a mixed-
effects model (Chapter 9 in [7]) with normal random effects is used to model re-
peated measurements, while a proportional intensity model [2] is used to model
the hazard function of survival time. The covariates in the models can be subjects’
baseline variables, study time or error-free CD4 cell counts, and so on. Random
effects are used in both the mixed model and the proportional hazards model to ac-
count for the dependence between repeated measurements and survival time due to
unobserved heterogeneity. In some of the literature, such a joint model is described
as either a selection model or a pattern-mixture model, depending upon how they
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are derived. When the conditional distribution of survival time given repeated mea-
surements is modeled, the derived joint model is called a selection-model; when
the conditional distribution of repeated measurement given survival time is mod-
eled, the derived joint model is called a pattern-mixture model. Selection models
have been studied by many authors in different contexts, for example, Tsiatis, De-
Gruttola and Wulfsohn [23], Wulfsohn and Tsiatis [27] and Xu and Zeger [28, 29].
On the other hand, Wu and Carroll [26], Wu and Bailey [25] and Hogan and Laird
[12] proposed pattern-mixture models. In some studies where repeated measure-
ments are considered as an internal covariate predicting risk of survival time, joint
analysis is regarded as a missing covariate problem or measurement error problem
in a proportional hazards model. For instance, Chen and Little [5] considered the
missing covariate problem in the proportional hazards model, although the covari-
ates there were assumed to be time-independent. One referee drew our attention to
the paper by Dupuy, Grama and Mesbah [8]. In their paper, the authors stated the
asymptotic results for the proportional hazards model with time-dependent covari-
ate, where the covariate was modeled using a parametric distribution instead of a
mixed-effects model and the covariate was assumed to be measured without error.

In most of the joint analysis literature, nonparametric maximum likelihood es-
timation has been proposed (e.g., [23, 27]). Here, nonparametric maximum like-
lihood estimation means that the nuisance parameter, for example, the cumulative
baseline hazard function in the proportional hazards model, can be a function with
jumps at some discrete observations (for a complete review of the nonparametric
maximum likelihood estimation in a proportional hazards model, refer to [15]).
Computationally, the EM algorithm [6] has often been used to calculate the maxi-
mum likelihood estimates, where random effects are treated as missing.

However, although the maximum likelihood estimates have been shown to per-
form well in numerical studies [13], theoretical justification of the asymptotic
properties of the maximum likelihood estimates has not been well established,
except for Chen and Little [S], who thoroughly studied this issue in a proportional
hazards model with missing time-independent covariates. Therefore, in this paper
we aim to derive the asymptotic properties of the maximum likelihood estimators
in the joint models. Specifically, we rigorously prove the consistency of the max-
imum likelihood estimators and derive their asymptotic distributions. Our theo-
retical results further confirm that nonparametric maximum likelihood estimation,
which has been proposed in the literature [12, 23, 27], provides efficient estima-
tion. Additionally, we show that the profile likelihood function can be used to give
a congistent estimator for the asymptotic variance of the regression coefficients.

The structure of this paper is as follows. A general frame for modeling both re-
peated measurements and survival time is given in Section 2. The EM algorithm for
maximum likelihood estimation is briefly described afterward. Section 3 gives our
main results on the asymptotic properties of the maximum likelihood estimators.
The proofs for the main theorems are given in Sections 4 and 5. Some technical
details are provided in the Appendix.
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2. Maximum likelihood estimation in joint models.

2.1. Models and assumptions. In the joint analysis of repeated measurements
and survival times, repeated measurements are considered as the realizations of a
certain marker process (usually an internal covariate, Section 6.3.2 in [16]) at finite
time points. We use Y (¢) to denote the value of such a marker process at time ¢ and
we introduce a counting process R(¢) (cf. II.1 of [1]) which is right-continuous and
only jumps at time ¢ where a measurement is taken. Furthermore, we use Nt (¢)
and Nc(¢) to denote the counting processes generated by survival time 7 and
censoring time C, respectively; that is, N7 (t) = I[(T <t) and Nc(t) = 1(C <t),
where I(-) is the indicator function. Both Y () and T are outcome variables of
interest.

One essential assumption in all of the joint models proposed in the literature is
that the association between the marker process and the survival time is due to ob-
served covariate processes such as baseline information or study time, and so on,
which are denoted by X (¢), and unobserved subject-specific effects, which are de-
noted by a. However, the previous statement is vague, and so we will provide more
rigorous assumptions in the following. To do that, we introduce more notation: we
denote Hx (1) as the longitudinal covariate history prior to time ¢ and denote Hy (r)
as the longitudinal response history prior to time ¢; that is, Hy (1) = {X(s):s <t}
and Hy (t) ={Y (s) :s < t}. Additionally, we denote 7 as the end time of the study.
Then we impose the following model assumptions:

(A.1) Random effect a follows a multivariate normal distribution with mean zero
and covariance X .

(A.2) For any ¢ € [0, 7], the covariate process X (¢) is fully observed and con-
ditional on a, Hx (1), Hy(t) and T > ¢, the distribution of X(r) depends
only on Hx (t). Moreover, with probability one, X (¢) is continuously dif-
ferentiable in [0, T] and max;e[o,r] | X' (¢)|| < oo, where || - || denotes the
Euclidean norm in real space and X' () denotes the derivative of X (¢) with
respect to 7.

(A.3) Conditional on a, Hx (¢), Hy (¢), X(z) and T > ¢, the intensity of the count-
ing process Nt (¢) at time ¢ is equal to

(1) A(t)exp{(p o WD) a+Wr) y),

where W(¢) and W(t) are s@—processes of X () and ¢ is a constant vector
of the same dimension as W(z). For any vectors v; and v, of the same
dimension, v o v7 is the vector obtained by the component-wise product of
V1 and vo.

(A.4) Conditional on a, Hx (1), Hy (1), X(¢) and T > ¢, the marker process Y ()
satisfies

) YO =XOTB+X0)Ta+@),



REPEATED MEASUREMENTS AND SURVIVAL 2135

where X(¢) and )N((t) are sub-processes of X (¢) and e(¢) is a white noise
process with variance ayz.
(A.5) Conditional on a, Hx (T), Hy(T), X(T) and T, the intensity of the count-

ing process N¢(t) at time ¢ depends only on Hoy (1) and X(¢) for anyt < T.
(A.6) Conditional on a, Hx(T), Hy(T), X(T), T and C, the intensity of the

counting process R(t) depends only on Hoy (1) and X (1) for anyt <T AC.

REMARK 2.1. The structure models (1) and (2) cover most of the joint models
proposed in the literature. For example, we consider a clinical trial for HIV-patients
with two treatment arms and covariates measured at the entry, such as age and
gender and so on, in addition to the recording of CD4 counts along the follow-
up. If we are interested in studying the simultaneous effects of the treatments on
both CD4 count and survival time, after adjusting for other covariates at the entry
and subject-specific effects, we can choose each of W(t), W(?), X(¢) and X(r) to
include treatment variable and/or covariates measured at the entry. Furthermore,
we can use ¢ as a covariate in models (1) and (2) to study time-dependent effects. In
another situation, if Y (¢) is considered as a marker process subject to measurement
error which predicts risk of death (e.g., [23]), then one would use the error-free
covariate for Y (¢), which equals XHT'p+ i(t)Ta based on (2), as one predictor
with a coefficient  in the proportional hazards model (1). Some re-arrangement
shows that the obtained hazards model is a special case of the expression (1),
where W(z) = )N((t), W(t) = X(¢), ¢ is the vector with each component being u
and y = up.

REMARK 2.2. In assumptions (A.5) and (A.6), we implicitly assume that
there exist some appropriate measures such that the intensity functions of N¢(¢)
and R(t) exist. In the missingness context, (A.5) and (A.6) are special cases of the
coarsening at random assumption [10]. In fact, we can allow (A.5) and (A.6) to
be even more general; for example, the intensities of N¢(¢) and R(¢) can depend
on the observed history of repeated measurements. Since this generality will not
change our subsequent arguments, we choose to work with the current simpler as-
sumptions. Assumptions (A.5) and (A.6) can be further simplified under some spe-
cial situations: when X (¢) is equal to g(X; ¢), where g(-) is a deterministic function
and X are random variables at time zero, then assumptions (A.5) and (A.6) can be
replaced with the following assumptions: conditional on X, C and R(¢) are inde-
pendent of T, Hy(T) and a. Such assumptions have been used in [23]. Another
special situation when (A.6) is satisfied is when repeated measurements are ob-
tained on fixed schedules, as seen in many cohort studies of clinical experiments.

Under assumptions (A.1)—(A.6), the conditional distribution function for the
right-censored event time (Z =T A C, A = I(T < (C)), the repeated measure-
ment process {(Y (#)I(R(t) — R(t—) > 0), R(¢)):t < Z}and {X(¢) :t < Z}, given
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random effects a, can be written as

FXO) [T (XOIHx®)) [T (Y @0la, Hx @), %X0)}**?

1<Z t<Z
x [T(1 = EldN7 (0)IT = 1,2, Hx (1), %01} V7@
t<Z

x {E[dN7(t)IT > t,a, Hx(t), ()]} ®
x [TH1 = EldNc @) Hx @), %1y 7*Ne®

1<Z
x {E[dN¢(t)|Hx (1), X(1)]}3Ne®

x [111 = ELdR@)[Hx (1), X (O} P KOUE[dR(@)| Hy (1), ()]} R
t<Z

Here N7 (t) = Ny (t) — N7 (t—),Nc(t) = Nc(t) — Nc(t—) and SR(t) = R(t) —
R(t—).

We further assume that the parameters in f(36(0)), f(X (t)|Hx (1)),
E[dNc(t)|Hx (1), X(t)] and E[dR(t)|Hx (1), X(t)] are distinct from the pa-
rameters in models (1) and (2). The latter consist of 0 = (ay,Vec(Za)T, ﬂT,
yT, ¢T)T and A(t) = fék(s)ds, where Vec(X,) is the vector consisting of all
the elements in the upper triangular part of X,. Then the observed likelihood
function of (#, A) from 7 i.i.d. observations is proportional to

[1 /{(2my2)—Nf/2 exp{—(Y; — X! B —XTa)" (Y; — X[ B —XTa)/207)
i=1"3

X M(Z;)A exp[A[{(¢ o W; (Zi))Ta +W;(Z)y}
3)

2 Wi () T at Wi(s)T
_/ o @oWi () 2+ W; (5) "dA(s)}}
0

x (2m) "4/ x |72 exp{—al £ 1a/2} da,

where for subject i, Y; denotes the vector of the observed repeated measurements,
X; denotes the matrix with eacNh column equal to the observed covariate X;(¢) at
the time of each measurement, X; denotes the matrix with each column equal to the
observed covariate X; () at the time of each measurement, N; is the number of the
observed repeated measurements and d, is the dimension of a.

2.2. Maximum likelihood estimation. We can obtain the nonparametric max-
imum likelihood estimates for @ and A based on (3). To do that, we let A(-) be
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an increasing and right-continuous step-function with jumps only at Z; for which
A; = 1. Moreover, the maximum likelihood estimates maximize a modified ob-
ject function of (3), which is obtained by replacing A(Z;) in (3) with A{Z;}, the
jump size of A(-) at Z;. We denote the logarithm of the modified object function
as (0, A).

The expectation—maximization (EM) algorithm has been used to calculate the
maximum likelihood estimates. In the EM algorithms, the random effects, a;,
i=1,...,n, are treated as missing. Thus, the M-step is to solve the conditional
score equations of the complete data given the observed data. Such a condi-
tional expectation is evaluated using the Gaussian—quadrature approximation in
the E-step (Chapter 5 of [9]). Since A can be derived via one-step plug-in in the
M-step, such EM algorithms often converge rapidly. However, neither the effi-
ciency nor the convergence of the EM algorithm has been well justified for this
context. R

We denote the maximum likelihood estimates by (@, A). The profile log-
likelihood function for @ can be used to estimate the asymptotic covariance of 9,
as given in [18]. In detail, we define the profile log-likelihood function of @ as
pla(0) = maxpez, [,(0, A), where Z, consists of all the right-continuous step
functions only with positive jumps at Z; for which A; = 1. Then the second-order
numerical differences of pl, (@) at § = 9 can be used to approximate the asymp-
totic variance of 8. Especially, for any constant sequence , = O(n~'/?) and any
constant vector e,

—(nh2) Y ply B + hye) — 2ply(B) + ply(@ — hye))

approximates e’ Te. Here, I is the efficient information matrix for @ and it is also
equal to the inverse of the asymptotic covariance of ﬁ?) However, this result is
not trivial and will be fully stated and justified in the following sections.

Simulation studies conducted in the past literature [5, 13] have indicated good
performance of the maximum likelihood estimates and the proposed variance esti-
mation approach in small samples.

3. Main results. In this section we provide the asymptotic properties of (@, A).
Theorem 3.1 concerns the consistency of the estimators; Theorem 3.2 gives their
asymptotic distribution; the use of the profile log-likelihood function is justified by
Theorem 3.3.

In addition to (A.1)—(A.6), some technical assumptions are needed for our main
theorems.

(A.7) Recall that N is the number of observed repeated measurements. There
exists an integer ng such that P(N < ng) = 1. Moreover, P(N >
dy|Hx(T), X(T), T) > 0 with probability one.

(A.8) The maximal right-censoring time is equal to .
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(A.9) Both P(X”X is full rank) and P()NKT)N( is full rank) are positive. Addition-

ally, if there exist constant vectors Cp and Co such that, with positive prob-
ability, W(#)T Co = (1), W(t) o Cp = 0 for a deterministic function (t)
forall r € [0, ], then Ch =0, Co=0and u(#) =0

(A.10) The true parameter for #, denoted by 8 = (00, Vec(Zoo)7, ,Bg, yg, ¢g)T,
satisfies [|0l| < Mo, ooy > MO_I, minje|=1 e’ Xp.e > MO_1 for a known
positive constant M.

(A.11) The true hazard rate function, denoted by Ag(y), is bounded and positive
in [0, 7].

REMARK 3.1. Assumption (A.7) stipulates that some subjects have at least
d, repeated measurements. Assumption (A.8) is equivalent to saying that any sub-
ject surviving after time t is right-censored at 7. Since (A.2), (A.10) and (A.11)
imply that, conditional on Hx (t) and X (t), the probability of a subject surviv-
ing after time t is at least some positive constant ¢y, we conclude that P(C >
T|Hx (1), X(1)) = P(C = t|Hx (1), X(1)) > co with probability one. The as-
sumptions given in the first half of (A.9) are the same as the identifiability assump-
tion used in a linear mixed effects model, while the second half of (A.9) is used
to identify the regression coefficients in the proportional hazards model (1). When
X() =[1,X] and X(¢) = W(r) = W(¢) = X for time-independent variables X,
assumption (A.9) is equivalent to the linear independence of [1, X] with positive
probability. Finally, assumption (A.10) indicates that 6y belongs to a known com-
pact set within the domain of @, denoted by ©.

We obtain the following theorems.

THEOREM 3.1. Under assumptions (A.1)-(A.11), the maximum likelihood
estimator (0, A) is strongly consistent under the product metric of the Euclidean
norm and the supremum norm on [0, t]; that is,

10 — 0ol + sup |[A(t) — Ao(t)] =0  a.s.
t€[0,7]

Theorem 3.1 states the strong consistency of the maximum likelihood estimator.
Although it is assumed that 9 is bounded, we impose no compactness assumption
on the estimate A. In fact, obtaining the boundedness of A is the key to the proof of
Theorem 3.1. The proof will be given in Section 4. Once the result of Theorem 3.1
holds, Theorem 3.2 states the asymptotic properties of the maximum likelihood
estimator.

THEOREM 3.2. Under assumptions (A.1)-(A.11), \/ﬁ(() — 00,f\ — Ag)
weakly converges to a Gaussian random element in R x 1[0, t], where d is
the dimension of 0 and [°°[0, t] is the metric space of all bounded functions in
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[0, T]. Furthermore, ﬁ(é — 0g) weakly converges to a multivariate normal dis-
tribution with mean zero and its asymptotic variance attains the semiparametric
efficiency bound for 6.

The definition of semiparametric efficiency can be found in Section 3 of [3].
Theorem 3.2 declares that 6 is an efficient estimator for 0o. The proof of The-
orem 3.2 is based on the Taylor expansion of the score equations for 9 and A
around the true parameters @y and Ag. The key to the proof of the theorem is to
show that the information operator for (g, Ag) is continuously invertible in an
appropriate metric space. The proof of Theorem 3.2 will be given in Section 5.

When both Theorems 3.1 and 3.2 are true, we can verify the smooth conditions
in Theorem 1 of [18] and show that the profile log-likelihood function, pl, (@), ap-
proximates a nondegenerate parabolic function around 9. Particularly, the inverse
of the curvature of the profile log-likelihood function at @ can be used to estimate
the asymptotic variance of 8. In other words, the following result holds.

THEOREM 3.3. Under assumptions (A.1)-(A.11), 2{pl, (é) — pl,(00)} weak-
ly converges to a chi-square distribution with d degrees of freedom and, moreover,

pl (0—|—h e) —2pl, (0)+pl (0 hpe) I e’Te.
nh2

where h, = O (n~1/2), e is any vector in R? with unit norm, and 1 is the efficient
information matrix for 0.

REMARK 3.2. Specifically, to estimate the (s, /)-element of I, we let e; and e;
be canonical basis elements which have ones at the sth coordinate and /th coordi-
nate, respectively, and have zeros elsewhere. Then the (s, /)-element of I can be
estimated by

—(nh2) " {ply(0 + hnes + haer)
- pln(é + hnes - hnel) - pln (é - hnes + hnel) + Pln(é)}

4. Proof of Theorem 3.1. In this section we prove the consistency result
for (0, A). We recall that [,(0, A) is equal to

n
Zlog/[(2ﬂay2)_[vi/2
i=1 a
x exp{—(Y; — X[ B — X[ a)" (Y; - X[ B —X['a)/207)

4 X A{Zi} exp{Ai((«b o Wi(z)) a+ Wi(z)y)
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2 oW ()T at W)
_/ e'\PoWi a i ydA([)}
0

x (V27 )_d”|22a|_1/2 exp{—aT)chla/Z}] da

and (é, f\) maximizes [, (@, A) over the space {(#, A):0 € O, A € Z,}.

The proof of the consistency can be established by verifying the following steps
(i)—(ii). One particular remark is that all the following arguments are made and
hold for a fixed w in the probability space, except for some zero-probability set;
thus, all the bounds or constants given below may depend on this w.

(i) The maximum likelihood estimate (9, ZA\) exists.

(i1)) We will show that, with probability one, A(r) is bounded as n goes to
infinity.

(iii) If (ii) is true, by the Helly selection theorem (cf. page 336 of [4]), we can
choose a subsequence of A such that A weakly converges to some right-continuous
monotone function A* with probability 1; that is, the measure given by 1 ([0, ¢]) =
A() fort €10, 7] weakly converges to the measure given by w*([0, t]) = A*(¢).
By choosing a sub-subsequence, we can further assume 9 — 6*. Thus, our third
step is to show 0™ =60y and A* = Ay.

Once the above three steps are proved, we conclude that, with probability 1, )
converges to @y and A weakly converges to Ag in [0, T]. However, since Ay is
continuous in [0, 7], the latter can be strengthened to uniform convergence; that is,
SUpP;c(0.7] |f\(t) — Ag(2)| — 0 almost surely. Hence, Theorem 3.1 is proved.

The proofs of (i)—(iii) are given in the following.

PROOF OF (i). It suffices to show that the jump size of A at Z; for which
A; = 1 is finite. Since for each i such that A; =1,

Z; _
AZ}A exp{_/ L@ Wi ()T a+ Wi () y dA(t)}
0

<expl—2((¢ o Wi(Z) a+Wi(z) y)}A{Zi) 7,
[,(0, A) is less than

Zlogf[(2nay2)_Ni/2

i=1 a
x exp{—(Y; — X[ B —XTa)" (Y; - X] B —XTa)/207)
x expl—A;((¢ o Wi () a+Wi(Z)) y))

x AM{Z;} 2 (V2 ) ez, 712 exp{—aTz;Ia/z}] da.
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Thus, if for some i such that A; =1 and A{Z;} — o0, [,(0, A) —> —co. We con-
clude that the jump size of A must be finite. On the other hand, € belongs to a
compact set ®. Then the maximum likelihood estimate (6, f\) exists. [

PROOF OF (ii). Define é =log A(r) and rescale A by the factor eé. We denote
the rescaled function as A; thus A(zr) = 1. To prove (ii), it is sufficient to show &
is bounded.

Clearly £ maximizes the log-likelihood function [, (é, Aéf). After some algebra
in expression (4), we obtain that, for any A € Z,,, n=11, (@, A) is equal to

n

N 1 A 1
=14Vi ~ dq 1/2 1/2
—ITIOg{szTO')%}—ZIOg{(\/ZJT) 124" }—i—; E log |Vi|"/

i=1

1 & R A N
+ D AWKZ) P — =3 (Y = X[ BT (Yi = X B)/257
i=1 i=1
n

oY@ o Wiz)a + K] Y - X Byya2)”

i=1

x V(o Wi (Z0) A + X (Y — X7 B)/62)

1 & a’a Zi j
+ - Z[A,- log A{Z;} Jrlog[/exp{—T —f eQ”(“a"’)dA(t)} da”,
s a 0

STS A a1
whereVizXl.TX,-/ayz—i-):a and
01i(t,2,0) = {p o W; )V, Pa+ W)y
+{p o Wi} Vi {(d o Wi(Z0)Ai + XT (Y; — X B)/57).
Thus, since 0 < n—'1,(0, ¥ A) — n='1,(8, A), it follows that

1 n R 1 n aTa R Zi . ~
0<— ZAZE + — Zlog{/exp{—— — eéf eQ“(”a’e)dA(t)}da}
i3 i3 a 2 0
(5)

T

1 Zi G~
- —leog{/exp{—E —/ ¢Q1i(1:2.6) dA(t)}da}.
i a 2 0

According to assumption (A.2), there exist some positive constants C1, C» and C3
such that |Qy;(t,a, 8)| < Ci|a|| + C2]Y;|| + Cs. If we denote ag as the standard
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multivariate normal distribution, from the concavity of the logarithm function,

T Z 5~
log/exp{—B —/ eQ”(”a’G)dA(t)}da
a 2 0

Zi ~ -
= (27)%/? log Ea, [exp{—/ eQ”(”a"’o)dA(t)”
0

> (277)%/2 Jog Eqy [exp{—eC1 IR0I+C2IYil+C3)]
> (257)%/2 By [—eC1I0I+CIYilI+C5]

(C2Vil4+Cs

where C4 is another constant. Thus, by the strong law of large numbers and as-
sumption (A.4),

T

_l i]og{/exp{_ﬂ _ /Zi tei(t,a,é) d/N\(t)} da} < l Xn:eCzllYi |+C4
s ! 2 0 R

can be bounded by some constant Cs from above. Then (5) becomes
1< A
0=—) A
i=1
1 & ala ;% 6y o~
+ - Zlog{/exp{—— — e‘?/ eQ”(’*a’o)dA(t)} da} +Cs
ni a 2 0

al

exp{—T—ef/ Q“(’”)dA(t)}da}

(6)

J
J

+ — ZI(Z #r)log{ exp{ }da}+C5

1
<- Ai‘é

N

1 & ala ; (7 5y~
+ - ZI(Z,- = r)log{fexp{—— — eéf eQ1i(t,2,0) dA(t)}da}
—1 a 2 0

+ Ce,

S

where Cg is a constant.
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On the other hand, since for any I' > 0 and x > 0, I'log(1 + ) <T'- § =x,
we have thate™ < (1 + %)*F. Therefore,

T n T ~
a a ~
exp{——z —eé/ov tei(I’a’e) dll(t)}

a'a E (7 p0utad 4% o
gexp{—T}{l+e / exlitha dA(t)/F}
0

T .t T
S/Frexp{—ﬁ”es/ eQ”(t’a’o)dA(t)} da
a 2 0

T R . . T
ffFFexp{—? —Fg}{/ eQ”(”a’o)dA(t)} da.
a 0

Since Q1;(t,a,8) > —Cy|la] — C2]|Y:|| — C3, (6) gives that

1< A
0§C6+22Ai§
i=1

1 n
+ — ZI(Z,- =1) log{e_rgr‘r
i=1

T

a'a

x/exp{—T—i-ClFllall+C2F||Y,~||+C3F}da}
a

1 ~ I A
sc6+;ZA,~s—;ZI<Z,-=r>s+c7<r>,
i=1

i=1

where C7(I") is a deterministic function of I'. By the strong law of large numbers,
n! Yo' 1 1(Zi=1)— P(Z=r1)> 0. Then we can choose I" large enough such
that n—! A< Qn)~'r Y7 1 1(Z; = 7). Thus, we obtain that

r & N
O§C7(F)+C6_EZI(ZI':T)S'
i=1

In other words, if we let By = exp{4(Cg + C7(I"))/T"' P(Z = 1)}, we conclude that
f\(r) < Bp. Note that the above arguments hold for every sample in the proba-
bility space except a set with zero probability. Thus, we have shown that, with
probability 1, A(z) is bounded for any sample size n. [

PROOF OF (iii). In this step we will show that if 6 — 6* and A weakly
converges to A* with probability one, then " = 0y and A* = Ao. For conve-
nience, we use O to abbreviate the observed statistics (Y, X, X, Z, A, N) and
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{W(s), W(s),0 < s < Z} and denote G(a, O; 0, A) as
Qro)) N @m) | Z, )

Y-X"8-X"a"(Y-X"B-X"a) a’x la
20y2 2

X exp{—

-~ z W T T
+A((¢oW(Z))Ta+W(Z)Ty)—/O e(@oW() a+W() "dA(t)}.

Moreover, we define

JaG(a, 00, A)CXP{(¢OW(Z))T3+W(Z)T)’}d3
JaG(a,0;0,A)da

0z, 0:0,A) =

and for any measurable function f(O), we use operator notation to define P, f =
n~ly * , f(O;) and Pf = [ fdP = E[f(O)]. Thus, P, is the empirical mea-
sure from n i.i.d. observations and \/n(P, — P) is the empirical process based
on these observations (cf. Section 2.1 of [24]). We also define a class F =
{0(z,0;0,A):2€[0,7],0 € ®, A € Z, A(0) =0, A(t) < By}, where By is the
constant given in step (ii) and Z contains all nondecreasing functions in [0, t].
According to Appendix A.1, ¥ is P-Donsker.
We start to prove (iii). Slnce (0, A) maximizes the function /,,(#, A), where A is
any step function with jumps only at Z; for which A; = 1, after differentiating
1,(0, A) with respect to A{Z;}, we obtain that A satisfies the equation

MZiy = Ar/InPo{I(Z > 2)0(z, 0; 0, A)}]|.=.

Thus, imitating the above equation, we can construct another function, denoted
by A, such that A is also a step function with jumps only at observed Z; and the
jump size is given by

AMZi) = A /[P {1 (Z = 2) Q(2, 05 00, Ao)}]| =7, -
Equivalently,
1 I(Zy <t)Ag

A(t) = - ) '
) nl;Pn{[(zZz)Q(Z,O;OO»AO)HZ:Zk

We claim A (¢) uniformly converges to Ag(¢) in [0, t]. To prove the claim, we note
that

su [\(t)—E[ [(Z=pA ]
oo P{[(Z>2)0( 0: 600, Ao)}l-—z
1
1(Z A
= o Z (Ze=0 "[ P.((Z>2)0( 000, Ao))




REPEATED MEASUREMENTS AND SURVIVAL 2145

1
" P{I(Z>2)0(z 0; 0, Ao)}}

=2k
+ sup (Pn—P)[ [(Zz=nA ]
1€[0,7] P{I(Z>72)0(z,0; 00, Ap)}l.=z
- 1 - 1 ‘
2e10,71 1 Prll(Z > 2)0(2, 0500, Ao)}  P{I(Z >2)0(z,0; 800, Ap)}
+ sup (Pn—P)[ [(Z=nA ] .
1€[0,7] P{I(Z>72)0(z,0; 00, Ap)}.=z

According to Appendix A.1, {Q(z, 0; 00, Ag):z € [0, 7]} is a bounded and
Glivenko—Cantelli class. Since {/(Z > z):z € [0, ]} is also a Glivenko—Cantelli
class and the functional (f, g) — fg for any bounded two functions f and g
is Lipschitz continuous, {/(Z > z)Q(z,0; 00, Ag):z € [0, T]} is a Glivenko—
Cantelli class. Then we obtain that sup,cg -1 |P2{(Z > 2)Q(z, O; 00, Ao)} —
P{I(Z > 2)0(z,0; 8¢, Ag)}| converges to 0. Moreover, from Appendix A.l,
P{I(Z = 7)O(z, O; 0¢, Ag)} is larger than P{I(Z > t)exp{—Cg — Co||Y||}} for
two constants Cg and Cog, so is bounded from below. Thus, the first term on
the right-hand side of the above inequality tends to zero. Additionally, since the
class {1 (Z <t)/P{I(Z > 72)0(z,0; 00, Ag)}|;=z:t € [0, T]} is also a Glivenko—
Cantelli class, the second term on the right-hand side of the above inequality van-
ishes as n goes to infinity. Therefore, we conclude that A (¢) uniformly converges
to

E[ I1(Z <tH)A }
P{I(Z >2)0(z,0;00, Ao)}o=z )
It is easy to verify that this limit is equal to Ao(r). Thus, our claim that A uniformly

converges to Ag in [0, ] holds.
From the construction of A, we obtain that

A(t):/t Py{1(Z>2)0: 060 M)} 2
0 P{I(Z>2)0(,0:0,A))

@) (2).

A(t) is absolutely continuous with respect to A(f). On the other hand, since
{I(Z=>172):2€0, 7]} and F are both Glivenko—Cantelli classes, {I/(Z > z) Q(z,
0;0,A):z€[0,7],0 € ®, A € Z, A(t) < By} is also a Glivenko—Cantelli class.
Thus,

sup |(P, —P){I(Z>2)0(z,0:6, A}
z€[0,7]

+ sup |(P, —P)Y{I(Z=>2)0(z,0;800, Ap)}| — 0 a.s.
z€[0,1]
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On the other hand, using the bounded convergence theorem and the fact that 0 con-
verges to ™ and A weakly converges to A*, P{I(Z > 2) Q(z, O; 9, A)} converges
to P{I(Z > 2)Q(z, O; 6%, A*)} for each z; moreover, it is straightforward to check
that the derivative of P{/(Z > z)Q(z, O; 9, [\)} with respect to z is uniformly
bounded, so P{/(Z > z) Q(z, O; 9, [\)} is equi-continuous with respect to z. Thus,
by the Arzela—Ascoli theorem (page 245 of [21]), uniformly in z € [0, 7],

P{I(Z>2)0(z,0:0, A)} - P{I(Z 2 2)0(z, 0; 0%, A")}.
Then it holds that, uniformly in z € [0, ],

Afz} _Pli(Z=> 2)0(z, 0; 00, Ap)} N P{I(Z >72)0(z,0; 00, Ao)}

Mz} PI(Z=2)0(z,0:0,A))  PU(Zz2)Q0(z,0:0" A"}
After taking limits on both sides of (7), we obtain that

_ ("P{(Z=2)0(z,0; 00, Ao)}
~Jo PU(Z22)0(z,0; 6%, A%))
Therefore, since Ag(¢) is differentiable with respect to the Lebesgue measure, so
is A*(t) and we denote A*(¢) as the derivative of A*(¢). Additionally, from (8) we
note that A{Z}/A{Z} uniformly converges to dAN*(Z)]dANo(Z) = A*(Z) /1o (2).

A second conclusion is that A uniformly converges to A* since A* is continuous.
On the other hand,

n 1,0, A) —n'1,(00, A)

A{Z}} +P, [lo faG(a,0:;0,A)da ]

=P,|Alog = _
[ C X2 8 G(a 0.0, A)da

®)

A*(1)

dAo(Z).

> 0.

Using the result of Appendix A.1 and similar arguments as above, we can verify
that log[fa G(a, 00, f\) da/ [, G(a, O; 0, A)dal belongs to a Glivenko—Cantelli
class and
G(a,0;0,A)d G(a, 0; 0%, A*)d
P|:log G _) ai| —>P|:log L C@ ) a:|‘
[aG(@a, 0;00, A)da JaG(a,0; 0, Ap)da

Since IA\{Z }/ A{Z) uniformly converges to A*(Z)/Ag(Z), we obtain that
P[lo {)\*(Z)AfaG(a, O;0*,A*)da”
*1%0(2)% /,G(a. 0:00. Ag) da

However, the left-hand side of the inequality is the negative Kullback—Leibler in-
formation. Then it immediately follows that, with probability one,

>0

©) A*(Z)A/a(;(a, O;0*,A*)da:k0(Z)A/2‘G(a, 0: 60. Ag) da.
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Our proof is completed if we can show 8* = 6y and A* = A from (9). Since
(9) holds with probability one, (9) holds for any (Z, A =1) and (Z =1, A =0),
but may not hold for (Z, A =0) when Z € (0, t). However, we can show that (9)
is also true for (Z, A =0) when Z € (0, 7). To see that, treating both sides of (9)
as functions of Z we integrate these functions over the interval (Z, t) to obtain

f G(a, 0; 0%, A")dals—o.7-c — f G(a, 0:0%, A*)dalao 7—7
a a

— / G(a, 0; 00, Ao) dala—o, z—r — / G(a, 0: 00, Ao)dalao.77.
a a

After comparing this equality with another equality, which is given by (9) at A =0
and Z = v, we obtain

f G(a, 0; 0%, A*) da|a_o = f G(a, 0; 80, Ao) dalao;
a a

that is, (9) also holds for any Z and A =0.
Thus, we let A =0 and Z = 0in (9). After integrating over a, we have that with
probability one,
1EE + XX o212

G;N |ZZ|1/2

(Y =XTB"T (Y - XTB*)
2(7;‘2

X exp{—

1 FoeTof w1, XIX\ 1oy T ox
+N(Y—Xﬁ)x<za +j> X (Y—X,B)}
9y Oy

1 1B, +XTX/og 1712

O’évy |20a|1/2

(10)

(Y -XTBT (Y -XTB)
20*02y

X exp{—

1 o Tyt X X\ oy T
+ Y =X B X({ X, +——) X (Y-X"Byy-
200y Ty
By comparing the coefficients of YY”, Y and the constant term in the exponential
parts, we obtain

1D
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(12) x’p* =X"g,
and

(13) 1 |Zz—l+§T)~(/o_;<2|—l/2_L|ZOQ—I+XTX/O.O)72|71/2
o7 Ak o Zoal 7

By (A.9), (12) gives B* = B,. We multiply both sides of (11) by X7 from the left
and by X from the right. According to assumption (A.9), it holds that, with positive
probability,

1 o XTXN\ . 1 1 XTX\ oo 1
*4<z§ L+ *2> X'X - *2=—4(>:g;+—) X'X - —.
o O o O,

y y y Oy

Thus,

oy*z + ZZ)N(T)? = 002y + T X'X.
Combining this result with (13) and by assumption (A.7), where P(N > d, | Hy (7),
X (7)) > 0, we have that oy* = 00y . This further gives £ = X,.

Next, to show that ¢* = ¢, y* = y, and A* = Ag, we let A =0 in (9) and
notice that (9) can be written as

z * W T WZ‘T *
Ea[exp{_/ L@ W) 2t W)y dA*(t)”
0
z W) a+W()”
=Ea[exp{_/ o Boo W) 2t W(r) yodAO(,)”
0

where a follows a normal distribution with mean {)NCTi/o*Ozy + 3, MY —
{(Tﬂo)Ti/O’Ozy}T arid covariance [)N(Tf(/ogy + Eaal]_l. However, for any fixed
X and X, treating X"Y as parameters in this normal family, a is the complete
statistic for X7 Y. Therefore,

z * W T +W(I)T *
exp{—/ @ W) a Y dA*(t)}
0

z W) a+W()T
:exp{_/ o Boo WD)+ W(1) )’odAO(t)}.
0

Equivalently,

e(¢*OW(I))Ta+WmT},*A*(t) _ e(qsooW(z))TaJFW(t)Tyo)\O(;),

According to assumptions (A.9) and (A.11), ¢* = ¢, y* =poand A* = Ag. O
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5. Proof of Theorem 3.2. The asymptotic properties for the estimators (@, A)
follow if we can verify the conditions in [24], Theorem 3.3.1. For completeness,
we state this theorem below (the version from Appendix A of [19]).

THEOREM 5.1 (Theorem 3.3.1 in [24]). Let S, and S be random maps and a
fixed map, respectively, from  to a Banach space such that:

(@) /n(Sp — )W) — V(S — $)(Y0) = 0 (1 + /nllvrm — Yol).

(b) The sequence /n(S, — S) (Vo) converges in distribution to a tight random
element Z..

(¢) The function v — S() is Fréchet differentiable at g with a continuously
invertible derivative V Sy, (on its range).

(d) S(¥o) =0 and 1&,, satisfies S, (1&,,) =0p n~Y?%) and converges in outer
probability to V.

Then \/n (i = 0) = =V S, |Z.

In our situation, the parameter ¥ = (@, A) € W = {(#,A):]|0 — Oo| +
sup;efo.r] 1A () — Ao(#)| < 8} for a fixed small constant § (note W is a convex
set). Define a set

H ={(hy, ho): |hi]| <1, [[h2]ly <1},

where | A2 ||y is the total variation of 4> in [0, 7] defined as

m

sup Zlhz(lj)—hz(lj—l)|-

O=to<t|<tr<-<ty=T j=1

Moreover, we let

Su(W)(hy, ha) =P, {lg(8, ) hy +1a (6, A)[h2l},
S@)(hy, ha) =Pilg(@, A) hy 414 (8, A)lhal},

where lg (0, A) is the first derivative of the log-likelihood function from one single
subject, denoted by /(O; 0, A), with respect to @, and /5 (, A)[h7] is the derivative
of [(0; 0, Ay) at e =0, where A () = fé(l + ehy(s)) d Ao(s). Thus, it is easy to
see that S, and S are both maps from W to [*°(F) and /n{S,(¥) — S(¥)} is an
empirical process in the space [°° ().

According to Appendix A.2, the class

g = {10(0, A)Thy +15(0, M2l — g0, Ao) hy — 1A (80, Ao)[hal,

10— 80l + sup [AG) — Ao(0)] <5,(h1,h2)€=7€}
tel0,1]
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is P-Donsker (cf. Section 2.1 of [24]). Moreover, Appendix A.2 also implies that

sup  P[ly(8, M) hi +14(0, M2l —1p(©B0, Ao) hy — 1480, Ap)[2]]* — 0
(hy,hy)eHt
when [0 — ol + sup,cjo.r; 1A () — Ao()| — 0. Then (a) follows from Lem-
ma 3.3.5 of [24]. By the Donsker theorem (Section 2.5 of [24]), (b) holds as a
result of Appendix A.2 and the convergence is defined in the metric space [°°(Ff).
(d) isAtrue since (é, f\) maximizes P,[(0; 0, A), (09, Ag) maximizes P/(O; 0, A)
and (0, [\) converges to (0o, Ag) from Theorem 3.1.

It remains to verify the conditions in (c). The proof of the first half in (c) is
tedious so we defer it to Appendix A.3. We only need to prove that VS, is con-
tinuously invertible on its range in [°°(#). From Appendix A.3, VSy, can be
written as follows: for any (01, A1) and (0, A2) in W,

V8yy (01 — 02, A1 — A)[hy, h2]
(14)

— —02)Tszl[h1,hz]+/0 Qalhy, o] d(Af — A2)(D),

where both Q2 and 2 are linear operators on J# and Q = (21, 272) maps H C
R x BV[0,1]to R? x BV][O0, 7], where BV|[O0, 7] contains all the functions with
finite total variation in [0, t]. The explicit expressions of €21 and €2, are given in
Appendix A.3. From (14), we can treat (61 — 62, A1 — A3) as an element in [*°(F)
via the following definition:

@1 — 02, Ay — A)[hy, hal = 8 —02)"hy +/0 ha(t)d (A1 — A2)(D)

V (hy, hs) € RY x BV]0, 1].

Then V Sy, can be expanded as a linear operator from [°°(#) to itself. Therefore,
if we can show that there exists some positive constant & such that e/ C Q(F),
then for any (66, §A) € [°°(F),

T
[ VS (80, 88) [ j0c sy = sup |87 Qi[hy, hal + f Qlhy, ha]dSA()
(hy,hy)ed 0

= (180, 5 A) [l;o((3e)) = €11(80, SA) |10 (3¢)-

Hence, V Sy, is continuously invertible.

To prove e # C 2(F) for some ¢ is equivalent to showing that €2 is invertible.
We note from Appendix A.3 that Q2 is the summation of an invertible operator
and a compact operator. According to Theorem 4.25 of [20], to prove the invert-
ibility of €2, it is sufficient to verify that €2 is one to one: if Q[hy, ;] =0, then
by choosing 61 — @2 = ¢h; and Ay — Ay =& [hadAg in (14) for a small con-
stant &, we obtain V Sy, (hy, [ hadAg)[hy, ha] = 0. By the definition of V Sy, we
notice that the left-hand side is the negative information matrix in the submodel
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(00 + €hy, Ag + ¢ [ hp d Ap). Therefore, the score function along this submodel
should be zero with probability one. That is, lg (69, Ag) hy +15 (80, Ag)[h2] =0;
that is, if we let (hy , h‘f, h'lg , h?, h{') be the corresponding components of h; for
the parameters (o, Vec(X,), B, ¢, y), respectively, and let D, be the symmetric
matrix such that Vec(D,) = h{, then with probability one,

0=/G(a, 0: 60, Ao)
a

Ty—1 —1 y
a'X "D, X, a Nh
X [ 0[1 2 a Oa _ Tr(z(;al @a) _ 1
00y

N (Y -X"B,—X"a)" (Y - X" B, — X" a)h]

3

X(Y — X7 B, — XTa)n?
+ 2
%0y
(15)

+A{W(Z) oh?)Ta+W(Z) 1}

z o _
- /0 e @oeW 2+ WOTyo((F(r) o h?)Ta + W(t)Th? ) dAo(z)] da

+ / G(a, 0: 00, Ao) [Ahz(z)

V4 ~
_ / ha (1) ®oe WO 2+ W) yg Ao(t)] da.
0

Note that (15) holds with probability one, so it may not hold for any Z € [0, 7]
when A = 0. However, if we integrate both sides from Z to t and subtract the
obtained equation from (15) at A =0 and Z = 7, it is easy to show that (15) also
holds for any Z € [0, 7] when A = 0. Particularly, we let A =0and Z =01in (15),
and define

Vo={Zy, +X'X/05,)7" and m, =V, X" (Y - X"B)/0g,.

We obtain
1 _ _ 1 _ _ 1 _ Nhy
5 Tr(Z,, Da Ty, Vo) + Em({):o;g)azo;ma -5 Tr(Z,, Do) — O—‘
0y
hy T T T
+ (= X7 o) (¥ - X7 )

2 o~ o~
— S (Y =XTBp) "XV X" (Y = X" o)
Oy
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+TrXTRV,) + mgifima}
- h?
H{Y =XTB8p)"X — Xm,) X} - =
Ty
Examining the coefficient for (Y — X’ B,,) gives that h? = 0. The terms without
(Y — X7 B) give
y y

1 Nh}  hj
(16) - Tr(XTXV o o) - —L+ - +Tr XTXV,) =
20, 0) o0y Oy

Moreover, the coefficients for the quadratic term (Y — X7 B)(Y — X7 8,)7 are
equal to

I —1 -1y w7
— XV, 2o D2 VX
00)7
(17) y
h; 2 5o ST 1 TS OT
+ — I——XVX +—XVX XV, X [=0.
GO) Oy GOy

Multiplying both sides of (17) by X from the left and by X from the right gives

1
—X"XV, 2 DBy V.
O'Oy

hy
+ —{1 - —XTXV + —XTXV X'Xv, }
00) Joy UOy

Since iTiVa/agy =1 - E&}Va, we obtain

1
—X"XV. 2, Da3g, Va
UOy
h)
+ —{1 - —X"XV, — —XTXV 2o Va } 0.
on UOy GOy
Furthermore, if we multiply the above equation by V;l Yo, from the right and take
the trace of the matrix, we have

1
—Tr(XTXV 2o Da)

hy 1 ore 1 or
+— {Tr(V Yoo — — X' XZgy — X XVa> =0.
aOy on aOy
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After substituting equation (16) into the above equation, we obtain
1 < Ty -1 y
N +Tr 0_2X XXoq | = Tr(V, Zoq) thy =0.
Oy

Thus, hf = 0 based on assumption (A.7) and, moreover, from (17), D, = 0. Next,
we let A =0 in (15) and obtain

Z ~
E, [exp {_ / B WN 2t WO yg 4 Ao(t)}
0

4 W, T T
y / ¢ @ooW ) a+W(N)T yg
0

< (W) oh®)Ta+ W) Th! + ha(n)) dAo(t)] =0,

where a follows a normal distribution with mean
(XX /0d, + Zo HY = X" Bp) X /o }T

and covariance {)~(T§~(/002y + X, al}_l. However, for any fixed X and X, treating

XTY as parameters in this normal family, a is a complete statistic for XTY. There-
fore,

z o _
/ B0 WO 2 WOTr0 ([ (1) 0 h?) a + W) ThY + ha (1)} dAg(1) =0.
0

From assumption (A.9), this immediately gives h? = 0, h’f =0and hy(t) =0.

Since conditions (a)-(d) have been proved, Theorem 3.3.1 of [24] concludes
that \/n (9 — 00, A — Ag) weakly converges to a tight random element in [*°(#).
Moreover, we obtain

VS, — 09, A — Ag)[hy, hy]
= V/n(P, —P){lg(80, Ao) hy + 1400, Ao)[h2]} +0,(1),

where 0, (1) is arandom variable which converges to zero in probability in [ (F¢).
From (14), if we denote (h;, ) = Q' (hy, h2), then (18) can also be written as

(18)

ﬁ{(é — 00 + “ha(nd(h - Ao)(r>}
(19) - -
=/n(P, —P){lg(80, Ao) hy + 1A (B0, Ap)[h2]} +0,(1).

In other words, ﬁ(@ — 00, A — Ag) weakly converges to a Gaussian process

AT
in [°°(#). Particularly, if we choose 4y = 0 in (19), then # h; is an asymp-
totic linear Sstimator for 03 h; with influence function being lg (0o, Ao)Th; +
IA (89, Ao)[h2]. Since this influence function is in the linear space spanned by the
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score functions for @y and Ag, Proposition 3.3.1 in [3] concludes that the influence
function is the same as the efficient influence function for 05 h;; that is, @ is an
efficient estimator for @y and Theorem 3.2 has been proved.

6. Proof of Theorem 3.3. According to the profile likelihood theory for the
semiparametric model (Theorem 1 in [18]), we need to construct an approximately
least favorable submodel and verify all the conditions in that theorem. To construct
the least favorable submodel, from (19) there exists a vector of functions, denoted
by hy, such that lg(0g, Ag) + 1A (B9, Ao)[ﬁz] is the efficient score function for 6.
Thus, the least favorable submodel at (8, A) is given by & — (§, Az(0, A)), where
As(@,A)=A+(E—-0) fﬁz dA. For this submodel, conditions (8) and (9) in [18]
hold.

We note that, in the consistency proof of Theorem 3.1, when 9 is not necessarily

the maximum likelihood estimate but 6 > 00, the same arguments as in the proofs
of (ii) and (iii) give that [\é, which maximizes (é, A) over Z,, is bounded and
its limit should be equal to Ag. Thus, condition (10) in [18] holds. Condition (11)
in [18] can be checked straightforwardly. Furthermore, using similar arguments as
in Appendix A.2, we can directly check the Donsker property of the class

{Vsl(S,As(& A)): 1§ —Boll + 116 — Ooll + S[I(J)P] |A(t) — Ao(D)] < 5}
tel0,t

and the Glivenko—Cantelli property of the class

{VE1(6. 6@, 211 ~ 80l + 16 — B0l + sup A0) — Aolo)] < 5}
te|l0, Tt

for a small constant 8.
Hence, Theorem 3.3 follows from Theorem 1 and Corollaries 2 and 3 in [18].

7. Discussion. We have derived the asymptotic properties of the maximum
likelihood estimators for joint models of repeated measurements and survival time.
Our results provide a theoretical justification for the maximum likelihood estima-
tion in such types of analysis.

Our proofs can be generalized to obtaining the asymptotic properties of the max-
imum likelihood estimators in other joint models, for example, the joint models of
repeated measurements and multivariate survival times which were discussed by
Li and Lin [17] and Huang, Zeger, Anthony and Garrett [14], the joint models of
repeated measurements and recurrent event times [11], and so on. Moreover, based
on our proof, we can see that Theorems 3.1-3.3 hold even if the random effect, a,
has slightly heavier tails than the normal density, for example, if the tail approx-
imates exp{—||a]|“}, where 1 < o < 2. We also note that recent work by Tsiatis
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and Davidian [22] used the conditional score equation approach to obtain con-
sistent estimates for the regression coefficients in the proportional hazards model
(1) without any assumptions on random effects. However, their estimates are not
efficient and the applicability of the maximum likelihood estimation under this
situation is yet unknown.

APPENDIX

A.l. Donsker property of . Recall that F = {Q(z,0;0,A):z € [0, 7],
0 c®,AecA}, where A ={A € Z, A(t) < By}. We can rewrite Q(z, O; 0, A) as

0(z,0;0,A)=01(z,0;0) 0:.0:0.4)
where
01(z,0;6)
= exp{W@) Ty + A((¢ o W) +2XT(Y = XT8)) V(¢ o W(2))},
02(z,0;0, A)
a’a z ~ T
=/exp[—T —/0 exp{(¢ o W) V'a + W(r)Ty +U(t)}dA(t)] da,
03(0;0,A)
V4 ~
fexp{—— —/ e(‘l’ow(’))TVla+w(’)TydA(t)}da.
0

Here, V=X"X/02 + 2! and U(t) = (¢ o W)V ((§ 0 W(2)) + XT(Y —
XTB)/ay).

Using assumption (A.2), we can easily show that Q1(z, O; #) is continuously
differentiable with respect to z and € and

d
Ve Q1(z, O; )| + ‘d_ 01(z,0; ())‘ < es1+ellYll
Z
for some positive constants g; and g». Furthermore, it holds that

d
IV 02(2,0: 0, A)]| + ’d—ZQz(z, 0:0, A)\

a’a v
S/exp{—T}e&”a”Jrg“” I1+5 By da
a

< e8otarlYl
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and || Vg 03(0; 0, A)| < e2st8lYIl for some positive constants g3, ..., go. Addi-
tionally,

[02(2,0; 0, A1) — 02(z,0; 0, A))|

a’a) (2 4o VW y+U)
< /exp " /0 e d(A1 — Ay)(t)da
a

Z ~ ~
- (Qn)daﬂ‘ / @WONTV2@oW@) 24WO 7 +U0) g (A | — Az)(l)‘
0

d, /2 z
< 2n) ”//o A1) — As(0)]

d [e @OV oW/ 24Wn) Ty +U()]

dt
ON Ty—2 o~ T
+ 2r)al2 | A(Z) = Aa(Z)]eBWEDTV2$oW(2)/24W(2) Ty +U(2)

X dt

T
< eg1°+gﬂ“Y'{|A1<Z) — Ax(2)] +f |A1(5) — Aa(1)] dr},
0
where g9 and g1 are two positive constants. Similarly,

[03(z,0:0, A1) — 03(z,0; 0, Ay)|
< e§10+g11IIY{|A1(Z) — N ()| + /‘T [A1(2) — Az(t)|dt}.
0

On the other hand, there exist positive constants gi3,..., g1 such that
101(2.0: 0)] < e82785I¥l 10y (2,0: 60, A)| < (27)"%/? and Q3(z,0:0,A) >
T
Jaexpf{ —% — e8utsislal oy > o1 > 0. Therefore, by the mean-value theorem,
we conclude that, for any (21,61, A1) and (z2, 02, A2) in [0, T] X © X A,

[0(z1,0; 01, A1) — 0(z2,0; 02, Ay)|

(A.1) < e«"’”+gw“Y{n01 —02] +1A1(2) — Aa(Z)|

7z
+f |A1<r)—A2<r)|dt+|zl—zz|}
0

holds for some positive constants g;7 and g13.

According to Theorem 2.7.5 in [24], the entropy number for the class +4 satisfies
log Nj.j(e, A, La(P)) < K /e, where K is a constant. Thus, we can find exp{K /¢}
brackets, {[L;, U]}, to cover the class + such that, for each pair of [L;, U;],
IU;j—LjllLypy < &. We can further find a partition of [0, 7] x ®, say S;USU-- -,
such that the number of partitions is of the order (1/ )41 and for any (z1,601) and
(z2,02) in the same partition, their Euclidean distance is less than &. Therefore,
the partition {S1, Sz, ...} X {[L, U;]} bracket covers [0, 7] x ©® x + and the total
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number of the partition is of order (1 /é:)dJrl exp{l/e}. Thus, from (A.1), for any
Sk and [L;, U|], the set of the functions {Q(z,0;0,A):(z,0) € Sy, A€ A, A€
[L;,U;l} can be bracket covered by

[Q(zk, 0: 00, A))

_ egl7+818||Y{8 +1Uj(Z) — Lj(Z)]+ f(; |U;(t) — Lj(t)ldt},
0(zk,0; 0k, Aj)
eVl 10,2 - L@+ [ (1050 - Lol ]

where (zx, 0y) is a fixed point in S; and A ; is a fixed function in [L , U;]. Note
that the L, (P) distance between these two functions is less than O (e). Therefore,
we have

d—+1
Ny (e Fo 1l o) < 0(1)(5) ol/e,

Furthermore, ¥ has an L,(P)-integrable covering function, which is equal
to O (e81788IYIly From Theorem 2.5.6 in [24], F is P-Donsker.

In the above derivation, we also note that all the functions in F are bounded
from below by e~819~820lI¥ll for some positive constants g9 and gog.

A.2. Donsker property of §. For any (hy, i) € #, if we let (h}, h{, hf ,
h?, hi') be the corresponding components of h; for the parameters (oy, X, B,
¢, y), respectively, then /g (0, A)Thy +15(8, A)[h2] has the expression

7z
[MI(OQO,A)ThI — [" 2,050, 007hy dA(r)]

VA
4 Ahy(Z) — fo 13 (1,050, Mha (1) dA(D),

where

©n1(0; 0, A)h

-1
_ {fG(a, O;0,A)da}

Nh)

~Tr(z,'D,) — —L
Oy

N (Y -X"B—X"a)" (Y - X" B — X" a)h]

3
9y

Tz—lo.D Z_l
% /G(a,O;H,A)[M
a
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X - X7 g — XTa)n?

2
gy

+A{(W(©2) o h‘f)Ta + W(Z)Thf}] da,
pa(t, 056, A)"hy
B {/aG(a’O;(’,A)da}_l
X/G(a, O;O’A)e(¢oW([))Ta+w(t)Ty
a

x {(W(®) oh?)"a+ W()Th?} da
and

u3(t,0:0,A)
—1 N
= {/ G@@,0;0,A) da} / G(a, 00, A)e(¢°W(f))Ta+W(t)Ty Ja.
2 a

Here, D, is a symmetric matrix such that Vec(D,) = h{.

For j =1,2,3, we denote Vg ; and Vuj[6A] as the derivatives of w; with
respect to @ and A along the path A 4 ¢6A. Then using similar calculations to
Appendix A.1, it is tedious to verify that VA uj[6A] = fot wjt3(s, 050, A)dSA(s)
and that there exist two positive constants r; and r» such that

D Uil + Vopjl} < e +200¥0,
i

On thg 01he~r hz}vnd, by the mean value theorem, we have that, for any (@, A, hy, h3)
and (@, A,hy, hp) in ¥ x F,

lg@, M) hy +15(0, A)[ha]l — 9@, A)Thy — 5 (8, A)[ha]

~ Z ~
— (0 — )7 Vou1(0: 6%, A*)h; + /0 1a(t,0: 0%, AHThy d(A — B)(1)
V4 -
- / 0 — ) Vous(t, 0; 0%, A"y dA (1)
0
7z t ~
- / [ us(s, 0; 0%, A% d(A — R)(s)hy dA ()
0 0
VA ~
- f pa(t, 05 0%, A hy d(A — B)(0)
0

z ~
(A.2) —/O 6 —60)" Vous(t,0; 0%, A*)hy (1) dA(1)
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Z pt _
- [ f 1o(s, 0; 0%, A)d(A — R)(s)ha(t) dA(D)
0 0
Z ~
- / s (t, 0 0%, A1) d(A — R) (1)
0
~ ~ 7 - VA ~ o ~
+u1(0:9, K) <h1—h1)—/0 a1, 0:8, X)T (hy — By dA®)

~ Z ~ o~ ~ ~
+ A(h2(2) — ha(2)) — /0 13(t, 050, A)(ha(t) — ha(1)) d A1),

where (6%, A*) is equal to £*(8, A) + (1 — 8*)(5, A) for some &* € [0, 1]. Thus,
I, ) hy +14 (8, A)lha] — g, A) hy — 158, A)[h2]]

< er'+’2“Y{||0 I+l =B+ 1AQ2) - A(2)]
+/0 |A(t) — A(0)|[dt + d|ha(0)] + d|ha(D)]]

+1h2(Z) — ha(2)] + fo " ha(0) = a1 AL (1) +dA2<t)]},

where d|h(1)| = dh3 (t) + dh5 (t) and d|hy(t)| = dh3 (t) + dh (t). Therefore,
by wusing the same arguments as in Appendix A.l and noting that
log Np.j(e, {ha: ||h2llv < B1}, L2(Q)) < K /¢ for a constant By and any probability
measure Q) where K is a constant (Theorem 2.7.5 of [24]), we obtain

1
log Npi(e, §, La(P)) < 0(‘ +log 8)-
&

Hence, § is P-Donsker.
Furthermore, from (A.2) we can calculate that

llg(8, A)Thy +17(8, A)[h2] — lg(B0, Ao) T hy — [ (B0, Ao)[h2]]

< 2l { 10 — 0ol + |A(Z) — Ao(Z)| + fof [A(t) — Ao(t)ldt}

VA
+ ‘ [ 3,030, A0 Ao)(l)‘-

If |6 —0¢]| — O and Sup;efo. 71 1A (1) — Ao(#)| — 0, the above expression converges
to zero uniformly. Thus,

sup  P[lg(@, A)Thy +14(8, A)[ha]— (80, Ao) hy —I5 (B0, Ao)[h2]]> — 0.
(hy,hp)eH
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A.3. Derivative operator VSy,. From (A.2) we can obtain that

lg(8, A) hy +15(0, A)[ha]l —lg(00, Ao) hy — 1A (B0, Ao)lh2]

V4
= 000" [90101(0:0%, 4 = [ Vo0, 0:0%, A o)
0
T
0] [ 10 2 2)]use.0:0°, 2% — a0, 0167, 4"

VA
— us(t, 05 0%, A% f dAo(s>}d<A — A0

— (0 —00)Tf0 I(t < Z)Vous(t, 05 0%, A*)ha (1) d Ao(t)

T 7z
- {I(tszm(t,o;o*,A*) [ hasrdne)
0 t

+ 1 < Z)us(t, 0: 0%, A*)hzm} d(A — Ao) (D).

Then it is clear that

VSyo(@ — 00, A — Ag)[hy, h2]
Z
=0 —00)TP{V0M1(0;90, Ao) —/0 Voua(t, 0; 09, Ao)dAo(t)}hl
T
+nf [ P[I(t SZ){M(I,O; 6. Ao)
— u2(t, 0509, Ap)

7z
— st 0; 80, Ag) /t dAo(S)” d(A — Ag)(1)
— 000" /O PU(t < Z)Vous(t, 0; 80, Ao)ha(r) d Ao (1)
T Z
- P{I(r < Z)1s(t, 0300, 80) [ ha(9)d o)

1t < Z)us(t, 0; 6, Ao)hzm} d(A — Ag) (D).

It is tedious to check that, for j =1,2,...,6,

sup [luj(t, 0;0%, A*) — p;(t,0; 00, Ao)l
t€l0,7]

< er3+r4Yll{||0* — 0ol + sup |A*(@) — Ao(f)|}-
tel0,7]
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Thus,
Pllo(8, A)Thy + 148, A)[ha] — lg(B0, Ao) hy — [4 (80, Ag)[h2]]
= VS8y(0 — 00, A — Ag)[hy, h2]

+0(|I0 — 0ol + sup |A(r) — Ao(l)l)(llhl I+ lh2llv).
1ef0,7]

Therefore, S(y) is Fréchet differentiable.
We can rewrite VSy, (@ — 0o, A — Ag)[hy,h2] as h{Ql[hl,hz] +
for Q[hy, hy]d(A — Ag), where

z
Qi[hy, o] = thP{Vom(O; 0o, Ao) — /0 Voua(t, O; 0o, Ao)dAo(t)}

- /0 PUL (1 < Z)Vous(t, O: 00, Ag)ha (1) d Ao(r)
and

Qolhy, ho] = h{P[m < Z){m(t, 0: 80, Ao) — 121, 0; 80, Ao)
VA
— 15(t, 0: 80, Ag) /, dAo(S)H

VA
- P{I(t < Z)us(t, 0: 6, Ao) /t hz(s)dAom}
_ Pt < Z)us(t, O: 00, Ao)}ha(r).

Then the operator Q = (1, Q>) is the bounded linear operator from R? x
BV|[0, t] to itself. Moreover, we note that 2 = A + (K, K7), where A(hy, hy) =
(hy, =P{I1 (1 < Z)u3(z, O; 00, Ao)}ha(1)), Ki(hy, hz) = Qi[hy, h2] —h; and

Ka(hy, hy) = h{P[l(z < Z){m(t, 0: 60, Ao) — a(t, 0; 80, Ao)
Z
— 1s(t, 0: 80, Ag) /t dAo(s>}]

VA
- P{I(z < Z)ps(1. 0560, A0) [ hz(S)dAo(S)}-

Obviously, A is invertible. K; maps into a finite-dimensional space, so it is com-
pact. The image of K5 is a continuously differentiable function in [0, 7]. According
to the Arzela—Ascoli theorem (page 245 in [21]), K3 is a compact operator from
R? x BV[0, t] to BV[0, ]. Therefore, we conclude that € is the summation of
an invertible operator and a compact operator.



2162 D. ZENG AND J. CAI

Acknowledgments. We thank the anonymous reviewers for their valuable
suggestions, which lead to great improvement from our original version. Our
thanks also goes to Dr. Clarence E. Davis, who has carefully read our manuscript
and helped improve the presentation of this paper.

REFERENCES

[1] ANDERSEN, P. K., BORGAN, @., GILL, R. D. and KEIDING, N. (1993). Statistical Models
Based on Counting Processes. Springer, New York.

[2] ANDERSEN, P. K. and GILL, R. D. (1982). Cox’s regression model for counting processes:
A large sample study. Ann. Statist. 10 1100-1120.

[3] BICKEL, P. J., KLAASSEN, C. A. J., RITOV, Y. and WELLNER, J. A. (1993). Efficient and
Adaptive Estimation for Semiparametric Models. Johns Hopkins Univ. Press, Baltimore,

[4] BILLINGSLEY, P. (1995). Probability and Measure, 3rd ed. Wiley, New York.

[S] CHEN, H. Y. and LITTLE, R. J. A. (1999). Proportional hazards regression with missing co-
variates. J. Amer. Statist. Assoc. 94 896-908.

[6] DEMPSTER, A. P., LAIRD, N. M. and RUBIN, D. B. (1977). Maximum likelihood from in-
complete data via the EM algorithm (with discussion). J. Roy. Statist. Soc. Ser. B 39 1-38.

[7] DIGGLE, P. J., LIANG, K.-Y. and ZEGER, S. L. (1994). Analysis of Longitudinal Data. Oxford
Univ. Press, New York.

[8] DuPuY, J.-F., GRAMA, 1. and MESBAH, M. (2003). Asymptotic normality of semiparametric
estimators in the Cox model with nonignorable missing covariate. C. R. Math. Acad. Sci.
Paris 336 81-84. (In French.)

[9] EvAaNs, M. and SWARTZ, T. (2000). Approximating Integrals via Monte Carlo and Determin-
istic Methods. Oxford Univ. Press, New York.

[10] GILL, R. D., VAN DER LAAN, M. J. and ROBINS, J. M. (1997). Coarsening at random: Char-
acterizations, conjectures and counterexamples. In Proc. First Seattle Symposium in Bio-
statistics: Survival Analysis (D. Y. Lin and T. R. Fleming, eds.) 255-294, Springer, New
York.

[11] HENDERSON, R., DIGGLE, P. and DOBSON, A. (2000). Joint modelling of longitudinal mea-
surements and event time data. Biostatistics 1 465—480.

[12] HOGAN, J. W. and LAIRD, N. M. (1997). Mixture models for the joint distribution of repeated
measures and event times. Statistics in Medicine 16 239-257.

[13] Hu, P., TsIATIS, A. A. and DAVIDIAN, M. (1998). Estimating the parameters in the Cox
model when covariates are measured with error. Biometrics 54 1407-1419.

[14] HUANG, W., ZEGER, S. L., ANTHONY, J. C. and GARRETT, E. (2001). Latent variable model
for joint analysis of multiple repeated measures and bivariate event times. J. Amer. Statist.
Assoc. 96 906-914.

[15] JOHANSEN, S. (1983). An extension of Cox’s regression model. Internat. Statist. Rev. 51
165-174.

[16] KALBFLEISCH, J. D. and PRENTICE, R. L. (2002). The Statistical Analysis of Failure Time
Data, 2nd ed. Wiley, New York.

[17] L1, Y. and LIN, X. (2000). Covariate measurement errors in frailty models for clustered sur-
vival data. Biometrika 87 849-866.

[18] MURPHY, S. A. and VAN DER VAART, A. W. (2000). On profile likelihood (with discussion).
J. Amer. Statist. Assoc. 95 449-485.

[19] PARNER, E. (1998). Asymptotic theory for the correlated gamma-frailty model. Ann. Statist.
26 183-214.

[20] RUDIN, W. (1973). Functional Analysis. McGraw—Hill, New York.

[21] RUDIN, W. (1987). Real and Complex Analysis, 3rd ed. McGraw—-Hill, New York.



(22]

(23]

(24]

[25]

[26]
[27]
(28]

[29]

REPEATED MEASUREMENTS AND SURVIVAL 2163

TSIATIS, A. A. and DAVIDIAN, M. (2001). A semiparametric estimator for the proportional
hazards models with longitudinal covariates measured with error. Biometrika 88 447—458.

TSIATIS, A. A., DEGRUTTOLA, V. and WULFSOHN, M. S. (1995). Modeling the relationship
of survival to longitudinal data measured with error. Applications to survival and CD4
counts in patients with AIDS. J. Amer. Statist. Assoc. 90 27-37.

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical
Processes. Springer, New York.

Wu, M. C. and BAILEY, K. R. (1989). Estimation and comparison of changes in the pres-
ence of informative right censoring: Conditional linear model. Biometrics 45 939-955.
Corrigendum 46 889.

Wu, M. C. and CARROLL, R. J. (1988). Estimation and comparison of changes in the presence
of informative right censoring by modeling the censoring process. Biometrics 44 175-188.

WULFSOHN, M. S. and TSIATIS, A. A. (1997). A joint model for survival and longitudinal
data measured with error. Biometrics 53 330-339.

XU, J. and ZEGER, S. L. (2001). The evaluation of multiple surrogate endpoints. Biometrics
57 81-87.

XU, J. and ZEGER, S. L. (2001). Joint analysis of longitudinal data comprising repeated mea-
sures and times to events. Appl. Statist. 50 375-387.

DEPARTMENT OF BIOSTATISTICS
UNIVERSITY OF NORTH CAROLINA
CHAPEL HILL, NORTH CAROLINA 27599-7420
USA
E-MAIL: dzeng@bios.unc.edu
cai@bios.unc.edu


mailto:dzeng@bios.unc.edu
mailto:dzeng@bios.unc.edu

	Introduction
	Maximum likelihood estimation in joint models
	Models and assumptions
	Maximum likelihood estimation

	Main results
	Proof of Theorem 3.1
	Proof of Theorem 3.2
	Proof of Theorem 3.3
	Discussion
	APPENDIX
	Donsker property of F
	Donsker property of G
	Derivative operator Spsi0

	Acknowledgments
	References

